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Abstract

Whatisregularization?Whyisitusefulforstudyingplanetarysystems?

Althoughcollisionsinevolvedplanetarysystemsarerareevents,the

theoryofregularization(i.e.theremovalofcollisionsingularities)isan

importanttoolfordevelopinggoodperturbationtheoriesandefficient

numericalalgorithms.Wegiveanoverviewofthesetechniques,

includingashortdiscussionoftriplecollision.
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1.Introduction

•Awell-foundedassumption:Motionofplanetarysystemsfollows

universallaws:Newtoniangravitationandsmallperturbations

•Basicingredientsofcelestialmechanics:

–TheoryoftheunperturbedKeplermotion:Astarandoneplanet

–TheoryofKeplermotionunderasmallperturbation

•OurGoals:

–Asimple,i.e.linear,perturbationtheoryofKeplermotion

–AsimpledescriptionoftheunperturbedKeplermotion

•Thecommontoolforbothgoalsisregularization
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Introduction,continued

WhatisRegularization?

•Historically,regularizationwasdevelopedfor

–InvestigatingthesingularitiesofKelpermotion

–Describingcollisionsoftwopointmasses

–Improvingthenumericalintegrationof(near)collisionorbits

•References:Sundman1907,Levi-Civita1920,Kustaanheimoand

Stiefel(KS)1965,Moser1970

•Forourpurpose,regularizationaccordingtoLevi-CivitaorKShas

twoextremelyusefulsideeffects:

–Thedifferentialequationsofmotionbecomelinear

–TheclassicaltheoryofKeplermotionessentiallyreducestothe

muchsimplertheoryoftheharmonicoscillator
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2.Perturbationtheories

Perturbationtheoriesoflinearproblemsaresimple!

ẋ(t)+A(t)x(t)−b(t)=εf(x,t),˙ ()=d
dt(),

x:t∈R7→x(t)∈R
n
,A(t)atime-dependentmatrix

Perturbationseries(aformalseries,toanyorder):

x(t)=x0(t)+εx1(t)+ε
2
x2(t)+...

Thek-thordersolutionxk(t)satisfiesthelineardifferentialequation

ẋk(t)+A(t)xk(t)=fk−1(t),k=0,1,2,...,

where
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Perturbationtheories,continued

f−1(t):=b(t),

andf0(t),f1(t),...aredefinedasthecoefficientsoftheformalTaylor

seriesoff(x,t)withrespecttoε:

∞∑

k=0

ε
k
fk(t)=f

(

x0(t)+εx1(t)+ε
2
x2(t)+...,t

)

.

Remark:

Thedifferentialequationsforxk(t)areofthetypeoftheunperturbed

problemε=0;theydifferonlyintheright-handsides.
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3.PlanarKeplerMotion

ẍ+µx
|x|

3=0,x=
(
x1
x2

)
∈R

2
orx=x1+ix2∈C

˙ ()=d
dt

(),t=time,µ=gravitationalparameter

00.511.52
−0.5

0

0.5

1

Eccentricity e =0.9

τ=E φ
x1

x2

a ea

p

r

x=x1+ i x2

µ
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Explicitsolution,Keplerformulas

a=majorsemi-axisr=radialdistancep=semilatusrectum

e=eccentricityϕ=polarangleE=eccentricanomaly

x1=a(e+cosE)

x2=a
√

1−e2·sinE






=⇒r=|x|=a(1+ecosE)

t=

√

a
3

µ·(E+esinE),dt
dE

=
√

a
µ·r
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Furtherexplicitformulas

Orbitinpolarcoordinates

r=
p

1−ecosϕ
,p=a(1−e

2
)

tan(
ϕ

2
)=

√
1−e

1+e
tan(

E

2
)

Conservationofenergy:
1
2|ẋ|

2
−

µ

r
=−h,h=

µ

2a
>0

Conservationofangularmomentum:|x×ẋ|=√µp
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4.Levi-Civitaregularization(planar)

Conformalsquaring:x=u
2
∈C

x=x1+ix2=a
(
e+cosE+i

√
1−e2sinE

)
⇐=

u=
√

a(1+e)cos(
E

2
)+i

√

a(1−e)sin(
E

2
)

Regularizationprocedure

Step1.Timetransformation:dt=c
−1

rdτ,c>0

Case1:c=1,τ=fictitioustime,Sundmantransformation

Case2:c=
√

2h,τ=E=eccentricanomaly

Step2.Conformalsquaring:x=u
2
∈C

Step3.Usetheenergyintegralforeliminatingu
′
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4.1.Theformalregularizationprocedure

ẍ+µ
x

r3=0,
1

2|ẋ|
2
−

µ

r
=−h,r=|x|

Step1:
d
dt=cr

−1d
dτ,

d
2

dt
2=c

2
(

r
−2d

2

dτ
2+(

c
′

cr−r
′
)r

−3d
dτ

)

,()
′
=

d
dτ()

=⇒c
2
(

rx
′′

+(
c
′

c
r−r

′
)x

′
)

+µx=0,
1

2
c
2
r
−2

|x
′
|
2
−

µ

r
=−h

Step2:

x=u
2
,x

′
=2uu

′
,x

′′
=2(uu

′′
+u

′2
),r=uū,r

′
=u

′
ū+uū

′

=⇒c
2
(

r·2uu
′′

+r·2u
′2
−u

′
ū·2uu

′

︸︷︷︸

0

+
c
′

c
r·2uu

′
−uū

′
·2uu

′
)

+µu
2

=0

Energyequation=⇒
1

2
c
2
r
−2

·4uu
′
ūū

′
−

µ

r
=−hor2c

2
u
′
ū
′
=µ−rh
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Theformalregularizationprocedure,continued

Step3:Eliminationofu
′
ū
′
fromthelasttwolinesanddivisionbyru:

2c
2
u
′′

+2cc
′
u
′
+hu=0,u∈C

•Forh=const,c=const,c’=0:Aharmonicoscillatorin2dimensions,

2c
2
u
′′

+hu=0.Frequencyω:=c
−1

√

h/2

•AllKeplerformulasmaybeconvenientlyderivedfromtheabove

ODEandthetransformationrules

•Initialconditionsfromacomplexsquareroot,e.g.

u=
√

x=
x+|x| √

2(Rex+|x|)



JörgWaldvogel,ETHZürich14

4.2.AnaturalderivationoftheKeplerformulas

1.Naturalchoicec=
√

2h(p.11,Case2)

(a)Thefrequencyoftheoscillatorofp.13becomesindependentofh

(b)u
′′

+
1
4u=0=⇒u=Acos(

E
2)+iBsin(

E
2)

(c)WecanhopethatEisanangleassociatedwithKeplermotion

2.Orbitx=u
2

=
1
2(A

2
−B

2
)+

1
2(A

2
+B

2
)cosE+iABsinE

(a)Figurep.8(geometryoftheellipse)impliesfor

E=0:x=A
2

=a(1+e),A=
√

a(1+e)

E=π:x=−B
2

=−a(1−e),B=
√

a(1−e)

(b)x1=a(e+cosE),x2=a
√

1−e2·sinE

followfrom(2)and(2a).Furthermore:r=|x|=a(1+ecosE)

(c)GeometricmeaningofEiseasilyinferredfromthefigureonp.8
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3.Energyintegral

(a)(1b)implies4|u
′
|
2

=a(1−ecosE)

(b)Combinethiswiththelastequationofp.12,2c
2
|u

′
|
2

=µ−rh

(c)Userfrom(2b)toobtain2ha=µ,c=
√

µ/a

h(andthereforea)areintegralsofmotion,independentofE

4.Time

(a)P.11,Case2impliesdt=
√

a
µa(1+ecosE)·dE

(b)Integrate:t−t0=
√

a
3

µ(E+esinE)(Kepler’sequation)

(c)Kepler’sthirdlawfollowsimmediately:ω
2
a
3

=µ,where

ω=2π/Tistheaverageangularvelocity,T=revolutionperiod
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5.Polarcoordinatesr,ϕ:x=re
iϕ

,u=√re
iϕ/2

(a)From(1b)and(2a)theclassicalrelationofp.10followsdirectly:

tan(
ϕ
2)=

√
1−e
1+etan(

E
2)

(b)Substitutionofthisintor=a(1+ecosE)of(2b)byusingthe

identitycosE=
1−tan

2
(E/2)

1+tan
2
(E/2)yieldsr=p/(1−ecosϕ),where

p=a(1−e
2
)isthesemi-latusrectum.

6.Angularmomentumintegral

(a)From(2)therefollows|x×
dx
dE|=√apr

(b)WiththetimedefinedbyrdE=
√

µ/adttheconstanceofthe

angularmomentumisobtained:|x×ẋ|=√µp
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5.TheKustaanheimo-Stiefel(KS)regularization(spatial)

ẍ+µ
x

r3=0,
1

2|ẋ|
2
−

µ

r
=−h,r=|x|,x∈R

3

Step2:TheKStransformation(Hopfmap)

u=(u0,u1,u2,u3)
T
∈R

4
7→x=(x0,x1,x2)

T
∈R

3

x0=u
2
0−u

2
1−u

2
2+u

2
3

x1=2(u0u1−u2u3)

x2=2(u0u2+u1u3)

withthebilineardifferentialrelation

u3du0−u2du1+u1du2−u0du3=0
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JörgWaldvogel,ETHZürich19

5.2.Quaternions

W.R.Hamilton(1844):Onquaternions,oranewsystemof

imaginariesinalgebra.Philos.Mag.25,489-495.

Threeindependentimaginaryunits,i,j,k,satisfying

i
2

=j
2

=k
2

=−1

ij=−ji=k,jk=−kj=i,ki=−ik=j.

Theobjectu=u0+iu1+ju2+ku3withul∈Riscalleda

quaternion,u∈U.Theabovemultiplicationrulesandvectorspace

additiondefinethequaternionalgebra:

•Multiplicationisnon-commutativeingeneral,butuc=cu∀c∈R

•Multiplicationisassociative,(uv)w=u(vw)
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5.3.Miscellaneousdefinitionsandproperties

Conjugation:ū=u0−iu1−ju2−ku3

¯̄u=u

Realquaternion:Aquaternionu∈Uisreal,u∈R,

ifandonlyifu=ū

Modulus|u|:uū=ūu=|u|
2

=
∑3

l=0u
2
l

ucommuteswithū

Conjugationofaproduct:uv=v̄ū
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5.4.KSregularizationwithquaternions

a)Preliminaries

Letu=u0+iu1+ju2+ku3

Definition:u
?

=u0+iu1+ju2−ku3“starconjugation”

Wehave:u
?

=k
−1

ūk=−kūk

Properties:(u
?
)
?

=u

|u
?
|
2

=|u|
2

(uv)
?

=v
?
u

?
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KSregularization,continued

b)TheKStransformation

Considerthemapx=uu
?

withu∈U

Duetox
?

=(u
?
)
?
u

?
=xweidenticallyhavex3=0;thereforethe

quaternionx=x0+ix1+jx2maybeassociatedwithavector∈R
3
.

Incomponents:

x0=u
2
0−u

2
1−u

2
2+u

2
3

x1=2(u0u1−u2u3)

x2=2(u0u2+u1u3)

TheKStransformationorHopfmap(p.17)!

Modulus:|x|=
√

xx̄=
√

u(u?ū?)ū=
√

|u?|2|u|2=|u|
2
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KSregularization,continued

c)Fibrationinsteadofinversemap

Findalluwithuu
?

=x=x0+ix1+jx2

Firststep:Particularsolutionvwithv=v
?

=v0+iv1+jv2,

inanalogytop.13forthecomplexcase,

v=
x+|x| √

2(x0+|x|)
.

Secondstep:Allsolutionsuofuu
?

=xaregivenby

u=ve
kϕ

=v(cosϕ+ksinϕ),ϕ∈R

Proof(sketch):uu
?

=ve
kϕ

e
−kϕ

v
?

=vv
?

=x2
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KSregularization,continued

d)Differentiation

Wehave

dx=duu
?

+udu
?
.

ThebilinearrelationofKS(p.17),

2(u3du0−u2du1+u1du2−u0du3)=0,

maybewrittenasthecommutatorrelation

udu
?
−duu

?
=0;

therefore

dx=2udu
?

=2duu
?

Remark:Withtheabovebilinearrelationthetangentialmapof

u7→uu
?

behaveslikeamapinacommutativealgebra.
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KSregularization,continued

e)Theformalregularizationprocedure

Step1yields,asonp.12(c=1):rx
′′
−r

′
x
′
+µx=0(*)

Energyrelation,asonp.12:

1

2
r
−2

·4u(u
?′

ū
?′

)ū−
µ

r
=−h=⇒2|u

′
|
2

=µ−rh

Step2:Differentiationyields

x=uu
?

r=uū

x
′

=2uu
?′

r
′

=u
′
ū+uū

′

x
′′

=2uu
?′′

+2u
′
u

?′
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Thenon-commutativecomputations

Substitutioninto(*)yields

(uū)(2uu
?′′

)+(uū)·(2u
′
u

?′
)−(u

′
ū

︸︷︷︸

2(uū)u
′
u

?′
−2u

′
(ūu)u

?′

=0

+uū
′
)2uu

?′
︸︷︷︸

u
′
u

?

+µuu
?

=0

Togetherwiththeenergyrelation,afterleft-multiplicationbyr
−1

u
−1

andstar-conjugation:

2u
′′

+hu=0,u∈U

inperfectformalagreementwiththeplanarcase,p.13.
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6.TheperturbedKeplerproblem

ẍ+µ
x

|x|
3=εf(x,t),

wherex∈R
3

isthepositionvector,f:R
3
×R7→R

3
isaperturbing

function,andεisasmallparameter.Alternatively,thesymbolsx,f∈U

willbeconsideredasquaternionswithavanishingk-component.

Regularization

Step1ofp.25,againwithc=1:rx
′′
−r

′
x
′
+µx=r

3
εf(x,t)

Energyrelationasonp.25:2|u
′
|
2

=µ−rh

Substitutionasonp.26:···=uūr
2
εf(x,t)

Finally:Left-multiplicationbyr
−1

u
−1

andstarconjugationyields
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Summary

Equivalentregularizedsystem:

2u
′′

+hu=rεf(x,t)ū
?
,r=|u|

2
,()

′
=

d
dτ

t
′

=r,x=uu
?

h
′

=−ε〈x
′
,f(x,t)〉orh=r

−1
(µ−2|u

′
|
2
)

Remark

IntroducingtheosculatingeccentricanomalyEbydE=
√

2hdτ

transformsthefirstdifferentialequationinto

4u
′′

+u=
ε

h

(
rf(x,t)ū

?
+2〈x

′
,f(x,t)〉u

′
)

,

aperturbedharmonicoscillatorwithfrequencyω=
1
2.Here()

′
=

d
dE.
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Osculatingelements

Modelequation:4u
′′

+u=g,gasmallperturbation,u∈R

Withv:=2u
′
themodelequationmaybewrittenas




u

v





′

=A




u

v



+




0

g/2



withA=




01/2

−1/20



.

AmatrixsolutionU(E)ofU
′
=AU(unperturbedproblem):

U(E)=exp(AE)=




cos(

E
2)sin(

E
2)

−sin(
E
2)cos(

E
2)




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Variationoftheconstant

Weseekasolutionoftheform



u(E)

v(E)



=U(E)




α(E)

β(E)



,

whereα(E),β(E)arethe(orbital)elements.Substitutethisandits

derivativeintothematrixdifferentialequationofp.29andsolveforthe

derivativesoftheelements:

d~α

dE
=−

~g

2·sin(
E

2
)

d~β

dE
=

~g

2·cos(
E

2
).

Herewehaveusedvectorsymbolsinordertoindicatethattheabove

equationsnotonlyholdforscalarsα,β,g∈R,butalsoforvectors

~α,~β,~g∈R
n
,n∈N.
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AppendixI.Regularizingtherestricted3-bodyproblem

•Motionofamasslessparticleunderthegravitationalforceoftwo

heavyprimariesmovingoncircularorbits

•Usearotatingcoordinatesystem,traditionallycenteredatthe

centerofmass,suchthattheprimariesarefixedatthecomplex

positions−µand1−µ,respectively(0<µ<1)

•Wediscussthesimultaneousregularizationofbothtypesof

collisions.G.D.Birkhoff(1915):timetransformation(Step1):

dt=r1r2dτ,wherer1,r2arethedistancesoftheparticlefromthe

primaries

•Coordinatetransformationin2dimensions(Step2):Asequenceof

conformalmappingsv∈C7→u7→x7→y,whereforsimplicitywe

choosey∈Casanormalizedphysicalcoordinatewiththeprimaries

locatedaty=−1andy=1
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TheJoukowsky-Birkhofftransformation

v7→u=
v+1

v−1
u7→x=u

2
x7→y=

x+1

x−1
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Compositionofthethreemappings

Twodimensions:

y=

(
v+1
v−1

)2

+1
(

v+1
v−1

)2

−1
ory=

1

2

(

v+
1

v

)

Threedimensions:v,u,x,y∈U,x=x
?
,y=y

?

v7→u=1+2(v−1)
−1

,u7→x=uu
?
,x7→y=1+2(x−1)

−1

Compositionyields:y=1+(v
?
−1)(v

?
+v)

−1
(v−1)
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Proof

(∗)y=1+2
(
uu

?
−1

)−1
withu=1+2(v−1)

−1

Becauseof

uu
?
−1=(u−1)(u

?
−1)+u−1+u

?
−1

=4(v−1)
−1

(v
?
−1)

−1
+2(v−1)

−1
+2(v

?
−1)

−1

wewrite(∗)as

y=1+2(v
?
−1)(v

?
−1)

−1
(
uu

?
−1

)−1
(v−1)

−1

︸︷︷︸

D
−1

(v−1).

=⇒D=(v−1)
(

4(v−1)
−1

(v
?
−1)

−1
+2(v−1)

−1
+2(v

?
−1)

−1
)

(v
?
−1)

=4+2(v
?
−1)+2(v−1)=2(v+v

?
),

whencethestatementfollows.
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Conclusions(sofar)

•The“language”ofquaternionsallowsforaconciseformalismfor

developingtheKustaanheimo-Stiefeltheoryofregularizationofthe

perturbedspatialKeplerproblem.This,inturn,isthebasisof

modern,efficientperturbationtheoriesoftheKeplerproblem.

•Theuseof”star-conjugation”,

u=u0+iu1+ju2+ku3,u
?

=u0+iu1+ju2−ku3,

yieldsaspatialregularizationtheoryinperfectformalagreement

withLevi-Civita’splanarregularizationusingcomplexnumbers.

•Bothcollisiontypesinthespatialrestrictedproblemofthreebodies

mayberegularizedsimultaneouslybymeansofageneralizationof

theJoukowsky-Birkhoffmapping,elegantlyrepresentableintermsof

quaternions.
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AppendixII:MatlabcodeforanimatedKeplermotions

functionind=kepler(e,N,Nrev)%Saveaskepler.m

%e=eccentricity,Nsteps/revol.Call:e.g.,kepler(0.8,128,4)

%Nrevrevol’sofKeplermotioninphys.coord(Nrev/2inreg.c.)

a=1;mu=1;b=a*sqrt(1-e^2);

a1=sqrt(a*(1+e));b1=sqrt(a*(1-e));n1=sqrt(a^3/mu);

N2=2*N;t=n1*[0:N2]’*4*pi/N2;E=t-e*sin(t);E0=1+0*E;

tol=sqrt(eps);ind=0;whileany(abs(E-E0)>tol),ind=ind+1;

E0=E;E=E-(E+e*sin(E)-t)./(1+e*cos(E));end;

x=a*(e+cos(E));y=b*sin(E);

u=a1*cos(E/2);v=b1*sin(E/2);

X=x(1);Y=y(1);U=u(1);V=v(1);LW=’LineWidth’;

clf;subplot(2,1,1);p=plot(x,y,’b’,X,Y,LW,2);

axisequal;holdon;plot(0,0,’ko’,LW,6,’MarkerSize’,6);
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title(strcat(’KeplermotionandLevi-Civitaregularization,’,...

’e=’,num2str(e)),’FontSize’,15);

xlabel(’Physicalsystem’,’FontSize’,12);

subplot(2,1,2);q=plot(u,v,’c’,U,V,LW,2);

axisequal;holdon;plot(0,0,’ko’,LW,6,’MarkerSize’,6);

xlabel(’Regularizedsystem’,’FontSize’,12);

set(p(2),LW,6,’Marker’,’o’,’MarkerSize’,6,’Color’,’r’);

set(q(2),LW,6,’Marker’,’o’,’MarkerSize’,6,’Color’,’m’);

fork=1:ceil(Nrev/2),

fork=1:N2,

set(p(2),’Xdata’,x(k),’Ydata’,y(k));

set(q(2),’Xdata’,u(k),’Ydata’,v(k));

pause(.0015);

end

end%TemplatebyPeterArbenz,ComputationalScience,ETHZurich
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AppendixIII:Outlooktotriplecollision

Fundamentaldifference:

Binarycollision:Continuousdependenceontheinitialpointinphase

space.Thefamilyofnearbyclose-encounterorbitsvariessmoothly.

Triplecollision:Nocontinuousdependenceontheinitialpointin

phasespace.Thefamilyofnearbyclose-encounterorbitsvaries

erratically.Close-encounterorbitsmaybeverycomplicated.

Simplestmodelfortriplecollision:Theplanarproblemofthreebodies

Coordinates:xj∈R
2
,x1+x2+x3=0,masses:mj>0,j=1,2,3

ẍ1=m2(x2−x1)|x2−x1|
−3

+m3(x3−x1)|x3−x1|
−3

ẍ2=m3(x3−x2)|x3−x2|
−3

+m1(x1−x2)|x1−x2|
−3

ẍ3=m1(x1−x3)|x1−x3|
−3

+m2(x2−x3)|x2−x3|
−3
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Blow-upproperties

Summaryoftheequationsofmotion,x=
(
x1,x2,x3

)
∈R

6
:

d
2
x

dt2=F(x),t=time,

wherethefunctionF:R
6
7→R

6
ishomogeneousofdegree-2:

F(ρx)=ρ
−2

F(x)forallρ6=0.

Blow-uptransformation.

Letρ�1beafixedsmallblow-upfactor.Withx,tbeingthe(small)

physicalcoordinatesandx̃,t̃astheblown-upcoordinates(order1)we

define

x=ρx̃,t=ρ
3/2

t̃.
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Blow-upproperties,continued

Theequationsofmotionareinvariantundertheblow-uptransformation:

d
2
x̃

dt̃2=F(x̃).Check!

Lettheblown-upmotionx̃(t̃)befreeofcollisions,thenitsvelocityis

bounded,∥
∥
∥
∥

dx̃

dt̃

∥
∥
∥
∥=O(ρ

0
).

Thisimplies∥
∥
∥
∥

dx

dt

∥
∥
∥
∥=ρ

−1/2

∥
∥
∥
∥

dx̃

dt̃

∥
∥
∥
∥=O(ρ

−1/2
).

Reference:RichardMcGeheeinInventionesmathematicae27(1974),191-227:

Triplecollisioninthecollinearthree-bodyproblem.
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Referencesolutions,LagrangeandEuler

Homotheticsolutions,x(t)=r(t)ξ,where

•r(t)describesarectilinearKeplermotion

•ξdescribesacentralconfiguration:equilateraltriangle(Lagrange)

orthreepointsonaline,dependingonthemasses(Euler)

leadtosharptriplecollisions,whichmaybeblownupindefinitely,hence

ρarbitrarilysmall=⇒
∥
∥
∥
∥

dx

dt

∥
∥
∥
∥=O(ρ

−1/2
),unbounded!

Orbitinblown-upsystemcorrespondstoafull3BPwithzeroenergy.

Remark.Thegeneral(sharp)triplecollisionwasdescribedintermsof

convergentseriesbyC.L.Siegel:DerDreierstoß,Ann.Math.42

(1941),127-168.
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Theenergyintegral

h=
1

2

3∑

j=1

mjẋ
2
j−

∑

1≤j<k≤3

mjmk

|xj−xk|
=const

Applyingtheblow-uptransformation(p.39)yields

h=ρ
−1

h̃orh̃=ρh.

•Theclosetripleencounter(ρ→0)hasthecomplexityofthe

three-bodyproblemwithzeroenergy,h̃→0.

•(Lagrangean)closetripleencountersrequire(triangular)triple

parabolicinitialconditionsatt̃→−∞.

•Typicalfinalstateast̃→+∞:hyperbolic-elliptic,afastescaping

binary(arbitrarilylargevelocity).Inparticularcases,atriple

parabolicescapemayresult.Thenthesystememergesfromthe

closetripleencounterwithboundedvelocities.


