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1. Fejér and Chebyshev Points

Interpolatory quadrature rules over the interval [—1,1]:

Choose N distinct nodes zg, x1,...,xn_1 € [—1,1]
Find N weights wg, w1, ..., wn_1 such that
1 N—1
/ xlda::Zwka:L, [=0,1,...,.N—1. (1)
—1 k=0

We consider the following three particular sets of nodes with n > 1:
1) n Chebyshev points (Fejér-1)  zp =cos((k+3)Z), k=0,...,n—1

2) n—1 Filippi points (Fejér-2) xr = cos(k Z), k=1,...,n—1

313

3) n+1 Clenshaw-Curtis points Ty, = cos(k ), kEk=0,.,n
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The points of the three rules with n=5

-1 @;015 % OiS@ 1
Fejer's first rule, n Chebyshev points

15

-1 —O‘.5 ® (‘) ® 015 1
Fejer's second rule, n—1 Filippi points

15

-1 —O‘.5 & (; ® 015 1
The Clenshaw—Curtis rule, n+1 CC points

15
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2. Earlier Results Explicit weights: Fejér-1 or Chebyshev [1, 2, 3]:

[n/2]

le;l:E 1—224] COS]192]<;_|_1) , k=0,1,....n—1,

Fejér-2 or Filippi [1, 2]:

[n/2] . .
sin —1)v
2:—sm19k g 2;_1) k), ﬁk:kg, E=0,1,...,n,
Clenshaw-Curtis [1]:
0 w2
cc J . —
wE = 1—;_1 4],2_1008(2]1%) , k=0,1,...,n,

where the coefficients p;, qi are defined as (g erroneous in Ref. [1])

1, j=n/2 1, k=0 modn
Pbj = . y 4k — )
2, j<n/2 2, otherwise .
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Comments on Reference 5 and this note

Abstract, Ref. [5]. We present an elegant algorithm for stably and quickly
generating the weights of Fejér's quadrature rules and of the Clenshaw-Curtis
rule. The weights for an arbitrary number of nodes are obtained as the discrete
Fourier transform of an explicitly defined vector of rational or algebraic
numbers. Since these rules have the capability of forming nested families,
some of them have gained renewed interest in connection with quadrature over

multi-dimensional regions (see, e.g., Ref. [4]).

In this revisiting note we present new derivations of the FFT algorithms
for the weights presented in Ref. [5]. These derivations are no longer
based on the classical closed forms of p.5, but go back to the original
problem of p. 3, only using orthogonal polynomials, martix algebra, and
discrete Fourier transforms as tools. The algorithm of Ref. [5] for the CC
weights is simplified.
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3. Orthogonal Polynomials

Assume the nodes xg, x1,...,T,_1 are the zeros of a member of a
family of orthogonal polynomials. As a model we use the Chebyshev
polynomials T;(x) defined by

Ty (cos(p)) =cos(ly), 1=0,1,...;
then the zeros of Tj(x) are

1.7
:Uk:(:os((k—|—§)7),

I.e. exactly the Chebyshev or Fejér-1 points of order .

k=0,1,...,01—1,

Goal: Find the weights wy in the quadrature formula

[ s =3 i fw) + R 2)
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Exactness condition

We assume f to be a polynomial of degree n — 1, represented as a finite

series in 17,
n—1
fl@) =) a Ty(x).
[=0

Then the exactness conditions (1) may be replaced by
n—1
bl:ZTl(xk)wk, l:O,...n—l.
k=0

where b; (1 =0,2,3,...) is given by

3’ 15°

1 l
1 —1 2 2
b; ::/ Ti(x)dx = + (1) — (2,0,—— 0,——,0, —

. 172

2

%7

0,...
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Matrix algebra
By introducing the column vectors
b = (bo,...,bn_l)T, W — (wo,...,wn_l)T

and the square matrix

V = (Tl(xk)> = COS (l (k + %) %) :

where [ =0,...,n—1, k=0,...,n— 1, the system (3) of linear
equations reads (note that here the range of the indices is [0,n — 1])

V - w = b. (4)

The matrix V is almost orthogonal: V satisfies
V.-V' = pn.D! with D=diag((1,2,2,2,...)).

Proof by trigonometric identities.

10
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4. The Fourier Transform of the Weight Vector

As a consequence of the previous equation, the matrix % vDVis
orthogonal, and Equ. (4) can be solved for w without matrix inversion:

1
w=—-V'Db.
n

Consider now the Fourier transform

vi=F(w) - w=M"b (5)

of the weight vector w, where w = exp(—22*) and

(11 1)

F(w) = : w w: :(w’”), k1=0,....,n—1.

\ Tt T (s )
The matrix M is given by

M:%F(w)VTD. (6)



Jorg Waldvogel, ETH Zirich 12

The DFT matrix

27

Let w = exp(—=7

), then the matrix F(w) of the discrete Fourier
transform of order n is defined as

w o o o w
F(w) = _ | _ :(wkl>, k,1=0,....n—1.

\ 1 oWl )

The matrix of the inverse Fourier transform is + F(w™!) = %F((D)

n

therefore we have

F(w) -Fw™)=n-T with I=n xn unit matrix. (7)



Jorg Waldvogel, ETH Zirich

5. Fejér’s First Rule or Chebyshev Points

The matrix M defined in Equ. (6) has a simple structure. In view of the
vanishing components in b it suffices to consider the submatrix
H = (hy,;) of M consisting of the even columns of M = (my ;):

n—1

hl,j =My 2 with 0< 7 <

2
Let @ = — & , w = exp(—i«a); for simplicity we use n = 4. Then
n

( 1 2cos(3a) 2cos(za) 2cos(2a) \
1 2cos(3 2 cos(3 2 cos(d
v D — (70) () (10) . (8)
1 2cos(2a) 2cos(2a) 2cos(L2a)
\ 1 2cos(fa) 2cos(Za) 2cos(Za) )

Now, use 2-cos(ta)=w™"+ w' and the Fourier identity (7):

13
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Fejér-1 or Chebyshev weights

In the case n = 4 we obtain

H= L F(w) (VD

—1/2 1/2
n )even:<607w / el_l'w/ 63)7

where e; is the jth basis vector, (ej) =041, 0< 7, 1<n-—1.

z
For n Chebyshev points, Equ. (5) now leads to an explicit expression for
the [th component v/!; of the vector v = v/1:

o 28[
- 1—4ml2

’Uf1

l exp(il~), 1=0,1,....,n—1], (9)
n

where m; =min(l,n —1), s =sign(5 —1).

The Fejér-1 weights are obtained by inverse Fourier transform:

1
w/l = ZF(w™) v/,
n
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6. Fejér’s second rule or Filippi points

In the case of the Fejér-2 (Filippi) and Clenshaw-Curtis nodes we use
expansions with respect to Chebyshev polynomials of the second kind,

sin(l ¢) ,

=1,2,...
Sln(gp), )y = ?

Ui (cos(p)) =

since z, = cos(&Z) are zeros of U(z). First, consider the case

k=1,2,...,.n—1o0of l =n —1 nodes xr. For defining the weights w;
in Equ. (2) we now expand the integrand f(x) as

f(:lj) = ial UZ(CIZ).
=1

The exactness conditions (3) then become

n—1
bl:ZUl(iL’k)wk, l:1,2,...,’n—1, (10)
k=1

15
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Fejér 2, matrix algebra 1

with
1 z
1—(—1) 2 2 2
b := U(r)dr = = (2,0,-,0,-,0,=-,0,...).
l /_1 l(.I’).I’ / (77377577777 )
The matrix Vin (4), V-w = b, now becomes (indices > 1, as usual)
in(lkZ
V—(Ul(xk))—<81?( n)>, Lk=1,2,....n—1. (11)
sm(k %)

Denoting D := diag((sin(%), ...,sin((n — 1) %))) and denoting the
matrix of the numerators by Vg, we have

V=V, D!

Furthermore, trigonometric identities imply that \/%VO is orthogonal.

16
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Fejér 2, matrix algebra 2

Solving Equ. (4) for w now yields the linear transformation b — w |

2
w=-DVy'b. (12)
n

It is essential to supplement the vector w of weights by a vanishing Oth
component, wo’ := (0, w”), in order to be able to work with Fourier
transforms of order n. Then we have wg = % Do VOT b where Dg is
the rectangular matrix obtained by supplementing D by a Oth row of
zeros. Now Equ. (5), F(w)w = Mb, implies

2
M := = F(w) Do Vo',
n

where M is an n X n matrix. In analogy to Equ. (8) consider

(2 Dy VOT) written in terms of o« = 2777 this time for n = 5:

odd’

17
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Fejér 2, matrix algebra 3

( 1 —cos(0) 0 cos(0)—cos(0) 0 \
1 —cos(a) x cos(a)—cos(2a)
2Do Vo' = | 1—cos(2a) #* cos(2a) — cos(4a) = (13)
1 —cos(3a) x cos(3a) — cos(bar)
K 1 —cos(4a) * cos(4a) — cos(8ar) )

Now, again use 2-cos(ta)=w™!+ w' with w = exp(—i ) and the
Fourier identity (7). In the case n = 5 we obtain

2
H=~F(w) (Do Vo"),, = (e -

€2 + €5 e2—e3—e4—|—e5)
2 ’ 2 ’

where e; again is the jth basis vector, (ej)l = 0.
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Fejér-2 or Filippi weights

For n — 1 Filippi points, this procedure leads to the explicit expression

20[
12, = [=0,1,....n—1 14
(VA 1_4ml27 s Ly , I ( )

for the Ith component v/?; of the vector v = v/2, where

m; = min(l,n —1)
op = 1+ f-(n—(%+1)mod(n,2))
fii = |l=%|<1 (=1ifinequality is true, =0 otherwise) .

The Fejér-2 weights are again obtained by inverse Fourier transform:

1
w/? = —F(w?) v/?.
n

19
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7. The Clenshaw-Curtis rule

is closely related to the Fejér-2 (Filippi) rule; it merely contains the
boundary points x = +£1 in addition, totally n + 1 nodes.

Denoting the weights by ux, £ =0,1,...,n, the exactness conditions
(10) now become

bl:ZUl(:pk)uk, [=1,2,....n+1,
k=0

where the matrix V = (vi) = (Ui(w)) is defined in Equ. (11).

For simplicity we use the the odd case n = 3 and the even case n = 4 as

models and show the last three exactness conditions, using the relations
Ui(1) =1, U(-1) =1 (-1 "

20
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CC rule, matrix algebra 1 n=3 n=4
2u0 +v21u1 +v22u2 —2u3 =0 3ug + v31 U1 + v32 U2 + V33 U3z +3 U4
3 uo +3usz = % 4 ug —4 Uy
4dug —v21u1 —v22u2 —4uz =0 DU) — V31 U1 — V32 U2 — V33 U3 +9D U4
— Uy = U3 = 33 Uy = Us = 7=
I ! (15)
n summary : Uy = U,y =
Y T T p2 1+ mod(n, 2)
.. ) T ) )
The remaining CC weights u = (ul, e un_l) satisfy the equation

V.u=b—-uyc with ¢=2-(1,0,3,0,5,0,7,0,...)" .  (16)

gl O win
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Clenshaw-Curtis weights

Applying the linear transformation (12) to c instead of b yields the

vector
n—1
VvV = E Tl €]
[=0

where
: n
lel—fl-n(Q—mod(n,Q)) with fl:‘l—§|<1,

f1 as in Equ. (14). By using Equ. (16), the procedure of Section 6

finally yields the Clenshaw-Curtis weights as the inverse Fourier

cC

transform of the vector v~*~ with components

cC. _ 2
1—4ml2

V=Y —ug, [=0,1,....,.n—1]. (17)
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MATLAB code

function [wcc,wfl,wf2] = fejeri(n)

% Weights of the Clenshaw-Curtis, Fejerl, and Fejer2 quadratures by DFTs

%» n>1. Nodes: x_k = cos(k*pi/n)

n2=mod(n,2); u0d=1/(n"2-1+n2); % Boundary weights of CC

% Clenshaw-Curtis nodes: k=0,1,...,n; vector of weights wcc, wcc_O=wcc_n=u0
L =[0:n-1]’; m =min(L,n-L); r=2./(1-4*m."2); 7 auxiliary vectors for all rules
ve=r-u0; wcc=ifft(vc); % Clenshaw-Curtis weights

b

% Chebyshev or Fejer-1 nodes: k=1/2,3/2,...,n-1/2; vector of weights wfl
sl=sign(n/2-L); % auxiliary vector
vi=sl.*r.xexp(i*pi/n*L); wfl=real(ifft(vl)); 7 Chebyshev or Fejer-1 weights
b

% Filippi or Fejer-2 nodes: k=0,1,...,n; vector of weights wf2, wf2_O0=wf2_n=0
flag=abs(n/2-L)<1; s2=1+flag*(n-(n/2+1)*n2); ¥ auxiliary vectors

v2=s2.*r; wf2=ifft(v2); % Filippi or Fejer-2 weights

Timings for n = 16,512,521 : 35,113,210 us (63,131,230 ps in Ref. 5)
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8. Conclusions

The three quadraure rules Fejér 1 (Chebyshev), Fejér 2 (Filippi), and
Clenshaw-Curtis, based on nodes given by cosines of equally spaced
angles, are powerful and easy-to-generate tools of numerical
quadrature.

A new theory, based on orthogonal polynomials and matrix algebra,
for finding closed forms of the Fourier transforms of the weight
vectors has been presented.

On this basis the weight vectors of these quadrature rules can be
efficiently generated in O(n log(n)) operations.

The algorithms simply are the inverse Fourier transforms of the
explicitly defined vectors (9), (14), and (17).



