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Introduction and motivation

Introduction

Although we will introduce more general examples later, we first define exponential
sums over finite fields in this section as any sum of the type

2
S= > ep( = f()/g(x)
p
zeF,
9(x)#0
where p is a prime number, F, = Z/pZ, and f, g € F,[X] are polynomials, such that
g # 0. Here, f(z)/g(z) is computed in the finite field F, (and makes sense as such because
x is restricted to be such that g(z) # 0). So, for instance, if p =7 and g(x) = 3 (mod 7),
we have 1/g(x) = 5(mod 7) since 3-5 =15 =1 (mod 7).
Moreover, because

2i7rgj>
p
is independent of the choice of an integer g representative of y € F,, these are well-defined
finite sums of complex numbers, and hence S € C is a complex number.

The goals of the theory are, roughly, to understand these sums. This might mean
different things:

exp (

(1) Find an “explicit” (“closed-form”) expression for S;

(2) Find an upper bound for |S|, which is “non-trivial”; the meaning of the last
condition is of course that this bound must be better than the obvious estimate
|S| < p, when this is possible (which means that the values f(z)/g(z), x € F,,
are not all constant in F,), and the improvement is usually required (for the
purpose of applications of the theory) to be of the form

(1) S| < phs*

where the saving factor satisfies g > 1; indeed, one often requires that 65 be of
a maximal size, as we will see later;

(3) Find a lower bound for |S|, if S # 0; this question is not as important in
applications than the previous one, and this is fortunate, since it is in fact much
harder;

(4) When S depends on further parameters ¢ (in an arbitrary set 7'), try to under-
stand the variation of S as a function of t € T'.

We will see examples of all these soon, but a first remark is that it is because (1) is
most often an impossible target (one should compare this with the well-known fact that
the indefinite integral of certain simple elementary functions — e.g., exp(—z?) — are not
themselves expressible in terms of simple operations and elementary functions) that (2),
(3) and (4) naturally arise. In applications to analytic number theory (which are those
we will mostly consider), Problem (2) is usually the most pressing: proving (1) for certain

1



exponential sums, with fairly specific saving factors, is often enough to prove a highly
desirable theorem.

Before going to describe “real” examples, here is the simplest exponential sum; al-
though it is essentially trivial, its importance should not be underestimated, as the com-
putation involved is often implicitly present in other arguments.

EXAMPLE 1 (Free summation). Consider the sums
S, = Z e(g)
ver, P
where a € Z, p is prime, and from now on we write
e(z) = exp(2inz), for z € C.
We can compute these sums explicitly: we have

@) g _ )P if a = 0 (mod p)
¢ 0  otherwise.

Indeed, picking specific representatives of F, in Z, we have
S, =14+w+w?+---+wP™', where w = e(a/p)

and then we can apply the formula for a finite geometric sum, together with the fact that
w = 1 if and only if a/p € Z, which means a = 0 (mod p).

Motivation

We present, briefly and without complete details, two examples of applications of
exponential sums over finite fields. The sums which occur are very important and will
be considered (after being generalized) many times in this book.

EXAMPLE 2 (Quadratic Gauss sums). This example is both one of the oldest to have
been considered, and one of the few interesting ones where Problem (1) is solved: there
is an explicit formula.

Consider the quadratic Gauss sum

x€Z/nZ

where we allow any integer n > 1. We then have

THEOREM 3 (Gauss). For all odd integers n > 3, we have

Gn:{\/ﬁ if n =1 (mod 4)

(3) ivn ifn=3(mod4).

This result may look innocuous, but it is by no means trivial. Before giving references
for its proof (we will also give the proof that |G,| = v/n below, but not compute the actual
argument), here is one of the original applications: one of the proofs of the Quadratic
Reciprocity Law (this illustrates the subtlety that must be involved).

Recall first:



DEFINITION 4. Let p be a prime number. The Legendre symbol modulo p is defined

to be the map F,, = {—1,0,1} denoted z (%) which is defined by
0 ifz=0
T
(;) =<1 if there exists y € F,, such that y* =z

—1  if there does not exist y € F, such that y? = z.
If n € Z, of course, we write (%) for the Legendre symbol of the reduction of n modulo
p.

We then have the following result:

THEOREM 5 (Gauss; the Law of Quadratic Reciprocity). For p # q be two odd prime

numbers. We then have
(@) -0

Why is this so remarkable, or surprising” Note that if we think of (g), as a function
of p, it is periodic of period ¢, and depends only on the class of p modulo ¢; in particular,
it seems to completely ignore the fact that p comes or not from a prime (all the more so
that, as is well-known," any non-zero class r € F, can be represented as the reduction of
a prime representative p = z (mod ¢)). On the other hand, the map p — (%) seems to
be of a completely different nature: its value depends on the question whether the fixed
integer ¢ is, or not, a square modulo p, with p varying. At first sight (and even at second,
or third), there is no reason for this map to be periodic. And yet, as a consequence of
Quadratic Reciprocity, it is indeed periodic (with period dividing 4¢q).

ProoOF OoF THEOREM 5 FROM THEOREM 3. We need simply observe the following
formula:

AV
(4) Gpq = GGy (5) (I_))a
for p, ¢ distinct odd primes, since it follows that

¢/ \p GG, -1 ifp=q=3(mod4),

(];)(q)_ Gy _{1 if p=1(mod4) or ¢ =1 (mod4)

by applying Theorem 3, which is equivalent with the desired conclusion. And the proof
of (4) is quite easy: by the Chinese Remainder Theorem, and the fact that p # ¢, so that
p is invertible modulo ¢ and conversely, we can write any x € Z/pqZ in a unique way as
T = pxy + qre, where xy is well-defined modulo ¢ and x5 modulo p. Thus we get

um ¥ ()
SIS

r1€Fg 22€F)

g (5 =) < (5 ()

r1€Fy z2€F,

1 This is the famous theorem of Dirichlet on primes in arithmetic progressions.
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But now we observe first that, if p is a square modulo ¢, say p = y?, necessarily with
y # 0 since p # ¢, we have

a? _ (yz1)? _ _
2= X ) =a= ()

(by the change of variable yz; — z). On the other hand, if p is not a square modulo ¢, the
elements pr? run over all non-squares in F,, each of them being represented twice (since
(—z)? = 2?), except for ; = 0 which represents (once) the element 0. So, using (2), we

have
RGO I S )

q
v1€F, yeFy
y not a square

(S ) T ()

yGF; yEF;<
Yy a square
1 x?
MEEICEEDY e(;))
z€F
b
-G, = (5)6’,1.

Hence we see that, in all cases, we have

2
> (%)= ()

and applying this, and the analogue with p and ¢ reversed, to (5), we obtain (4). OJ

We do not prove Theorem 3 here, since the ideas involved are largely unrelated to our
purposes in this book; see, for instance, [10, | or [12, ].

A last remark about this example: sums over finite rings Z/nZ, where n is not
necessarily prime, are of course important in many applications; however, because the
use of the Chinese Remainder Theorem mostly reduces their study to the case of n being
a prime power, we will not consider them in this text, except incidentally.

ExaMPLE 6 (Kloosterman sums). Kloosterman sums were first written down by
Poincaré around 1912, but their first application arose when Kloosterman introduced
them independently in the 1920’s (see [15] for a survey of the story of Kloosterman sums
in analytic number theory). Their definition — we allow arbitrary modulus here — is as
follows:

DEFINITION 7 (Kloosterman sum). Let ¢ > 1 be an integer, m, n € Z. The associated
Kloosterman sum S(m,n;c) is defined by

S(m,n;c) = Z e(w)

Cc
x€Z/cZ
(z,0)=1

were 1/z is the inverse in Z/cZ of the invertible element = € (Z/cZ)*.
The definition is probably un-enlightening when first encountered. But here is the

first application that Kloosterman derived from studying these sums, a beautiful result
which is hopefully of clear arithmetic significance.
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THEOREM 8 (Kloosterman). Let a1, ..., ay > 1 be positive integers, and let n > 1
be a positive integer. Then, for all n large enough, depending on the a;’s, there exists at
least one integral solution (z1,...,x4) € Z* to the diophantine equation

(6) amrs + -+ agr; =n,
provided there is no congruence obstruction.

In fact, Kloosterman’s statement is much more precise (it gives for instance an asym-
ptotic formula for the number of integral solutions of (6); see, e.g., [12, | for a modern
treatment).

Although seemingly unrelated, the most crucial ingredient (not the only one) in the
proof of this theorem was a non-trivial estimate for Kloosterman sums. Precisely, Kloost-
erman proved

THEOREM 9. Let p be a prime number and n, m integers coprime with p. We then
have the upper bound
|S(n, m;p)| < 2p**.

This is a first instance of Problem (2) (bounding exponential sums), and it is quite
successful: the saving factor here is of size fg ~ p'/* for S = S(m,n;p).

The proof of this theorem will be given in the next chapter (see Section 2.2). The
argument is quite nice and contains ideas that are still of use. However, the result itself
can be improved, and one of the main results of this book, the Riemann Hypothesis for
one-variable sums over finite fields (due to A. Weil), will imply the following improvement:

THEOREM 10 (Weil). Let p be a prime number and n, m integers coprime with p. We
then have the upper bound

1S(n,m;p)| < 24/p.

We will also see (as a consequence of the work required for the proof of Theorem 9)
that this is in some sense best possible: for any prime p, Kloosterman showed that there
exists m, n € F such that

(7) |S(m,n;p)| > /2p — 2

(see again Section 2.2 for a proof).
However, one should not imagine that Kloosterman sums are so well understood.
There are easy-looking questions which remain quite out of reach, e.g.:

QUESTION. Are there infinitely many prime numbers p such that S(1,1;p) > 07

Notation

Most notation is very standard, and we only summarize here the most common. We
write |X| for the cardinality of a set, and in particular | X| = +oo0 means that X is
infinite, with no indication on the infinite cardinal involved.

As already indicated, we write e(z) = exp(2inz) for z € C; we then have e(z + w) =
e(z)e(w) for all z, w € C, e(z+m) =e(z) if m € Z, and e(z) = 1 if and only if z € Z.

By f < gforx € X, or f = O(g) for x € X, where X is an arbitrary set on
which f is defined, we mean synonymously that there exists a constant C' > 0 such that
|f(x)] < Cg(z) for all x € X. The “implied constant” is any admissible value of C. It
may depend on the set X which is always specified or clear in context. The notation
f =< g means f < g and ¢ < f. On the other hand f(x) = o(g(x)) as © — x¢ is a
topological statement meaning that f(z)/g(x) — 0 as x — .
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We conclude this introduction with a graphical illustration of the complexity of ex-
ponential sums: Figure 1 shows the path in the complex plane formed by starting from
the origin and connecting with line segments the successive partial sums

> ()

1<z<n p

for 1 < n < p—1, for the specific value p = 10007.

The path of the partial sums of S(1,1;10007) = —151.358543. ..

Acknowledgments. Thanks to T. Browning, K. Gong, M. Einsiedler, M. Balazard,
O. Marfaing, B. Tackmann and others for various corrections to the text.



CHAPTER 1

Finite fields and characters

This chapter is mostly concerned with introducing material about finite fields and
characters of finite abelian groups, which many readers have probably already encountered
— they may skip to the next chapter without loss in that case.

1.1. Reminders on finite fields

Here are, quite quickly sketched, the fundamental facts about finite fields; it is ex-
pected that there will not be much new here for most readers, but we refer to [10, | for
a complete account.

(1)

(4)

For ¢ > 1, there exists a field with order ¢ if and only if ¢ = p” is a power of
a prime p with v > 1 (note that rumors about the existence of a field with 1
element are much exaggerated). This finite field is unique up to isomorphism,
but not up to unique isomorphism (see Remark 1.1 below). Taking due care to
not claim that there is a field with ¢ elements, we will usually denote by F, a
chosen field with ¢ elements. Unless specified otherwise, the associated prime
number is denoted p; it can be recovered as the characteristic of Fy, i.e., we have

pZ={necZ | nx=0foralzeckF,}

For v = 1, we have a canonical isomorphism ¥, ~ Z/pZ (by sending the unit
element 1 to 1); in general, such a field F, is an F,-vector space of dimension
v=I[F,:F,.

Given a prime number p, all finite fields of characteristic p (i.e., of p-power order)
can be recovered up to isomorphism by fixing an algebraic closure F, of the prime
field F; then, for each v > 1, F,, contains a unique subfield of order ¢ = p*,
given by

F,={zxe€F, | 27=12} CF,;

this is also the splitting field in F, of the polynomial X9 — X € F,[X].

For each such subfield F; and any v > 1, there is a unique extension of F, of
degree v contained in F,, namely the field F,.. Moreover, F, is also an algebraic
closure of F,,.

We have then inclusions between these fields determined by Fy C F . if and
only if v | p.

For any finite field F,, with ¢ elements and extension field (finite or infinite) k/F,

the map
k — k
Fr, : { N

is a field automorphism of k such that F, is the fixed field of Fr,; it is called the
arithmetic Frobenius of F,.

Any finite field extension F . /F, of degree v is a Galois extension, and its Galois
group is cyclic of order v generated by the Frobenius; in other words, there is a
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canonical isomorphism

Z/vZ — Gal(F./F,)
1 — Fr, ’

in particular, by Galois theory, we recover the formula
(1.1) F,={zreF, | 27 =z},

already noted earlier. Note that, as is customary, we will write either 7 or o(z)
for the image of an element z in any field under an automorphism o.

(5) (For readers familiar with infinite Galois theory; this will not be of much use
in this book) For any finite field F, with ¢ elements and choice of an algebraic
closure I_T‘q, the latter is also a separable closure of F,, and there is a canonical
isomorphism

Z = Gal(F,/F,)
1 Fr,

Among these facts, the formula (1.1) is the key fact that allows algebraic methods to
be useful in the theory of exponential sums over finite fields. The reader will, for instance,
see concretely how it comes into play as a deus ex machina in the Stepanov method.

REMARK 1.1. We have remarked above that a finite field with ¢ elements is not
defined canonically if ¢ is not a prime number (in which case, the identification with
Z/qZ is canonical). This is due to the presence of automorphisms of F, — namely the
Frobenius and its powers. Concretely, this means the following for instance: suppose we
have two number fields K;/Q, K,/Q and a prime number p, unramified for both of them,
and prime ideals p;, po above p in K; and K respectively. If Np; = Npo, we know that
the residue fields ki, ko at p;, po have the same order, hence are isomorphic. It is not
obvious at all how to construct an explicit isomorphism between ky and ko (in terms, say,
of polynomials defining K; and K3).

Besides these foundational facts, we need to know the definition and properties of the
norm and trace maps that related two finite fields, one of which is an extension of the
other.

DEFINITION 1.2 (Norm and trace). Let F, /F, be a finite extension of finite fields
with the indicated orders. The trace map from Fp to Fy is the Fy-linear map

F, — F
T — T . 1 1 v—
r I'F v /Fy { T R e 1
and the norm map is the multiplicative map

F, — F,
N = Ng_ /¥, : { s gt = @ =1)/(a-1)
which restricts to a multiplicative group-homomorphism
. X X
N:F, —F,.
We will usually avoid spelling out which fields are involved when this is clear from

context.
If we write

Tr(z) = Z z7, N(x)= H z7,

o€Gal(Fyv /Fg) o€Gal(Fyv /Fq)



we see clearly that

o(Tr(z)) = Tr(z),  o(N(z)) = N(z)
for all elements o of the Galois group, and the implied fact that the trace and norm take
values in F, follows. We also find similarly that

(1.2) Tr(o(z)) = Tr(z), N(o(z)) = N(z),
in particular
Tr(z?) = Tr(z), N(z?) = N(x).
These, it turns out, are the only ways to obtain the same trace or norm.
LeEMMA 1.3. Let F . /F, be a finite extension of finite fields with the indicated orders.
(1) The trace map is a surjective linear map
F, —F,,
with
Ker(Tr) ={x € Fp | x =y? —y for somey € Fp}.
In particular, there exists vo € F v such that Tr(xzg) # 0.
(2) The norm map is a surjective homomorphism
F 5 F,
with
(1.3) Ker(N) ={z € F}, | x =y*" for somey € F}}.
There exists o € F such that N(xo) # 1 if and only if ¢ # 2.
PROOF. Although these are facts which hold in greater generality (e.g., there are
analogues for all finite cyclic Galois extensions), we give a short proof illustrating how

special features of finite fields can be very useful.
For (1), define

9

5 { F, — Fu
y = y' -y
which is an Fy-linear map with
Ker(0) ={y | y' =y} =F,,

and hence — in particular — we have dimIm(d) = v — 1. We want to show that Ker(Tr) =
Im(d), and this will be enough to obtain all the results because it follows then that
dim Ker(Tr) = v — 1, hence dim Im(Tr) = 1, showing the surjectivity of the trace.

We have already observed that Ker Tr D Im(6); but on the other hand, we can write'

Ker(Tr) = {x € Fp | P(z) =0}
where P is a polynomial of degree ¢*~! given by
P=X+4+XI4...4 X"
hence, from field theory, we know that
| Ker(Tr)| < deg(P) < ¢ 1,
and by the inclusion already known, there must be equality.

I This is where the nature of finite fields plays a role; usually the trace is not a uniform polynomial
of the argument.



The argument for (2) is quite similar; the analogue of § is the group homomorphism
y =yt
with Ker(A) = F), hence |Im(A)| = (¢” — 1)/(g — 1). We have also Im(A) C Ker(N),
and we must show equality, and this follows from the remark that
Ker(N) = {z € F% | Q(x) =0}, Q= XD/ _p,

so that | Ker(N)| < (¢ —1)/(¢ —1). Therefore, we have | Im(N)| = (¢ —1)/| Ker(N)| =
q— 1= |FY|, proving the surjectivity of the norm.
Finally the last remark is clear, since F* = {1} if and only if ¢ = 2. O

REMARK 1.4. In other words, we have shown that we have the following two exact
sequences of abelian groups:
05 F, > Fp 5 Fp -5 F, >0,
and
1 F s FS S FL 2L F o1

A common way to “write down” an element z in an extension field F, of F, is to
specify a polynomial 0 # f € F,[X] of which it is a root. It is quite useful that one can
write down the trace and norm of x in terms of f.

LEMMA 1.5. Let F, be a finite field, let f € F,[X] be a non-zero irreducible monic
polynomial of degree d > 1. Then, for any x € F such that f(x) =0, we have

(14) Tl"qu/Fq (I) = —Q4_1, Nqu/Fq(fL‘) = (—l)dGOa
where

f=X4au X+ a1 X + a, a; € F,.

PROOF. Since f is irreducible, the set {a:qj}, 0 < j < d-—1, of Galois conjugates of =
is identical with the set of zeros of f. Since f is monic, it follows that we can factor

f: H (X_O-(‘T))u

o€Gal(F 4/Fq)

and comparing with the expansion in powers of X, we see that

Tr(x) = Z o(x)

7€Gal(F 4 /F,)

is the negative of the coefficient of X!, while

Naz)= ][] o

o€Gal(F q/F,)
is (—1)¢ times the value at 0, i.e., times the constant coefficient. U
The last fact we need is another result essentially due to Gauss:

LEMMA 1.6. Let F, be a finite field with q elements. Then the multiplicative group
. . . 2 .
F 7 is cyclic of order q- L. In particular, there are” p(q — 1) generators of F<; these are
called primitive roots in F,.

2 Here, op(n) denotes the Euler function, i.e., the number of invertible elements in Z /nZ.
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PROOF. We use the structure theory of finite abelian groups to get a quick result:
there exist integers £k > 1 and dy, ..., di > 1 such that

FX ~Z/hZ % Z)ddsZ % - x Z)dy - - dyZ

and we observe that, in the group on the right-hand side, the equation (multiplicatively
written)

zh =1
has d solutions, namely the elements of

Z/d1Z X ng/dldgz X oo X (dg . dk)Z/(dl . dk)Z

On the other hand, this equation is a polynomial equation P(x) = 0 in F,, with
P = X% — 1, and therefore it has < d; solutions. It follows that d’f < dy, which implies
k=1,and F) ~Z/d\Z is cyclic. O

REMARK 1.7. Using the formula

pn)=n]a—-e7),

ln

(where ¢ runs over primes dividing n) and the fact that

lim (1—¢1YH =0,

Tr—400
<z
it is not difficult to check that
-1
timinf 297 Y~ ining TT (1= 1) =0,
q—r+00 q — 1 qg—+00

Llg—1

so that the proportion of primitive roots among elements of F* may be arbitrarily small.

The problem of finding, efficiently, a primitive root in F is a difficult one: it is not
known how to do it in polynomial time (with respect to the number of digits of ¢, or
equivalently with respect to log q).

1.2. Characters of finite abelian groups

The content of this section is, again, likely to be well-known. As in the previous
section, we proceed quickly to prove the main facts, without trying to be economical in
the proofs.

We have used the map = — e(x/p) on F, to define exponential sums; its main feature,
that leads to generalizations over other finite fields, is that this is a group homomorphism
with complex values. Such homomorphisms are called characters.

DEFINITION 1.8 (Character of a group). Let G be any group. A character of G is a
group homomorphism

x: G— C~.
The following facts are quite obvious:

(1) The set G of characters of G is a group with the pointwise multiplication

(x1 - x2) (@) = xa(x)xa(2),

the inverse defined by (x™1)(z) = x(x)~!, and the unit the trivial homomorphism
x — 1.

11



(2) If G is a finite group of order n, all characters take values in the set
={zeC | 2" =1},
of n-th roots of unity in C, and the inverse x~! of a character is also its complex

conjugate y.

ExAaMPLE 1.9. (1) The map z — e(z) is a character of the additive group of C.
(2) For any fixed n € Z, the map = — e(nx) is a character of the quotient group R/Z;
in fact (under minimal regularity assumptions, such as looking at measurable characters

only) we have R/Z ~ Z.
The main result concerning characters of finite abelian group is the following:
PRrROPOSITION 1.10 (Characters of finite abelian groups). Let G be a finite abelian
group. Then the set of characters of G forms an orthonormal basis of the space
CG)={f:G—C}
of complex-valued functions on G with fr’espect to the inner-product
(f,9) = [z
1 2

In particular, one deduces immediately the following facts from this proposition; they
are used constantly (indeed, some have already been implicitly used in the introductory
chapter!).

(1) The dual group G is of order n; in fact, one can show (or indeed see from the

proof of the proposition) that G is isomorphic to G, but such isomorphisms are
not canonical and not particularly useful in general.
(2) We have the orthogonality relations:

(1.5) ZX

_ G i =xe
@) = |
et otherwise,

for all x1, x2 € G, and

1 S - {1 ey

xeG

Indeed, the first one is the direct translation of the orthonormality of the charac-
ters, and the second can be seen either as stating that the transpose of a unitary
matrix is unitary, or as the expansion in the basis of characters of § functions:
fixing y in G, the function

1 ifx=
0y + T+ n y
0 otherwise,

has the expansion

5y<x> = Z <5y> X>X(x)
xX€G
and the coefficients are given by

1 —
>X x X\Y),
g |G|Z = e

12



so that the expansion corresponds exactly to (1.6). As we will see on numer-
ous occasions, this second orthogonality formula is very useful to “transcribe”
analytically a constraint x = y appearing in a problem.

PROOF OF PROPOSITION 1.10. To give a quick proof, we use the structure theory
of finite abelian groups; this implies that we have an isomorphism

G~Z/dZ X - xXZ/dpZ,

where k£ > 1 and the integers dy, ..., d; are uniquely determined by G. However, for
abelian groups GG; and G, there is a canonical isomorphism
{él X GAQ L> G;<\G12
(xx2) = (7,9) = xa(@)xe(y)

(the only non-obvious thing is the surjectivity, but this follows from

for any y € G;<\G2, where the two factors clearly define characters of Gy and G,
respectively, forming a pair which maps to y under the map above). This map, and
the analogue for multiple factors, are compatible with the Hilbert space structure in the
following sense: there is an isomorphism

{C(Gl) ® C(Gy) C(Gy x Gy)
f®g = (2,y) = f(2)g(y)
such that

<f®gaf1 ®g1> = <f7f1><gag1>7

for f; € C(G;), ¢; € C(G;). This implies that if the characters of G; and G form
orthonormal bases of C(G;) and C(G3), the same property holds for those of G x Gy
and C(G; x G2). In other words, using the structure theorem, we need only check the
result when G is cyclic, say G = Z/dZ with d > 1.

In that case, since the group can be described as the group generated by a single
element a satisfying the only relation a? = 1, it follows that mapping x to x(1) € C*
gives an isomorphism

G =Hom(G,C*)~{zeC* | 24=1} = p, ~ Z/dZ,

so that the characters of G are the maps x — (* where ¢ runs over pu,;. We can write
¢ = e(a/d), for a unique a € Z/dZ, and then the characters take the already familiar
form

€q xHe(%), a€Z/dZ.

Then the orthonormality becomes a simple check:

(ea,eb>:$ Z eq(r)ey(z

0<z<d—1

~—

0<z<d—1

=d(a,b)
by the same geometric sum argument seen in Example 1. Il
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REMARK 1.11. The orthonormality can also be proved directly for any group G by
writing
(X15 X2) Z x(z X = X1X2;
acGG

and observing that, if x # 1 (i.e., 1 7£ X2), there exists an xg € G with y(zo) # 1; then
the bijective substitution z = xqy leads to

O xe) = ar ZX zoy) = x(@0) (X1, X2)

yeG

which then gives (x1, x2) = 0. The case x; = x» is immediate.

Our interest in characters revolves around finite fields. Given a finite field F, with ¢
elements, there are actually two groups — of a quite different nature — to consider: the
additive group (F,, +), and the multiplicative group (Fy,-), and it is customary to speak
of additive or multiplicative characters to discuss them.

EXAMPLE 1.12 (Additive characters of finite fields). If F, is a finite field with ¢ = p
elements, we have an isomorphism of groups F, ~ F} ~ (Z/pZ)". Since the characters
of Z/pZ are very explicitly known (as seen in the proof of Proposition 1.10), it is quite
simple to give a uniform description of additive characters.

PROPOSITION 1.13. Let F, be a finite field of characteristic p with q elements. Then
there is an isomorphism
F, — F,
a = Y,
where the character 1, 1s defined by

) = o Trumlas)y
p
More generally, if 1 is an additive character of F, and ¥ /¥, is a finite field exten-
sion, the map
T +— ¢(TrFqu/Fq (.1'))
is a character of F g

EXAMPLE 1.14 (Multiplicative characters of finite fields). Although FX is a cyclic
group (Lemma 1.6), which might suggest a very simple structure, the group of multi-
plicative characters of a finite field is, in fact, quite a complicated object. The reason
is that, as we already mentioned, it is quite difficult to find an explicit isomorphism
Fy ~7/(q—1)Z, as would be required to easily construct the characters of F.

Still, one may at least provide some theoretical information; in particular, note that
if x is a multiplicative character of F, its order is a divisor of ¢ — 1. Indeed, if d | ¢ — 1
is a divisor of ¢ — 1, the structure of cyclic groups shows that the characters of order
dividing d form themselves a subgroup of order d.

In particular, if ¢ is odd, we have 2 | ¢ — 1, so that there must be a unique non-trivial
character yo of order 2 (the other of order dividing 2 is the trivial one); because its values
lie in gy = {—1,1}, the only group of roots of unity to be included in R, this is also
called a (or “the”) real character of F7. For ¢ = p > 3 an odd prime, we’ve already met
it: it is the Legendre symbol (definition 4), since we have

x2(z) = (%), for all z € ¥ = (Z/pZ)~.

14



Indeed, notice that ys, being of order 2, must be trivial (equal to 1) on the subgroup
(FX)? of all squares 2* with = € F{; hence the homomorphism x, must factor

FY — F)/(Fy)? ~{-1,1},

(where the last isomorphism is due simply to the fact that the middle group is of order
2; (F))? is of order (p — 1)/2 as the image of the homomorphism z +— z? with kernel
{£1}), and hence y, must map non-squares to —1. This is exactly the recipe to compute
the Legendre symbol.

Another useful fact later on will be the analogue of the last part of Proposition 1.13:

LEMMA 1.15. Let F v /F, be a finite extension of finite fields. For any character x of
Fx, the composite

x +— X(Nr,/r, (7))
of order equal to the order of x.

X

is a character of Fp.,

The last part is immediate from the surjectivity of the norm map (Lemma 1.3). Note
that, for the non-trivial real character x» of F, for ¢ odd, it follows (by its unicity) that

NFq F, ()
o) = (V)
p
As an application of (1.6) in this context, we note that the following formula: for any

d dividing ¢ — 1 and = € F, we have

(1.7)

Y

d if  is a d-th power, z = y¢ for some y € F,
> x(x) = .
y 0  otherwise

x¢=1

(the sum running over all characters of order dividing d; this can be used to detect
analytically a condition that an element is a d-th power). Indeed, one notes that the
characters of the quotient group F/ (qu)d correspond to characters of F which are of
order dividing d, by the composites

d_X
Fr—F;/(F;)" — C*,

and since x is trivial in this quotient group if and only if it is a d-th power, the formula
is indeed a particular case of (1.6).

A last remark is that, as in the case of the Legendre character, it is often very useful
to define x(0) = 0 for a non-trivial multiplicative character of F)*, while x(0) = 1 if x is
the trivial character. With this convention, the last formula can be generalized to

(1.8) Y ox@) =HyeF, |y =g},

and it is now valid for all d | ¢ — 1 and = € F, (each side being equal to 1 for z = 0).
Moreover, we retain the multiplicativity

(1.9) x(zy) = x(z)x(y)
for all z, y € F, (when x = 0, this translates to x(0) = x(0)x(x), which is always true).

EXAMPLE 1.16 (“General” character sums). We can now define quite general expo-
nential sums in one variable over a finite field (more general ones will only be mentioned
incidentally in this book). Let F, be a finite field with ¢ elements; we assume given an

15



additive character ¢ of Fy, and a multiplicative character x of F, as well as polynomials
fis 91, fay g2 € Fy[X], with g1, g2 # 0. Then we denote

UF,) ={zeF, | fi(x), gi(z), g2(z) # 0},
and we define
(1.10) S= Y x(hi(@)/g(@)v(fa(x)/ga()).
zc€U(Fq)

Such sums, called “general character sums”, turn out to be fairly ubiquitous in analytic
number theory. Their study — and that of their various generalizations — is one of the
highlights of modern number theory, and in particular of its interactions with algebraic
geometry...

16



CHAPTER 2

Elementary examples

In this chapter, we break the monotony of the previous one by giving examples (the
first two of which are related to those used in the first motivation section) of the use of
the orthogonality relations for characters of finite fields in order to evaluate explicitly (or
almost so0), or estimate, some particularly important exponential sums. Then, building on
experience, Section 2.5 is a semi-philosophical discussion of the most common heuristics
used to “guess” how exponential sums should behave.

2.1. Gauss sums
The following describes the general Gauss sums over a finite field.

DEFINITION 2.1 (General Gauss sums). Let F, be a finite field with ¢ elements, ¢ an

additive character and x a multiplicative character of F,. The Gauss sum associated to
1 and Yy is defined to be

(2.1) oY) = Y x(@)(@).

REMARK 2.2. In particular, note that 7(x,1) = 0 for all non-trivial character x,
7(1,7) = —1 for all non-trivial character ¢ (because of the “missing” term at x = 0) and
7(1,1) = ¢ — 1. If x # 1, we can replace the sum over F to one over F since x(0) = 0,
but this is not permitted for the trivial character with our convention.

EXAMPLE 2.3. Assume ¢ is odd, and let xy = x2 be the non-trivial character of order
2 of F). If ¢ is non-trivial, using (1.8), we find

) = 3 xe(@)()

=3 (-1 = ),

Since, for ¢ = p prime, we have noted that yo(z) = (%), this shows that this Gauss
sum is equal to the quadratic Gauss sum already introduced, if ¢(z) = e(x/p).

It is not possible in general to compute 7(x, ¢), generalizing Theorem 3 for quadratic
Gauss sums. However, the variation with respect to 1 is easy to understand: if g is

a fixed non-trivial character of F,, and v is another non-trivial character, we can find
a € FY such that ¢ (z) = vo(ax) for all x (Proposition 1.13), and we then have

(2.2) T(x, ¥) = x(a)7(x, %o)
since L
> x(@)dolaz) = Y xlay)voly) = x(@)7(x, vo)-
zeF yeFy
Equally importantly, the modulus of Gauss sums is known:
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PROPOSITION 2.4. Let ¥, be a finite field with q elements, 1 a non-trivial additive
character and x a non-trivial multiplicative character of Fy. Then we have

1706 ) = V-

PROOF. Let 7 = 7(x, ). Since the idea of getting a square root from a sum like this
may seem strange, we try to compute |7|? instead. For this, we can expand the product
of the Gauss sum and its conjugate, and doing so we get

TP =D x(@)xW)(2)d(y)

myéF?

= > xlay Dz —y).

xyeF;

We can write u = xy~!, which ranges freely over F; for all fixed y, and we can
therefore rearrange the sum as

TP =) x(w) Y vly(u—1)

where we have now isolated a pure additive inner sum. From the description of all additive
characters of F,, this inner sum is of the type

-1 if 1
Za(u—l)—lz{ 1u7§
- qg—1 ifu=1,

(by orthogonality, a running over all additive characters). Hence we obtain

TP==> x(w)+q=q,

ueFy
by orthogonality again. U

This property of Gauss sums is quite remarkable: indeed, it is an algebraic integer
(as a sum of roots of unity!) of modulus exactly ,/g. In fact, a further property holds:
for any field automorphism o of C, we have

o(t(x,¥)) = (oo x,00¢),
because, by general algebra, the composites o o y and o o ¢ are, respectively, non-trivial

multiplicative and additive characters of ;. So the proposition shows that Gauss sums
give examples of Weil numbers:

DEFINITION 2.5 (Weil number). Let g be a power of a prime and m € Z an integer.
A ¢-Weil number of weight m is an algebraic number « with either of the following
equivalent properties:

(1) Any root 8 € C of the minimal polynomial of «, including 8 = «, is such that
18] = g™/,

(2) For any embedding ¢ : Q(a) < C, we have |i(a)| = ¢™/2.

In this language, the Gauss sum 7(x, ¢) associated to non-trivial characters of F,, is a
g-Weil number of weight 1. These, together with the even simpler roots of unity (g-Weil
numbers of weight 0 for any ¢) are the simplest Weil numbers. However there are many
others. For instance, let ¢ be a power of a prime and let a be any integer with |a| < 2,/g;
the roots of the quadratic polynomial

X? —aX +¢q
18



are then ¢-Weil numbers of weight 1. Indeed, since the discriminant is < 0, the roots are
complex conjugates of each other, say (o, @), and therefore

la]* = aa = q.

REMARK 2.6. From Gauss’s result (Theorem 3), we know how to compute also the
argument of quadratic Gauss sums. What about the argument of more complicated ones?
It turns out that those arguments behave quite unpredictably in general. In fact, if we
consider all the arguments 6,(x) € [0, 1] of the Gauss sums

7(X, %) = V/pe(fp(X))

for all non-trivial multiplicative characters x of F, with the fixed additive character

Wy x> e(£>,
p
we obtain a collection of p — 2 angles which become equidistributed in [0, 1] as p — +o0.
We recall the definition of this important concept, which is crucial to understanding the
variation of exponential sums in families (this result is indeed a first case of Problem (4)
of the introduction).

DEFINITION 2.7 (Equidistribution). Let X be a compact topological space and p a
Borel probability measure on X. Let (Y,) be a sequence of non-empty finite sets with
maps

0, :Y, — X.

Then the points {6,,(y)}yey, become equidistributed with respect to p as n — +oo if
and only if, for any continuous function f : X — C, we have

77 2 0u0) — [ re)into)

as n — +o0.

It is not too difficult to show that this is equivalent with
1
Y]

for any open set U C X with boundary 0U of p-measure 0.
We then have the following remarkable result of Deligne:

Hy €Y, | Ou(y) € U} — n(U),

THEOREM 2.8 (Deligne). As p — +o0, the angles {0,(x)}y21 in [0, 1] become equidis-
tributed with respect to Haar measure.

The proof of this result is quite deep, as it involves the Riemann Hypothesis for
exponential sums in an arbitrarily large number of variables (see, e.g. [12, §11.11] for a
description of the proof, or the second part [14, | of this course). This illustrates the fact
that issues concerning the variation of exponential sums in families are very deep, even
for the Gauss sums which are among the simplest ones.

2.2. Kloosterman’s bound

We can now describe the very nice proof of Theorem 9. First of all, we generalize the
definition of Kloosterman sums as follows:
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DEFINITION 2.9 (Kloosterman sums over finite fields). Let F, be a finite field with

q elements, and let ¢, n be two additive characters of F,. The associated Kloosterman
sum S(1,n) is defined by

(2.3) S(,m) = Y @)
zeF
For ¢ = p, we can take the characters
U(x) = e(mx/p),  n(x) =e(n " z/p),
for any m, n € F, and then we we recover the sums of Definition 7:
S(m,n;p) =S¥, n).

As first easy remarks, we note that S (1/1 ) is always a real number, since

= Wmat) =D d(—x)n(-ax)

z€F z€F
=) vy =S,n),
yeFy

by using the change of variable y = —
We also note the simple relation

(2.4) S, m) = Sy, mp-1)

for any additive characters and b € F), where () = ¢(bx) and n,-1(z) = n(b~'z) (by
the bijective change of variable x = by in the sum).

Kloosterman’s idea to estimate Kloosterman sums is based on trying to understand
all of them globally, and not individually. More precisely, the idea is to use the following
fact: if we can prove an average bound’

(2.5) Z 1S, m)|** <

for some £ > 1 and M > 0, then for any fixed 1, 19, we can deduce from (2.4) that

(26) (q - ]- |S |2k Z |S ¢b777b 1 \ 7
b#£1
and hence Iy Jon)
1/(2
< (2=
swal<(-=3)

for every fixed ¢ and 7.

The left-hand side of (2.5) is called the k-th moment of |S(1,n)|?, and is a well-known
quantity from the probabilistic point of view, which suggests that it is natural to study
it if we feel that the mapping

(,m) = S(¥,n)

associated to Kloosterman sums is quite “random” (which is a fairly reasonable thing to

say).
Kloosterman proved the following formulas for the moments of small order:

! Using the shorthand notation _ to indicate a sum restricted to non-trivial additive characters.
P
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PROPOSITION 2.10. Let F, be a finite field with q elements, and for k > 0, let

1 *
My, = My, = CEE > 1S, )
¥

Then we have

P -q-1 27 —3¢° 3¢ -1
- oq-1 B qg—1 '
From the last formula, we immediately derive, using (2.6), that

1S, m)| < ((g— 1)M2)1/4 < 2q3/4

for any pair of non-trivial characters, which — in particular — proves Theorem 9. Morever,
we can also write the inequality

M, < S, n)|*) x My,
> (nﬁﬂ (¢n)|>>< !

MO = 17 Ml ’ M2

and thefore there exists some pair (¢,7) of non-trivial characters for which

M. 2¢° —3¢*> —3¢g— 1
2 2 _2 —
1S(¥,m)| V, Ep—

which gives a generalization of (7). (Using (2.4), one can even assume that ¢ be fixed).

> 2q — 2,

PROOF. The case of M is of course trivial, and to prove Proposition 2.10 in the other
cases, we start with a general formula: for any k£ > 1, we claim that
2

q -1 2k—2
(2.7) M, = W\Ak(Fq)\ =2(¢-1)" —(g—1)™7,
where
(2.8) Au(F,) = {(I,y) @) Y w= Yy, and

1<i<k 1<i<k

Soat= >t
1<i<k 1<i<k
This reduces the proof of the proposition to a counting problem over F,: we need to
know the number of solutions of certain polynomial equations (possibly in many variables,
if k is large) over F,,.
To prove (2.7) is not difficult: we first add the contributions of the trivial characters
to be able to apply orthogonality more efficiently, and subtract them” using the simple

formulas
S = > ™) => nly) =-1,
zeFy yeFY
if n # 1, the analogue S(v,1) = —1if ¢ # 1, and
S(1,1) =q— 1.

We have then
(q— 1My =>_[S@W,n)* —2(¢—1) - (¢ - 1)**.
P

21t may be instructive to check that, if one tries to do this at the next stage of the computation,
there appear some serious complications.
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Then by expanding the definition of the Kloosterman sums and their conjugates, we
obtain that

-1 =3 S bt

¥ r=(z1,...,x%)E(FF)F
y=(Y1,-,yk)E(FF)F

(et bt — gt =y = 20 = 1) = (g D,
and appealing to orthogonality of additive characters, we deduce that

(= 17M, = - (3 (@) - T(y))
P

x?y

< (S nU) ~Uw)) ~2a-1) ~ (g - 1)

= PALFy)| —2(q — 1) — (¢ — 1)*",

where we have writen T'(z) = zy + -+ + x4, U(z) =27 + -+ + a2 forz € (Fy)*. This
gives (2.8).
We must now compute |A;(F,

)
Ai(Fy) ={(z.y) eFy xFy | o=y, o~ =y7'}
={(z,z) | x € F;}
so that |A;(F,)| = ¢ — 1. Thus
(@—=1°Mi=¢*(¢—1)-2(¢—1) — (¢ — 1),

and |Ay(F,)|. For the former, we have

so that

P —q—1

=1

The case of k = 2 requires a bit more care. The equations to solve are now given by

M,

T1+ 22 =Y1+ Y
1 1 1 1

Ty T2 Y1 Y2

There are obvious solutions, given by taking y = (y1,¥2) to be a permutation of
(21, 29):

(x,y) = (x1, T2, x1,22), or (T1,T2,T2,T1) ;
taking account repetition, there are 2(¢ — 1)> — (¢ — 1) such solutions.

Having found these, we are tempted to try to find the (possible) others by attempt-
ing to see under which conditions the quantities (z; + x9, 27" + 25') determine the pair
(x1,29) € (F;)2 up to permutation — for values of this type, the only solutions corre-
sponding to (x1, z5) will precisely be the ones above.

Now, from the theory of symmetric functions, we know that the pair up to permutation
is determined exactly by the elementary symmetric functions (x4 22, z125). We already
have the first function, and for the other, we simply observe that

1 1t

Ifl +x2 = )
X122

and therefore we can indeed recover (7 + o, x129) provided we have
-1 -1
x +xy #0,
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which translates to x; + 22 # 0. And indeed, we have another family of solutions given
b

' (z1, =21, 91, —y1), (z1,91) € (F(;)Q'

There are (¢ — 1)? of these but among these, the 2(q — 1) solutions given by
($1,—$1,I1,—I1), (Ily—iﬁh—l’b%)
have already been counted above. Therefore, we derive
[As(Fg)| =2(¢—1)* = (¢ =D+ (¢ - 1)*—2(¢— 1)
=3(¢—2)(¢—1),

and from this, we get
2P —3¢°—3¢—1

qg—1
as we had claimed! O

M

Y

REMARK 2.11. As already mentioned in the previous chapter, the result proved by
Kloosterman is not best possible. We will prove later that

1Sl < 2v/4

for any non-trivial characters ¢ and 7 over F, generalizing Weil’s bound (Theorem 10).
In fact, this will follow immediately from the possibility of writing

S, m) = a(v,n) + B, 1),

where a(¢,n), 8(1,n) are g-Weil numbers of weight 1. This expression as a combination
of two Weil numbers is the analogue for Kloosterman sums of the simpler fact that Gauss
sums are g-Weil numbers.

2.3. Jacobi sums

Jacobi sums form another class of exponential sums which are of great importance
in algebraic number theory. We introduce them partly for purely aesthetic reasons, and
partly as a way to point out some interesting analogies with some classical functions
defined by integrals...

DEFINITION 2.12 (Jacobi sums). Let F, be a finite field with ¢ elements, and let ¥,
¢ be multiplicative characters of F,. The Jacobi sum associated to x and ¢ is given by

J0e8) =3 x@el—z) = 3 x(@)ly).
zeFy zt+y=1

These sums turn out, rather surprisingly, to be expressible in terms of general Gauss
sums.

PRrROPOSITION 2.13. Let Fy be a finite field with q elements, let x and ¢ be non-

trivial multiplicative characters such that x¢ is also non-trivial. Fiz a non-trivial additive
character v of Fy. We then have

J(x, ¢) =

In particular, we have then

(X, V)7(9, )
T(x¢, )

1 T(x, 9)l = Va.

Note that, by Proposition 2.4, the denominator in the formula is non-zero.
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PROOF. Once the formula for the Jacobi sum is established, we obtain its modulus
immediately by applying Proposition 2.4 to the Gauss sums that occur.
Now, for the proof, it is natural to try to compute

JOG )T (X0, )

since otherwise it seems difficult to envision how to perform a division by a Gauss sum.
Expanding the definitions of the two sums, we get

TGO T(xd ) = > > x(@)d(1 — 2)x(1)d(y)v ().

xEquGFX

The sum may be restricted to = ¢ {0,1}, since x and ¢ are non-trivial. Then we
can define v = xy and v = y — xy, and we obtain a bijective change of variable from

(z,y) € (Fg —{0,1}) x F to
{(u,v) € B} x B | u+v 0}

since we can recover x and y by y =v 4+ u, v = u/(u +v). We derive

TG o) T(xd ) =D x(uw)e(v)ib(u + v)

pet!
=706 0)T(0, 1) = > x(u)d(—u)
ueFy
=7(x, ¥)7(¢,¥)
since x¢ is also non-trivial. U

REMARK 2.14. It is immediate that if o is a field automorphism of C, we have

o(J(x,9)) = J(o o x,000),

and therefore the proposition also proves that J(x, ¢), under the conditions there, is a
¢-Weil number of weight 1 (see Definition 2.5).

Despite appearances, the Jacobi sums have rather different properties than Gauss
sums, coming from their definition in terms of multiplicative characters. For instance, we
derive quickly a proof of a well-known theorem of Fermat:

THEOREM 2.15 (Fermat). Let p be a prime number such that p = 1(mod4). Then
there are integers a, b such that

p=a’+ b

PROOF. Because p = 1(mod4), there exists a character x of order 4 of FX. Let x»
denote the Legendre character of order 2, and consider the Jacobi sum J = J(x, x2). By
Proposition 2.13, we have then |J|*> = p. But J is a sum of terms of the type

x(x)x2(y),

and ya(y) € {—1,0,1}, while x(z) € {—i,—1,0,1,4}, since x(z)* = 1. Thus J can be
written J = a + bt with a, b € Z. Then

p=1|J? =a®+0b%.
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REMARK 2.16. The appearance of the formula for Jacobi sums may remind the reader
of a well-known formula of Euler for his beta function:

B(a,b) = /01 (1 — 2)lde = ==

were the gamma function

(2.9) T(s) = /0+oo e_xxsd_x

T

plays the role of the Gauss sums. This analogy is not fortuitous: note that x — e™*

is a character of the additive group R, while z +— x°, for s € C, is a character of the
multiplicative group (R*)*, and the measure x~!'dz has the property of being invariant
under (multiplicative) translation

oo dx +oo dx
i f(ax)?— ; f(x)?
for any a > 0 (provided the integrals converge). Thus (2.9) is wholly similar to (2.1),
and the definition of the Beta function also reflects this analogy. It turns out that most
of the identities satisfied by the gamma function have analogues in the context of Gauss

sums.

In particular, recall the duplication formula
L(s)I'(s+ 3) = v/m2' 70 (2s) = 2"7>T(3)I'(2s),

(usually attributed to Gauss and Legendre); its analogue is a relation between 7(x, ),
7(xX2,%) and 7(x?,v) (for ¢ odd) where the character x, of order 2 replaces the shift by
1/2. Precisely, a special case of the so-called Hasse-Davenport product relation states:®

PROPOSITION 2.17. Let q be odd, let F, be a field with q elements and xo the non-
trivial multiplicative character of order 2 of Fy. Then, for any multiplicative character x
and any non-trivial additive character v of F,, we have

(2.10) (X%, )T (x2, V) = x(4)7(x, V)T (X2, V),

Proor. This is quite simple using the relations between Gauss sums and Jacobi sums.
First, note that it is a tautology for y = 1 or x = x» (the latter because y2(4) = 1), and
otherwise, we have

(2.11) % =J(xx) = ;qu(x(l — x)),

using (1.9) and Proposition 2.13. We now write

d xe@-z) =) x Y 1

z€F, yeF, r—x2=y
= > x(y) x (14 x2(1 - 4y))
yeF,

since the quadratic equation x — 2? = y has, in F,, the same number of solutions of the
discriminant equation A? = 1 — 4y, which is given by using (1.8) with d = 2 (recall ¢ is
odd here).

3 There is another formula known as the Hasse-Davenport relation, which we will consider in the
next chapter.
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Expanding and using the fact that y # 1, we find

J06x) = Y x@xa(l = 4y) = x(HJ (x. x2) = MT(E&)Q% .

yeF,

by Proposition 2.13 again. Comparing with (2.11), we see that (2.10) is proved. OJ

2.4. Salié sums

Our last example is meant to illustrate once more some of the points already presented
up to now. It is also a very important type of sums, playing a crucial role in a number
of deep arithmetic problems.

DEFINITION 2.18 (Salié¢ sums). Let F, be a finite field with ¢ elements, with ¢ odd.
Let x2 denote the unique non-trivial multiplicative character of order 2 of F, and let 1,
n be additive characters of F,. The associated Salié sum is defined by

n) =Y xe(@)p(x)n(a).

This looks much like the Kloosterman sum (2.3), and one may expect similar proper-
ties. This is the case, with one major surprise: the Salié sums turns out to be expressible
elementarily and (almost) explicitly as a sum of two g-Weil numbers of weight 1!

THEOREM 2.19 (Salié). Let F, be a finite field with q elements, q odd, and let 1, n
be non-trivial additive characters of ¥,. Then we have

(2.12) T(h,n) = 7(x2,%) Y ¥(y)

y2=4a

where a € F is such that n(x) = ¢ (ax) for all v € F,.
In particular, T(¢,n) is a sum of two q-Weil numbers of weight 1, and we have

(2.13) T, n)l <24

PROOF. The idea is to study the variation with respect to b € F ¢ of

p(b) = T(thy,n) = > Xa(x)t(bx + az™).

xGF><

More precisely, we endeavor to represent this function by a discrete multiplicative
Fourier expansion, namely by Proposition 1.10 applied to F, we have

(2.14) p(b) = G(x)x(b)

where y runs over all multiplicative characters of F* and



We now compute the Fourier coefﬁcientS' by the definition of Salié sums, we have

. 1 S .
0= 2 p(b)x(b) = bZFX ZFX Xa(z (bx - E)
= qul Xa(@)p(az™) > x(b)e(bx)
- DB S et
so that
(2.15) 2(x) = X(G)X2(G)T(>_<7¢)T(>_<X2,¢)’

q—1
after applying (2.2) twice. We see that we can now appeal to the Hasse-Davenport
formula (2.10) — which is valid for all characters — to derive further that

. X2(a)7 (X2, ¥ _
(2.16) p00 = 22 40y (i, )
(observe how, if the “twisting” factor x, had been absent, or had been replaced with
another character, we would not have been able to proceed with this step). And finally,
using the expansion (2.14), we get

T(4,n) Zs@
_ G)T X2, ¥ ZX da)r

qg—1
= Q)T X2, ¥ Z Z (4ax~2)y(x)
a= 1 x z€Fy
_ CL)T X27 _
D QSEZqu Zx(4ax %)
= (X2, ¥ Z U(y
y2=4a

by orthogonality of the multiplicative characters. We can remove the factor ys(a), because
if it is —1, then a is not a square in F, and the inner sum is zero anyway.

Since a # 0, the equation y? = 4a has, in F,, either 0 or 2 solutions. In the first
case, of course, T'(¢,n) = 0 (and can be written as /g — /¢ as a combination of Weil
numbers); otherwise, if y is one solution, we get T'(¢,n) has a sum of two terms, each
of which is a root of unity multiplied with the ¢g-Weil number 7(x2, ), hence is itself a
¢-Weil number of weight 1. The bound (2.13) is then, of course, clear. U

REMARK 2.20. This is not the simplest proof, which is probably one due to P. Sarnak,
which is reproduced for instance in [12, Lemma 12.4], and where the idea is to analyze
by additive Fourier transform the function

@(b) = T(wb27 7))7
which can be done without appealing to the Hasse-Davenport relation or anything more
involved than the orthogonality relations for characters. In fact, using this proof, and
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comparing (2.15) with the expansion in multiplicative characters of the resulting formula
for our function ¢(b), one would derive another proof of (2.10).

REMARK 2.21. An analogy quite similar to the one that we pointed out between
Gauss sums and the gamma function (Remark 2.16) may help understand why the Salié
sum could be simpler to handle than the Kloosterman sum.

Indeed, natural analogues of the more general exponential sums given by

Sy(@,m) = Y x(@)w(@)n(a")

xEF;

are the K -Bessel functions defined by the integrals

=3 [ o5 )

where we recognize, as in Remark 2.16, the exponentials replacing additive characters
and power functions replacing the multiplicative ones, and the invariant measure t~'dt
(the normalization and the choice of ¢t~ instead of ¢” is due to historical reasons). The
K-Bessel functions satisfy the differential equation

.’172y// + :cy’ . (12 + V2)y =0
(and can be characterized among those solutions as the unique one such that K,(x) ~
(Z)7 2™ as © — +00).

One may think of K, or K; as an analogue of the standard Kloosterman sums, and
of K1/, as an analogue of Salié sums; corresponding to the formula (2.12) is the fact that
K5 (and more generally all functions K, 1/2, where n > 0 is an integer) is an elementary
function, whereas Ky and K7 are not: we have indeed

(2.17) Ky plz) = <%>1/26_x

(and one can show using differential Galois theory that K; can not be expressed as a
finite combination of elementary functions). The formula
T s )1/2 et — e~

Nal) = (5)1/2 sin@) = (3, S

is even closer in appearance to (2.12); it applies to the J-Bessel function defined by

=g e ) T

where C' is an arbitrary contour in the complex plane enclosing once the origin (in coun-
terclockwise direction), e.g., the unit circle.

In this respect, our computation leading to (2.16) corresponds, roughly, to the fol-
lowing fact: the Mellin transform of the exponential appearing in (2.17) is given by the
gamma function. The idea of the proof itself can be guessed if one knows® the Mellin
transform of a K-Bessel function, namely

oo dz s+v S—v
i ()
; (@)z"2 2 2

a product of two gamma functions, which corresponds to (2.15). If v = 1/2 (and only
then), this is of the form I'(u)['(u+1/2) (for u = s/2—1/4), in which case one can apply

4 Thisis a very classical fact, but of course Bessel functions are not necessarily part of the standard
curriculum nowadays.
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the duplication formula to reduce it to a single gamma factor I'(2u) = I'(s — 1/2) — as
we did with the Hasse-Davenport formula. The inverse Mellin transform of this leads to
the formula for Ky /o(z).

The best understanding of this type of analogies depends on the deeper analysis
of variations of Kloosterman sums and Salié sums; from there, it results that there is
some kind of “Galois group” attached to this variation, which is also analogous to the
differential Galois group associated to the differential equations solved by Bessel functions.
It turns out that these Galois groups are solvable in the case of Salié sums and Bessel
functions of half-integral order, but non-solvable in the case of Kloosterman sums or
generic Bessel functions. Being solvable, in the Bessel case, means exactly that the latter
can be representated elementarily.

2.5. What to expect when you’re estimating?

The computations in this section (Gauss sums, Jacobi sums and Salié sums partic-
ularly) have the following common feature: an exponential sum of oscillatory nature
involving roughly ¢ terms, turns out to be of modulus equal to, or bounded by, /g, up to
some multiplicative constant. This is in fact a very general principle, which can be prop-
erly understood using probabilistic heuristics: a “random” sum of n complex numbers
of modulus 1 is, unless very special circumstances apply, usually of size roughly /n. A
convincing rigorous formulation can be given in probabilistic language using the funda-
mental limit theorem (also called “central” limit theorem) of probability: let (X,,) be a
sequence of independent random variables, defined on some probability space (2, %, P),
each of which takes complex values which are uniformly distributed on the unit circle (in
other words,

X, =e(Uy),

where the (U,) are also independent, and are uniformly distributed on [0,1]). Then we
can form the sums

(2.18) Sy=X1+ -+ Xy=) el),

n<N

which are models of random exponential sums of length N. We ask about the size of
these sums, and one finds that they are typically of size v/ N, in the sense that N~1/2Sy
has a well-defined limiting distribution:

PropOSITION 2.22 (Fundamental limit theorem). With notation as above, for any
fized real numbers a < b, we have

, Sy 1 [
N];I)IEOOP<CL<\/N<b> \/%/a e dt.

Note that this suggests not only that sums of length N should be of size at most N,
but also indicates that they can not be of significantly smaller size. This may be a very
useful heuristic aid when trying to devise a strategy to prove certain statements: if one
finds that a certain course of action requires better than “square-root cancellation”, then
it must be examined very critically. It is not inconceivable that the sums involved may be
of such special nature that something like this holds, but there has to be special features
involved.

Of course, the exponential sums we consider form a very special subset of the general
random sums (2.18). But one can easily find many ways to confirm the heuristic principle
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for more reasonable families. For instance, suppose that p is a fixed prime and look at
the set €2, of all functions

f:F,—=F,
and the corresponding sums
f(z)
S(fy=) e
2 (5)

which we view as “random” exponential sums over the field F,, by looking at all possibil-
ities for f, uniformly chosen. Then we claim that

N > I

Pl req,
(which again confirms that, this time in mean-square average, the sums S(f) are typically
of size /p). To prove this, expand the modulus square on the left-hand side using the
definition, and exchange the sum over f, to get

fw)
5 Z SO = 2 5 Z (A= Sy,
%] ; 2T -
p
Now we claim that the inner sum is zero unless r = y (the “diagonal terms”), in
which case it is equal to 1. Clearly this implies the mean-square statement.
To see the claim, note that it is obvious if x = y; otherwise, for any a € F,, the
number of f € 2, with
fl@) = fly) =a

is the same (i.e., it is [€2,|/p); indeed, the map
ffl@) = fy)

can be viewed as a linear form on the Fj-vector space (), ~ FP and if it is non-zero
(which is the case when = # y, as one can take for f the characteristic function of the
singleton {x} which maps to 1), it is surjective and each equation f(z)— f(y) = a defines
a hyperplane in €2,,.

Consequently

@ Zp@(f(l‘);f@)) _ ]19 3 e(g) _0

by orthogonality.
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CHAPTER 3

The Riemann hypothesis for sums in one variable: introduction

In this brief chapter, we introduce briefly one of the two main topics of this book: a
proof of the Riemann Hypothesis for exponential sums in one variable over a finite field
— one of the finest achievements of A. Weil. The actual proofs are found in the next two
chapters: first in the case of multiplicative character sums, then in the case of additive
characters, where we also consider mixed sums.

3.1. What is the Riemann Hypothesis?

We start with an introductory section that will both state the main theorems to
be proved in this chapter, and explain why those results are analogues of the classical
Riemann Hypothesis for the Riemann zeta function, and for Dirichlet L-functions. This
will provide helpful motivation for the strategy of the proof, which is described afterwards
(even though the Riemann Hypothesis is far from proved, it turns out that some of the
techniques used to prove intermediate results in its direction — such as the Prime Number
Theorem — are very relevant to the situation over finite fields).

We will prove the following two general results for multiplicative and additive char-
acter sums (an analogue result for “mixed” sums, for instance Salié¢, will appear as a
sequence of exercises). We start with the multiplicative case:’

THEOREM 3.1 (A. Weil; Riemann Hypothesis for one-variable multiplicative sums).
Let ¥, be a finite field with q elements. Fiz a polynomial g € ¥ [X], an integer d | ¢ — 1,
d # 1, and a multiplicative character x of ¥y of order d, in particular non-trivial.

Let m, 1 < m < deg(g) be the number of distinct zeros of g in F,. Then, provided
there is no polynomial h € F,[X] such that g = h®, we have

(3.1 > Xlg@)] < (m = 1)va.

zeF,
The additive case is as follows:

THEOREM 3.2 (A. Weil; Riemann Hypothesis for one-variable additive sums). Let F,
be a finite field with q elements. Fiz a polynomial f € F,[X] of degree d and a non-trivial
additive character ¢ of F,.

Then, provided

(3.2) d<qand(d,q) =1,
we have
(33) > wfe)| < @-1va

1 We will explain in detail how the multiplicative case is different, and in many sense easier, than
the additive one.
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Note that the condition d < ¢ in this last result is redundant: the estimate (3.3) is
trivial if d > ¢; however the proof will provide a more general statement (over extension
fields) where the condition is necessary.

Here are direct corollaries which illustrate the generality which is achieved; both are
important results in their own right in applications to analytic number theory.

COROLLARY 3.3 (Hasse). Let g € Z[X]| be a cubic polynomial with no multiple root
in C, or in other words, such that the discriminant of f is non-zero; for instance, take

g=X’+aX+b
where A = a3 — 27b*> # 0. Then we have
= (5]«
0<z<p—1 p
for all primes p, where the implied constant depends only on g.

PRrROOF. Of course we want to apply Theorem 3.1 to F, = Z/pZ and the reduction
of ¢ modulo p with the character y given by the Legendre character. Now we claim that
there exists a prime pg such that the theorem does apply for p > pg with m = 3. Indeed,
X is non-trivial as soon as p > 3. Moreover, since deg(g) = 3, the reduction of g is itself
of degree 3 for p not dividing the leading coefficient a3 of g; as such, g (modp) is not a
second power for such primes. Finally, since the discriminant A of g is non-zero in Z, it
follows that if p does not divide the discriminant of g, its reduction has also three distinct

roots. Thus we have
> ()<

0<e<p—1 p

for all primes p > pg = max(3, p1, p2), where p; is the largest prime divisor of ag, and po
that of A.

We can now incorporate the “small” primes by a well-known trick:
g(x)

> (49)] <2vims

0<e<p—1 p

for all primes. O

COROLLARY 3.4 (Weil). Let f € Z[X] be a non-constant polynomial of degree d.

Then we have
= EDl<w

0<z<p—1

for all primes p, where the implied constant depends only on f.

Proor. We apply the same trick as before with Theorem 3.2: for p large enough, the
degree of f is also d, and we have (3.2) if p > d. Thus we get

|3 () <e-0v

for p > py for some py, and obtain the final result by replacing the constant d — 1 by
max(d — 1, /po). O
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We now recall the statement, and the arithmetic significance, of the classical Riemann
Hypothesis. In fact, for reasons which we be clear very soon, we consider the Generalized
Riemann Hypothesis for Dirichet L-functions. We won’t give proofs here, but refer to
standard textbooks, such as [12, §5].

Fix some integer m > 1; a Dirichlet character x modulo m is a map

Z-%C
defined by
0 if (n,m) # 1
x-(n) if (n,m) =1,
for some multiplicative character
Xr : (Z/mZ)* — C*.
Associated with y is its L-function defined by

L(s,X) =Z$

n>1

for all complex numbers with Re(s) > 1 (since |x(n)| < 1 for all n, this is absolutely
convergent in this region, and defines a holomorphic function there).

For the special case m = 1, x(n) = 1 for all n, we obtain the Riemann zeta function,
denoted ((s). In general, these functions were introduced by Dirichlet to prove that there
exist infinitely many primes in any arithmetic progression p = a (modm) if (a,m) =
1. Two of the main ingredients for that purpose were the orthogonality relations for
characters modulo m, used to write

> A= s 3 @ xmAmn

nz1 ¥ X (modm) nz1
n=a (mod m)

(for suitable weights A(n) used to detect the primes), and the Fuler product expansion
L(s,x) = [ = xpp™) ",
P

which leads to a link between the L-functions and the distribution of primes. This is
most commonly expressed by taking the logarithmic derivative of this product, which —
in the region of holomorphy — leads to
L/
~ 50 = S A

n=1
where the von Mangoldt function A is defined by
0 if n is not a power of a prime
A(n) = . : .
logp if n = p™ with p prime, m > 1

(in particular, it detects primes, up to higher powers thereof). Combining with the
orthogonality relation, we obtain

S A =——— Y @

n>1 gp(m) x (mod m)
n=a (mod m)

!/

h

(s,X)-

~|
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A further step in Dirichlet’s proof is the fact that L(s, x) has a meromorphic contin-
uation to C, and is in fact entire if y, # 1. This continuation is particularly clear in the
case when Y is primitive. This means that, in parallel to the prime factorization

m = 1_[19”p
plm

of m and the decomposition

(Z/mZ)* ~ || (Z/p"2)
plm

given by the Chinese Remainder Theorem, y, factors as a product

Xr = H Xrp

plm

where each of the character x,, of (Z/p"Z)* is itself non-trivial. Then L(s, x) satisfies
a functional equation:

(3.4) A(s, x) = i1 (x)m A1 — 5, %),
where a(y) = 0if x(—1) = 1, and a(x) = 1 otherwise, while

A(s, x) = W‘S/QF(%&(X)) L(s, x),

)= Y x@e().

x€(Z/mZ)*

the latter being of course a Gauss sum for the finite ring Z/mZ. (This analytic function
A should not be confused with the von Mangoldt function.)

Now the Generalized Riemann Hypothesis of L(s, x) is the following conjectural state-
ment: if x is primitive, then any zero p =  + iy of L(s, x) such that 0 < 8 < 1 satisfies

B =Re(p) =1/2.
Taking the logarithmic derivative, we see that —L’/L has then, in the critical strip
0 < Re(s) <1

only (i) simple poles at the zeros of L(s, x), with residue giving by minus the multiplicity
of the zeros; (ii) if x is trivial, a simple pole with residue —1 at s = 1. The most
immediate arithmetic significance of this is obtained by a well-known contour integration
(already known to Riemann): it would follow that

Y Am) = @ + O(«"2(log gz)?)

nx
n=a (mod m)

with an absolute implied constant.
In fact, using an easy summation by parts, one can check that the upper bounds

Z Aln) = 2@ + O(z")

n<e
n=a (modm)

for some 6 € [1/2,1[, all ¢ > 0 and (a,m) = 1 is equivalent with the assertion that all
non-trivial zeros of Dirichlet L-functions L(s, x) of modulus m satisfy Re(s) = 1/2.

Because of the well-known analogy between integers and polynomials over a finite
field, it seems natural to look at what the analogue of Dirichlet characters are in that
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context. This, it turns out, is one key tool in the study of exponential sums, although it
works well only for purely multiplicative sums.
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CHAPTER 4

Multiplicative character sums

4.1. Characters and L-functions for multiplicative exponential sums

Consider a finite field F, with ¢ elements and the ring F,[X] of polynomials in one
variable with coefficients in F,. It is a principal ideal domain, so to build an analogue
of Dirichlet characters, it is natural fo fix a non-zero monic polynomial g € F,[X] and
consider maps

n: FJX]—C
defined by
_Jo if (f,9) # 1,
= {m(f (modg)) it (f.9) =1,

(where the ged is computed in F,[X]) and 7, is a group homomorphism
(Fy[X]/gF[X])* — C~.

Note that, as in the case of the usual Dirichlet characters, we have the multiplicativity
relation

n(fif2) = n(fi)n(f2),

for all polynomials fi, fs.

As we will see, a more geometric language quickly becomes useful, based on the
fact that elements of F,[X] can be seen naturally as functions on F, and its extensions
(including Fq). The condition that f and g are coprime can be phrased in this language
as saying that they do not have a common zero in Fq.

The link with exponential sums is given by the following simple lemma:

PROPOSITION 4.1. Let F,, be a finite field, g € Fy[X] a non-constant monic polyno-
mial. Given a non-trivial multiplicative character x of ¥, there exists a character n, of
(F,[X]/gF,[X])* such that the corresponding Dirichlet character satisfies

n(X —t) = x((=1)*#9)x(g(t)),

for anyt € F,. In fact, there exists a unique such character n such that, for any v > 1
andt € Fgp, we have

(4.1) X(Ne e, (9(1)) = x(=1)7 49 (m, )/
where m; is the monic irreducible minimal polynomial of t, and d = degm,; is its degree.

Thus the exponential sum

> x(g(x))

z€Fy
becomes inextricably linked with the Dirichlet character n modulo g.
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ProoF. We first factor
(4.2) g=1]"
7lg
where £k, > 1 and the product runs over monic irreducible polynomials dividing g. The

ideals generated by 7%= are of course coprime, and hence by the Chinese Remainder
Theorem, we have a group isomorphism

(F,(X)/(@)* — 1 X)/ ()"
(4:3) { f o (f (mod 7)),

Moreover, for all 7 | g, the quotient ring F,[X|/(7) is a finite field since 7 is irreducible.
Every polynomial, by euclidean division, has a unique representative of degree < v, =

deg(m), and hence this field is of order ¢"~. Indeed, fixing arbitrarily some root o, € F
of 7, we have an isomorphism

F,[X]/(r) — Fy(ay) =Fp
4.4 - a q q
4y O B A
Now any character n, of (F,[X]/(g))*, by (4.3), can be described as the product of

a tuple of characters (1)xy of (Fo[X]/(7%))*. Among these, we look at characters
defined by

77r,7r(f> = XW(QSW(JC))]%:

where Y, is now a multiplicative character of the finite field
Fi[X]/(m) = Fgr.
Applying the character n constructed in this manner to f = X — ¢ we find first that
n(X —1t)=0

if X —1 is not coprime with ¢g. That condition is equivalent with ¢ being a zero of g, and
in that case we also have

x(g(t)) =0
by our usual convention. So we assume (X —t,g) = 1. In that case, following up on the
definition of 7 using (4.3) and (4.4), we find

nX —t)= Hnm(X —t (mod))

mlg

= HXﬂ(¢ﬂ(X - t))kw
mlg

= HX?T((QW - t)kﬂ)'
g

This is getting close to the target; in fact, if we remark that the choice of a, leaves
undesirable room for ambiguity, we are naturally led to assume that y, is of the type

Xﬂ'(x) = XW(NF(;V‘N /Fq (.7:)),
so that x,(x) depends only on the norm, and is therefore independent of the choice of
an isomorphism F [ X|/(7) ~ F - (this is a consequence of the computation (1.3) of the
kernel of the norm).
Using this, and the formula for the norm

Naw—t) = ] (ax—0" = [[ (af —1)

1<k<vr 1<k<vr
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for t € F,, we are led to

And now we see that if y, = x for all 7 \ g, we have exactly

(X — 1) = x((=1)*=9)x(g(1)),
in view of the factorizations of g and of the irreducible monic polynomial 7, namely
= H (X — o).
1<k<yy,

There remains to prove the more general formula (4.1). For this, we first rewrite the
definition based on our choice of 7,:

(4.5) n(f) =[] X(Ne ., (f0n)))F.
mlg

Let w = m be the minimal polynomial of ¢ € F, d = deg(w). We first note the
factorizations

d Vg
w = H — ) W:H(X—a?f) for m | g,
=1 k=1

and notice that the ﬁrst one also gives

(4.6) w'/4 = H (X — 7).

We start with Ny /p,g(t) and develop it as a product using the factorizations of g and

its factors
Nir,g(t Hg t7) =1111 ()

g =1

- o)

wlg =1 k=1

and now we go backwards after exchanging the two innermost products and apply-
ing (4.6):

Nyw,9(t H H 1)Vhn H (af — )k
=1

wlg k=1

v/d
udeg <H Ng uﬁ/Fq ) w)) :

wlg

and the definition (4.5) gives precisely (4.1).

Finally the unicity of 7 follows because, specializing (4.1) to any root of any irreducible
polynomial 7 of degree v > 1 (with d = v), we find that this formula determines the
values of n for any monic irreducible polynomial. Using unique factorization and the
multiplicativity of 1, we can deduce uniquely the values of n(f) for any monic f. But
to deduce the general case, by multiplicativity, it is enough to know n(a) for o € F¥ a
constant, which we can compute by selecting an arbitrary monic polynomial congruent
to @ modulo ¢ (for instance a + g will do, since deg(g) > 1). O
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REMARK 4.2. Using the recipe above, one can see that, in fact, we have

(4.7) n(e) = [ [ x(a™*) = x(a)*=,
g

for any o € F,.

We will say that 7 is the character associated with the data (g, x) defining the multi-
plicative character sum.

COROLLARY 4.3. Let F,, be a finite field, g and x as above, and let n be the associated
Dirichlet character.

(1) The character 1 is defined modulo the polynomial ¢° which is the product of the
wrreducible factors of g, without multiplicity.

(2) If x is of order d and g is not a d-th power in F|x], the associated Dirichlet
character n 1s such that n, is non-trivial.

PROOF. (1) is clear from the definition (4.5) that we used, since the irreducibles 7
appearing are exactly the irreducible factors of ¢”.

(2) We use the notation in the proof above. If g is not a d-th power in F,[X], then
for some 7y | g, of degree vy = v,, the multiplicity k& = k,,, is not divisible by d, and
therefore the character x* of F is non-trivial. Hence, if f € Fy[X] is such that

flag) =1if 7 # 7, f(@ny) =7 € Fywo,
where
Nr o7, (7) = B,

for B # 0 such that x(8)* # 1, we have n(f) # 1. Such a polynomial exists: first,
exists, given 8, by Lemma 1.3, and then the Chinese Remainder Theorem is applicable
since the above argument allows us to rephrase the conditions in the form of congruences

f=1(modm), m# m, f = p, (mod ),
where p, is a polynomial in F,[X] with p,(ar,) = /5 (given by the isomorphism (4.4)). O
Having obtained this, it is very natural to look at the L-functions of such characters.

These turn out to be expressible in three different ways (one more than the Dirichlet
series and Euler products of the usual L-functions).

DEFINITION 4.4 ( L-functions over finite fields). Let F, be a finite field with ¢ elements,
g a non-zero monic polynomial in F,[X], n a character of F,[X] modulo g obtained from
a multiplicative character 7, of F,[X]/(g). The L-function attached to 7 is defined either
as the Dirichlet series
Z n(HIf1™,

in its region of convergence, or as the formal power series
§ 77 Tdeg

where in both cases the variable f ranges over all non-zero monic polynomials in F [X].

Note that the two definitions are related by the formal substitution 7' = ¢=°. We will
now see that the series converges for Re(s) > 1, and has an analytic continuation to all
of C as a meromorphic function. If 7, is non-trivial, the L-function is entire, and indeed
this can be proved much more simply than the corresponding fact for the integers!
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PROPOSITION 4.5. Let F, be a finite field with q elements, g a non-zero monic polyno-
mial in F[X], n a character of F,[X] modulo g obtained from a multiplicative character

e of Fq[X]/(g).
(1) The L-function attached to n satisfies the Euler product formula(s)

Lin.s) = [[ @ =n@x=)7" L0, T) = [ (1 = n(m)Tie),

™ ™

where m runs over monic irreducible polynomials in F ,[X].
(2) If n, is not trivial, the L-function L(n,T) is a polynomial in T of degree <
deg(g) — 1, with constant coefficient 1.

For the type of L-functions we consider, Part (2) was essentially first proved by F.K.
Schmidt. This can be generalized considerably, though not without becoming a much
harder result.

PROOF. Part (1) is a simple computation which parallels the case of classical Euler
products. The point is that we have

N(f1f2)TOEN2) = (f) T 5 (o) TIE2)

for all non-zero f; and f5 so, at least formally, we can expand

H (1 _ 77( Tdeg(w) H Z 77 Tddeg

™ T d=0
Y X
ﬂ_fl, dm_f

=L(n,T)

since, by unique factorization, the inner sum contains a single term for all f monic in
F,[X].

For Part (2), according to the definition, the coefficient of 7% in the formal power-series
expansion of L(n,T) is given by the sum

> ),

deg(f)=d

where f runs over monic polynomials of degree d. There are, obviously, ¢¢ such polyno-
mials. For each, the value n(f) depends, by definition, only on f (mod g).

Now we have the following fact: if d > deg(g), then for every residue class f in
F,[X]/(g), there are exactly =959 monic polynomials of degree d in F,[X] congruent
to f modulo g. Indeed, if f is the unique representative of the class f which is of degree
< deg(g), the required polynomials are exactly those of the type

Ji=[+gh

where deg(h) = d — deg(g) (they have to be of the form f + gh, by definition, and the
condition that the degree be equal to d > deg(g) > deg(f) implies that this degree be
d = deg(gh) = deg(g) + h), and there are ¢*~4°¢(9) such polynomials.
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Hence we can easily compute the coefficient of T in L(n, T for all d > deg(g):

dYooah= > wlH > 1

deg(f)=d feFq(X]/(g) deg(f)=d
Jf=f (mod g)

=q¢%=0 N n(f)

Fe(®q[X]/(9)*
=0

by orthogonality, since 7, # 1. It follows that L(n,T") must be a polynomial of degree
< deg(g). O

REMARK 4.6. (1) There is not necessarily equality deg L(n,T) = deg(g), for reasons
having to do with “primitivity” (which is quite analogue to what happens for classi-
cal Dirichlet characters). For instance, for the characters associated with multiplicative
character sums, since 7 is defined modulo ¢°, the degree of the L-function is at most
deg(¢’) — 1. But, although we will see in Proposition 4.8 that in some cases there is
equality, this is definitely not always the case. For example, consider g = g{g, with g,
g2 non-constant. Then of course x(Ng(x)) = x(Ng2(z)) for any x € F (with g(x) # 0),
so the character n can be associated to go only.

(2) For completeness, lets us describe what happens if 7, is trivial (though this is not
a case of interest for us). We can then compute directly the L-function by

Ln,T)= Y T

f monic
(f.9)=1
— H (1 — Tdes(m) Z Tdee(f)
g f monic
_ H (1 o Tdeg(ﬂ')) Z ql/Tl/
7lg v=20
HTr|g (]‘ - Tdeg(ﬂ'))
N 1—qT '

Thus, although this is not a polynomial, this L-function remains a rational function;
its only pole is located at T'= 1/q, and in terms of the complex variable s with 7' = ¢~*
this corresponds to poles on the line Re(s) = 1.

Of course, a character n with 7, trivial is only primitive when ¢ = 1, in which case
the L-function is simply 1/(1 — ¢T).

At this point, it is natural to look more precisely at the L-function associated to a
multiplicative character sum.

PROPOSITION 4.7. Let F, be a finite field with q elements, g a non-zero monic poly-
nomial in F,[X]| and x a non-trivial multiplicative character of order d > 1.

Then the L-function of the associated Dirichlet character n satisfies the exponential
generating series identity

(4.8) L(n,T) = exp (Z SV—W)T”),

14
v>1
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where

(49) S,/(T/) _ udeg(g) Z NF u/Fq )))

z€F v
forv > 1.

From this, we see in particular that, given g and y, we can reconstruct the L-function
of the associated character n of F,[X]/(g) by means of the “companion” sums

S, = Z X(Nr . /v, (9(2)))
for v > 1, for which q
(4.10) Supn) Sv(m) v) =
. exp (Y 241) = exp (Y L EE(0D)”) = Lin c(0T).

where () = x(—1)%8). In doing this, we do not need to formally introduce 7 and its
L-function. We will often use this shortcut and denote by Z(g, x;T) the left-hand side
of (4.10).

PRrROOF. We start with the Euler product expansion of L(n,T"), computing T'L’/L as
a formal power series:

)Tdeg(w) 1
=T Z de )Tdeg( )

—Zdeg Zn )T dee(™) ZST”

r>1 v>1

Sl/ = Z d Z 77(7T)T-

rd=v  deg(m)=d

where

Comparing with the generating series, we see that we must show that S, = S,(n) as
defined in (4.9). Note already that for v = 1, we have

Si= Y nm) =) nX—t)=x(=1)* 3" x(g(x))
deg(m)=1 teF, z€F,

by assumption. The general case uses (4.1) in a similar way: abbreviating N instead of
Np,. /¥,, and writing 7, the minimal polynomial of an element x, we can write

Z X(Ng(x)) :X(_l)vdeg(g) Z n(m)u/deg(z)

zeF v z€F v

_ 1/ deg(g) Z d,n 1// deg(m

7 irred.
deg(m)[v

— X(_l)vdeg(g)gm

since an irreducible (monic) polynomial 7 of degree dividing v appears as the minimal
polynomial of exactly d elements in Fy — its roots. U

By Proposition 4.5, for a character x of order d such that g is not a d-th power, the
L-function is a polynomial of degree < m — 1, m = deg(g”) being the number of distinct
roots of g in F,. In fact, this is the exact degree under a slightly stronger condition, as
follows from the following result:
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PROPOSITION 4.8. Let F, be a finite field with q elements. Let g be a non-constant
monic polynomial in F[X] and let n be a Dirichlet character of F,[X] modulo g, which
is primitive, in particular has n, # 1. Then the L-function L(n,T) is a polynomial of
degree deg(g) — 1, of the form

L(n,T) =14 cr()T + -+ caa ()T
with leading coefficient of modulus given by

| ) g(del9)=1)/2, if n | FqX 18 mon-trivial
C _ pr—
d=17 gdesl9)/2-1 otherwise,

where the restriction of n to ¥ is defined as the restriction to non-zero constant polyno-
mials, i.e., as the composite

FY — F,[X] - C¥,
which is a multiplicative character of F,.

Note that although it may very well be the case that 7 | F; =1 even though 7 is
not globally trivial (e.g., take ¢ = 2; then there is non-trivial multiplicative character of
F, but of course there are many Dirichlet characters of F»[X]); in that case, it should
be pointed out that we have defined 1(0) = 0 because the zero polynomial is not coprime
with g, although the trivial character maps 0 to 1 by our convention. So one must be a
little bit careful, but we will avoid evaluating 7 | F; at 0.

PrOOF. We will in fact give a precise “formula” for the coefficient of degree deg(g)—1
of the L-function, in terms of Gauss sums (slightly more general than those of Section 2.1),
and the value of the modulus will follow from this. Below in Proposition 4.11, we will show
that this is also a special case of the analogue for L(n, T') of the functional equation (3.4)
for classical Dirichlet L-functions.

For clarity, denote by R the finite ring R = F,[X]/(g), and R* its group of units.
The ring R is an F-vector space of dimension d = deg(g), with canonical basis given by
(1,X,...,X91). We denote by £;(f), for 0 <i < d — 1, the coefficients of f € R in this
basis:

f= Y thHx, for f € R.
0<i<d—1

Now fix a non-trivial additive character ¢ of F,, and let ¢y denote the (obviously
non-trivial) additive character

[ llaa(f))

We can now start the computation. By Definition 4.4, the coefficient cq_;(n) of T4
in L(n,T) (which could be zero) is given by

ca—1(n) = E n(f);
f monic
deg(f)=d—1

and since the degree involved is < deg(g), so that the reduction modulo g is injective on
the polynomials involved, this can be rewritten as a sum over a subset of R:

caam =Y nlf).

fER
La—1(f)=1
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We now detect the second condition in the sum using the characters ¢ and v, which
are perfectly suited for this purpose:

caa(m) =D nlf)=>_nf x—Zw (a1 (f) = 1))

reR fER aqu
Ly—1(f)=1
== Z (=) > n(fn(af)
aqu feR
=1 Y vl X wlilar)
aEFX feRr”

since, on the one hand, the contribution of & = 0 is the average of the non-trivial character
n on R, and on the other-hand n(f) =0 if f ¢ R*.

The inner sum over f is quite recognizably a Gauss sum, over the finite ring R instead
of a finite field. It satisfies similar properties as the Gauss sums we saw in Section 2.1,
and to begin with, we have

> nlfenlaf) =n(e) Y n(fvf
fERX feRX

for a € F, by a simple change of variable.
Thus we find the formula

() = (32 ahin) (X v-ayita))
feRx a€F g
r(n, v)7(n | Fy 9)
q

with the obvious notation for the Gauss sum over R.
The Gauss sum for the restriction of 7 to F satisfies

- 1 if F*=1
me;,w)r:{ ity | F,

V4 otherwise,

(4.11) =

by Proposition 2.4. As for the Gauss sum over R, we claim that, for n primitive, as we
assumed, we have

(4.12) m(n,¢0)|* = |R| = ¢".
Granting this, we obtain

(d-1)/2 if Fx 7& 1
q 1In )
lcas(n)] = { Iy

g1 otherwise,

as desired.
To prove (4.12), let us assume first that g is squarefree, in which case the primitivity
assumption is more transparent. The easiest way to proceed is to use once more the

isomorphism
R~ [[F,[X])/(m)

mlg
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from which it follows that n factors as

n(f) =[] (),

g

where 7, is a character of the multiplicative group (F,[X]/m)* (of a finite field with
q9°&(™ elements); then primitivity means that none of the i, is trivial. Using the above
isomorphism again, we derive by the Chinese Remainder Theorem the product formula

7(777 wl) = H 7(777” ww)v

7lg
where v, is the m-component of the additive character ¢; of R. Once we show that
1, is also non-trivial for all 7, this product formula leads to the claim after applying
Proposition 2.4 once more. But indeed, for € F ace(r), we compute ¢r(z) as 11(f)
where f is a polynomial in F,[X] mapping a root (denoted ;) of 7 to = and mapping
the roots of the other irreducible factors to 0. Observe that any of the monic polynomials
f given by
f="2n
v

where deg(h) = deg(m) — 1 > 0 satisfy the latter condition. We then have ¢ (f) = 1, and
more generally for such a polynomial and any x € F, we get

Ue(f(ox)) = hr(xf) = ¢(2).

Now, since ¢ is non-trivial, we can find « for which this is not = 1. U

COROLLARY 4.9. Let Fy be a finite field with q elements, let g be a non-constant
monic polynomial and x a character of order d such that d { deg(g) and there is no
irreducible factor m of g of multiplicity divisible by d.

(1) The zeta function Z(g,x;T) is a polynomial of degree m — 1, taking value 1 at
T =0, and with leading coefficient of modulus ¢"~Y/2, where m is the number of distinct
zeros of g in F,.

(2) Factor the polynomial as

Z(g.x:T)= ] -7,

1<j<m—1
with §; € C. Then for any v > 1, we have
(4.13) S = 3 XN r, (g(0) = —{ 01+ -+, |

CEEFQU
and moreover |y - - Q1| = V2,

PRrROOF. For (1), we apply Proposition 4.8 to the character n associated to the data
(9,%). The assumption that deg(g) # 0 (modd) implies that 98 =£ 1, so that g is not
a d-th power in I_T‘q [X]. Also, n restricted to the non-zero constants is the same as ydeel9)
by (4.7), hence is non-trivial.

We know that 7 is defined modulo ¢* (defined in Corollary 4.3), which has degree m.
To check that it is indeed primitive modulo ¢°, we argue as in the proof of this corollary
that, for 7 dividing ¢, the m-component 7, is the character of (F,[X]/m)* given by

Nx(2) = X(Nqueg<,r)/qu(047r)k”)

for z € (F,[X]/m)* and f a polynomial in F,[X] mapping the root o, of w to z and roots
of the other irreducible factors to 1. Thus, the proof in Corollary 4.3 exactly shows that
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one can find = with n,(x) # 1 for all those m where the multiplicity k, is not divisible by
d, which we assumed were all irreducible factors.
(2) We now consider the identity

eXp(Z %T”) = Z(g,x;T)= [ (-7,

v>1 1<j<m—1

and proceed to apply the operator T'Z'/Z on both sides; applying the geometric series

expansion, we obtain
Sarer Y o)y er
vzl 1<jsm—1 v=0
Y (X )
vl 1<j<m—1
hence the result after comparing.

As to the product of the €2;’s, up to sign, this is the same as the leading term of the
zeta function, hence its modulus is given by Proposition 4.8. U

REMARK 4.10. (1) We have already noticed, taking examples like ¢ = glg, with g;
non-constant, that the restrictions in this corollary are not artificial.
(2) In terms of the L-function L(n,T), if we factor the latter as

LTy = ] -w)

1<j<m—1

as we can since L(n,0) = 1, we get

> X(Neym, (9(2)) = =00 {wt + o+ }

(EEFqV

(3) If g does not satisfy the assumption of this corollary, but still is associated with a
non-trivial 7, we can still use Proposition 4.5 to deduce a representation

(4.14) > X(WVepm,(9(2)) = —200" {wt + -+ |,

ZEGqu

for all v, where § < m — 1 is the degree of the L-function L(n,T) as polynomial, and the
w; # 0 are such that

L(n,T)=(1—wT) - (1—wsT).

It will be often convenient to define w; = 0 for 6 +1 < j7 < m —1, so that the formula
becomes the same as the one before, but some of the inverse roots w; can be zero.

(4) Examples of situations where this corollary applies are given by y of order 2 and
g squarefree of odd degree.

For the purpose of proving Theorems 3.1, we do not need more than Proposition 4.5
(even the knowledge of the leading term is only useful to give additional information).
However, it is of some interest to go deeper, especially by analogy with classical Dirichlet
characters and their functional equation (3.4). This has, indeed, an analogue, which we
prove in the simplest case:

PROPOSITION 4.11. Let F, be a finite field with q elements. Let g be a non-constant
monic polynomial of degree d in ¥ [ X| and let n be a Dirichlet character of F ,[X] modulo
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g, which is primitive and has n | ¥ # 1. Then the L-function L(n,T) satisfies the
functional equation
L(n,T) = W (T L7, (¢T)7"),
or equivalently
L(n,q*) = WmQ*L(i,q "),  Q=4¢"",
where B
T(n,p)7(n [ Fg, )
4q

PROOF. The argument is an elaboration of that of Proposition 4.8, which follows
indeed from the functional equation by comparing the leading terms on both sides. So
we use notation like in the proof above, in particular we consider R = F,[X]/(g). Since 7
is itself clearly a primitive Dirichlet character with 7|F) # 1, we can write the functional
equation as a polynomial identity

(4.15) 1+cer())T + -+ cqy ()T =

W(n) =

1 c1(n) cq-1(7)
T (S )
where
)= Y nf),
dent

and similarly for 7. In particular, Proposition 4.8 shows that the coefficients of 79! on
both sides coincide.

Fix j with 1 < j < d — 1. The reduction map F,[X] — R is injective on polynomials
of degree < j < d — 1. We express cj(n) as a sum over R, and then R*, by detecting
with additive characters the d — j conditions

G =1, Lia(f) = =Laa(f) =0,

which characterize the image of monic polynomials of degree j in R. Doing this, we find
that ¢;_1(n) is equal to

LS Y et - D)+ agabia(f) )

g4 |
feR a=(aj,..., ad,1)6F27]

which we write as

5 2 vl-a)S(ra).
with . i o
St.e) =S (e (D antel) = D 0l (3 antu().
feRr k=j feRX k=j

Now we observe that, in R, we have
d—1
> ali(f) = la-1(fha)
k=j

for the polynomial (where the coefficients of a are coded in descending order) given by
ha = CYde_l_j + -+ ad_gX + ag_1.
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We can therefore interpret S(n, a) as another Gauss sum over R using the characters

Un(f) = ¥(lar(fh)) = ¢1(fh), namely
S<777 a) = 7(77, wha)'
We now claim that, as in (2.2), we have
(4.16) 7(n,¢n) = ()7 (0, 1)
for any h € R (not necessarily in R*). Taking this for granted, we get

i) = T S u-ay)

Tl ) > (s (=h)
heF

qd—J

X
deg(h) qu[f]lfj

after identifying polynomials of degree < d — 1 — j < d — 1 with the polynomials h, via
their coefficients.
For the final step, we write

E n(h)xi(—h) = § n(h) + n(h)Yxi(—h),
geF,[X] heF,[X] deg(h)=d—1—j
deg(h)<d—1—j deg(h)<d—2—j

and we notice first that

S s (—h) = > w(—a) > nh)

deg(h)=d—1—j acFy deg(h)=d—1—j
lag—1—j(h)=c
=Y (=)@ Y. ah)
a€Fy deg(h)=d—1—j
h monic

(by a substitution i — a~1h)

=771 | Fy,¥)ca1-5(7).

R: Z m?

heF,[X]
deg(h)<d—2—j

and it follows by substituting i by ah with a € F ¢ that

The remaining term is

R=n(0)R
for every such . Since we assumed that 7 | Fy # 1, this implies that i = 0, and the

final relations
g d—1—4\"1);

cj(n) =

valid for 1 < 7 < d — 1, are precisely those that are needed to check the functional
equation (4.15) by comparison of coefficients.

We must still check (4.16). If h € R* (i.e., if h is coprime with ¢ in F,[X]), this
is obvious by the usual change of variable. If h ¢ R*, the right-hand side is zero, and
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we must show that 7(n, ;) is also zero. But assuming first that g is squarefree, we can

factor the Gauss sum as
T<n7 ¢h> - H 7(777” 1/}71',}7,)

g
with ¥r n(2) = ¥r(h(ar)z) for x € Fy(a,) (with notation as in the proof of Proposi-
tion 4.8). If h is not coprime with g, one of the irreducible factors 7 divides h, and then
Y is the trivial additive character. Since 7(n:,1) = 0 (because 7, is non-trivial by
primitivity), we obtain the desired conclusion. O

EXAMPLE 4.12. In some cases, the leading term (i.e., the constant W (n)) of Proposi-
tion 4.8 can be computed more explicitly. We give one important example, corresponding
to the case of Corollary 3.3. Let ¢ be odd, let g € F,[X] be a cubic polynomial of the
form

g=X3+aX+b
which is squarefree in F,[X], and let x be the non-trivial quadratic character of F,. Since
m = d = 3, the L-function for the corresponding Dirichlet character is of the form

L(n,T) =1+ ci(mT + ex(n)T?,
for some ¢;(n) € Z (indeed, we have
() =D (X —t) = x(=1) > _ x(g(t))

and the values of x are integers), and a leading term with |cy(n)| = ¢. Moreover, this
leading term is an integer, since we have again the expression

o =x(=1) > n(X*+aX +a),

ap,a1€F,

where, denoting oy, as, az the three roots of ¢ in Fq, we have

(X% + a1 X +ag) = X< H (a2 + ajoy + a0)>
1<i<3
by (4.5). Therefore, co(n) is either ¢ or —¢, and we have the question of determining the
sign (a variant of the question of computing the sign of a quadratic Gauss sum).

4.2. The Riemann hypothesis for multiplicative character sums

We consider the data (g, x) over a finite field F,, for which we have the associated
multiplicative character sum. Comparing (4.14) with the statement of Theorem 3.1, we
see that the latter would follow immediately if we knew suitable bounds for the moduli
of the €);’s, or equivalently of the w;’s. This is indeed the “right” version of the Riemann
Hypothesis.

THEOREM 4.13 (A. Weil). Let F, be a finite field, g a non-constant monic polynomial
in F [ X].

(1) If n is a primitive Dirichlet character modulo g, non-trivial on the subgroup of
constants, then writing

L(n7T) = H (1 _ij>a
1<j<deg(g)—1
every w; s a q- Weil number of weight 1. In particular, every zero p of L(n,q™*) satisfies
Re(p) =1/2.
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(2) More generally, for any non-trivial n, if its L-function is a polynomial of degree
d < deg(g) — 1 written as

L, T) = [[ @ =wD),

1<j<8

lwil < V4

we have

for all j.

We will not prove this in full generality here but restrict our attention for the moment
to those n coming from multiplicative exponential sums.

PROPOSITION 4.14 (A. Weil). Let F, be a finite field, g a non-constant monic poly-
nomial in F,[X], x a multiplicative character of order d > 1.
(1) If d t deg(g) and no irreducible factor of g is of multiplicity divisible by d, then

Zg.x:T)= [ (-9,
1<j<deg(g*)—1

every §); is a q- Weil number of weight 1. B
(2) More generally, if g is not a d-th power in F,[X], then if its zeta function is a
polynomial of degree 6 < deg(g’) — 1 written as

IT a-om),

1<5<6
we have
(4.17) 9] < Vi
for all j.

Using the formula (4.14) for the exponential sums in terms of the ,’s, we see that
this proposition immediately implies Theorem 3.1.

Before proving this, we first observe that it is enough to prove Part (2); indeed, in
the situation of Part (1), we know that § = deg(¢g’) — 1 and that

|Ql...Qé|::q@*1V2

by Proposition 4.8, so that, for any j, we have
q(671)/2

Hk:;éj |Qk|

by (4.17). Hence, in fact, we have |Q;| = /g exactly. There remains to check that €;
is a Weil number, i.e., that all its conjugates are also of modulus /q. More generally, if
71 is a primitive Dirichlet character modulo g, non-trivial on the constants, and o is an
automorphism of C (or of the field generated by the roots of the L-function of 1), then
we have

Q] > > q'/?

LT = 3 (oon(NT™) = L(oon,T),
f monic

and since o o7 is again easily seen to be a primitive character modulo g, non-trivial on
the constants, we see the conjugates under o of the inverse roots w; of L(n,T') are inverse
roots of L(c on,T). Hence in our case, applying the argument above to ¢ o 7 ensures
that the image under o of €2; is of modulus /g, for any o.

Now, we will use the following nice trick (with B = ,/g) in order to prove (4.17)
without having to deal with the individual w;’s:
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LEMMA 4.15. Let 6 > 1 be an integer, and wy, ..., ws compler numbers such that,
for some constant A > 0, we have

W) + -+ +wy| < ABY
for all v > 1. Then in fact
wi| < B
for all j.

PRrROOF. Although this is not necessary, and a bit wasteful, we use the “slick” proof:
first, we can assume all w; # 0; we then consider the generating series

FE) =D (Wi + -+ wf)z
v>1

as a function of z € C. The assumption shows that f is an absolutely convergent power
series, hence a holomorphic function, in the open disc |2| < B~'. On the other hand, we

can write
5 5 oz
=D D Wi =)
1—-wj;z

=1 v2>1 j=1

at least in the open disc
2| < min |w;| 7"
J

By the principle of analytic continuation, the rational function on the right-hand side
must have radius of convergence equal to that of f, i.e., at least 1/B. Hence |w;|™' > B,
which gives the result. O

The next step before embarking on the difficult part of the work, is to exploit this
lemma and averaging over characters to reduce to some point-counting. This will be
crucial, as it allows us to use positivity arguments.

LEMMA 4.16 (Reduction to point counting). Let F, be a ﬁm’te field, g a non-constant

monic polynomial in Fy[X], d | ¢ — 1 an integer. For all v > 1, we have
S X(Nep,9(@) = {(2,y) € Fpe x Foo | y? = g(2)} — ¢,
x4=1 z€F v
x#l

where x runs over non-trivial multiplicative characters of ¥ of order dividing d.

PRrOOF. This is immediate by the formula (1.7), after subtracting the contribution of
the trivial character, once we note that for any v > 1, the multiplicative characters
X © N :z— X(NFqu/qu)

of F, are all the characters of order dividing d (which divides ¢” — 1) of the extension
field. It is clear that

X xoN
is a homomorphism from the group of characters of order dividing d of F, to that for
F, . Since each of these groups is cyclic of order d, it is enough to show that if x # 1,

then yo N # 1. However, this follows immediately from the surjectivity of the norm map
(Lemma 1.3). O

The main theorem will then be the following:
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THEOREM 4.17 (Stepanov, Bombieri). Let F, be a finite field where ¢ = p* for some
v > 1, g € F [X] a non-constant polynomial, d | g—1 an integer such that (deg(g),d) = 1.
Then there exists a constant C' > 0, depending only on d and the degree of g, such that

{(z,y) € Fy x Fy | y' = g(x)}] — ql < Cq"”.

Here is how all these ingredients combine, in the case where g has degree coprime
with d and is squarefree: applying (4.14) to all the data (g, x) where x is non-trivial and
of order dividing d, we find a finite collection of complex numbers containing all w;’s for
such a y, with the property that

S

for all v (by Theorem 4.17 applied to g over F ., using the fact that C' is independent
of ¢). By Lemma 4.15, each of the w;’s satisfy |w;|* < ¢, hence |w;| < /g, as we wanted
to prove.

< CO¢”

4.3. Stepanov’s method

We now finally attack the proof of Theorem 4.17, using notation as in the statement.
The original basic idea of Stepanov is so simple that it is quite surprising that it should
work: he constructed an auxiliary polynomial A € F,[X], and a parameter m > 1, such
that (i) A # 0; (ii) for any x such that g(z) is a d-th power in F,, A vanishes at z to
order at least m, i.e., the polynomial (X — x)™ divides A. Since the number of solutions
to any equation y? = 3, 8 € F,, is at most d, it follows by looking at the degree of A
that
(413) {(@.0) € Fy x E, | o = gla)}] < B

This seems to be only half (and maybe the easier half!) of the work, as it provides
only an upper bound for the point-counting. However, a well-known trick shows this is
enough. We phrase it as a lemma:

LeEMMA 4.18 (From upper bound to lower bound). Let F, be a finite field. For any
d|qg—1 and g € F,[X] non-constant of degree coprime with d, let a(g) € Z be defined by
the equality

{(z,y) € Fg x Fy | y* = g()} = q + alyg).
Then we have

{(z,y) € Fg x Fy | y* = g(2)}| = ¢ — (d — 1) max|a(eg)|.

e€Fy

PROOF. The idea is simply to cover all of F;, with d sets corresponding to the z-
coordinates of solution sets for various polynomials of the same degree as ¢g. This is
possible because, for every x € F,, f(x) is, if not a d-th power, at least one up to
multiplication by a coset representative of the finite cyclic group

Fr/(F;)
To be precise, fix representatives {1,es,...,&4} of this group, and for any of them ¢,
let
ha = 5_197
which has same degree as g, and let
(‘3: = {(m,y) € Fq X F; | yd = ha(x)} )
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observe that y is taken to be non-zero here so that, by definition, the cardinality of this
set can be written

€2l = g+ a(he) = 2(9),
where 0 < 2(g) < deg(g) is the number of zeros of ¢g in F,,.

Then, since g(x) is of the form ey? for a unique coset representatlve ¢ and for d values
of y, provided g(z) # 0, we have

Z\@*!—Z Z L= ) d=d(g-=(g))

€ yd=g-1 z€Fy

9(x)#0
Comparing, this means that

d(q — (g +Z d(q - 2(9)),

hence
a(g) > —(d — 1) max|a(g.)],

which is the claim of the lemma. O

This lemma shows that it will be enough to prove the upper bound

(4.19) {(z,y) € Fy x Fy | y* = g(2)} < ¢+ Cq'>

(for ¢ a square and some constant C' depending only on d and deg(g)) in order to finally
prove Theorem 4.17: applied to an arbitrary h = eg with e € F}¢, we obtain a(h) < Cq'/?,
and hence

{(z,y) € Fy x Fy | y? = g(2)}| = ¢ — (d = 1)Cq'?,
which together with (4.19) gives Theorem 4.17.
However, implementing this strategy leads an annoying technical issue: how should
one detect zeros of high order of polynomials in positive characteristic p? Over Q, one
would of course say that P € Z[X] is divisibly by (X — x)™ if and only if

P(z)=P'(z)=---=P™I(z) =0.

However, this fails for zeros of order m > p in characteristic p: indeed, the polynomial
P = X? € F,[X] is such that PY(0) = 0 for all j > 0 — because the p-th derivative
is equal to the constant p! = 0 in F,, (though not in Q). Since, as it turns out, the
parameter m in the proof of Theorem 4.17 will often be larger than the characteristic p,
Stepanov required another tool, the Hasse derivatives.

E. Bombieri, in his Bourbaki report on Stepanov’s work [1], gave a proof of a gen-
eralized version of Stepanov’s result, using a simpler construction avoiding the use of
Hasse derivatives. We give this argument, specialized to the situation at hand. This has
the further advantage of bringing in, quite naturally and elementarily, some notions of
algebraic geometry.

Bombieri’s idea depends on considering the set of solutions of the equation as a geo-
metric object (an algebraic curve); thus, let

(4.20) C=A{(z,y) eF; | v =g(x)}

be this set of solutions, with coordinates in a fixed algebraic closure of F,. This is an
infinite set, and one denotes

C(Fy) = {(z.y) € Fy | y' = g(2)} = {z € € | Fi(z) =z},
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where the Frobenius automorphism Fr acts on € in the obvious way, namely:
Fr(z,y) = (2%, y)
Note that, to obtain the last crucial identity
C(F, ={xeC | Fr(z) =z},

we used the fact that g € F [X], so that Fr(g(z)) = g(Fr(z)).

Instead of polynomials, we consider functions on €, and more precisely, restrictions
to € of polynomials in F,[X,Y]. The ring of such functions can be identified with the
quotient ring

0(C) = F,[X,Y]/(Y" — (X)),

(which is easily seen to be an integral domain). Any element f € O(C) can be expressed
uniquely as

(4.21) f= ngw,

where g; € F,[X]. The auxiliary function will be constructed as an element of O(C). A
suitable analogue of (4.18) is obtained by looking at functions 0 # f € O(C€) which vanish
to some larger order > m at all points € C(F,), and yet have a small enough “degree”.
One of the main points is indeed to define this degree for these functions which are more
complicated than mere polynomials. A suitable definition is as follows, at least in the
case (d,deg(g)) = 1, which we now assume:

DEFINITION 4.19 (Degree “at infinity” of a function on €). Let Fy, d | ¢ — 1 and
g € F,[X] be as above, with (d,deg(g)) = 1. Then for 0 # f € O(C), expressed as (4.21),
we define
deg(f) = max{ddeg(g;) +ideg(g) | 0<i<d—1} >0,

with the convention that deg(0) = —o0, so the index ranges implicitly only over those i
such that g; # 0.

The geometric idea is the following: on the curve €, if the point € C “goes to
infinity”, the function f has a pole of order deg(f) at infinity. For instance, we have

deg(X) =d,  deg(Y) = deg(g).
Here are the basic properties of this degree, which confirm the intuitive ideas above:

PROPOSITION 4.20 (Degree and zeros of functions). Let F, be a finite field with g
elements, d | ¢ — 1 with d > 1 an integer, g € F,[X]| a non-constant polynomial with
(deg(g),d) = 1 and g squarefree. Let C be the curve (4.20).

(1) For all f1, fa, both non-zero, in O(C), we have

(4.22) deg(f1f2) = deg(f1) + deg(f2),
and if fi + fo # 0, then
(4.23) deg(f1 + f2) < max(deg(f1),deg(f2)).

(2) For any 0 # f € O(C), let degy(f) denote the number of zeros of f on €, counted
with multiplicity; then we have

deg,(f) < deg(f).
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In particular, if all zeros of f, with at most mg exceptions, have multiplicity > m, we
have

(4.24) feee| fa) =0 < 4,

For the second part, we must provide the definition of zeros of f and their multiplicity.
Of course, the former is clear: @ € € is a zero of f if f(x) = 0. The multiplicity can be
defined in great generality, but we take the following convenient concrete description.

DEFINITION 4.21 (Multiplicity of a zero). Let = (x,y) € € be any point.
(1) If y # 0, @ is a zero of f with multiplicity > m if and only if the element

_
(X —ax)m

of the fraction field of O(C) is defined at @, i.e., can be written fi/f, with f1, fo € O(C)

and fg(l’,y) 7é 0.
(2) If y =0, & = (z,0) is a zero of f with multiplicity > m if and only if

I
Ym
is defined at @, in the same sense.

Note that clearly f(a) =0 if « is a zero of multiplicity > 1. It is important for us to
know that the converse holds, and this is not entirely obvious.

LEMMA 4.22. With notation and assumption as above, if x = (x,y) € C is a zero of
f € 0(C), then the multiplicity of f at x is > 1.

PROOF. Assume first that y # 0. Then we write
gz:(X—:L')h@—l—gl(:c), nggd—l, hZGFq[X],

(which is Euclidean division), to get

to obtain
d—1 d—1
f f(z,y) - Y —y
R ( hi(Y )
X —=x ; +X_x+i:0 ()X—x
d—1 d—1
. Y —y
— N hy ( B (Y )
7,2: ! i=0 ) X -z

since f(z,y) = 0 by assumption. Finally, using the fact that y¢ = g(z), we use the
relation

V?—y?=g(X) - g(x)
to derive
Y =)V 49V 2 4y = (X —2)g(X), g eFy[X],
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and hence

d—1 ~
f : - 9(X)
Syt ( ha(Y ) ,
X2 ; + (Y) Yl 4 yYd=2 ... 4 i1

U
—_

7

I
=)

and this is of the desired type since, at (z,y), the last denominator standing is dy?~! # 0
(remember d | ¢ — 1 and we are in the case y # 0).
In the remaining case y = 0, we have similarly

f g0 i—1
L_% YL
=y D0

=1
and @)
Jdo  golx X —x._ X -z _ N
y- v T v Go(X) = v 90 go € Fy[X],
and as above
X—z ya-1
Y 9(X)’
in the fraction field of O(C). This is well-defined at @ since g(z) = ¢'(x) and we assume
g is squarefree. O

As an immediate corollary, we see the intuitively obvious fact that

(4.25) degy(fg) = degy(f) + degy(g).

REMARK 4.23. The case where y = 0 accounts for at most d points in C(F;). In
addition, dealing with it properly in Proposition 4.20 is the only reason to impose the
condition that g be squarefree (this, as we will clarify in an Appendix, has to do with
issues of existence of singularities on the curve). For the purpose of proving Theorem 4.17,
it is therefore possible to proceed without this assumption, and following the argument
below, one will arrive at an upper bound

C(F)| <q+CyVag+{zeF, | g(x) =0}
<qg+Cyg+d<q+C'\q

where C" = d + C still depends only on d and deg(g). This is of course still sufficient for
the Riemann Hypothesis.

PROOF OF PROPOSITION 4.20. (1) The second inequality is clear since, with obvious

notation, we have
d—1

hi+f= Z (gi1 + gi2)Y"
=0
and
ddeg(giy + gi2) + i deg(g) < max(ddeg(g;,1)
+ideg(g), ddeg(gi,) + ideg(g)).

For the multiplicativity, fix indices i; and 75 with
deg(f1) = ddeg(gi, 1) +i1deg(g),  deg(fz) = ddeg(gi,.2) + iz deg(g).
In the product f; fs, there occurs a term

gil,lgig,ZY“—HQa
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and two cases arise: either i; + i3 < d — 1, in which case the degree of this term is
d(deg(gi,,1) + deg(gip,2)) + (i1 + i2) deg(g) = deg(f1) + deg(f2),

ord—1 < i3 + 1y < 2d, in which case one rewrites the product, using the equation
Y =g(X), as

gil7lgi2,2yll+12 = ggil,lgi272Y“+127d,
with degree

d(deg(g) + deg(gi, 1) + deg(gir2)) + (i1 + 12 — d) deg(g) = deg(f1) + deg(f2).

Hence we have deg(f1f2) = deg(f1) + deg(f2). But since it is easily checked that all
the other products of terms in f; and f; have strictly smaller degree, equality holds.

(2) First of all, let us see why the inequality holds when f is a “single term” f = ¢;Y",
0 <7< d—1. In that case, the zeros of f are obtained by solving the equations

gi(x)y' =0
y? = g(x),

(a,0)  where g(a) =0,

which counts for < deg(g) distinct solutions (or, clearly, < ideg(g) when multiplicity is
taken into account), together with

{(z,y) e Fy x Fy | gi(z) =0, y' = g9(z)},
which has < ddeg(g;) solutions (each root of g; giving rise to at most d solutions). Thus
the total number is < ddeg(g;) + ¢ deg(g) = deg(f).
We now come to the general case, and we must be careful to take multiplicity into
account (since the essence of the method will be to apply this result to functions with
zeros of high multiplicity). The idea is to reduce to the corresponding statement for

polynomials: a non-zero f € F,[X] has at most deg(f) zeros, counted with multiplicity.
To do this, denote first by K the fraction field of O(C). We first define

for any f € K and £ € F, which is a d-th root of unity. Since d | ¢ — 1, all d-th roots of
unity are in F,, and we construct the norm map

K* — F, (X)*
(4.26) Ne:q f w Hé /)
gd=1
where the fact that Ne(f) depends only on the variable X is due to the fact that all
(x,y) € C for a given x are of the form (z,£y), £ running over d-th roots of unity, and by

rearranging the product, the value of Ne(f) at (z,&y) is the same as that at (x,y).
We now claim the following two facts:
(1) We have degg, v} Ne(f) = deg(f), where the degree of Ne(f) is computed in the
polynomial ring F [ X];
(2) ifx € F‘q and yo is such that (z,y9) € C, then assuming that for all d-th roots
of unity £, the point (x,&yg) is a zero of f with multiplicity > me¢(x), then x is
a zero of the polynonial Ne(f) with multiplicity at least

m="> mex)
gd=1
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If we assume these two properties, then we obtain
dego(f) =Y > me(x) < degp, x)(Ne(f)) = deg(f).
T gd=]

To check property (1), note that deg(§ - f) = deg(f) for all £, and hence by (4.22),
we have

deg Ne(f) = ddeg(/f),
if the degree on the left is computed in O(C); since a polynomial f € F,[X] C O(C)
satisfies

deg(f) = ddequ[X](f)7

we obtain the equality which was claimed.
To check property (2), observe that the definition of multiplicity implies that & - f has
a zero of multiplicity > m¢(z) at the point (z,y,). Hence

€5 he
(X —z)me@  fo,
with foe(x,yo) # 0. We take the product over §, and we find that
Ne(f) _ I1 fie
x—ar Mg
is a rational function in F (X) defined defined at x, which implies the result. O

With this done, we can come to Bombieri’s construction of a suitable auxiliary func-
tion. For k > 0, let
H(k) ={f € 0(C) | deg(f) <k} U{0},
which is an F-vector space, by (4.23). These spaces are analogues of the vector spaces
of polynomials with a bound for the degree. The next crucial lemma shows that they
behave quite similarly as k varies.

LEMMA 4.24 (Riemann-Roch properties). We have:
(1) The space H(0) is reduced to the constant functions, and for all k, we have

dimH(k) < dimH(k+ 1) < dim H(k) + 1.
(2) For all k > 0, we have
k41— (d—1)(deg(g) — 1) < dimH (k) < k+1,
and there ezists v > 0 and ko, depending only on d and deg(g), such that
dimH(k)=k+1—7
for all k = ky. If v =0, then also kg = 0, and in any case one can take
ko = (d —1)(deg(g) — 1).

We will explain in an Appendix below why this is a special case of the Riemann-Roch
theorem, and describe briefly the latter in general.
The main property we need to prove these facts is the following very simple lemma:

LEMMA 4.25. Let m > 1, d > 1 be coprime integers. Then, for a given k > 0, there
exists at most one pair (9,1) of non-negative integers with 0 < i < d — 1 such that

(4.27) k =dé+im.
Moreover, if k > (d — 1)(m — 1), then such a pair (9,i) exists.
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PRrOOF. First, if déy + 1;m = dds + iom, reducing modulo d we find
(19 — i1)m = 0 (mod d),
hence iy = 4; (mod d) since (m,d) = 1 by assumption. But then we have in fact iy = is
since —d < 19 — i1 < d.

To show the existence of § and 7, we argue similarly: reducing modulo d, the integer 7
is determined as the lift in {0, ...,d—1} of mk € Z/dZ, where T is the inverse computed
in this ring. For this index ¢, we have by definition

im — k =0 (mod d),
hence we can find § € Z such that dd 4+ im = k. The only issue is that § might be
negative. But note that if that is the case, it follows that
k=im+di<im—d<(d—1m—-d<(d—1)(m—1),
hence the result by contraposition. U
PrROOF OF LEMMA 4.24. That HH(0) is the space of constant functions is clear, and

obviously H(k) C H(k + 1) so the dimensions are non-decreasing. Now consider two
elements fi, fo € H(k + 1), neither of which is in H(k). Writing

d—1 d—1
fi= ZgMYi, fo = ngYi,
i=0 i=0

if follows from Lemma 4.25 applied with m = deg(g) that there is a single index 7 such
that

k+1=deg(f1) = ddeg(gi1) +ideg(g),
k+1=deg(f2) = ddeg(gi2) + tdeg(g).
In particular, g;1, ¢;2 have the same degree, say 0, and hence there exist o, 5 € F,,
such that
deg(agiy + Bgi2) <9,
and it follows that
deg(afi + Bf2) < deg(f1) =k +1,
so that we have shown that dim H(k + 1)/H(k) < 1.
From this last inequality and dim H(0) = 1, the upper bound
dimH(k) <k+1
is clear by induction. For the lower bound, we will show that for all
k= ko = (d—1)(deg(g) — 1),
there exists an element 0 # f € O(C) of degree exactly k in H (k). This will clearly show
that
dimH(k) > k — ko +dimH(0) =k +1 — (d — 1)(deg(g) — 1),
and in fact, using (1), that for k > ko we have
dim H(k) = dim H(ko) + (k — ko) =k +1—7
with
(4.28) v =ko —dimH (ko) + 1 < ko + 1.

Note that v = 0 means that dim H(ky) = ko + 1, which is only possible if dim H(k) =
k + 1 also for k < kg, i.e., if one can take kg = 0.
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Now, to construct f of degree k, it is enough to show that we can find integers (0, 1)
with 0 <0, 0 <i < d—1, such that

dd +ideg(g) =k,

since we can then take f = X°Y? Thus the second part of Lemma 4.25 gives the
result. O

Finally, we can describe Bombieri’s construction. First let
O=dy<dy <---<dp,<---
be the increasing sequence of indices such that
dim H(d; + 1) > dim H(d;),

and let s; € H(d;) be an element not in the previous space H(d; — 1) (these are, in some
sense, analogues of the basis X7 of a polynomial ring K[X], where d; would be j).
Now denote

Sj =S50 Fr,
which is still an element of O(C). We look for auxiliary functions of the type

F= 1S,
J

where the sum is of course assumed to be finite and where m = p® for some a, 0 < a <
[F, : F,]. Our first remark is quite easy:

LEMMA 4.26. For k > 0, the set of functions

(4.29) F=Y_1S;,
J

where j runs over integers such that 0 < d; < k and where f; € H(k), is an F -vector

space, denoted ff{(m, k, k), which is equal to the vector space spanned by products of the
type fi* - (f2 o Fr) where fi € H(k) and fy € H(k).

PROOF. Let first ﬂtf(m, k, k) denote the vector space generated by the products de-
scribed. Clearly any function f of the form (4.29) is in H(m, k, ), and it is enough to

show conversely that any f € K (m, k, k) can be written in this form.
We first do this for f = f" - (f2 o Fr). The functions s;, where d; < &, form a basis
of H(k), and hence we can write

fQZZ(l/ij, fQOFI‘:ZOszj,
J J

a/m
J

(2o Fr) =" (o™ fi)"S;,

J

for some a; € F,. Since a; = aj = (aj")™ (recall that m | ¢), we can also write

which is indeed of type (4.29).
Now given a, § € Fy, and

F=Y_f"S;, h=> RS
J J

60



we write again a = (a?™)™, 3 = (8%™)™ as above, so that

af +Bh=">_(a""f; + BY"h;)"™S;,
J

using the additivity of the p-th power operation in characteristic p. U

This type of auxiliary functions is potentially useful because of the following other
simple fact:

LEMMA 4.27. Let f be any function of the type (4.29). Then, if
(4.30) > frs;=0€0(0),
J

it follows that for any « € C(F,), we have f(x) = 0, and in fact f vanishes to order at
least m = p* at x.

PRrROOF. First of all, we compute f(x) for € C(F,): we have

flx) = fol(a:)Sj(a:)
— Zf;”(w)sj(Fr(af))
S @)l 0,

by (4.30) and the crucial identity Fr(x) = @ for x € C(F,). Furthermore, by definition
of the Frobenius, we have

Sj = sjoFr = s,
which is an m-th power in O(C) since m = p® with p? | ¢, and f7" is also an m-th power.
Hence (again because m is a power of p), the function f is an m-th power in O(C), and
it follows that each of its zero has multiplicity > m. O

The question is now to construct a specific auxiliary function of small degree; in
particular, it must be non-zero. For this, which is really the fundamental step, we have
the following lemma:

LEMMA 4.28. Let f be an auxiliary function of the type
f=>_1"8;
J

with f; € H(k) for all j and m = p* | q. Then, provided

km < q
we have f = 0 if and only if f; = 0 [07“ all 7. In other words, for any Kk = 0, the
representation (4.29) of a function f € H(m,k, k) is unique.

PROOF. Suppose the (f;) are not all zero but f is zero. Let then ¢ > 0 be such that
fi 70 but f; =0 for j > 4, so that we have

frSi==) 1S
j<i
The degree of the left-hand side is given (by (4.22)) by
m deg(f;) + g deg(s;) = mdeg(fi) + qd;,
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while, by (4.23), we have
deg (Y £8;) < max{mdeg(f;) + ad; | j < i} < mk + qdi-1
j>i
since the sequence of indices d; is increasing. Thus the equality means that
q(di — di—1) < m(k — deg(fi)) < mk,
and since d; > d;_1, we get
q < mk.
The lemma is thus proved by contraposition. Il
Now, in addition to having f # 0, we must ensure the condition (4.30) for f with

small degree. But if we restrict to f of the type (4.29) with d; < k, this condition can
be written A(f) = 0 for the F,-linear map

H(m,k, k) —> H(mk + k)

A DSy = Y s

J

The fact that A is well-defined (and its F,-linearity; note it is not F-linear) follows
from Lemma 4.28, and from the fact that

deg(f;"s;) < mk + k.
Now by the last part of Lemma 4.24, we have

dimp, Ker(A) > dimp, H(m, k, k) — dimp, H(mk + k)
= [F, : F,{(dim H(k))(dim H(k)) — dim H(mk + )}
=[Fg: F{k+1-)(+1=-7)—(mk+r+1-7)}
for k, m > ko = (d — 1)(deg(g) — 1), where v < (d — 1)(deg(g) — 1) also (by (4.28)), and

we used again Lemma 4.28 to compute the dimension of H(m, k, k).
The inescapable conclusion is the following: provided

km<q7 k>k07 m>k07
(4.31) (k+1—)(k+1—7y)—(mk+r+1—7) >0,
we can find f # 0 in Ker(A), and then we know that

< deg(f) < m/{:+qm:k+%.
m m m

C(Fy)]

We must now optimize these parameters. If we compare the upper bound with the
goal of Theorem 4.17, we must clearly take x and m very nearly equal, say
k+1—v=m+C
for some C' > 0. The upper bound becomes

—1
C(F,)| < g+ k+ C 1T

and to minimize the “error term”, k£ and m should also be very close, and indeed close to
V/q- Since m is a power of a prime, this explains why we assumed that ¢ = p?¥ for some
v > 1, as it allows us to take m = p” = | /q.
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Now the last constraint (4.31) (which ensures the existence of the auxiliary function)

translates easily to
m
k> (1+ %)
and the condition km = k,/q < g shows that C should be > ~. We take in fact C' = y+1,
so that

F=Vq+27,
and then the condition on k is N
k>——m+,
v+ 1 7

which is true for 5
e || 4941
v+1 7
The condition km = k,/q < q is then satisfied if
v 4
m( ——m + +1)< s qg>(v+ 14
<'y Tt ¢ < q>(y+1)
and k > ko, m > ko will be satisfied (at least) for ¢ > (2k)? (to check this, the case
~v = 0 must be treated separately by noticing that we have kg = 0 in that case). Hence,
for ¢ > qo = max((y + 1)*, k2), we obtain
C(F)| <q+27/q+k<qg+ (2y+1)/q, sincek <gm ' =./q

We take care of small values of ¢ as usual by writing

C(Fy)| < g+ dv/a/a
in all cases, since the trivial bound is
C(F,)| = {(z,y) € Fy x Fy | y* = g(x)} < dg
which is < dy/q0+/q if ¢ < qo.

REMARK 4.29. As a special case of Theorem 4.17, if ¢ is odd and g € F,[X] is monic

squarefree of degree 3, say
g=X3+aX +b,
we obtain
{(z,y) €Fy xF, | Y’ =2 +axr+ b} =q—a
where
lal < 2v/q.

This statement was the first (non-trivial) instance of the Riemann Hypothesis to be

proved, by H. Hasse. His first proof was very different.

Appendix: Hasse derivatives
The idea of Hasse derivatives is to “eliminate” the factor p! from the p-th derivative
by a clever formal construction.

DEFINITION 4.30 (Hasse derivative). Let k be a field and j > 0 an integer. The j-th
Hasse derivative is the k-linear map

KX] — K[X]
- (e

with the convention that X" — 0 if j > n. We denote fU! the j-th Hasse derivative of
f € k[X], and note that fI% = f.
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Note that the j-th derivative is given by
X" —snn—1)--(n—j+ X" =4l <T_L)X"‘j,
J
hence we have by linearity
f(j) = ;! f[j}
for all f € k[X].
Thus, if j! is invertible in k, there is not much difference between the classical and

the Hasse derivatives. But in characteristic p, this only happens for j < p, and for 57 > p,
although the derivatives vanish entirely, the Hasse derivatives do not. Indeed, we have

(X7)P = (g) —140.

In particular, for this particular polynomial, observing the vanishing of Hasse deriva-
tives gives the order of vanishing at 0. This is a general fact.

PROPOSITION 4.31 (Properties of Hasse derivatives). Let k be a field.

(1) For all fi, ..., fr € k|X] and j > 0 we have
(fr-e f)l) = Z"'Zfl[jl]"'ﬂjr]’
Jite+ir=j

wmn particular
J
(fif) ="
i=0

(2) Let a € k be given. Then for f € k[X], we have
deg(f)

(4.32) F=3 @)X -y,
§=0
(3) An element a € k is a zero of order = m > 1 of a polynomial f € k[X] if and
only if
f(a) = f[ll(a) - .. = f[m—ll(a> —0.
PROOF. (1) The general case follows from the special case r = 2 by induction on 7.

For the latter, it is enough by linearity to consider f; = X%, f, = X9 and then the
identity is equivalent with the formula

("7 -2 ((2)

for binomial coefficients, which can be proved, e.g., by comparing the coefficients of X7
on both sides of the obvious identity

(X + 1) — (X 4 1)B(X +1)%.

(2) The identity says that the values of the Hasse derivatives at a are the same as
the coefficients of the Taylor expansion of f in powers of (X —a). To show this, since
the map sending f to the coefficient of (X — @)’ in the basis of powers of X — a is itself
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linear, we need only compute the Hasse derivatives of h = (X — a)? for all d > 0. Now,
by the binomial expansion, we compute

= (o) - () ()

i=0

(ot e
(L) (e

for 7 > 0; we have used the identity

(il) (dy_ L) i juj —l (;l) (dzj)

This relation gives (4.32) in the case of h.
(3) Assume first that a is a zero of order > ¢ of f, so that

f=(X—a)qg=hyg, with h = (X — a)’,
for some polynomial g € k[X]. By (1), we have

J
FUl =3 pllgli
=0

(4.33)

for any j > 0, and hence
f9a) = h(a)g"(a) + - - - + WP (a)g(a),
so that it is enough to show that hlll(a) = 0 for j < £. (In other words, we have reduced

the problem to the case of h). But (4.33) gives immediately hV!(a) = 0 if j < £.
Now for the converse, if, for some ¢ > 1, we have

fla) = (@) = = Fa) =0
the relation (4.32) shows that
deg(f) - deglg) '
= MaX —ay =% @)X ~ay
=0 j=¢
deg(9)
=(X—a) ) fIla)(X —ay
j=t
is divisible by (X — a)® in k[X], as desired. O
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CHAPTER 5

Additive character sums

We now come to the proof of Theorem 3.2, involving additive character sums. In some
sense, the proof is very similar to the proof of the Riemann Hypothesis for multiplicative
character sums. However, the similarity comes in spite of very striking differences between
the two situations, which we will also emphasize throughout.

We will use information from the successful proof of Theorem 3.1 to motivate the
steps we are going to take, but these will not be in the same order as before.

Indeed, we used three main ingredients in the previous chapter:

e The introduction of a suitable L-function (associated to a Dirichlet character)
to represent the exponential sum and its relatives over extension fields as a finite
sum (with at most d — 1 terms) of powers of some fixed complex numbers;

e An averaging trick to reduce the estimation of a family of these sums of w} to a
point counting problem;

e The use of Bombieri’s version of the Stepanov method to obtain very good bounds
for the point counting.

It turns out that the second and third steps can be adapted very easily to additive
character sums. The first one is where the main difference lies, as it is not possible to
obtain an L-function for these sums using only Dirichlet characters, and one needs a
generalization of these. Because of this, we first cover the last steps in the next two
sections, before dealing with L-functions for additive characters.

5.1. Reduction to point counting

Consider once more a finite field F,, with ¢ elements and the ring F,[X] of polynomials
in one variable with coefficients in F,. For a fixed g € F,[X], and any additive character

Y F,— C*,
we want to bound the exponential sum
> v(g(x)).
zeFy
It is natural to expect that, in addition to the sum over F,, the sums
(5.1) Su(g, ) = Y (Tre, m,(9(2))),
{L‘EFqu

ranging over extensions F, of Fy, will play a role.

Indeed, the easy first reduction is to go from bounding character sums to bounding
the number of points on some “curve” over finite fields. The analogue of Lemma 4.16 is
the following:

LeEMMA 5.1 (Reduction to point counting). Let F, be a finite field, g a non-constant
monic polynomial in ¥, [X], ¥ a fized non-trivial additive character of F,. For allv > 1,
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we have
DD d(Trem,(ag(@)) =
acF 2€F
{(z,y) €Fp xFoo | y? —y = g(x)}] — ¢".
Proor. This is a simple consequence of Lemma 1.3: since the characters
x = Y(az),
where a € F, are all the additive characters of F,, we have

> vlaTeum,(g(@) = Y D ¢laTre,m,(9(x))

acFq z€F v z€F v a€Fy
=ql{z € Fp | Tr(g(2)) = 0}

by orthogonality of characters. But Tr(g(x)) = 0 if and only if there exists y € F such
that y? — y = g(z), by Lemma 1.3. Moreover, if that is the case, there are ¢ solutions to
the equation

y'—y=g(z),
which are given by y = yo + o with o € F, in terms of a fixed solution yy (indeed, we
must have (y — y0)? = (y — yo) so y — yo € Fy), so that

gz € Fo | Tr(g(x)) = 0} = [{(z,y) € For X Fy [ y* —y = g(2)}].

This corresponds to the sum over all @ € Fg; the contribution of a = 0 is of course
¢”, so that we obtain the statement after subtraction. O

5.2. Implementing Bombieri’s method

What remains to do now is to prove the following point-counting estimate, which is
the analogue of Theorem 4.17 in the previous chapter:

THEOREM 5.2. Let F, be a finite field, g € F,[X]| a non-constant monic polynomial
of degree d with d < q and (d,q) = 1. Then there exists a constant C > 0, depending
only on d and q, such that for al v > 1, we have

{(z,y) € Fpaw x Fgo | y? —y = g(x)}| — ¢*] < C¢".

Note that this statement, for v = 1, is trivial if the constant C' depends on d and ¢
(as it does), so we think of it as an asymptotic result.

We want to proceed as in Section 4.3, and this turns out to be surprisingly easy. We
first have the analogue of Lemma 4.18, which allows us to reduce the two-sided estimate
to an upper-bound only, accessible by means of the Stepanov method.

LEMMA 5.3 (From upper bound to lower bound). Let F, be a finite field. Forv > 1
and polynomials g € F [ X| with degree d > 1 with (d,p) =1 and d < q, let a(g) € Z be
defined by the equality

H{(z,y) € Fp xFyo | ¥ —y = g()}| = ¢" +alg).

Then we have
{(w,y) € By x Fy |y —y = g(a)}] > ¢" = (g — 1) max |a(g +a)].
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PROOF. This is the same type of argument used in Lemma 4.18, where intead of the
cyclic group F)/(F)?, we use the (additive) group
AS=Fo/(y" —y | y € Fy)
of order ¢q. Let
{0,a9,..., 041}
be representatives of AS in Fyv. For any € Fyv, g(x) is of the form y? — y + « for some

unique « in this set of representatives, and for ¢ different values of y. Thus using the
auxiliary polynomials h, = g — a and

Xo ={(z,y) €Fp xFyp | ¢! —y = ha(7)},

we obtain the stated result by looking at the formula
¢-¢" =Y |Xal =q-¢"+_alga).
O

From now on, we proceed to show that, for g € F,2[X] of degree d with (d,p) = 1,
d < q, we have

(52) {(z,9) € Feoo x Fgoo | 4" —y = g()}| < ¢* + D¢”

where C' depends only on d and gq.
For simplicity of notation, we let

F - Fql/,

and consider g € F[X] of degree coprime with p and < ¢. Only at the end will it be
needed to assume v is even. We are now looking at the curve

X ={(z,y) €Fy xFy | y" —y = g(2)},
and want to estimate the cardinality of the set X(F) of points with coordinates in F. We
will do this by finding an auxiliary function f on X vanishing to high order at all points
in X(F) and with “small degree”. Here are the definitions to proceed with Bombieri’s
construction:

DEFINITION 5.4 (Degree and multiplicity for X). Let F, be a finite field with ¢
elements, v > 1, F = F,., and let ¢ € F[X]| be a non-constant polynomial of degree d
with (d,q) =1, d < q. Let

0(X) = FIX,Y]/(Y! =Y —g)

be the integral ring of functions on X, and K (X) its quotient field.
(1) Any f € O(X) can be expressed in a unique way as

q—1
f=> gV
=0
with g; € F[X], and if f # 0, the degree of f is defined by

deg(f) = max{qdeg(g;) +id | 0<i<q—1} >0,

(2)Ifx e X, f e O(X) and m > 1, one says that f vanishes to order > m at @ if and
only if there exist fi, fo € O(X) such that fy(x) # 0 and

f _h
X—x_EGK(x)'
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REMARK 5.5. With the correspondance d <> ¢, deg(g) <> d, the definition of the
degree is identical with that used for the curves € that appeared in Section 4.3.

The definition of the multiplicity is simpler because there is no need to distinguish
between two types of points to define it: the function X — x can always be used to
determine the multiplicity. The reason is the following: for any z € F (for instance,
z = g(z)) the equation

y'—y==2
has exactly ¢ distinct roots in an algebraic closure of F (because the derivative in F[X] of

the relevant polynomial is the constant —1, hence has no common zero with Y7 —Y — z),
whereas, for d | ¢ — 1, the equations

y' =z
may have a single multiple root, in the special case y = z = 0.

We then have the exact analogue of Proposition 4.20:

PROPOSITION 5.6. Let Fy be a finite field with q elements, v > 1, F = Fg and let
g € F[X] be a non-constant polynomial of degree d with (d,q) =1, d < q.
(1) We have

deg(fif2) = deg(f1) + deg(f2),
deg(fi + f2) < max(deg(f1),deg(f2)),

for any fi, fo € O(X), with fi + fo # 0 in the second case.
(2) For f € O(X), f # 0, the number of zeros of [ with multiplicity is at most the

degree deg(f) of f.

PROOF. The proof of (1) is left as an exercise: it is very similar to the corresponding
part of Proposition 4.20. The proof of (2) is also essentially identical, after one introduces

(a- f)(z,y) = f(z,y +a)
for a € F, and the norm map
Ny K(X)* — F(X)*
by
Nef(x,y) =[] f=y+a),

acF,

(which can be seen as identical as the definition in (4.26) after noticing that in both cases
the value of the norm of f at x € F, is the product of the values of f over all points z
in the curve with first coordinate z). It is easy to see that Ny does map O(X) to F[X],
and proceeding as in Proposition 4.20, one finds

degg(x(Nx(f)) = degox)(f),
from which the remainder of the argument is almost identical with the earlier one.  [J
One can now define “Riemann-Roch” spaces as before:
H(k) = {0} U{f € O(X) | deg(f) <k},

and the analogue of Lemma 4.24 holds:
69



LEMMA 5.7 (Riemann-Roch properties). With notation as before, we have:
(1) The space H(0) is reduced to the constant functions, and for all k, we have

dimH(k) < dimH(k + 1) < dim H(k) + 1.
(2) For all k > 0, we have
k41— (d—1)(deg(g) — 1) < dimH(k) < k + 1,
and there exists v = 0 and kg, depending only on d and q, such that
dimH(k)=k+1—7v
for all k = ky. If v =0, then also kg = 0, and in any case one can take
ko= (d—1)(q—1).

In view of the definition of the degree, this follows from Lemma 4.25 applied with
(d,m) = (q,d) and the same arguments used in Proposition 4.24.

One can then follow the remainder of Bombieri’s construction, with the data denoted
(d,deg(g), q) there replaced by (¢,d,¢*), and the conclusion of Theorem 5.2 comes out.

REMARK 5.8. Since Bombieri’s original paper [1] gives a uniform proof of point-
counting estimates for arbitrary (non-singular) curves over finite fields, it is not surprising
that the versions we presented work also (almost) identically for the curves € of the
previous chapter and X in this section.

5.3. The L-functions associated to additive character sums

The last step is to construct a suitable L-function for additive character sums. This
requires more extensive changes to the framework of the previous chapter because, as
it turns out, one can not construct Dirichlet characters of F,[X]| to recover additive
exponential sums. One needs to extend slightly the objects to which L-functions are
attached.

To explain the construction, we may start using as motivation Proposition 4.7. This
gives an a priori description of the L-function from character sums, and suggests that,
given ¢ and g, we define

(53) 2(g.0:7) = exp (32 227

vz

where S, (g,) is given by (5.1). This expression makes sense in the ring C[[T]] of formal
power series. Then it is enough to prove the following to conclude successfully the proof
of Theorem 3.2:

PROPOSITION 5.9 (Rationality of L-function). Let F, be a finite field, ¢ a non-trivial
additive character of F, and g € F,[X] a non-constant polynomial of degree d such that
(d,q) = 1. The L-function Z(g,v;T) given by (5.3) is a polynomial in C[T| of degree
< (d-1).

A first step towards this result is to see that this L-function function Z(g,;T)

still retains one feature of those associated with Dirichlet characters: an Euler product
expansion over irreducible monic polynomials.
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LEMMA 5.10 (Euler product). Let F, be a finite field, ¢ a non-trivial additive charac-
ter of F, and g € F[X] a non-constant polynomial of degree d < q such that (d,q) = 1.

Then we have
Z(g,0;T) = [[ (1 = n(m)TE) !

™

where  runs over irreducible monic polynomials in F,[X]| and
1) = ¥(Tre ., (9(0)))
for any root a of ™ in F,.

Note that since n(7) depends only on the trace of the root «, it is independent of the
latter. Also, despite the similarity in notation with the previous chapter, we emphasize
again that 7 is not a Dirichlet character.

PRrOOF. This is roughly the proof of Proposition 4.7, run backwards. Indeed, we have

first
v
Tl T) =) Si(g.¢

v>1

On the other hand, we can rewrite the sum over z € F, defining S,(g,%) in terms
of the minimal polynomials 7, of those elements, and their roots:

Su(guw) = Z ¢(TrFql//Fq<g<x>))

z€F v
= 2 > U(Tre,m, g(@))
deg(m)|v zeF v

7r(x)—0

Y S Y (e o))

dlv deg(m)=d m(x)=0
_ Z d Z n l//d
dy deg(m)=d
by the definition of 1. Now, multiplying by 7" and summing over v > 1 leads to

Z/ Tdeg(ﬂ)
T Z deg(m (m) T35

which immediately implies the result. U

Formally, we can now write down the expansion of Z(g,;T') as a formal power series
in 7', from which we hope to deduce its polynomial nature: we extend the map n by
multiplicativity to all monic polynomials f € F,[X] by

n(x") =n()"  n(f-g)=n(fnlg),

Z(g, ;T Zn HTED =" e, (n)T

n=0

and we then have

where the sum runs over monic polynomlals f e F,X], and

cam) =Y nlf):

deg(f)=n
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The statement we need to prove to get Proposition 5.9 is that

cn(n) =0
for all n > d. Although this could be done more quickly than the way we will prove it, our
argument is constructed so that it is a specialization of much more general constructions
which are very important when looking at the further development of the theory.

In the previous chapter, this result was proved for a Dirichlet character by using
essentially its periodicity modulo some polynomial (see Proposition 4.5). To obtain a
similar property, we start by interpreting 1 as the restriction to (monic) polynomials of a
character of a certain group related to the group F,(X)* of non-zero rational functions.

Precisely, we define

P(Fq) = Fq(X)X/F¢1X>
where F is seen as the subgroup of constant functions. Any element in P(F,) can
be represented in a unique manner as a quotient f = fi/fo with f; non-zero monic
polynomials in F,[X] and f; coprime with f5. (Indeed, for unicity, a relation fi/fs = g1/92
implies f1g2 = fag1, hence fy divides ga, go divides fa, so that f, = ag, for some a € F,
and o = 1 since they are monic; similarly for f; = ¢;). In particular, as an abstract

group, we can write
P(F,) ~ @ nt
™

where 7 runs as usual over monic irreducible polynomials; here the direct sum notation
still corresponds to a product of powers of irreducible polynomials, but it expresses the
fact that there are only finitely many non-trivial factors in the decomposition of some
/e PF,).

Because of this relation, the group P(F,) has many characters. Indeed, for any family
¥ = (7)., indexed by irreducible polynomials, of elements of the unit circle St ¢ C*,
we can define a character

ng : P(F,) — C*

by mapping any generator 7 to e?~; hence we have

9 <H ﬂ_m(ﬂ)) _ H 6im(7r)97r'
Because there are no relations between the generators, these are all well-defined. We
then note that the map 7 defined above from the additive exponential sums S, (g, ) is
the restriction to monic polynomials of such a character, with

V= <¢ (Trquegw /Fq (gm“))))w'

We can associate a formal Euler product

L(ng, T) = [ [ (1 = no(m)To) = = [ ] (1 — &)~

to any character of P(F,). It is certainly not the case that all such Euler products can
be expressed as polynomials, even if the character is assumed non-trivial. This property
requires a (rare) special feature which expresses some kind of “global” correlation between
the various “local” components e, similar (but weaker) to the periodicity of Dirichlet
characters. This property is reflected by the kernel of 7y being of a certain shape.

In our case, this periodicity is given by the following lemma. Before stating it, we note
that we will extend the degree map from F,[X]| to P(F,) by additivity (i.e., deg(f1/f2) =
deg(f1) — deg(f2) for f; € F,[X]), and that we will denote by ordy(f) the order of
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f € F,(X)* at 0 (which is the multiplicity of 0 as a zero of f if f does not have a pole at
0, and is the opposite of the order of the pole otherwise), and by ord.(f) the opposite
of deg(f). The following properties are then easy to check, if not already known to the
reader:

ords f(X) = ordy f(X 1), ordeo (f + g) = min(ord (f), ord(g))
ordo(f1f2) = ordo(f1) + ordo(f2).

LEMMA 5.11 (Kernel of characters). Let F, be a finite field, 1 a non-trivial character
of F,, g € F,[X] a non-constant polynomial in ¥,[X]| of degree d, with g(0) = 0. Letn
be the character of P(F,) defined by

1(m) = 6 (Tep, 0 e, (9(0))

for any monic irreducible polynomial, where o is any root of w. Then we have:
(1) The kernel of n contains the element X € P(F,).
(2) The kernel of n contains the subgroup Ps(d + 1) defined by

Po(d+1)={f € P(F,) | ordee(X 4D f(X) — 1) > d +1}.
FEquivalently, Kern contains the subgroup Py(d + 1) defined by

Py(d+1) = {f € P(F,) | ordg(X%*W f( X1 —1)>d+1}.
(3) If (d,q) = 1, then n is a non-trivial character of P(F,).

PROOF. (1) Since X is irreducible, we have n(X) = ¢(g(0)) = ¢(0) = 1 by definition
and by the assumption g(0) = 0.

(2) We first check that P, (k) is indeed a subgroup of P(F,) for any integer k£ > 0:
this follows from the formulas

Ordoo(deeg(f)f _ 1) — Ordoo(deeg(f)f) + Ordoo(l _ Xdeg(f)f—l)
= Ordoo(Xdeg(f)f—l —-1),
and

o1 (X~ 4N i [y — 1) = ordg (X450 £y 1)

X def) p (X~ dealf) f, 1)>
= orde(hy + hs)
where ord(hy) > k if f1 € Py (k), while also
Ot (h2) = oro (X980 f, x (X~ 45tE) f, 1))
= orda (X982 £, 1) > &

if fo € Pyo(k).
Now to come back to the main point, let f € P(F,) be written f = fi/f; with
fi € F,[X] coprime monic polynomials. Then we have

XV £ (X)

— deg(f —
X o8 (X)) = X (X

and hence
B X—deslf) ) (X)) — X~ de8lf2) £, (X)

—deg(f) _
X f(X) 1 X*deg(f2)f2(X)
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Let n = deg(f1), m = deg(f2), and write
fi=X"+a, 1 X" '+ + a1 X + ay,
fo= X" 4 b, X 4+ 5 X+ by,

so that

X "fi=14a, 1 X "+ +acX ™,
XMy =14bp X'+ b X ™,

Note that ord. (X" fy) = 0 and therefore f € P, (d+ 1) if and only if

ordo (X 7"fi = X "fo) > d+ 1,

and by definition this happens if and only if the coefficients of 1, X~ X2 ..., X4 in
the difference X" f; — X ™™ f5 are all zero, namely when
(54) ap—1 = bm—la R bm—d =0,

with the convention a; = b, =0 if ¢ < 0.
With this in mind, we now observe that for a monic polynomial h € F,[X], we can
express concisely n(h) as follows: we have

n(r) =v( " gle),
h(0)=0

where « runs over all the roots of h, counted with multiplicity. Indeed, this is because
this expression is itself multiplicative with respect to h, and for h = 7 irreducible, we
have

Z g(OJ) = Trqueg(ﬂ)/Fq (g(aﬂ>>
w(a)=0

Now consider the map
F:hw— Z g(a).
h(a)=0

Since g € F,[X] is a fixed polynomial, this is obviously a symmetric function of the
roots of h, in fact a linear combination of the sums of k-th powers of the roots, for
1 < k < deg(g); there is no constant term because ¢g(0) = 0. Consequently, by the
theory of symmetric functions, F'(h) is also a polynomial in the deg(g) first elementary
symmetric functions of the roots, i.e., the functions

Z a, Z af, cee
« a7
which (up to signs) are, in terms of the coefficients of
h=>Y c(h)X",
i>0

simply the functions e; : b+ Caeg(n)—i(h), for 1 <i < deg(g). Hence the condition (5.4)
is in fact equivalent with F'(f;) = F(f2), in which case

n(f) =n(fon(f)" = »(F(fi) = F(f2)) = 1,

as claimed.
(3) We try construct a polynomial f where n(f) # 1 by taking

f=x'-4g
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for some 8 € F,. In that case, the roots are given by o = ap where ag is any root of
ad = B and £ runs over the d-th roots of unity in F,. Thus, we have

> o Ye
F(@)=0 gd=1
and this is zero for 1 < j < d — 1. Therefore, expanding ¢ is powers of X, we find
D> gla) =7 afg! = dpy,
Fl@)=0 gi=1
where v # 0 is the leading coefficient of g € F[X]. Such polynomials therefore satisfy

n(f) = ¥(dBy).

Now, since v is non-trivial, v # 0 and d is assumed to be coprime with ¢, we can
find § such that dfv is an element of F, with ¢(df7v) # 1, and this shows that 7 is
non-trivial. Il

EXAMPLE 5.12. It is quite easy to see how the argument above translates to explicit
expressions for the character associated to concrete polynomials. Consider for instance
g = X?+ aX where a € F,. For a monic polynomial i € F,[X], which we write as

h:Xn_i_aanfl +a2X”’2+a3X"73—|-~'+an—1X+an = H (X—Oé),
h(a)=0
we have the identities
Za: —aq, Za?’ = —a?—3a3+3a1a2,
and hence
n(h) = ¥(—a® — 3as + 3a,a; — aay).
Of course, although this expression is very concrete, it is not clear from a simple look

that it is multiplicative with respect to 7!

The situation is now quite favorable because we can see 7 as a character of the quotient
group modulo P, (d + 1):

n: PF¥, - PF,)/Po(d+1)— C*.

As one can expect, this quotient is finite. More precisely, analyzing it will quickly
lead to:

PROOF OF PROPOSITION 5.9. We denote by C'(d + 1) the quotient group
Cd+1)=P(F,)/Pu(d+1),

and identify n with a character of this group. First of all, we claim that this is a finite
group, and that any class ¢ € C(d+ 1) has a unique representative which is a monic poly-
nomial of degree d. Indeed, let ¢ be the class of f;/f, with f; coprime monic polynomials,
given by

fi= X" ain X" 4 a1 X A+ g,
and let

h=X"+b X7 4+ 4+ by 1 X + by

be a polynomial of degree d. Then the class of h is equal to c if and only if

ordoo<h—fQ—1> >d+1.

h
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As in the proof of Lemma 5.11, this translates exactly to equations expressing that

the d 4+ 1 coefficients of topmost degree of hf; and f; coincide, namely:
bi +azy = a1, byt az1bi +azo = a1,
bg + az1bg—1 + -+ azq_1b1 +asq = aiq

This linear system of equations (with unknowns the b;’s) has a solution, which shows
the existence of a representative as claimed. For unicity, note that two different monic
polynomials Ay, he of degree d can not have hy/hy € Py(d + 1), by the same argument
based on the proof of Lemma 5.11. (In particular, we see that C(d + 1) is a group of

order ¢?.)
Now let n > d be given, and let

deg(f)=n

be the coefficient of 7" in Z(g,v;T) (the sum ranging, of course, over monic polynomials

in F,[X]). We have
am= Y ne Y L

ceC(d+1) deg(f)=n
f=c(mod Pss (d+1))

If we consider the unique representative h of ¢ constructed above (of degree d, with
coefficients b;), the congruence f = h (mod Py (d + 1)) means that

f=X"+a X" 4+ + a1 X +an,
with
ap =0b1, ay=0by, -+, aq="0by.

Thus these coefficients are fixed (and can be fixed in this manner because n > d),
while all the other coefficients (namely aq41, ..., a,) can be freely chosen in F,. This
means that the inner sum is equal to ¢"~¢ for all ¢, and therefore

e =q"" > nle)=0
ceC(d+1)

since 7 is, for (d,q) = 1, a non-trivial character of the finite quotient group C(d + 1) by
Lemma 5.11, (3). O

EXAMPLE 5.13. Continuing the previous example, with ¢ = X3 4+ aX and
X"+ a X" P an 1 X +ay) = Y(—ad — 3as + 3aiay — aay),
where a € F is fixed, the computation boils down to
Z Zw —a? — 3az + 3ajay — aa;) =0
(a1,...,an)EFy

if n > 3, which is of course quite clear if 3 1 ¢, because the free summation over az can
be extracted and gives 0:

Z o Z¢(—a? — 3az + 3ajay — aay) =

(a‘lv"'van)qu
q" > Z Y(—ai + 3ajas — aay) Zw(—3a3) =0.
ay,a2€F, as
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REMARK 5.14. (1) More intrinsically, the group P(F,) should be seen as the group
of fractional ideals in the field F,(X). Because F,[X] is a principal ideal domain, such
ideals are all principal, and thus a fractional ideal corresponds to a non-zero element
f € Fg(X)*, modulo the group of units F (multiplying by units corresponds to the
different possible generators of a fractional ideal).

(2) We can also see Dirichlet characters as corresponding to certain characters of
certain subgroups of P(F,). This would allow (as in [18]) a more direct approach of both
types of sums simultaneously (including even, quite easily, mixed character sums, that
we will not discuss explicitly in this first part).

(3) As the two previous remarks suggest, an even better understanding of the situation
would involve the detailed study of Hecke Grossencharakters of all “global function fields”;
this would involve defining them as suitable characters of idele groups of finite extensions

of F (X).
5.4. Kloosterman sums in odd characteristic

Theorem 3.2 does not cover the important special case of estimating Kloosterman
sums (i.e., it does not imply the Weil bound, Theorem 10 of the introduction) because
the latter involves the rational function aX + bX ! in the additive character.
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CHAPTER 6

Heilbronn sums

6.1. Introduction

In the two previous chapters, we have proved important special cases of the Riemann
Hypothesis over finite fields for one-variable exponential sums. The results are best
possible in some sense (in particular, once the degree of the L-function, as a polynomial,
is known, as well as the fact that the inverse roots are Weil numbers of weight 1, one
can not improve on the estimate for the companion sums over extension fields F, as
v — +00). However, in applications, one may have to deal with exponential sums for
which the Riemann Hypothesis does not lead to any non-trivial result. A typical example

is given by the sums
k

Gr(a;p) = Ze(ﬂ), acF,

zeF, p

if k is not considered as fixed, but is allowed to vary with p. Indeed, if k& | p— 1, detecting
k-th powers in F, using multiplicative characters, one gets

So(5) - e(eer -0

z€F, yeF,
= e(%> > x(w)
yeF, xk=1
=y > x(y)6<%y>
xk=1yEF,
= > 70 ta)
o

where 1,(z) = e(azx/p) is a non-trivial additive character of F,; we have used the fact

that 7(1,7,) = 0. This expression is a sum of p-Weil numbers of weight 1; however, the
bound it leads to is

() < - ve

(which is also what the Riemann Hypothesis gives here), and if £ > /p, this is no better,
or even worse, than the trivial bound

Gutai) = |3 ()] <.

Even independently of potential applications (which certainly exist), it is natural to
take this as a challenge to our understanding of exponential sums. Is this trivial bound
really the best that can be done? If not, how could one improve it?
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In this chapter, we will consider another type of sum, which is however closely related,
and for which the same type of questions arise.

DEFINITION 6.1 (Heilbronn sum). Let p be a prime number and let a € F). The
Heilbronn sum H(a;p) is defined by

(6.1) H(a;p) = Z e(ap—wzp).

Note that this is not quite an exponential sum of the type we have considered up to
now, since the denominator p? is not a typo (if it were replaced by p, since 2z = x (mod p),
the sum would be —1). So a first remark is in order to justify the definition: the point is
that if n € Z is any lift of x € F;, we define

axP\  ran®
() =<(7)
and this is well-defined because if m = n + ap is any other integer reducing to x modulo
p, we have

o = (gt =4 (B a4

and this is congruent to n? modulo p?, so that

amP an®
(%) =e(5)
which shows that the sum is well-defined.
The only obvious bound for this sum is

|H(a;p)| <p— 1L

Can one do better? This question was raised by Heilbronn in the 1940’s, and only
recently was there some progress, due to Heath-Brown [8]. We will prove his result:

THEOREM 6.2 (Heath-Brown). We have
H(a;p) < p'/*

for all primes p and a € ¥, where the implied constant is absolute. In fact, more
precisely, we have

(6.2) |H (a;p)| < 4p™'/*2.

REMARK 6.3. This is not the best result currently known: by elaborating on Heath-
Brown’s ideas, Heath-Brown and Konyagin [9] have shown

H(a;p) < p"%,
and indeed they have also proved that
Grla;p) < min((kp)5/8’ k3/8p3/4)

2/3

using similar techniques, which is a non-trivial estimate as long as k < p*/°, whereas the

Riemann Hypothesis bound is only non-trivial for k& < p'/2.
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The methods involved are elementary and quite closely related to Stepanov’s method,
in its original form. The strategy is to reduce first to point-counting on some curve over
F,; the fact that the sum bears some similarity to the sums Gj(a;p) appears clearly
at this point, since the curve involved has large degree depending on p, so that the
point counting results deriving from the Riemann Hypothesis would only lead to a trivial
bound, once more. Then a variant of Stepanov’s method is shown to be applicable to the
point-counting problem.

6.2. Reduction to point counting

In this section, we show how to go from the problem of estimating Heilbronn sums to
that of counting solutions to (large degree) polynomial equations over F,. This is given
by the following proposition:

PROPOSITION 6.4. Let p be a prime number. Define the polynomial

2 -1
(6.3) LP:X+X7+~-+;(i1€FP[X],
and let

N.(F,) ={x€F,—-{0,1} | L(z) =r}.
forr e F,.

Then for any a € F )7, we have
[H(a;p)| < (p — D'+ N(F,)/*p**

where
N(Fp) = max [N,.(F,)l,

reF),
and the implied constant is absolute.

REMARK 6.5. It is important to note that although this estimate does not lead to any
direct upper-bound for the Heilbronn sums by itself, it remains “neutral”: if we input the
obvious bound |N,.(F,)| < p for all r, the right-hand side is of size p, which is the trivial
bound for Heilbronn sums. In other words this proposition has not led to any direct loss
for the estimate. Thus one may get a result from any non-trivial understanding of the
order of N,.(F,). This is the point-counting problem that will be dealt with in the next
section.

The second remark is that the polynomial involved, L,, is a truncated logarithm: we

have
2 )(n

1 X
1 <—>=X Ay
og - x + 5 + + - +

in the formal power-series ring Q[[X]], and L, is obtained by eliminating the terms of
degree > p — since X?/p does not make sense in F,[X], this is necessary. We will see
that, in quite a few places, this “transcendental” origin of the polynomial plays a crucial
role.

PROOF. The basic idea is quite similar to well-known techniques in the study of
exponential sums: one writes down |H (a;p)|* and tries to rearrange the double sum that
arises in terms of new variables.

We have o
)= Y oM,

2
p
x@EF?
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and we start by isolating the “diagonal” contribution where x = y, then for the remainder
we put

y=x—1t
where t € F, — {0, z}: we get

|H(a;p)?P=p—1+ Z Z

zeF) teF—{0,z}

x—t)))

p?

Then it seems natural to factor xP in the exponential; thus we write t = ux with
uweF,—{0,1}, and get

HapP=p-1+Y 3 (:vpl—(l—u)P))

2
zeF; veF—{0,1} p

We now expand the term 1 — (1 — u)? and reduce it modulo p?; this is similar to the
Taylor expansions often performed in the Weyl or van der Corput methods. We may of
course assume that p # 2, and thus we have

1— (1w = —zp:(—l)j@)uf

Jj=1

However, for 1 < j < p— 1, we can write

(p) _pp=1)--p—j+1)
p—1 p—2 p—(j-1)
1 2 j—1
= (~1)7'% (mod 7).

1
J

and consequently we get

p—1 7
1—(1—uP= up+pzu—. = u” + pL,(u) (mod p?).
J

j=1
This means that

\H (a;p)| _p_1+z Z <axpul’+pL())>_

2
e ueF—{0,1) b
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Now, note that if u # 0 in F,,, we have u?~! = 1 (mod p) and hence

u? uP ™! u2=P u
Lp(u):<u+—+"'—l- ):up<1p+ S )

2 p—1 2 p—1
1— -2
:up<_u p_up _..._u_1>
p—1 p-—2
= _upr(uil)

in F,, (which could be compared with the equation log(z™!) = —logz). This leads to the
new expression

(H(a;p)P=p-1+> > ( V1= pLy(u” >>>.

2
zeF ) ueF—{0,1} p

We are now naturally led to make the change of variable (v = u™!,y = ux) with

veF,—{0,1} and y € F*, and we obtain

HaplP=p-1+ Y 3 o 2Ll

yeF} veF—{0,1} p

TS DI SIS SHT 1—1”’”)

r€Fp veF,—{0,1} yeF*
Lp(v)=r

=p—1+ Y H(a(l—pr);p)|N,(Fp)l.

reFy,

This is the basic relation we need. Now, to obtain the proposition, we must separate
the Heilbronn sums H(a(1 — pr); p) from the point-counting values N,.(F,). For this, we
first note the obvious relation

(6.4) > IN(F) = [F, —{0,1}] =

rcFy,

and the mean-square estimate

Sl - = 3 3 e AT

reF, TEFp:cyeF
a(x? —y? —ar(z? —y?
:Ze(( 2y)>ze< ( y)>
x p p
z,yeF, reF,
=plp—1)

by orthogonality of characters and the fact that z” = y? implies x =y in F,,.
Then we apply Cauchy’s inequality to the second term of the expression we obtained
for |H (a;p)|?, to derive from these two facts the upper bound

> H@( = pr)p)NE)I| < S NE)E Y H a1 = pr)ip)?

reF, reF,

< p(p = 1)(p — 2) max N, (F, )|

This leads immediately to the proposition since Va2 + b* < a+b for any a, b > 0. 0O
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6.3. Point counting for Heilbronn sums

From the previous section, we see that Theorem 6.2 will follow from the next result.
The exponent of p is obtained by
12,3 1
43 4 12
and the more precise bound (6.2) comes from
|H(a;p)| < \/1_9‘1‘441/41711/12 < \/]_9+3p11/12 < 4ph/12
forall p > 2 and a € F;.

THEOREM 6.6 (Mit’kin; Heath-Brown). Let p be a prime number, and let
X? X1

L= X+ ...
=X o

€ FP[X]a

and let
N.(Fp) ={z € F, —{0,1} | Ly(z) =r}.
forr € F,. Then we have
N (F,)| < p*/?
where the implied constant is absolute. In fact, we have
(6.5) IN,(F,)| < 44p*/3.

Although this result was proved also by Heath-Brown in his paper [8], it turned out
that this point-counting result (but not its application to Heilbronn sums) had been
proved already by D.A. Mit’kin [17] just a few years before.

The proof is elementary, but delicate. To understand a bit why it is not unreasonable
to expect this to be true (or at least something similar), note that we have already seen
in (6.4) that the average of |N,.(F,)| is bounded (by 1). However, we are interested in
a bound on the maximal size, and in order for this to be also reasonably small, we may
look at the mean square of |N,.(F,)| (in fact, it is from this mean-square that we arrived
at the maximum). Expanding the square, we find that

dNEHP= Y > 1

reFy z,y€F,—{0,1} reFy,
Lp(z)=Lp(y)=r

= {(z,y) € (F, = {0,1})* | Ly(x) = Ly(y) }I-

This is therefore the number of points, with coordinates in F, — {0, 1}, of the curve

defined by the equation
Lp(X) = Lp(Y) =0

in the plane. There are of course p—2 solutions corresponding to diagonal pairs (z, x), but
for the remaining ones, the fact that the degree of the polynomial L,(X)— L,(Y") is large
(it is p — 1) means that even if we could apply directly the Riemann Hypothesis for the
number of solutions to this equation, we would only get a trivial estimate of size roughly
p°/? (the genus of the curve could be as large as p?). So the problem is quite similar to
what we described at the beginning of this chapter with the estimates of G(a; p).

Heath-Brown’s adaptation of the Stepanov method to deal with this problem is based
on the construction of an auxiliary polynomial ' € F,[A, B, C], in three variables A, B
and C, with the following properties:

(i) its degree with respect to each variable will not be “too large”;
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(ii) the associated specialized polynomial
G = F(X, X", L,(X)) € F,[X]

is non-zero, and is such that G vanishes to a fairly larger order > m for all z € N,.(F,),
ie., all z € F,—{0, 1} such that L,(z) = r (where r is fixed and F' may of course depend
on r).
It follows in that case that
deg(G) _ degy(F degp(F — 1) dego(F
|Nr(Fp)| < ei/(l ) < egA( )+p egB(n3+(p ) egC( )

(6.6)

Since a bound of size p is trivial, we see already that it will be imperative that m be
quite large (a positive power of p). However, we will also see that one must take m < p,
and this allows us to use usual derivatives (instead of Hasse derivatives) to detect zeros
of order > m:

LEMMA 6.7. Let K be a field of characteristic p >0, f € K[X]| a polynomial. Then,
if 0 <m < p, an element x € K s a zero of f of order > m if and only if

F(@) = F@) = = V() =0,
If x # 0,1, then x is a zero of f of order > m if and only if
fl@)=06f(x)=---=d0"""f(x) =0,

where J is the linear map

{K[X] — K[X]
f = X(1-X)f -

The example of f = X?, where 2 = 0 is a zero of order p but 9 (0) = 0 for all
j = 0 (because the p-th derivative is p! = 0), shows that this does not hold anymore for
order > p. Then one would have to appeal to Hasse derivatives (see the Appendix to
Chapter 4).

The main reason why the strategy above has a chance is the following obvious fact:
if x € N,.(F,), the auxiliary polynomial G evaluated at = satisfies

(6.7) G(z) = H(z)
where H is the polynomial H = F(X, X,r) € F,[X]. The point is that the degree of H
is much smaller than that of G: we have

deg(H) < degy(F) + degg(F).

This means, in particular, that it may well be that H = 0 (as a polynomial) even
when G # 0. And if that is the case, we have at least the starting case m = 1 of condition
(ii): the polynomial G then vanishes to order > 1 at all points of N,.(F,,). (This argument
is the analogue to Lemma 4.27 in Bombieri’s variant of the Stepanov method.)

To deal with cases where m > 1, we use the following lemma to generalize (6.7) to
derivatives of G. First of all, for convenience we denote by ® the F-linear specialization
giving the auxiliary polynomial G:

o { FP[AvBJC] — FP[X] .
F = F(XvXpaLP(X>>
]

LEMMA 6.8. Let p be a prime, L, € F,[X] as before. For F € F,[A, B,C] and
G=o(F)=F(X,X? L,(X)) € F,[X], we have
0G =X (1-X)G" =0(F)(X, X", L,(X)) = ®(OF),
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where O denotes the map
{ F,[A,B,C] — F,A B,C]

F i

PROOF. It is enough to check this for a monomial F = A*B’C*¢, by linearity. Even
better: it is a simple fact that either A = ® 00 or A = § o @, as F-linear maps

F,[A, B,C] — F,[X],

OF

satisfy the following version of Leibniz rule:
A(F1Fy) = ©(F)A(F) + ©(F)A(F)

for Iy, Fy € F,[A, B, C].

Using this rule, it follows immediately that the desired conclusion (namely, ® o 0 =
d o @) follows from its validity in the special cases F' = A, F'= B and F' = C.

We consider each of these in turn. For F' = A, we have G = ®(A) = X and

0G =X(1—-X)=o(0A),
and for F' = B, we have G = ®(B) = X? and
G =0=P(0B).
Finally,for F' = C, we have G = ®(C') = L,(X) and by definition (6.3), we get
X(1-X)&' = X(1 —X)(1+X+---+Xp—2>
— X — XP = ®(A— B) = d(C),
as expected. Il
REMARK 6.9. The identity
X(1—X)L)(X) = X — X”

should be compared with the standard formula

X(1— X)(log : _1X)' ~ X.

From this lemma, we see that for 7 > 0, we have
§G = (F)(X, X" L,(X)) € F,[X],
while for j > 0 and = € N,.(F,), we get
(6'G)(x) = Hj(x)
with
H; =(0"F)(X,X,r).

Consequently, if 0 < m < p and if F' € F,[A, B, C] has the property that the polyno-
mials H; defined in this manner satisfy

Hy=--+=Hy,_1=0

(as polynomials in F,[X]), then any z € N,(F,) is a zero of G = F(X, X?, L,(X)) of
order > m.
Now, counting unknowns and equations, we will quickly get:
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LEMMA 6.10 (Ensuring high order of vanishing). Let r € F,, be fized. If 0 < m < p
and a, b, ¢ > 1 are integers such that

(6.8) m(a+b+m—1) < abe,
then there exists a non-zero polynomial F' € F,[A, B, C] such that

deg,(F) <a, degg(F)<b, deg(F)<c,
and

F(X,X,r)=0F)(X,X,r)=---=(0"'"F)(X,X,r) =0,
and in particular such that each x € N,.(F,) is a zero of
G=F(X, X" L,(X))

of order > m.

This step is analogue to the use of the Riemann-Roch theorem to construct a function
f satisfying the relation (4.30) in Lemma 4.27. Note that this does not yet give the
existence of the desired auxiliary polynomials G: we must afterwards still ensure that
one can find a polynomial F' as above such that G # 0 € F,[X], and whether this is
possible is by no means clear! (In fact, this will be the trickiest part of the proof).

ProOF. Fix a, b, ¢ > 1, and let V(a,b, ¢) denote the F,-subspace of F,[A, B,C] of
polynomials F' such that

degs(F) < a, degp(F)<b, dego(F)<e,

and similarly let H(d) be the subspace of polynomials of degree < d in F,[X]. (These are
analogue to Riemann-Roch spaces). Note that dim V(a, b, ¢) = abc and dim H(d) = d.
We now observe that

deg4(OF) <a-+1, degg(OF) <b+1, deg-(0F) <c,

and hence, by immediate induction on j > 0, the map &’ is a linear map

V(a,b,c) 25 V(a+j,b+j,c).
On the other hand, the map
V:Fe H=FX,X,r)
sends V(a, b, c¢) to H(a + b), and hence we have linear maps
U, =Wod : V(a,b,c)— H(a+ b+ 2j).

In these terms, our goal is to show that, under the stated conditions on a, b and c,
there is a non-zero element in the kernel of the linear map T

V(a,b,c) — P Ha+b+2))

0<jsm—1

that sends F' to



By linear algebra, this is true as soon as

abc = dimV(a, b, ¢) > dim @ H(a+b+2j)
0<jsm—1
= > (a+b+2j)
0<jsm—1

=m(a+b+m—1),
which is exactly what we stated. O

Now for the last step, which shows that the auxiliary polynomial GG can also be taken
non-zero, under suitable assumptions — this is the analogue of Lemma 4.28. Note that,
up to this point, we have not used much information concerning the polynomial L,,.

LEMMA 6.11 (Injectivity of specialization). Let m < p and let a, b, ¢ > 1 be integers
such that

(6.9) ab < p.

Then, with notation as in the proof of the previous lemma, the restriction of ® given
by
o V(a,b,c) — F,[X]
F = F(X,X? L,(X))

18 1njective.

Before proving this last fact — which will be somewhat delicate —, we use it to finish
the proof of Theorem 6.6.

PROOF OF THEOREM 6.6. From our discussion (see, in particular, (6.6)), and the
combination of Lemmas 6.10 and 6.11, we see that, whenever m > 0 and a, b, ¢ > 1 are
integers for which

m<p
m(a+b+m—1) < abc
ab < p,

we have
NL(F,)| < a+pb+ (p 1)0’
m
and we need to optimize this to obtain the smallest bound possible.

As in the end of Section 4.3, we explain how to reach the values of m, a, b and ¢ that
we will select. First, note that we need to have m > b, m > c¢ to beat the trivial bound on
IN,.(F,)|. Now, in terms of order of magnitude, if m > a, the second condition roughly
becomes

m? < abe,

and since m should be as large as possible, this means that m should be about vabc;
moreover, to have this as large as possible, we should have ab as large as possible, i.e.,
about ab &~ p. Since we assume a < m, the upper-bound on |N,(F,)| is then

%\/ﬁ(%Jr\/E),
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and to minimize this one must take b = ¢, and b as small as possible, which means
m = y/pb as small as possible, under the constraint m > a. This is done when there is
equality, and so a, b and p are then related by relations

ab =~ p
Vpb = a,
which have solutions of size
o~ p2/3, b~ p1/3
from which we get the final guess

a~ p*? b~ pt/?, c=bxp

Y

leading to an upper bound of type
IN(Fp)| < /b = p*°,

It is easily checked, in a similar way, that assuming m < a leads to the same solutions
in terms of order of magnitude.
Now, to get exact constants as in (6.5), the following can be done: take

m=a=[p"?],  b=[p?],
and then check that, of course, m < p, ab < p, and that for
c=10p],
we have'
m(a+b+m—1) < abe
for all p > 2. The upper bound becomes

p'?] ']
|NT'(FP)| < 1+p|_p2/3J +10p|_p2/3J’
and one checks (wastefully) that
1/3 1/3
LP/J < 2,,2/3 (p/W <4p2/3

Py S P )
for all p > 2, which gives
IN(F,)| < 43p*3 4+ 1 < 44p*/?,

forp > 2 and r € F,,. O

And now for the final step: proving Lemma 6.11. The intuition is the following:
if ®(F) = 0 with F of “small” degree, this means that the truncated logarithm L,
satisfies (essentially) a polynomial equation, i.e., that it behaves like an algebraic function.
However, we know that, in Q[[X]], the element log(1/(1 — X)) is transcendental. So we
may expect that such relations are not possible.

Proor oF LEMMA 6.11. We first write F' as a polynomial in B with coefficients in
F,[A, C], which gives a formula of the type

O(F) =Y Fi(X, Ly(X))X".

I This is easier to do with a graphing software.
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Now we observe that if ®(F') = 0, there exists some j such that G; = F;(X, L,(X))
is non-zero but satisfies
v(Gj) = p
where v(+) denotes the order of vanishing of a polynomial at 0; indeed, if that is not the
case, the different terms F;(X, L,(X)) X"’ satisfy

v(F3(X, Ly(X))XP) = v(G;) + pj,

and hence they are all distinct as j varies; but then the order of vanishing at 0 of ®(F)
is the minimal among these v(G;) + pj, and in particular it is finite, which means that
O(F) #0.

Now we are going to prove the following fact:

Fact 1. Assume F € F,[A, C] is not identically zero and satisfies

degy(F) < a, deg(F) < c,
and ac < p. Then v(F (X, L,(X))) < p.

If we prove this, then obviously we are done. For the proof, we follow [22, §3], which is
shorter than Heath-Brown’s original argument. This proceeds by proving a more refined
statement, which is better suited to a clever induction argument. Thus we will show:

Fact 2. Assume F' € F,[A, C] is not zero and is of the form

F = ZFkC’“

k<c
where Fj, € F,[A] has degree deg, F) < ag, F.—1 # 0, and
a

agp = ayp 2+ 2 Qe—1-

Denoting
(6.10) d=ag+ -+ a1,
if d4+c¢—1 < p, we have v(F (X, L,(X))) <d+c— 1L

In the situation of Fact 1, we can take ay = a — 1 for 0 < k < ¢, so that d = (a — 1)¢,

and we have

d+c—1=ac—-1<p
by assumption, so we deduce that v(F (X, L,(X))) < d+c¢—1=ac—1 < p, as claimed.
So Fact 2 is indeed more general.

We will prove Fact 2 by induction on ¢ > 1; observing that for ¢ = 1, the result is
obvious (F is then in F,[A] so F/(X) vanishes to order < deg(F') < ag = d), we assume
that Fact 2 holds for ¢ replaced by ¢ — 1 or smaller integers, and we argue for a given
¢ > 2 by induction on the quantity d given by (6.10). If d = 0, F' is now in F,[C], and
the result follows from the fact that v(L,) =1 (i.e., 0 is a root of L, with multiplicity 1)
and I has degree < ¢ — 1.

Thus assume that d > 1 and Fact 2 is valid when ag + -+ 4+ a.—1 < d (and ag+ - - - +
ac—1+c—1 < p). We suppose that F' € F[A, C] is given as above with deg(F) =c—1
and

d:a0+---+ac,1,
and satisfies v(®(F)) = v(F (X, L,(X))) = ¢+ d. To make use of the induction assump-
tion, we want to consider the derivative of G = ®(F'); if we notice that the logarithm
log(1/(1 — X)) satisfies the very simple relation

(X = 1D(log(1/(1 = X)))" = -1,
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it is natural to consider H = (X — 1)G’. Indeed, we have
(X -1l =(X-1DA+X 4+ +XP?) =X""-1,

and hence for k > 1, we get

(X —1)(Lh) = kL M (XP~h —1).

This means in particular that
(X-1)G'= > (X -1FL— > kF.L™ (mod XP7")
0<k<e 1<k<e
= ®(H) (mod X*71)

where

H=3 ((A-1F - (k+1)F)Ct

0<k<c—1
— (X —1)F._,C' € F,[A,C).
Because v((X —1)G') 2 c+d—1and c+d—1 < p— 1, the congruence implies that
v(®(H)) 2 c+d—1.
Now we look at the coefficients of C* in H, trying to apply the induction to it; since
the a;’s are assumed to be non-increasing, we have
deg4((A—1)Fg — (k+ 1) Fis1) < ap
for 0 <k <c—1,and degy((A—1)F/_;) < ac—1. Thus the quantity d has not decreased
in H; however, if we consider instead
H=H- (deg Fe—1)F,

the coefficients of C* for k < ¢ — 1 are still of degree < a;, but the coefficient of C*7! is
now

(A=1DF._; — (deg Fe1) Fen
which has degree strictly smaller than F._;. Since we have
v(®(H)) > c4+d—1,
we can apply the induction argument to H, and because v(®(H)) > c+d— 1 contradicts
the conclusion, the only possibility is that H = 0. But this means, in particular, that
{(A — 1)L, — (deg Fu1)Fey =0
(A=1)F._ o —(degFr_1)F.o = —(c—1)F._;
The first relation implies that F,._; is of the form
F.1=a(A-1)
for some r = deg(F._1) > 0 and o # 0. Now we look at the terms of highest degree in
the second relation; writing
Fog=pBA +---, s = deg(Fe_2),

we find

(A - 1)Fc/—2 - (deg Fcfl)FcfQ = ﬁ(S - T)AS T
and this means that the second relation implies first s = r, and then the coefficient of
A% = A" must vanish, i.e., we must have

—(c—1)a =0,
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which is not possible since 2 < ¢ < p. This shows that ' # 0 can not exist, and finishes
the induction. U
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