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MO TIVATION:

To use random matrix theory to study the dis-
tribution of rank amongst families of elliptic
curves

% University of
BRISTOL




=lliptic curve L-functions:

eg.
Eq1: y2 = 4> — 42° — 40x — 79
L-function:
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Conjecture (Conrey, Keating, Rubinstein, Snaith):

Let E be an elliptic curve defined over Q. Then
there is a constant cg > 0 such that

Y 1 ~ cpT3/*(log T)~>/8
p<T

Lp(1/2,xp)=0

LE(SaXp)EfE_F

Conjecture (Birch and Swinnerton-Dyer):

Lg(1/2,x4) = 0 if and only if E; has infinitely
many rational points (ie. rank greater than
Zero)
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Figure 3: First normalized zero above the central point:
750 rank 0 curves from y* + a1zy + asy = x> + asx? + a4x + ag.
log(cond) € [3.2,12.6], median = 1.00 mean = 1.04,
standard deviation about the mean = .32

From: Miller SJ, Investigations of zeros near the central point of elliptic curve L-functions % University of
EXPERIMENTAL MATHEMATICS 15(3):257-279 2006 BRISTOL
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Figure 4: First normalized zero above the central point:
750 rank 0 curves trom -y2 + a1xy + agy = 3+ aox® + aux + ag,
log(cond) € [12.6,14.9|, median = .85, mean = .88,
standard deviation about the mean = .27

From: Miller SJ, Investigations of zeros near the central point of elliptic curve L-functions % University of
EXPERIMENTAL MATHEMATICS 15(3):257-279 2006 BRISTOL




SO(2N)

Orthogonal 2N x2N matrices with determinant
—+1:

he eigenvalues come in complex conjugate
pairs 67:91, e_wl, ew?, e_w?, . eiGN,e_ieN.
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Figure lc¢: First normalized eigenangle above 1:
N — oo scaling limit of SO(2/V): Mean = .321.
From: Miller SJ, Investigations of zeros near the central point of elliptic curve L-functions

EXPERIMENTAL MATHEMATICS 15(3):257-279 2006 = 74 University of

5l BRISTOL
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Figure la: First normalized eigenangle above 1: 23,040 SO(4) matrices
Mean = .709. Standard Deviation about the Mean = .601, Median = .709

From: Miller SJ, Investigations of zeros near the central point of elliptic curve L-functions
EXPERIMENTAL MATHEMATICS 15(3):257-279 2006
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Figure 1b: First normalized eigenangle above 1: 23,040 SO(6) matrices
Mean = .635, Standard Deviation about the Mean = .574, Median = .635

From: Miller SJ, Investigations of zeros near the central point of elliptic curve L-functions
EXPERIMENTAL MATHEMATICS 15(3):257-279 2006
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Inspired by random matrix theory:

Ratios Conjecture: Conrey, Farmer, Zirn-
bauer

For the Riemann zeta function:

/TH 1<(1/2 it + ay) Hg K+1C(1/2—zt—0¢5)
TJo i c(1/24 it + ) Ty C(1/2 — it + &)

For families of L-functions

ZLf(l/Q ay) - Lp(1/2 4 ay)
fer Li(1/2+m1) - Lp(1/2 + )




One-level density:

S1(9) = > > 9(ps)

feF Pf
RN A
_f%;__Qwi;ALf(s)g(@ds

JF a family of L-functions
Lf an L-function from the family
pr a zero of Ly Dniveioy of
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mS1(g) = %/_O:O g(t) Z (2 l0g (\/M|d|>

d <X 2T

I—/ I—/
+=(1/2 4 it) + =(1/2 - it)
/ /
+2| — (14 24t) + @(symz, 1+ 26it) + A}(z’t, it)
G LEg

— 21t
_<\/Z|d|> Ap(—it, it)

M(1/2 —it) ¢(1 4 2it) Ly(sym?2, 1 — 2it) "
“T(1/2 + it) La(sym2, 1) ]

+O(x /21
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One level density of even twists of J, o) with 0<d<40 000

(dashed) versus numerical data (solid)



18 i -

1.6 | -

.ﬂ

1
g .f\_---\h / i .er """-J -j
% o | ! F
AVAVA Vo ~ Y/
v ‘. l

04k ¥ |

02 : 1 1 1 1

One level density for conductors up to 40 000 compared & .% University of
d P P 3 BRISTOL
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d|<X n
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2| — 201520 L—E(sme, 14 2it) + Al (it, it)
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— 21t
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al51(9) = %/_O; g(t) ). <2Iog (x/ﬁld|>

d] <X 27
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"theory 300T May2008.tt" —
"data300T_binsize0_02.txt" -------
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One level density for quadratic twists of E11for E‘ﬁ‘i‘fsriii‘foﬂi

0<d<300000 (solid:ratios conjecture, dashed:numerical)
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Density of the first zero for quadratic twists of E11for E‘ﬁ‘i‘fsriii‘?’o*“{

0<d<300000 (41660 zeros)



L-values discretised

cp(|d|)?

Lg(1/2,x4) = kg T

(Waldspurger,Shimura,Kohnen-Zagier)
where the cg(|d|) are integers; the fourier coefficients
of a half-integral weight form.

So, if
RE
< _

LE(1/27XCZ) \/a

then
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Hypothesis:

Discretisation causes apparent repulsion from the

symmetry point of the zeros?
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One level density for random SO(2N) matrices, N=10 (solid:exact

curve for full group, red: numerics from 100000 randomly B University of

generated matrices with characteristic polynomial > 3 exp(—N/Z@ BRISTOL
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Joint Probability Density SO(2N) eigenvalues

const cosO, — cos0:)% dfy ---dOn
j

1<j<k<N

Joint Probability Density for matrices in SO(2N + n)

constrained to have n eigenvalues at 1 and
2N eigenvalues elsewhere

N
const H(l —cos ;)" H (cos By, — cosB;)° dby - - - dfn
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n=0 n=1
1 i}
1 2 3 4 = 1 2 3 4 5
0 2
n=2 n=3
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To model repulsion from the symmetry point:

N
const || (1 — cos Hj)a(N) ][] (cosé—cos Qj)z dfy---dfn
j=1 1<j<k<N

where a(N) — 0 as N — oo
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The value distribution of Lz,,(1/2,x4) for prime

|d|, -788299808<d<0, even functional

equation, compared to the value distribution EEEST*YO“{
of characteristic polynomials from SO(40)
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