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V.0. Examples, linear/nonlinear least-squares

In practice, one has often to determine unknown parameters of a
given function (from natural laws or model assumptions) through a
series of measurements.

Usually the number of measurements m is much bigger than the
number of parameters n, I.e.

Measurement \
i 1 2 3 4 5 6 7 8

Time —% ¢ | 0.10 023 036 049 061 074 087 1.00 m =8
g | 084 030 069 045 031 009 -0.17 0.12

Quantity/

/1\\

2 g(t) = a1t + a
Model: a(t) ! :
@ q(t) = age™”’

Goal: Find ai, ag
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V.0. Examples, linear/nonlinear least-squares

In practice, one has often to determine unknown parameters of a
given function (from natural laws or model assumptions) through a
series of measurements.

Usually the number of measurements m is much bigger than the
number of parameters n, 1.e. m > n

Measurement \
i 1 2 3 4 5 6 7 8

Time —» ¢ | 0.10 023 036 049 061 074 087 1.00 m =8
g | 084 030 069 045 031 009 -0.17 0.12

Quantity/

@ qt)=art+a
Model: 1) = o i

@ ¢(t) = age™”

Problem: more equations than unknowns! ... overdetermined

Goal: Find ai,az N = 2
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V.0. Examples, linear/nonlinear least-squares

1 1 2 3 4 9! 6 7 8
Data: t 1010 023 036 049 061 074 087 1.00
qg| 084 030 069 045 031 0.09 -0.17 0.12

Model: @ q(t) = a1t + as Goal: Find aq, as

Linear in model parameters!

Q1 =ait; +az )
g2 = ails + ao /(h\ /tl 1\

B q2 to 1
g3 = a1t3 + as g ty 1
qa = Q1lg4 + a2 > j> ga | |ta 1 (al)
g5 = aits + a2 g | |ts 1 a2
g6 = a1te + a2 6 te 1
q7 = a1t7 + as 17 !

\as/  \ts 1/

s = ai1ts + as y
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V.0. Examples, linear/nonlinear least-squares

1 1 2 3 4 9! 6 7 8
Data: t 1010 023 036 049 061 074 087 1.00
qg| 084 030 069 045 031 0.09 -0.17 0.12

Model: @ q(t) = a1t + as Goal: Find aq, as

Linear in model parameters!

g1 = a1ty +as )
g2 = a1te + a2 /(h\ /tl 1\
g2 to 1
q3 = a1tz + as g ty 1
qa = a1tq + a2 > qa | _ tg 1 (al)
g5 = ails + a2 E s t5 1 as
v’
g6 = a1le + a2 16 te 1 x . 3
o g q7 tr 1 ’
q7 107 2 \q8 \t8 1)
gs = ailg +az —— ————  JusT

b,y A, X  NOTATION!
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V.0. Examples, linear/nonlinear least-squares

* |dea: choose the parameters such that the
distance between the data and the curve Is
minimal, I.e. the curve that fits best.

q A ® o \leasurements

die

q3e

q4e

G20 G

dce Gse
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V.0. Examples, linear/nonlinear least-squares

* |dea: choose the parameters such that the
distance between the data and the curve Is
minimal, I.e. the curve that fits best.

q A ® o \leasurements
— Model ¢(t)=a,t +a,
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V.0. Examples, linear/nonlinear least-squares

* |dea: choose the parameters such that the
distance between the data and the curve Is
minimal, I.e. the curve that fits best.

q A ® o \leasurements

§

— Model ¢(t)=a,t +a,
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V.0. Examples, linear/nonlinear least-squares

* |dea: choose the parameters such that the
distance between the data and the curve Is
minimal, I.e. the curve that fits best.

* |east squares solution:

min ||[Ax — b||2

XGD \
/ Euclidean distance,

Domain of valid parameters a.k.a. 2-norm
(from application!) n
Jell = VeTe = \ D>
i=1
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V.0. Examples, linear/nonlinear least-squares

1 1 2 3 4 9! 6 7 8
Data: t 1010 023 036 049 061 074 087 1.00
qg| 084 030 069 045 031 0.09 -0.17 0.12

. - - art -
Model: @ ¢(t) = aze™ Goal: Find aq,as
q = a;e®?" \ Nonlinear in model parameters!
{
o = aleath /Ql\ /aleaa 1\
t
g3 = aje®?'s 92 a €7
o ast
aots q3 ape "’
g4 = a1e > g | | are®2!
:> = {
Q5 = a1e®2's g5 ap et
t
—a 6a2t6 de6 a1€a2 6
q6 - 1 q7 a1€a2t7
—q ea2t7 aost
qdr = ay \q8) \aleQS)
asts y — JUST

48 = d1€ b,y f NOTATION!
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V.0. Examples, linear/nonlinear least-squares

* |dea: choose the parameters such that the
distance between the data and the curve Is
minimal, I.e. the curve that fits best.

q ‘ ® o \leasurements

die

q3e

G20
440

B
dge
dce

a1t d7e

q(t) = age
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V.0. Examples, linear/nonlinear least-squares

* |dea: choose the parameters such that the
distance between the data and the curve Is
minimal, I.e. the curve that fits best.

® @ \leasurements

— Model ¢(t) =a,e™’

-— MINIMIZE!

%f

‘121

a1t d7e

q(t) = age
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V.0. Examples, linear/nonlinear least-squares

e General prob|em: M measurements n parameters

m > n Qverdetermined!
N

_ a11T1 + a12x2 + -+ a1y = by
8 A21T1 + A22%2 + -+ + A2, Ty = b2
2 s Ax = b A€ R™*™
—

Am1T1 + Qp2Z2 + - + AmnTyn = bmJ

x € R" beR™

= fi(z1, o, xn) =by
2 fa(x1, 22, .oy Tn) = bo
% >f(x)=Db
< fn (X1, T2, ey Tp) = by, f:DCR"—R"

/
In parameters! ? fi=fo=---=f,, usually..
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V.0. Examples, linear/nonlinear least-squares

* Least squares solution:

min ||Ax — b||5 Linear
xeD

min ||f(x) — b||2 Nonlinear
xeD

* Define scalar-valuedlfunction (%)
P(x) = §HAX — bl|5 Linear

1
o(x) = §Hf(x) —b||3 Nonlinear

* Least squares solution: min ¢(x)
xcD
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V.0. Examples, linear/nonlinear least-squares

* Quiz: linear or nonlinear model?

1) q(t) = ap +ait + ast” Model parameters: @0, @1, a2

2) q(t) = Asin(Bt + ) Model parameters: A, 3, ¢
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V.0. Examples, linear/nonlinear least-squares

* Quiz: linear or nonlinear model?
1) q(t) = ap +ait + ast?

A=

[

)

t; t2] b=

2) q(t) = Asin(Bt + ¢)

f(x) =

[

\

A Sin(ﬁ.ti + QO)

)

Model parameters: a0, a1, d2

()

/

\/

Model parameters: A, 3, ¢

()

q

\:/
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V.1. Linear least-squares

e General prob|em: M measurements n parameters
m > n Qverdetermined!

a11x1 + a12x2 + -+ + a1p Ty = by

211 + ao2To2 + -+ - + a2, Ty = bo

Am1T1 + Am2T2 + -+ Qmn Ty = bm

Assumption: A has full co

5(x) = 5|

\

>Ax=b AeR™"
x € R" b e R™

J

umn rank (linearly indep.)

AX—bH%

Least squares solution: milr% (x)
x €
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V.1.1. Normal equations

* |east squares solution:
1
min () d(x) = 7| Ax — b3

xecD

- 1
e Rewrite: okx) = —HAX —b||5 / Transpose!

;/ %(Ax b)T (Ax — b)
1
— ((Ax)T Ax — (Ax)'b — bl Ax+b'Db
Lag—pp Tl o
2

= (x'A"Ax—x"A"b —b" Ax + b"b)
\ / Scalar!

(x"A"Ax — 2x" A"b + b'b)

N | —
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V.1.1. Normal equations

1
» Gradient of ¢(x) = 5 (xT AT Ax — 2xT ATb + b'b)

must vanish at extremum (min/max):

Gradient / \
N &
Vo(x) = |

= ATAx — ATb =0
: A ) - -~ _
09 / (Gauss') Normal equations
ox,,

Nothing difficult...

1
~ %( (ax —b) ) = aax — ab
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V.1.1. Normal equations

« Necessary condition: A4"Ax— A'b =0
Not sufficient! (Gauss') Normal equations

* |S It a minimum?
We have to make sure that the matrix AT A is
positive definite

(@ xTATAx >0 forall xe€R"® and x#0

HAXH% > () Norm (length!)

- <@XTATAX:O & x=0

aa > 0 —— \—
‘ 7£ ) Unless x=0 Because of our assumption
of rank n
\_ (AX)T x Columns linearly independent!
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V.1.1. Normal equations

* Geometric interpretation of the normal equations
b € R™

* |t turns out that they lead to a worser conditioned
problem, i.e. difficult to solve the normal
equations numerically...

Therefore the next method is preferred
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V.1.2. The orthogonal decomposition method

« Definition: An orthogonal matrix () is a real square

matrix whose columns and rows are orthogonal
unit vectors /1 \

QTR=QQ" =1~-

Ly

Thismeans: Q! = Q!

« Key property: Orthogonal matrices leave the Euclidean length
Invariant

1Qx13 = (Qx)TQx = xTQTQx = x"x = ||x|3
——

I

22



V. Linear & Nonlinear Least-Squares

V.1.2. The orthogonal decomposition method

Fact: Every matrix A € R™*™ with full column rank
(the columns are linearly independent) has a so-called

QR-decomposition

A=QR
where () is an orthogonal matrix and R an upper
triangular matrix

( \ ( \ 11 Ti12 rln\ )
A Q 22 n
m X n m X m o > m
S ARNAY )
ri; 7 0 |

Matlab: [Q,R]=qgr (2)

Non zero diagonal!
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V.1.2. The orthogonal decomposition method

Fact: Every matrix A € R™*™ with full column rank
(the columns are linearly independent) has a so-called

QR-decomposition

A=QR
where () is an orthogonal matrix and R an upper
triangular matrix

( \ ( \ ( Upper triangular \
A Q Rl n

m Xn m X m nXxXn

Matlab: [Q,R]=qgr (2)
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V.1.2. The orthogonal decomposition method

Minimize residuum:  min ||Ax — b||o
xcD ——

r
|Ax — b5 = [[r|)3
Q" (Ax —b) |13 = |Q"r(l3 = IIr[3
HQT (QRX - b) g — || % \Orthogonal!
We still solve th
HRX — QTb g — ||IT 3 miiiilizzgovne;rfbf:rmﬁ
( YN ()
P X C 0
1 —_—
| nx1]— 15 = [Rix —cli3 + [1d]13

dfz = Ir]]2
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the same
problem!!!

0
f_H

[Rix — |3 +[|d]13

dfz = |Ir]l2
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V.1. Example: linear least-squares

1 1 2 3 4 9! 6 7 8
Data: t 1010 023 036 049 061 074 087 1.00
qg| 084 030 069 045 031 0.09 -0.17 0.12

Model: @ q(t) = a1t + as Goal: Find aq, as

Linear in model parameters!

0.84 = 0.10a1 + ag 081\ (010 1)
30 =0.2 + ' '
0.50 = 0.25a1 + az 0.30 0.23 1
0.09 = 0.36CL1 - a9 0.69 0.36 1
0.45 = O.496L1 T A9 0.45 o 049 1 aq
0.31 = 0.61a; + a- > E 0.31 1061 1 <a2>
0.09 0.794 1 |>—™—
09 =0.74a, +
0-09=0. 7401+ az —0.17 087 1] *
—0.17 = 0.87a1 + as \ 0.12 / \1.00 1/
0.12 =1.00a1 +as / —— —

b A
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V.1. Example: linear least-squares

1 1 2 3 4 9! 6 7 8
Data: t 1010 023 036 049 061 074 087 1.00
qg| 084 030 069 045 031 0.09 -0.17 0.12

Model: @ q(t) = a1t + as Goal: Find aq, as

Normal equations; A'Ax — A'b =0
3.1 4.4\ (a1 [0.844
4.4 8.0 as ] \ 2.62

N X — aq o —0.86
' o a9 - 0.80

Orthogonal transformation: analogue...
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V.2. Nonlinear least-squares

e General prob|em: M measurements n parameters
m > n Qverdetermined!

fi(z1, 29, ...,2n) = by )

fg(ilfl, L, ,Zlfn) — bg

»f(x)=b f:DCR"—R™

fm(xlax27°“7$n) — bm
) s b e R™
f]. — f2 — .. — fm Usua”y...

5(x) = 5 IF(x) — b

Least squares solution: milr% ¢(x)
x€
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V.2.1 Newton method
1
» Gradient of ¢(x) = —Hf(X) — bl

m
2
Z Fi(1, ey 2n) — b;)
zzl
must vanish at extremum (min/max):
Gradient %\
832151
N 0 n equations
Vox)= | 7 | =0 !
' n unknowns

\ 2 )
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V.2.1 Newton method
Apply Newton's method to solve  Vo¢(x) = F(x) =0

(k1) — (k) _ DF—l(X(k))F(X(k))

(50

Gradient F(x)= V¢(x) = am

4 2/

Oxnp
noT f(x) v
¢ ¢ . _0%
Ox? 0x10xo 0x10xn,
¢ 2% .. O
Hessian DF(X) _ H(¢(X)) _ 8:132.8331 8:13% O0x20xn,
9% _9%¢ . 29

ox,,0x1 Ox,,0xo Ox?2
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V.2.2 Gauss-Newton method

Linearize the residuum/error equations

min ¢(x) = mm%Hf() bl

xeD cD
k
/—Li;earize at some X( )

f(x) — b ~ f(x®) + Df(x*)) (X—X(k)) —b
~ Df (x*)x + f(x®)) — b — Df(x*))x*)

\ J N g

~ AW x — g on  on ... 98\
ox1 0o Oxn
: 9f2 9f2 ., Of2
Linear least squares problem! Df— | 901 O D,
Ofw  Ofm ... Ofm

ox1 O0xo . Oxy,
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V.2.2 Gauss-Newton method
1

» 3 —_— 2
Problem: L%IITDW() f{%lg |f(x) — b||3

Given an initial guess:  x(®

Solve a sequence of linear least squares problems
1

L%iB §HA(O)X _ 5(0)”% — » <D
1
mm—HA(l)x B2 — x3@
x€D 2 _
| .
I%IB_“A(k)X ,B(k)HQ — > X(IH_ ) Until convergence
|x* D — x| small enough
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V.2. Example: nonlinear least-squares

1 1 2 3 4 9! 6 7 8
Data: t 1010 023 036 049 061 074 087 1.00
qg| 084 030 069 045 031 0.09 -0.17 0.12

- - art -
Model: @ ¢(t) = aze™ Goal: Find aq,as
q = a;e®?" \ Nonlinear in model parameters!
{
G = a1e?" (ar) @™
t
g3 = aje®?'s 92 1€
— !
a2t4 q3 a1€a2 3
g4 = a1e > g | | are®2!
:> = {
Q5 = a1e®2's g5 ap et
t
—a 6a2t6 de6 CI/lea2 6
Q6 T 1 q7 a1€a2t7
_ azty
q; = a1e \QS) \ aleQQtS)
asts ) —

ds — aie b f
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V.2. Example: nonlinear least-squares

1 1 2 3 4 9! 6 7 8
Data: t 1010 023 036 049 061 074 087 1.00
qg| 084 030 069 045 031 0.09 -0.17 0.12

Model: @ q(t) = aze™’ Goal: FiInd a1, as
Newton method: min Qb(X)
XED

b(x) = 5
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V.2. Example: nonlinear least-squares

1 1 2 3 4 9! 6 7 8
Data: t 1010 023 036 049 061 074 087 1.00
qg| 084 030 069 045 031 0.09 -0.17 0.12

Model: @ q(t) = aze™’ Goal: FiInd a1, as
Newton method: min Qb(X)
xcD

1 ° 2
5 Z CL26 — QZ
=1

Gradient : /8 \
94 > (aze™’ — ;) (age™*it;)
S (aﬁ) (%
8:62

| Z aze™ —q;) (€M) )

F(x) =V¢(x) =0 Two equations in two unknowns!
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V.2. Example: nonlinear least-squares

1 1 2 3 4 9! 6 7 8
Data: t 1010 023 036 049 061 074 087 1.00
qg| 084 030 069 045 031 0.09 -0.17 0.12

Model: @ q(t) = aze™’ Goal: FiInd a1, as
Newton method: min Qb(X)
xcD

)

1 8
5 Z aze”'" — QZ)
1=1

Hessian

99 0% ¢
DF<x>=H<¢<x>>=< o 3%1%”)

851328:61 89@%

(..

)
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V.2. Example: nonlinear least-squares

1 1 2 3 4 9! 6 7 8
Data: t 1010 023 036 049 061 074 087 1.00
qg| 084 030 069 045 031 0.09 -0.17 0.12

Model: @ q(t) = aze™’ Goal: FiInd a1, as
Newton method: min Qb(X)
xcD

)

1 8
5 Z aze”'" — %)2
1=1

Initial guess: x(0) — <_11>

Iterate! x(k+1) — (k) _ DF_l(X(k))F(X(k))
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V.2. Example: nonlinear least-squares

1 1 2 3 4 9! 6 7 8
Data: t 1010 023 036 049 061 074 087 1.00
qg| 084 030 069 045 031 0.09 -0.17 0.12

Model: @ q(t) = aze™’ Goal: FiInd a1, as

Gauss-Newton method: miﬂ ¢(X)

1 : 2
— 5 Z aze”'" — Qz)
1=1

Linearize residuum/error equations:

fi(z1,2) — b; = w2e™" — b;

~ ZIfg )emg )t b —I—ZC( ) xgk)titi(xl ( )) 1 exl )t (332 . CCé ))

~_—

Linear in parameters now!
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V. Summary

Linear/Nonlinear in parameters

Overdetermined system of equations!

Determine parameters in the least-squares sense...

Linear:

- Normal equations

— Orthogonal transformation method
- Example

Nonlinear:

- Newton method

- Gauss-Newton method
- Example

40
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