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The problem

e Characteristic polynomial of a matrix in the CUE:

N
N(z) = det(lz — U) = Z azN k.
k=0

What can we say about the distributions of the roots of
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Define A := (1 —|Z/|)N.

@ Does the limit distribution Q(\) = limy_.oo Q(A; N) exist?
® What does Q(\) look like?
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What happens in between?

Question to answer

Zeros of N'(z), N =100
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e The local correlations the zeros of ((1/2 + it) for large t
are the same as those of eigenvalues of matrices in the
Motivations C UE.

e The local statistical properties of ((1/2 4+ it) as t — o
are accurately modelled by A(z).

Theorem (Speiser 1934)

The Riemann hypothesis is equivalent to the statement that

¢'(s) has no zeros to the left of the critical line Re(s) = 3.
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Why the Riemann-Hilbert Problem (RHP)?

There is a close connection between the RHP and
integrable operators.

This is the kernel of an integrable operator:

K(x.y) = SWX—)W)

m(x—y

The Christoffel-Darboux formula is another one:

PJ (y

Y ol

j=0

P_/apj)

_c pn(x)pn-1(y) — Pn—1(x)Pn(Y)
N Xy :
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e Toeplitz operators are integrable.

e Let ¢(z) be analytic in some annulus
M,={z:p<|z|<p™? 0<p<l1}

and consider

Tn-1= {‘ijk}ogj,kg/\/_l :

e Tpn_1 induces a map on the space of trigonometric
polynomials 7y_1 : Py_1 — Pn_1 defined by

N—1
TN_1Zk = Zcpj_kzj, zE Sl, 0<k<N-1.
j=0
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e Then

Dy_1 =det(Ty_1) = det(l — Ky_1).
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e Let X be an oriented contour in C. An operator on
L?(%, |dz|) is called integrable if its kernel is of the form

i () (7)

z—Z

K(z,Z) =

e The action of K on L?(%,|dz]|) is

k
[Kh|(z) = =i > fi(z)[Hhgj](2), z €%,

where H is the Cauchy Principal Value Operator

[HF)(2) = lim — f(z)

: /
e—0 7/ {Z/€X, |z—2'|>€} zZ—Z

dz.
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The Riemann-Hilbert approach

e The resolvent R is an integrable operator too:

K (2)Gi(Z
o) = S AAG)

where

It is a remarkable fact that the functions F; and G; can
be computed in terms of the solution of a Riemann-Hilbert
Matrix Factorization Problem.
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e v(z) is called jump matrix.

Recipe to compute the resolvent R:

B @ Let f =(f,...,f) and g = (g1,...,8k)". Construct the
Hilbert following jump matrix:

approach
27
= (— ) g,
i (1+i7f<g,f>> ¢

® Find the solution (if it exists) of the RHP (X, v).
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©® We have

=(F,....F) = (17 (g, ) Myf.

F
G=(Gr,...,G) = (17 (g 1) " (M) "e

O Insert F and G into the formula

k (z 'Z/
Re.z) - S ARG

)
z—Z

The Riemann-Hilbert approach is particularly powerful
when the integrable operator K depends on one or more

asymptotic parameters and singularities need to be han-
dled.
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Theorem (Deift 1999)
Let ; be the symbol of a Toeplitz determinant Dy_1, then

dlogDy-1 B 71% - / .
cee [ > AOG0%

(Fea, Fea) = MO, 1)T
(Gea i) = T2 ((M)T) (@) (¢M-1)

where M; (C) is the boundary value from the left of the
solution of the RHP

(A1 N
m Q) =mo) (e TG0 ces

MH(C) =1+ 0(¢Th), ¢ —o0
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1™,
L))

rn={icl=1-n"3},
M3={[{l=p,p<1,p=0(1)},
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The previous RHP becomes

93

M) = ME (e 7

N
meoQ =) (5 ) e

— o hyeN\  _es
M(l,t)(g) _ Mt(C) (g-) (1 (plt )C >‘Pt 2

ICl<p

between '3 and '{
between I'; and S*
between S and I,

between > and 4

(| >pt
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Then M(18)(() satisfies the jump conditions

N

(C) = <é 7 ) cl=p
N

Q) = <(1) Cl ) el

v(¢) = <C1N (1)> el

v“)(o:( ey 1) ¢l =p"

M1:t) has singularities at z = (1 — %

o

MED(Q) = (MM +0(C—2)g T (=2

MEIQ) = (MED +0(C~ 2 V)pd (-2

1
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TN

P

Dr={¢:lc-1 <N}
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Outside Dy, v — | as N — co. Thus, MO () — 1.
We need to solve the RHP exactly in Dy, then match it
with the approximate solution outside.
The substitution

&= Nlog(
maps D; to C.
The RHP inside D; is mapped into
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3
ME9(e) = ME9 () (3 i) gen

uEI =m0 (1 ) eer

MEOE) = (€. + 0l - e o o)
§—(})

i + o3

MBI = (C_+ Ofe + (e T o)
§— —n(A)
MBI = (1+0(6™) & — oo,

where yy(A\) = Nlog (1 — %) and 3, u are related to the
parameters in ¢! and 2.
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e The solution of the original RHP is

I+ O(N"2) ¢eC\ Dy

(LE)(¢) =
M) = {(/+0(/\/—§)) MEH(() ¢ € Dy.

e The Toeplitz determinant Dy_; in terms of M(2:1t)

becomes

) 1
R A dlo
log Dy—1 = Nijo + Z kijih—i + / / dg:pt (£)
pary o Jir

X tr ((M(Zt)(g)) - (M(Zt)(g))t (elf _1e£>> dédt

+O(N~3)
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Y(€) =AY (& )
3 _
(€~ mx) w Z; (€ +w(x) 2

Lﬂﬁﬂema”"' where the AI—-’—S and A;’s are complicated functions of the
approach parameters in the symbols ¢! and 2.

e This equation has three multiple poles at +7yy(x) and oc.
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Szegd's theorem does not apply because of essential
singularities in the symbols.

The RHP problem needs to be solved exactly in a
neighbourhood of these points and matched with the
approximate solution outside.

Similar techniques as in the study of the double-scaling
limit of RMT but with a more complicated singularity
structure (three essential singularities)

Isomonodromic problem with three multiple poles
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