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EX. (6)

IVP

The Euler Methods

—y(t) 4+ 2 cos(t)

y(t) = sin(?)

0 1 ] I ] 1 I
0.0 0.5 1.0 1.5 2.0 2.5 3.0 35 4.0

cos(t)



EX. (6)
The Euler Methods

Explicit Y11 =y; +hf(t;,v;)
p— y] — h(—y] —|— 2 COS(tj))

2.(] T T T T

15¢

1.0

0.5}

-0.5}F

-1.0t

-15} — Exact
o—e Explicit Euler (Rh=0.5)

2.0 1 1 | I ] 1 I
0.0 0.5 1.0 1.5 2.0 2.5 3.0 35 4.0

t




EX. (6)

The Euler Methods

Implicit Yi+1 = Yj + hf (41, yj41)

= y; + h(—yj+1 +2cos(tjt1))

1

2.0 - = 1_|_—h (y] —+ 2h COS(tj+1))

15¢

1.0

0.5}

-0.5F
=1.0F
-15} — Exact
e—e Implicit Euler (h=10.5)
_20 1 1 ] ] 1 1 ]
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

t



EX. (6)

The Euler Methods

Exn = |y(T) — yn| Error

2.0

15¢

1.0

0.5}

-0.5}F

-1.0t

— Exact
-15|| e—e Explicit Euler (h=0.5)
e—e Implicit Euler (h=10.5)

2.0 1 1 | I ] 1 I
0.0 0.5 1.0 1.5 2.0 2.5 3.0 35 4.0

t
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Ex. (9)

The Euler Methods

N | h | EE lyn —y(T)| | IE |yn — y(T)
8 | 271 2.666E-01 1.830E-01
16 | 272 1.105E-01 9.295E-02
32 | 273 5.097E-02 4.688E-02
64 | 274 2.453E-02 2.354E-02
128 | 27° 1.204E-02 1.180E-02

O(h)

We observe that the GTE is directly proportional to the stepsize h,
although the LTE is proportional to its square....

O(h?)



Ex. (9)
The Euler Methods

10° B f f f D D T T
| & Explicit Euler [ o
| 8@ Implicit Euler [t

Error [y —y(T)|
o

102 101 10°
T—i’g
N

Step size h—=




LTE, GTE and order of accuracy
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Ex. (10)

IVP

Runge‘s Method

—y(t) 4+ 2 cos(t)

y(t) = sin(?)

0 1 ] I ] 1 I
0.0 0.5 1.0 1.5 2.0 2.5 3.0 35 4.0

cos(t)



Ex. (10)

Runge‘s Method

wp  J U0 =—yl)+2cos(t) oy Gn(e) + cos(t)

| — Exact
o—e EE (h=0.5)
-15t e—e IE (h=0.5)
e—e Runge (h=0.5)

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
i



Ex. (10)

Runge‘s Methods

N | h |EE|lyv —y(M)| | IE lyvy —y(T)| | EM |yny —y(T)]
4 | 270 9.109E-01 3.559E-01 2.056E-01
8 | 271 2.666E-01 1.830E-01 1.745E-02
16 | 272 1.105E-01 9.295E-02 4.662E-03
32 | 273 5.097E-02 4.688E-02 1.112E-03
64 | 274 2.453E-02 2.354E-02 2.694E-04
128 | 27° 1.204E-02 1.180E-02 6.621E-05




Ex. (10)

100

Runge‘s Methods

e—e Runge |

Step size h=—;




Ex. (11)

Runge-Kutta Methods

Number of stages
s/
i1 =y +h Y bik;
1=1
S
Stages L. — f tj —+ Cih, Y T h E a;1k;
[=1
Nodes / Runge-Kutta matrix
\01 ai1 Qa2 - Gl \
Co2 | 21 Q22 -+ 042
’ C ‘ A
Cs | Qs1 as2 "t Uss
b b e b
! ’ ) \Weights



Ex. (11)

Runge-Kutta Methods

Explicit Euler
Implicit Euler

Runge’'s

Heun's

/ Zeros usually not written!

00

1
1]1

1
O[(0 O
1 1
513 U

0 1
O[O0 O
111 O

T T

2 2




Ex. (11)

Runge-Kutta Methods

* Implicit Midpoint

DO | —
— N

* Implicit Trapezoidal

— Zeros usually not written!

0
0
0
1
L
3

N[N = O
N[N = O

* Classic Runge-Kutta

— NN~ O
ol O O O

WH O~ O O
oH O O O O



Ex. (11)

Runge‘s method

y(1)

>




Ex. (11)

Heun‘s method

>




Ex. (11)

Implicit midpoint method

Yi+1

>




Ex. (11)

Implicit trapezoidal method

>




Ex. (11)

Classical Runge-Kutta (RK4)

>




Ex. (12)

IVP

Example

—y(t) 4+ 2 cos(t) y(t) = sin(t)

cos(t)



Ex. (12)

Runge‘s & Heun‘s method

2.0

1.5F

1.0

0.5

- O0.0F

-0.5}

-1.0}

q
= Exact \

-1.5}| e—e Runge (h=1.0)
e—e Heun (h=1.0)

2.0 | | I | | | |
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

t




Ex. (12)

Implicit midpoint & trapezoidal

2.0

1.5F

1.0 ¢

0.5

- O0.0F

-0.5}

-1.0}

— Exact
—-15}| e Implicit midpoint (h=1.0)
e—e |Implicit trapezoidal (h=1.0)

2.0 | | | | | | |
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

t




Ex. (12)

2.0

Runge-Kutta 4

1.5F

1.0

0.5

0.0

-0.5}

-1.0}

—1.5¢

— Exact
o—e RK4 (h=1.0)

-2.0

0.0

0.5

1.0

1.5 2.0 2.5 3.0 3.5 4.0
t



Ex. (12)

Error |y~ —y(T)

Errors

107 ¢

107°

104_ -

W

1111L

Runge
Heun
Implicit midpoint

Implicit trapezoidal |

RK4

102

101

10Y

Step size h :T;_t“



Ex. (15)

Stability Regions

3 Explicit Euler

Stability Region



Ex. (15)

Stability Regions

Implicit Euler

Stability region



Ex. (15)

Stability Regions

3 Rupge

21

Stability region



Ex. (15)

Stability Regions

3 ngn

21

Stability region



Ex. (15)
Stability Regions

3 Implicit midpoint

Stability region



Ex. (15)

Stability Regions

Classical Runge-Kutta

Stability region



Ex. (16)

Stff inear IVP




Ex. (16)

Stff inear IVP

l.e. from the left”

y(t) = Ay(t) \
:Plz\P_ly(t) x P>

P~y (t) = DP™ly(t)

Y

z(t)
z(t) = Dz(t)



Ex. (16)

Stiff linear IVP
Simple computations (e.g. with CAS!):
-1 0 0
D=1 0 —15 0
0 0 —1000
15 —-12 1 1—15 % %
P=(0 12 1 PH=(0 & &
1 3
0 4 -3 0 & -5
Plugging in the IV gives:
7 —6



Ex. (16)

Stff inear IVP

= W




Ex. (16)

Error

Stff inear IVP

]_DEI' -

e—e Explicit Euler |
= = Implicit Euler

PR | g | i g | i P T T S S
103 1072 101 10°



Ex. (16)

Stiff equations

Iq Q:}u?ﬁv En‘naMojM@oaf jyff‘eM op ODE

v (Hl= A5} + B(t)
nva i x

i cldld  sUfF (€ e e{jﬂ/\voﬂuef o
B, A; ((zAY..,0), lhave Very /i Qeven ]

!

ney {:'vg, \(eaje pav (r

max | Re(A;)

¢z | e 4] . Ke(Aj)< 0
m‘{n fﬁg(}a )l
3

Tf\.u[ i o the sl(/‘ff\r\zf,r Wt'll{a $ oo h»pﬁ'ﬁf«e— k.




Ex. (17)

Stiff Nonlinear IVP

gA —0.1yA —|—100y3y0
g = +0.1ya —100ypyc —500y%
Yo +500y7 —0.5y¢

y4(0) = 0.5 y5(0) = 0.5 yc(0) = 0.5
0<t<1



Ex. (17)

Stiff Nonlinear IVP

ya = —0.1ya +100ypyc z
2
gy = +0.1ya —100ypyc —500y% C
m
YA —0.1y4 + 100yBYyc
y=|¥B f(t,y) = | +0.1y4 — 100ypyc — 500y%
Yyc +500y% — 0.5yc
0.5
y4(0) = 0.5 yp(0) = 0.5 yo(0) = 0.5 yo= | 0.5

0.9



Ex. (17)

. ocal measure of stiffness

A fOCA.Q AR ESUVE. of  stilhass (e oé(/airu;o'
67 @fnmv{qinj ) _{‘yffe/v\ o( OPEr af Sorme
poinl  (of infeed!) €..7,

Cle,9) & E(e, V) + S2a5)(e-¢)

-

2 - oD
Y (ta %) (Y ~%)

—r— 3¢

3 acobirn Md/ﬁ‘( Jd= 3_;

~£o ong oé{/u'/u “\L (\oﬁpow_i/g ;AMOMijaVJ
Ringar syslen—of — OD€r

T = 8(t.5) ¥ +(5(¢,§,)+ }iﬁf(fﬁ,i)'(ﬁrg}
"

p BT
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Ex. (17)

. ocal measure of stiffness

Constant Matrix Constant Vector

A A
( A\ ( A\

y(t) = A(t1,y1)y(t) + b(t1,y1)

I€ fhis i <liff then one says that fhe aoptinear
S‘/J(LQ/V\ of OLE ir po(‘bapy ..C?[/éz‘ aVow\aJ (f}u:}’)nl.




Ex. (17)

Stiff Stiff Nonlinear IVP

Stiff?
Let's linearize the RHS:
—0.1ya + 100y pYyc

f(t,y) = [ +0.1y4 — 100ypyc — 500y%
+500y% — 0.5y¢

of of
f ~ — —
(t,y) = f(t1,y1) + o (t1,y1) + 8y(t17Y1)
\ v J L v J
! /

100yc 100y B

Y —0.1
J(t,y) = 8—(t,y) = | +0.1 —1000yg — 100y —100yg
y 0 1000y 5 —0.5



Ex. (17)

Stiff Nonlinear IVP

Locally Stiff? 0.5
Let's linearize the RHS at the initial value: yo = | 0.9
0.5

—0.1 50 50

of
J(to,yo) = — (to,yo) = | +0.1 =550 —50
Jy 0 500 —0.5

MATLAB: eig—  \; ~ —5.00 x 10?

Ao &~ —9.87 x 1074
A3 ~ —5.07 x 10!

max; | Re(A;)]
min; | Re(\,)]

S = ~ 5.06 x 10°  Yesl!!



Error control and adaptive step size
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Error control and adaptive step size

a
;‘ ~— exicl So}of[o,\
‘ mef(,'?j afé 7.1
v 1 ... ¢ >’3+/\
b . -
: y \ method A
; l! .
& €
evvor ectiemate
h_A" —
Mowe - 1€ | Yien—= | & CoSlpran to

acc.e,p[' i fep

GIJQ_ :

Qp,caf s{‘tp with JMKMV d(ep fre
MJ LLL&L/( AjA{./J



Error control and adaptive step size

Pom.: ({) fhe move pvecice mebhs o [ )
cod) 6o of higher ovdtv the,
ot thod A
DV covld 6o tle Sanme &S

mathed A bt with o s Kl
step sice (:oé;[‘ep_r.')

(H} the  adove pﬁ?ao’o—c‘on‘é S 'lcu/ {;’om
(om,a,&fa af One Jjﬂ aoz'fLe/ fo fnCMé,LC

the  step  Sire i puridl
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Ex. (18)

Error control and adaptive step size

&(A?\ F)Japfh/&. sYlep size e thsd (”97&99 oJe?‘f)
fv  FHa ven dar Pod0OPE

il <A and :j:(t),ee[a,zo]

[}

(Pocuar)
maket tha pvtaéﬁvv- vﬁ‘f'F/ :

#8) © widh  pa=4000  aid ¢ ¢ [o,%000]

e Clides &  exaveiper



Ex. (18)

| Adaptive step size
Y1 = Y2

0
go = p(1— gDy —yn P17 yO‘@ tel0,20

Solution of van der Pol Equation (1. = 1) with ODE45
I I I I I I I

3
—s—Y;

—9—‘/2

Solution y
o

20

1 1 1
10 12 14 16 18
Time t



Ex. (18)

Adaptive step size

YL = Y2

uw(l—y)y2 — 1

Solution of van der Pol Equation (1. = 1) with ODE45
I I I I I I I

Y2

10° r T

FataTa}
gyt aaa e
1 VRN,

[
o
1
as]
o
|
|

Step size At

[
o
I
w
|
|

107*F 3

10-5 | | | | | | | | |

Time t

0



Ex. (19)

Adaptive step size

Y1 = Yo

| t € [0. 3000
g2 = (1l —y1)y2 — 1 | |

2

Solution of van der Pol Equation (1 = 1000)
I I |

2.5

— —% — oded5 (explicit)
—&— ode23s (implicit)

Solution y
o

-1.5

| |
0 500 1000 1500 2000 2500 3000
Timet



Ex. (19)

Y1
Y2

Y2
uw(l—y)y2 — 1

Adaptive step size

0
5 )t €[0,3000]

102 Step size h for van der Pol Equation (z = 1000)
f T T T T
e e S ici
*-‘::-,aéa,? ":#'.;z:‘_b %}} —&— ode23s (implicit)
32 N, &,
1 e e, el
10§ $
i “\ ! |
D
10°
>> StiffvanDerPol
Loeser: ode45
h Elapsed time is 73.490408 seconds.
Loser: ode23s
:a 10—1 Elapsed time is 0.167961 seconds.
N
7%
o
2 -2
103¢ i
[y
10748 E
D
10—5 I I I 1
0 500 1000 1500

2000
Timet

2500

3000



Ex. (19)

Y1
Y2

Adaptive step siz

Y2

uw(l—yi)y2 — i 2

€

)

t € [0,3000]

Stiffness ratio S for van der Pol Equation (x = 1000
I

108¢ | o | T

Stiffness ration S

10° | E ! =
0 500

3000
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