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Chapter 1

Riemannian manifolds

1.1 Riemannian metrics and distance functions

In the following, 𝑀 will always denote an 𝑚-dimensional smooth manifold, that is,
a differentiable manifold of class 𝐶∞. The tangent and cotangent bundles of 𝑀 are
denoted by 𝑇𝑀 and 𝑇𝑀∗, respectively, the vector spaces of 𝐶∞ sections by Γ(𝑇𝑀)
(vector fields) and Γ(𝑇𝑀∗) (1-forms). For integers 𝑟, 𝑠 ≥ 0,

𝑇𝑟 ,𝑠𝑀 = 𝑇𝑀 ⊗ . . . ⊗ 𝑇𝑀︸               ︷︷               ︸
𝑟

⊗𝑇𝑀∗ ⊗ . . . ⊗ 𝑇𝑀∗︸                 ︷︷                 ︸
𝑠

denotes the (𝑟, 𝑠)-tensor bundle of 𝑀; thus 𝑇1,0𝑀 = 𝑇𝑀 , 𝑇0,1𝑀 = 𝑇𝑀∗, and, by
convention, 𝑇0,0𝑀 = 𝐶∞(𝑀). For 𝑝 ∈ 𝑀 , the fiber

𝑇𝑟 ,𝑠𝑀𝑝 = 𝑇𝑀𝑝 ⊗ . . . ⊗ 𝑇𝑀𝑝 ⊗ 𝑇𝑀∗
𝑝 ⊗ . . . ⊗ 𝑇𝑀∗

𝑝

will be identified with the vector space of multilinear functions

𝑇𝑀∗
𝑝 × . . . × 𝑇𝑀∗

𝑝︸                  ︷︷                  ︸
𝑟

×𝑇𝑀𝑝 × . . . × 𝑇𝑀𝑝︸                  ︷︷                  ︸
𝑠

→ R.

With this identification, an (𝑟, 𝑠)-tensor field 𝑇 ∈ Γ(𝑇𝑟 ,𝑠𝑀) corresponds to an
R-multilinear map

𝑇 : (Γ(𝑇𝑀∗))𝑟 × (Γ(𝑇𝑀))𝑠 → 𝐶∞(𝑀)

that is 𝐶∞(𝑀)-homogeneous in every argument. A (1, 𝑠)-tensor field 𝑇 is often
viewed as the 𝑠-linear map (Γ(𝑇𝑀))𝑠 → Γ(𝑇𝑀), denoted again by 𝑇 , such that
𝑇 (𝜃,𝑉1, . . . , 𝑉𝑠) = 𝜃 (𝑇 (𝑉1, . . . , 𝑉𝑠)) for all 𝜃 ∈ Γ(𝑇𝑀∗) and 𝑉1, . . . , 𝑉𝑠 ∈ Γ(𝑇𝑀).

Definition 1.1 A Riemannian metric 𝑔 on 𝑀 is a (0, 2)-tensor field (that is, 𝑔 ∈
Γ(𝑇0,2𝑀)) such that for all 𝑝 ∈ 𝑀 ,

𝑔𝑝 : 𝑇𝑀𝑝 × 𝑇𝑀𝑝 → R

1



2 Chapter 1 Riemannian manifolds

is an inner product (a positive definite symmetric bilinear form). The pair (𝑀, 𝑔)
is called a Riemannian manifold.

For any chart 𝜙 : 𝑈 → 𝜙(𝑈) ⊂ R𝑚 of 𝑀 , the restriction of 𝑔 to 𝑈 has a
representation of the form

𝑔 |𝑈 =

𝑚∑︁
𝑖, 𝑗=1

𝑔𝑖 𝑗 𝑑𝜙
𝑖 ⊗ 𝑑𝜙 𝑗 ,

where (𝑑𝜙𝑖 ⊗ 𝑑𝜙 𝑗) (𝑋,𝑌 ) = 𝑑𝜙𝑖 (𝑋)𝑑𝜙 𝑗 (𝑌 ) = 𝑋 (𝜙𝑖)𝑌 (𝜙 𝑗) for 𝑋,𝑌 ∈ Γ(𝑇𝑈). Note
that 𝑔𝑖 𝑗 = 𝑔

(
𝜕

𝜕𝜙𝑖 ,
𝜕

𝜕𝜙 𝑗

)
= 𝑔 𝑗𝑖 ∈ 𝐶∞(𝑈).

It is customary to just write ⟨ · , · ⟩ in place of 𝑔.

Remark 1.2 On every smooth manifold 𝑀 there exists a Riemannian metric 𝑔.
This can be shown by means of a partition of unity (exercise).

If (𝑀̄, 𝑔̄) is a Riemannian manifold and 𝐹 : 𝑀 → 𝑀̄ is an immersion of another
smooth manifold 𝑀 , then

(𝐹∗𝑔̄)𝑝 (𝑣, 𝑤) := 𝑔̄𝐹 (𝑝) (𝐹∗𝑣, 𝐹∗𝑤) = 𝑔̄𝐹 (𝑝) (𝑑𝐹𝑝 (𝑣), 𝑑𝐹𝑝 (𝑤))

𝑣, 𝑤 ∈ 𝑇𝑀𝑝, defines the pull-back metric 𝐹∗𝑔̄ on 𝑀 .

Definition 1.3 Two Riemannian manifolds (𝑀, 𝑔) and (𝑀̄, 𝑔̄) are called isometric
if there exists a diffeomorphism 𝐹 : 𝑀 → 𝑀̄ such that 𝐹∗𝑔̄ = 𝑔; then 𝐹 is called an
isometry from (𝑀, 𝑔) to (𝑀̄, 𝑔̄). A smooth map 𝐹 : 𝑀 → 𝑀̄ is called an isometric
immersion if 𝐹∗𝑔̄ = 𝑔. If, in addition, 𝐹 is an embedding, then 𝐹 is called an
isometric embedding.

By the famous Nash embedding theorem [Na1956], every 𝐶∞ Riemannian
manifold (𝑀, 𝑔) of dimension 𝑚 admits an isometric 𝐶∞ embedding into the
Euclidean space (R𝑛, ⟨ · , · ⟩eucl) for some 𝑛 = 𝑛(𝑚) (a quadratic polynomial in 𝑚).
The (much more flexible) 𝐶1 case was considered earlier by Nash [Na1954] and
Kuiper [Ku1955].

We now prove that a connected Riemannian manifold is, in a natural way, also
a metric space.

Theorem 1.4 (distance function) Let (𝑀, 𝑔) be a connected Riemannian mani-
fold. For every pair of points 𝑝, 𝑞 ∈ 𝑀 , define 𝑑 (𝑝, 𝑞) as the infimum of 𝐿 (𝑐) taken
over all piecewise 𝐶1 curves 𝑐 : [𝑎, 𝑏] → 𝑀 from 𝑝 to 𝑞, that is, with 𝑐(𝑎) = 𝑝 and
𝑐(𝑏) = 𝑞. This yields a distance function (metric) on 𝑀 , and the topology induced
by 𝑑 agrees with the given topology of 𝑀 .

For non-connected Riemannian manifolds, the result still holds, except that
𝑑 (𝑝, 𝑞) = ∞ for points in distinct connected components.
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Proof : Since 𝑀 is connected, any two points in 𝑀 can be joined by a piecewise 𝐶1

curve 𝑐 : [𝑎, 𝑏] → 𝑀 , and any such curve has finite length. Hence 𝑑 is finite, and
clearly 𝑑 ≥ 0, 𝑑 (𝑝, 𝑝) = 0, 𝑑 (𝑝, 𝑞) = 𝑑 (𝑞, 𝑝), and 𝑑 (𝑝, 𝑞) ≤ 𝑑 (𝑝, 𝑝′) + 𝑑 (𝑝′, 𝑞)
for all 𝑝, 𝑝′, 𝑞 ∈ 𝑀 . To show that 𝑑 is a metric, it remains to check that 𝑑 (𝑝, 𝑞) > 0
if 𝑝 ≠ 𝑞. Given such 𝑝 and 𝑞, let (𝜙,𝑈) be a chart of 𝑀 with 𝑝 ∈ 𝑈 and 𝜙(𝑝) = 0.
Let 𝜖 > 0 be such that the ball 𝐵𝜖 := {𝑥 ∈ R𝑚 : |𝑥 |eucl ≤ 𝜖} is contained in 𝜙(𝑈),
and consider the compact set 𝐾 := 𝜙−1(𝐵𝜖 ). Since 𝑀 is Hausdorff, 𝐾 is closed in
𝑀 , and we can fix 𝜖 > 0 so that 𝑞 ∉ 𝜙−1(𝐵𝜖 ), where 𝐵𝜖 is the open ball. Let now
𝑐 : [𝑎, 𝑏] → 𝑀 be a piecewise 𝐶1 curve from 𝑝 to 𝑞, and put

𝑠 := sup{𝑡 ∈ [𝑎, 𝑏] : 𝑐( [𝑎, 𝑡]) ⊂ 𝐾}.

Then 𝑐( [𝑎, 𝑠]) ⊂ 𝐾 since 𝐾 is closed, and 𝑐(𝑠) ∉ 𝜙−1(𝐵𝜖 ). Hence, 𝑐 := 𝜙 ◦ 𝑐 | [𝑎,𝑠]
is a piecewise 𝐶1 curve in 𝐵𝜖 connecting 0 to a boundary point of 𝐵𝜖 . Put
𝑔̄ := (𝜙−1)∗𝑔 on 𝜙(𝑈). Since 𝐵𝜖 is compact, there exists a constant 𝜆 > 0 such that
|𝑣 |𝑔̄𝑥

≥ 𝜆 |𝑣 |eucl for all 𝑣 ∈ R𝑚 and 𝑥 ∈ 𝐵𝜖 . Now

𝐿 (𝑐) ≥ 𝐿 (𝑐 | [𝑎,𝑠]) = 𝐿𝑔̄ (𝑐) ≥ 𝜆 𝐿eucl(𝑐) ≥ 𝜆𝜖,

independently of the choice of 𝑐, thus 𝑑 (𝑝, 𝑞) ≥ 𝜆𝜖 > 0.
The same argument shows that if 𝑝 ∈ 𝑀 , (𝜙,𝑈) is a chart with 𝜙(𝑝) = 0, and

𝜖 > 0 is such that 𝐵𝜖 ⊂ 𝜙(𝑈), then there exists a 𝛿 > 0 such that

𝐵(𝑝, 𝛿) := {𝑝′ ∈ 𝑀 : 𝑑 (𝑝, 𝑝′) < 𝛿} ⊂ 𝜙−1(𝐵𝜖 ).

Furthermore, there is a constant 𝛿′ ∈ (0, 𝜖] such that the line segment from 0 to any
point in 𝐵𝛿′ has length < 𝜖 with respect to 𝑔̄ = (𝜙−1)∗𝑔, thus

𝜙−1(𝐵𝛿′) ⊂ 𝐵(𝑝, 𝜖).

These inclusions show that the two topologies agree. □

1.2 The Levi-Civita connection

Definition 1.5 Let 𝑀 be a smooth 𝑚-dimensional manifold. A connection ∇ on
𝑇𝑀 is anR-bilinear map∇ : Γ(𝑇𝑀)×Γ(𝑇𝑀) → Γ(𝑇𝑀), where∇(𝑋,𝑌 ) is written
as ∇𝑋𝑌 , with the following properties:

(1) ∇ 𝑓 𝑋𝑌 = 𝑓∇𝑋𝑌 ,

(2) ∇𝑋 ( 𝑓𝑌 ) = 𝑋 ( 𝑓 )𝑌 + 𝑓∇𝑋𝑌 ,

for all 𝑋,𝑌 ∈ Γ(𝑇𝑀) and 𝑓 ∈ 𝐶∞(𝑀).
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Thus, a connection∇ is𝐶∞(𝑀)-homogeneous (“tensorial”) in the first argument
and satisfies a product derivation rule in the second. For a given vector field
𝑌 ∈ Γ(𝑇𝑀), the map ∇. 𝑌 : Γ(𝑇𝑀) → Γ(𝑇𝑀) defines a (1, 1)-tensor field, thus
(∇𝑋𝑌 )𝑝 depends only on 𝑋𝑝. On the other hand, if 𝑋 is fixed, (∇𝑋𝑌 )𝑝 depends only
on the restriction of 𝑌 to a neighborhood 𝑈 of 𝑝. For this, it suffices to check that
(∇𝑋𝑌 )𝑝 = 0 if 𝑌 |𝑈 ≡ 0. Choose 𝑓 ∈ 𝐶∞(𝑀) such that 𝑓 (𝑝) = 0 and 𝑓 |𝑀\𝑈 ≡ 1.
Then 𝑌 = 𝑓𝑌 , hence ∇𝑋𝑌 = 𝑋 ( 𝑓 )𝑌 + 𝑓∇𝑋𝑌 by (2). Since 𝑌𝑝 = 0 and 𝑓 (𝑝) = 0,
this shows that (∇𝑋𝑌 )𝑝 = 0. In particular, for every open set 𝑈 ⊂ 𝑀 there is a
well-defined induced connection on 𝑇𝑈, still denoted by ∇, such that

∇𝑋 |𝑈 (𝑌 |𝑈) = (∇𝑋𝑌 ) |𝑈

for all 𝑋,𝑌 ∈ Γ(𝑇𝑀). In fact, more is true, see Remark 1.7 below.
We now consider the representation of a connection ∇ in local coordinates

or, more generally, with respect to a moving frame (𝐴1, . . . , 𝐴𝑚) on an open set
𝑈 ⊂ 𝑀 . This means that 𝐴𝑖 ∈ Γ(𝑇𝑈) for all 𝑖 and (𝐴1 |𝑝, . . . , 𝐴𝑚 |𝑝) is a basis of
𝑇𝑀𝑝 for all 𝑝 ∈ 𝑈. (For example, 𝐴𝑖 = 𝜕

𝜕𝜙𝑖 for a chart (𝜙,𝑈).) The Christoffel
symbols of ∇ with respect to (𝐴1, . . . , 𝐴𝑚) are defined by

∇𝐴𝑖
𝐴 𝑗 =

𝑚∑︁
𝑘=1

Γ𝑘
𝑖 𝑗𝐴𝑘 ,

where Γ𝑘
𝑖 𝑗
∈ 𝐶∞(𝑈) for all 𝑖, 𝑗 , 𝑘 ∈ {1, . . . , 𝑚}.

Lemma 1.6 For vector fields 𝑋 =
∑𝑚

𝑖=1 𝑋
𝑖𝐴𝑖 and 𝑌 =

∑𝑚
𝑗=1𝑌

𝑗𝐴 𝑗 on𝑈,

∇𝑋𝑌 =

𝑚∑︁
𝑘=1

(
𝑋 (𝑌 𝑘) +

𝑚∑︁
𝑖, 𝑗=1

𝑋 𝑖𝑌 𝑗Γ𝑘
𝑖 𝑗

)
𝐴𝑘 .

Proof : By property (2) in Definition 1.5,

∇𝑋𝑌 =

𝑚∑︁
𝑗=1

∇𝑋 (𝑌 𝑗𝐴 𝑗) =
𝑚∑︁
𝑗=1

(
𝑋 (𝑌 𝑗)𝐴 𝑗 + 𝑌 𝑗 ∇𝑋𝐴 𝑗

)
.

Furthermore, by property (1) and the definition of the Christoffel symbols,

∇𝑋𝐴 𝑗 =

𝑚∑︁
𝑖=1

∇𝑋𝑖𝐴𝑖
𝐴 𝑗 =

𝑚∑︁
𝑖=1

𝑋 𝑖 ∇𝐴𝑖
𝐴 𝑗 =

𝑚∑︁
𝑖,𝑘=1

𝑋 𝑖Γ𝑘
𝑖 𝑗𝐴𝑘 .

Combining these identities we obtain the result. □

This can also be written as follows. Let (𝛼1, . . . , 𝛼𝑚) be the coframe field dual
to (𝐴1, . . . , 𝐴𝑚), that is, 𝛼 𝑗 ∈ Γ(𝑇𝑈∗) and 𝛼 𝑗 (𝐴𝑖) = 𝛿𝑖𝑗 for all 𝑖, 𝑗 ∈ {1, . . . , 𝑚}.
(For example, 𝐴𝑖 = 𝜕

𝜕𝜙𝑖 and 𝛼 𝑗 = 𝜕𝜙 𝑗 .) The 1-forms

𝜔𝑘
𝑗 :=

𝑚∑︁
𝑖=1

Γ𝑘
𝑖 𝑗𝛼

𝑖
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for 𝑗 , 𝑘 ∈ {1, . . . , 𝑚} are called connection forms of ∇ with respect to the given
frame field (𝐴1, . . . , 𝐴𝑚). For 𝑋 and 𝑌 as above, 𝛼𝑖 (𝑋) = 𝑋 𝑖 , thus

∇𝑋𝑌 =

𝑚∑︁
𝑘=1

(
𝑑𝑌 𝑘 (𝑋) +

𝑚∑︁
𝑗=1
𝑌 𝑗𝜔𝑘

𝑗 (𝑋)
)
𝐴𝑘

or, more briefly, ∇𝑌 =
∑

𝑘

(
𝑑𝑌 𝑘 +∑

𝑗 𝑌
𝑗𝜔𝑘

𝑗

)
𝐴𝑘 .

Remark 1.7 From Lemma 1.6 we see that (∇𝑋𝑌 )𝑝 depends in fact only on 𝑋𝑝 and
the values of 𝑌 along a curve 𝑐 : (−𝜖, 𝜖) → 𝑀 with 𝑐(0) = 𝑝 and 𝑐′(0) = 𝑋𝑝,
because 𝑋𝑝 (𝑌 𝑘) = 𝑑𝑌 𝑘

𝑝 (𝑋𝑝) = (𝑌 𝑘 ◦ 𝑐)′(0).

Definition 1.8 Let 𝑀 be a smooth manifold with a connection ∇ on 𝑇𝑀 .

(1) The map 𝑇 : Γ(𝑇𝑀) × Γ(𝑇𝑀) → Γ(𝑇𝑀),

𝑇 (𝑋,𝑌 ) := ∇𝑋𝑌 − ∇𝑌𝑋 − [𝑋,𝑌 ],

is called the torsion tensor of ∇, and ∇ is torsion-free if 𝑇 ≡ 0.

(2) Given a Riemannian metric 𝑔 = ⟨ · , · ⟩ on 𝑀 , the connection ∇ is said to be
compatible with 𝑔 if, for all 𝑋,𝑌, 𝑍 ∈ Γ(𝑇𝑀),

𝑍 ⟨𝑋,𝑌⟩ = ⟨∇𝑍𝑋,𝑌⟩ + ⟨𝑋,∇𝑍𝑌⟩,

where 𝑍𝑝 acts as derivation on the function 𝑞 ↦→ ⟨𝑋𝑞, 𝑌𝑞⟩.

Note that, for any 𝑓 ∈ 𝐶∞(𝑀),

𝑇 ( 𝑓 𝑋,𝑌 ) = 𝑓∇𝑋𝑌 −
(
𝑌 ( 𝑓 )𝑋 + 𝑓∇𝑌𝑋

)
−
(
𝑓 [𝑋,𝑌 ] − 𝑌 ( 𝑓 )𝑋

)
= 𝑓 𝑇 (𝑋,𝑌 )

and, hence, 𝑇 (𝑋, 𝑓𝑌 ) = −𝑇 ( 𝑓𝑌 , 𝑋) = − 𝑓 𝑇 (𝑌, 𝑋) = 𝑓 𝑇 (𝑋,𝑌 ). Thus the map 𝑇
defines a (1, 2)-tensor field on 𝑀 .

Theorem 1.9 (Levi-Civita connection) For every Riemannian manifold (𝑀, 𝑔)
there exists a unique connection on 𝑇𝑀 that is torsion-free and compatible with 𝑔.

This connection, which we denote by 𝐷 instead of ∇, is called the Levi-Civita
connection of 𝑔 = ⟨ · , · ⟩ and is characterized by the property that the Koszul
formula

2⟨𝐷𝑋𝑌, 𝑍⟩ = 𝑋 ⟨𝑌, 𝑍⟩ + 𝑌 ⟨𝑋, 𝑍⟩ − 𝑍 ⟨𝑋,𝑌⟩ (KF)
− ⟨𝑋, [𝑌, 𝑍]⟩ − ⟨𝑌, [𝑋, 𝑍]⟩ + ⟨𝑍, [𝑋,𝑌 ]⟩

holds for all 𝑋,𝑌, 𝑍 ∈ Γ(𝑇𝑀).
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Proof : Suppose first that there exists a connection 𝐷 on 𝑇𝑀 that is compatible
with 𝑔 = ⟨ · , · ⟩ and torsion-free. Then, starting with the first three terms on the
right-hand side of (KF) and using these two properties, one finds that

𝑋 ⟨𝑌, 𝑍⟩ + 𝑌 ⟨𝑋, 𝑍⟩ − 𝑍 ⟨𝑋,𝑌⟩
= ⟨𝑋, 𝐷𝑌𝑍 − 𝐷𝑍𝑌⟩ + ⟨𝑌, 𝐷𝑋𝑍 − 𝐷𝑍𝑋⟩ + ⟨𝑍, 𝐷𝑋𝑌 + 𝐷𝑌𝑋⟩
= ⟨𝑋, [𝑌, 𝑍]⟩ + ⟨𝑌, [𝑋, 𝑍]⟩ + ⟨𝑍, 2𝐷𝑋𝑌 − [𝑋,𝑌 ]⟩.

Thus (KF) holds for 𝐷, for all 𝑋,𝑌, 𝑍 ∈ Γ(𝑇𝑀), and this determines 𝐷 uniquely.
For the existence, it remains to verify that the unique R-bilinear map 𝐷 : Γ(𝑇𝑀) ×
Γ(𝑇𝑀) → Γ(𝑇𝑀) given by (KF) has the desired properties.

To see that𝐷 𝑓 𝑋𝑌 = 𝑓 𝐷𝑋𝑌 , replace 𝑋 by 𝑓 𝑋 in (KF). Note that 𝑓 can be factored
out of the sum of the second and the last term on the right-hand side, because
𝑌 ⟨ 𝑓 𝑋, 𝑍⟩ = 𝑌 ( 𝑓 )⟨𝑋, 𝑍⟩ + 𝑓𝑌 ⟨𝑋, 𝑍⟩ and ⟨𝑍, [ 𝑓 𝑋,𝑌 ]⟩ = ⟨𝑍, 𝑓 [𝑋,𝑌 ] − 𝑌 ( 𝑓 )𝑋⟩.
The same holds for the third and fifth term, and the result follows.

Next, replace 𝑌 by 𝑓𝑌 in (KF). Then, as above, 𝑓 can be factored out of the
term −𝑍 ⟨𝑋, 𝑓𝑌⟩ − ⟨𝑋, [ 𝑓𝑌 , 𝑍]⟩, whereas for the first and last term on the right,

𝑋 ⟨ 𝑓𝑌 , 𝑍⟩ + ⟨𝑍, [𝑋, 𝑓𝑌 ]⟩ = 𝑓
(
𝑋 ⟨𝑌, 𝑍⟩ + ⟨𝑍, [𝑋,𝑌 ]⟩

)
+ 2⟨𝑋 ( 𝑓 )𝑌, 𝑍⟩.

It follows that 2⟨𝐷𝑋 ( 𝑓𝑌 ), 𝑍⟩ = 2⟨𝑋 ( 𝑓 )𝑌, 𝑍⟩ + 𝑓 · 2⟨𝐷𝑋𝑌, 𝑍⟩, which yields the
product rule 𝐷𝑋 ( 𝑓𝑌 ) = 𝑋 ( 𝑓 )𝑌 + 𝑓 𝐷𝑋𝑌 .

To verify that 𝐷 is torsion-free, note that the expression consisting of the first
five terms on the right-hand side of (KF) is symmetric in 𝑋 and 𝑌 . Thus

2⟨𝐷𝑋𝑌 − 𝐷𝑌𝑋, 𝑍⟩ = ⟨𝑍, [𝑋,𝑌 ] − [𝑌, 𝑋]⟩ = 2⟨𝑍, [𝑋,𝑌 ]⟩.

Similarly, to check that 𝐷 is compatible with 𝑔, note that interchanging 𝑌 and
𝑍 in (KF) does not affect the first term on the right-hand side but corresponds to a
sign change for the remaining part. Thus

2⟨𝐷𝑋𝑌, 𝑍⟩ + 2⟨𝐷𝑋𝑍,𝑌⟩ = 2𝑋 ⟨𝑌, 𝑍⟩.

This concludes the proof. □

If (𝜙,𝑈) is a chart of 𝑀 and 𝐴𝑖 := 𝜕
𝜕𝜙𝑖 are the coordinate vector fields, then

[𝐴𝑖 , 𝐴 𝑗] = 0, hence the Koszul formula yields
𝑚∑︁
𝑘=1

Γ𝑘
𝑖 𝑗𝑔𝑘𝑙 = ⟨𝐷𝐴𝑖

𝐴 𝑗 , 𝐴𝑙⟩ =
1
2
(
𝐴𝑖𝑔 𝑗𝑙 + 𝐴 𝑗𝑔𝑖𝑙 − 𝐴𝑙𝑔𝑖 𝑗

)
.

Solving this equation for Γ𝑘
𝑖 𝑗

, we obtain the expression

Γ𝑘
𝑖 𝑗 =

1
2

𝑚∑︁
𝑙=1

𝑔𝑘𝑙
(
𝜕𝑔 𝑗𝑙

𝜕𝜙𝑖
+ 𝜕𝑔𝑖𝑙
𝜕𝜙 𝑗

−
𝜕𝑔𝑖 𝑗

𝜕𝜙𝑙

)
,

where (𝑔𝑘𝑙) denotes the matrix inverse to (𝑔𝑘𝑙). Note that Γ𝑘
𝑖 𝑗
= Γ𝑘

𝑗𝑖
.



1.3 Vector fields along maps 7

1.3 Vector fields along maps

Let 𝐹 : 𝑁 → 𝑀 be a smooth map. By a vector field 𝑌 along 𝐹 we mean a smooth
map 𝑌 : 𝑁 → 𝑇𝑀 such that 𝑌𝑝 := 𝑌 (𝑝) ∈ 𝑇𝑀𝐹 (𝑝) for all 𝑝 ∈ 𝑁 . We write
Γ(𝐹∗𝑇𝑀) for the set of all vector fields along 𝐹. For example, if 𝑍 ∈ Γ(𝑇𝑀), then
𝑍 ◦ 𝐹 ∈ Γ(𝐹∗𝑇𝑀). On the other hand, any 𝑋 ∈ Γ(𝑇𝑁) induces a vector field

𝐹∗𝑋 ∈ Γ(𝐹∗𝑇𝑀), 𝐹∗𝑋𝑝 := 𝑑𝐹𝑝 (𝑋𝑝).

An important special case of this is the velocity vector field

𝑐′ :=
𝑑

𝑑𝑡
𝑐 := 𝑐∗

( 𝑑
𝑑𝑡

)
∈ Γ(𝑐∗𝑇𝑀)

of a curve 𝑐 : 𝐼 → 𝑀 with parameter 𝑡.

Proposition 1.10 Let 𝐹 : 𝑁 → 𝑀 be a smooth map, and let ∇ be a connection on
𝑇𝑀 . Then there is a uniqueR-bilinear map∇𝐹 : Γ(𝑇𝑁)×Γ(𝐹∗𝑇𝑀) → Γ(𝐹∗𝑇𝑀),
where ∇𝐹 (𝑋,𝑌 ) is written as ∇𝐹

𝑋
𝑌 , with the following properties:

(1) ∇𝐹
𝑓 𝑋
𝑌 = 𝑓∇𝐹

𝑋
𝑌 ,

(2) ∇𝐹
𝑋
( 𝑓𝑌 ) = 𝑋 ( 𝑓 )𝑌 + 𝑓∇𝐹

𝑋
𝑌 ,

(3)
(
∇𝐹
𝑋
(𝑍 ◦ 𝐹)

)
𝑝
= ∇𝐹∗𝑋𝑝

𝑍 ,

for all 𝑋 ∈ Γ(𝑇𝑁), 𝑌 ∈ Γ(𝐹∗𝑇𝑀), 𝑓 ∈ 𝐶∞(𝑁), 𝑍 ∈ Γ(𝑇𝑀), and 𝑝 ∈ 𝑁 .

The map ∇𝐹 is called the connection along 𝐹 induced by ∇. This result will
be established together with the following lemma. Consider again a moving frame
(𝐴1, . . . , 𝐴𝑚) on an open set 𝑈 ⊂ 𝑀 , and let Γ𝑘

𝑖 𝑗
denote the respective Christoffel

symbols of ∇. Let 𝑉 ⊂ 𝑁 be an open set such that 𝐹 (𝑉) ⊂ 𝑈.

Lemma 1.11 Given 𝑋 ∈ Γ(𝑇𝑁) and 𝑌 ∈ Γ(𝐹∗𝑇𝑀), if 𝑋 𝑖 , 𝑌 𝑗 ∈ 𝐶∞(𝑉) are such
that 𝐹∗𝑋 =

∑
𝑖 𝑋

𝑖 (𝐴𝑖 ◦ 𝐹) and 𝑌 =
∑

𝑗 𝑌
𝑗 (𝐴 𝑗 ◦ 𝐹) on 𝑉 , then

∇𝐹
𝑋𝑌 =

𝑚∑︁
𝑘=1

(
𝑋 (𝑌 𝑘) +

𝑚∑︁
𝑖, 𝑗=1

𝑋 𝑖𝑌 𝑗 (Γ𝑘
𝑖 𝑗 ◦ 𝐹)

)
(𝐴𝑘 ◦ 𝐹)

on 𝑉 .

Proof of Proposition 1.10 and Lemma 1.11: Suppose first that a (possibly non-
unique) map ∇𝐹 as in the proposition exists. Like for ∇, any bilinear map ∇𝐹

satisfying (1) and (2) is defined locally on 𝑁 . Thus, by (2),

∇𝐹
𝑋𝑌 =

𝑚∑︁
𝑗=1

∇𝐹
𝑋 (𝑌 𝑗 (𝐴 𝑗 ◦ 𝐹)) =

𝑚∑︁
𝑗=1

(
𝑋 (𝑌 𝑗) (𝐴 𝑗 ◦ 𝐹) + 𝑌 𝑗 ∇𝐹

𝑋 (𝐴 𝑗 ◦ 𝐹)
)
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on 𝑉 . Furthermore, by (3) and (1),(
∇𝐹
𝑋 (𝐴 𝑗 ◦ 𝐹)

)
𝑝
= ∇𝐹∗𝑋𝑝

𝐴 𝑗 =

𝑚∑︁
𝑖=1

𝑋 𝑖 (𝑝)∇(𝐴𝑖◦𝐹 )𝑝 𝐴 𝑗

for all 𝑝 ∈ 𝑉 . This gives the local representation stated in the lemma and shows
that ∇𝐹 is uniquely determined. Adopting this formula as a (local) definition of
∇𝐹 , one can then easily check that properties (1) to (3) are satisfied. □

Proposition 1.12 Let 𝐹 : 𝑁 → 𝑀 , ∇, and ∇𝐹 be given as above.

(1) For 𝑋,𝑌 ∈ Γ(𝑇𝑁), define

𝑇𝐹 (𝑋,𝑌 ) := ∇𝐹
𝑋𝐹∗𝑌 − ∇𝐹

𝑌 𝐹∗𝑋 − 𝐹∗ [𝑋,𝑌 ] ∈ Γ(𝐹∗𝑇𝑀).

Then (𝑇𝐹 (𝑋,𝑌 ))𝑝 = 𝑇 (𝐹∗𝑋𝑝, 𝐹∗𝑌𝑝) for all 𝑝 ∈ 𝑁 . In particular, if ∇ is
torsion-free, then 𝑇𝐹 ≡ 0.

(2) If ∇ is compatible with a Riemannian metric 𝑔 = ⟨ · , · ⟩ on 𝑀 , then

𝑋 ⟨𝑉,𝑊⟩ =
〈
∇𝐹
𝑋𝑉,𝑊

〉
+
〈
𝑉,∇𝐹

𝑋𝑊
〉

for all 𝑋 ∈ Γ(𝑇𝑁) and 𝑉,𝑊 ∈ Γ(𝐹∗𝑇𝑀).

Proof : For (1), note that 𝑇𝐹 is a local operator, like ∇𝐹 . It thus suffices to consider
vector fields 𝑋,𝑌 on 𝐹−1(𝑈), where 𝑈 ⊂ 𝑀 is the domain of a moving frame
(𝐴1, . . . , 𝐴𝑚). Then 𝐹∗𝑋 =

∑
𝑖 𝑋

𝑖 𝐴𝑖 ◦ 𝐹 and 𝐹∗𝑌 =
∑

𝑗 𝑌
𝑗 𝐴 𝑗 ◦ 𝐹 for smooth

functions 𝑋 𝑖 , 𝑌 𝑗 on 𝐹−1(𝑈). Now

∇𝐹
𝑋𝐹∗𝑌 =

𝑚∑︁
𝑗=1

𝑋 (𝑌 𝑗) 𝐴 𝑗 ◦ 𝐹 +
𝑚∑︁
𝑗=1
𝑌 𝑗 ∇𝐹

𝑋 (𝐴 𝑗 ◦ 𝐹),

and the second sum equals
𝑚∑︁
𝑗=1
𝑌 𝑗 ∇𝐹∗𝑋𝐴 𝑗 =

𝑚∑︁
𝑖, 𝑗=1

𝑋 𝑖𝑌 𝑗 (∇𝐴𝑖
𝐴 𝑗) ◦ 𝐹.

The term ∇𝐹
𝑌
𝐹∗𝑋 is computed similarly. Furthermore, one can check that

𝐹∗ [𝑋,𝑌 ] =
𝑚∑︁
𝑗=1

(
𝑋 (𝑌 𝑗) − 𝑌 (𝑋 𝑗)

)
𝐴 𝑗 ◦ 𝐹 +

𝑚∑︁
𝑖, 𝑗=1

𝑋 𝑖𝑌 𝑗 [𝐴𝑖 , 𝐴 𝑗] ◦ 𝐹.

From these identities, and since 𝑇 is a tensor field, it follows that

𝑇𝐹 (𝑋,𝑌 ) =
𝑚∑︁

𝑖, 𝑗=1
𝑋 𝑖𝑌 𝑗 𝑇 (𝐴𝑖 , 𝐴 𝑗) ◦ 𝐹 = 𝑇 (𝐹∗𝑋, 𝐹∗𝑌 ).
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For the proof of (2), note that the bilinear form

(𝑉,𝑊) ↦→ 𝑋 ⟨𝑉,𝑊⟩ − ⟨∇𝐹
𝑋𝑉,𝑊⟩ − ⟨𝑉,∇𝐹

𝑋𝑊⟩

is 𝐶∞(𝑁)-homogeneous in both arguments, as is readily checked. Therefore it
suffices to take 𝑉 = 𝐴𝑖 ◦ 𝐹 and 𝑊 = 𝐴 𝑗 ◦ 𝐹 for vector fields 𝐴𝑖 , 𝐴 𝑗 on an open set
𝑈 ⊂ 𝑀 as above. Then

𝑋 ⟨𝐴𝑖 ◦ 𝐹, 𝐴 𝑗 ◦ 𝐹⟩ = 𝑋 (⟨𝐴𝑖 , 𝐴 𝑗⟩ ◦ 𝐹) = (𝐹∗𝑋)⟨𝐴𝑖 , 𝐴 𝑗⟩.

Now use the compatibility of ∇ and the relation ∇𝐹∗𝑋𝐴𝑘 = ∇𝐹
𝑋
(𝐴𝑘 ◦ 𝐹). □

If ∇ = 𝐷 is the Levi-Civita connection of (𝑀, 𝑔), then ∇𝐹 = 𝐷𝐹 is called the
Levi-Civita connection along 𝐹. The superscript 𝐹 will most often be omitted. For
𝑋 = 𝜕

𝜕𝜙𝑖 or 𝑋 = 𝑑
𝑑𝑡

(in the case that 𝑁 = 𝐼 ⊂ R), we write 𝐷𝑋𝑌 as

𝐷

𝜕𝜙𝑖
𝑌 or

𝐷

𝑑𝑡
𝑌,

repectively. A vector field 𝑌 along a curve 𝑐 : 𝐼 → 𝑀 is called parallel if

𝐷

𝑑𝑡
𝑌 =

𝐷𝑐

𝑑𝑡
𝑌 ≡ 0.

In a chart (𝜙,𝑈), if 𝑐 : 𝐼 → 𝑈 ⊂ 𝑀 and 𝜙◦𝑐 =: (𝑥1, . . . , 𝑥𝑚), then (𝜙◦𝑐)¤= ∑
𝑖 ¤𝑥𝑖𝑒𝑖

and ¤𝑐 = ∑
𝑖 ¤𝑥𝑖 𝜕

𝜕𝜙𝑖 ◦ 𝑐. Hence, for a vector field 𝑌 =
∑

𝑗 𝑌
𝑗 𝜕
𝜕𝜙 𝑗 ◦ 𝑐 along 𝑐,

𝐷

𝑑𝑡
𝑌 =

𝑚∑︁
𝑘=1

(
¤𝑌 𝑘 +

𝑚∑︁
𝑖, 𝑗=1

¤𝑥𝑖𝑌 𝑗 (Γ𝑘
𝑖 𝑗 ◦ 𝑐)

)
𝜕

𝜕𝜙𝑘
◦ 𝑐

by Lemma 1.11. Thus 𝑌 is parallel if and only if

¤𝑌 𝑘 +
𝑚∑︁

𝑖, 𝑗=1
¤𝑥𝑖𝑌 𝑗 (Γ𝑘

𝑖 𝑗 ◦ 𝑐) = 0

for 𝑘 = 1, . . . , 𝑚. This is a linear system of ordinary differential equations of first
order for the functions 𝑌1, . . . , 𝑌𝑚.

Proposition 1.13 Let 𝑐 : [𝑎, 𝑏] → 𝑀 be a 𝐶1-curve. Then for every 𝑣 ∈ 𝑇𝑀𝑐 (𝑎)
there exists a unique parallel vector field 𝑌 𝑐

𝑣 along 𝑐 with 𝑌 𝑐
𝑣 (𝑎) = 𝑣.

Proof : This follows from the existence and uniqueness of solutions for ordinary
differential equations. □
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The map 𝑃𝑐 : 𝑇𝑀𝑐 (𝑎) → 𝑇𝑀𝑐 (𝑏) defined by 𝑃𝑐 (𝑣) := 𝑌 𝑐
𝑣 (𝑏) is called parallel

transport along 𝑐. This is a linear isometry, since for all 𝑣, 𝑤 ∈ 𝑇𝑀𝑐 (𝑎) ,

𝑑

𝑑𝑡
⟨𝑌 𝑐

𝑣 , 𝑌
𝑐
𝑤⟩ =

〈𝐷
𝑑𝑡
𝑌 𝑐
𝑣 , 𝑌

𝑐
𝑤

〉
+
〈
𝑌 𝑐
𝑣 ,
𝐷

𝑑𝑡
𝑌 𝑐
𝑤

〉
= 0

on [𝑎, 𝑏]. In general, 𝑃𝑐 depends on 𝑐 and not only on the endpoints of 𝑐. The
holonomy group Hol𝑝 of (𝑀, 𝑔) at 𝑝 is the group of all isometries of 𝑇𝑀𝑝 of the
form 𝑃𝑐 for a piecewise 𝐶1 curve 𝑐 : [𝑎, 𝑏] → 𝑀 with 𝑐(𝑎) = 𝑐(𝑏) = 𝑝. Most
often, Hol𝑝 acts transitively on the unit sphere 𝑆(1) ⊂ 𝑇𝑀𝑝. This statement is
made precise in Berger’s holonomy theorem [Ber1955].

1.4 Geodesics and the exponential map

Definition 1.14 A curve 𝑐 : 𝐼 → (𝑀, 𝑔) with 𝐷
𝑑𝑡

¤𝑐 ≡ 0 is called a geodesic.

In particular | ¤𝑐 | is constant, thus geodesics are parametrized proportionally to
arc length. If 𝑡 ↦→ 𝑐(𝑡) is a geodesic and 𝛼, 𝛽 ∈ R, then 𝑠 ↦→ 𝑐(𝑠) := 𝑐(𝛼𝑠 + 𝛽) is a
geodesic.

Let now 𝑐 : [𝑎, 𝑏] → 𝑀 be any smooth curve. Consider a smooth variation
𝛾 : (−𝜖, 𝜖) × [𝑎, 𝑏] → 𝑀 of 𝑐 = 𝛾(0, · ). We let 𝑉 := 𝛾∗ 𝜕

𝜕𝑠
∈ Γ(𝛾∗𝑇𝑀) denote the

variation vector field, and we put 𝛾𝑠 := 𝛾(𝑠, · ) and 𝑉𝑠 := 𝑉 (𝑠, · ).

Theorem 1.15 (first variation of arc length) If | ¤𝑐(𝑡) | = 𝜆 ≠ 0 for all 𝑡 ∈ [𝑎, 𝑏],
then

𝑑

𝑑𝑠

���
𝑠=0
𝐿 (𝛾𝑠) =

1
𝜆

(〈
𝑉0(𝑡), ¤𝑐(𝑡)

〉���𝑏
𝑎
−
∫ 𝑏

𝑎

〈
𝑉0(𝑡),

𝐷

𝑑𝑡
¤𝑐(𝑡)

〉
𝑑𝑡

)
.

Proof : By the second part of Proposition 1.12, for all 𝑡 ∈ [𝑎, 𝑏],

𝜕

𝜕𝑠
| ¤𝛾𝑠 (𝑡) | =

1
2| ¤𝛾𝑠 (𝑡) |

𝜕

𝜕𝑠
⟨ ¤𝛾𝑠 (𝑡), ¤𝛾𝑠 (𝑡)⟩ =

1
| ¤𝛾𝑠 (𝑡) |

〈 𝐷
𝜕𝑠

¤𝛾𝑠 (𝑡), ¤𝛾𝑠 (𝑡)
〉
,

and, by the first part, 𝐷
𝜕𝑠

¤𝛾 = 𝐷
𝜕𝑠
𝛾∗

𝜕
𝜕𝑡

= 𝐷
𝜕𝑡
𝛾∗

𝜕
𝜕𝑠

= 𝐷
𝜕𝑡
𝑉 . Hence,

𝑑

𝑑𝑠

���
𝑠=0
𝐿 (𝛾𝑠) =

1
𝜆

∫ 𝑏

𝑎

〈𝐷
𝑑𝑡
𝑉0(𝑡), ¤𝑐(𝑡)

〉
𝑑𝑡.

Since the integrand equals 𝑑
𝑑𝑡
⟨𝑉0(𝑡), ¤𝑐(𝑡)⟩ −

〈
𝑉0(𝑡), 𝐷𝑑𝑡 ¤𝑐(𝑡)

〉
, the result follows. □

The variation 𝛾 is called proper if 𝛾𝑠 (𝑎) = 𝑐(𝑎) and 𝛾𝑠 (𝑏) = 𝑐(𝑏) for all 𝑠. It
follows that a 𝐶∞ curve 𝑐 : [𝑎, 𝑏] → 𝑀 is a geodesic if and only if | ¤𝑐 | is constant
and 𝑑

𝑑𝑠

��
𝑠=0 𝐿 (𝛾𝑠) = 0 for every proper variation 𝛾 of 𝑐.



1.4 Geodesics and the exponential map 11

In a chart (𝜙,𝑈), if 𝑐 : 𝐼 → 𝑈 ⊂ 𝑀 and 𝜙 ◦ 𝑐 =: (𝑥1, . . . , 𝑥𝑚), then

𝐷

𝑑𝑡
¤𝑐 =

𝑚∑︁
𝑘=1

(
¥𝑥𝑘 +

𝑚∑︁
𝑖, 𝑗=1

¤𝑥𝑖 ¤𝑥 𝑗 (Γ𝑘
𝑖 𝑗 ◦ 𝑐)

)
𝜕

𝜕𝜙𝑘
◦ 𝑐.

Thus 𝑐 is a geodesic if and only if

¥𝑥𝑘 +
𝑚∑︁

𝑖, 𝑗=1
¤𝑥𝑖 ¤𝑥 𝑗 (Γ𝑘

𝑖 𝑗 ◦ 𝑐) = 0

for 𝑘 = 1, . . . , 𝑚. This is a non-linear system of ordinary differential equations of
order two for 𝑥1, . . . , 𝑥𝑚, called the geodesic equation.

Proposition 1.16 (1) For every 𝑣 ∈ 𝑇𝑀 there exists a geodesic 𝑐𝑣 : (𝛼𝑣 , 𝜔𝑣) →
𝑀 defined on a maximal interval (𝛼𝑣 , 𝜔𝑣) around 0 such that ¤𝑐𝑣 (0) = 𝑣.

(2) The set 𝑊 := {(𝑣, 𝑡) : 𝑣 ∈ 𝑇𝑀, 𝑡 ∈ (𝛼𝑣 , 𝜔𝑣)} is open in 𝑇𝑀 × R, and the
map𝑊 → 𝑀 , (𝑣, 𝑡) ↦→ 𝑐𝑣 (𝑡), is 𝐶∞.

If 𝑊 = 𝑇𝑀 × R, that is, (𝛼𝑣 , 𝜔𝑣) = (−∞,∞) for all 𝑣 ∈ 𝑇𝑀 , then (𝑀, 𝑔) is
called geodesically complete.

Proof : This follows from existence, uniqueness and smooth dependence of solu-
tions on initial conditions for ordinary differential equations. □

Note that (𝑣, 𝑡) ∈ 𝑊 if and only if (𝑡𝑣, 1) ∈ 𝑊 , because 𝑐𝑣 (𝑡) = 𝑐𝑡𝑣 (1). The set

Ω := {𝑣 ∈ 𝑇𝑀 : (𝑣, 1) ∈ 𝑊}

is open in 𝑇𝑀 .

Definition 1.17 The 𝐶∞ map exp: Ω → 𝑀 defined by exp(𝑣) = 𝑐𝑣 (1) is called
the exponential map of 𝑀 . For 𝑝 ∈ 𝑀 , we put Ω𝑝 := Ω ∩ 𝑇𝑀𝑝 and

exp𝑝 := exp |Ω𝑝
: Ω𝑝 → 𝑀.

Note that exp𝑝 (𝑡𝑣) = 𝑐𝑡𝑣 (1) = 𝑐𝑣 (𝑡) for all 𝑡 ∈ (𝛼𝑣 , 𝜔𝑣).
Regarding the terminology, note that if 𝑀 = 𝑆1 is the unit circle in C with the

induced metric, then 𝑇𝑆1
1 = R𝑖, and exp1(𝑡𝑖) = cos(𝑡) + sin(𝑡)𝑖 = e𝑡𝑖 for all 𝑡 ∈ R.

More generally, suppose that (𝐺, ·, 𝑒) is a Lie group with a bi-invariant Riemannian
metric ⟨ · , · ⟩, and 𝑋,𝑌 are two left-invariant vector fields. Then the corresponding
Levi-Civita connection satisfies 𝐷𝑋𝑌 = 1

2 [𝑋,𝑌 ] (exercise). Thus the integral curve
𝑐 : R → 𝐺 of 𝑋 with 𝑐(0) = 𝑒 is a geodesic:

𝐷

𝑑𝑡
¤𝑐 = 𝐷

𝑑𝑡
(𝑋 ◦ 𝑐) = 𝐷 ¤𝑐𝑋 = (𝐷𝑋𝑋) ◦ 𝑐 = 0.

Therefore the Lie group exponential map 𝑋𝑒 ↦→ 𝑐(1) agrees with the Riemannian
exponential map, and for any subgroup 𝐺 ⊂ GL(𝑛,C), the former is given by the
matrix exponential function 𝐴 ↦→ e𝐴.
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Remark 1.18 For every 𝑝 ∈ 𝑀 , the differential 𝑑 (exp𝑝)0 is the identity map on
𝑇𝑀𝑝 (where 𝑇 (𝑇𝑀𝑝)0 is identified with 𝑇𝑀𝑝): for all 𝑣 ∈ 𝑇𝑀𝑝,

𝑑 (exp𝑝)0 (𝑣) =
𝑑

𝑑𝑡

���
𝑡=0

exp𝑝 (𝑡𝑣) =
𝑑

𝑑𝑡

���
𝑡=0
𝑐𝑣 (𝑡) = 𝑣.

In particular, there exists an open neighborhood 𝑉𝑝 ⊂ Ω𝑝 of 0 in 𝑇𝑀𝑝 such that
exp𝑝 |𝑉𝑝

: 𝑉𝑝 → exp𝑝 (𝑉𝑝) =: 𝑈𝑝 ⊂ 𝑀 is a diffeomorphism.

For a linear isometry 𝐻 : (𝑇𝑀𝑝, 𝑔𝑝) → (R𝑚, ⟨ · , · ⟩), this yields so-called
normal coordinates

𝜙 := 𝐻 ◦
(
exp𝑝 |𝑉𝑝

)−1 : 𝑈𝑝 → 𝐻 (𝑉𝑝) ⊂ R𝑚

around 𝑝.

Lemma 1.19 In normal coordinates 𝜙 around 𝑝 ∈ 𝑀𝑚,

𝑔𝑖 𝑗 (𝑝) = 𝛿𝑖 𝑗 ,
𝜕𝑔𝑖 𝑗

𝜕𝜙𝑘
(𝑝) = 0, and Γ𝑘

𝑖 𝑗 (𝑝) = 0

for all 𝑖, 𝑗 , 𝑘 ∈ {1, . . . , 𝑚}.

Proof : Since 𝑑 (exp𝑝)0 = id on 𝑇𝑀𝑝, it follows that 𝜕
𝜕𝜙𝑖

��
𝑝
= 𝑑 (𝜙−1)0 (𝑒𝑖) =

𝐻−1(𝑒𝑖), thus 𝑔𝑖 𝑗 (𝑝) = 𝛿𝑖 𝑗 . If 𝑣 ∈ 𝑇𝑀𝑝, 𝑡 ∈ R, and 𝑡𝑣 ∈ 𝑉𝑝, then

(𝑥1(𝑡), . . . , 𝑥𝑚(𝑡)) := 𝜙(𝑐𝑣 (𝑡)) = 𝜙(exp𝑝 (𝑡𝑣)) = 𝐻 (𝑡𝑣) = 𝑡 𝐻 (𝑣),

thus ¤𝑥𝑖 (𝑡) = 𝐻 (𝑣)𝑖 , and the geodesic equation for 𝑡 ↦→ 𝑐𝑣 (𝑡) reads
𝑚∑︁

𝑖, 𝑗=1
¤𝑥𝑖 ¤𝑥 𝑗 (Γ𝑘

𝑖 𝑗 ◦ 𝑐𝑣) = 0

(𝑘 = 1, . . . , 𝑚). For 𝑡 = 0 and 𝑣 = 𝐻−1(𝑒𝑖 + 𝑒 𝑗), this gives Γ𝑘
𝑖 𝑗
(𝑝) + Γ𝑘

𝑗𝑖
(𝑝) = 0.

Since 𝐷 is torsion-free, Γ𝑘
𝑖 𝑗
= Γ𝑘

𝑗𝑖
, so Γ𝑘

𝑖 𝑗
(𝑝) = 0. Furthermore,

𝜕𝑔𝑖 𝑗

𝜕𝜙𝑘
=

𝑚∑︁
𝑙=1

(
Γ𝑙
𝑘𝑖 𝑔𝑙 𝑗 + 𝑔𝑖𝑙Γ

𝑙
𝑘 𝑗

)
because 𝐷 is compatible with 𝑔, hence also 𝜕𝑔𝑖 𝑗

𝜕𝜙𝑘 (𝑝) = 0. □

Proposition 1.20 (Gauss lemma) Suppose that 𝑣 ∈ 𝑇𝑀𝑝 and 𝑞 := exp𝑝 (𝑣) is
defined. The differential

𝑇𝑣 := 𝑑 (exp𝑝)𝑣 : 𝑇 (𝑇𝑀𝑝)𝑣 = 𝑇𝑀𝑝 → 𝑇𝑀𝑞

has the property that ⟨𝑇𝑣 (𝑣), 𝑇𝑣 (𝑤)⟩𝑞 = ⟨𝑣, 𝑤⟩𝑝 for all 𝑤 ∈ 𝑇𝑀𝑝.
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Note that 𝑇𝑣 (𝑣) = 𝑑
𝑑𝑡

��
𝑡=1 exp𝑝 (𝑡𝑣) = ¤𝑐𝑣 (1).

Proof : Suppose that 𝑣 ≠ 0. Given𝑤 ∈ 𝑇𝑀𝑝, choose 𝜖 > 0 such that exp𝑝 (𝑣+𝑠𝑤) is
defined for all 𝑠 ∈ (−𝜖, 𝜖). Consider the family of radial geodesics 𝛾𝑠 : [0, 1] → 𝑀 ,
𝛾𝑠 (𝑡) := exp𝑝 (𝑡 (𝑣 + 𝑠𝑤)), where 𝛾0 = 𝑐𝑣 | [0,1] . By the first variation formula,
Theorem 1.15,

𝑑

𝑑𝑠

���
𝑠=0
𝐿 (𝛾𝑠) =

1
|𝑣 |

〈 𝑑
𝑑𝑠

���
𝑠=0
𝛾𝑠 (1), ¤𝑐𝑣 (1)

〉
=

1
|𝑣 | ⟨𝑇𝑣 (𝑤), 𝑇𝑣 (𝑣)⟩.

Since 𝐿 (𝛾𝑠) = |𝑣 + 𝑠𝑤 | and

𝑑

𝑑𝑠

���
𝑠=0

|𝑣 + 𝑠𝑤 | = 1
|𝑣 | ⟨𝑤, 𝑣⟩,

this gives the result. □

Proposition 1.21 Let 𝑝 ∈ 𝑀 , and suppose that 𝑟 > 0 is such that exp𝑝 is defined
on 𝐵𝑟 := {𝑣 ∈ 𝑇𝑀𝑝 : |𝑣 | < 𝑟} and exp𝑝 |𝐵𝑟

is a diffeomorphism onto exp𝑝 (𝐵𝑟 ).

(1) If 𝑣 ∈ 𝐵𝑟 and 𝛾 : [𝑎, 𝑏] → 𝑀 is a piecewise 𝐶1 curve from 𝑝 to exp𝑝 (𝑣) =
𝑐𝑣 (1), then 𝐿 (𝛾) ≥ 𝐿 (𝑐𝑣 | [0,1]) = |𝑣 |, and equality holds only if 𝛾 is a
reparametrization of 𝑐𝑣 | [0,1] . In particular 𝑑 (𝑝, 𝑐𝑣 (1)) = |𝑣 |.

(2) If 𝜚 ∈ (0, 𝑟), and 𝑞 ∈ 𝑀 is a point with 𝑑 (𝑝, 𝑞) ≥ 𝜚, then there is a 𝑣 ∈ 𝐵𝑟
with |𝑣 | = 𝜚 such that 𝜚 + 𝑑 (𝑐𝑣 (1), 𝑞) = 𝑑 (𝑝, 𝑞).

Note that exp𝑝 (𝐵𝑟 ) ⊂ 𝐵(𝑝, 𝑟) := {𝑞 ∈ 𝑀 : 𝑑 (𝑝, 𝑞) < 𝑟} whenever exp𝑝 is
defined on 𝐵𝑟 ⊂ 𝑇𝑀𝑝. The second part of the proposition shows in particular that
if exp𝑝 |𝐵𝑟

is a diffeomorphism, then for every 𝑞 with 𝑑 (𝑝, 𝑞) = 𝜚 < 𝑟 there is a
𝑣 ∈ 𝐵𝑟 with 𝑐𝑣 (1) = 𝑞, thus exp𝑝 (𝐵𝑟 ) = 𝐵(𝑝, 𝑟).

Proof : Let 𝑣 ∈ 𝐵𝑟 and 𝛾 : [𝑎, 𝑏] → 𝑀 be given as in (1). There exists a maximal
𝑠 ∈ (𝑎, 𝑏] such that 𝛾( [𝑎, 𝑠]) ⊂ exp𝑝 (𝐵 |𝑣 |) (compare the proof of Theorem 1.4),
and the piecewise 𝐶1 curve 𝛽 : [𝑎, 𝑠] → 𝐵 |𝑣 | defined by 𝛽(𝑡) := exp−1

𝑝 (𝛾(𝑡)) for
all 𝑡 ∈ [𝑎, 𝑠] connects 0 to a boundary point of 𝐵 |𝑣 | ⊂ 𝑇𝑀𝑝. There is no loss of
generality in assuming that 𝛽(𝑡) ≠ 0 for 𝑡 > 𝑎. Then, for all but finitely many 𝑡,
the derivative 𝛽′(𝑡) exists and can be written as 𝛽′(𝑡) = 𝜆(𝑡)𝛽(𝑡) + 𝑤(𝑡) for some
𝜆(𝑡) ∈ R and a vector 𝑤(𝑡) ∈ 𝑇𝑀𝑝 orthogonal to 𝛽(𝑡). By Proposition 1.20, for
𝑇𝛽 (𝑡 ) := 𝑑 (exp𝑝)𝛽 (𝑡 ) ,

|𝛾′(𝑡) |2 =
��𝑇𝛽 (𝑡 ) (𝛽′(𝑡))��2 = |𝜆(𝑡)𝛽(𝑡) |2 +

��𝑇𝛽 (𝑡 ) (𝑤(𝑡))��2.
It follows that

𝐿 (𝛾) ≥ 𝐿 (𝛾 | [𝑎,𝑠]) ≥
∫ 𝑠

𝑎

|𝜆(𝑡)𝛽(𝑡) | 𝑑𝑡.
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On the other hand,

𝐿 (𝑐𝑣 | [0,1]) = |𝑣 | = |𝛽(𝑠) | =
∫ 𝑠

𝑎

|𝛽(𝑡) |′ 𝑑𝑡,

where |𝛽(𝑡) |′ = 1
|𝛽 (𝑡 ) | ⟨𝛽

′(𝑡), 𝛽(𝑡)⟩ = 𝜆(𝑡) |𝛽(𝑡) | ≤ |𝜆(𝑡)𝛽(𝑡) |. We conclude that
𝐿 (𝛾) ≥ 𝐿 (𝑐𝑣 | [0,1]). If equality holds, then 𝑠 = 𝑏, and 𝑤(𝑡) = 0 and 𝜆(𝑡) ≥ 0 for
all but finitely many 𝑡; thus 𝛾 is a (piecewise 𝐶1) reparametrization of 𝑐𝑣 | [0,1] .

We prove (2). Suppose that 𝜚 ≤ 𝑑 (𝑝, 𝑞) < ∞. Choose 𝑣 with |𝑣 | = 𝜚 such that
𝑞′ := exp𝑝 (𝑣) minimizes the distance to 𝑞. Let 𝜖 > 0, and let 𝛾 : [𝑎, 𝑏] → 𝑀 be a
piecewise𝐶1 curve from 𝑝 to 𝑞 of length 𝐿 (𝛾) < 𝑑 (𝑝, 𝑞) + 𝜖 . Since 𝑞 ∉ exp𝑝 (𝐵𝜚),
it follows as above that there is an 𝑠 ∈ [𝑎, 𝑏] such that 𝛾(𝑠) = exp𝑝 (𝑣′) for some 𝑣′

with |𝑣′ | = 𝜚. By (1), 𝑑 (𝑝, 𝛾(𝑠)) = 𝜚 = 𝑑 (𝑝, 𝑞′), hence

𝑑 (𝑝, 𝑞) + 𝜖 > 𝐿(𝛾) ≥ 𝑑 (𝑝, 𝛾(𝑠)) + 𝑑 (𝛾(𝑠), 𝑞) ≥ 𝑑 (𝑝, 𝑞′) + 𝑑 (𝑞′, 𝑞)

by the choice of 𝑞′. Since 𝜖 > 0 was arbitrary, it follows by the triangle inequality
that 𝑑 (𝑝, 𝑞) = 𝑑 (𝑝, 𝑞′) + 𝑑 (𝑞′, 𝑞) = 𝜚 + 𝑑 (𝑐𝑣 (1), 𝑞). □

Corollary 1.22 Every geodesic 𝑐 : 𝐼 → 𝑀 is locally length minimizing, that is, for
all 𝑡 ∈ 𝐼 there exists 𝛿 > 0 such that if 𝑡′, 𝑡′′ ∈ 𝐼 ∩ [𝑡 − 𝛿, 𝑡 + 𝛿] and 𝑡′ < 𝑡′′, then
𝐿 (𝑐 | [𝑡 ′ ,𝑡 ′′ ]) = 𝑑 (𝑐(𝑡′), 𝑐(𝑡′′)).

Proof : Suppose that 𝑐 is parametrized by arc-length, and put 𝑝 := 𝑐(𝑡). Let again
Ω ⊂ 𝑇𝑀 denote the domain of exp. Note that (𝜋 |Ω, exp) : Ω → 𝑀 × 𝑀 is regular
at 0𝑝 ∈ 𝑇𝑀𝑝, because the projection 𝜋 : 𝑇𝑀 → 𝑀 maps 0𝑞 to 𝑞 for all 𝑞, and by
Remark 1.18. It follows that there is an 𝜖 > 0 such that exp𝑞 |𝐵𝜖

: 𝐵𝜖 → exp𝑞 (𝐵𝜖 )
is a diffeomorphism for every 𝑞 ∈ 𝐵(𝑝, 𝜖). Now, for any 𝛿 < 𝜖/2, the result follows
from the first part of Proposition 1.21. □

1.5 The Hopf–Rinow theorem

The following fundamental result was established in [HoR1931] for surfaces, and
it was then observed in [My1935] that the generalization to higher dimensions is
immediate.

Theorem 1.23 (Hopf–Rinow 1931) Let (𝑀, 𝑔) be a connected Riemannian man-
ifold. Then the following are equivalent:

(1) (𝑀, 𝑑) is complete.

(2) (𝑀, 𝑔) is geodesically complete, that is, exp is defined on 𝑇𝑀 .

(3) There exists a point 𝑝 ∈ 𝑀 such that exp𝑝 is defined on 𝑇𝑀𝑝.
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(4) (𝑀, 𝑑) is proper; that is, all bounded closed subsets are compact.

If these properties hold, then for every pair of points 𝑝, 𝑞 ∈ 𝑀 there exists a
geodesic from 𝑝 to 𝑞 of length 𝑑 (𝑝, 𝑞).

A Riemannian manifold (𝑀, 𝑔) is called complete if 𝑀 is connected and prop-
erties (1) to (4) hold. Notice that every compact connected Riemannian manifold is
complete; such manifolds are called closed. By contrast, a complete non-compact
Riemannian manifold is called open.

Proof : Part I. Suppose first that (3) holds. We show that for every 𝑞 ∈ 𝑀 there
is a geodesic from 𝑝 to 𝑞 of length 𝑑 (𝑝, 𝑞). Let 𝑟 > 0 be such that exp𝑝 |𝐵𝑟

is a
diffeomorphism onto exp𝑝 (𝐵𝑟 ), and suppose that 𝜚 ∈ (0, 𝑟) and 𝑑 (𝑝, 𝑞) > 𝜚. By
Proposition 1.21, there exists a geodesic of length 𝜚 from 𝑝 to a point 𝑞′ such that

𝜚 + 𝑑 (𝑞′, 𝑞) = 𝑑 (𝑝, 𝑞).

Then, since exp𝑝 is defined on 𝑇𝑀𝑝, there is a geodesic ray 𝑐 : [0,∞) → 𝑀

emanating from 𝑝 such that | ¤𝑐 | ≡ 1 and 𝑐(𝜚) = 𝑞′. Put

𝐴 :=
{
𝑡 ∈ [0, 𝑑 (𝑝, 𝑞)] : 𝑡 + 𝑑 (𝑐(𝑡), 𝑞) = 𝑑 (𝑝, 𝑞)

}
,

and note that 𝜚 ∈ 𝐴. Let 𝑠 ∈ 𝐴 be such that 𝜚 ≤ 𝑠 < 𝑑 (𝑝, 𝑞). Applying
Proposition 1.21 again, but with 𝑝′ := 𝑐(𝑠) in place of 𝑝, we infer that there exist
𝜚′ > 0 and a geodesic 𝜎 : [𝑠, 𝑠 + 𝜚′] → 𝑀 of length 𝜚′ from 𝑝′ to a point 𝑞′′ such
that

𝜚′ + 𝑑 (𝑞′′, 𝑞) = 𝑑 (𝑝′, 𝑞).

Since 𝑠 ∈ 𝐴, we get that 𝑠 + 𝑑 (𝑝′, 𝑞) = 𝑑 (𝑝, 𝑞) and thus

(𝑠 + 𝜚′) + 𝑑 (𝑞′′, 𝑞) = 𝑑 (𝑝, 𝑞).

Now 𝑐 | [0,𝑠] followed by 𝜎 is a piecewise geodesic of length 𝑠 + 𝜚′ = 𝑑 (𝑝, 𝑞) −
𝑑 (𝑞′′, 𝑞) ≤ 𝑑 (𝑝, 𝑞′′) from 𝑝 to 𝑞′′, hence a minimizing geodesic. By the uniqueness
of geodesics, 𝑐(𝑠 + 𝜚′) = 𝑞′′, and so 𝑠 + 𝜚′ ∈ 𝐴. Thus, we have shown that for
every 𝑠 ∈ 𝐴 with 𝜚 ≤ 𝑠 < 𝑑 (𝑝, 𝑞) there is a 𝑡 ∈ 𝐴 bigger than 𝑠. Since 𝐴 is closed,
it follows that 𝑑 (𝑝, 𝑞) ∈ 𝐴. Hence, 𝑐(𝑑 (𝑝, 𝑞)) = 𝑞.

Part II. Suppose again that (3) holds. Then it follows from Part I that 𝐵(𝑝, 𝑟) ⊂
exp𝑝 (𝐵𝑟 ) for all 𝑟 > 0, and the reverse inclusion is clear. Hence, since 𝐵𝑟 is
compact and exp𝑝 is continuous, 𝐵(𝑝, 𝑟) is compact as well. This shows that (3)
implies (4), and clearly (4) implies (1).

Next, assume that (1) holds. Let 𝑣 ∈ 𝑇𝑀 be any unit vector, and let
𝑐𝑣 : [0, 𝜔𝑣) → 𝑀 be the maximal geodesic ray with inital vector 𝑣. Suppose
that 𝜔𝑣 < ∞. Choose a sequence 0 < 𝑡𝑖 ↑ 𝜔𝑣 . Then the sequence (𝑐𝑣 (𝑡𝑖)) is
Cauchy and thus converges to a point 𝑞 ∈ 𝑀 by (1). Since the domain of exp is
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open in 𝑇𝑀 , there exists an 𝜖 > 0 such that every geodesic 𝛾 with 𝛾(0) ∈ 𝐵(𝑞, 𝜖)
and |𝛾′(0) | = 1 is defined at least on (−𝜖, 𝜖). It follows that if 𝑖 is sufficiently large,
so that 𝑡𝑖 > 𝜔𝑣 − 𝜖 , then

𝑑 (𝑐𝑣 (𝑡𝑖), 𝑞) = lim
𝑗→∞

𝑑 (𝑐𝑣 (𝑡𝑖), 𝑐𝑣 (𝑡 𝑗)) ≤ lim
𝑗→∞

|𝑡𝑖 − 𝑡 𝑗 | = 𝜔𝑣 − 𝑡𝑖 < 𝜖,

therefore 𝑐𝑣 can be extended to [0, 𝑡𝑖 + 𝜖). Since 𝑡𝑖 + 𝜖 > 𝜔𝑣 , this contradicts the
maximality of 𝑐𝑣 . This shows that 𝜔𝑣 = ∞. Hence, (1) implies (2), and clearly (2)
implies (3).

Finally, by Part I of the proof, (2) implies the last assertion of the theorem. □

1.6 Geodesic metric spaces

We conclude this chapter with a brief discussion of a metric analogue of the Hopf–
Rinow theorem due to Stefan Cohn-Vossen [Co1935].

Let (𝑋, 𝑑) be a metric space. Recall that the length of a curve 𝑐 : 𝐼 → 𝑋 is
defined by

𝐿 (𝑐) := sup
𝑘∑︁
𝑖=1

𝑑 (𝑐(𝑡𝑖−1), 𝑐(𝑡𝑖)) ∈ [0,∞],

where the supremum is taken over all finite sequences 𝑡0 ≤ 𝑡1 ≤ . . . ≤ 𝑡𝑘 in 𝐼. The
curve 𝑐 has constant speed or is parametrized proportionally to arc length if there
exists a constant 𝜆 ≥ 0 such that 𝐿 (𝑐 | [𝑡 ,𝑡 ′ ]) = 𝜆 |𝑡 − 𝑡′ | whenever 𝑡, 𝑡′ ∈ 𝐼 and 𝑡 ≤ 𝑡′,
and 𝑐 has unit speed or is parametrized by arc length if 𝜆 = 1.

A metric space (𝑋, 𝑑) is called an inner metric space or a length space if, for
every pair of points 𝑝, 𝑞 ∈ 𝑋 ,

𝑑 (𝑝, 𝑞) = inf 𝐿 (𝑐),

where the infimum is taken over all curves 𝑐 : [0, 1] → 𝑋 from 𝑝 to 𝑞.

Definition 1.24 Let (𝑋, 𝑑) be a metric space. A curve 𝑐 : 𝐼 → 𝑋 is called a
geodesic if 𝑐 has constant speed and for all 𝑡 ∈ 𝐼 there exists a 𝛿 > 0 such that
𝐿 (𝑐 | [𝑡 ′ ,𝑡 ′′ ]) = 𝑑 (𝑐(𝑡′), 𝑐(𝑡′′)) whenever 𝑡′, 𝑡′′ ∈ 𝐼 ∩ [𝑡 − 𝛿, 𝑡 + 𝛿] and 𝑡′ < 𝑡′′.
The curve 𝑐 is called a minimizing geodesic if 𝐿 (𝑐 | [𝑡 ′ ,𝑡 ′′ ]) = 𝑑 (𝑐(𝑡′), 𝑐(𝑡′′)) for all
𝑡′, 𝑡′′ ∈ 𝐼 with 𝑡′ < 𝑡′′. We call (𝑋, 𝑑) a geodesic metric space if for every pair of
points 𝑝, 𝑞 ∈ 𝑋 there exists a minimizing geodesic 𝑐 : [0, 1] → 𝑋 from 𝑝 to 𝑞.

Evidently every geodesic space is also a length space. A partial converse will
be established below. We use the following lemma.

Lemma 1.25 Let 𝑋 be a length space, and suppose that for some 𝑥 ∈ 𝑋 and 𝑅 > 0
the ball 𝐵(𝑥, 𝑟) is compact for every 𝑟 ∈ (0, 𝑅). Then for every 𝑦 ∈ 𝐵(𝑥, 𝑅) there
exists a minimizing geodesic 𝑐 : [0, 𝑑 (𝑥, 𝑦)] → 𝑋 from 𝑥 to 𝑦.
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For illustration in a simple case, consider R2 \ {(0, 0)} ⊂ R2 with the induced
metric and a ball 𝐵((0, 𝑅), 𝑅).

Proof : Given 𝑦 ∈ 𝐵(𝑥, 𝑅), there is a sequence of unit speed (and hence 1-Lipschitz)
curves 𝑐𝑖 : [0, 𝑙𝑖] → 𝑋 from 𝑥 to 𝑦 such that 𝑙𝑖 → 𝑙 := 𝑑 (𝑥, 𝑦) as 𝑛 → ∞. For
every 𝑟 ∈ (0, 𝑙), the sequence (𝑐𝑖 (𝑟)) lies in the compact ball 𝐵(𝑥, 𝑟). Furthermore,
𝑑 (𝑐𝑖 (𝑙), 𝑦) ≤ 𝑙𝑖−𝑙 → 0. Now an Arzelà–Ascoli type (diagonal sequence) argument
shows that some subsequence of (𝑐𝑖 | [0,𝑙 ]) converges pointwise (in fact, uniformly)
to a 1-Lipschitz curve 𝑐 : [0, 𝑙] → 𝑋 with 𝑐(0) = 𝑥 and 𝑐(𝑙) = 𝑦. This is the desired
minimizing geodesic joining 𝑥 and 𝑦. □

We now prove a slight reformulation of the result from [Co1935].

Theorem 1.26 (Cohn-Vossen 1935) Let 𝑋 be a locally compact length space.
Then the following are equivalent:

(1) for some point 𝑥 ∈ 𝑋 , every minimizing geodesic 𝑐 : [0, 1) → 𝑋 with 𝑐(0) = 𝑥
can be extended to [0, 1];

(2) every curve 𝑐 : [0, 1) → 𝑋 of finite length can be extended to [0, 1];

(3) 𝑋 is complete;

(4) 𝑋 is proper (that is, every closed bounded subset of 𝑋 is compact).

If these conditions hold, then 𝑋 is a geodesic space.

Proof : The implications (4) ⇒ (3) ⇒ (2) ⇒ (1) hold in every metric space.
Furthermore, by Lemma 1.25, every proper length space is geodesic.

Suppose now that 𝑋 is a locally compact length space such that (1) holds. For
this distinguished point 𝑥 ∈ 𝑋 , put 𝐼 := {𝑟 ≥ 0 : 𝐵(𝑥, 𝑟) is compact}. Note that 𝐼
is an interval containing 0. Since 𝑋 is locally compact, 𝐼 is open relative to [0,∞):
for 𝑟 ∈ 𝐼, 𝐵(𝑥, 𝑟) can be covered by finitely many open balls 𝐵(𝑥𝑖 , 𝜖𝑖) such that the
corresponding closed balls 𝐵(𝑥𝑖 , 𝜖𝑖) are compact; then their union is compact and
contains 𝐵(𝑧, 𝑟 + 𝛿) for some 𝛿 > 0.

To prove that 𝐼 is also closed, suppose that [0, 𝑅) ⊂ 𝐼 for some 𝑅 > 0, and
let (𝑦𝑛) be a sequence in 𝐵(𝑥, 𝑅). By Lemma 1.25 there is a minimizing geodesic
𝑐𝑛 : [0, 1] → 𝑋 from 𝑥 to 𝑦𝑛. For every 𝑡 ∈ [0, 1), the sequence (𝑐𝑛 (𝑡)) lies
in the compact ball 𝐵(𝑥, 𝑡𝑅). Similarly as in the proof of the lemma, for some
subsequence (𝑐𝑛(𝑖) ), the restrictions 𝑐𝑛(𝑖) | [0,1) converge pointwise (and uniformly
on compact sets) to a minimizing geodesic 𝑐 : [0, 1) → 𝑋 . By (1), 𝑐 extends to
[0, 1], and clearly 𝑦𝑛(𝑖) = 𝑐𝑛(𝑖) (1) → 𝑐(1) as 𝑖 → ∞. This shows that 𝐵(𝑥, 𝑅) is
compact, hence 𝑅 ∈ 𝐼.

Consequently, 𝐼 = [0,∞), and (4) holds. This completes the proof. □



18 Chapter 1 Riemannian manifolds

Theorem 1.23 asserts in particular that every complete and locally compact
length space is geodesic. Neither completeness nor local compactness can be
dropped:

Example 1.27 The setR2\{0}, with the metric induced fromR2, is an incomplete,
locally compact length space that is not geodesic. The complete length space
obtained from a sequence of disjoint copies of [0, 1+1/𝑛] (𝑛 ∈ N) by gluing all left
endpoints to a point 𝑥 and all right endpoints to a point 𝑦 is not locally compact and
not geodesic, because there is no segment of length 𝑑 (𝑥, 𝑦) = 1 joining 𝑥 and 𝑦.

Regarding the first item in Theorem 1.23, we point out that the continuous
extension of a (non-minimizing) geodesic 𝑐 : [0, 1) → 𝑋 to [0, 1] may fail to be
a geodesic, even if 𝑋 is a compact geodesic space. This stands in contrast to the
situation in Riemannian geometry.

Example 1.28 Put 𝑆 := {1 − 2−𝑛 : 𝑛 = 0, 1, 2, . . .}. Let 𝑋 ⊂ R2 be the union
of [0, 1] × {0} with the graph {(𝑡, 𝑑 (𝑡, 𝑆)) : 𝑡 ∈ [0, 1]} of the distance function
to 𝑆, and endow 𝑋 with the induced length metric. Define 𝑐 : [0, 1] → 𝑋 by
𝑐(𝑡) := (𝑡, 𝑑 (𝑡, 𝑆)). Then 𝑐 | [0,1) is a geodesic, whereas no subsegment 𝑐 | [𝑡 ′ ,1] of 𝑐
with 𝑡′ < 1 is minimizing.



Chapter 2

Curvature

2.1 The curvature tensor

Definition 2.1 Let (𝑀, 𝑔 = ⟨ · , · ⟩) be a Riemannian manifold with Levi-Civita
connection 𝐷. The map 𝑅 : Γ(𝑇𝑀)3 → Γ(𝑇𝑀) defined by

𝑅(𝑋,𝑌 )𝑊 := 𝐷𝑋𝐷𝑌𝑊 − 𝐷𝑌𝐷𝑋𝑊 − 𝐷 [𝑋,𝑌 ]𝑊

is called the Riemann curvature tensor of (𝑀, 𝑔). Briefly,

𝑅(𝑋,𝑌 ) = [𝐷𝑋, 𝐷𝑌 ] − 𝐷 [𝑋,𝑌 ] .

The curvature tensor of an arbitrary connection ∇ on 𝑇𝑀 is defined analogously.

The opposite sign convention is also common. It is straightforward to check
that 𝑅 defines a (1, 3)-tensor field: for 𝑓 ∈ 𝐶∞(𝑀),

𝑅( 𝑓 𝑋,𝑌 )𝑊 = 𝑓 𝐷𝑋𝐷𝑌𝑊 − 𝐷𝑌 ( 𝑓 𝐷𝑋𝑊) − 𝐷 𝑓 [𝑋,𝑌 ]𝑊 + 𝐷𝑌 ( 𝑓 )𝑋𝑊

= 𝑓 𝑅(𝑋,𝑌 )𝑊,

hence 𝑅(𝑋, 𝑓𝑌 )𝑊 = −𝑅( 𝑓𝑌 , 𝑋)𝑊 = − 𝑓 𝑅(𝑌, 𝑋)𝑊 = 𝑓 𝑅(𝑋,𝑌 )𝑊 , and

𝑅(𝑋,𝑌 ) ( 𝑓𝑊) = 𝐷𝑋

(
𝑌 ( 𝑓 )𝑊 + 𝑓 𝐷𝑌𝑊

)
− 𝐷𝑌

(
𝑋 ( 𝑓 )𝑊 + 𝑓 𝐷𝑋𝑊

)
− [𝑋,𝑌 ] ( 𝑓 )𝑊 − 𝑓 𝐷 [𝑋,𝑌 ]𝑊

= 𝑓 𝑅(𝑋,𝑌 )𝑊.

In a chart (𝜙,𝑈), with 𝐴𝑖 := 𝜕
𝜕𝜑𝑖 ,

𝐷𝐴𝑘
𝐷𝐴𝑙

𝐴 𝑗 = 𝐷𝐴𝑘

( 𝑚∑︁
𝑠=1

Γ𝑠
𝑙 𝑗𝐴𝑠

)
=

𝑚∑︁
𝑠=1

(
𝐴𝑘 (Γ𝑠

𝑙 𝑗)𝐴𝑠 + Γ𝑠
𝑙 𝑗𝐷𝐴𝑘

𝐴𝑠

)
,

19
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and 𝐷𝐴𝑘
𝐴𝑠 =

∑
𝑖 Γ

𝑖
𝑘𝑠
𝐴𝑖 . It follows that

𝑅(𝐴𝑘 , 𝐴𝑙)𝐴 𝑗 =

𝑚∑︁
𝑖=1

𝑅𝑖
𝑗𝑘𝑙𝐴𝑖 ,

𝑅𝑖
𝑗𝑘𝑙 := 𝐴𝑘 (Γ𝑖

𝑙 𝑗) − 𝐴𝑙 (Γ
𝑖
𝑘 𝑗) +

𝑚∑︁
𝑠=1

(
Γ𝑠
𝑙 𝑗Γ

𝑖
𝑘𝑠 − Γ𝑠

𝑘 𝑗Γ
𝑖
𝑙𝑠

)
.

Notice the (traditional) index pattern: the upper index and the first lower index
of 𝑅𝑖

𝑗𝑘𝑙
represent the endomorphism 𝑅(𝐴𝑘 , 𝐴𝑙) : Γ(𝑇𝑈) → Γ(𝑇𝑈). By putting

𝑅𝑖 𝑗𝑘𝑙 :=
∑𝑚

𝑟=1 𝑔𝑖𝑟𝑅
𝑟
𝑗𝑘𝑙

, one gets the 𝜙 components of 𝑅 as a (0, 4)-tensor field, also
denoted by 𝑅:

𝑅 : Γ(𝑇𝑀)4 → 𝐶∞(𝑀), 𝑅(𝑉,𝑊, 𝑋,𝑌 ) := ⟨𝑉, 𝑅(𝑋,𝑌 )𝑊⟩,

thus 𝑅(𝐴𝑖 , 𝐴 𝑗 , 𝐴𝑘 , 𝐴𝑙) = ⟨𝐴𝑖 , 𝑅(𝐴𝑘 , 𝐴𝑙)𝐴 𝑗⟩ =
〈
𝐴𝑖 ,

∑
𝑟 𝑅

𝑟
𝑗𝑘𝑙
𝐴𝑟

〉
= 𝑅𝑖 𝑗𝑘𝑙.

Proposition 2.2 (symmetry properties) For all vector fields 𝑉,𝑊, 𝑋,𝑌 ∈
Γ(𝑇𝑀),

(1) 𝑅(𝑌, 𝑋)𝑊 = −𝑅(𝑋,𝑌 )𝑊 (thus 𝑅(𝑉,𝑊,𝑌, 𝑋) = −𝑅(𝑉,𝑊, 𝑋,𝑌 )),

(2) 𝑅(𝑋,𝑌 )𝑊 + 𝑅(𝑌,𝑊)𝑋 + 𝑅(𝑊, 𝑋)𝑌 = 0,

(3) 𝑅(𝑊,𝑉, 𝑋,𝑌 ) = −𝑅(𝑉,𝑊, 𝑋,𝑌 ),

(4) 𝑅(𝑋,𝑌,𝑉,𝑊) = 𝑅(𝑉,𝑊, 𝑋,𝑌 ).

Property (2) is called the first Bianchi identity.

Proof : (1) clearly holds for the curvature tensor of any connection.
To verify (2) and (3), it suffices to consider local coordinate vector fields

𝑉,𝑊, 𝑋,𝑌 , so that all Lie brackets vanish. Then the cyclic sum in (2) equals

𝐷𝑋𝐷𝑌𝑊 − 𝐷𝑌𝐷𝑋𝑊

+ 𝐷𝑌𝐷𝑊𝑋 − 𝐷𝑊𝐷𝑌𝑋

+ 𝐷𝑊𝐷𝑋𝑌 − 𝐷𝑋𝐷𝑊𝑌,

which is zero since 𝐷 is torsion-free. Next, since 𝐷 is compatible with 𝑔,

𝑋𝑌 ⟨𝑉,𝑉⟩ = 2𝑋 ⟨𝑉, 𝐷𝑌𝑉⟩ = 2⟨𝐷𝑋𝑉, 𝐷𝑌𝑉⟩ + 2⟨𝑉, 𝐷𝑋𝐷𝑌𝑉⟩

and 𝑌𝑋 ⟨𝑉,𝑉⟩ = 2⟨𝐷𝑌𝑉, 𝐷𝑋𝑉⟩ + 2⟨𝑉, 𝐷𝑌𝐷𝑋𝑉⟩. Taking the difference, we get
0 = [𝑋,𝑌 ]⟨𝑉,𝑉⟩ = 2⟨𝑉, 𝑅(𝑋,𝑌 )𝑉⟩ = 2𝑅(𝑉,𝑉, 𝑋,𝑌 ), which yields (3).
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Lastly, the “pair symmetry” (4) follows algebraically from properties (1)–(3):
The expression

𝑅(𝑉,𝑊, 𝑋,𝑌 ) + 𝑅(𝑊,𝑉,𝑌, 𝑋) − 𝑅(𝑋,𝑌,𝑉,𝑊) − 𝑅(𝑌, 𝑋,𝑊,𝑉)
+ 𝑅(𝑉, 𝑋,𝑌,𝑊) + 𝑅(𝑊,𝑌, 𝑋,𝑉) − 𝑅(𝑋,𝑉,𝑊,𝑌 ) − 𝑅(𝑌,𝑊,𝑉, 𝑋)
+ 𝑅(𝑉,𝑌,𝑊, 𝑋) + 𝑅(𝑊, 𝑋,𝑉,𝑌 ) − 𝑅(𝑋,𝑊,𝑌,𝑉) − 𝑅(𝑌,𝑉, 𝑋,𝑊)

vanishes, because the sum of each column is zero by (2). Furthermore, by (1)
and (3), the last two rows vanish as well, whereas the first row is equal to
2𝑅(𝑉,𝑊, 𝑋,𝑌 ) − 2𝑅(𝑋,𝑌,𝑉,𝑊). This gives (4). □

The following result supplements Proposition 1.12.

Proposition 2.3 Let 𝑅 be the curvature tensor of a connection ∇ on 𝑇𝑀 . For
another manifold 𝑁 and a smooth map 𝐹 : 𝑁 → 𝑀 , let 𝑅𝐹 denote the curvature
tensor of the connection ∇𝐹 along 𝐹, given by

𝑅𝐹(𝑋,𝑌 )𝑊 := ∇𝐹
𝑋∇𝐹

𝑌𝑊 − ∇𝐹
𝑌 ∇𝐹

𝑋𝑊 − ∇𝐹
[𝑋,𝑌 ]𝑊 ∈ Γ(𝐹∗𝑇𝑀)

for 𝑋,𝑌 ∈ Γ(𝑇𝑁) and𝑊 ∈ Γ(𝐹∗𝑇𝑀). Then

(𝑅𝐹(𝑋,𝑌 )𝑊)𝑝 = 𝑅(𝐹∗𝑋𝑝, 𝐹∗𝑌𝑝)𝑊𝑝

for all 𝑝 ∈ 𝑁 .

Proof : Let 𝐴1, . . . , 𝐴𝑚 be coordinate vector fields on an open set𝑈 ⊂ 𝑀 . Suppose
that 𝑋,𝑌 are vector fields on 𝐹−1(𝑈), and write 𝐹∗𝑋 =

∑
𝑖 𝑋

𝑖 𝐴𝑖 ◦ 𝐹 and 𝐹∗𝑌 =∑
𝑗 𝑌

𝑗 𝐴 𝑗 ◦ 𝐹 for smooth functions 𝑋 𝑖 , 𝑌 𝑗 on 𝐹−1(𝑈). Furthermore, suppose that
𝑊 = 𝐴 ◦ 𝐹 on 𝐹−1(𝑈) for a vector field 𝐴 on 𝑈, and put 𝐵𝑘 := ∇𝐴𝑘

𝐴. Then
∇𝐹
𝑌
(𝐴 ◦ 𝐹) = ∇𝐹∗𝑌 𝐴 =

∑
𝑗 𝑌

𝑗 𝐵 𝑗 ◦ 𝐹, hence

∇𝐹
𝑋∇𝐹

𝑌 (𝐴 ◦ 𝐹) =
𝑚∑︁
𝑗=1

𝑋 (𝑌 𝑗) 𝐵 𝑗 ◦ 𝐹 +
𝑚∑︁
𝑗=1
𝑌 𝑗 ∇𝐹

𝑋 (𝐵 𝑗 ◦ 𝐹),

and the second sum equals

𝑚∑︁
𝑗=1
𝑌 𝑗 ∇𝐹∗𝑋𝐵 𝑗 =

𝑚∑︁
𝑖, 𝑗=1

𝑋 𝑖𝑌 𝑗 (∇𝐴𝑖
𝐵 𝑗) ◦ 𝐹.

The term ∇𝐹
𝑌
∇𝐹
𝑋
(𝐴 ◦ 𝐹) is computed similarly. Furthermore, by the formula for

𝐹∗ [𝑋,𝑌 ] stated in the proof of Proposition 1.12, and since [𝐴𝑖 , 𝐴 𝑗] = 0,

∇𝐹
[𝑋,𝑌 ] (𝐴 ◦ 𝐹) = ∇𝐹∗ [𝑋,𝑌 ]𝐴 =

𝑚∑︁
𝑗=1

(
𝑋 (𝑌 𝑗) − 𝑌 (𝑋 𝑗)

)
𝐵 𝑗 ◦ 𝐹.
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From these identities, it follows that

𝑅𝐹 (𝑋,𝑌 ) (𝐴 ◦ 𝐹) =
𝑚∑︁

𝑖, 𝑗=1
𝑋 𝑖𝑌 𝑗 (∇𝐴𝑖

𝐵 𝑗 − ∇𝐴 𝑗
𝐵𝑖) ◦ 𝐹

=

𝑚∑︁
𝑖, 𝑗=1

𝑋 𝑖𝑌 𝑗 (𝑅(𝐴𝑖 , 𝐴 𝑗)𝐴) ◦ 𝐹

= 𝑅(𝐹∗𝑋, 𝐹∗𝑌 ) (𝐴 ◦ 𝐹).

This gives the result. □

2.2 Sectional curvature

Definition 2.4 Let 𝑃 be a 2-dimensional linear subspace of 𝑇𝑀𝑝, and let (𝑣, 𝑤) be
a basis of 𝑃. The number

sec(𝑃) = ⟨𝑣, 𝑅(𝑣, 𝑤)𝑤⟩
|𝑣 |2 |𝑤 |2 − ⟨𝑣, 𝑤⟩2 =

𝑅(𝑣, 𝑤, 𝑣, 𝑤)
|𝑣 |2 |𝑤 |2 − ⟨𝑣, 𝑤⟩2

is called the sectional curvature of 𝑃.

The Gram determinant |𝑣 |2 |𝑤 |2 − ⟨𝑣, 𝑤⟩2 gives the square of the area of the
parallelogram spanned by 𝑣 and 𝑤. The number sec(𝑃) is well-defined in that it
does not depend on the choice of the basis of 𝑃, since the quotient is invariant under
the maps (𝑣, 𝑤) ↦→ (𝑤, 𝑣), (𝑣, 𝑤) ↦→ (𝜆𝑣, 𝑤), and (𝑣, 𝑤) ↦→ (𝑣 + 𝜆𝑤, 𝑤) for 𝜆 ∈ R

(use Proposition 2.2).
If the metric 𝑔 is multiplied by a constant, 𝑔̃ = 𝜆2𝑔, where 𝜆 > 0, then the

connection 𝐷 and hence 𝑅, as a (1, 3)-tensor field, are not affected, so

sec𝑔̃ (𝑃) =
𝜆2⟨𝑣, 𝑅(𝑣, 𝑤)𝑤⟩

𝜆4( |𝑣 |2 |𝑤 |2 − ⟨𝑣, 𝑤⟩2)
=

1
𝜆2 sec𝑔 (𝑃).

Remark 2.5 For 𝑝 ∈ 𝑀 , let 𝐺2(𝑇𝑀𝑝) denote the set of all linear 2-planes in
𝑇𝑀𝑝. The sectional curvature function sec𝑝 : 𝐺2(𝑇𝑀𝑝) → R, together with 𝑔𝑝,
determines the curvature tensor at 𝑝 completely. In fact, 𝑅𝑝 (𝑣, 𝑤, 𝑥, 𝑦) can be
expressed as a sum of terms of the form ±𝑅𝑝 (𝑎, 𝑏, 𝑎, 𝑏) =: ±𝑆𝑝 (𝑎, 𝑏). To see this,
note first that

3𝑅(𝑥, 𝑦)𝑤 = 𝑅(𝑥, 𝑤 + 𝑦) (𝑤 + 𝑦) − 𝑅(𝑥, 𝑤)𝑤 − 𝑅(𝑥, 𝑦)𝑦
− 𝑅(𝑦, 𝑤 + 𝑥) (𝑤 + 𝑥) + 𝑅(𝑦, 𝑤)𝑤 + 𝑅(𝑦, 𝑥)𝑥,

due to properties (1) and (2) in Proposition 2.2. Now take the inner product with 𝑣,
and use the pair symmetry (4) and polarization for each of the six terms on the right
hand side; for example, 2⟨𝑣, 𝑅(𝑥, 𝑤)𝑤⟩ = 2𝑅(𝑣, 𝑤, 𝑥, 𝑤) = 𝑆(𝑣 + 𝑥, 𝑤) − 𝑆(𝑣, 𝑤) −
𝑆(𝑥, 𝑤).
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For dim(𝑀) = 2, the function 𝐾 : 𝑀 → R, 𝐾 (𝑝) = sec(𝑇𝑀𝑝), is the Gauss
curvature of 𝑀 . In a chart (𝜙,𝑈),

𝐾 |𝑈 =
𝑅1212

det(𝑔𝑖 𝑗)
.

Definition 2.6 A complete Riemannian manifold 𝑀 with constant sectional cur-
vature sec ≡ 𝜅 is called a space form. A space form is called spherical, flat, or
hyperbolic depending on whether 𝜅 > 0, 𝜅 = 0, or 𝜅 < 0, respectively.

If sec ≡ 𝜅 ∈ R, then the curvature tensor satisfies

𝑅(𝑋,𝑌 )𝑊 = 𝜅
(
⟨𝑌,𝑊⟩𝑋 − ⟨𝑋,𝑊⟩𝑌

)
(exercise). We shall see that the model spaces

𝑆𝑚 ⊂ (R𝑚+1, ⟨ · , · ⟩eucl) (𝜅 = 1),
(R𝑚, ⟨ · , · ⟩eucl) (𝜅 = 0),
𝐻𝑚 ⊂ (R𝑚,1, ⟨ · , · ⟩L) (𝜅 = −1)

are, up to scaling, the only simply connected𝑚-dimensional space forms, and every
𝑚-dimensional space form with sec ≡ 𝜅 ∈ {−1, 0, 1} is a quotient of one of these
(see Theorem 4.13).

2.3 Ricci and scalar curvature

Let𝑉 be an𝑚-dimensional R-vector space; for example, 𝑇𝑀𝑝. Then (1, 1)-tensors
𝑇 ∈ 𝑉1,1 = 𝑉 ⊗ 𝑉∗ appear in two equivalent forms:

𝑇 : 𝑉∗ ×𝑉 → R and 𝑇 : 𝑉 → 𝑉,

where 𝑇 (𝜃, 𝑋) = 𝜃 (𝑇 (𝑋)) for all 𝜃 ∈ 𝑉∗ and 𝑋 ∈ 𝑉 . The contraction 𝐶 (𝑇) =

𝐶 (𝑇) ∈ R is the trace of 𝑇 . With respect to a basis (𝑒1, . . . , 𝑒𝑚) and the dual basis
(𝜖1, . . . , 𝜖𝑚),

𝑇 =
∑︁
𝑖, 𝑗

𝑇 𝑖
𝑗𝑒𝑖 ⊗ 𝜖 𝑗 and 𝑇𝑒 𝑗 =

∑︁
𝑖

𝑇 𝑖
𝑗𝑒𝑖

(where (𝑒𝑖 ⊗ 𝜖 𝑗) (𝜃, 𝑋) = 𝜃 (𝑒𝑖)𝜖 𝑗 (𝑋)), hence

𝐶 (𝑇) = 𝐶 (𝑇) =
∑︁
𝑖

𝑇 𝑖
𝑖 =

∑︁
𝑖

𝑇 (𝜖 𝑖 , 𝑒𝑖) =
∑︁
𝑖

𝜖 𝑖 (𝑇 (𝑒𝑖)).

If the (1, 1)-tensor 𝑇 is decomposable, that is, of the form 𝑇 = 𝑌 ⊗ 𝜔 for a vector
𝑌 =

∑
𝑖 𝑌

𝑖𝑒𝑖 and a covector 𝜔 =
∑

𝑗 𝜔 𝑗𝜖
𝑗 , then

𝐶 (𝑌 ⊗ 𝜔) =
∑︁
𝑖

(𝑌 ⊗ 𝜔) (𝜖 𝑖 , 𝑒𝑖) =
∑︁
𝑖

𝜖 𝑖 (𝑌 )𝜔(𝑒𝑖) =
∑︁
𝑖

𝑌 𝑖𝜔𝑖 = 𝜔(𝑌 ).
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Next, for integers 𝑟, 𝑠 ≥ 1 and a pair of indices 𝑘 ∈ {1, . . . , 𝑟} and 𝑙 ∈ {1, . . . , 𝑠},
the contraction

𝐶 = 𝐶𝑘,𝑙 : 𝑉𝑟 ,𝑠 → 𝑉𝑟−1,𝑠−1

over 𝑘, 𝑙 is defined as the contraction of the (1, 1)-tensor obtained by fixing the
arguments in all other slots. For example, if 𝑇 ∈ 𝑉2,3, then 𝐶1,3(𝑇) ∈ 𝑉1,2 is
defined by

(𝐶1,3𝑇) (𝜃, 𝑋,𝑌 ) = 𝐶 (𝑇 ( · , 𝜃, 𝑋,𝑌 , · )).

In coordinates, the components of 𝐶1,3(𝑇) are given by 𝑇𝑎
𝑏𝑐

=
∑

𝑖 𝑇
𝑖𝑎
𝑏𝑐𝑖

.
Finally, for 𝑟, 𝑠 ≥ 𝑛, a general (𝑛-fold) contraction

𝐶 : 𝑉𝑟 ,𝑠 → 𝑉𝑟−𝑛,𝑠−𝑛

is a composition of 𝑛 such (simple) contractions.
For tensor fields on a manifold 𝑀 , contractions are defined pointwise, for

every 𝑇𝑀𝑝.

Definition 2.7 The Ricci curvature of a Riemannian manifold (𝑀, 𝑔) is the con-
traction Ric ∈ Γ(𝑇0,2𝑀) of the curvature tensor 𝑅 such that, for 𝑣, 𝑤 ∈ 𝑇𝑀𝑝,
Ric(𝑣, 𝑤) = Ric𝑝 (𝑣, 𝑤) is the trace of the endomorphism 𝑥 ↦→ 𝑅(𝑥, 𝑣)𝑤 of 𝑇𝑀𝑝.

With respect to a basis (𝑒1, . . . , 𝑒𝑚) of 𝑇𝑀𝑝 and the respective dual basis
(𝜖1, . . . , 𝜖𝑚) of 𝑇𝑀∗

𝑝,

Ric(𝑣, 𝑤) =
∑︁
𝑖

𝜖 𝑖 (𝑅(𝑒𝑖 , 𝑣)𝑤).

If (𝑒1, . . . , 𝑒𝑚) is orthonormal, then 𝜖 𝑖 = ⟨𝑒𝑖 , · ⟩ and thus

Ric(𝑣, 𝑤) =
∑︁
𝑖

⟨𝑒𝑖 , 𝑅(𝑒𝑖 , 𝑣)𝑤⟩ =
∑︁
𝑖

𝑅(𝑒𝑖 , 𝑤, 𝑒𝑖 , 𝑣).

In particular, by Proposition 2.2, Ric(𝑣, 𝑤) = Ric(𝑤, 𝑣), and

Ric(𝑒 𝑗 , 𝑒 𝑗) =
∑︁
𝑖

𝑅(𝑒𝑖 , 𝑒 𝑗 , 𝑒𝑖 , 𝑒 𝑗) =
∑︁
𝑖: 𝑖≠ 𝑗

sec(span{𝑒𝑖 , 𝑒 𝑗}).

In a chart (𝜙,𝑈),

Ric |𝑈 =
∑︁
𝑖, 𝑗

𝑅𝑖 𝑗𝑑𝜙
𝑖 ⊗ 𝑑𝜙 𝑗 , 𝑅𝑖 𝑗 =

∑︁
𝑘

𝑅𝑘
𝑖𝑘 𝑗 = 𝑅 𝑗𝑖 .

To take a further trace, we first change the type of Ric by means of the metric 𝑔.
Define the (1, 1)-tensor field Ric′ : Γ(𝑇𝑀) → Γ(𝑇𝑀) such that Ric(𝑉,𝑊) =

⟨𝑉,Ric′(𝑊)⟩ for all 𝑉,𝑊 ∈ Γ(𝑇𝑀). In a chart (𝜙,𝑈),

Ric′
( 𝜕

𝑑𝜙 𝑗

)
=
∑︁
𝑖

𝑅𝑖
𝑗

𝜕

𝜕𝜙𝑖
, 𝑅𝑖

𝑗 =
∑︁
𝑘

𝑔𝑖𝑘𝑅𝑘 𝑗 .
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Definition 2.8 The scalar curvature of a Riemannian manifold (𝑀, 𝑔) is the con-
traction scal = 𝐶 (Ric′) ∈ 𝐶∞(𝑀) of Ric′, called the metric contraction 𝐶𝑔 (Ric)
of Ric.

For an orthonormal basis (𝑒1, . . . , 𝑒𝑚) of 𝑇𝑀𝑝,

scal(𝑝) =
∑︁
𝑗

⟨𝑒 𝑗 ,Ric′(𝑒 𝑗)⟩ =
∑︁
𝑗

Ric(𝑒 𝑗 , 𝑒 𝑗)

=
∑︁
𝑖, 𝑗

𝑅(𝑒𝑖 , 𝑒 𝑗 , 𝑒𝑖 , 𝑒 𝑗) =
∑︁

𝑖, 𝑗: 𝑖≠ 𝑗

sec(span{𝑒𝑖 , 𝑒 𝑗}).

In a chart (𝜙,𝑈),
scal |𝑈 =

∑︁
𝑖

𝑅𝑖
𝑖 =

∑︁
𝑖, 𝑗

𝑔𝑖 𝑗𝑅 𝑗𝑖 .

If for some 𝑝 ∈ 𝑀 the sectional curvature sec(𝑃) is independent of the 2-plane
𝑃 ⊂ 𝑇𝑀𝑝, thus sec(𝑃) = 𝜅𝑝 ∈ R (compare Theorem 2.16), then

Ric𝑝 = (𝑚 − 1)𝜅𝑝 𝑔𝑝 and scal(𝑝) = 𝑚(𝑚 − 1)𝜅𝑝 .

Next we discuss tensor derivations.

Proposition 2.9 Let ∇ be a connection on 𝑇𝑀 . There exists a unique family of
bilinear operators

∇𝑟 ,𝑠 : Γ(𝑇𝑀) × Γ(𝑇𝑟 ,𝑠𝑀) → Γ(𝑇𝑟 ,𝑠𝑀) for 𝑟, 𝑠 ≥ 0,

where ∇𝑟 ,𝑠 (𝑋,𝑇) is written as ∇𝑟 ,𝑠

𝑋
𝑇 or just ∇𝑋𝑇 , such that

(1) ∇0,0
𝑋
𝑓 = 𝑋 ( 𝑓 ) = 𝑑𝑓 (𝑋),

(2) ∇1,0
𝑋
𝑌 = ∇𝑋𝑌 ,

(3) 𝑋 (𝜃 (𝑌 )) =
(
∇0,1
𝑋
𝜃
)
(𝑌 ) + 𝜃 (∇𝑋𝑌 ), and

(4) ∇𝑟+𝑟 ′,𝑠+𝑠′
𝑋

(𝑇 ⊗ 𝑇 ′) =
(
∇𝑟 ,𝑠

𝑋
𝑇
)
⊗ 𝑇 ′ + 𝑇 ⊗

(
∇𝑟 ′,𝑠′

𝑋
𝑇 ′) .

The following further properties hold:

(5) ∇ 𝑓 𝑋𝑇 = 𝑓 ∇𝑋𝑇 ,

(6) ∇𝑋 ( 𝑓 𝑇) = 𝑋 ( 𝑓 )𝑇 + 𝑓 ∇𝑋𝑇 , and

(7) 𝐶
(
∇𝑟 ,𝑠

𝑋
𝑇
)
= ∇𝑟−𝑛,𝑠−𝑛

𝑋
𝐶 (𝑇) for any 𝑛-fold contraction 𝐶 : Γ(𝑇𝑟 ,𝑠𝑀) →

Γ(𝑇𝑟−𝑛,𝑠−𝑛𝑀).
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Proof (sketch): Properties (1)–(3) determine ∇0,0,∇1,0,∇0,1. It is straightforward
to check that

(
∇0,1
𝑋
𝜃
)
( 𝑓𝑌 ) = 𝑓

(
∇0,1
𝑋
𝜃
)
(𝑌 ) for 𝑓 ∈ 𝐶∞(𝑀), so indeed ∇0,1

𝑋
𝜃 ∈

Γ(𝑇0,1𝑀). Property (6) follows directly from (1) and (4) since 𝑓 𝑇 = 𝑓 ⊗ 𝑇 .
Furthermore, (6) implies that for a fixed 𝑋 , the operators ∇𝑟 ,𝑠

𝑋
are locally defined

(as for ∇𝑋). Now one can use a local representation of 𝑇 and (1)–(4) to show
that ∇𝑟 ,𝑠

𝑋
𝑇 is uniquely determined, and property (5) also follows inductively from

(1)–(4). For example, let 𝑇 ∈ Γ(𝑇1,1𝑀). Then 𝑇 is (locally) a finite sum of terms
of the form 𝑌 ⊗ 𝜔, and

∇1,1
𝑋

(𝑌 ⊗ 𝜔) =
(
∇1,0
𝑋
𝑌
)
⊗ 𝜔 + 𝑌 ⊗

(
∇0,1
𝑋
𝜔
)

by (4). By contracting this identity, we get that

𝐶
(
∇1,1
𝑋

(𝑌 ⊗ 𝜔)
)
= 𝜔(∇𝑋𝑌 ) + (∇𝑋𝜔) (𝑌 ) = 𝑋 (𝜔(𝑌 )) = ∇0,0

𝑋
(𝜔(𝑌 ))

by (3) and (1). Since 𝜔(𝑌 ) = 𝐶 (𝑌 ⊗ 𝜔), this shows (7) for this case. □

Example 2.10 Suppose that 𝑇 ∈ Γ(𝑇0,2𝑀) (for example, 𝑇 = 𝑔 or 𝑇 = Ric). Then
𝑇 (𝑋,𝑌 ) = 𝐶 (𝑋 ⊗ 𝑌 ⊗ 𝑇) for a 2-fold contraction 𝐶, thus

𝑍 (𝑇 (𝑋,𝑌 )) = ∇0,0
𝑍
𝐶 (𝑋 ⊗ 𝑌 ⊗ 𝑇) = 𝐶

(
∇2,2
𝑍

(𝑋 ⊗ 𝑌 ⊗ 𝑇)
)

by (1) and (7). Expanding ∇2,2
𝑍

(𝑋 ⊗𝑌 ⊗ 𝑇) by (4) and applying 𝐶 to the individual
terms, we get that

𝑍 (𝑇 (𝑋,𝑌 )) = 𝐶
(
(∇𝑍𝑋) ⊗ 𝑌 ⊗ 𝑇 + 𝑋 ⊗ (∇𝑍𝑌 ) ⊗ 𝑇 + 𝑋 ⊗ 𝑌 ⊗

(
∇0,2
𝑍
𝑇
) )

= 𝑇 (∇𝑍𝑋,𝑌 ) + 𝑇 (𝑋,∇𝑍𝑌 ) +
(
∇0,2
𝑍
𝑇
)
(𝑋,𝑌 ).

In particular, ∇ is compatible with 𝑔 if and only if 𝑔 is parallel with respect to ∇,
that is, ∇0,2𝑔 ≡ 0.

Example 2.11 Let again 𝐷 denote the Levi-Civita connection of 𝑔 = ⟨ · , · ⟩. For a
function 𝑓 ∈ 𝐶∞(𝑀), the gradient grad 𝑓 ∈ Γ(𝑇𝑀) and the Hesse form Hess( 𝑓 ) ∈
Γ(𝑇0,2𝑀) are defined by the relations ⟨grad 𝑓 , 𝑌⟩ = 𝑑𝑓 (𝑌 ) and

Hess( 𝑓 ) (𝑋,𝑌 ) := ⟨𝐷𝑋 grad 𝑓 , 𝑌⟩ = 𝑋 ⟨grad 𝑓 , 𝑌⟩ − ⟨grad 𝑓 , 𝐷𝑋𝑌⟩
= 𝑋 (𝑑𝑓 (𝑌 )) − 𝑑𝑓 (𝐷𝑋𝑌 )

for 𝑋,𝑌 ∈ Γ(𝑇𝑀). By (3), this last term is equal to
(
𝐷

0,1
𝑋
𝑑𝑓

)
(𝑌 ); briefly,

Hess( 𝑓 ) = 𝐷 𝑑𝑓 = 𝐷2 𝑓 .

Notice that the term 𝑋 (𝑑𝑓 (𝑌 )) − 𝑑𝑓 (𝐷𝑋𝑌 ) = 𝑋 (𝑌 ( 𝑓 )) − (𝐷𝑋𝑌 ) ( 𝑓 ) is symmetric
in 𝑋 and 𝑌 since 𝐷 is torsion-free, thus Hess( 𝑓 ) is symmetric. If 𝑐 is a geodesic
in 𝑀 with 𝑐(0) = 𝑝 and 𝑐′(0) = 𝑣, then

( 𝑓 ◦ 𝑐)′′(0) = 𝑑

𝑑𝑠

���
𝑠=0

⟨grad 𝑓 (𝑐(𝑠)), 𝑐′(𝑠)⟩ = Hess( 𝑓 )𝑝 (𝑣, 𝑣).
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Example 2.12 If 𝑅 is the curvature tensor of a connection ∇ on 𝑇𝑀 , then
𝑅(𝑋,𝑌 )𝑊 = 𝐶 (𝑊 ⊗ 𝑋 ⊗𝑌 ⊗ 𝑅) for a 3-fold contraction 𝐶, and it follows similarly
as in Example 2.10 that

∇𝑍 (𝑅(𝑋,𝑌 )𝑊) = 𝐶
(
∇4,3
𝑍

(𝑊 ⊗ 𝑋 ⊗ 𝑌 ⊗ 𝑅)
)

= 𝑅(𝑋,𝑌 )∇𝑍𝑊 + 𝑅(∇𝑍𝑋,𝑌 )𝑊 + 𝑅(𝑋,∇𝑍𝑌 )𝑊
+
(
∇1,3
𝑍
𝑅
)
(𝑋,𝑌 )𝑊.

A similar identity holds for 𝑍 (𝑅(𝑉,𝑊, 𝑋,𝑌 )) and ∇0,4
𝑍
𝑅, and if ∇ is compatible

with 𝑔 = ⟨ · , · ⟩, then it follows that〈
𝑉,

(
∇1,3
𝑍
𝑅
)
(𝑋,𝑌 )𝑊

〉
=
(
∇0,4
𝑍
𝑅
)
(𝑉,𝑊, 𝑋,𝑌 ).

Furthermore, for the Levi-Civita connection ∇ = 𝐷, the (0, 4)-tensor fields 𝐷0,4
𝑍
𝑅

and 𝑅 have the same symmetry properties (exercise).

Lemma 2.13 (second Bianchi identity) Let 𝑅 be the curvature tensor of a torsion-
free connection ∇. Then

(∇𝑍𝑅) (𝑋,𝑌 )𝑊 + (∇𝑋𝑅) (𝑌, 𝑍)𝑊 + (∇𝑌𝑅) (𝑍, 𝑋)𝑊 = 0

for all𝑊, 𝑋,𝑌, 𝑍 ∈ Γ(𝑇𝑀).

Proof : It suffices to prove this for local coordinate vector fields 𝑊, 𝑋,𝑌, 𝑍 . Then
we can write 𝑅(𝑋,𝑌 ) as [∇𝑋,∇𝑌 ], and it follows from the identity in Example 2.12
that

(∇𝑍𝑅) (𝑋,𝑌 )𝑊
= ∇𝑍 (𝑅(𝑋,𝑌 )𝑊) − 𝑅(𝑋,𝑌 )∇𝑍𝑊 − 𝑅(∇𝑍𝑋,𝑌 )𝑊 − 𝑅(𝑋,∇𝑍𝑌 )𝑊
= ∇𝑍 [∇𝑋,∇𝑌 ]𝑊 − [∇𝑋,∇𝑌 ]∇𝑍𝑊 − 𝑅(∇𝑍𝑋,𝑌 )𝑊 + 𝑅(∇𝑍𝑌, 𝑋)𝑊
=
[
∇𝑍 , [∇𝑋,∇𝑌 ]

]
𝑊 − 𝑅(∇𝑍𝑋,𝑌 )𝑊 + 𝑅(∇𝑌𝑍, 𝑋)𝑊,

where in the last step we have used that ∇𝑍𝑌 = ∇𝑌𝑍 since ∇ is torsion-free. Now
it is easy to see that the cyclic sum in the lemma vanishes. □

Lemma 2.14 Let ∇ be a connection that is compatible with 𝑔 = ⟨ · , · ⟩, and let
𝐶 = 𝐶𝑔 : Γ(𝑇0,2𝑀) → 𝐶∞(𝑀) denote the metric contraction. Then

𝐶
(
∇0,2
𝑋
𝑇
)
= 𝑋 (𝐶 (𝑇))

for all 𝑋 ∈ Γ(𝑇𝑀) and 𝑇 ∈ Γ(𝑇0,2𝑀).
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Proof : It suffices to prove this for an individual vector 𝑥 ∈ 𝑇𝑀𝑝. Choose a curve
𝑐 : (−𝜖, 𝜖) → 𝑀 with ¤𝑐(0) = 𝑥. Since ∇ is compatible with 𝑔, there exists a parallel
orthonormal frame field (𝐸1, . . . , 𝐸𝑚) along 𝑐. Then

𝐶
(
∇0,2
𝑥 𝑇

)
=

𝑚∑︁
𝑖=1

(
∇0,2
𝑥 𝑇

)
(𝐸𝑖 , 𝐸𝑖)

=

𝑚∑︁
𝑖=1

(
𝑥(𝑇 (𝐸𝑖 , 𝐸𝑖)) − 𝑇 (∇𝑥𝐸𝑖 , 𝐸𝑖) − 𝑇 (𝐸𝑖 ,∇𝑥𝐸𝑖)

)
by Example 2.10. Now ∇𝑥𝐸𝑖 = 0 and

∑
𝑖 𝑥(𝑇 (𝐸𝑖 , 𝐸𝑖)) = 𝑥(𝐶 (𝑇)). □

The divergence of a vector field 𝑌 ∈ Γ(𝑇𝑀) is the contraction

div(𝑌 ) := 𝐶 (𝐷𝑌 ) ∈ 𝐶∞(𝑀)

of the (1, 1)-tensor field 𝐷.𝑌 : Γ(𝑇𝑀) → Γ(𝑇𝑀). The divergence of a symmetric
tensor field 𝑇 ∈ Γ(𝑇0,2𝑀) is the metric contraction

div(𝑇) := 𝐶𝑔

1,2(𝐷 𝑇) = 𝐶
𝑔

1,3(𝐷 𝑇) ∈ Γ(𝑇𝑀∗)

of the (0, 3)-tensor field (𝐷.𝑇) ( · , · ).

Proposition 2.15 For any Riemannian manifold 𝑀 , 𝑑 scal = 2 div(Ric).

Proof : Let 𝑝 ∈ 𝑀 , and let 𝑣, 𝑤, 𝑥, 𝑦, 𝑧 ∈ 𝑇𝑀𝑝. It follows from Lemma 2.13 and
the symmetries of 𝑅 (see Example 2.12) that〈

𝑣, (𝐷𝑧𝑅) (𝑥, 𝑦)𝑤
〉
−
〈
𝑤, (𝐷𝑥𝑅) (𝑦, 𝑧)𝑣

〉
−
〈
𝑣, (𝐷𝑦𝑅) (𝑥, 𝑧)𝑤

〉
= 0.

Let (𝑒1, . . . , 𝑒𝑚) be an orthonormal basis of 𝑇𝑀𝑝. By putting (𝑣, 𝑤, 𝑥, 𝑦) :=
(𝑒𝑖 , 𝑒 𝑗 , 𝑒𝑖 , 𝑒 𝑗) and summing over 𝑖, 𝑗 , we get that

𝑚∑︁
𝑖, 𝑗=1

〈
𝑒𝑖 , (𝐷𝑧𝑅) (𝑒𝑖 , 𝑒 𝑗)𝑒 𝑗

〉
= 2

𝑚∑︁
𝑖, 𝑗=1

〈
𝑒𝑖 , (𝐷𝑒 𝑗

𝑅) (𝑒𝑖 , 𝑧)𝑒 𝑗
〉
.

Since 𝐷 commutes with the contraction corresponding to the sum over 𝑖,

𝑚∑︁
𝑗=1

(𝐷𝑧 Ric) (𝑒 𝑗 , 𝑒 𝑗) = 2
𝑚∑︁
𝑗=1

(𝐷𝑒 𝑗
Ric) (𝑧, 𝑒 𝑗).

Now it follows from Lemma 2.14 and the definition of the divergence that 𝑑 scal(𝑧) =
𝑧(scal) = 2 div(Ric) (𝑧). □

As a corollary we get a classical result due to Friedrich Schur.
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Theorem 2.16 (Schur 1886) Let (𝑀, 𝑔) be a connected Riemannian manifold of
dimension 𝑚 ≥ 3.

(1) If Ric = 𝑓 𝑔 for some 𝑓 ∈ 𝐶∞(𝑀), then 𝑓 is constant.

(2) If for every 𝑝 ∈ 𝑀 the sectional curvature sec(𝑃) is independent of 𝑃 ⊂
𝑇𝑀𝑝, then sec is constant on 𝑀 .

A Riemannian manifold (𝑀, 𝑔) with Ric = 𝜅𝑔 for some constant 𝜅 ∈ R is called
an Einstein manifold. In the case 𝜅 = 0, the manifold (𝑀, 𝑔) is called Ricci-flat.

Note also that Ric = 𝑓 𝑔 implies scal = 𝑚 𝑓 .

Proof : By Proposition 2.15,

𝑚 𝑑𝑓 = 𝑑 scal = 2 div(Ric) = 2 div( 𝑓 𝑔),

and using the relation 𝐷𝑔 = 0 (see Example 2.10) one checks that div( 𝑓 𝑔) = 𝑑𝑓 .
Since 𝑚 ≥ 3, this yields 𝑑𝑓 = 0. As 𝑀 is connected, (1) follows.

For (2), note that if sec(𝑃) = 𝜅𝑝 ∈ R for all planes 𝑃 in 𝑇𝑀𝑝, then Ric = 𝑓 𝑔

for 𝑓 (𝑝) = (𝑚 − 1)𝜅𝑝. Thus (2) follows from (1). □

2.4 Curvature of submanifolds

Let (𝑀, 𝑔) ⊂ (𝑀̄, 𝑔̄) be a Riemannian submanifold with 𝑚 = dim(𝑀) < 𝑚̄ =

dim(𝑀̄), where 𝑔 is the induced Riemannian metric on𝑀 . Thus 𝑔𝑝 = 𝑔̄𝑝 |𝑇𝑀𝑝×𝑇𝑀𝑝

for every 𝑝 ∈ 𝑀 , where𝑇𝑀𝑝 is viewed as an𝑚-dimensional linear subspace of𝑇 𝑀̄𝑝

in a canonical way. We let 𝐷̄ denote the Levi-Civita connection of 𝑀̄ . The Levi-
Civita connection 𝐷 of 𝑀 is then given by 𝐷𝑋𝑌 = (𝐷̄𝑋𝑌 )T for all 𝑋,𝑌 ∈ Γ(𝑇𝑀).
Furthermore, 𝑇𝑀⊥ denotes the normal bundle of 𝑀 in 𝑀̄ . For every 𝑝, the tangent
space 𝑇 𝑀̄𝑝 is the orthogonal direct sum of 𝑇𝑀𝑝 and 𝑇𝑀⊥

𝑝 .

Definition 2.17 The R-bilinear map ℎ : Γ(𝑇𝑀) × Γ(𝑇𝑀) → Γ(𝑇𝑀⊥) defined by

ℎ(𝑋,𝑌 ) =
(
𝐷̄𝑋𝑌

)⊥
= 𝐷̄𝑋𝑌 − 𝐷𝑋𝑌

for all 𝑋,𝑌 ∈ Γ(𝑇𝑀) is called the second fundamental form of 𝑀 in 𝑀̄ .

Note that ℎ is symmetric and 𝐶∞(𝑀)-homogeneous in both arguments:

ℎ(𝑌, 𝑋) =
(
𝐷̄𝑌𝑋

)⊥
=
(
𝐷̄𝑋𝑌

)⊥ − [𝑋,𝑌 ]⊥ = ℎ(𝑋,𝑌 )

since 𝐷̄ is torsion-free and [𝑋,𝑌 ] ∈ Γ(𝑇𝑀), and

ℎ( 𝑓 𝑋,𝑌 ) =
(
𝐷̄ 𝑓 𝑋𝑌

)⊥
=
(
𝑓 𝐷̄𝑋𝑌

)⊥
= 𝑓 ℎ(𝑋,𝑌 ).
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If 𝑁 ∈ Γ(𝑇𝑀⊥) is a given unit normal field, then

ℎ𝑁 (𝑋,𝑌 ) := 𝑔̄(𝑁, ℎ(𝑋,𝑌 ))

defines the real valued second fundamental form of 𝑀 with respect to 𝑁 . Note that
ℎ𝑁 ∈ Γ(𝑇0,2𝑀). The corresponding (1, 1)-tensor field

𝑆𝑁 : Γ(𝑇𝑀) → Γ(𝑇𝑀), 𝑔(𝑆𝑁 (𝑋), 𝑌 ) = ℎ𝑁 (𝑋,𝑌 ),

is called the shape operator of 𝑀 with respect to 𝑁 . For 𝑝 ∈ 𝑀 , the endomorphism
of 𝑇𝑀𝑝 determined by 𝑆𝑁 will be denoted by the same symbol 𝑆𝑁 or by 𝑆𝑁 (𝑝) ;
indeed it depends only on (ℎ and) the normal vector 𝑁 (𝑝).

Lemma 2.18 The operator 𝑆𝑁 (𝑝) : 𝑇𝑀𝑝 → 𝑇𝑀𝑝 is self-adjoint. For 𝑥 ∈ 𝑇𝑀𝑝,

𝑆𝑁 (𝑥) = −(𝐷̄𝑥𝑁)T,

and if the codimension 𝑚̄ − 𝑚 is one, then 𝑆𝑁 (𝑥) = −𝐷̄𝑥𝑁 .

Proof : Since ℎ is symmetric, 𝑆𝑁 (𝑝) is self-adjoint. For 𝑋,𝑌 ∈ Γ(𝑇𝑀),

𝑔(𝑆𝑁 (𝑋), 𝑌 ) = 𝑔̄(𝑁, ℎ(𝑋,𝑌 )) = 𝑔̄(𝑁, 𝐷̄𝑋𝑌 ) = 𝑔̄(−𝐷̄𝑋𝑁,𝑌 ),

and in the case of codimension one, 𝐷̄𝑋𝑁 is tangent to 𝑀 because 2 𝑔̄(𝐷̄𝑋𝑁, 𝑁) =
𝑋 𝑔̄(𝑁, 𝑁) = 0. □

All these notions, ℎ, ℎ𝑁 , and 𝑆𝑁 , can also be defined for isometric immersions
𝐹 : (𝑀, 𝑔) → (𝑀̄, 𝑔̄). For this, one replaces 𝐷̄ by the connection 𝐷̄𝐹 along 𝐹 and
𝑁 by a unit normal vector field along 𝐹.

Theorem 2.19 (Gauss equations) Let (𝑀, 𝑔) ⊂ (𝑀̄, 𝑔̄) be a Riemannian subman-
ifold as above, and let 𝑅 and 𝑅̄ denote the Riemannian curvature tensors of 𝑀 and
𝑀̄ , respectively. Then

𝑅(𝑉,𝑊, 𝑋,𝑌 ) = 𝑅̄(𝑉,𝑊, 𝑋,𝑌 ) + 𝑔̄(ℎ(𝑉, 𝑋), ℎ(𝑊,𝑌 )) − 𝑔̄(ℎ(𝑉,𝑌 ), ℎ(𝑊, 𝑋))

for all 𝑉,𝑊, 𝑋,𝑌 ∈ Γ(𝑇𝑀).

In particular, if (𝑒1, 𝑒2) is an orthonormal basis of 𝑃 ⊂ 𝑇𝑀𝑝, then

sec𝑀 (𝑃) = sec𝑀̄ (𝑃) + 𝑔̄(ℎ(𝑒1, 𝑒1), ℎ(𝑒2, 𝑒2)) − 𝑔̄(ℎ(𝑒1, 𝑒2), ℎ(𝑒1, 𝑒2)).

Proof : Suppose that 𝑉,𝑊, 𝑋,𝑌 are local coordinate vector fields on 𝑀 . Then

𝑅(𝑉,𝑊, 𝑋,𝑌 ) = 𝑔(𝑉, 𝑅(𝑋,𝑌 )𝑊) = 𝑔(𝑉, 𝐷𝑋𝐷𝑌𝑊 − 𝐷𝑌𝐷𝑋𝑊).



2.4 Curvature of submanifolds 31

With 𝐷𝑋𝐷𝑌𝑊 = (𝐷̄𝑋𝐷𝑌𝑊)T = (𝐷̄𝑋𝐷̄𝑌𝑊 − 𝐷̄𝑋ℎ(𝑊,𝑌 ))T and the corresponding
expression for 𝐷𝑌𝐷𝑋𝑊 we get that

𝑅(𝑉,𝑊, 𝑋,𝑌 ) = 𝑔̄
(
𝑉, 𝑅̄(𝑋,𝑌 )𝑊 − 𝐷̄𝑋ℎ(𝑊,𝑌 ) + 𝐷̄𝑌 ℎ(𝑊, 𝑋)

)
= 𝑅̄(𝑉,𝑊, 𝑋,𝑌 ) + 𝑔̄(𝐷̄𝑋𝑉, ℎ(𝑊,𝑌 )) − 𝑔̄(𝐷̄𝑌𝑉, ℎ(𝑊, 𝑋)),

where for the second step we have used that 𝐷̄ is compatible with 𝑔̄ and ℎ( · , · ) is
normal. Since (𝐷̄. 𝑉)⊥ = ℎ(𝑉, · ), the result follows. □

Lemma 2.20 For a curve 𝑐 : 𝐼 → 𝑀 ⊂ 𝑀̄ and a vector field𝑌 ∈ Γ(𝑐∗𝑇𝑀) along 𝑐,

𝐷̄

𝑑𝑡
𝑌 =

𝐷

𝑑𝑡
𝑌 + ℎ( ¤𝑐,𝑌 ).

Note that 𝐷
𝑑𝑡
𝑌 is tangential to 𝑀 , whereas ℎ( ¤𝑐,𝑌 ) is normal. The lemma shows

in particular that
𝐷̄

𝑑𝑡
¤𝑐 = 𝐷

𝑑𝑡
¤𝑐 + ℎ( ¤𝑐, ¤𝑐),

thus 𝑐 is an 𝑀-geodesic if and only if 𝐷̄
𝑑𝑡

¤𝑐 is normal to 𝑀 .

Proof : We assume that 𝑐(𝐼) is contained in the domain𝑈 ⊂ 𝑀 of a moving frame
(𝐴1, . . . , 𝐴𝑚). Then 𝑌 =

∑
𝑖 𝑌

𝑖𝐴𝑖 ◦ 𝑐 for some smooth functions 𝑌 𝑖 on 𝐼, and

𝐷̄

𝑑𝑡
𝑌 − 𝐷

𝑑𝑡
𝑌 =

𝑚∑︁
𝑖=1
𝑌 𝑖

( 𝐷̄
𝑑𝑡

(𝐴𝑖 ◦ 𝑐) −
𝐷

𝑑𝑡
(𝐴𝑖 ◦ 𝑐)

)
=

𝑚∑︁
𝑖=1
𝑌 𝑖

(
𝐷̄ ¤𝑐𝐴𝑖 − 𝐷 ¤𝑐𝐴𝑖

)
by Proposition 1.10. Since 𝐷̄ ¤𝑐𝐴𝑖 − 𝐷 ¤𝑐𝐴𝑖 = ℎ( ¤𝑐, 𝐴𝑖 ◦ 𝑐), the result follows. □

Proposition 2.21 (totally geodesic submanifolds) For a submanifold 𝑀 ⊂ 𝑀̄ the
following four statements are equivalent:

(1) ℎ ≡ 0;

(2) every geodesic in 𝑀 is also a geodesic in 𝑀̄;

(3) if 𝑣 ∈ 𝑇𝑀𝑝, then the 𝑀̄-geodesic 𝑐𝑣 lies initially in 𝑀;

(4) if 𝑐 : 𝐼 → 𝑀 is a curve, then every 𝐷-parallel vector field 𝑌 ∈ Γ(𝑐∗𝑇𝑀) is
also 𝐷̄-parallel.

A submanifold with these properties is called totally geodesic.
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Proof : Lemma 2.20 shows that (1) implies (4). Taking 𝑌 := ¤𝑐, we see that
(4) implies (2). If (2) holds, and if 𝑣 ∈ 𝑇𝑀𝑝, then the maximal 𝑀-geodesic
𝑐𝑣 : (𝛼𝑣 , 𝜔𝑣) → 𝑀 is also an 𝑀̄-geodesic, so 𝑐𝑣 | (𝛼𝑣 ,𝜔𝑣 ) = 𝑐𝑣 by uniqueness, and
(3) holds. Finally, (3) implies by Lemma 2.20 that ℎ(𝑣, 𝑣) = 0 for all 𝑣 ∈ 𝑇𝑀𝑝,
which is equivalent to (1) by the symmetry of ℎ. □

For example, if 𝑆𝑚 is the unit sphere in R𝑚+1, and 𝐿 is a (𝑘 + 1)-dimensional
linear subspace of R𝑚+1, then evidently 𝐿 ∩ 𝑆𝑚 is a 𝑘-dimensional totally geodesic
submanifold of 𝑆𝑚, isometric to 𝑆𝑘 . In particular, for 𝑝 ∈ 𝑆𝑚 and a plane 𝑃 ⊂ 𝑇𝑀𝑝,
if 𝐿 is the 3-dimensional subspace spanned by 𝑝 and 𝑃, then it follows from
Theorem 2.19 that sec(𝑃) equals the Gauss curvature of the 2-sphere 𝐿 ∩ 𝑆𝑚

(which is 1, as we know).

2.5 Riemannian products

Let (𝑀, 𝑔) and (𝑀 ′, 𝑔′) be two Riemannian manifolds with Levi-Civita connections
𝐷, 𝐷′ and Riemann curvature tensors 𝑅, 𝑅′. Consider the product manifold 𝑀̄ =

𝑀 × 𝑀 ′, and recall that for 𝑝 = (𝑝, 𝑝′) ∈ 𝑀̄ , the tangent space splits as 𝑇 𝑀̄ 𝑝̄ =

𝑇𝑀𝑝 × 𝑇𝑀 ′
𝑝′ .

Definition 2.22 The product metric 𝑔̄ := 𝑔 × 𝑔′ on 𝑀̄ is defined by

𝑔̄ 𝑝̄ (𝑣̄, 𝑤̄) = 𝑔𝑝 (𝑣, 𝑤) + 𝑔′𝑝′ (𝑣′, 𝑤′)

for all 𝑝 = (𝑝, 𝑝′) ∈ 𝑀̄ and 𝑣̄ = (𝑣, 𝑣′), 𝑤̄ = (𝑤, 𝑤′) ∈ 𝑇 𝑀̄ 𝑝̄.

Notice that if 𝜋 : 𝑀̄ → 𝑀 and 𝜋′ : 𝑀̄ → 𝑀 ′ denote the canonical projections,
then 𝑔̄ = 𝜋∗𝑔 + (𝜋′)∗𝑔′.

It follows readily from the Koszul formula that the Levi-Civita connection 𝐷̄
of (𝑀̄, 𝑔̄) satisfies

𝐷̄ 𝑋̄𝑌 = (𝐷𝑋𝑌, 𝐷
′
𝑋′𝑌

′)

for all vector fields 𝑋̄ = (𝑋, 𝑋 ′) and 𝑌 = (𝑌,𝑌 ′) on 𝑀̄ . In particular, a curve
𝑐 = (𝑐, 𝑐′) is geodesic in 𝑀̄ if and only if 𝑐 is a geodesic in 𝑀 and 𝑐′ is a geodesic
in 𝑀 ′. Thus 𝑀 × {𝑝′} and {𝑝} ×𝑀 ′ are totally geodesic submanifolds of 𝑀̄ for all
𝑝′ ∈ 𝑀 and 𝑝 ∈ 𝑀 .

The Riemann curvature tensor 𝑅̄ of (𝑀̄, 𝑔̄) is of the form

𝑅̄( 𝑋̄,𝑌 )𝑊̄ =
(
𝑅(𝑋,𝑌 )𝑊, 𝑅′(𝑋 ′, 𝑌 ′)𝑊 ′)

for 𝑋̄ = (𝑋, 𝑋 ′), 𝑌 = (𝑌,𝑌 ′), and 𝑊̄ = (𝑊,𝑊 ′). We let sec𝑀 , sec𝑀′ and sec𝑀̄
denote the sectional curvature of 𝑀, 𝑀 ′ and 𝑀̄ , respectively.

Proposition 2.23 (1) If sec𝑀 , sec𝑀′ ≥ 𝜅 ∈ R, then sec𝑀̄ ≥ min{𝜅, 0}.
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(2) If sec𝑀 , sec𝑀′ ≤ 𝜅 ∈ R, then sec𝑀̄ ≤ max{𝜅, 0}.

(3) For 𝑃 = span{(𝑣, 0), (0, 𝑤′)}, sec𝑀̄ (𝑃) = 0.

Proof : We prove (1). Let (𝑣̄, 𝑤̄) = ((𝑣, 𝑣′), (𝑤, 𝑤′)) be an orthonormal basis of the
plane 𝑃 ⊂ 𝑇 𝑀̄ 𝑝̄, and put

𝑄 := 𝑔(𝑣, 𝑣) 𝑔(𝑤, 𝑤) − 𝑔(𝑣, 𝑤)2, 𝑄′ := 𝑔′(𝑣′, 𝑣′) 𝑔′(𝑤′, 𝑤′) − 𝑔′(𝑣′, 𝑤′)2.

Now if sec𝑀 , sec𝑀′ ≥ 𝜅, then

sec𝑀̄ (𝑃) = 𝑅̄(𝑣̄, 𝑤̄, 𝑣̄, 𝑤̄) = 𝑅(𝑣, 𝑤, 𝑣, 𝑤) + 𝑅′(𝑣′, 𝑤′, 𝑣′, 𝑤′)
≥ (𝑄 +𝑄′)𝜅.

Since 𝑔(𝑣, 𝑣) + 𝑔′(𝑣′, 𝑣′) = 𝑔̄(𝑣̄, 𝑣̄) = 1 and 𝑔(𝑤, 𝑤) + 𝑔′(𝑤′, 𝑤′) = 1, it follows that

𝑄 +𝑄′ ≤ 𝑔(𝑣, 𝑣)𝑔(𝑤, 𝑤) + (1 − 𝑔(𝑣, 𝑣)) (1 − 𝑔(𝑤, 𝑤)) ≤ 1.

Hence, if 𝜅 < 0, then sec𝑀̄ (𝑃) ≥ (𝑄 +𝑄′)𝜅 ≥ 𝜅, and if 𝜅 ≥ 0, then sec𝑀̄ (𝑃) ≥ 0.
This shows (1), and the proof of (2) is analogous.

For (3), note that 𝑔̄((𝑣, 0), (0, 𝑤′)) = 0, and if ((𝑣, 0), (0, 𝑤′)) is orthonormal,
then sec𝑀̄ (𝑃) = 𝑅(𝑣, 0, 𝑣, 0) + 𝑅′(0, 𝑤′, 0, 𝑤′) = 0. □

For example, for the sphere (𝑆2, 𝑔) of constant curvature 1, the product (𝑆2 ×
𝑆2, 𝑔 × 𝑔) has sectional curvature in [0, 1]. Heinz Hopf asked whether or not
𝑆2×𝑆2 carries a Riemannian metric of positive sectional curvature (compare p. 265
in [GrKM1975]). This is still unsolved.
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Chapter 3

Jacobi fields

3.1 Second variation of arc length

Let 𝑐 : [𝑎, 𝑏] → 𝑀 be a unit speed geodesic. For some 𝜖 > 0, let

𝛾 : (−𝜖, 𝜖) × [𝑎, 𝑏] → 𝑀, 𝛾𝑠 (𝑡) := 𝛾(𝑠, 𝑡),

be a piecewise smooth variation of 𝑐 = 𝛾0, that is, 𝛾 is continuous and there exists
a finite subdivision 𝑎 = 𝑡0 < 𝑡1 < . . . < 𝑡𝑘 = 𝑏 of [𝑎, 𝑏] such that 𝛾 | (−𝜖 , 𝜖 )×[𝑡𝑖−1,𝑡𝑖 ]
is 𝐶∞ for 𝑖 = 1, . . . , 𝑘 . Put 𝑉 := 𝛾∗

𝜕
𝜕𝑠

and 𝑉0 := 𝑉 (0, · ). We will use 𝑉 ′
0 as a

short-hand for the covariant derivative 𝐷
𝑑𝑡
𝑉0.

Theorem 3.1 (second variation of arc length) With this notation,

𝑑2

𝑑𝑠2

���
𝑠=0
𝐿 (𝛾𝑠) =

∫ 𝑏

𝑎

| (𝑉 ′
0)

⊥ |2 − 𝑅(𝑉0, 𝑐
′, 𝑉0, 𝑐

′) 𝑑𝑡 +
〈 𝐷
𝜕𝑠

���
𝑠=0
𝑉, 𝑐′

〉���𝑏
𝑎
.

Here (𝑉 ′
0)

⊥ denotes the part of 𝑉 ′
0 normal to 𝑐, thus

| (𝑉 ′
0)

⊥ |2 = |𝑉 ′
0 |

2 − ⟨𝑉 ′
0, 𝑐

′⟩2.

If the variation is itself normal, that is, if ⟨𝑉0, 𝑐
′⟩ = 0, then 𝑉 ′

0 is normal and so
(𝑉 ′

0)
⊥ = 𝑉 ′

0. If the variation is proper, that is, if 𝛾𝑠 (𝑎) = 𝑐(𝑎) and 𝛾𝑠 (𝑏) = 𝑐(𝑏) for
all 𝑠, then 𝐷

𝜕𝑠

��
𝑠=0𝑉 vanishes at 𝑡 = 𝑎 and 𝑡 = 𝑏, hence

𝑑2

𝑑𝑠2

���
𝑠=0
𝐿 (𝛾𝑠) =

∫ 𝑏

𝑎

| (𝑉 ′
0)

⊥ |2 − 𝑅(𝑉0, 𝑐
′, 𝑉0, 𝑐

′) 𝑑𝑡.

For a proper and normal smooth variation, the formula may be rewritten as

𝑑2

𝑑𝑠2

���
𝑠=0
𝐿 (𝛾𝑠) = −

∫ 𝑏

𝑎

⟨𝑉0, 𝑉
′′
0 + 𝑅(𝑉0, 𝑐

′)𝑐′⟩ 𝑑𝑡,

because |𝑉 ′
0 |

2 = ⟨𝑉0, 𝑉
′
0⟩

′ − ⟨𝑉0, 𝑉
′′
0 ⟩ and

∫ 𝑏

𝑎
⟨𝑉0, 𝑉

′
0⟩

′ 𝑑𝑡 = 0.

35
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Proof : We put 𝑇 := 𝛾∗
𝜕
𝜕𝑡

, thus 𝑇 (𝑠, 𝑡) = 𝛾′𝑠 (𝑡). Now |𝛾′𝑠 (𝑡) | = |𝑇 (𝑠, 𝑡) | =

⟨𝑇 (𝑠, 𝑡), 𝑇 (𝑠, 𝑡)⟩1/2, hence

𝑑

𝑑𝑠
𝐿 (𝛾𝑠) =

∫ 𝑏

𝑎

1
|𝑇 |

〈 𝐷
𝜕𝑠
𝑇, 𝑇

〉
𝑑𝑡,

𝑑2

𝑑𝑠2 𝐿 (𝛾𝑠) =
∫ 𝑏

𝑎

1
|𝑇 |

(〈 𝐷
𝜕𝑠

𝐷

𝜕𝑠
𝑇, 𝑇

〉
+
��� 𝐷
𝜕𝑠
𝑇

���2) − 1
|𝑇 |3

〈 𝐷
𝜕𝑠
𝑇, 𝑇

〉2
𝑑𝑡.

By the first part of Proposition 1.12, 𝐷
𝜕𝑠
𝑇 = 𝐷

𝜕𝑡
𝑉 , thus

𝑑2

𝑑𝑠2 𝐿 (𝛾𝑠) =
∫ 𝑏

𝑎

1
|𝑇 |

(���𝐷
𝜕𝑡
𝑉

���2 − 〈𝐷
𝜕𝑡
𝑉,

1
|𝑇 |𝑇

〉2
+
〈 𝐷
𝜕𝑠

𝐷

𝜕𝑡
𝑉, 𝑇

〉)
𝑑𝑡.

Furthermore, by Proposition 2.3 and the second part of Proposition 1.12,〈 𝐷
𝜕𝑠

𝐷

𝜕𝑡
𝑉, 𝑇

〉
=

〈𝐷
𝜕𝑡

𝐷

𝜕𝑠
𝑉, 𝑇

〉
− ⟨𝑅(𝑇,𝑉)𝑉,𝑇⟩

=
𝜕

𝜕𝑡

〈 𝐷
𝜕𝑠
𝑉,𝑇

〉
−
〈 𝐷
𝜕𝑠
𝑉,
𝐷

𝜕𝑡
𝑇

〉
− 𝑅(𝑉,𝑇,𝑉, 𝑇).

Now the result follows since for 𝑠 = 0, |𝑇 | = |𝑐′ | = 1 and 𝐷
𝜕𝑡
𝑇 = 𝐷

𝑑𝑡
𝑐′ = 0. □

As a first application we prove the following result from [Sy1936].

Theorem 3.2 (Synge 1936) Let 𝑀 be a closed Riemannian manifold with even
dimension and positive sectional curvature. If 𝑀 is orientable, then 𝑀 is simply
connected.

Proof : Suppose, to the contrary, that 𝑀 is not simply connected. Then there exists
a closed curve 𝛼 : [0, 1] → 𝑀 that is not homotopic to a constant curve. Since
𝑀 is compact, it can be shown that there exists a shortest closed unit speed curve
𝑐 : [0, 𝑙] → 𝑀 in the free homotopy class [𝛼] of 𝛼, thus 𝑙 > 0, and 𝑐 is a closed
geodesic (exercise). Let 𝐻 ⊂ 𝑇𝑀𝑐 (0) be the hyperplane orthogonal to 𝑐′(0). Since
𝑀 is orientable, parallel transport along 𝑐 gives an orientation preserving isometry
𝑃 : 𝐻 → 𝐻, and since the dimension of 𝐻 is odd, it follows that there exists a unit
vector 𝑣0 ∈ 𝐻 with 𝑃(𝑣0) = 𝑣0. Now let 𝑉0 be the parallel unit normal field along
𝑐 with 𝑉0(0) = 𝑣0 (and hence 𝑉0(𝑙) = 𝑣0). For a variation 𝛾 : (−𝜖, 𝜖) × [0, 𝑙] → 𝑀

of 𝑐 = 𝛾0 with variation vector field 𝑉0 along 𝑐,

𝑑2

𝑑𝑠2

���
𝑠=0
𝐿 (𝛾𝑠) = −

∫ 𝑙

0
𝑅(𝑉0, 𝑐

′, 𝑉0, 𝑐
′) 𝑑𝑡.

Since sec > 0 on 𝑀 , the integrand is positive, thus 𝐿 (𝛾𝑠) attains a strict local
maximum at 𝑠 = 0, in contradiction to 𝑐 being a shortest curve in [𝛼]. □
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Remark 3.3 Every non-orientable manifold 𝑀 has a two-sheeted orientable cov-
ering 𝜋 : 𝑀̄ → 𝑀 . Hence, if 𝑀 is as in the above theorem, but non-orientable, then
one can consider (𝑀̄, 𝑔̄) instead of (𝑀, 𝑔), where 𝑔̄ := 𝜋∗𝑔. It follows that 𝑀̄ is
simply connected, thus 𝜋 is the universal covering, and the fundamental group of
𝑀 has order two. As a consequence, for any compact manifold 𝑁 with non-trivial
fundamental group, for example R𝑃𝑛, 𝑁 × 𝑁 cannot carry a Riemannian metric
with positive sectional curvature, because 𝜋1(𝑁 × 𝑁) = 𝜋1(𝑁) × 𝜋1(𝑁) has order
at least four.

3.2 Jacobi fields

Definition 3.4 A vector field 𝑌 along a geodesic 𝑐 : 𝐼 → 𝑀 (where, as usual, 𝐼 is
any interval with non-empty interior) is called a Jacobi field if it satisfies the Jacobi
equation

𝐷

𝑑𝑡

𝐷

𝑑𝑡
𝑌 + 𝑅(𝑌, 𝑐′)𝑐′ = 0;

in brief, 𝑌 ′′ + 𝑅(𝑌, 𝑐′)𝑐′ = 0.

Notice that if 𝑡 ↦→ 𝑌 (𝑡) is a Jacobi field along 𝑡 ↦→ 𝑐(𝑡), and if 𝛼, 𝛽 ∈ R, then
𝑠 ↦→ 𝑌 (𝑠) := 𝑌 (𝛼𝑠 + 𝛽) is a Jacobi field along 𝑠 ↦→ 𝑐(𝑠) := 𝑐(𝛼𝑠 + 𝛽).

Lemma 3.5 The set of Jacobi fields along a geodesic 𝑐 : 𝐼 → 𝑀𝑚 is a 2𝑚-
dimensional vector space. For 𝑡0 ∈ 𝐼 and 𝑣, 𝑤 ∈ 𝑇𝑀𝑐 (𝑡0 ) there is a unique
Jacobi field 𝑌 along 𝑐 with 𝑌 (𝑡0) = 𝑣 and 𝑌 ′(𝑡0) = 𝑤.

Proof : With respect to a parallel orthonormal frame (𝐸1, . . . , 𝐸𝑚) along 𝑐, the
Jacobi equation corresponds to a system of linear ordinary differential equations
of second order for the functions 𝑌 𝑖 := ⟨𝑌, 𝐸𝑖⟩, with 𝑌 =

∑
𝑖 𝑌

𝑖𝐸𝑖 . Indeed,
𝑌 ′ =

∑
𝑖 (𝑌 𝑖)′𝐸𝑖 and 𝑌 ′′ =

∑
𝑖 (𝑌 𝑖)′′𝐸𝑖 , and 𝑅(𝑌, 𝑐′)𝑐′ =

∑
𝑗 𝑌

𝑗𝑅(𝐸 𝑗 , 𝑐
′)𝑐′ =∑

𝑖, 𝑗 𝑌
𝑗 𝜚𝑖

𝑗
𝐸𝑖 for some functions 𝜚𝑖

𝑗
; thus 𝑌 is a Jacobi field if and only if

(𝑌 𝑖)′′ +
𝑚∑︁
𝑗=1

𝜚𝑖𝑗𝑌
𝑗 = 0

for 𝑖 = 1, . . . , 𝑚. This gives the result. □

Proposition 3.6 Let 𝑐 : [0, 𝑙] → 𝑀 be a unit speed geodesic. If 𝛾 is a variation
of 𝑐 = 𝛾0 : [0, 𝑙] → 𝑀 such that 𝛾𝑠 = 𝛾(𝑠, · ) is a geodesic for every 𝑠, then the
variation vector field𝑌 := 𝑉0 is a Jacobi field. Conversely, every Jacobi field along
𝑐 is of this form.
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Proof : For the first part, put again 𝑉 := 𝛾∗
𝜕
𝜕𝑠

and 𝑇 := 𝛾∗
𝜕
𝜕𝑡

, as in the proof of
Theorem 3.1. By Propositions 1.12 and 2.3,

𝐷

𝜕𝑡

𝐷

𝜕𝑡
𝑉 =

𝐷

𝜕𝑡

𝐷

𝜕𝑠
𝑇 =

𝐷

𝜕𝑠

𝐷

𝜕𝑡
𝑇 − 𝑅(𝑉,𝑇)𝑇.

Since all curves 𝛾𝑠 are geodesics, 𝐷
𝜕𝑡
𝑇 = 0, thus 𝑉 satisfies the Jacobi equation.

Conversely, suppose that 𝑌 is a Jacobi field along 𝑐. Choose a curve
𝜎 : (−𝜖, 𝜖) → 𝑀 with 𝜎(0) = 𝑐(0) and 𝜎′(0) = 𝑌 (0). Let 𝑋 and 𝑊 be any
vector fields along 𝜎 such that 𝑋 (0) = 𝑐′(0) and 𝑊 (0) = 𝑌 ′(0) − 𝐷

𝑑𝑠

��
𝑠=0𝑋 . For

𝑠 ∈ (−𝜖, 𝜖) sufficiently close to 0, the geodesic 𝛾𝑠 : [0, 𝑙] → 𝑀 with

𝛾𝑠 (0) = 𝜎(𝑠) and 𝛾′𝑠 (0) = 𝑇0(𝑠) := 𝑋 (𝑠) + 𝑠𝑊 (𝑠)

is defined; note that 𝛾0 = 𝑐 since 𝑇0(0) = 𝑐′(0). By the first part, the corresponding
variation vector field 𝑉0 along 𝑐 is a Jacobi field. In view of Lemma 3.5, we just
need to show that 𝑉0 and 𝑌 satisfy the same initial conditions; then 𝑉0 = 𝑌 and thus
𝑌 is a Jacobi field. First, 𝑉0(0) = 𝜎′(0) = 𝑌 (0) by the choice of 𝜎. Secondly,

𝑉 ′
0 (0) =

𝐷

𝑑𝑡

���
𝑡=0
𝑉0 =

𝐷

𝑑𝑠

���
𝑠=0
𝑇0 =

𝐷

𝑑𝑠

���
𝑠=0
𝑋 +𝑊 (0) = 𝑌 ′(0)

by Proposition 1.12 and the choice of 𝑇0 and𝑊 . □

Remark 3.7 If 𝑌 is a Jacobi field along the geodesic 𝑐 : 𝐼 → 𝑀 , then

⟨𝑌, 𝑐′⟩′′ = ⟨𝑌 ′, 𝑐′⟩′ = ⟨𝑌 ′′, 𝑐′⟩ = −⟨𝑅(𝑌, 𝑐′)𝑐′, 𝑐′⟩ = 0,

thus ⟨𝑌, 𝑐′⟩ is just an affine function. It follows that the tangential and normal parts

𝑌T =
1

|𝑐′ |2
⟨𝑌, 𝑐′⟩𝑐′, 𝑌⊥ = 𝑌 − 𝑌T

are Jacobi fields as well, because (𝑌T)′′ = 0 and 𝑅(𝑌T, 𝑐′)𝑐′ = 0.

Example 3.8 (Jacobi fields in space forms) Let 𝑐 : R → 𝑀 be a unit speed
geodesic in a space form of curvature 𝜅 ∈ R. Then 𝑅(𝑋, 𝑐′)𝑐′ = 𝜅𝑋 for any
normal field 𝑋 ∈ Γ(𝑐∗𝑇𝑀) along 𝑐. Hence, if 𝐸 is a parallel unit normal field
along 𝑐 and 𝑓 : R → R is a smooth function, then 𝑌 = 𝑓 𝐸 is a Jacobi field if and
only if

𝑓 ′′ + 𝜅 𝑓 = 0.

The solution with initial condition ( 𝑓 (0), 𝑓 ′(0)) = (𝑎, 𝑏) ∈ R2 is 𝑓 = 𝑎 cs𝜅 +𝑏 sn𝜅 ;
see Chapter 5 for a discussion of these functions cs𝜅 , sn𝜅 : R → R.

We now prove the following result from [My1941]. The two-dimensional case
goes back to Bonnet (1855).
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Theorem 3.9 (Myers 1941) Let (𝑀, 𝑔) be a complete Riemannian manifold with
Ric(𝑣, 𝑣) ≥ (𝑚 − 1)𝜅 for all unit vectors 𝑣 ∈ 𝑇𝑀 and for some constant 𝜅 > 0.
Then

diam(𝑀) := sup{𝑑 (𝑝, 𝑞) : 𝑝, 𝑞 ∈ 𝑀} ≤ 𝜋
√
𝜅
,

in particular 𝑀 is compact and the fundamental group 𝜋1(𝑀) is finite.

Note that both bounds, for the Ricci curvature as well as the diameter, are
attained if 𝑀 is the 𝑚-dimensional model space of constant sectional curvature
𝜅 > 0, the sphere of radius 1√

𝜅
. See also Theorem 6.8.

Proof : Let 𝑝, 𝑞 ∈ 𝑀 with 𝑙 := 𝑑 (𝑝, 𝑞) > 0. By completeness, there exists a unit
speed geodesic 𝑐 : [0, 𝑙] → 𝑀 from 𝑝 to 𝑞. Choose a parallel orthonormal frame
field (𝐸1, . . . , 𝐸𝑚) along 𝑐 with 𝐸𝑚 = 𝑐′. Put 𝜆 :=

(
𝜋
𝑙

)2, and note that the function
𝑡 ↦→ sn𝜆(𝑡) = 1√

𝜆
sin(

√
𝜆𝑡) vanishes at 0 and 𝑙 = 𝜋√

𝜆
and is positive on (0, 𝑙). For

𝑖 = 1, . . . , 𝑚 − 1, consider a proper and normal variation of 𝑐 with variation vector
field 𝑡 ↦→ sn𝜆(𝑡) 𝐸𝑖 (𝑡) along 𝑐. Since 𝑐 has minimal length 𝑑 (𝑝, 𝑞), it follows from
the second variation formula (Theorem 3.1) and the relation sn′′

𝜆
= −𝜆 sn𝜆 that

0 ≤ −
∫ 𝑙

0

〈
sn𝜆 𝐸𝑖 , sn′′𝜆 𝐸𝑖 + 𝑅(sn𝜆 𝐸𝑖 , 𝑐

′)𝑐′
〉
𝑑𝑡

=

∫ 𝑙

0
sn 2

𝜆

(
𝜆 − ⟨𝐸𝑖 , 𝑅(𝐸𝑖 , 𝑐

′)𝑐′⟩
)
𝑑𝑡.

By taking the sum from 𝑖 = 1 to 𝑚 − 1 and using the bound on the Ricci curvature,
we get that 0 ≤ (𝑚 − 1) (𝜆 − 𝜅), thus 𝑙 = 𝜋√

𝜆
≤ 𝜋√

𝜅
. Since 𝑝 ≠ 𝑞 were arbitrary, this

shows that diam(𝑀) ≤ 𝜋√
𝜅

.
In particular, 𝑀 is complete and bounded, hence compact. Furthermore, if

𝜋 : 𝑀̃ → 𝑀 is the universal covering of 𝑀 , then 𝑀̃ , equipped with the Riemannian
covering metric 𝑔̃ = 𝜋∗𝑔, satisfies the assumptions of the theorem as well, hence 𝑀̃
is compact, and thus 𝜋1(𝑀) is finite. □

3.3 Conjugate points

Definition 3.10 Let 𝑐 : [𝑎, 𝑏] → 𝑀 be a geodesic from 𝑝 to 𝑞 (where 𝑎 < 𝑏,
but not necessarily 𝑝 ≠ 𝑞). Then 𝑞 is said to be conjugate to 𝑝 along 𝑐 if there
exists a non-trivial (that is, not everywhere vanishing) Jacobi field 𝑌 along 𝑐 with
𝑌 (𝑎) = 0 = 𝑌 (𝑏).

Note that this notion is independent of the choice of (constant speed)
parametrization of 𝑐. Note also that for any such Jacobi field 𝑌 with 𝑌 (𝑎) =

0 = 𝑌 (𝑏), the affine function ⟨𝑌, 𝑐′⟩ vanishes, thus 𝑌 is normal to 𝑐.
For example, antipodal points on the sphere 𝑆𝑚(𝑟) ⊂ R𝑚+1 are conjugate along

any arc of a great circle connecting them.
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Remark 3.11 For 𝑐 as above, if 𝑞 is not conjugate to 𝑝 along 𝑐, then the linear
map that sends every Jacobi field 𝑌 along 𝑐 to the pair (𝑌 (𝑎), 𝑌 (𝑏)) ∈ 𝑇𝑀𝑝 ×𝑇𝑀𝑞

has a trivial kernel and is thus an isomorphism of 2𝑚-dimensional vector spaces.
Hence, for every pair (𝑣, 𝑤) ∈ 𝑇𝑀𝑝 × 𝑇𝑀𝑞, there exists a unique Jacobi field 𝑌
along 𝑐 with 𝑌 (𝑎) = 𝑣 and 𝑌 (𝑏) = 𝑤.

Lemma 3.12 Let 𝑐 : [0, 𝑙] → 𝑀 be a unit speed geodesic from 𝑝 to 𝑞 with initial
vector 𝑐′(0) =: 𝑣. Then 𝑞 is conjugate to 𝑝 along 𝑐 if and only if 𝑙𝑣 is a singular
point of exp𝑝.

Proof : The unique Jacobi field 𝑌 along 𝑐 with initial conditions 𝑌 (0) = 0 and
𝑌 ′(0) = 𝑤 ∈ 𝑇𝑀𝑝 is given by 𝑌 (𝑡) = 𝑑 (exp𝑝)𝑡𝑣 (𝑡𝑤). This is the variation vector
field along 𝑐 of the variation defined by 𝛾𝑠 (𝑡) := exp𝑝 (𝑡 (𝑣 + 𝑠𝑤)); compare the
proof of Proposition 3.6.

Hence, if 𝑌 is a non-trivial Jacobi field along 𝑐 with 𝑌 (0) = 0 = 𝑌 (𝑙), then
𝑤 := 𝑌 ′(0) ≠ 0 since 𝑌 . 0, and thus the differential 𝑑 (exp𝑝)𝑙𝑣 is singular since
it maps 𝑙𝑤 to 𝑌 (𝑙) = 0. Conversely, if 𝑤 ∈ 𝑇𝑀𝑝 is any non-zero vector such that
𝑑 (exp𝑝)𝑙𝑣 (𝑙𝑤) = 0, then the Jacobi field defined by𝑌 (𝑡) := 𝑑 (exp𝑝)𝑡𝑣 (𝑡𝑤) satisfies
𝑌 (0) = 0 = 𝑌 (𝑙) and is non-trivial since 𝑌 ′(0) = 𝑤 ≠ 0. □

Theorem 3.13 Let 𝑐 : [0, 𝑙] → 𝑀 be a unit speed geodesic from 𝑝 to 𝑞. Suppose
that no 𝑐(𝑡) with 𝑡 ∈ (0, 𝑙] is conjugate to 𝑝 along 𝑐 | [0,𝑡 ] . Then there exists an
𝜖 > 0 such that 𝐿 (𝛾) ≥ 𝐿 (𝑐) for every piecewise 𝐶1 curve 𝛾 : [0, 𝑙] → 𝑀 from
𝑝 to 𝑞 that satisfies 𝑑 (𝛾(𝑡), 𝑐(𝑡)) ≤ 𝜖 for all 𝑡; furthermore, equality 𝐿 (𝛾) = 𝐿 (𝑐)
holds only if 𝛾 is a reparametrization of 𝑐.

It is not true in general that 𝐿 (𝛾) ≥ 𝐿 (𝑐) for all 𝐶1 curves 𝛾 from 𝑝 to 𝑞. For
example, on the (flat) cylinder 𝑆1(𝑟) × R ⊂ R3, there are no pairs of conjugate
points at all, yet there are non-constant closed geodesics, so that even 𝑝 = 𝑞.

Proof : Let 𝑣 := 𝑐′(0), so that 𝑐(𝑡) = exp𝑝 (𝑡𝑣). By the assumption and Lemma 3.12,
𝑑 (exp𝑝)𝑡𝑣 : 𝑇𝑀𝑝 → 𝑇𝑀𝑐 (𝑡 ) is bijective for all 𝑡 ∈ [0, 𝑙]. It follows that there exist
0 = 𝑡0 < 𝑡1 < . . . < 𝑡𝑘 = 𝑙 and open sets 𝑈1, . . . ,𝑈𝑘 ⊂ 𝑇𝑀𝑝 such that 𝑡𝑣 ∈ 𝑈𝑖 for
𝑡 ∈ [𝑡𝑖−1, 𝑡𝑖] and exp𝑝 |𝑈𝑖

is a diffeomorphism onto the open set 𝑉𝑖 := exp𝑝 (𝑈𝑖) for
𝑖 = 1, . . . , 𝑘 . Choose 𝜖 > 0 such that every 𝑉𝑖 contains the closed 𝜖-neighborhood
of 𝑐( [𝑡𝑖−1, 𝑡𝑖]). Now let 𝛾 : [0, 𝑙] → 𝑀 be a piecewise 𝐶1 curve from 𝑝 to 𝑞 with
𝑑 (𝛾(𝑡), 𝑐(𝑡)) ≤ 𝜖 for all 𝑡 ∈ [0, 𝑙]. Then 𝛾( [𝑡𝑖−1, 𝑡𝑖]) ⊂ 𝑉𝑖 , and we can define
a curve 𝛽 : [0, 𝑙] → 𝑇𝑀𝑝 from 0 to 𝑙𝑣 such that 𝛽(𝑡) = (exp𝑝 |𝑈𝑖

)−1(𝛾(𝑡)) for
𝑡 ∈ [𝑡𝑖−1, 𝑡𝑖]. Note that 𝛽 is piecewise 𝐶1, and exp𝑝 ◦𝛽 = 𝛾. Now the proof can be
completed as for the first part of Proposition 1.21. □

Definition 3.14 Let 𝑐 : [𝑎, 𝑏] → 𝑀 be a unit speed geodesic. The index form
𝐼 = 𝐼𝑐 of 𝑐 is the symmetric bilinear form on the space of all piecewise smooth
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normal vector fields along 𝑐 defined by

𝐼 (𝑋,𝑌 ) :=
∫ 𝑏

𝑎

⟨𝑋 ′, 𝑌 ′⟩ − 𝑅(𝑋, 𝑐′, 𝑌 , 𝑐′) 𝑑𝑡

=

∫ 𝑏

𝑎

⟨𝑋,𝑌 ′⟩′ −
〈
𝑋,𝑌 ′′ + 𝑅(𝑌, 𝑐′)𝑐′

〉
𝑑𝑡.

Note that if𝑌 is the variation vector field along 𝑐 of a piecewise smooth, proper
and normal variation 𝛾 of 𝑐 = 𝛾0, then

𝑑2

𝑑𝑠2

���
𝑠=0
𝐿 (𝛾𝑠) = 𝐼 (𝑌,𝑌 ).

Lemma 3.15 Let 𝑐 : [𝑎, 𝑏] → 𝑀 be a unit speed geodesic. If 𝑌 is a normal Jacobi
field along 𝑐, then 𝐼 (𝑋,𝑌 ) = 0 for every piecewise smooth normal field 𝑋 along 𝑐
with 𝑋 (𝑎) = 0 = 𝑋 (𝑏). Conversely, if 𝑌 is a piecewise smooth normal field along
𝑐, and 𝐼 (𝑋,𝑌 ) = 0 for every smooth normal field 𝑋 along 𝑐 with 𝑋 (𝑎) = 0 = 𝑋 (𝑏),
then 𝑌 is a (smooth) Jacobi field.

Proof : By the second expression for the index form, if 𝑌 is a normal Jacobi field
along 𝑐, then 𝐼 (𝑋,𝑌 ) = ⟨𝑋,𝑌 ′⟩

��𝑏
𝑎
= 0 for every piecewise smooth normal field 𝑋

along 𝑐 with 𝑋 (𝑎) = 0 = 𝑋 (𝑏).
Conversely, suppose that 𝑌 is a piecewise smooth normal field along 𝑐, and

𝐼 (𝑋,𝑌 ) = 0 for every smooth normal field 𝑋 along 𝑐 with 𝑋 (𝑎) = 0 = 𝑋 (𝑏). Let
𝑎 = 𝑡0 < 𝑡1 < . . . < 𝑡𝑘 = 𝑏 be such that 𝑌𝑖 := 𝑌 | [𝑡𝑖−1,𝑡𝑖 ] is smooth for 𝑖 = 1, . . . , 𝑘 .
First, choose a smooth function 𝑓 on [𝑎, 𝑏] that vanishes at 𝑡0, . . . , 𝑡𝑘 and is positive
elsewhere. The vector field 𝑋 with 𝑋 | [𝑡𝑖−1,𝑡𝑖 ] := 𝑓 (𝑌 ′′

𝑖
+𝑅(𝑌𝑖 , 𝑐′)𝑐′) is smooth, and

0 = 𝐼 (𝑋,𝑌 ) = −
∫ 𝑏

𝑎

𝑓
��𝑌 ′′ + 𝑅(𝑌, 𝑐′)𝑐′

��2 𝑑𝑡;
thus 𝑌𝑖 is a Jacobi field for 𝑖 = 1, . . . , 𝑘 . Secondly, choose a smooth normal vector
field 𝑊 along 𝑐 such that 𝑊 (𝑎) = 0 = 𝑊 (𝑏) and 𝑊 (𝑡𝑖) = 𝑌 ′

𝑖
(𝑡𝑖) − 𝑌 ′

𝑖+1(𝑡𝑖) for
𝑖 = 1, . . . , 𝑘 − 1. Then

0 = 𝐼 (𝑊,𝑌 ) =
𝑘∑︁
𝑖=1

⟨𝑊,𝑌 ′
𝑖 ⟩
��𝑡𝑖
𝑡𝑖−1

=

𝑘−1∑︁
𝑖=1

|𝑊 (𝑡𝑖) |2,

thus 𝑌 ′
𝑖
(𝑡𝑖) = 𝑌 ′

𝑖+1(𝑡𝑖) for 𝑖 = 1, . . . , 𝑘 − 1, and it follows from Lemma 3.5 that 𝑌 is
in fact a (smooth) Jacobi field along 𝑐. □

The following result complements Theorem 3.13.

Theorem 3.16 Let 𝑐 : [0, 𝑙] → 𝑀 be a unit speed geodesic. If there exists an
𝑟 ∈ (0, 𝑙) such that 𝑐(𝑟) is conjugate to 𝑐(0) along 𝑐 | [0,𝑟 ] , then there exists a
piecewise smooth, proper and normal variation 𝛾 : (−𝜖, 𝜖) × [0, 𝑙] → 𝑀 of 𝑐 = 𝛾0
such that 𝐿 (𝛾𝑠) < 𝐿(𝑐) for all 𝑠 ∈ (−𝜖, 𝜖) \ {0}.
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Proof : Let 𝑌 . 0 be a Jacobi field along 𝑐 | [0,𝑟 ] with 𝑌 (0) = 0 = 𝑌 (𝑟). Note that 𝑌
and 𝑌 ′ are normal. Choose a smooth normal field 𝑋 along 𝑐 with 𝑋 (0) = 0 = 𝑋 (𝑙)
and 𝑋 (𝑟) = −𝑌 ′(𝑟), and put𝑌 (𝑡) := 0 for 𝑡 ∈ (𝑟, 𝑙]. Then 𝐼 (𝑋,𝑌 ) = ⟨𝑋 (𝑟), 𝑌 ′(𝑟)⟩ =
−|𝑌 ′(𝑟) |2 < 0 and 𝐼 (𝑌,𝑌 ) = 0, hence

𝐼 (𝜆𝑋 + 𝑌, 𝜆𝑋 + 𝑌 ) = 𝜆2𝐼 (𝑋, 𝑋) − 2𝜆 |𝑌 ′(𝑟) |2 < 0

for any sufficiently small 𝜆 > 0. Then 𝑑2

𝑑𝑠2

��
𝑠=0𝐿 (𝛾𝑠) < 0 for a variation 𝛾 with

(piecewise smooth) variation vector field 𝜆𝑋 + 𝑌 along 𝑐. □

3.4 The Rauch comparison theorem

Proposition 3.17 (first index lemma) Let 𝑐 : [0, 𝑙] → 𝑀 be a unit speed geodesic,
and suppose that no 𝑐(𝑡) with 𝑡 ∈ (0, 𝑙] is conjugate to 𝑐(0) along 𝑐 | [0,𝑡 ] . If 𝑋
is a piecewise smooth normal vector field along 𝑐 and 𝑌 is the unique Jacobi field
along 𝑐 such that 𝑌 (0) = 𝑋 (0) and 𝑌 (𝑙) = 𝑋 (𝑙), then

𝐼 (𝑋, 𝑋) ≥ 𝐼 (𝑌,𝑌 ),

and equality holds if and only if 𝑋 = 𝑌 .

Note that 𝑌 exists and is normal according to Remarks 3.11 and 3.7.

Proof : Put 𝑉0 := 𝑋 − 𝑌 and consider a (piecewise smooth, proper and normal)
variation of 𝑐 with variation vector field 𝑉0 along 𝑐. It follows from Theorem 3.13
that 𝐼 (𝑉0, 𝑉0) ≥ 0. Furthermore, 𝐼 (𝑋,𝑌 ) − 𝐼 (𝑌,𝑌 ) = 𝐼 (𝑉0, 𝑌 ) = 0 by the first part
of Lemma 3.15, hence

𝐼 (𝑋, 𝑋) − 𝐼 (𝑌,𝑌 ) = 𝐼 (𝑋 − 𝑌, 𝑋 − 𝑌 ) = 𝐼 (𝑉0, 𝑉0) ≥ 0.

Suppose now that 𝐼 (𝑋, 𝑋) = 𝐼 (𝑌,𝑌 ). Then 𝐼 (𝑉0, 𝑉0) = 0 for 𝑉0 = 𝑋 − 𝑌 as above.
Let𝑊 be any smooth normal field along 𝑐 with𝑊 (0) = 0 = 𝑊 (𝑙). For every 𝜆 ∈ R,

2𝜆 𝐼 (𝑉0,𝑊) + 𝜆2𝐼 (𝑊,𝑊) = 𝐼 (𝑉0 + 𝜆𝑊,𝑉0 + 𝜆𝑊) ≥ 0,

again by Theorem 3.13. Thus 𝐼 (𝑉0,𝑊) = 0 for all such 𝑊 , and so 𝑉0 is a Jacobi
field by the second part of Lemma 3.15. Since 𝑉0(0) = 0 = 𝑉0(𝑙) and 𝑐(𝑙) is not
conjugate to 𝑐(0) along 𝑐, we conclude that 𝑉0 ≡ 0, that is, 𝑋 = 𝑌 . □

We now state the common assumptions for the two comparison theorems of
Rauch [Ra1951] and Berger [Ber1962] and a corollary.

Assumptions 3.18 Suppose that 𝑀 and 𝑀̄ are two Riemannian manifolds with
dim(𝑀̄) ≥ dim(𝑀) ≥ 2, and 𝑐 : [0, 𝑙] → 𝑀 and 𝑐 : [0, 𝑙] → 𝑀̄ are unit speed
geodesics such that

sec𝑀 (𝑃) ≤ sec𝑀̄ (𝑃̄)
whenever 𝑡 ∈ [0, 𝑙], 𝑐′(𝑡) ∈ 𝑃, and 𝑐 ′(𝑡) ∈ 𝑃̄.
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Theorem 3.19 (Rauch 1951) Suppose, in addition to Assumptions 3.18, that no
𝑐(𝑡) with 𝑡 ∈ (0, 𝑙) is conjugate to 𝑐(0) along 𝑐 | [0,𝑡 ] . If 𝑌 and 𝑌 are Jacobi fields
along 𝑐 and 𝑐, respectively, such that 𝑌 (0) = 0, 𝑌 (0) = 0, and

|𝑌 ′(0) | = |𝑌 ′(0) |, ⟨𝑌 ′(0), 𝑐′(0)⟩ = ⟨𝑌 ′(0), 𝑐 ′(0)⟩,

then |𝑌 (𝑡) | ≥ |𝑌 (𝑡) | for all 𝑡 ∈ [0, 𝑙].

In particular, no 𝑐(𝑡) with 𝑡 ∈ (0, 𝑙) is conjugate to 𝑐(0) along 𝑐 | [0,𝑡 ] .

Proof : We assume that 𝑌,𝑌 are normal along 𝑐, 𝑐, as the theorem follows readily
from the result in this special case by virtue of Remark 3.7. (In the general case,
|𝑌T | = |𝑌𝑇 | because ⟨𝑌, 𝑐′⟩(0) = ⟨𝑌, 𝑐 ′⟩(0) and ⟨𝑌, 𝑐′⟩′(0) = ⟨𝑌, 𝑐 ′⟩′(0).) We
further assume that 𝑌 . 0, thus 𝑌 ′(0) ≠ 0. Note that then 𝑌 (𝑡) ≠ 0 for all 𝑡 ∈ (0, 𝑙)
since conjugate points are excluded.

Fix 𝑟 ∈ (0, 𝑙) for the moment, and put 𝜆 := |𝑌 (𝑟) | and 𝜆̄ := |𝑌 (𝑟) |. Choose a
parallel orthonormal frame (𝐸1, . . . , 𝐸𝑚−1, 𝑐

′) along 𝑐 such that 𝜆 𝐸1(𝑟) = 𝑌 (𝑟).
Since dim(𝑀̄) ≥ dim(𝑀), there exists an orthonormal system (𝐸̄1, . . . , 𝐸̄𝑚−1, 𝑐

′)
of parallel vector fields along 𝑐 such that 𝜆̄ 𝐸̄1(𝑟) = 𝑌 (𝑟). Now consider the vector
field 𝑋̄ :=

∑𝑚−1
𝑖=1 ⟨𝑌, 𝐸𝑖⟩𝐸̄𝑖 along 𝑐. Note that | 𝑋̄ | = |𝑌 | and | 𝑋̄ ′ | = |𝑌 ′ |, furthermore

𝜆̄ 𝑋̄ (𝑟) = 𝜆̄𝜆 𝐸̄1(𝑟) = 𝜆𝑌 (𝑟).

Let 𝐼𝑟 and 𝐼𝑟 denote the index forms of 𝑐 | [0,𝑟 ] and 𝑐 | [0,𝑟 ] . The assumption involving
the sectional curvatures yields the inequality

𝐼𝑟 (𝑌,𝑌 ) =
∫ 𝑟

0
|𝑌 ′ |2 − 𝑅𝑀 (𝑌, 𝑐′, 𝑌 , 𝑐′) 𝑑𝑡

≥
∫ 𝑟

0
| 𝑋̄ ′ |2 − 𝑅𝑀̄ ( 𝑋̄, 𝑐′, 𝑋̄, 𝑐′) 𝑑𝑡 = 𝐼𝑟 ( 𝑋̄, 𝑋̄).

Furthermore, 𝐼𝑟 (𝜆̄ 𝑋̄, 𝜆̄ 𝑋̄) ≥ 𝐼𝑟 (𝜆𝑌, 𝜆𝑌 ) by Proposition 3.17. We conclude that
𝜆̄2𝐼𝑟 (𝑌,𝑌 ) ≥ 𝜆2𝐼𝑟 (𝑌,𝑌 ) or, in view of the second expression in Definition 3.14,

|𝑌 (𝑟) |2⟨𝑌 (𝑟), 𝑌 ′(𝑟)⟩ ≥ |𝑌 (𝑟) |2⟨𝑌 (𝑟), 𝑌 ′(𝑟)⟩.

Since 𝑟 ∈ (0, 𝑙) was arbitrary, it follows that
(
|𝑌 |2/|𝑌 |2

) ′ ≥ 0 on (0, 𝑙). Using
L’Hôpital’s rule twice, one can check that |𝑌 (𝑡) |2/|𝑌 (𝑡) |2 tends to 1 as 𝑡 → 0 (this
uses that 𝑌 (0) = 0 = 𝑌 (0) and |𝑌 ′(0) | = |𝑌 ′(0) | ≠ 0). Thus |𝑌 | ≥ |𝑌 | on [0, 𝑙]. □

Corollary 3.20 Let again 𝑀, 𝑀̄ and 𝑐, 𝑐 satisfy Assumptions 3.18 and suppose, as
in Theorem 3.19, that no 𝑐(𝑡) with 𝑡 ∈ (0, 𝑙) is conjugate to 𝑐(0) along 𝑐 | [0,𝑡 ] . Put
𝑝 := 𝑐(0), 𝑣 := 𝑐′(0), 𝑝 := 𝑐(0), 𝑣̄ := 𝑐 ′(0), and let 𝐻 : 𝑇𝑀𝑝 → 𝑇 𝑀̄ 𝑝̄ be a linear
isometric embedding such that 𝐻 (𝑣) = 𝑣̄. Then for all 𝑤 ∈ 𝑇𝑀𝑝 and 𝑤̄ := 𝐻 (𝑤),��𝑑 (exp𝑝)𝑙𝑣 (𝑤)

�� ≥ ��𝑑 (exp 𝑝̄)𝑙𝑣̄ (𝑤̄)
��.
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Proof : Let 𝑌 and 𝑌 be the Jacobi fields along 𝑐 and 𝑐, respectively, with 𝑌 (0) = 0,
𝑌 ′(0) = 𝑤, and 𝑌 (0) = 0, 𝑌 ′(0) = 𝑤̄. Then |𝑌 ′(0) | = |𝑤 | = |𝑤̄ | = |𝑌 ′(0) | and

⟨𝑌 ′(0), 𝑐′(0)⟩ = ⟨𝑤, 𝑣⟩ = ⟨𝑤̄, 𝑣̄⟩ = ⟨𝑌 ′(0), 𝑐 ′(0)⟩,

thus |𝑌 (𝑙) | ≥ |𝑌 (𝑙) | by Theorem 3.19. Since these Jacobi fields are given explicitly
by𝑌 (𝑡) = 𝑑 (exp𝑝)𝑡𝑣 (𝑡𝑤) and𝑌 (𝑡) = 𝑑 (exp 𝑝̄)𝑡 𝑣̄ (𝑡𝑤̄) (see the proof of Lemma 3.12),
the result follows. □

Corollary 3.20 may further be used to compare distances, as shown next (see
also Theorem 5.12), or volumes (see the proof of Theorem 6.1).

Corollary 3.21 Let 𝑀, 𝑀̄ be two Riemannian manifolds with dim(𝑀) = dim(𝑀̄)
and sec𝑀 ≤ 𝜅 ≤ sec𝑀̄ for some constant 𝜅 ∈ R. Let 𝑝 ∈ 𝑀 and 𝑝 ∈ 𝑀̄ , let
𝐻 : 𝑇𝑀𝑝 → 𝑇 𝑀̄ 𝑝̄ be a linear isometry, and suppose that 𝑟 > 0 is such that both
𝐵𝑟 ⊂ 𝑇𝑀𝑝 and 𝐵𝑟 ⊂ 𝑇 𝑀̄ 𝑝̄ are normal balls. Then the diffeomorphism

𝐹 := exp 𝑝̄ ◦𝐻 ◦ (exp𝑝 |𝐵𝑟
)−1 : 𝐵(𝑝, 𝑟) → 𝐵(𝑝, 𝑟)

does not increase the length of any piecewise 𝐶1 curve in 𝐵(𝑝, 𝑟), in particular
𝑑 (𝐹 (𝑥), 𝐹 (𝑦)) ≤ 𝑑 (𝑥, 𝑦) for all 𝑥, 𝑦 ∈ 𝐵(𝑝, 𝑟2 ).

Proof : Note that since 𝐵𝑟 ⊂ 𝑇 𝑀̄ 𝑝̄ is normal, there is no point conjugate to 𝑝 along a
radial segment in 𝐵(𝑝, 𝑟). It follows from Corollary 3.20 that if 𝑐 : [𝑎, 𝑏] → 𝐵(𝑝, 𝑟)
is any piecewise 𝐶1 curve, and 𝛾 := (exp𝑝 |𝐵𝑟

)−1 ◦ 𝑐, then∫ 𝑏

𝑎

|𝑑 (exp 𝑝̄)𝐻 (𝛾 (𝑡 ) ) ◦ 𝐻 (𝛾′(𝑡)) | 𝑑𝑡 ≤
∫ 𝑏

𝑎

|𝑑 (exp𝑝)𝛾 (𝑡 ) (𝛾′(𝑡)) | 𝑑𝑡,

thus 𝐿 (𝐹 ◦ 𝑐) =
∫ 𝑏

𝑎
| (𝐹 ◦ 𝑐)′(𝑡) | 𝑑𝑡 ≤

∫ 𝑏

𝑎
|𝑐′(𝑡) | 𝑑𝑡 = 𝐿 (𝑐). If 𝑥, 𝑦 ∈ 𝐵(𝑝, 𝑟2 ), then

𝑑 (𝑥, 𝑦) < 𝑟 and every curve 𝑐 of length < 𝑟 from 𝑥 to 𝑦 lies in 𝐵(𝑝, 𝑟), hence
𝐿 (𝐹 ◦ 𝑐) ≤ 𝐿 (𝑐), and by taking the infimum over all such 𝑐 we conclude that
𝑑 (𝐹 (𝑥), 𝐹 (𝑦)) ≤ 𝑑 (𝑥, 𝑦). □

3.5 Focal points and the Rauch–Berger theorem

Let 𝑀 be a Riemannian manifold with Levi-Civita connection 𝐷, let Σ ⊂ 𝑀 be a
submanifold, and let 𝑁 ∈ Γ(𝑇Σ⊥) be a unit normal field. Suppose that 𝑐 : [0, 𝑙] →
𝑀 is a unit speed geodesic from 𝑝 ∈ Σ to 𝑞 ∈ 𝑀 with 𝑐′(0) = 𝑁 (𝑝). Recall that
the shape operator of (Σ, 𝑁) at 𝑝 is the linear operator 𝑆𝑁 = 𝑆𝑁 (𝑝) : 𝑇Σ𝑝 → 𝑇Σ𝑝

satisfying 𝑆𝑁 (𝑥) = −(𝐷𝑥𝑁)T (Lemma 2.18).

Proposition 3.22 For a Jacobi field 𝑌 along 𝑐, the following are equivalent:
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(1) 𝑌 is the variation vector field along 𝑐 of a variation 𝛾 of 𝑐 = 𝛾0 such that
every curve 𝛾𝑠 = 𝛾(𝑠, · ) is a geodesic with 𝛾𝑠 (0) ∈ Σ and 𝛾 ′

𝑠 (0) ∈ 𝑇Σ⊥
𝛾𝑠 (0) .

(2) 𝑌 (0) ∈ 𝑇Σ𝑝 and 𝑌 ′(0)T = (𝐷𝑌 (0)𝑁)T = −𝑆𝑁 (𝑌 (0)).

A Jacobi field with these properties is called a Σ-Jacobi field along 𝑐.

Proof : Suppose first that (1) holds. Put 𝜎(𝑠) := 𝛾𝑠 (0) ∈ Σ and 𝑇0(𝑠) := 𝛾 ′
𝑠 (0) ∈

𝑇Σ⊥
𝜎 (𝑠) . Then 𝑌 (0) = 𝜎′(0) ∈ 𝑇Σ𝑝. Moreover,

𝑌 ′(0) = 𝐷

𝑑𝑡

���
𝑡=0
𝑌 =

𝐷

𝑑𝑠

���
𝑠=0
𝑇0.

Note that 𝑇0(0) = 𝑐′(0) = 𝑁 (𝑝) = (𝑁 ◦𝜎) (0). Hence, if 𝑍 is any vector field along
𝜎 tangent to Σ, then

〈
𝐷
𝑑𝑠
(𝑇0 − 𝑁 ◦ 𝜎), 𝑍

〉
= −

〈
𝑇0 − 𝑁 ◦ 𝜎, 𝐷

𝑑𝑠
𝑍
〉

vanishes at 𝑠 = 0.
It follows that ( 𝐷

𝑑𝑠

���
𝑠=0
𝑇0

)T
=

( 𝐷
𝑑𝑠

���
𝑠=0

(𝑁 ◦ 𝜎)
)T

= (𝐷𝑌 (0)𝑁)T.

Combining these equalities we get (2).
Conversely, suppose that (2) holds. Choose a curve 𝜎 : (−𝜖, 𝜖) → Σ with

𝜎′(0) = 𝑌 (0) ∈ 𝑇Σ𝑝. Let 𝑋 and 𝑊 be any vector fields along 𝜎 normal to Σ such
that 𝑋 (0) = 𝑁 (𝑝) and 𝑊 (0) equals the normal component of 𝑌 ′(0) − 𝐷

𝑑𝑠

��
𝑠=0𝑋 .

Put 𝑇0(𝑠) := 𝑋 (𝑠) + 𝑠𝑊 (𝑠). Note that 𝑇0(0) = 𝑁 (𝑝) = 𝑐′(0). Similarly as above,(
𝐷
𝑑𝑠

��
𝑠=0𝑋

)T
= (𝐷𝑌 (0)𝑁)T, thus

𝐷

𝑑𝑠

���
𝑠=0
𝑇0 =

𝐷

𝑑𝑠

���
𝑠=0
𝑋 +𝑊 (0) = (𝐷𝑌 (0)𝑁)T + 𝑌 ′(0)⊥ = 𝑌 ′(0)

by (2). Now it follows as in the proof of Proposition 3.6 that (1) holds. □

Definition 3.23 The point 𝑞 = 𝑐(𝑙) is called a focal point of Σ along 𝑐 if there
exists a non-trivial Σ-Jacobi field 𝑌 along 𝑐 with 𝑌 (𝑙) = 0.

In analogy to Lemma 3.12 it can be shown that 𝑞 is focal point ofΣ along 𝑐 if and
only if 𝑙𝑐′(0) is a singular point of the normal exponential map exp⊥ := exp |Ω∩𝑇Σ⊥ .

Remark 3.24 Suppose now that dim(Σ) = dim(𝑀) − 1 and 𝑆𝑐′ (0) = 0. (This
holds, for example, if Σ is the geodesic submanifold exp𝑝 (𝑐′(0)⊥ ∩ 𝐵𝑟 ) orthogonal
to 𝑐′(0), for some sufficiently small 𝑟 > 0.) Then it follows from Proposition 3.22
that a normal Jacobi field 𝑌 along 𝑐 is a Σ-Jacobi field if and only if 𝑌 ′(0) = 0.
Hence, 𝑞 = 𝑐(𝑙) is a focal point of Σ along 𝑐 if and only if there exists a non-trivial
Jacobi field 𝑌 along 𝑐 with 𝑌 ′(0) = 0 and 𝑌 (𝑙) = 0, which is then necessarily
normal by Remark 3.7. If no such Jacobi field exists, then the linear map that sends
𝑣 ∈ 𝑇𝑀𝑝 to 𝑌𝑣 (𝑙) ∈ 𝑇𝑀𝑞 for the Jacobi field 𝑌𝑣 with 𝑌𝑣 (0) = 𝑣 and 𝑌 ′

𝑣 (0) = 0 is an
isomorphism, thus for every 𝑤 ∈ 𝑇𝑀𝑞 there is a unique Jacobi field 𝑌 along 𝑐 such
that 𝑌 ′(0) = 0 and 𝑌 (𝑙) = 𝑤. If 𝑤 is normal, then so is 𝑌 .
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Proposition 3.25 (second index lemma) Let 𝑐 : [0, 𝑙] → 𝑀 be a unit speed
geodesic, and suppose that no non-trivial Jacobi field 𝑌 along 𝑐 with 𝑌 ′(0) = 0 has
a zero in (0, 𝑙]. If 𝑋 is a piecewise smooth normal vector field along 𝑐 and 𝑌 is the
unique Jacobi field along 𝑐 such that 𝑌 ′(0) = 0 and 𝑌 (𝑙) = 𝑋 (𝑙), then

𝐼 (𝑋, 𝑋) ≥ 𝐼 (𝑌,𝑌 ),

and equality holds if and only if 𝑋 = 𝑌 .

Proof : Let 𝑉1, . . . , 𝑉𝑚−1 be Jacobi fields along 𝑐 such that (𝑉1(0), . . . , 𝑉𝑚−1(0)) is
an orthonormal basis of 𝑐′(0)⊥, and 𝑉 ′

𝑖
(0) = 0 for 𝑖 = 1, . . . , 𝑚 − 1. It follows from

the assumption on 𝑐 that (𝑉1(𝑡), . . . , 𝑉𝑚−1(𝑡)) is a basis of 𝑐′(𝑡)⊥ for every 𝑡 ∈ [0, 𝑙].
Thus there exist piecewise smooth functions 𝜆1, . . . , 𝜆𝑚−1 : [0, 𝑙] → R such that
𝑋 =

∑
𝑖 𝜆𝑖𝑉𝑖 . The linear combination

∑
𝑖 𝜆𝑖 (𝑙)𝑉𝑖 (with constant coefficients) is a

Jacobi field with covariant derivative 0 at 𝑡 = 0 and value 𝑋 (𝑙) = 𝑌 (𝑙) at 𝑡 = 𝑙, so it
is equal to 𝑌 . Since 𝑌 ′(0) = 0,

𝐼 (𝑌,𝑌 ) = ⟨𝑌 (𝑙), 𝑌 ′(𝑙)⟩ =
𝑚−1∑︁
𝑖=1

〈
𝑋 (𝑙), 𝜆𝑖 (𝑙)𝑉 ′

𝑖 (𝑙)
〉
.

As𝑉 ′
𝑖
(0) = 0, the summand ⟨𝑋, 𝜆𝑖𝑉 ′

𝑖
⟩(𝑙) can be rewritten as the integral over [0, 𝑙]

of the derivative of the piecewise smooth function ⟨𝑋, 𝜆𝑖𝑉 ′
𝑖
⟩. Together with the

Jacobi equation for 𝑉𝑖 , this gives

⟨𝑋, 𝜆𝑖𝑉 ′
𝑖 ⟩(𝑙) =

∫ 𝑙

0
⟨𝑋 ′, 𝜆𝑖𝑉

′
𝑖 ⟩ + ⟨𝑋, 𝜆 ′

𝑖𝑉
′
𝑖 ⟩ + ⟨𝑋, 𝜆𝑖𝑉 ′′

𝑖 ⟩ 𝑑𝑡

=

∫ 𝑙

0
⟨𝑋 ′, (𝜆𝑖𝑉𝑖)′⟩ − 𝜆 ′

𝑖 𝑓𝑖 − ⟨𝑋, 𝑅(𝜆𝑖𝑉𝑖 , 𝑐′)𝑐′⟩ 𝑑𝑡,

where 𝑓𝑖 := ⟨𝑋 ′, 𝑉𝑖⟩ − ⟨𝑋,𝑉 ′
𝑖
⟩. Taking again the sum, we get that

𝐼 (𝑌,𝑌 ) = 𝐼 (𝑋, 𝑋) −
𝑚−1∑︁
𝑖=1

∫ 𝑙

0
𝜆 ′
𝑖 𝑓𝑖 𝑑𝑡.

Now 𝑓𝑖 =
∑

𝑗 𝜆
′
𝑗
⟨𝑉 𝑗 , 𝑉𝑖⟩+𝜆 𝑗

(
⟨𝑉 ′

𝑗
, 𝑉𝑖⟩−⟨𝑉 𝑗 , 𝑉

′
𝑖
⟩
)
, and the function ⟨𝑉 ′

𝑗
, 𝑉𝑖⟩−⟨𝑉 𝑗 , 𝑉

′
𝑖
⟩

vanishes at 𝑡 = 0 and has zero derivative on [0, 𝑙], as one readily checks from the
Jacobi equation and the symmetry properties of 𝑅. It follows that

𝐼 (𝑌,𝑌 ) = 𝐼 (𝑋, 𝑋) −
∫ 𝑙

0

����𝑚−1∑︁
𝑖=1

𝜆′𝑖𝑉𝑖

����2 𝑑𝑡 ≤ 𝐼 (𝑋, 𝑋).

Equality holds if and only if every 𝜆𝑖 is constant, that is, 𝑋 =
∑

𝑖 𝜆𝑖 (𝑙)𝑉𝑖 = 𝑌 . □
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Theorem 3.26 (Berger 1962) Let again 𝑀, 𝑀̄ and 𝑐, 𝑐 be given as in Assump-
tions 3.18, and suppose that no non-trivial Jacobi field 𝑌 along 𝑐 with 𝑌 ′(0) = 0
has a zero in (0, 𝑙). If 𝑌 and 𝑌 are Jacobi fields along 𝑐 and 𝑐, respectively, such
that 𝑌 ′(0) = 0, 𝑌 ′(0) = 0, and

|𝑌 (0) | = |𝑌 (0) |, ⟨𝑌 (0), 𝑐′(0)⟩ = ⟨𝑌 (0), 𝑐 ′(0)⟩,

then |𝑌 (𝑡) | ≥ |𝑌 (𝑡) | for all 𝑡 ∈ [0, 𝑙].

Proof : Suppose, as in the proof of Theorem 3.19, that𝑌,𝑌 are normal along 𝑐, 𝑐 and
𝑌 is non-trivial. Then it follows from the assumptions that𝑌 (𝑡) ≠ 0 for all 𝑡 ∈ [0, 𝑙).
Now the same argument as in the proof of Theorem 3.19, with Proposition 3.25
in place of Proposition 3.17, shows again that

(
|𝑌 |2/|𝑌 |2

) ′ ≥ 0 on (0, 𝑙). Since
|𝑌 (0) | = |𝑌 (0) | ≠ 0, this yields the result. □
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Chapter 4

Riemannian submersions and
coverings

4.1 Riemannian submersions

Definition 4.1 Let (𝑀̄, 𝑔̄), (𝑀, 𝑔) be two Riemannian manifolds, and suppose that
𝜋 : 𝑀̄ → 𝑀 is a submersion (that is, 𝑑𝜋𝑝 : 𝑇 𝑀̄𝑝 → 𝑇𝑀𝜋 (𝑝) is surjective for all
𝑝 ∈ 𝑀̄). Then 𝜋 is called a Riemannian submersion if for all 𝑝 ∈ 𝑀̄ the map

𝑑𝜋𝑝 |𝐻𝑝
: 𝐻𝑝 → 𝑇𝑀𝜋 (𝑝)

is an isometry, where𝐻𝑝 ⊂ 𝑇 𝑀̄𝑝 is the orthogonal complement of𝑉𝑝 := ker(𝑑𝜋𝑝).
Vectors in 𝐻𝑝 or 𝑉𝑝 are called horizontal or vertical, respectively.

Note that for every 𝑝 ∈ 𝜋(𝑀̄) ⊂ 𝑀 , the fiber 𝜋−1{𝑝} is a submanifold of 𝑀̄ of
dimension dim(𝑀̄) − dim(𝑀).

Lemma 4.2 If 𝑀̄ and 𝑀 are two connected Riemannian manifolds with dis-
tance functions 𝑑 and 𝑑, and if 𝜋 : 𝑀̄ → 𝑀 is a Riemannian submersion, then
𝑑 (𝜋(𝑝), 𝜋(𝑞)) ≤ 𝑑 (𝑝, 𝑞) for all 𝑝, 𝑞 ∈ 𝑀̄ .

Proof : For a vector 𝑣 ∈ 𝑇 𝑀̄𝑝, let 𝑣 = 𝑣hor + 𝑣ver be its decomposition into
horizontal and vertical part. Since |𝑑𝜋𝑝 (𝑣) | = |𝑑𝜋𝑝 (𝑣hor) | = |𝑣hor | ≤ |𝑣 |, it follows
that 𝐿 (𝜋 ◦ 𝛾) ≤ 𝐿 (𝛾) for every piecewise 𝐶1 curve 𝛾 in 𝑀̄ . □

The following result relates geodesics in 𝑀 to horizontal geodesics in 𝑀̄ .

Proposition 4.3 Suppose that 𝜋 : 𝑀̄ → 𝑀 is a Riemannian submersion.

(1) Let 𝑐 be a geodesic in 𝑀 with 𝑐(0) = 𝜋(𝑝) for some 𝑝 ∈ 𝑀̄ . Then there exists
a unique maximal horizontal curve 𝑐 : 𝐼 → 𝑀̄ with 𝑐(0) = 𝑝 and 𝜋 ◦ 𝑐 = 𝑐 |𝐼 ,
and 𝑐 is a geodesic in 𝑀̄ .

49
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(2) Let 𝑐 be a geodesic in 𝑀̄ with horizontal initial velocity 𝑐 ′(0). Then 𝑐 is
horizontal, and 𝑐 := 𝜋 ◦ 𝑐 is a geodesic in 𝑀 .

Notice that if 𝑀̄ is complete and 𝑀 is connected, then it follows from (2) and
Theorem 1.23 (Hopf–Rinow) that 𝑀 is complete and 𝜋 is surjective.

Proof : We prove (1). Assume that 𝑐′(0) ≠ 0. Let 𝜖 > 0 be such that𝑁 := 𝑐((−𝜖, 𝜖))
is a 1-dimensional submanifold of 𝑀 contained in 𝜋(𝑀̄). As a submersion, 𝜋 is
transverse to 𝑁 , and it follows from a standard result in differential topology that
𝜋−1(𝑁) is a submanifold of 𝑀̄ of dimension dim(𝑀̄) − dim(𝑀) + 1. Consider the
horizontal lift 𝑋̄ of 𝑋 := 𝑐′ |𝑁 on 𝜋−1(𝑁). Let 𝑐 be the maximal integral curve of
𝑋̄ with 𝑐(0) = 𝑝. For every 𝑡 in its domain,

(𝜋 ◦ 𝑐)′(𝑡) = 𝑑𝜋𝑐̄ (𝑡 ) (𝑐 ′(𝑡)) = 𝑑𝜋𝑐̄ (𝑡 ) ( 𝑋̄𝑐̄ (𝑡 ) ) = 𝑋𝜋◦𝑐̄ (𝑡 ) ,

thus 𝜋 ◦ 𝑐 is an integral curve of 𝑋 with 𝜋 ◦ 𝑐(0) = 𝑐(0), and so 𝜋 ◦ 𝑐 = 𝑐 on
some subinterval of (−𝜖, 𝜖). Then 𝑐 is a geodesic since |𝑐 ′(𝑡) | = | 𝑋̄𝑐̄ (𝑡 ) | = |𝑋𝑐 (𝑡 ) |
is independent of 𝑡 and, for suitable subintervals [𝑡, 𝑡′],

𝐿 (𝑐 | [𝑡 ,𝑡 ′ ]) = 𝐿 (𝑐 | [𝑡 ,𝑡 ′ ]) = 𝑑 (𝑐(𝑡), 𝑐(𝑡′)) ≤ 𝑑 (𝑐(𝑡), 𝑐(𝑡′))

by Lemma 4.2. Now (1) follows.
For the proof of (2), given 𝑐 : 𝐼 → 𝑀̄ , let 𝛾 be the maximal geodesic in 𝑀

with 𝛾′(0) = 𝑑𝜋𝑐̄ (0) (𝑐 ′(0)). By (1), there is a maximal horizontal lift 𝛾̄ with
𝛾̄(0) = 𝑐(0), and 𝛾̄ is a geodesic in 𝑀̄ . Since 𝑐 ′(0) is horizontal, 𝑐 ′(0) = 𝛾̄′(0),
thus 𝑐 = 𝛾̄ |𝐼 is horizontal, and 𝑐 := 𝜋 ◦ 𝑐 = 𝜋 ◦ 𝛾̄ |𝐼 = 𝛾 |𝐼 . □

Example 4.4 (warped products) Let (𝑀, 𝑔) and (𝑀 ′, 𝑔′) be Riemannian mani-
folds, and let 𝑓 : 𝑀 → (0,∞) be a 𝐶∞ function. The warped product 𝑀 × 𝑓 𝑀

′ is
the product manifold 𝑀 × 𝑀 ′ endowed with the metric defined by

(𝑔 × 𝑓 𝑔
′) (𝑝,𝑝′ ) ((𝑣, 𝑣′), (𝑤, 𝑤′)) = 𝑔𝑝 (𝑣, 𝑤) + 𝑓 (𝑝)2𝑔′𝑝′ (𝑣′, 𝑤′)

for (𝑣, 𝑣′), (𝑤, 𝑤′) ∈ 𝑇 (𝑀 ×𝑀 ′) (𝑝,𝑝′ ) = 𝑇𝑀𝑝 ×𝑇𝑀 ′
𝑝′ ; briefly, 𝑔 × 𝑓 𝑔

′ = 𝑔 + 𝑓 2𝑔′.
Then the canonical projection

𝜋 : (𝑀 × 𝑀 ′, 𝑔 × 𝑓 𝑔
′) → (𝑀, 𝑔)

is a Riemannian submersion with

𝑉(𝑝,𝑝′ ) = {0𝑝} × 𝑇𝑀 ′
𝑝′ and 𝐻(𝑝,𝑝′ ) = 𝑇𝑀𝑝 × {0𝑝′}.

For every 𝑝′ ∈ 𝑀 ′, the submanifold𝑀×{𝑝′} is everywhere horizontal and therefore
totally geodesic in 𝑀 × 𝑓 𝑀

′ (recall Proposition 2.21).
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Proposition 4.5 Let 𝜋 : 𝑀̄ → 𝑀 be a surjective submersion, and let 𝑔̄ be a Rieman-
nian metric on 𝑀̄ . Suppose that for every pair of points 𝑝, 𝑞 ∈ 𝑀̄ with 𝜋(𝑝) = 𝜋(𝑞)
there exists an isometry ℎ ∈ Isom(𝑀̄, 𝑔̄) such that ℎ(𝑝) = 𝑞 and 𝜋 ◦ ℎ = 𝜋. Then
there exists a unique Riemannian metric 𝑔 on 𝑀 such that 𝜋 : (𝑀̄, 𝑔̄) → (𝑀, 𝑔) is
a Riemannian submersion.

Proof : First we verify that for every pair of points 𝑝, 𝑞 ∈ 𝑀̄ with 𝜋(𝑝) = 𝜋(𝑞), the
map

(𝑑𝜋𝑞 |𝐻𝑞
)−1 ◦ (𝑑𝜋𝑝 |𝐻𝑝

) : 𝐻𝑝 → 𝐻𝑞 (1)

is an isometry. By assumption there exists an isometry ℎ of 𝑀̄ such that ℎ(𝑝) = 𝑞
and 𝜋 ◦ ℎ = 𝜋. Then 𝑑𝜋𝑞 ◦ 𝑑ℎ𝑝 = 𝑑𝜋𝑝, and thus the isomorphism 𝑑ℎ𝑝 maps
𝑉𝑝 = ker(𝑑𝜋𝑝) to 𝑉𝑞. Hence, as an isometry, 𝑑ℎ𝑝 maps 𝐻𝑝 isometrically to 𝐻𝑞,
and the map (1) is just 𝑑ℎ𝑝 |𝐻𝑝

. Since 𝜋 is surjective, it now follows that for every
𝑥 ∈ 𝑀 there is a unique inner product 𝑔𝑥 on 𝑇𝑀𝑥 such that 𝑑𝜋𝑝 |𝐻𝑝

: 𝐻𝑝 → 𝑇𝑀𝑥

is an isometry for all 𝑝 ∈ 𝜋−1{𝑥}. It can be shown that 𝑔𝑥 depends smoothly on 𝑥.
□

Example 4.6 (Hopf fibration) The complex projective space C𝑃𝑛 may be re-
garded as the quotient space of the unit sphere 𝑆2𝑛+1 ⊂ R2𝑛+2 = C𝑛+1 by the
equivalence relation

𝑧 ∼ 𝑧′ ⇐⇒ 𝑧′ = 𝜆𝑧 for some 𝜆 = e𝑖 𝜃 ∈ 𝑆1 ⊂ C.

Then the quotient projection 𝜋 : 𝑆2𝑛+1 → C𝑃𝑛 is a surjective submersion, the
(generalized) Hopf fibration. For any 𝜆 as above, the map ℎ𝜆 : 𝑆2𝑛+1 → 𝑆2𝑛+1

sending 𝑧 to 𝜆𝑧 (a rotation) is an isometry of (𝑆2𝑛+1, 𝑔sph) satisfying 𝜋 ◦ ℎ𝜆 = 𝜋.
By Proposition 4.5 there exists a unique Riemannian metric 𝑔 on C𝑃𝑛 with respect
to which 𝜋 is a Riemannian submersion, called the Fubini–Study metric.

For 𝑝 ∈ 𝑆2𝑛+1 and a unit vector 𝑣 ∈ 𝑇𝑆2𝑛+1
𝑝 , let 𝑐 = 𝑐𝑣 : R → 𝑆2𝑛+1 be the

geodesic given by 𝑐(𝑡) = 𝑝 cos(𝑡) + 𝑣 sin(𝑡). Note that the fiber of 𝜋 through 𝑝 is
contained in the plane with orthonormal basis {𝑝, 𝑖𝑝}, thus the vector 𝑖𝑝 ∈ 𝑇𝑆2𝑛+1

𝑝

is tangent to the fiber, and 𝑐 is horizontal if and only if ⟨𝑖𝑝, 𝑣⟩ = 0. If this condition
holds, then 𝑐 := 𝜋 ◦ 𝑐 is the geodesic in C𝑃𝑛 with 𝑐(0) = 𝜋(𝑝) and 𝑐′(0) = 𝑑𝜋𝑝 (𝑣)
(by Proposition 4.3). For all 𝑡 ∈ R,

𝑐(𝑡 + 𝜋) = 𝜋(𝑐(𝑡 + 𝜋)) = 𝜋(−𝑐(𝑡)) = 𝜋(𝑐(𝑡)) = 𝑐(𝑡),

thus 𝑐 is periodic with period 𝜋.

4.2 Curvature of Riemannian submersions

Let 𝜋 : 𝑀̄ → 𝑀 be a Riemannian submersion. We now discuss some results
from [ON1966] relating the Levi-Civita connections 𝐷̄ and 𝐷, as well as the
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curvature tensors 𝑅̄ and 𝑅, of 𝑀̄ and 𝑀 . For any vector field 𝑋 ∈ Γ(𝑇𝑀), we let
𝑋 ∈ Γ(𝑇 𝑀̄) denote the unique horizontal vector field such that 𝜋∗𝑋 = 𝑋 ◦ 𝜋 (that
is, 𝑋 and 𝑋 are 𝜋-related). Notice that for all 𝑋,𝑌 ∈ Γ(𝑇𝑀),

⟨𝑋,𝑌⟩ = ⟨𝜋∗𝑋, 𝜋∗𝑌⟩ = ⟨𝑋,𝑌⟩ ◦ 𝜋 and 𝜋∗ [𝑋,𝑌 ] = [𝑋,𝑌 ] ◦ 𝜋.

Proposition 4.7 For all 𝑋,𝑌, 𝑍 ∈ Γ(𝑇𝑀),〈
𝐷̄

𝑋
𝑌, 𝑍

〉
= ⟨𝐷𝑋𝑌, 𝑍⟩ ◦ 𝜋 and 𝐷̄

𝑋
𝑌 = 𝐷𝑋𝑌 + 1

2
[𝑋,𝑌 ]ver.

Proof : For all 𝑋,𝑌, 𝑍 ∈ Γ(𝑇𝑀),

𝑍 ⟨𝑋,𝑌⟩ = 𝑍 (⟨𝑋,𝑌⟩ ◦ 𝜋) = (𝜋∗𝑍)⟨𝑋,𝑌⟩ = (𝑍 ⟨𝑋,𝑌⟩) ◦ 𝜋

and
⟨𝑍, [𝑋,𝑌 ]⟩ = ⟨𝜋∗𝑍, 𝜋∗ [𝑋,𝑌 ]⟩ = ⟨𝑍, [𝑋,𝑌 ]⟩ ◦ 𝜋.

The assertion
〈
𝐷̄

𝑋
𝑌, 𝑍

〉
= ⟨𝐷𝑋𝑌, 𝑍⟩ ◦ 𝜋 follows readily from these relations and

the Koszul formulas for 𝐷̄ and 𝐷. In turn, ⟨𝐷𝑋𝑌, 𝑍⟩ ◦ 𝜋 =
〈
𝐷𝑋𝑌, 𝑍

〉
, thus(

𝐷̄
𝑋
𝑌
)hor

= 𝐷𝑋𝑌 . (1)

Now let 𝑇 ∈ Γ(𝑇 𝑀̄) be a vertical vector field. Then 𝜋∗𝑇 = 0 and 𝜋∗ [𝑋,𝑇] =

[𝑋, 0] ◦ 𝜋 = 0, so [𝑋,𝑇] is vertical, and the Koszul formula for 𝐷̄ gives

2
〈
𝐷̄

𝑋
𝑌,𝑇

〉
= −𝑇 ⟨𝑋,𝑌⟩ + ⟨𝑇, [𝑋,𝑌 ]⟩,

where 𝑇 ⟨𝑋,𝑌⟩ = 𝑇 (⟨𝑋,𝑌⟩ ◦ 𝜋) = (𝜋∗𝑇)⟨𝑋,𝑌⟩ = 0. Hence(
𝐷̄

𝑋
𝑌
)ver

=
1
2
[𝑋,𝑌 ]ver, (2)

and (1) and (2) yield the second assertion. □

Theorem 4.8 (O’Neill 1966) For all 𝑋,𝑌 ∈ Γ(𝑇𝑀),

𝑅(𝑋,𝑌, 𝑋,𝑌 ) ◦ 𝜋 − 𝑅̄(𝑋,𝑌, 𝑋,𝑌 ) = 3
4
��[𝑋,𝑌 ]ver��2 = 3

�� (𝐷̄
𝑋
𝑌
)ver��2.

Proof : Let 𝑉,𝑊, 𝑋,𝑌 ∈ Γ(𝑇𝑀). From Proposition 4.7 we get that

𝑋
〈
𝑉, 𝐷̄

𝑌
𝑊
〉
= 𝑋 (⟨𝑉, 𝐷𝑌𝑊⟩ ◦ 𝜋) = (𝜋∗𝑋)⟨𝑉, 𝐷𝑌𝑊⟩ = (𝑋 ⟨𝑉, 𝐷𝑌𝑊⟩) ◦ 𝜋

and, for 𝐴 := 1
4 ⟨[𝑋,𝑉]

ver, [𝑌,𝑊]ver⟩,〈
𝐷̄

𝑋
𝑉, 𝐷̄

𝑌
𝑊
〉
=
〈
𝐷𝑋𝑉, 𝐷𝑌𝑊

〉
+ 𝐴 = ⟨𝐷𝑋𝑉, 𝐷𝑌𝑊⟩ ◦ 𝜋 + 𝐴.



4.2 Curvature of Riemannian submersions 53

It follows that〈
𝑉, 𝐷̄

𝑋
𝐷̄

𝑌
𝑊
〉
= 𝑋

〈
𝑉, 𝐷̄

𝑌
𝑊
〉
−
〈
𝐷̄

𝑋
𝑉, 𝐷̄

𝑌
𝑊
〉

(1)
= (𝑋 ⟨𝑉, 𝐷𝑌𝑊⟩) ◦ 𝜋 − ⟨𝐷𝑋𝑉, 𝐷𝑌𝑊⟩ ◦ 𝜋 − 𝐴
= ⟨𝑉, 𝐷𝑋𝐷𝑌𝑊⟩ ◦ 𝜋 − 𝐴.

Likewise, for 𝐵 := 1
4 ⟨[𝑌,𝑉]

ver, [𝑋,𝑊]ver⟩,〈
𝑉, 𝐷̄

𝑌
𝐷̄

𝑋
𝑊
〉
= ⟨𝑉, 𝐷𝑌𝐷𝑋𝑊⟩ ◦ 𝜋 − 𝐵. (2)

Next, note that 𝜋∗ [𝑋,𝑌 ]hor = 𝜋∗ [𝑋,𝑌 ] = [𝑋,𝑌 ] ◦ 𝜋 and thus [𝑋,𝑌 ]hor = [𝑋,𝑌 ].
Write [𝑋,𝑌 ] = [𝑋,𝑌 ] + 𝑇 for 𝑇 := [𝑋,𝑌 ]ver. Since 𝑇 is vertical, so is [𝑊,𝑇].
From Proposition 4.7 we get that〈

𝑉, 𝐷̄𝑇𝑊
〉
=
〈
𝑉, 𝐷̄

𝑊
𝑇
〉
= −

〈
𝐷̄

𝑊
𝑉,𝑇

〉
=

1
2
⟨[𝑉,𝑊]ver, 𝑇⟩ =: 𝐶

and
〈
𝑉, 𝐷̄ [𝑋,𝑌 ]𝑊

〉
=
〈
𝑉, 𝐷 [𝑋,𝑌 ]𝑊

〉
, hence〈

𝑉, 𝐷̄ [𝑋,𝑌 ]𝑊
〉
=
〈
𝑉, 𝐷 [𝑋,𝑌 ]𝑊

〉
+ 𝐶 = ⟨𝑉, 𝐷 [𝑋,𝑌 ]𝑊⟩ ◦ 𝜋 + 𝐶. (3)

Now (1), (2), and (3) yield the identity

𝑅̄(𝑉,𝑊, 𝑋,𝑌 ) = 𝑅(𝑉,𝑊, 𝑋,𝑌 ) ◦ 𝜋 − 𝐴 + 𝐵 − 𝐶.

If (𝑉,𝑊) = (𝑋,𝑌 ), then 𝐴 = 0 and 𝐶 − 𝐵 = 3
4
��[𝑋,𝑌 ]ver

��2 = 3
�� (𝐷̄

𝑋
𝑌
)ver��2. □

Example 4.9 (curvature of complex projective space) Consider again the Hopf
fibration 𝜋 : 𝑆2𝑛+1 → C𝑃𝑛, where C𝑃𝑛 is equipped with the Fubini–Study metric
(see Example 4.6). Let 𝑇 ∈ Γ(𝑇𝑆2𝑛+1) be the vertical unit vector field given by
𝑇 (𝑝) = 𝑖𝑝. For 𝑋,𝑌 ∈ Γ(𝑇 (C𝑃𝑛)) and the horizontal lifts 𝑋,𝑌 ∈ Γ(𝑇𝑆2𝑛+1),�� (𝐷̄

𝑌
𝑋
)ver�� = ��〈𝐷̄

𝑌
𝑋,𝑇

〉�� = ��〈𝑋, 𝐷̄
𝑌
𝑇
〉��.

Here, the Levi-Civita connection 𝐷̄ of 𝑆2𝑛+1 is just the tangential part of the
usual directional derivative in R2𝑛+2, and it follows from the definition of 𝑇 that〈
𝑋, 𝐷̄

𝑌
𝑇
〉
= ⟨𝑋, 𝑖𝑌⟩. Hence, if 𝑥, 𝑦 ∈ 𝑇 (C𝑃𝑛)𝜋 (𝑝) are orthonormal and 𝑥, 𝑦 ∈

𝑇𝑆2𝑛+1
𝑝 are the horizontal lifts, then Theorem 4.8 gives the explicit formula

sec(span{𝑥, 𝑦}) = 1 + 3⟨𝑥, 𝑖𝑦⟩2.

In particular, the sectional curvature of C𝑃𝑛 takes values in [1, 4].
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4.3 Riemannian coverings and space forms

We now turn to the equi-dimensional case. Let 𝑀̄ and 𝑀 be two manifolds of
the same dimension. A smooth map 𝐹 : 𝑀̄ → 𝑀 is a local diffeomorphism if
every point in 𝑀̄ has an open neighborhood that is mapped diffeomorphically onto
an open set in 𝑀 . By the inverse function theorem, this holds if and only if
𝑑𝐹𝑝 : 𝑇 𝑀̄𝑝 → 𝑇𝑀𝐹 (𝑝) is bijective for every 𝑝 ∈ 𝑀̄ . Given Riemannian metrics
𝑔̄ and 𝑔 on 𝑀̄ and 𝑀 , respectively, a smooth map 𝐹 : 𝑀̄ → 𝑀 is a local isometry
if 𝐹∗𝑔 = 𝑔̄. Then 𝐹 is in particular a local diffeomorphism (and a Riemannian
submersion with discrete fibers). Note that, as in Definition 4.1, we do not assume
the map 𝐹 to be surjective. Evidently, a local isometry takes geodesics to geodesics
(compare Proposition 4.3).

Lemma 4.10 Suppose that 𝐹, 𝐺 : 𝑀̄ → 𝑀 are two local isometries, and 𝑀̄ is
connected. If 𝐹 (𝑝) = 𝐺 (𝑝) and 𝑑𝐹𝑝 = 𝑑𝐺 𝑝 for some point 𝑝 ∈ 𝑀̄ , then 𝐹 = 𝐺.

Proof : The set

𝐴 := {𝑞 ∈ 𝑀̄ : 𝐹 (𝑞) = 𝐺 (𝑞) and 𝑑𝐹𝑞 = 𝑑𝐺𝑞}

is non-empty (as 𝑝 ∈ 𝐴) and closed because 𝐹 and𝐺 are continuously differentiable.
Let 𝑞 ∈ 𝐴. Since 𝐹 and 𝐺 are local isometries, in a neighborhood of 0 ∈ 𝑇 𝑀̄𝑞,

𝐹 ◦ exp𝑞 = exp𝐹 (𝑞) ◦ 𝑑𝐹𝑞 = exp𝐺 (𝑞) ◦ 𝑑𝐺𝑞 = 𝐺 ◦ exp𝑞 .

Hence 𝐹 = 𝐺 in a neighborhood of 𝑞. This shows that 𝐴 is also open. Since 𝑀̄ is
connected, it follows that 𝐴 = 𝑀̄ , in particular 𝐹 = 𝐺 on 𝑀̄ . □

Next, recall that a covering map 𝜋 : 𝑀̄ → 𝑀 of topological spaces 𝑀̄, 𝑀 is a
continuous surjective map such that every point in 𝑀 has an open neighborhood𝑈
whose preimage 𝜋−1(𝑈) is a union of pairwise disjoint open sets each of which is
mapped homeomorphically onto𝑈 by 𝜋.

Definition 4.11 Let again (𝑀̄, 𝑔̄) and (𝑀, 𝑔) be two Riemannian manifolds of the
same dimension. A smooth covering map 𝜋 : 𝑀̄ → 𝑀 with the property that
𝜋∗𝑔 = 𝑔̄ is called a Riemannian covering map.

Proposition 4.12 Suppose that 𝑀̄ is a complete Riemannian manifold and 𝑀 is a
connected Riemannian manifold of the same dimension. Then every local isometry
𝐹 : 𝑀̄ → 𝑀 is a Riemannian covering map.

Proof : It follows from the assumptions that 𝑀 is complete and 𝐹 is surjective
(compare the remark after Proposition 4.3). Now let 𝑞 ∈ 𝑀 , and choose 𝑟 > 0 such
that exp𝑞 : 𝐵𝑟 → 𝐵(𝑞, 𝑟) is a diffeomorphism.
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First we show that for every pair of distinct points 𝑝, 𝑝′ ∈ 𝐹−1{𝑞}, the (open)
balls 𝐵(𝑝, 𝑟) and 𝐵(𝑝′, 𝑟) are disjoint. Since 𝑀̄ is complete there exists a minimiz-
ing geodesic 𝑐 from 𝑝 to 𝑝′. Furthermore, since 𝐹 is a local isometry, 𝑐 := 𝐹 ◦ 𝑐 is
a geodesic loop at 𝑞. Then 𝑑 (𝑝, 𝑝′) = 𝐿 (𝑐) = 𝐿 (𝑐) ≥ 2𝑟 by the choice of 𝑟 .

Next we show that 𝐹 |𝐵(𝑝,𝑟 ) : 𝐵(𝑝, 𝑟) → 𝐵(𝑞, 𝑟) is a diffeomorphism for every
𝑝 ∈ 𝐹−1{𝑞}. Since 𝐹 maps geodesics to geodesics,

𝐹 ◦ exp𝑝 |𝐵𝑟
= exp𝑞 ◦ 𝑑𝐹𝑝 |𝐵𝑟

,

and the latter is a diffeomorphism onto 𝐵(𝑞, 𝑟) because 𝑑𝐹𝑝 : 𝑇𝑀𝑝 → 𝑇𝑀𝑞 is an
isometry and due to the choice of 𝑟 . This yields the result.

Lastly,
⋃

𝑝∈𝐹−1{𝑞} 𝐵(𝑝, 𝑟) ⊂ 𝐹−1(𝐵(𝑞, 𝑟)), because 𝐹 (𝐵(𝑝, 𝑟)) ⊂ 𝐵(𝑞, 𝑟)
for all 𝑝 ∈ 𝐹−1{𝑞}. For the reverse inclusion, let 𝑥 ∈ 𝐹−1(𝐵(𝑞, 𝑟)). Since
𝑑 (𝐹 (𝑥), 𝑞) < 𝑟, there exists a vector 𝑤 ∈ 𝑇𝑀𝐹 (𝑥 ) such that |𝑤 | < 𝑟 and
exp𝐹 (𝑥 ) (𝑤) = 𝑞. Let 𝑣 := (𝑑𝐹𝑥)−1(𝑤) ∈ 𝑇 𝑀̄𝑥 be its lift. Then

𝐹 (exp𝑥 (𝑣)) = exp𝐹 (𝑥 ) (𝑑𝐹𝑥 (𝑣)) = exp𝐹 (𝑥 ) (𝑤) = 𝑞,

thus 𝑝 := exp𝑥 (𝑣) ∈ 𝐹−1{𝑞}. As |𝑣 | = |𝑤 | < 𝑟, it follows that 𝑥 ∈ 𝐵(𝑝, 𝑟). □

Let, for the moment, 𝑀̄ be a connected topological manifold. A group Γ ⊂
Homeo(𝑀̄) of homeomorphisms of 𝑀̄ acts freely on 𝑀̄ if 𝛾(𝑝) ≠ 𝑝 whenever
𝛾 ∈ Γ \ {id} and 𝑝 ∈ 𝑀̄ , and Γ acts properly discontinuously if for every compact
set 𝐾 ⊂ 𝑀̄ there are only finitely many elements 𝛾 ∈ Γ with 𝛾(𝐾) ∩ 𝐾 ≠ ∅. If
both properties hold, then the quotient space 𝑀̄/Γ is a topological manifold and the
projection 𝜋 : 𝑀̄ → 𝑀̄/Γ is a covering map. Conversely, suppose that 𝐹 : 𝑀̄ → 𝑀

is a covering map onto another topological manifold 𝑀 (it suffices to assume that
𝑀 is a Hausdorff space). Then a homeomorphism 𝛾 ∈ Homeo(𝑀̄) is called a deck
transformation or covering transformation if 𝐹 ◦𝛾 = 𝐹, and the group Γ of all deck
transformations acts freely and properly discontinuously on 𝑀̄ . (See, for example,
the proof of Proposition 3.5.7 in [Th1997].) The bijection sending each orbit Γ(𝑝)
to 𝐹 (𝑝) is a canonical homeomorphism from 𝑀̄/Γ onto 𝑀 . Recall also that if 𝑀̄
is simply connected, then Γ is isomorphic to the fundamental group 𝜋1(𝑀).

Let now again 𝑀̄ be a connected smooth manifold, and let Γ ⊂ Diff (𝑀̄) be
a group of (𝐶∞) diffeomorphisms of 𝑀̄ that acts freely and properly discontinu-
ously. Then there is a unique 𝐶∞ structure on 𝑀̄/Γ such that the covering map
𝜋 : 𝑀̄ → 𝑀̄/Γ is a local diffeomorphism. Furthermore, if Γ ⊂ Isom(𝑀̄) is a
group of isometries with respect to a Riemannian metric 𝑔̄ on 𝑀̄ , then there is
a unique Riemannian metric 𝑔 on 𝑀̄/Γ such that 𝜋 is a local isometry (compare
Proposition 4.5).

The following characterization of space forms (recall Definition 2.6) is due to
Killing [Ki1891] and Hopf [Ho1926]. For 𝜅 ∈ R and 𝑚 ≥ 2 we let M𝑚

𝜅 denote the
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𝑚-dimensional model space of constant sectional curvature 𝜅,

M𝑚
𝜅 =


(𝑆𝑚, 1

𝜅
𝑔sph) if 𝜅 > 0,

(R𝑚, 𝑔eucl) if 𝜅 = 0,
(𝐻𝑚, 1

|𝜅 | 𝑔
hyp) if 𝜅 < 0.

We write 𝐷𝜅 for the diameter of M𝑚
𝜅 , thus 𝐷𝜅 = 𝜋√

𝜅
if 𝜅 > 0 and 𝐷𝜅 = ∞ if 𝜅 ≤ 0.

Theorem 4.13 (Killing 1891, Hopf 1926) Let 𝑀 be an𝑚-dimensional space form
of curvature 𝜅 ∈ R. Then there exists a group Γ ⊂ Isom(M𝑚

𝜅 ) that acts freely and
properly discontinuously on M𝑚

𝜅 such that 𝑀 is isometric to M𝑚
𝜅 /Γ. If 𝑀 is simply

connected, then 𝑀 isometric to M𝑚
𝜅 .

Proof : Choose points 𝑝 ∈ M𝑚
𝜅 and 𝑞 ∈ 𝑀 , a linear isometry 𝐻 : 𝑇 (M𝑚

𝜅 )𝑝 → 𝑇𝑀𝑞,
and define

𝐹 := exp𝑞 ◦𝐻 ◦
(
exp𝑝 |𝐵(𝐷𝜅 )

)−1 : 𝐵(𝑝, 𝐷𝜅 ) → 𝑀.

Since both M𝑚
𝜅 and 𝑀 have constant curvature 𝜅, it follows from Corollary 3.20 that

𝐹 is a local isometry; the assumption excluding conjugate points is satisfied in view
of the explicit description of normal Jacobi fields in space forms, see Example 3.8.

Consider first the case 𝜅 ≤ 0. Then 𝐹 is defined on all of M𝑚
𝜅 , and 𝐹 : M𝑚

𝜅 → 𝑀

is a Riemannian covering map according to Proposition 4.12. The group Γ ⊂
Homeo(M𝑚

𝜅 ) of deck transformations of 𝐹 acts freely and properly discontinuously
on M𝑚

𝜅 . In fact, Γ ⊂ Diff (M𝑚
𝜅 ), because 𝐹 is a local diffeomorphism, and there is

an induced 𝐶∞ structure on M𝑚
𝜅 /Γ such that the projection 𝜋 : M𝑚

𝜅 → M𝑚
𝜅 /Γ is a

local diffeomorphism and M𝑚
𝜅 /Γ is diffeomorphic to 𝑀 . For 𝛾 ∈ Γ and 𝑝′ ∈ M𝑚

𝜅 ,
differentiation of 𝐹◦𝛾 = 𝐹 gives 𝑑𝐹𝛾 (𝑝′ ) ◦𝑑𝛾𝑝′ = 𝑑𝐹𝑝′ . Since 𝐹 is a local isometry,
it follows that Γ ⊂ Isom(M𝑚

𝜅 ), and M𝑚
𝜅 /Γ carries a Riemannian metric such that 𝜋

is a local isometry. Thus 𝑀 is isometric to M𝑚
𝜅 /Γ.

Secondly, suppose that 𝜅 > 0. Choose a point 𝑝 ∈ M𝑚
𝜅 \ {𝑝,−𝑝} and define

𝑞 := 𝐹 (𝑝), 𝐻̃ := 𝑑𝐹𝑝̃, and

𝐹̃ := exp𝑞̃ ◦ 𝐻̃ ◦
(
exp 𝑝̃ |𝐵(𝐷𝜅 )

)−1 : 𝐵(𝑝, 𝐷𝜅 ) → 𝑀.

Then 𝐹̃ (𝑝) = 𝑞 = 𝐹 (𝑝), 𝑑𝐹̃𝑝̃ = 𝐻̃ = 𝑑𝐹𝑝̃, and 𝐹̃ is a local isometry, like 𝐹.
Now Lemma 4.10 shows that 𝐹 and 𝐹̃ agree on the intersection of their domains,
M𝑚

𝜅 \ {−𝑝,−𝑝}, and therefore 𝐹 extends to a local isometry 𝐹 : M𝑚
𝜅 → 𝑀 with

𝐹 (−𝑝) = 𝐹̃ (−𝑝). The rest of the argument is the same as in the case 𝜅 ≤ 0. □

Example 4.14 (Euclidean space forms) Let Γ ⊂ Isom(R𝑚, 𝑔eucl) be a group of
translations that acts freely and properly discontinuously. Then there exist linearly
independent vectors 𝑣1, . . . , 𝑣𝑘 ∈ R𝑚 such that Γ is the group

Γ =
{
𝑥 ↦→ 𝑥 +∑𝑘

𝑖=1 𝑧𝑖𝑣𝑖 : (𝑧1, . . . , 𝑧𝑘) ∈ Z𝑘
}
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isomorphic to Z𝑘 (exercise). If 𝑘 = 𝑚, then (R𝑚, 𝑔eucl)/Γ is a flat 𝑚-torus,
diffeomorphic to 𝑇𝑚 = R𝑚/Z𝑚. If 𝑘 < 𝑚, then (R𝑚, 𝑔eucl)/Γ is isometric to the
product (𝑇 𝑘 ×R𝑚−𝑘 , 𝑔 × 𝑔eucl) for some flat 𝑘-torus (𝑇 𝑘 , 𝑔).

If Γ ⊂ Isom(R𝑚, 𝑔eucl) acts freely and properly discontinuously with compact
quotient, then the group Γ′ ⊂ Γ of translations has finite index in Γ and R𝑚/Γ
is finitely covered by the flat torus R𝑚/Γ′. This is due to Bieberbach [Bi1911],
[Bi1912]. See [Buse1985] for an elegant geometric proof.

Example 4.15 (hyperbolic space forms) Every compact oriented surface of genus
𝑛 ≥ 2 can be realized, in a flexible way, as a quotient (𝐻2, 𝑔hyp)/Γ. The construction
depends on 6𝑛 − 6 parameters (Fenchel–Nielsen coordinates), the corresponding
moduli space is called Teichmüller space. (Oswald Teichmüller introduced qua-
siconformal mappings to the subject [Te1940].) See [FeN2003] for an edition
of the Fenchel–Nielsen manuscript, and [Hu2006] for a detailed introduction to
Teichmüller theory.

For quotients of (𝐻𝑚, 𝑔hyp) with 𝑚 ≥ 3 the famous Mostow rigidity theorem
holds [Mos1968], [Mos1973]: if 𝐻𝑚/Γ and 𝐻𝑚/Γ′ are compact and Γ, Γ′ are
isomorphic, then 𝐻𝑚/Γ and 𝐻𝑚/Γ′ are isometric. This holds more generally for
quotients of irreducible symmetric spaces of non-compact type and dimension at
least three. A proof of this result in the (rank one) case of negative curvature will
be given at the end of Chapter 8.

Example 4.16 (spherical space forms) For the standard sphere (𝑆𝑚, 𝑔sph) and Γ =

{id,− id},
(𝑆𝑚, 𝑔sph)/Γ = (R𝑃𝑚, 𝑔ell)

is the real projective space. The canonical (quotient) metric 𝑔ell on R𝑃𝑚 is called
the elliptic metric. For 𝑚 even, 𝑆𝑚 and R𝑃𝑚 are the only spherical space forms;
see Theorem 4.17 below.

For 𝑚 = 2𝑛 − 1 odd, the sphere 𝑆𝑚 ⊂ R𝑚+1 admits other quotients. Choose
integers 𝑝, 𝑞1, . . . , 𝑞𝑛 ≥ 1 such that 𝑝 and 𝑞 𝑗 are coprime for 𝑗 = 1, . . . , 𝑛, and
view 𝑆𝑚 as a subset of C𝑛. Then the group of isometries

Γ :=
{
(𝑧1, . . . , 𝑧𝑧) ↦→ (𝑒2𝜋𝑖𝑘𝑞1/𝑝𝑧1, . . . , 𝑒

2𝜋𝑖𝑘𝑞𝑛/𝑝𝑧𝑛) : 𝑘 = 0, . . . , 𝑝 − 1
}

isomorphic to Z/𝑝Z acts freely (and properly discontinuously, as a finite group)
on 𝑆𝑚. The quotient (𝑆𝑚, 𝑔sph)/Γ is the lens space 𝐿 (𝑝; 𝑞1, . . . , 𝑞𝑛). Lens spaces
were first described by Heinrich Tietze [Ti1908].

Theorem 4.17 Let 𝑀 be a space form with sectional curvature ≡ 1 and even
dimension 𝑚. Then 𝑀 is isometric to 𝑆𝑚 or to the real projective space R𝑃𝑚 =

𝑆𝑚/{id,− id}.
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Proof : From Theorem 4.13, we know that 𝑀 = 𝑆𝑚/Γ for some group Γ ⊂
Isom(𝑆𝑚) ≃ 𝑂 (𝑚 + 1) that acts freely and properly discontinuously on 𝑆𝑚. Let
𝛾 ∈ Γ. Since 𝑚 + 1 is odd, 𝛾 has an eigenvalue 1 or −1. If 𝛾 has an eigenvalue 1,
then 𝛾 = id because Γ acts freely. If −1 is the only real eigenvalue of 𝛾, then 1 is an
eigenvalue of 𝛾2 and hence 𝛾2 = id. But then 𝛾 = − id, for otherwise there would
exist a vector 𝑣 ∈ 𝑆𝑚 with 𝛾(𝑣) ≠ −𝑣, thus 𝛾(𝑣) + 𝑣 ≠ 0 would be an eigenvector
with eigenvalue 1. This shows that Γ = {id} or Γ = {id,− id}. □

A general reference for space forms is [Wo2011].

4.4 Hadamard manifolds

The following result was established by Jacques Hadamard for surfaces and by Élie
Cartan [Ca1928] in the general case.

Theorem 4.18 (Hadamard 1898, Cartan 1928) Let𝑀 be a complete Riemannian
manifold with sectional curvature sec ≤ 0, and let 𝑝 ∈ 𝑀 . Then exp𝑝 : 𝑇𝑀𝑝 →
𝑀 is a covering map; in particular, if 𝑀 is simply connected, then exp𝑝 is a
diffeomorphism.

A complete simply connected Riemannian manifold with non-positive sectional
curvature is called a Hadamard manifold or a Cartan–Hadamard manifold.

Proof : Since sec ≤ 0, geodesics in (𝑀, 𝑔) have no conjugate points (exercise).
Hence, by Lemma 3.12, exp𝑝 : 𝑇𝑀𝑝 → 𝑀 has no singular points. It follows that
𝑔̄ := exp∗𝑝 𝑔 defines a Riemannian metric on 𝑇𝑀𝑝. For every 𝑣 ∈ 𝑇𝑀𝑝, the line
𝑡 ↦→ 𝑡𝑣 is a geodesic with respect to 𝑔̄, because 𝑡 ↦→ exp𝑝 (𝑡𝑣) is a geodesic in 𝑀
and exp𝑝 is a local isometry. Thus, by Theorem 1.23 (Hopf–Rinow), (𝑇𝑀𝑝, 𝑔̄) is
complete. Now Proposition 4.12 shows that exp𝑝 : 𝑇𝑀𝑝 → 𝑀 is a covering map.

□

Lemma 4.19 Let 𝑀 be a Hadamard manifold. Then for every pair of geodesics
𝑐, 𝑐 : R → 𝑀 , the function 𝑠 ↦→ ℎ(𝑠) := 𝑑 (𝑐(𝑠), 𝑐(𝑠)) is convex on R.

Proof : Fix 𝑟 ∈ R and put 𝑙 := ℎ(𝑟). It follows from Theorem 4.18 that for
every 𝑠 ∈ R there exists a unique geodesic 𝛾𝑠 : [0, 𝑙] → 𝑀 from 𝑐(𝑠) to 𝑐(𝑠), and
𝐿 (𝛾𝑠) = ℎ(𝑠) = 𝑑 (𝑐(𝑠), 𝑐(𝑠)). This yields a smooth variation 𝛾 : R×[0, 𝑙] → 𝑀 of
the unit speed geodesic 𝛾𝑟 . The variation vector field along 𝛾𝑠 satisfies𝑉𝑠 (0) = 𝑐′(𝑠)
and 𝑉𝑠 (𝑙) = 𝑐′(𝑠), in particular 𝐷

𝜕𝑠

��
𝑠=𝑟
𝑉𝑠 (𝑡) vanishes for 𝑡 = 0 and 𝑡 = 𝑙. Hence, the

second variation formula (Theorem 3.1) gives

ℎ′′(𝑟) =
∫ 𝑙

0
| (𝑉 ′

𝑟 )⊥ |2 − 𝑅(𝑉𝑟 , 𝛾′𝑟 , 𝑉𝑟 , 𝛾′𝑟 ) 𝑑𝑡.

Since 𝑀 has non-positive curvature, ℎ′′(𝑟) ≥ 0. □
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Proposition 4.20 (flat strip) Suppose that 𝑀 is a Hadamard manifold, 𝑐, 𝑐 : R →
𝑀 are two unit speed geodesics with distinct images, and sup𝑠∈R 𝑑 (𝑐(𝑠), 𝑐(𝑠)) < ∞.
Let 𝑓 : R × [0, 1] → 𝑀 be the geodesic homotopy between 𝑐 and 𝑐; that is, for
fixed 𝑠 ∈ R, 𝑡 ↦→ 𝑓 (𝑠, 𝑡) is the unique geodesic from 𝑐(𝑠) to 𝑐(𝑠). Then there
exists an inner product on R2 with respect to which 𝑓 is a totally geodesic isometric
embedding.

The following argument (from [DeL2016]) is based entirely on Lemma 4.19.

Proof : For every 𝑟 ∈ R, the function 𝑠 ↦→ 𝑑 (𝑐(𝑠), 𝑐(𝑠 + 𝑟)) is bounded and convex
on R and thus equal to some constant 𝜈(𝑟). Furthermore 𝜈(𝑟) > 0, for otherwise
𝑐 and 𝑐 would have the same trace, contrary to the assumption. We now show that
for every pair of points 𝑥 = (𝑠, 𝑡) and 𝑥 = (𝑠, 𝑡 + 𝛿) in R × [0, 1] with 𝛿 ≥ 0,

𝑑 ( 𝑓 (𝑥), 𝑓 (𝑥)) =
{
𝛿 𝜈

(
𝑠−𝑠
𝛿

)
if 𝛿 > 0,

|𝑠 − 𝑠 | if 𝛿 = 0.
(1)

Suppose first that 𝛿 > 0, and put 𝑟 := 𝑠−𝑠
𝛿

. Let 𝑦 := (𝑠−𝑡𝑟, 0) and 𝑦̄ := (𝑠+(1−𝑡)𝑟, 1)
be the points where the line through 𝑥 and 𝑥 leaves the strip R × [0, 1]. Then

𝑑 ( 𝑓 (𝑦), 𝑓 ( 𝑦̄)) = 𝑑 (𝑐(𝑠 − 𝑡𝑟), 𝑐(𝑠 − 𝑡𝑟 + 𝑟)) = 𝜈(𝑟). (2)

Consider the geodesics 𝜂 := 𝑓 (𝑠, · ) and 𝜂 := 𝑓 (𝑠, · ). By convexity,

𝑑 ( 𝑓 (𝑦), 𝑓 (𝑥)) = 𝑑 (𝑐(𝑠 − 𝑡𝑟), 𝜂(𝑡)) ≤ 𝑡 𝑑 (𝑐(𝑠 − 𝑟), 𝜂(1)) = 𝑡 𝜈(𝑟). (3)

Similarly, we infer that

𝑑 ( 𝑓 (𝑥), 𝑓 ( 𝑦̄)) ≤ (1 − 𝑡 − 𝛿) 𝜈(𝑟) (4)

as well as 𝑑 (𝜂(0), 𝜂(𝛿)) ≤ 𝛿 𝜈(𝑟) and 𝑑 (𝜂(1 − 𝛿), 𝜂(1)) ≤ 𝛿 𝜈(𝑟). Hence, by the
convexity of 𝜆 ↦→ 𝑑 (𝜂(𝜆), 𝜂(𝜆 + 𝛿)) on [0, 1 − 𝛿], also

𝑑 ( 𝑓 (𝑥), 𝑓 (𝑥)) = 𝑑 (𝜂(𝑡), 𝜂(𝑡 + 𝛿)) ≤ 𝛿 𝜈(𝑟). (5)

From (2)–(5) and the triangle inequality it follows that all inequalities derived so
far are in fact equalities. In view of (5), this yields the first part of (1). For the
second, we assume that the points 𝑥 = (𝑠, 𝑡) and 𝑥 = (𝑠, 𝑡) lie in R × (0, 1). Putting
𝑥𝛿 := (𝑠, 𝑡 + 𝛿) for 𝛿 > 0, we deduce that

𝑑 ( 𝑓 (𝑥), 𝑓 (𝑥)) = lim
𝛿→0+

𝑑 ( 𝑓 (𝑥), 𝑓 (𝑥𝛿)) = lim
𝛿→0+

𝛿 𝜈

( 𝑠 − 𝑠
𝛿

)
.

Since |𝑟 | − 𝜈(0) ≤ 𝜈(𝑟) ≤ |𝑟 | + 𝜈(0) for all 𝑟 ∈ R, this limit is equal to |𝑠 − 𝑠 |,
as required. It follows readily from (1) that there is a norm ∥ · ∥ on R2 such that
𝑑 ( 𝑓 (𝑥), 𝑓 (𝑥)) = ∥𝑥 − 𝑥∥ for all 𝑥, 𝑥 ∈ R × [0, 1]. Note that the triangle inequality
for ∥ · ∥ is just inherited from 𝑀 .

Finally, since 𝑓 is distance preserving with respect to ∥ · ∥, it follows that
∥𝑣∥2 = ( 𝑓 ∗𝑔)𝑥 (𝑣, 𝑣) for all 𝑥 ∈ R × [0, 1] and 𝑣 ∈ R2. Thus the inner product
( 𝑓 ∗𝑔)𝑥 is independent of 𝑥 and induces ∥ · ∥. □
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4.5 Isometries of Hadamard manifolds

Definition 4.21 Let 𝑀 be a Hadamard manifold, and let 𝛾 ∈ Isom(𝑀) be an
isometry. The displacement function 𝑑𝛾 : 𝑀 → [0,∞) is defined by 𝑑𝛾 (𝑝) :=
𝑑 (𝑝, 𝛾(𝑝)) for all 𝑝 ∈ 𝑀 . We put

|𝛾 | := inf{𝑑𝛾 (𝑝) : 𝑝 ∈ 𝑀} and Min(𝛾) := {𝑝 ∈ 𝑀 : 𝑑𝛾 (𝑝) = |𝛾 |}.

Lemma 4.22 The set Min(𝛾) is closed, 𝛾-invariant, and convex.

Proof : It is clear that Min(𝛾) is closed. For every 𝑝 ∈ Min(𝛾),

𝑑𝛾 (𝛾(𝑝)) = 𝑑 (𝛾(𝑝), 𝛾2(𝑝)) = 𝑑 (𝑝, 𝛾(𝑝)) = 𝑑𝛾 (𝑝) = |𝛾 |,

thus Min(𝛾) is 𝛾-invariant. Lastly, if 𝜆 ↦→ 𝑝𝜆 is a geodesic [0, 1] → 𝑀 with
endpoints 𝑝0, 𝑝1 ∈ Min(𝛾), then it follows from Lemma 4.19 that

𝑑 (𝑝𝜆, 𝛾(𝑝𝜆)) ≤ (1 − 𝜆) 𝑑 (𝑝0, 𝛾(𝑝0)) + 𝜆 𝑑 (𝑝1, 𝛾(𝑝1)) = |𝛾 |

for all 𝜆 ∈ [0, 1]. This shows that Min(𝛾) is convex. □

Isometries of Hadamard manifolds are classified as follows.

Definition 4.23 An isometry 𝛾 of 𝑀 is called parabolic if Min(𝛾) is empty and
semi-simple otherwise. In the latter case, 𝛾 is elliptic if |𝛾 | = 0 (that is, 𝛾 has a
fixed point) and hyperbolic if |𝛾 | > 0.

For an isometry 𝛾, a unit speed geodesic 𝑐 : R → 𝑀 is called an axis of 𝛾 if
there exists a number 𝑎 > 0 such that

𝛾(𝑐(𝑠)) = 𝑐(𝑠 + 𝑎) for all 𝑠 ∈ R.

If 𝛾 possesses an axis, then 𝛾 is called axial.

Lemma 4.24 Let 𝛾 ∈ Isom(𝑀). If 𝛾 has an axis 𝑐, then the corresponding number
𝑎 > 0 is equal to |𝛾 |, thus 𝛾 is hyperbolic and 𝑐(R) ⊂ Min(𝛾). Conversely, if 𝛾
is hyperbolic, then for every point 𝑝 ∈ Min(𝛾) there exists an axis of 𝛾 through 𝑝,
and for every pair of axes 𝑐, 𝑐 : R → 𝑀 the function 𝑠 ↦→ 𝑑 (𝑐(𝑠), 𝑐(𝑠)) is constant.

Proof : Suppose that 𝑐 is an axis of 𝛾 with shift 𝑎 > 0. For 𝑝 := 𝑐(0) and any
𝑞 ∈ 𝑀 , the triangle inequality gives

𝑑 (𝑝, 𝛾𝑛 (𝑝)) ≤ 𝑑 (𝑝, 𝑞) + 𝑛 𝑑𝛾 (𝑞) + 𝑑 (𝛾𝑛 (𝑞), 𝛾𝑛 (𝑝))
= 2 𝑑 (𝑝, 𝑞) + 𝑛 𝑑𝛾 (𝑞)
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for all 𝑛 ≥ 1, where 𝑑 (𝑝, 𝛾𝑛 (𝑝)) = 𝑛𝑎. Thus 𝑎 ≤ 𝑑𝛾 (𝑞) for all 𝑞 ∈ 𝑀 and so
𝑑𝛾 (𝑝) = 𝑎 = |𝛾 |. Hence 𝛾 is hyperbolic, and 𝑐(R) ⊂ Min(𝛾).

For the converse, let 𝛾 be a hyperbolic isometry of 𝑀 , put 𝑎 := |𝛾 | > 0, and let
𝑝 ∈ Min(𝛾). Let 𝑐 : [0, 𝑎] → 𝑀 be the (unit speed) geodesic from 𝑝 to 𝛾(𝑝), and
extend it to a curve 𝑐 : R → 𝑀 such that 𝑐(𝑛𝑎 + 𝑡) = 𝛾𝑛 (𝑐(𝑡)) for all 𝑛 ∈ Z and
𝑡 ∈ [0, 𝑎]. Then, for all such 𝑛𝑎 + 𝑡 =: 𝑠 ∈ R,

𝛾(𝑐(𝑠)) = 𝛾𝑛+1(𝑐(𝑡)) = 𝑐((𝑛 + 1)𝑎 + 𝑡) = 𝑐(𝑠 + 𝑎).

Since 𝑐 is parametrized by arc length, it follows that

𝑎 = 𝐿 (𝑐 | [𝑠,𝑠+𝑎]) ≥ 𝑑 (𝑐(𝑠), 𝑐(𝑠 + 𝑎)) = 𝑑 (𝑐(𝑠), 𝛾(𝑐(𝑠))) ≥ |𝛾 | = 𝑎.

Thus 𝑐 is a geodesic and an axis. If 𝑐 : R → 𝑀 is another axis of 𝛾, then the
function 𝑠 ↦→ 𝑑 (𝑐(𝑠), 𝑐(𝑠)) is bounded and convex, hence constant. □

Proposition 4.25 Suppose that 𝑀 is Hadamard manifold, and Γ is a subgroup of
Isom(𝑀) whose action is properly discontinuous and cocompact, that is, there is
a compact set 𝐾 ⊂ 𝑀 such that

⋃
𝛼∈Γ 𝛼𝐾 = 𝑀 . Then every 𝛾 ∈ Γ is semisimple

(that is, hyperbolic or elliptic). In particular, if the action of Γ is also free, then
every 𝛾 ∈ Γ \ {id} is hyperbolic and hence axial.

Proof : Let 𝛾 ∈ Γ. We want to show that the infimum |𝛾 | = inf 𝑑𝛾 is attained. Let
𝑝1, 𝑝2, . . . be a sequence of points in 𝑀 such that 𝑑𝛾 (𝑝𝑘) → |𝛾 | for 𝑘 → ∞. There
exist a compact set 𝐾 ⊂ 𝑀 and elements 𝛼𝑘 ∈ Γ with 𝑞𝑘 := 𝛼−1

𝑘
(𝑝𝑘) ∈ 𝐾 for all 𝑘 .

Put 𝛾𝑘 := 𝛼−1
𝑘
𝛾𝛼𝑘 . Then

𝑑𝛾𝑘 (𝑞𝑘) = 𝑑 (𝛼−1
𝑘 (𝑝𝑘), 𝛼−1

𝑘 𝛾(𝑝𝑘)) = 𝑑𝛾 (𝑝𝑘),

hence the sets 𝛾𝑘𝐾 stay within bounded distance from 𝐾 . Since Γ acts properly
discontinuously, it follows that the set {𝛾𝑘 : 𝑘 = 1, 2, . . . } is finite. We now choose
a sequence 𝑘 (𝑖) such that all 𝛾𝑘 (𝑖) are equal to a fixed 𝛾̄ ∈ Γ, and such that 𝑞𝑘 (𝑖)
converges to a point 𝑞 ∈ 𝐾 , as 𝑖 → ∞. Then 𝑑𝛾 (𝛼𝑘 (𝑖) (𝑞)) = 𝑑 (𝑞, 𝛾𝑘 (𝑖) (𝑞)) = 𝑑𝛾̄ (𝑞)
for all 𝑖, and

𝑑𝛾̄ (𝑞) = lim
𝑖→∞

𝑑𝛾̄ (𝑞𝑘 (𝑖) ) = lim
𝑖→∞

𝑑𝛾 (𝑝𝑘 (𝑖) ) = |𝛾 |.

Thus 𝑑𝛾 (𝛼𝑘 (𝑖)𝑞) = |𝛾 | for any 𝑖. □

The following result was established in [Pr1942].

Theorem 4.26 (Preissmann 1942) If 𝑀 is a closed Riemannian manifold with
sec < 0, then every non-trivial abelian subgroup of 𝜋1(𝑀) is isomorphic to Z.

This shows for example that the torus 𝑇𝑚 = R𝑚/Z𝑚 (𝑚 ≥ 2) cannot carry a
metric with sec < 0.
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Proof : The universal Riemannian covering 𝑀̃ of 𝑀 is a Hadamard manifold with
sec < 0 (note that 𝑀̃ is complete since 𝑀 is), and 𝑀 is isometric to 𝑀̃/Γ for the
group Γ ⊂ Isom(𝑀̃) of deck transformations, which is isomorphic to 𝜋1(𝑀). The
group Γ acts freely and properly discontinuously as well as cocompactly on 𝑀̃ ,
because 𝑀 is compact. By Proposition 4.25, every 𝛾 ∈ Γ \ {id} is axial. Since
sec < 0, it follows from Proposition 4.20 (flat strip) that every such 𝛾 has a unique
axis 𝐿𝛾 ⊂ 𝑀̃ . Furthermore, since 𝛾 has no fixed point, every line 𝐿 ⊂ 𝑀̃ preserved
by 𝛾 is an axis and hence equal to 𝐿𝛾 . Now if 𝛽, 𝛾 ∈ Γ \ {id} are two commuting
elements, then 𝛾𝛽𝐿𝛾 = 𝛽𝛾𝐿𝛾 = 𝛽𝐿𝛾 , thus 𝛽𝐿𝛾 = 𝐿𝛾 and so 𝐿𝛽 = 𝐿𝛾 . We
conclude that every non-trivial abelian subgroup 𝐴 ⊂ Γ acts by translation on a
line 𝐿 ⊂ 𝑀̃ , and it follows readily that 𝐴 is isomorphic to Z. □

As observed in [By1970] (see also pp. 263–264 in [DoC1992]), Theorem 4.26
holds more generally for solvable subgroups; moreover, 𝜋1(𝑀) contains no solvable
subgroup of finite index. A further generalization is the Flat Torus Theorem, proved
independently by Gromoll–Wolf [GroW1971] and Lawson–Yau [LawY1972]: if 𝑀
is a closed Riemannian manifold of non-positive curvature, then 𝜋1(𝑀) contains a
free abelian subgroup of rank 𝑘 if and only if there exists a flat 𝑘-torus isometrically
and totally geodesically immersed in 𝑀 .



Chapter 5

Triangle comparison

5.1 Some model space geometry

Let 𝑀 be a metric space with metric 𝑑. By a segment connecting two points 𝑝, 𝑞 in
𝑀 we mean the image of an isometric embedding [0, 𝑑 (𝑝, 𝑞)] → 𝑀 that maps 0 to
𝑝 and 𝑑 (𝑝, 𝑞) to 𝑞 (a minimizing geodesic from 𝑝 to 𝑞). We will write 𝑝𝑞 for some
such segment (assuming there is one), despite the fact that it need not be uniquely
determined by 𝑝 and 𝑞. We will use the symbol |𝑝𝑞 | as a shorthand for 𝑑 (𝑝, 𝑞),
regardless of the existence of a segment 𝑝𝑞. The perimeter of a triple (𝑝, 𝑥, 𝑦) of
points in 𝑀 is the number

Per(𝑝, 𝑥, 𝑦) := |𝑝𝑥 | + |𝑝𝑦 | + |𝑥𝑦 |.

By a hinge 𝐻𝑝 (𝑥, 𝑦) in 𝑀 we mean a collection of three points 𝑝, 𝑥, 𝑦 and two
non-degenerate segments 𝑝𝑥, 𝑝𝑦 in 𝑀; thus 𝑝 ∉ {𝑥, 𝑦} (but possibly 𝑥 = 𝑦). We
call 𝑝 the vertex, 𝑥, 𝑦 the endpoints, and 𝑝𝑥, 𝑝𝑦 the sides of the hinge. By the
perimeter Per(𝐻) of a hinge 𝐻 = 𝐻𝑝 (𝑥, 𝑦) we mean the perimeter of the triple
(𝑝, 𝑥, 𝑦).

Let againM𝑚
𝜅 denote the𝑚-dimensional, complete and simply connected model

space of constant sectional curvature 𝜅 ∈ R, and recall that

𝐷𝜅 := diam(M𝑚
𝜅 ) =

{
𝜋√
𝜅

if 𝜅 > 0,

∞ if 𝜅 ≤ 0.

For 𝜅 ∈ R we denote by sn𝜅 : R → R and cs𝜅 : R → R the solutions of the
differential equation 𝑓 ′′ + 𝜅 𝑓 = 0 satisfying the initial conditions

sn𝜅 (0) = 0, sn′𝜅 (0) = 1, cs𝜅 (0) = 1, cs′𝜅 (0) = 0.

63
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(Compare Example 3.8.) Explicitly,

sn𝜅 (𝑥) =
∞∑︁
𝑛=0

(−𝜅)𝑛
(2𝑛 + 1)!𝑥

2𝑛+1 =


1√
𝜅

sin(
√
𝜅𝑥) if 𝜅 > 0,

𝑥 if 𝜅 = 0,
1√
−𝜅 sinh(

√
−𝜅𝑥) if 𝜅 < 0;

cs𝜅 (𝑥) =
∞∑︁
𝑛=0

(−𝜅)𝑛
(2𝑛)! 𝑥

2𝑛 =


cos(

√
𝜅𝑥) if 𝜅 > 0,

1 if 𝜅 = 0,
cosh(

√
−𝜅𝑥) if 𝜅 < 0.

Note that sn𝜅 and sn′𝜅 = cs𝜅 are positive on (0, 𝐷𝜅 ) and (−1
2𝐷𝜅 ,

1
2𝐷𝜅 ), respectively.

The identity cs2
𝜅 +𝜅 sn2

𝜅 = 1 holds, and for 𝑥, 𝑦 ∈ R,

sn𝜅 (𝑥 + 𝑦) = sn𝜅 (𝑥) cs𝜅 (𝑦) + cs𝜅 (𝑥) sn𝜅 (𝑦),
cs𝜅 (𝑥 + 𝑦) = cs𝜅 (𝑥) cs𝜅 (𝑦) − 𝜅 sn𝜅 (𝑥) sn𝜅 (𝑦),

𝜅 sn2
𝜅

( 𝑥
2

)
=

1 − cs𝜅 (𝑥)
2

,

cs2
𝜅

( 𝑥
2

)
=

1 + cs𝜅 (𝑥)
2

.

The law of cosines for M𝑚
𝜅 , 𝜅 ∈ R, can be expressed in a unified way as follows.

Lemma 5.1 (law of cosines) Let 𝐻𝑝 (𝑥, 𝑦) be a hinge in M2
𝜅 with angle 𝛾 :=

∡𝑝 (𝑥, 𝑦) ∈ [0, 𝜋], and put 𝑎 := |𝑝𝑦 |, 𝑏 := |𝑝𝑥 |, 𝑐 := |𝑥𝑦 |. Then

sn2
𝜅

( 𝑐
2

)
= sn2

𝜅

(𝑎 + 𝑏
2

)
− sn𝜅 (𝑎) sn𝜅 (𝑏) cos2

(𝛾
2

)
= sn2

𝜅

(𝑎 − 𝑏
2

)
+ sn𝜅 (𝑎) sn𝜅 (𝑏) sin2

(𝛾
2

)
.

Note that cos2 ( 𝛾
2
)
= 1

2 (1 + cos(𝛾)) and sin2 ( 𝛾
2
)
= 1

2 (1 − cos(𝛾)). Multiplying
the above formula by 𝜅 one obtains the (more standard) expression

cs𝜅 (𝑐) = cs𝜅 (𝑎) cs𝜅 (𝑏) + 𝜅 sn𝜅 (𝑎) sn𝜅 (𝑏) cos(𝛾)

for 𝜅 ≠ 0.

Proof : See, for example, Chapter I.2 in [BrH1999]. □

Lemma 5.2 Let 𝜅 ∈ R and 𝑎, 𝑏 ∈ (0, 𝐷𝜅 ) be fixed. For 𝛾 ∈ [0, 𝜋], let 𝐻𝑝 (𝑥, 𝑦) be
a hinge in M2

𝜅 such that |𝑝𝑥 | = 𝑏, |𝑝𝑦 | = 𝑎, and ∡𝑝 (𝑥, 𝑦) = 𝛾, and put 𝑐𝑎,𝑏 (𝛾) :=
𝑑 (𝑥, 𝑦). The function 𝑐𝑎,𝑏 so defined is continuous and strictly increasing on [0, 𝜋].

Proof : This follows directly from Lemma 5.1. □
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The next lemma goes back to Alexandrov [Alex1955] (compare Lemma 4.3.3
in [BuBI2001]).

Lemma 5.3 (Alexandrov) Suppose that 𝐻𝑝 (𝑞, 𝑦) and 𝐻𝑞 (𝑥, 𝑦) are two hinges in
M2

𝜅 with |𝑝𝑦 |, |𝑞𝑦 |, |𝑝𝑞 | + |𝑞𝑥 | < 𝐷𝜅 , and 𝐻 𝑝̄ (𝑥, 𝑦̄) is a hinge in M2
𝜅 such that

|𝑝𝑥 | = |𝑝𝑞 | + |𝑞𝑥 |, |𝑝𝑦̄ | = |𝑝𝑦 |, and |𝑥𝑦̄ | = |𝑥𝑦 |. Then

∡𝑞 (𝑝, 𝑦) + ∡𝑞 (𝑥, 𝑦) ≤ 𝜋 ⇐⇒ ∡𝑝 (𝑞, 𝑦) ≥ ∡ 𝑝̄ (𝑥, 𝑦̄),
∡𝑞 (𝑝, 𝑦) + ∡𝑞 (𝑥, 𝑦) ≥ 𝜋 ⇐⇒ ∡𝑝 (𝑞, 𝑦) ≤ ∡ 𝑝̄ (𝑥, 𝑦̄).

Proof : Prolongate 𝑝𝑞 to a segment 𝑝𝑥′ of length |𝑝𝑥′ | = |𝑝𝑞 | + |𝑞𝑥 |. Consider the
following obvious identities:

𝜋 − ∡𝑞 (𝑝, 𝑦) − ∡𝑞 (𝑥, 𝑦) = ∡𝑞 (𝑥′, 𝑦) − ∡𝑞 (𝑥, 𝑦), (1)
|𝑥′𝑦 | − |𝑥𝑦 | = |𝑥′𝑦 | − |𝑥𝑦̄ |, (2)

∡𝑝 (𝑥′, 𝑦) − ∡ 𝑝̄ (𝑥, 𝑦̄) = ∡𝑝 (𝑞, 𝑦) − ∡ 𝑝̄ (𝑥, 𝑦̄). (3)

By Lemma 5.2, the right side of (1) and the left side of (2) have the same sign (in
{−1, 0, 1}), and also the right side of (2) and the left side of (3) have equal sign.
Hence, the same holds for the left side of (1) and the right side of (3). □

5.2 Alexandrov comparisons

Let again 𝑀 be a metric space, and let 𝜅 ∈ R. Given 𝑝, 𝑥, 𝑦 ∈ 𝑀 , a triple (𝑝, 𝑥, 𝑦̄)
of points in M2

𝜅 is called a comparison triple for (𝑝, 𝑥, 𝑦) if |𝑝𝑥 | = |𝑝𝑥 |, |𝑝𝑦̄ | = |𝑝𝑦 |,
and |𝑥𝑦̄ | = |𝑥𝑦 |.

Remark 5.4 If 𝜅 ≤ 0, such a comparison triple always exists, and if 𝜅 > 0, a
comparison triple exists if and only if Per(𝑝, 𝑥, 𝑦) ≤ 2𝐷𝜅 . This is obvious if one
of the distances 𝑎 := |𝑝𝑦 |, 𝑏 := |𝑝𝑥 |, and 𝑐 := |𝑥𝑦 | is zero or equal to 𝐷𝜅 . On the
other hand, if 𝑎, 𝑏, 𝑐 ∈ (0, 𝐷𝜅 ), then it follows from Lemma 5.2 that the function
𝑐𝑎,𝑏 maps [0, 𝜋] bijectively onto 𝐼 := [|𝑎− 𝑏 |, 𝑎 + 𝑏] or 𝐼 := [|𝑎− 𝑏 |, 2𝐷𝜅 − 𝑎− 𝑏],
depending on whether 𝑎 + 𝑏 < 𝐷𝜅 or 𝑎 + 𝑏 ≥ 𝐷𝜅 . In either case, the given number
𝑐 is contained in 𝐼, so there exists a unique 𝛾 ∈ [0, 𝜋] such that 𝑐𝑎,𝑏 (𝛾) = 𝑐.

Definition 5.5 Consider a triple (𝑝, 𝑥, 𝑦) of points in 𝑀 such that 𝑝 ∉ {𝑥, 𝑦}. In
the case 𝜅 > 0, suppose that |𝑝𝑥 |, |𝑝𝑦 | < 𝐷𝜅 and Per(𝑝, 𝑥, 𝑦) ≤ 2𝐷𝜅 . Then any
comparison triple (𝑝, 𝑥, 𝑦̄) in M2

𝜅 uniquely determines a hinge 𝐻 𝑝̄ (𝑥, 𝑦̄) and one
defines the comparison angle ∡𝜅𝑝 (𝑥, 𝑦) ∈ [0, 𝜋] as the hinge angle, thus

∡𝜅𝑝 (𝑥, 𝑦) := ∡ 𝑝̄ (𝑥, 𝑦̄).
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For an arbitrary hinge 𝐻𝑝 (𝑥, 𝑦) in 𝑀 , the (Alexandrov) angle or upper angle of
𝐻𝑝 (𝑥, 𝑦) is then defined by

∡𝑝 (𝑥, 𝑦) := lim sup
𝑢∈𝑝𝑥, 𝑣∈𝑝𝑦

𝑢,𝑣→𝑝

∡𝜅𝑝 (𝑢, 𝑣).

Remark 5.6 It is not difficult to see that the upper angle ∡𝑝 (𝑥, 𝑦) does not depend
on the choice of 𝜅 ∈ R. Furthermore, for any three non-degenerate segments
𝑝𝑥, 𝑝𝑦, 𝑝𝑧 in 𝑀 , the triangle inequality

∡𝑝 (𝑥, 𝑦) + ∡𝑝 (𝑦, 𝑧) ≥ ∡𝑝 (𝑥, 𝑧)

holds, see [Alex1951] or Proposition I.1.14 in [BrH1999].

Definition 5.7 Let again 𝐻𝑝 (𝑥, 𝑦) be a hinge in 𝑀 , and suppose that Per(𝑝, 𝑥, 𝑦) <
2𝐷𝜅 . Let (𝑝, 𝑥, 𝑦̄) be a comparison triple in M2

𝜅 for (𝑝, 𝑥, 𝑦), and let 𝐻 𝑝̂ (𝑥, 𝑦̂)
be a comparison hinge in M2

𝜅 for 𝐻𝑝 (𝑥, 𝑦); that is, |𝑝𝑥 | = |𝑝𝑥 |, |𝑝𝑦̂ | = |𝑝𝑦 |, and
∡ 𝑝̂ (𝑥, 𝑦̂) = ∡𝑝 (𝑥, 𝑦). We are interested in the following comparison properties for
curvature ≥ 𝜅 that 𝐻𝑝 (𝑥, 𝑦) may or may not have:

(A𝜅 ) (Angle comparison) ∡𝑝 (𝑥, 𝑦) ≥ ∡ 𝑝̄ (𝑥, 𝑦̄) (= ∡𝜅𝑝 (𝑥, 𝑦));

(H𝜅 ) (Hinge comparison) |𝑥𝑦 | ≤ |𝑥𝑦̂ |;

(C𝜅 ) (Chord comparison) |𝑢𝑣 | ≥ |𝑢̄𝑣̄ | whenever 𝑢 ∈ 𝑝𝑥, 𝑣 ∈ 𝑝𝑦, 𝑢̄ ∈ 𝑝𝑥, 𝑣̄ ∈ 𝑝𝑦̄,
and |𝑝𝑢 | = |𝑝𝑢̄ |, |𝑝𝑣 | = |𝑝𝑣̄ |.

The corresponding comparison properties for curvature ≤ 𝜅, denoted (A𝜅 ), (H𝜅 ),
and (C𝜅 ), are defined analogously, just with reversed inequalities.

Lemma 5.8 For an individual hinge 𝐻𝑝 (𝑥, 𝑦) in 𝑀 with Per(𝑝, 𝑥, 𝑦) < 2𝐷𝜅 ,

(C𝜅 ) ⇒ (A𝜅 ) ⇔ (H𝜅 ) and (C𝜅 ) ⇒ (A𝜅 ) ⇔ (H𝜅 ).

For the implications (A𝜅 ) ⇒ (C𝜅 ) and (A𝜅 ) ⇒ (C𝜅 ), see Lemma 5.9 below.

Proof : Suppose that 𝐻𝑝 (𝑥, 𝑦) satisfies (C𝜅 ). With the above notation, it follows
from the inequality |𝑢𝑣 | ≥ |𝑢̄𝑣̄ | and Lemma 5.2 that ∡𝜅𝑝 (𝑢, 𝑣) ≥ ∡ 𝑝̄ (𝑢̄, 𝑣̄) = ∡ 𝑝̄ (𝑥, 𝑦̄).
Taking the upper limit for 𝑢, 𝑣 → 𝑝, we conclude that (A𝜅 ) holds. Lemma 5.2 also
shows that ∡𝑝 (𝑥, 𝑦) = ∡ 𝑝̂ (𝑥, 𝑦̂) ≥ ∡ 𝑝̄ (𝑥, 𝑦̄) if and only if |𝑥𝑦̂ | ≥ |𝑥𝑦̄ | = |𝑥𝑦 |; that is,
(A𝜅 ) ⇔ (H𝜅 ). The second part of the lemma is shown analogously. □

We call a segment 𝑝𝑥 in a metric space balanced if, for every non-degenerate
segment 𝑞𝑦 with 𝑞 ∈ 𝑝𝑥 \ {𝑝, 𝑥}, the (upper) angles formed by 𝑞𝑦 and the sub-
segments 𝑞𝑝, 𝑞𝑥 of 𝑝𝑥 satisfy ∡𝑞 (𝑝, 𝑦) + ∡𝑞 (𝑥, 𝑦) = 𝜋. Note that, by the triangle
inequality for angles (Remark 5.6), the inequality ∡𝑞 (𝑝, 𝑦) + ∡𝑞 (𝑥, 𝑦) ≥ 𝜋 always
holds, as ∡𝑞 (𝑝, 𝑥) = 𝜋. Evidently, in a Riemannian manifold every segment is
balanced.
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Lemma 5.9 Let 𝐻𝑝 (𝑥, 𝑦) be a hinge in 𝑀 with Per(𝑝, 𝑥, 𝑦) < 2𝐷𝜅 , and suppose
that for every pair of points in 𝑝𝑥∪ 𝑝𝑦 there is a connecting segment in 𝑀 . If every
hinge formed by two such segments satisfies (A𝜅 ), then 𝐻𝑝 (𝑥, 𝑦) satisfies (C𝜅 ). The
analogous result for (A𝜅 ) and (C𝜅 ) holds if the segments 𝑝𝑥, 𝑝𝑦 are balanced.

Proof : Let (𝑝, 𝑥, 𝑦̄) be a comparison triple in M2
𝜅 for (𝑝, 𝑥, 𝑦), and let 𝑢, 𝑣 ≠ 𝑝 and

𝑢̄, 𝑣̄ be given as in (C𝜅 ). First we show that |𝑢𝑦 | ≤ |𝑢̄ 𝑦̄ |. Omitting some trivial
cases, we assume that 𝑢 ≠ 𝑥, 𝑦. The two hinges formed by a segment 𝑢𝑦 and one of
the subsegments 𝑢𝑝, 𝑢𝑥 of 𝑝𝑥 satisfy (A𝜅 ) by assumption, thus

∡𝜅𝑢 (𝑝, 𝑦) + ∡𝜅𝑢 (𝑥, 𝑦) ≥ ∡𝑢 (𝑝, 𝑦) + ∡𝑢 (𝑥, 𝑦) ≥ 𝜋. (1)

Lemma 5.3 then shows that ∡𝜅𝑝 (𝑢, 𝑦) ≤ ∡ 𝑝̄ (𝑥, 𝑦̄) = ∡ 𝑝̄ (𝑢̄, 𝑦̄), and Lemma 5.2 yields
|𝑢𝑦 | ≤ |𝑢̄ 𝑦̄ |. Now an analogous argument shows that |𝑢𝑣 | ≤ |𝑢̃𝑣̃ | if (𝑝, 𝑢̃, 𝑦̃) is
a comparison triple for (𝑝, 𝑢, 𝑦) and 𝑣̃ ∈ 𝑝𝑦̃ is such that |𝑝𝑣 | = |𝑝𝑣̃ |. Since
|𝑢̃ 𝑦̃ | = |𝑢𝑦 | ≤ |𝑢̄ 𝑦̄ |, we get that ∡ 𝑝̃ (𝑢̃, 𝑣̃) = ∡ 𝑝̃ (𝑢̃, 𝑦̃) ≤ ∡ 𝑝̄ (𝑢̄, 𝑦̄) = ∡ 𝑝̄ (𝑢̄, 𝑣̄) and
hence |𝑢̃𝑣̃ | ≤ |𝑢̄𝑣̄ | by Lemma 5.2. Thus |𝑢𝑣 | ≤ |𝑢̄𝑣̄ |, as required.

The corresponding result for (A𝜅 ) and (C𝜅 ) is shown in exactly the same way,
with all inequalities reversed, except that the second relation in (1) is turned into an
equality, holding by assumption. □

Definition 5.10 A metric space 𝑀 is called a space of curvature ≥ 𝜅 or ≤ 𝜅 in the
sense of Alexandrov if every point 𝑞 has a neighborhood𝑈𝑞 such that any two points
in𝑈𝑞 are connected by a segment in 𝑀 and every hinge 𝐻𝑝 (𝑥, 𝑦) with 𝑝, 𝑥, 𝑦 ∈ 𝑈𝑞

and Per(𝑝, 𝑥, 𝑦) < 2𝐷𝜅 satisfies (C𝜅 ) or (C𝜅 ), respectively.

Again due to Lemma 5.2, the upper angle between two segments in such a space
𝑀 always exists as a limit, by monotonicity.

Lemma 5.11 In an Alexandrov space 𝑀 of curvature ≥ 𝜅 ∈ R, every segment is
balanced.

Proof : Let 𝑝𝑥, 𝑞𝑦 be two non-degenerate segments in 𝑀 such that 𝑞 ∈ 𝑝𝑥 \ {𝑝, 𝑥}.
Let 𝑢 ∈ 𝑞𝑝, 𝑣 ∈ 𝑞𝑥, 𝑤 ∈ 𝑞𝑦 be points distinct from 𝑞, and assume that 𝑢 ≠ 𝑤. If
𝑢, 𝑣, 𝑤 are sufficiently close to 𝑞, then there is a segment 𝑢𝑤 such that the hinge
𝐻𝑢 (𝑣, 𝑤) with 𝑢𝑣 ⊂ 𝑝𝑥 satisfies (C𝜅 ). Let (𝑢̄, 𝑣̄, 𝑤̄) be a comparison triple in M2

𝜅

for (𝑢, 𝑣, 𝑤), and let 𝑞 ∈ 𝑢̄𝑣̄ be the point with |𝑞𝑢̄ | = |𝑞𝑢 |. Then |𝑞𝑤 | ≥ |𝑞𝑤̄ | and
so ∡𝜅𝑢 (𝑞, 𝑤) ≥ ∡𝑢̄ (𝑞, 𝑤̄) = ∡𝑢̄ (𝑣̄, 𝑤̄) by Lemma 5.2. Now Lemma 5.3 shows that
∡𝜅𝑞 (𝑢, 𝑤) + ∡𝜅𝑞 (𝑣, 𝑤) ≤ 𝜋. Letting 𝑢, 𝑣, 𝑤 tend to 𝑞 we get that ∡𝑞 (𝑝, 𝑦) + ∡𝑞 (𝑥, 𝑦) ≤
𝜋. □

Theorem 5.12 A connected Riemannian manifold 𝑀 is a space of curvature ≥ 𝜅 or
≤ 𝜅 ∈ R in the sense of Alexandrov if and only if sec ≥ 𝜅 or sec ≤ 𝜅, respectively.
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Proof : Suppose first that sec ≥ 𝜅 or sec ≤ 𝜅. Whenever 𝑝 ∈ 𝑀 and 𝐵𝑟 ⊂ 𝑇𝑀𝑝 is
a normal ball, where 0 < 𝑟 ≤ 𝐷𝜅 , then by Corollary 3.21 every hinge 𝐻𝑝 (𝑥, 𝑦) in
𝑀 with 𝑥, 𝑦 ∈ 𝐵(𝑝, 𝑟2 ) satisfies (H𝜅 ) or (H𝜅 ), respectively, hence also (A𝜅 ) or (A𝜅 )
by Lemma 5.8. Given a point 𝑞 ∈ 𝑀 , we can choose 𝑟 so that 𝐵𝑟 ⊂ 𝑇𝑀𝑝 is
normal for all 𝑝 ∈ 𝐵(𝑞, 𝑟4 ) (compare the proof of Corollary 1.22). Now it follows
from Lemma 5.9 (and since segments in a Riemannian manifold are balanced) that
every hinge with vertex and endpoints in 𝑈𝑞 := 𝐵(𝑞, 𝑟8 ) satisfies (C𝜅 ) or (C𝜅 ),
respectively.

Suppose now that 𝑀 has curvature ≥ 𝜅 or ≤ 𝜅 in the sense of Alexandrov. Let
𝑃 ⊂ 𝑇𝑀𝑝 be a linear 2-plane in some tangent space, and let 𝛾𝑟 ⊂ 𝑃 be the circle
with center 0 and radius 𝑟 > 0 (sufficiently small). It follows by hinge comparison
(H𝜅 ) or (H𝜅 ) that the length of exp𝑝 (𝛾𝑟 ) is at most or at least

2𝜋 sn𝜅 (𝑟) = 2𝜋
(
𝑟 − 𝜅

3!
𝑟3 +𝑂 (𝑟5)

)
,

the length of a circle of radius 𝑟 in M2
𝜅 . On the other hand,

𝐿 (exp𝑝 (𝛾𝑟 )) = 2𝜋
(
𝑟 − sec(𝑃)

3!
𝑟3 +𝑂 (𝑟4)

)
in any Riemannian manifold (exercise). It follows that sec(𝑃) ≥ 𝜅 or sec(𝑃) ≤ 𝜅,
respectively. □

5.3 Toponogov’s theorem

We start with two technical propositions. For both, 𝜅 ∈ R is a fixed constant, and
𝑀 is assumed to be a metric space such that every segment in 𝑀 is balanced and
every pair of points in 𝑀 at distance < 𝐷𝜅 is connected by a segment.

Proposition 5.13 Let 𝐻0 = 𝐻𝑝0 (𝑥0, 𝑦0) be a hinge in 𝑀 with sides of length
𝑎0 := |𝑝0𝑦0 | and 𝑏0 := |𝑝0𝑥0 | < 1

5𝑎0, where 𝑎0 + 𝑏0 < 𝐷𝜅 . If every hinge in 𝑀 with
perimeter < 4

5 Per(𝐻0) and an endpoint in {𝑥0, 𝑦0} satisfies (A𝜅 ), then 𝐻0 satisfies
(A𝜅 ) as well.

Proof : Starting from 𝐻0, we will inductively construct a sequence of hinges 𝐻𝑛 =

𝐻𝑝𝑛 (𝑥𝑛, 𝑦𝑛) in 𝑀 such that {𝑥𝑛, 𝑦𝑛} = {𝑥0, 𝑦0} and the numbers 𝑙𝑛 := |𝑝𝑛𝑥𝑛 | +
|𝑝𝑛𝑦𝑛 | satisfy

𝑎0 + 𝑏0 = 𝑙0 ≥ 𝑙1 ≥ 𝑙2 ≥ . . . ≥ |𝑥0𝑦0 |; (1)

furthermore, for 𝑛 ≥ 1, |𝑝𝑛𝑥𝑛 | = 𝑏 := 2
5𝑎0 and hence

|𝑝𝑛𝑦𝑛 | ≥ |𝑥𝑛𝑦𝑛 | − |𝑝𝑛𝑥𝑛 | = |𝑥0𝑦0 | − 𝑏 ≥ 𝑎0 − 𝑏0 − 𝑏 > 𝑏. (2)

The hinge 𝐻0 is already given. Let 𝛾0 denote its angle. For 𝑛 ≥ 1, if 𝐻𝑛−1
is constructed, let 𝑝𝑛 ∈ 𝑝𝑛−1𝑦𝑛−1 be the point at distance 𝑏 from 𝑦𝑛−1, and put
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𝑥𝑛 := 𝑦𝑛−1 and 𝑦𝑛 := 𝑥𝑛−1. The sides of 𝐻𝑛 are the subsegment 𝑝𝑛𝑥𝑛 of 𝑝𝑛−1𝑦𝑛−1
and an arbitrary segment 𝑝𝑛𝑦𝑛. Let 𝛾𝑛 denote the angle of 𝐻𝑛, and note that the
adjacent angle between 𝑝𝑛𝑦𝑛 and the segment 𝑝𝑛𝑝𝑛−1 ⊂ 𝑝𝑛−1𝑦𝑛−1 equals 𝜋 − 𝛾𝑛,
because segments in 𝑀 are balanced. Clearly (1) holds. Note also that

Per(𝑝𝑛−1, 𝑝𝑛, 𝑦𝑛) ≤ 2(𝑙𝑛−1 − 𝑏) ≤ 2(𝑎0 + 𝑏0 − 𝑏) < 8
5𝑎0 ≤ 4

5 Per(𝐻0). (3)

Now we will construct a sequence of hinges 𝐻̄𝑛 := 𝐻 𝑝̄𝑛 (𝑥𝑛, 𝑦̄𝑛) in M2
𝜅 such that

|𝑝𝑛𝑥𝑛 | = |𝑝𝑛𝑥𝑛 |, |𝑝𝑛 𝑦̄𝑛 | = |𝑝𝑛𝑦𝑛 |,

|𝑥0 𝑦̄0 | ≥ |𝑥1 𝑦̄1 | ≥ |𝑥2 𝑦̄2 | ≥ . . . , (4)

and such that the angle 𝛾̄𝑛 of 𝐻̄𝑛 is greater than or equal to 𝛾𝑛. Let 𝐻̄0 be a
comparison hinge for 𝐻0, thus 𝛾̄0 = 𝛾0. For 𝑛 ≥ 1, given 𝐻̄𝑛−1, let 𝑝𝑛 ∈ 𝑝𝑛−1 𝑦̄𝑛−1
be the point at distance 𝑏 from 𝑦̄𝑛−1, put 𝑥𝑛 := 𝑦̄𝑛−1, and choose 𝑦̄𝑛 such that
(𝑝𝑛−1, 𝑝𝑛, 𝑦̄𝑛) is a comparison triple for (𝑝𝑛−1, 𝑝𝑛, 𝑦𝑛). This determines 𝐻̄𝑛. Put
𝜔̄𝑛 := ∡ 𝑝̄𝑛−1 (𝑝𝑛, 𝑦̄𝑛) = ∡ 𝑝̄𝑛−1 (𝑥𝑛, 𝑦̄𝑛). In view of (3), and since 𝑦𝑛 ∈ {𝑥0, 𝑦0},
the inequalities 𝛾𝑛−1 ≥ 𝜔̄𝑛 and 𝜋 − 𝛾𝑛 ≥ 𝜋 − 𝛾̄𝑛 hold by assumption. Hence,
𝛾̄𝑛−1 ≥ 𝛾𝑛−1 ≥ 𝜔̄𝑛 and so |𝑥𝑛−1 𝑦̄𝑛−1 | ≥ |𝑥𝑛 𝑦̄𝑛 | by Lemma 5.2. This shows (4).

Now, if 𝑛→ ∞, then

|𝑝𝑛−1𝑝𝑛 | + |𝑝𝑛−1 𝑦̄𝑛 | − |𝑝𝑛 𝑦̄𝑛 | = 𝑙𝑛−1 − 𝑙𝑛 → 0

by (1), consequently 𝜔̄𝑛 → 𝜋 and 𝛾̄𝑛 → 𝜋 (note that |𝑝𝑛−1𝑝𝑛 | = |𝑝𝑛−1𝑦𝑛−1 | − 𝑏 ≥
𝑎0 − 𝑏0 − 2𝑏 > 0 by (2), and |𝑝𝑛−1 𝑦̄𝑛 | = 𝑏 > 0). This implies in turn that

𝑙𝑛 − |𝑥𝑛 𝑦̄𝑛 | = |𝑝𝑛𝑥𝑛 | + |𝑝𝑛 𝑦̄𝑛 | − |𝑥𝑛 𝑦̄𝑛 | → 0

as 𝑛 → ∞ (recall that 𝑙𝑛 ≤ 𝑎0 + 𝑏0 < 𝐷𝜅 ). In view of (1) and (4), this gives
|𝑥0 𝑦̄0 | ≥ |𝑥0𝑦0 |, so 𝐻0 satisfies (H𝜅 ) and hence also (A𝜅 ). □

Proposition 5.14 Let 𝐻 = 𝐻𝑝 (𝑥, 𝑦) be a hinge in 𝑀 with Per(𝐻) < 2𝐷𝜅 . If every
hinge in 𝑀 with perimeter < 4

5 Per(𝐻) and an endpoint in 𝑝𝑥 ∪ {𝑦} satisfies (A𝜅 ),
then 𝐻 satisfies (A𝜅 ) as well.

Proof : We assume that 𝑦 ∉ 𝑝𝑥; otherwise ∡𝜅𝑝 (𝑥, 𝑦) = 0 and (A𝜅 ) holds trivially. For
all 𝑥′ ∈ 𝑝𝑥, we have |𝑥′𝑦 | ≤ 1

2 Per(𝐻) < 𝐷𝜅 , we can thus choose 𝛿 ∈ (0, 1
5𝑑 (𝑦, 𝑝𝑥))

such that |𝑥′𝑦 | + 𝛿 < 𝐷𝜅 for all 𝑥′ ∈ 𝑝𝑥. It follows from Proposition 5.13 that every
hinge 𝐻𝑥′ (𝑥′′, 𝑦) with 𝑥′𝑥′′ ⊂ 𝑝𝑥 and |𝑥′𝑥′′ | ≤ 𝛿 (hence |𝑥′𝑥′′ | < 1

5 |𝑥
′𝑦 |) satisfies

(A𝜅 ). Subdivide 𝑝𝑥 into finitely many subsegments 𝑝𝑥1, 𝑥1𝑥2, . . . , 𝑥𝑛−1𝑥𝑛, 𝑥𝑛𝑥 of
length ≤ 𝛿, and choose segments 𝑥1𝑦, . . . , 𝑥𝑛𝑦. Put 𝑥0 := 𝑝. We show by downward
induction that for 𝑖 ∈ {0, . . . , 𝑛}, the hinge 𝐻𝑖 = 𝐻𝑥𝑖 (𝑥, 𝑦) with 𝑥𝑖𝑥 ⊂ 𝑝𝑥 satisfies
(A𝜅 ). Since |𝑥𝑛𝑥 | ≤ 𝛿, this holds for 𝐻𝑛. Suppose now that 𝑖 ≥ 1 and 𝐻𝑖 satisfies
(A𝜅 ). Since also 𝐻𝑥𝑖 (𝑥𝑖−1, 𝑦) satisfies (A𝜅 ), and 𝑝𝑥 is balanced, we have

∡𝜅𝑥𝑖 (𝑥𝑖−1, 𝑦) + ∡𝜅𝑥𝑖 (𝑥, 𝑦) ≤ ∡𝑥𝑖 (𝑥𝑖−1, 𝑦) + ∡𝑥𝑖 (𝑥, 𝑦) = 𝜋.
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Furthermore, 𝐻𝑥𝑖−1 (𝑥𝑖 , 𝑦) satisfies (A𝜅 ), and so

∡𝑥𝑖−1 (𝑥, 𝑦) = ∡𝑥𝑖−1 (𝑥𝑖 , 𝑦) ≥ ∡𝜅𝑥𝑖−1 (𝑥𝑖 , 𝑦) ≥ ∡
𝜅
𝑥𝑖−1 (𝑥, 𝑦),

where the last step follows from Lemma 5.3. This shows that 𝐻𝑖−1 satisfies (A𝜅 ).
□

Theorem 5.15 (Toponogov) Let 𝜅 ∈ R, and let 𝑀 be a complete metric space of
curvature ≥ 𝜅 in the sense of Alexandrov. Suppose that every pair of points in 𝑀
at distance < 𝐷𝜅 is connected by a segment. Then every hinge 𝐻 = 𝐻𝑝 (𝑥, 𝑦) in 𝑀
with Per(𝐻) < 2𝐷𝜅 satisfies (A𝜅 ), (H𝜅 ), and (C𝜅 ).

Note that this applies, of course, to complete Riemannian manifolds with sec-
tional curvature greater than or equal to 𝜅. For this case, the result was established
in [To1959] (see also [To1957] and [To1958]). Purely metric proofs were given
later in [Pl1991], [BuGP1992], and [Pl1996].

Proof : Recall that by Lemma 5.11 all segments in 𝑀 are balanced. By Lemma 5.8
and Lemma 5.9, it thus suffices to prove that every hinge in 𝑀 with perimeter less
than 2𝐷𝜅 satisfies (A𝜅 ). Suppose to the contrary that there exists a hinge 𝐻 in 𝑀
with Per(𝐻) < 2𝐷𝜅 that does not satisfy (A𝜅 ). Then, by Proposition 5.14, there
exists a hinge 𝐻1 with Per(𝐻1) < 4

5 Per(𝐻) and an endpoint on the union of the
sides of 𝐻 such that 𝐻1 does not satisfy (A𝜅 ) either. Inductively, for 𝑛 = 2, 3, . . .,
there exist hinges 𝐻𝑛 such that Per(𝐻𝑛) < 4

5 Per(𝐻𝑛−1) <
( 4

5
)𝑛 Per(𝐻), some

endpoint of 𝐻𝑛 lies on the union of the sides of 𝐻𝑛−1, and 𝐻𝑛 does not satisfy (A𝜅 ).
Let 𝑝𝑛 denote the vertex of 𝐻𝑛. Clearly the sequence (𝑝𝑛) is Cauchy and thus
converges to a point 𝑞 ∈ 𝑀 . However, since 𝑀 has curvature ≥ 𝜅, all hinges with
vertex and endpoints in an appropriate neighborhood of 𝑞 satisfy (A𝜅 ). This gives
a contradiction, as 𝑝𝑛 → 𝑞 and Per(𝐻𝑛) → 0. □

Remark 5.16 (generalized angle and hinge comparisons) Proposition 5.14 and
Theorem 5.15 can be adapted to generalized hinges 𝐻, where one of the sides, 𝑝𝑥,
is the trace of a (locally minimizing) geodesic 𝑐 : [0, 𝑙] → 𝑀 of length 0 < 𝑙 ≤
|𝑝𝑦 | + |𝑥𝑦 |, and Per(𝐻) := 𝑙 + |𝑝𝑦 | + |𝑥𝑦 | < 2𝐷𝜅 . In the proof of Proposition 5.14,
one can arrange that all subsegments of 𝑐 of length ≤ 𝛿 are minimizing. Then (A𝜅 )
and (H𝜅 ) hold for 𝐻 if comparison triples or hinges in M2

𝜅 are chosen such that |𝑝𝑥 |
or |𝑝𝑥 | equals 𝑙, respectively.

Theorem 5.17 Let 𝑀 be a complete and geodesic Alexandrov space of curvature
≥ 𝜅 > 0. Suppose that for every segment 𝑝𝑥 in 𝑀 with |𝑝𝑥 | > 𝐷𝜅 and midpoint
𝑞 there exists a non-trivial segment 𝑞𝑦 perpendicular to 𝑝𝑥 (this excludes 1-
dimensional spaces of diameter > 𝐷𝜅 ). Then every triple of points 𝑝, 𝑥, 𝑦 in 𝑀
has Per(𝑝, 𝑥, 𝑦) ≤ 2𝐷𝜅 ; in particular diam(𝑀) ≤ 𝐷𝜅 . If Per(𝑝, 𝑥, 𝑦) = 2𝐷𝜅 and
|𝑝𝑥 |, |𝑝𝑦 | ∈ (0, 𝐷𝜅 ), then there are unique segments 𝑝𝑥 and 𝑝𝑦, and ∡𝑝 (𝑥, 𝑦) = 𝜋.
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Proof : First we show that diam(𝑀) ≤ 𝐷𝜅 . Suppose that 𝑝𝑥 is a segment in 𝑀 of
length |𝑝𝑥 | ∈ (𝐷𝜅 , 2𝐷𝜅 ). Let 𝑞 be its midpoint, and let 𝑞𝑦 be a non-trivial segment
perpendicular to 𝑝𝑥 such that Per(𝑝, 𝑞, 𝑦), Per(𝑞, 𝑥, 𝑦) < 2𝐷𝜅 . Consider two
segments 𝑝𝑞 and 𝑞𝑥 in M2

𝜅 such that |𝑝𝑞 | = |𝑞𝑥 | = 1
2 |𝑝𝑥 | and ∡𝑞̄ (𝑝, 𝑥) = 𝜋, and let

𝑞𝑦̄ be a perpendicular segment of length |𝑞𝑦 |. Since 𝑝 and 𝑥 are not antipodal (and
𝑝 ≠ 𝑥), 𝑝, 𝑦̄, 𝑥 do not lie on a great circle, hence Per(𝑝, 𝑦̄, 𝑥) < 2𝐷𝜅 = Per(𝑝, 𝑞, 𝑥)
and so

|𝑝𝑦̄ | + | 𝑦̄𝑥 | < |𝑝𝑞 | + |𝑞𝑥 | = |𝑝𝑥 |.

By Theorem 5.15 (hinge comparison (H𝜅 )), the left side is greater than or equal
to |𝑝𝑦 | + |𝑦𝑥 |. Thus |𝑝𝑦 | + |𝑦𝑥 | < |𝑝𝑥 |, in contradiction to the triangle inequality.
Since 𝑀 is geodesic, it follows that diam(𝑀) ≤ 𝐷𝜅 .

Next, suppose that there exists a hinge 𝐻𝑝 (𝑥, 𝑦) in 𝑀 with 𝑃 := Per(𝑝, 𝑥, 𝑦) >
2𝐷𝜅 . Since |𝑝𝑥 |, |𝑝𝑦 |, |𝑥𝑦 | ≤ diam(𝑀) ≤ 𝐷𝜅 <

1
2𝑃, there is a point 𝑞 ∈ 𝑝𝑥\{𝑝, 𝑥}

such that |𝑦𝑝 | + |𝑝𝑞 | = 1
2𝑃. Let 𝜅′ ∈ (0, 𝜅) be such that 𝑃 = 2𝐷𝜅 ′ , and let (𝑝, 𝑥, 𝑦̄)

be a comparison triple in M2
𝜅 ′ for (𝑝, 𝑥, 𝑦), lying on a great circle. Then the point

𝑞 ∈ 𝑝𝑥 with |𝑝𝑞 | = |𝑝𝑞 | is antipodal to 𝑦̄, thus |𝑞𝑦̄ | = 1
2𝑃. Now it follows by

chord comparison (C𝜅 ′′) for 𝜅′′ < 𝜅′ and a limit argument that |𝑞𝑦 | ≥ 1
2𝑃 > 𝐷𝜅 , in

contradiction to diam(𝑀) ≤ 𝐷𝜅 . This shows that all triples in 𝑀 have perimeter at
most 2𝐷𝜅 .

Finally, suppose that 𝑃 := Per(𝑝, 𝑥, 𝑦) = 2𝐷𝜅 and |𝑝𝑥 |, |𝑝𝑦 | ∈ (0, 𝐷𝜅 ). Note
that ∡𝜅𝑝 (𝑥, 𝑦) = 𝜋. Hence, by angle comparison (A𝜅 ′) for 𝜅′ < 𝜅 and a limit
argument, ∡𝑝 (𝑥, 𝑦) = 𝜋 for any choice of segments 𝑝𝑥, 𝑝𝑦. It then follows easily
that 𝑝𝑥, 𝑝𝑦 are in fact unique. □

5.4 CAT(0) spaces

Next we discuss some basic results for complete geodesic metric spaces satisfying
(C0) globally. Recall first that if 𝑀 is a Hadamard manifold, then every pair of
points 𝑥, 𝑦 ∈ 𝑀 is connected by a unique segment 𝑥𝑦 ⊂ 𝑀 , and all geodesics in
𝑀 are minimizing (Theorem 4.18). For two geodesics 𝑐, 𝑐 : 𝐼 → 𝑀 defined on the
same interval, the distance function 𝑠 ↦→ 𝑑 (𝑐(𝑠), 𝑐(𝑠)) is convex (see Lemma 4.19).
Furthermore, by Corollary 3.21, every hinge in 𝑀 satisfies (H0) and, hence, also
(A0) and (C0) (Lemma 5.8 and Lemma 5.9).

Definition 5.18 For 𝜅 ∈ R, a metric space 𝑀 is called a CAT(𝜅) space (or, briefly,
𝑀 is CAT(𝜅)) if 𝑀 is complete, every pair of points at distance < 𝐷𝜅 in 𝑀 is
connected by a segment, and every hinge 𝐻 with Per(𝐻) < 2𝐷𝜅 satisfies (C𝜅 ) (and,
hence, (A𝜅 ) and (H𝜅 )).

Every Hadamard manifold with sectional curvature ≤ 𝜅 ≤ 0 is a CAT(𝜅) space.
The acronym was coined in [Gro1987] (see p. 106 and p. 119 therein) and stands
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for Comparison inequality of Alexandrov–Toponogov or Cartan–Alexandrov–
Toponogov. In some literature (for example, [BrH1999]), completeness is not part
of the definition. However, the comparison properties are preserved under metric
completion (see Corollary II.3.11 in [BrH1999]), and completeness is required for
most results below, so we prefer to include it from the beginning.

It is not difficult to see that if 𝑀 is a CAT(𝜅) space, then every pair of points
at distance < 𝐷𝜅 in 𝑀 is connected by a unique segment, all balls of radius
< 𝐷𝜅/2 are convex, and balls of radius < 𝐷𝜅 are contractible (see Proposition II.1.4
in [BrH1999]). A metric space is CAT(𝜅) if and only if it is CAT(𝜅′) for every 𝜅′ > 𝜅
(see Theorem II.1.12 in [BrH1999]). Although this will not be pursued in these
notes, we mention that CAT(1) and CAT(0) spaces occur notably as (completed)
spaces of directions and tangent cones, respectively, of spaces of curvature ≤ 𝜅

in the sense of Alexandrov (see Theorem II.3.19 in [BrH1999] and the references
therein).

We now focus on CAT(0) spaces. First we note that the convexity of the distance
function mentioned above (Lemma 4.19) is retained in this more general context.

Remark 5.19 (Busemann convexity) If 𝑀 is a CAT(0) space and 𝑐, 𝑐 : 𝐼 → 𝑀

are two geodesics defined on the same interval, then the distance function 𝑠 ↦→
|𝑐(𝑠) 𝑐(𝑠) | is convex. To see this, assume that 𝐼 = [0, 1], and let 𝛾 : [0, 1] → 𝑀

be the geodesic from 𝑐(0) to 𝑐(1). The CAT(0) property yields |𝑐(𝑡) 𝛾(𝑡) | ≤
𝑡 |𝑐(1) 𝑐(1) | as well as |𝛾(𝑡) 𝑐(𝑡) | ≤ (1 − 𝑡) |𝑐(0) 𝑐(0) |, and so

|𝑐(𝑡) 𝑐(𝑡) | ≤ (1 − 𝑡) |𝑐(0) 𝑐(0) | + 𝑡 |𝑐(1) 𝑐(1) |.

A complete geodesic metric space 𝑀 with this convexity property is called Buse-
mann convex or a Busemann space (see [Bus1948] and [Jos1997], [Pap2005]).

Every Banach space with a strictly convex norm is a Busemann space; however,
the CAT(0) property holds only in the case of a Hilbert space (see Proposition 5.22
below).

Proposition 4.20 (flat strip) also holds for CAT(0) or Busemann spaces (with
essentially the same proof): if 𝑐, 𝑐 : R → 𝑀 are two unit speed geodesics such
that 𝑠 ↦→ |𝑐(𝑠) 𝑐(𝑠) | is bounded, then the convex hull of 𝑐(R) ∪ 𝑐(R) is isometric
to a strip R × [0, 𝐷] ⊂ R2 with respect to the Euclidean or some strictly convex
norm, respectively. The discussion of isometries in Section 4.5, 4.21–4.25, also
remains valid for CAT(0) and Busemann spaces. We refer to Chapters II.7 and II.8
in [BrH1999] for a comprehensive exposition in the CAT(0) case.

Remark 5.20 (Local-to-global) Local-to-global results, akin to Theorem 5.15
(Toponogov), hold for simply connected spaces of non-positive curvature: a com-
plete, simply connected, and locally Busemann convex length space is (globally)
Busemann convex, and a complete, simply connected length space of curvature ≤ 0
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in the sense of Alexandrov (equivalently, satisfying the CAT(0) condition locally)
is CAT(0) (see [AleB1990] and Chapter II.4 in [BrH1999]). In either case, it
follows that the underlying space is contractible, in analogy with Theorem 4.18
(Hadamard–Cartan).

The CAT(0) condition is often used in the form of one of the following inequal-
ities (compare [BruT1972, Sect. 3.2]).

Proposition 5.21 For a complete geodesic metric space 𝑋 , the following are equiv-
alent:

(1) 𝑋 is a CAT(0) space.

(2) If 𝑝 ∈ 𝑋 and 𝑐 : [0, 1] → 𝑋 is a minimizing geodesic from 𝑥 to 𝑦, then

|𝑝 𝑐(𝑡) |2 ≤ (1 − 𝑡) |𝑝𝑥 |2 + 𝑡 |𝑝𝑦 |2 − 𝑡 (1 − 𝑡) |𝑥𝑦 |2

for all 𝑡 ∈ [0, 1].

(3) If 𝑝, 𝑥, 𝑦 ∈ 𝑋 and 𝑧 is a midpoint between 𝑥 and 𝑦, then

|𝑝𝑧 |2 ≤ 1
2
(
|𝑝𝑥 |2 + |𝑝𝑦 |2

)
− 1

4
|𝑥𝑦 |2.

Furthermore, if 𝑋 is a complete metric space, and if for all pairs of points 𝑥, 𝑦 ∈ 𝑋
there exists a point 𝑧 ∈ 𝑋 such that the last inequality holds for all 𝑝 ∈ 𝑋 , then 𝑧 is
the unique midpoint between 𝑥 and 𝑦, and 𝑋 is CAT(0).

Proof : Suppose that 𝑋 is a CAT(0) space. To show that (2) holds, choose vectors
𝑢, 𝑣 ∈ R2 such that ∥𝑢∥ = |𝑥𝑝 |, ∥𝑣∥ = |𝑥𝑦 |, and ∥𝑢 − 𝑣∥ = |𝑝𝑦 |. Chord comparison
for the hinge 𝐻𝑥 (𝑝, 𝑦) gives |𝑝 𝑐(𝑡) | ≤ ∥𝑢 − 𝑡𝑣∥, and since

∥𝑢 − 𝑡𝑣∥2 − 𝑡 ∥𝑢 − 𝑣∥2 = (1 − 𝑡) ∥𝑢∥2 + (𝑡2 − 𝑡) ∥𝑣∥2,

(2) follows. Conversely, suppose that (2) holds. Then |𝑝 𝑐(𝑡) | ≤ ∥𝑢−𝑡𝑣∥. Likewise,
if 𝑧 is a point on some segment 𝑥𝑝with |𝑥𝑧 | = 𝑠 |𝑥𝑝 |, 𝑠 ∈ [0, 1], and𝑤 ∈ R2 is chosen
such that ∥𝑤∥ = |𝑥 𝑐(𝑡) | and ∥𝑢 − 𝑤∥ = |𝑝 𝑐(𝑡) |, then |𝑧 𝑐(𝑡) | ≤ ∥𝑠𝑢 − 𝑤∥. Since
∥𝑢−𝑤∥ ≤ ∥𝑢−𝑡𝑣∥, it follows from the law of cosines that also ∥𝑠𝑢−𝑤∥ ≤ ∥𝑠𝑢−𝑡𝑣∥.
Thus |𝑧 𝑐(𝑡) | ≤ ∥𝑠𝑢 − 𝑡𝑣∥. This shows that chord comparison (C0) holds in 𝑋 .

Clearly (2) implies the midpoint inequality (3). For the reverse implication, we
first show that if the inequality in (2) holds for two parameter values 0 ≤ 𝑠 < 𝑢 ≤ 1,
then it also holds for the mean 𝑡 := (𝑠 + 𝑢)/2. Indeed, by (3) and the inequalities
for 𝑠 and 𝑢,

|𝑝 𝑐(𝑡) |2 ≤ 1
2
(
|𝑝 𝑐(𝑠) |2 + |𝑝 𝑐(𝑢) |2

)
− 1

4
|𝑐(𝑠) 𝑐(𝑢) |2

≤ (1 − 𝑡) |𝑝𝑥 |2 + 𝑡 |𝑝𝑦 |2 − 𝑇 |𝑥𝑦 |2,
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where 𝑇 = (𝑠(1 − 𝑠) + 𝑢(1 − 𝑢))/2 + (𝑢 − 𝑠)2/4 = 𝑡 (1 − 𝑡). It now follows easily
that (2) holds for all dyadic rationals in [0, 1] and hence for all 𝑡 ∈ [0, 1].

For the last assertion of the proposition, note that the inequality in (3) applied
for 𝑝 = 𝑥 and 𝑝 = 𝑦 shows that 𝑧 is at distance at most |𝑥𝑦 |/2 from both 𝑥 and 𝑦
and is thus a midpoint. Since 𝑋 is complete, it is then not difficult to show that 𝑋 is
a geodesic metric space, and the result follows from the implication (3) ⇒ (1). □

Proposition 5.22 If (𝑋, ∥ · ∥) is a Banach space such that 𝑋 is CAT(0) with
respect to the induced metric, then 𝑋 is in fact a Hilbert space, and the inner
product satisfies ⟨𝑥, 𝑦⟩ = (∥𝑥 + 𝑦∥2 − ∥𝑥 − 𝑦∥2)/4.

Proof : For 𝑥, 𝑦 ∈ 𝑋 , the midpoint inequality yields

∥𝑥 + 𝑦∥2 = 4



𝑥 + 𝑦2




2
≤ 2(∥𝑥∥2 + ∥𝑦∥2) − ∥𝑥 − 𝑦∥2

as well as

2 ∥𝑥∥2 = 2



 (𝑥 + 𝑦) + (𝑥 − 𝑦)

2




2
≤ ∥𝑥 + 𝑦∥2 + ∥𝑥 − 𝑦∥2 − 2 ∥𝑦∥2,

so that 𝑋 satisfies the parallelogram law

∥𝑥 + 𝑦∥2 + ∥𝑥 − 𝑦∥2 = 2
(
∥𝑥∥2 + ∥𝑦∥2) .

Hence, by the well-known characterization of pre-Hilbert spaces due to Jordan–von
Neumann [JoN1935], the norm of 𝑋 is induced by an inner product, which in turn
satisfies ⟨𝑥, 𝑦⟩ = (∥𝑥 + 𝑦∥2 − ∥𝑥 − 𝑦∥2)/4. □

The parallelogram law continues to hold as an inequality for arbitrary quadru-
ples in a CAT(0) space. This follows from work of Reshetnyak (see [Re1968],
[KoS1993], [Jos1997]).

Proposition 5.23 (quadrilateral inequality) Let 𝑋 be a CAT(0) space. For every
quadruple of points 𝑝, 𝑞, 𝑥, 𝑦 ∈ 𝑋 ,

|𝑝𝑞 |2 + |𝑥𝑦 |2 ≤ 2 |𝑝𝑥 | |𝑞𝑦 | + |𝑝𝑦 |2 + |𝑞𝑥 |2

≤ |𝑝𝑥 |2 + |𝑞𝑦 |2 + |𝑝𝑦 |2 + |𝑞𝑥 |2.

In fact, this inequality, in the form with the six squares, characterizes CAT(0)
spaces among all complete geodesic spaces, see [BeN2007] and [Sat2009].

Proof : Let 𝑐 : [0, 1] → 𝑋 be the geodesic from 𝑥 to 𝑦. For all 𝑡 ∈ (0, 1),

|𝑝𝑞 |2 ≤
(
|𝑝 𝑐(𝑡) | + |𝑞 𝑐(𝑡) |

)2 ≤ 1
𝑡
|𝑝 𝑐(𝑡) |2 + 1

1 − 𝑡 |𝑞 𝑐(𝑡) |
2.
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Together with the second assertion of Proposition 5.21, this gives the inequality

|𝑝𝑞 |2 ≤ 1 − 𝑡
𝑡

|𝑝𝑥 |2 + |𝑝𝑦 |2 − (1 − 𝑡) |𝑥𝑦 |2

+ |𝑞𝑥 |2 + 𝑡

1 − 𝑡 |𝑞𝑦 |
2 − 𝑡 |𝑥𝑦 |2.

Assuming that 𝑝 ≠ 𝑥 and 𝑞 ≠ 𝑦, we now take 𝑡 := |𝑝𝑥 |/( |𝑝𝑥 | + |𝑞𝑦 |). Then
(1 − 𝑡)/𝑡 = |𝑞𝑦 |/|𝑝𝑥 |, and the result follows. □

A subset 𝐶 of a CAT(0) space 𝑋 is convex if for every pair of points 𝑥, 𝑦 ∈ 𝐶
the segment 𝑥𝑦 is contained in 𝐶.

Proposition 5.24 (metric projection) Suppose that 𝑋 is a CAT(0) space, and
𝐶 ⊂ 𝑋 is a non-empty closed convex set. Then for all 𝑝 ∈ 𝑋 there exists a unique
point 𝜋(𝑝) ∈ 𝐶 with 𝑑 (𝑝, 𝜋(𝑝)) = 𝑑 (𝑝, 𝐶), and the resulting map 𝜋 : 𝑋 → 𝐶 is
1-Lipschitz.

Proof : Let 𝑝 ∈ 𝑋 , and put 𝑎 := 𝑑 (𝑝, 𝐶). Whenever 𝑥, 𝑦 ∈ 𝐶, and 𝑐 : [0, 1] → 𝑋

is the geodesic from 𝑥 to 𝑦, then 𝑐(𝑡) ∈ 𝐶 for all 𝑡 ∈ (0, 1), hence

𝑎2 ≤ |𝑝 𝑐(𝑡) |2 ≤ (1 − 𝑡) |𝑝𝑥 |2 + 𝑡 |𝑝𝑦 |2 − 𝑡 (1 − 𝑡) |𝑥𝑦 |2. (1)

For 𝑡 = 1
2 , this gives |𝑥𝑦 |2 ≤ 2( |𝑝𝑥 |2 + |𝑝𝑦 |2 − 2𝑎2), thus any sequence (𝑥𝑖) in

𝐶 with |𝑝𝑥𝑖 | → 𝑎 is Cauchy, and the limit is the desired unique projection point
𝜋(𝑝) ∈ 𝐶.

Let now 𝑞 ∈ 𝑋 be another point, and put 𝑏 := 𝑑 (𝑞, 𝐶). For 𝑥 := 𝜋(𝑝) and
𝑦 := 𝜋(𝑞), (1) yields 𝑎2 + (1− 𝑡) |𝑥𝑦 |2 ≤ |𝑝𝑦 |2 for all 𝑡 ∈ (0, 1) (note that |𝑝𝑥 | = 𝑎),
hence 𝑎2 + |𝑥𝑦 |2 ≤ |𝑝𝑦 |2. Likewise, 𝑏2 + |𝑥𝑦 |2 ≤ |𝑞𝑥 |2. Using Proposition 5.23,
we conclude that

𝑎2 + 𝑏2 + 2 |𝑥𝑦 |2 ≤ |𝑝𝑦 |2 + |𝑞𝑥 |2 ≤ 𝑎2 + 𝑏2 + |𝑝𝑞 |2 + |𝑥𝑦 |2,

thus |𝑥𝑦 | ≤ |𝑝𝑞 |. This shows that 𝜋 is 1-Lipschitz. □

The next result shows that every non-empty bounded subset of a CAT(0) space
has a unique circumcenter.

Proposition 5.25 (circumcenter) Let 𝑋 be a CAT(0) space. If 𝐴 ⊂ 𝑋 is a non-
empty bounded set, and

𝑟 := inf{𝑠 ≥ 0 : there exists 𝑥 ∈ 𝑋 such that 𝐴 ⊂ 𝐵(𝑥, 𝑠)},

then there is unique point 𝑥 ∈ 𝑋 such that 𝐴 ⊂ 𝐵(𝑥, 𝑟).
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Proof : Whenever 𝑥, 𝑦 ∈ 𝑋 and 𝑠, 𝑡 ≥ 0 are such that 𝐴 ⊂ 𝐵(𝑥, 𝑠) ∩ 𝐵(𝑦, 𝑡), and 𝑧 is
the midpoint between 𝑥 and 𝑦, then the definition of 𝑟 and the midpoint inequality
give

4𝑟2 ≤ sup{4 |𝑝𝑧 |2 : 𝑝 ∈ 𝐴} ≤ 2(𝑠2 + 𝑡2) − |𝑥𝑦 |2,

thus |𝑥𝑦 |2 ≤ 2(𝑠2+𝑡2−2𝑟2). It follows that any sequence (𝑥𝑖) in 𝑋 with 𝐴 ⊂ 𝐵(𝑥𝑖 , 𝑠𝑖)
and 𝑠𝑖 → 𝑟 is Cauchy, and the limit point is the unique circumcenter of 𝐴. □

The following consequence was observed in [BruT1972].

Corollary 5.26 Suppose that 𝑋 is a CAT(0) space and Γ ⊂ Isom(𝑋) is a group of
isometries with bounded orbits Γ(𝑝) = {𝛾(𝑝) : 𝛾 ∈ Γ}. Then the fixed point set

Fix(Γ) = {𝑥 ∈ 𝑋 : 𝛾(𝑥) = 𝑥 for all 𝛾 ∈ Γ}

is non-empty and convex.

Proof : Take a point 𝑝 ∈ 𝑋 , and let 𝑥 be the unique circumcenter of the bounded
set 𝐴 := Γ(𝑝). For every 𝛾 ∈ Γ, the point 𝛾(𝑥) is a circumcenter of 𝛾(𝐴) = 𝐴, thus
𝛾(𝑥) = 𝑥 by uniqueness. This shows that 𝑥 ∈ Fix(Γ).

For two points 𝑥, 𝑦 ∈ Fix(Γ), every 𝛾 ∈ Γ fixes the endpoints of the (unique)
segment 𝑥𝑦 and must therefore fix 𝑥𝑦 pointwise. Thus Fix(Γ) is convex. □

The analogue of Corollary 5.26 for Busemann convex spaces is not true in
general. In fact, there exists a bounded Busemann space admitting an isometry
without fixed points; see [Bas2018].

We conclude this section with a standard application of Corollary 5.26 in
geometric group theory.

Corollary 5.27 Suppose that 𝑋 is a CAT(0) space and 𝐺 ⊂ Isom(𝑋) is a group
of isometries such that for some subset 𝐵 ⊂ 𝑋 , the set {𝑔 ∈ 𝐺 : 𝑔(𝐵) ∩ 𝐵 ≠ ∅} is
finite and

⋃
𝑔∈𝐺 𝑔(𝐵) = 𝑋 . Then 𝐺 contains only finitely many conjugacy classes

of finite subgroups.

This applies in particular to properly discontinuous and cocompact isometric
actions.

Proof : Put 𝐹 := {𝑔 ∈ 𝐺 : 𝑔(𝐵) ∩𝐵 ≠ ∅}. By Corollary 5.26, every finite subgroup
Γ ⊂ 𝐺 fixes a point 𝑥 ∈ 𝑋 . If 𝑔 ∈ 𝐺 is such that 𝑥 ∈ 𝑔(𝐵), then 𝑔−1Γ𝑔 fixes the
point 𝑔−1(𝑥) ∈ 𝐵, and so 𝑔−1Γ𝑔 ⊂ 𝐹. Hence every finite subgroup of 𝐺 has a
conjugate contained in the finite set 𝐹. □

CAT(0) spaces will be discussed further in Section 8.1.



Chapter 6

Volume comparison and
applications

6.1 Volume comparison theorems

For 𝑟 > 0 we denote by 𝑉𝑚,𝜅 (𝑟) the volume of a ball of radius 𝑟 in M𝑚
𝜅 . Explicitly,

𝑉𝑚,𝜅 (𝑟) = 𝜔𝑚−1

∫ inf{𝑟 ,𝐷𝜅 }

0
sn𝑚−1

𝜅 (𝑡) 𝑑𝑡,

where 𝜔𝑚−1 is the (𝑚 − 1)-dimensional volume of the unit sphere in R𝑚.

Theorem 6.1 (Günther 1960) Let 𝑀 be a Riemannian 𝑚-manifold with sec ≤ 𝜅

for some 𝜅 ∈ R. Let 𝑝 ∈ 𝑀 , and let 𝑟 > 0 be such that 𝐵𝑟 ⊂ 𝑇𝑀𝑝 is a normal ball.
Then

vol(𝐵(𝑝, 𝑟)) ≥ 𝑉𝑚,𝜅 (𝑟).

Proof : This follows easily from Corollary 3.20. See [Gü1960]. □

For a map 𝐹 : 𝑀 → 𝑀 ′ between two Riemannian 𝑚-manifolds and a point
𝑞 ∈ 𝑀 where 𝐹 is differentiable, 𝐽𝐹 (𝑞) will denote the Jacobian (volume distortion
factor) of 𝐹 at 𝑞. Thus, for any basis (𝑏1, . . . , 𝑏𝑚) of 𝑇𝑀𝑞,

𝐽𝐹 (𝑞) =

√︃
det

(
⟨𝑑𝐹𝑞 (𝑏𝑖), 𝑑𝐹𝑞 (𝑏 𝑗)⟩

)√︃
det

(
⟨𝑏𝑖 , 𝑏 𝑗⟩

) .

We define the positive function 𝐽𝑚,𝜅 : [0, 𝐷𝜅 ) → R by

𝐽𝑚,𝜅 (𝑟) :=
sn𝑚−1

𝜅 (𝑟)
𝑟𝑚−1

for 𝑟 ∈ (0, 𝐷𝜅 ), and 𝐽𝑚,𝜅 (0) := 1. This is the Jacobian of the exponential map
exp𝑝 : 𝑇 (M𝑚

𝜅 )𝑝 → M𝑚
𝜅 , for any 𝑝 ∈ M𝑚

𝜅 , at any point 𝑣 ∈ 𝑇 (M𝑚
𝜅 )𝑝 with |𝑣 | = 𝑟 .

The following result, as well as Theorem 6.6 below, appeared in [BisC1964].

77
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Proposition 6.2 (Bishop 1964) Let 𝑀 be a Riemannian𝑚-manifold. Suppose that
0 < 𝑙 ≤ ∞ and

𝜚 : [0, 𝑙) → 𝑀, 𝜚(𝑟) = exp𝑝 (𝑟𝑢),

is a unit speed geodesic such that no 𝜚(𝑟) with 𝑟 ∈ (0, 𝑙) is conjugate to 𝑝

along 𝜚 | [0,𝑟 ] . Suppose further that Ric(𝜚′(𝑟), 𝜚′(𝑟)) ≥ 𝜅(𝑚 − 1) for all 𝑟 ∈ [0, 𝑙),
for some constant 𝜅 ∈ R. Then 𝑙 ≤ 𝐷𝜅 , and the function

𝑓 : [0, 𝑙) → R, 𝑓 (𝑟) =
𝐽 exp𝑝 (𝑟𝑢)
𝐽𝑚,𝜅 (𝑟)

,

satisfies 1 = 𝑓 (0) ≥ 𝑓 (𝑟) ≥ 𝑓 (𝑠) > 0 whenever 0 ≤ 𝑟 ≤ 𝑠 < 𝑙. Moreover, if
𝑓 (𝑟) = 1 for some 𝑟 > 0, then sec(𝑃) = 𝜅 for every plane 𝑃 tangent to 𝜚 | [0,𝑟 ] .

Proof : Clearly 𝑓 (0) = 1, because 𝑑 (exp𝑝)0 is the identity on 𝑇𝑀𝑝.
Let now 𝑟 ∈ (0, 𝑙) be fixed. Assume first that 𝑟 is also less than 𝐷𝜅 . We

want to show that 𝑓 ′(𝑟) ≤ 0. Let 𝑌1, . . . , 𝑌𝑚−1 be Jacobi fields along 𝜚 such that
𝑌𝑖 (0) = 0 and (𝑌1(𝑟), . . . , 𝑌𝑚−1(𝑟)) is an orthonormal basis of the normal space
𝜚′(𝑟)⊥ ⊂ 𝑇𝑀𝜚 (𝑟 ) (recall Remark 3.11). They are of the form

𝑌𝑖 (𝑡) = 𝑑 (exp𝑝)𝑡𝑢 (𝑡𝑣𝑖)

for a basis (𝑣1, . . . , 𝑣𝑚−1) of 𝑢⊥ ⊂ 𝑇𝑀𝑝 (𝑣𝑖 = 𝑌 ′
𝑖
(0), see the proof of Lemma 3.12).

Note that 𝐽 exp𝑝 (𝑡𝑢) = 𝑒(𝑡)/𝑒(𝑡) for 𝑡 ∈ (0, 𝑙), where

𝑒(𝑡) :=
√︃

det
(
⟨𝑌𝑖 (𝑡), 𝑌 𝑗 (𝑡)⟩

)
and 𝑒(𝑡) :=

√︃
det

(
⟨𝑡𝑣𝑖 , 𝑡𝑣 𝑗⟩

)
= 𝑡𝑚−1𝑒(1)

are the (𝑚 − 1)-dimensional volumes of the parallelepipeds spanned by the vectors
𝑌𝑖 (𝑡) and 𝑡𝑣𝑖 , respectively. Since 𝑌1(𝑟), . . . , 𝑌𝑚−1(𝑟) are orthonormal, it follows
that

𝑒′(𝑟) = 1
2
𝑑

𝑑𝑡

���
𝑡=𝑟

det
(
⟨𝑌𝑖 (𝑡), 𝑌 𝑗 (𝑡)⟩

)
=

𝑚−1∑︁
𝑖=1

⟨𝑌𝑖 (𝑟), 𝑌 ′
𝑖 (𝑟)⟩.

Since 𝑌𝑖 is a Jacobi field with 𝑌𝑖 (0) = 0, the term ⟨𝑌𝑖 (𝑟), 𝑌 ′
𝑖
(𝑟)⟩ agrees with

𝐼𝑟 (𝑌𝑖 , 𝑌𝑖), the index form of 𝜚 | [0,𝑟 ] . Let now 𝐸𝑖 denote the parallel vector field
along 𝜚 with 𝐸𝑖 (𝑟) = 𝑌𝑖 (𝑟), and put 𝜆 := sn𝜅 (𝑟) and ℎ := 1

𝜆
sn𝜅 . Proposition 3.17

(first index lemma) then yields the inequality

⟨𝑌𝑖 (𝑟), 𝑌 ′
𝑖 (𝑟)⟩ = 𝐼𝑟 (𝑌𝑖 , 𝑌𝑖)

≤ 𝐼𝑟 (ℎ𝐸𝑖 , ℎ𝐸𝑖) =
∫ 𝑟

0
(ℎ′)2 − ℎ2𝑅(𝐸𝑖 , 𝜚

′, 𝐸𝑖 , 𝜚
′) 𝑑𝑡.

Using the assumption on the Ricci curvature we deduce that

𝑒′(𝑟) ≤ (𝑚 − 1)
∫ 𝑟

0
(ℎ′)2 − 𝜅ℎ2 𝑑𝑡.
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By the choice of ℎ𝐸𝑖 , equality holds for the model space M𝑚
𝜅 , where 𝑒(𝑡) becomes

ℎ𝑚−1(𝑡). Thus 𝑒′(𝑟) ≤ (ℎ𝑚−1)′(𝑟). Since

𝑓 (𝑡) =
𝐽 exp𝑝 (𝑡𝑢)
𝐽𝑚,𝜅 (𝑡)

=
𝑒(𝑡)
𝑒(𝑡)

𝑡𝑚−1

sn𝑚−1
𝜅 (𝑡)

=
1

𝑒(1) 𝜆𝑚−1
𝑒(𝑡)

ℎ𝑚−1(𝑡)

and 𝑒(𝑟) = 1 = ℎ𝑚−1(𝑟), it follows that 𝑓 ′(𝑟) ≤ 0.
To show that 𝑙 ≤ 𝐷𝜅 , suppose to the contrary that 𝐷𝜅 < 𝑙. Then the above

argument still shows that 𝑓 is non-increasing on [0, 𝐷𝜅 ). However, 𝐽𝑚,𝜅 (𝑟) → 0
for 𝑟 → 𝐷𝜅 , whereas 𝐽 exp𝑝 (𝑟𝑢) > 0 for 𝑟 ∈ [0, 𝑙), because 𝜚 has no conjugate
points. This is a contradiction.

Now suppose that 𝑓 (𝑟) = 1 for some 𝑟 > 0. Then 𝑓 is constant on [0, 𝑟], thus
𝑓 ′(𝑟) = 0. It follows that 𝐼𝑟 (𝑌𝑖 , 𝑌𝑖) = 𝐼𝑟 (ℎ𝐸𝑖 , ℎ𝐸𝑖) in the above argument, for
𝑖 = 1, . . . , 𝑚 − 1. Then Proposition 3.17 shows that 𝑌𝑖 = ℎ𝐸𝑖 on [0, 𝑟]. By taking
linear combinations, we conclude that for every parallel unit normal field 𝐸 along
𝜚 | [0,𝑟 ] , the product sn𝜅 𝐸 is a Jacobi field. Thus, by the Jacobi equation,〈

sn𝜅 𝐸, 𝑅(sn𝑘 𝐸, 𝜚
′)𝜚′

〉
=
〈
sn𝜅 𝐸,− sn′′𝜅 𝐸

〉
= 𝜅 sn2

𝜅 .

It follows that sec(span{𝜚′(𝑡), 𝐸 (𝑡)}) = 𝜅 for all 𝑡 ∈ [0, 𝑟]. □

Definition 6.3 Suppose that 𝑀 is complete, and let 𝑝 ∈ 𝑀 . For a unit vector
𝑢 ∈ 𝑇𝑀𝑝, the number

𝑡𝑢 := sup{𝑡 > 0 : 𝑑 (𝑝, exp𝑝 (𝑡𝑢)) = 𝑡} ∈ (0,∞]

is called the cut value of 𝑢. Then

Cut𝑝 := {𝑡𝑢𝑢 : 𝑢 ∈ 𝑇𝑀𝑝, |𝑢 | = 1, 𝑡𝑢 < ∞} ⊂ 𝑇𝑀𝑝

defines the tangent cut locus of 𝑝, and the set Cut(𝑝) := exp𝑝 (Cut𝑝) of cut points
of 𝑝 is the cut locus of 𝑝. The injectivity radius of 𝑀 at 𝑝 is defined as

inj𝑝 := 𝑑 (𝑝,Cut(𝑝)) = inf{𝑡𝑢 : 𝑢 ∈ 𝑇𝑀𝑝, |𝑢 | = 1},

and inj(𝑀) := inf{inj𝑝 : 𝑝 ∈ 𝑀} is the injectivity radius of 𝑀 .

Lemma 6.4 Suppose that 𝑀 is complete. Let 𝑐𝑢 : R → 𝑀 , 𝑐𝑢 (𝑡) := exp𝑝 (𝑡𝑢), be
a unit speed geodesic. If the cut value 𝑡𝑢 is finite, then (at least) one of the following
holds for 𝑡 = 𝑡𝑢:

(1) 𝑐𝑢 (𝑡) is conjugate to 𝑝 along 𝑐𝑢 | [0,𝑡 ] ,

(2) there exists a unit vector 𝑣 ∈ 𝑇𝑀𝑝 distinct from 𝑢 such that 𝑐𝑣 (𝑡) = 𝑐𝑢 (𝑡).

Conversely, if (1) or (2) holds for some 𝑡 ∈ (0,∞), then 𝑡𝑢 ≤ 𝑡.
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Proof : Choose a decreasing sequence 𝑡𝑖 → 𝑡 = 𝑡𝑢, and let 𝛾𝑖 : [0, 𝑙𝑖] → 𝑀 be a
minimizing unit speed geodesic from 𝑝 to 𝑐𝑢 (𝑡𝑖). We may assume that the vectors
𝑣𝑖 := 𝛾′

𝑖
(0) converge to a unit vector 𝑣. Then 𝑐𝑣 | [0,𝑙 ] is a minimizing geodesic from

𝑝 to 𝑐𝑢 (𝑡) for 𝑙 := lim𝑖→∞ 𝑙𝑖 . Since also 𝑐𝑢 | [0,𝑡 ] is minimizing, 𝑙 = 𝑡. In case 𝑣 ≠ 𝑢,
(2) holds. Suppose now that 𝑣 = 𝑢. Since

exp𝑝 (𝑡𝑖𝑢) = 𝑐𝑢 (𝑡𝑖) = 𝛾𝑖 (𝑙𝑖) = exp𝑝 (𝑙𝑖𝑣𝑖)

and 𝑡𝑖𝑢 → 𝑡𝑢 as well as 𝑙𝑖𝑣𝑖 → 𝑡𝑢, it follows that exp𝑝 must be singular at 𝑡𝑢,
for otherwise 𝑡𝑖𝑢 = 𝑙𝑖𝑣𝑖 and 𝑑 (𝑝, exp𝑝 (𝑡𝑖𝑢)) = 𝑑 (𝑝, 𝛾𝑖 (𝑙𝑖)) = 𝑙𝑖 = 𝑡𝑖 for large 𝑖, in
contradiction to the definition of the cut value. Hence, by Lemma 3.12, (1) holds.

Conversely, if (1) holds for some 𝑡 > 0, then 𝑑 (𝑝, 𝑐𝑢 (𝑡′)) < 𝑡′ for all 𝑡′ > 𝑡

according to Theorem 3.16, so 𝑡𝑢 ≤ 𝑡. Suppose now that (2) holds for some 𝑡 > 0,
and let 𝑡′ > 𝑡. Since 𝑣 ≠ 𝑢, the geodesics 𝑐𝑣 | [0,𝑡 ] and 𝑐𝑢 | [𝑡 ,𝑡 ′ ] form an angle less
than 𝜋 at 𝑐𝑣 (𝑡) = 𝑐𝑢 (𝑡), and therefore 𝑑 (𝑝, 𝑐𝑢 (𝑡′)) is smaller than the sum of their
lengths, 𝑡 + (𝑡′ − 𝑡) = 𝑡′. Thus 𝑡𝑢 ≤ 𝑡. □

Proposition 6.5 Suppose that 𝑀 is complete, and let 𝑝 ∈ 𝑀 .

(1) The function 𝑢 ↦→ 𝑡𝑢 (𝑢 ∈ 𝑇𝑀𝑝, |𝑢 | = 1) is continuous.

(2) The set 𝑈𝑝 := {𝑡𝑢 : 0 ≤ 𝑡 < 𝑡𝑢} is open, 𝜕𝑈𝑝 = Cut𝑝, and exp𝑝 |𝑈𝑝
is a

diffeomorphism from𝑈𝑝 onto the open set 𝑀 \ Cut(𝑝).

(3) Cut(𝑝) is a set of measure zero in 𝑀 .

Proof : We prove (1). Suppose that 𝑢𝑖 → 𝑢, and put 𝑡𝑖 := 𝑡𝑢𝑖 . Whenever 0 < 𝑟 <
lim sup𝑖→∞ 𝑡𝑖 , there are infinitely many 𝑖 such that 𝑡𝑖 > 𝑟 and hence 𝑑 (𝑝, 𝑐𝑢𝑖 (𝑟)) = 𝑟;
then 𝑑 (𝑝, 𝑐𝑢 (𝑟)) = 𝑟 and thus 𝑟 ≤ 𝑡𝑢. This shows that lim sup𝑖→∞ 𝑡𝑖 ≤ 𝑡𝑢. We
may assume that 𝑠 := lim inf𝑖→∞ 𝑡𝑖 < ∞. Then it follows from Lemma 6.4 and
Lemma 3.12 that there is a subsequence 𝑡𝑖𝑘 → 𝑠 such that either exp𝑝 is singular at
𝑡𝑖𝑘𝑢𝑖𝑘 for all 𝑘 , or

exp𝑝 (𝑡𝑖𝑘𝑣𝑘) = exp𝑝 (𝑡𝑖𝑘𝑢𝑖𝑘 )
for some convergent sequence 𝑣𝑘 → 𝑣 of unit vectors 𝑣𝑘 ≠ 𝑢𝑖𝑘 . In the first case,
exp𝑝 is singular at 𝑠𝑢 because the set of singular points is closed, so 𝑡𝑢 ≤ 𝑠 by
the same two lemmas. Now consider the second case. If 𝑣 ≠ 𝑢, then 𝑡𝑢 ≤ 𝑠 by
Lemma 6.4 since 𝑐𝑣 (𝑠) = 𝑐𝑢 (𝑠). If 𝑣 = 𝑢, then 𝑡𝑖𝑘𝑣𝑘 ≠ 𝑡𝑖𝑘𝑢𝑖𝑘 both converge to 𝑠𝑢,
which is therefore a singular point of exp𝑝, so that again 𝑡𝑢 ≤ 𝑠. Hence, 𝑡𝑖 → 𝑡𝑢. □

Theorem 6.6 (Bishop 1964) Let 𝑀 be a Riemannian𝑚-manifold with Ric ≥ (𝑚−
1)𝜅𝑔 for some constant 𝜅 ∈ R. If 𝑝 ∈ 𝑀 , and if either 𝑟 > 0 is such that 𝐵𝑟 ⊂ 𝑇𝑀𝑝

is a normal ball or 𝑀 is complete and 𝑟 > 0 is arbitrary, then

vol(𝐵(𝑝, 𝑟)) ≤ 𝑉𝑚,𝜅 (𝑟).

If 𝑀 is complete and 𝜅 > 0, then vol(𝑀) ≤ vol(M𝑚
𝜅 ), and equality holds only if 𝑀

is isometric to M𝑚
𝜅 .
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Proof : If 𝑟 > 0 is such that 𝐵𝑟 ⊂ 𝑇𝑀𝑝 is a normal ball, then it follows from
Proposition 6.2 that 𝑟 ≤ 𝐷𝜅 and

vol(𝐵(𝑝, 𝑟)) =
∫
𝐵𝑟

𝐽 exp𝑝 (𝑣) 𝑑𝑣 ≤
∫
𝐵𝑟

𝐽𝑚,𝜅 ( |𝑣 |) 𝑑𝑣 = 𝑉𝑚,𝜅 (𝑟).

Suppose now that 𝑀 is complete. If 0 < 𝑟 ≤ 𝐷𝜅 , then the desired inequality is
obtained in the same way, with the only difference that the first integral is taken
only over 𝐵𝑟 ∩ 𝑈𝑝; see Proposition 6.5. For 𝜅 > 0 and 𝑟 = 𝐷𝜅 , this yields
vol(𝑀) ≤ vol(M𝑚

𝜅 ), because then diam(𝑀) ≤ 𝑟 = diam(M𝑚
𝜅 ) and 𝑈𝑝 ⊂ 𝐵𝑟 . In

particular, the inequality vol(𝐵(𝑝, 𝑟)) ≤ 𝑉𝑚,𝜅 (𝑟) also holds for 𝑟 > 𝐷𝜅 .
To prove the last assertion, suppose that 𝑀 is complete, 𝜅 > 0, and vol(𝑀) =

vol(M𝑚
𝜅 ). Then it follows from the above argument for 𝑟 = 𝐷𝜅 that 𝑈𝑝 = 𝐵𝑟

and 𝐽 exp𝑝 (𝑣) = 𝐽𝑚,𝜅 ( |𝑣 |) for all 𝑣 ∈ 𝐵𝑟 (note that 𝐽𝑚,𝜅 > 0 on [0, 𝑟)). Now
Proposition 6.2 shows that sec(𝑃) = 𝜅 for all planes 𝑃 ⊂ 𝑇𝑀𝑝. Since 𝑝 was
arbitrary, it follows that 𝑀 is a space form of curvature 𝜅. As 𝑀 and M𝑚

𝜅 have equal
volume, they must be isometric (recall Theorem 4.13). □

The following result was observed in [Gro1981a].

Theorem 6.7 (Bishop–Gromov 1981) Let 𝑀 be a complete Riemannian 𝑚-
manifold with Ric ≥ (𝑚 − 1)𝜅𝑔 for some constant 𝜅 ∈ R, and let 𝑝 ∈ 𝑀 . Then the
function

ℎ : (0,∞) → R, ℎ(𝑟) = vol(𝐵(𝑝, 𝑟))
𝑉𝑚,𝜅 (𝑟)

,

satisfies ℎ(𝑟) ≥ ℎ(𝑠) whenever 0 < 𝑟 ≤ 𝑠 < ∞, and ℎ(𝑟) → 1 as 𝑟 → 0.

Proof : For 𝑟 > 0, let 𝐷 (𝑟) denote the set of all unit vectors 𝑢 ∈ 𝑇𝑀𝑝 with 𝑟𝑢 ∈ 𝑈𝑝,
and define

𝑎(𝑟) :=
∫
𝐷 (𝑟 )

𝑟𝑚−1𝐽 exp𝑝 (𝑟𝑢) 𝑑𝑢,

where the integration is with respect to the canonical measure on the unit sphere in
𝑇𝑀𝑝 with total mass 𝜔𝑚−1. Let 𝑏 be the corresponding function for M𝑚

𝜅 , thus

𝑏(𝑟) := 𝜔𝑚−1𝑟
𝑚−1𝐽𝑚,𝜅 (𝑟)

for 0 < 𝑟 < 𝐷𝜅 , and 𝑏(𝑟) := 0 in case 𝜅 > 0 and 𝑟 ≥ 𝐷𝜅 . Note that

vol(𝐵(𝑝, 𝑟)) =
∫ 𝑟

0
𝑎(𝑡) 𝑑𝑡 and 𝑉𝑚,𝜅 (𝑟) =

∫ 𝑟

0
𝑏(𝑡) 𝑑𝑡.

For the monotonicity of ℎ, let first 0 < 𝑟 < 𝑠 < 𝐷𝜅 . Then

𝑎(𝑠)
𝑏(𝑠) =

∫
𝐷 (𝑠)

𝐽 exp𝑝 (𝑠𝑢)
𝜔𝑚−1𝐽𝑚,𝜅 (𝑠)

𝑑𝑢 ≤
∫
𝐷 (𝑠)

𝐽 exp𝑝 (𝑟𝑢)
𝜔𝑚−1𝐽𝑚,𝜅 (𝑟)

𝑑𝑢.



82 Chapter 6 Volume comparison and applications

by Proposition 6.2. Since 𝐷 (𝑠) ⊂ 𝐷 (𝑟) (note that 𝑈𝑝 ⊂ 𝑇𝑀𝑝 is star-shaped), the
last integral is less than or equal to 𝑎(𝑟)/𝑏(𝑟). Thus

𝑎(𝑟) 𝑏(𝑠) ≥ 𝑏(𝑟) 𝑎(𝑠).

Now this inequality holds true also when 𝑠 ≥ 𝐷𝜅 , for in that case 𝑎(𝑠) = 0, because
𝑈𝑝 ⊂ 𝐵(0, 𝐷𝜅 ). Hence, for all 𝑠 > 𝑟 > 0,∫ 𝑟

0

∫ 𝑠

𝑟

𝑎(𝑡1) 𝑏(𝑡2) 𝑑𝑡2 𝑑𝑡1 ≥
∫ 𝑟

0

∫ 𝑠

𝑟

𝑏(𝑡1) 𝑎(𝑡2) 𝑑𝑡2 𝑑𝑡1

and therefore∫ 𝑟

0
𝑎

∫ 𝑠

0
𝑏 =

∫ 𝑟

0
𝑎

(∫ 𝑟

0
𝑏 +

∫ 𝑠

𝑟

𝑏

)
≥
∫ 𝑟

0
𝑏

(∫ 𝑟

0
𝑎 +

∫ 𝑠

𝑟

𝑎

)
=

∫ 𝑟

0
𝑏

∫ 𝑠

0
𝑎.

This gives the result. Clearly ℎ(𝑟) → 1 as 𝑟 → 0+. □

As a first application of the last two results we give a short proof, due to
Shiohama [Shi1983], of Cheng’s maximal diameter theorem [Che1975].

Theorem 6.8 (Cheng 1975) Let 𝑀 be a complete Riemannian 𝑚-manifold with
Ric ≥ (𝑚 − 1)𝜅𝑔 for some constant 𝜅 > 0, and with (maximal possible) diameter
diam(𝑀) = 𝐷𝜅 . Then 𝑀 is isometric to M𝑚

𝜅 .

Proof : For 𝑝 ∈ 𝑀 and 𝑟 > 0, set ℎ𝑝 (𝑟) := vol(𝐵(𝑝, 𝑟))/𝑉𝑚,𝜅 (𝑟). Now fix 𝑝, 𝑝 ∈ 𝑀
such that 𝑑 (𝑝, 𝑝) = diam(𝑀) = 𝐷𝜅 . Let 𝑟 ∈ (0, 𝐷𝜅 ), and put 𝑟 := 𝐷𝜅 − 𝑟 . The
balls 𝐵(𝑝, 𝑟) and 𝐵(𝑝, 𝑟) are disjoint, so

vol(𝑀) ≥ vol(𝐵(𝑝, 𝑟)) + vol(𝐵(𝑝, 𝑟)) = ℎ𝑝 (𝑟)𝑉𝜅,𝑚(𝑟) + ℎ 𝑝̄ (𝑟)𝑉𝜅,𝑚(𝑟).

By Theorem 6.7,

ℎ𝑝 (𝑟) ≥ ℎ𝑝 (𝐷𝜅 ) =
vol(𝑀)

vol(M𝑚
𝜅 )
, ℎ 𝑝̄ (𝑟) ≥ ℎ 𝑝̄ (𝐷𝜅 ) =

vol(𝑀)
vol(M𝑚

𝜅 )
.

Since 𝑉𝜅,𝑚(𝑟) + 𝑉𝜅,𝑚(𝑟) = vol(M𝑚
𝜅 ), it follows that equality holds in all of these

estimates, in particular ℎ𝑝 (𝑟) = vol(𝑀)/vol(M𝑚
𝜅 ), independently of 𝑟 . Since

lim𝑟→0 ℎ𝑝 (𝑟) = 1, this shows that vol(𝑀) = vol(M𝑚
𝜅 ). Hence, by Theorem 6.6, 𝑀

is isometric to M𝑚
𝜅 . □

6.2 Growth of the fundamental group

We now discuss some results from [Mi1968].
Let Γ = (Γ, · ) be a group with neutral element 𝑒. Let 𝐴 ⊂ Γ be a finite set,

and suppose that 𝐴 generates Γ, that is, every element 𝛾 ∈ Γ can be written as a
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finite product 𝛾 = 𝑎0 · · · 𝑎𝑛, where 𝑎0 = 𝑒 and 𝑎1, . . . , 𝑎𝑛 ∈ 𝐴 ∪ {𝑎−1 : 𝑎 ∈ 𝐴}.
The smallest number 𝑛 ≥ 0 for which such a representation of 𝛾 exists is called the
word length of 𝛾 with respect to 𝐴 and is denoted by |𝛾 |𝐴. Note that |𝛾 |𝐴 = 0 if
and only if 𝛾 = 𝑒, and |𝛾 |𝐴 = |𝛾−1 |𝐴 for all 𝛾 ∈ Γ. If a finite generating set 𝐴 ⊂ Γ

exists, Γ is called a finitely generated group. Setting

𝑑𝐴(𝛾1, 𝛾2) := |𝛾−1
1 𝛾2 |𝐴

for every pair of elements 𝛾1, 𝛾2 ∈ Γ, one obtains a metric on Γ, the word metric
with respect to 𝐴. For 𝛾, 𝛾1, 𝛾2 ∈ Γ,

𝑑𝐴(𝛾𝛾1, 𝛾𝛾2) = | (𝛾𝛾1)−1(𝛾𝛾2) |𝐴 = |𝛾−1
1 𝛾2 |𝐴 = 𝑑𝐴(𝛾1, 𝛾2),

so 𝑑𝐴 is left-invariant. If 𝐴′ is another finite generating set of Γ and 𝐿 :=
max𝑎∈𝐴 |𝑎 |𝐴′ , then evidently

𝑑𝐴′ (𝛾1, 𝛾2) ≤ 𝐿 𝑑𝐴(𝛾1, 𝛾2) for all 𝛾1, 𝛾2 ∈ Γ.

It follows that any two word metrics on a finitely generated group are bi-Lipschitz
equivalent.

Definition 6.9 The growth function of Γ with respect to the finite generating set 𝐴
is defined by

𝑤𝐴(𝑟) := #{𝛾 ∈ Γ : |𝛾 |𝐴 ≤ 𝑟}
for all integers 𝑟 ≥ 0. Then Γ has polynomial growth of degree at most 𝑘 ≥ 0 if
there exists a constant 𝑐 ≥ 1 such that

𝑤𝐴(𝑟) ≤ 𝑐𝑟𝑘 for all 𝑟 ,

and Γ has exponential growth if there exists a constant 𝑏 > 1 such that

𝑤𝐴(𝑟) ≥ 𝑏𝑟 for all 𝑟 .

These two properties just depend on Γ but not on the generating set: if one of
them holds for 𝐴, then it also holds with respect to any other finite generating set
𝐴′, only the constant 𝑐 or 𝑏 may need to be adjusted. Specifically, if 𝑑𝐴′ ≤ 𝐿 𝑑𝐴

as above, then 𝑤𝐴(𝑟) ≤ 𝑤𝐴′ (𝐿𝑟) for all 𝑟 . We remark further that 𝑤𝐴(𝑟 + 𝑠) ≤
𝑤𝐴(𝑟) 𝑤𝐴(𝑠), so the upper exponential bound 𝑤𝐴(𝑟) ≤ 𝑤𝐴(1)𝑟 is always satisfied.

For example, the free abelian group Γ on 𝑘 generators 𝑎1, . . . , 𝑎𝑘 has polynomial
growth of degree 𝑘 . For 𝑘 ≥ 2, the free group Γ on 𝑘 generators 𝑎1, . . . , 𝑎𝑘 has
exponential growth.

Lemma 6.10 Let (𝑀, 𝑔) be a closed Riemannian manifold with universal covering
(𝑀̃, 𝑔̃), and let Γ ⊂ Isom(𝑀̃, 𝑔̃) be the group of deck transformations. Choose a
compact set 𝐾 ⊂ 𝑀̃ such that

⋃
𝛾∈Γ 𝛾𝐾 = 𝑀̃ , and let 𝛿 > 0. Then the set

𝐴 :=
{
𝑎 ∈ Γ : 𝑑 (𝐾, 𝑎𝐾) < 𝛿}
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is finite and generates Γ; in fact, if 𝛾 ∈ Γ and 𝑛 ≥ 1 is an integer such that
𝑑 (𝐾, 𝛾𝐾) < 𝑛𝛿, then |𝛾 |𝐴 ≤ 𝑛.

In particular, the fundamental group 𝜋1(𝑀) ≃ Γ is finitely generated.

Proof : Since the action of Γ on 𝑀̃ is properly discontinuous, 𝐴 is finite. Now let
𝛾 ∈ Γ, and let 𝑛 ≥ 1 be an integer such that 𝑑 (𝐾, 𝛾𝐾) < 𝑛𝛿. Choose 𝑝0, . . . , 𝑝𝑛 ∈
𝑀̃ such that 𝑝0 ∈ 𝐾 , 𝑝𝑛 ∈ 𝛾𝐾 , and 𝑑 (𝑝𝑖−1, 𝑝𝑖) < 𝛿 for 𝑖 = 1, . . . , 𝑛. By the choice
of 𝐾 there exist 𝛾0, . . . , 𝛾𝑛 ∈ Γ such that 𝛾𝑖𝐾 contains 𝑝𝑖 , where 𝛾0 = 𝑒 and 𝛾𝑛 = 𝛾.
Setting 𝑎𝑖 := 𝛾 −1

𝑖−1𝛾𝑖 for 𝑖 = 1, . . . , 𝑛, we get that

𝛾 = (𝛾 −1
0 𝛾1) (𝛾 −1

1 𝛾2) · · · (𝛾 −1
𝑛−1𝛾𝑛) = 𝑎1𝑎2 · · · 𝑎𝑛.

Furthermore, 𝑑 (𝐾, 𝑎𝑖𝐾) = 𝑑 (𝛾𝑖−1𝐾, 𝛾𝑖𝐾) ≤ 𝑑 (𝑝𝑖−1, 𝑝𝑖) < 𝛿, thus 𝑎𝑖 ∈ 𝐴 and
|𝛾 |𝐴 ≤ 𝑛. □

Theorem 6.11 (Milnor 1968) Let 𝑀 be a closed Riemannian manifold with sec <
0. Then 𝜋1(𝑀) has exponential growth.

Proof : We continue with the notation of Lemma 6.10. Let 𝑝 ∈ 𝐾 and 𝑛 ≥ 1. If
𝛾 ∈ Γ and 𝛾𝐾 ∩ 𝐵(𝑝, 𝑛𝛿) ≠ ∅, then 𝑑 (𝐾, 𝛾𝐾) < 𝑛𝛿 and hence |𝛾 |𝐴 ≤ 𝑛 by the
lemma. Thus 𝐵(𝑝, 𝑛𝛿) is covered by 𝑤𝐴(𝑛) (or less) translates of 𝐾 , all of volume
vol(𝐾), and so

vol(𝐵(𝑝, 𝑛𝛿)) ≤ 𝑤𝐴(𝑛) vol(𝐾).

Furthermore, since sec < 0 and 𝑀 is compact, there is a constant 𝜅 < 0 such that
sec ≤ 𝜅. By Theorem 4.18 (Hadamard–Cartan), 𝐵𝑛𝛿 ⊂ 𝑇 𝑀̃𝑝 is a normal ball, so
vol(𝐵(𝑝, 𝑛𝛿)) ≥ 𝑉𝑚,𝜅 (𝑛𝛿) by Theorem 6.1 (Günther). Since 𝑉𝑚,𝜅 is exponential,
𝜋1(𝑀) ≃ Γ has exponential growth. □

Theorem 6.11 is no longer true in general if the bound on the sectional curvature
is replaced by the assumption Ric < 0: by a result of Lohkamp [Lo1992], [Lo1994],
for every 𝑚 ≥ 3 there exist constants 𝑎𝑚 > 𝑏𝑚 > 0 such that every 𝑚-dimensional
manifold 𝑀 admits a complete Riemannian metric with −𝑎𝑚(𝑚 − 1)𝑔 < Ric <
−𝑏𝑚(𝑚 − 1)𝑔.

Theorem 6.12 (Milnor 1968) Let 𝑀 be a complete Riemannian 𝑚-manifold with
Ric ≥ 0. Then every finitely generated subgroup of 𝜋1(𝑀) has polynomial growth
of degree at most 𝑚.

Proof : Let again (𝑀̃, 𝑔̃) denote the universal covering of (𝑀, 𝑔), and let Γ ≃
𝜋1(𝑀) be the group of deck transformations. Suppose that Γ′ ⊂ Γ is a non-trivial
subgroup with a finite generating set 𝐴 ⊂ Γ′. Fix a reference point 𝑝 ∈ 𝑀̃ . Put
𝜇 := max𝑎∈𝐴 𝑑 (𝑝, 𝑎(𝑝)) and note that

𝑑 (𝑝, 𝛾(𝑝)) ≤ 𝜇 |𝛾 |𝐴 for all 𝛾 ∈ Γ′.
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Let 𝜖 > 0 be such that 𝑑 (𝑝, 𝛾(𝑝)) ≥ 2𝜖 for all 𝛾 ∈ Γ′ \ {𝑒}. For every integer
𝑟 ≥ 0, the ball 𝐵(𝑝, 𝜇𝑟 + 𝜖) contains all balls 𝐵(𝛾(𝑝), 𝜖) with |𝛾 |𝐴 ≤ 𝑟 , and the
latter are pairwise disjoint by the choice of 𝜖 . As there are 𝑤𝐴(𝑟) such 𝜖-balls, all
of the same volume, we get that

𝑤𝐴(𝑟) vol(𝐵(𝑝, 𝜖)) ≤ vol(𝐵(𝑝, 𝜇𝑟 + 𝜖)) ≤ 𝑉𝑚,0(𝜇𝑟 + 𝜖)

by Theorem 6.6 (Bishop). It follows that Γ′ has polynomial growth of degree at
most 𝑚. □

For example, Theorem 6.11 shows again that the torus 𝑀 = R𝑚/Z𝑚 does not
admit a metric with sec < 0 (compare Theorem 4.26).

For another application, consider the Heisenberg group 𝑀̃ = 𝐻 of real upper
triangular 3 × 3-matrices with ones on the diagonal. The lattice Γ ⊂ 𝐻 of integer
matrices is finitely generated and has polynomial growth of degree (exactly) 4
(exercise). Now Theorem 6.11 and Theorem 6.12 show that the compact 3-manifold
𝑀̃/Γ does neither admit a metric with sec < 0 nor a metric with Ric ≥ 0.

Milnor conjectured that under the assumptions of Theorem 6.12, the funda-
mental group 𝜋1(𝑀) is finitely generated. This holds in dimension 3 [Liu2013],
[Pa2020]. Wilking [Wi2000] proved that if Γ is a group such that for some 𝑚,
every finitely generated subgroup has polynomial growth of degree at most 𝑚 (as
Γ = 𝜋1(𝑀) in Theorem 6.12), then Γ is finitely generated if and only if every
abelian subgroup is finitely generated. However, very recently, Bruè, Naber and
Semola [BruNS2025] proved Milnor’s conjecture to be wrong by constructing a
7-dimensional counterexample.

For complete manifolds of non-negative sectional curvature, the following
holds [Gro1978].

Theorem 6.13 (Gromov 1978) For every complete 𝑚-dimensional Riemannian
manifold with sec ≥ 0, the fundamental group 𝜋1(𝑀), as well as every subgroup of
𝜋1(𝑀), is generated by 3𝑚 (or less) elements.

Proof : As in the previous proofs, let 𝑀̃ be the universal Riemannian covering of 𝑀 ,
and let Γ ≃ 𝜋1(𝑀) be the group of covering transformations. Suppose that Γ′ ⊂ Γ

is a non-trivial subgroup. Fix a point 𝑝 ∈ 𝑀̃ . The following inductive procedure
will produce a finite generating set {𝑎1, . . . , 𝑎𝑘} for Γ′. First, pick 𝑎1 ∈ Γ′ \ {𝑒}
so that 𝑑1 := 𝑑 (𝑝, 𝑎1(𝑝)) ≤ 𝑑 (𝑝, 𝑎(𝑝)) for all 𝑎 ∈ Γ′ \ {𝑒}, and let Γ1 denote
the subgroup of Γ′ generated by 𝑎1. If Γ1 = Γ′, then 𝑘 = 1 and the procedure
terminates. Suppose now that elements 𝑎1, . . . , 𝑎 𝑗−1 ∈ Γ′ have been chosen and
the subgroup Γ 𝑗−1 they generate is still smaller than Γ′. Then pick 𝑎 𝑗 ∈ Γ′ \ Γ 𝑗−1
such that

𝑑 𝑗 := 𝑑 (𝑝, 𝑎 𝑗 (𝑝)) ≤ 𝑑 (𝑝, 𝑎(𝑝)) for all 𝑎 ∈ Γ′ \ Γ 𝑗−1,



86 Chapter 6 Volume comparison and applications

and let Γ 𝑗 denote the subgroup generated by 𝑎1, . . . , 𝑎 𝑗 . For every 𝑖 ∈ {1, . . . , 𝑗−1},
we have that 𝑎𝑖 ∈ Γ𝑖 ⊂ Γ 𝑗−1 and 𝑎 𝑗 ∉ Γ 𝑗−1, thus 𝑎−1

𝑖
𝑎 𝑗 ∉ Γ 𝑗−1 and

𝑑𝑖 𝑗 := 𝑑 (𝑎𝑖 (𝑝), 𝑎 𝑗 (𝑝)) = 𝑑 (𝑝, (𝑎−1
𝑖 𝑎 𝑗) (𝑝)) ≥ 𝑑 𝑗 ;

furthermore 𝑑 𝑗 ≥ 𝑑𝑖 by the choice of 𝑎𝑖 . It then follows from Theorem 5.15
(Toponogov) that for any choice of segments from 𝑝 to 𝑎1(𝑝), . . . , 𝑎 𝑗 (𝑝), the angle
∡𝑝 (𝑎𝑖 (𝑝), 𝑎 𝑗 (𝑝)) is greater than or equal to the corresponding angle in a Euclidean
triangle with sides of lengths 𝑑𝑖 ≤ 𝑑 𝑗 ≤ 𝑑𝑖 𝑗 , which is at least 𝜋

3 . Hence, the
procedure will terminate after finitely many iterations, for 𝑗 = 2, . . . , 𝑘 , when
Γ𝑘 = Γ′. The number 𝑘 is no larger than the maximal cardinality of a set of unit
vectors in 𝑇𝑀𝑝 with mutual angles ≥ 𝜋/3, or the maximal number of pairwise
disjoint open balls of radius 1

2 contained in 𝐵3/2 ⊂ 𝑇𝑀𝑝, which is less than or equal
to 3𝑚. □

6.3 Gromov–Hausdorff convergence

For subsets 𝐴, 𝐵 of a metric space 𝑋 = (𝑋, 𝑑) we denote by

𝑁𝛿 (𝐴) = {𝑥 ∈ 𝑋 : 𝑑 (𝑥, 𝐴) ≤ 𝛿}

the closed 𝛿-neighborhood of 𝐴 and by

𝑑H(𝐴, 𝐵) = inf{𝛿 ≥ 0 : 𝐴 ⊂ 𝑁𝛿 (𝐵), 𝐵 ⊂ 𝑁𝛿 (𝐴)} ∈ [0,∞]

the Hausdorff distance of 𝐴 and 𝐵; 𝑑H defines a metric on the set Cof non-empty,
closed and bounded subsets of 𝑋 .

Recall that a metric space 𝑋 is said to be precompact or totally bounded if for
every 𝜖 > 0, 𝑋 can be covered by a finite number of closed balls of radius 𝜖 . A
metric space is compact if and only if it is precompact and complete.

The following result goes back to Blaschke’s “Auswahlsatz” (Selection Theo-
rem) for compact convex bodies in R3, see [Bl1916].

Theorem 6.14 Suppose that 𝑋 is a metric space and C is the set of non-empty,
closed and bounded subsets of 𝑋 , endowed with the Hausdorff metric 𝑑H.

(1) If 𝑋 is complete, then C is complete.

(2) If 𝑋 is compact, then C is compact.

Proof : For the proof (1), let (𝐵𝑖)𝑖∈N be a Cauchy sequence in C. We show that it
converges in the Hausdorff distance to the closed set

𝐶 :=
∞⋂
𝑖=1

⋃
𝑗≥𝑖
𝐵 𝑗 .
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Let 𝜖 > 0. Choose 𝑖0 such that 𝑑H(𝐵𝑖 , 𝐵 𝑗) < 𝜖/2 whenever 𝑖, 𝑗 ≥ 𝑖0. Suppose that
𝑥 ∈ 𝐶. Since 𝐶 ⊂ ⋃

𝑗≥𝑖0 𝐵 𝑗 , there is an index 𝑗 ≥ 𝑖0 such that 𝑑 (𝑥, 𝐵 𝑗) < 𝜖/2.
Hence

𝑑 (𝑥, 𝐵𝑖) ≤ 𝑑 (𝑥, 𝐵 𝑗) + 𝑑H(𝐵𝑖 , 𝐵 𝑗) < 𝜖 for all 𝑖 ≥ 𝑖0.

This shows that 𝐶 ⊂ 𝑁𝜖 (𝐵𝑖) for 𝑖 ≥ 𝑖0, in particular 𝐶 is bounded. Now let 𝑥 ∈ 𝐵𝑖

for some 𝑖 ≥ 𝑖0. Pick a sequence 𝑖 = 𝑖1 < 𝑖2 < . . . such that 𝑑H(𝐵𝑚, 𝐵𝑛) < 𝜖/2𝑘

whenever 𝑚, 𝑛 ≥ 𝑖𝑘 , 𝑘 ∈ N. Then choose a sequence (𝑥𝑘)𝑘∈N such that 𝑥1 = 𝑥,
𝑥𝑘 ∈ 𝐵𝑖𝑘 and 𝑑 (𝑥𝑘 , 𝑥𝑘+1) < 𝜖/2𝑘 . As 𝑋 is complete, the Cauchy sequence (𝑥𝑘)
converges to some point 𝑦. It follows that

𝑑 (𝑥, 𝑦) = lim
𝑘→∞

𝑑 (𝑥, 𝑥𝑘) ≤
∞∑︁
𝑘=1

𝑑 (𝑥𝑘 , 𝑥𝑘+1) < 𝜖,

and 𝑦 belongs to
⋃

𝑙≥𝑘 𝐵𝑖𝑙 for every 𝑘 ∈ N. Thus 𝑦 ∈ 𝐶, in particular 𝐶 is
non-empty, and 𝑑 (𝑥, 𝐶) < 𝜖 . This shows that 𝐵𝑖 ⊂ 𝑁𝜖 (𝐶) for 𝑖 ≥ 𝑖0.

To prove (2), suppose now that 𝑋 is compact. In view of (1), it suffices to
show that C is precompact. Let 𝜖 > 0. There exists a finite set 𝐴 ⊂ 𝑋 such that
𝑁𝜖 (𝐴) = 𝑋 . We show that every 𝐵 ∈ C is at Hausdorff distance at most 𝜖 of
some subset of 𝐴, namely 𝐴𝐵 := 𝐴 ∩ 𝑁𝜖 (𝐵). For every 𝑦 ∈ 𝐵 there exists a point
𝑥 ∈ 𝐴 with 𝑑 (𝑥, 𝑦) ≤ 𝜖 , so 𝑥 ∈ 𝐴𝐵. This shows that 𝐵 ⊂ 𝑁𝜖 (𝐴𝐵). Since also
𝐴𝐵 ⊂ 𝑁𝜖 (𝐵), we have 𝑑H(𝐵, 𝐴𝐵) ≤ 𝜖 . As there are only finitely many distinct
subsets of 𝐴, it follows that C is precompact. □

The next definition originates from [Gro1981b].

Definition 6.15 The Gromov–Hausdorff distance 𝑑GH(𝑋,𝑌 ) ∈ [0,∞] of two met-
ric spaces 𝑋,𝑌 is defined as the infimum of all 𝛿 ≥ 0 for which there exist a metric
space (𝑍, 𝑑𝑍 ) and subsets 𝑋 ′, 𝑌 ′ ⊂ 𝑍 isometric to 𝑋,𝑌 , respectively, such that
𝑑𝑍H (𝑋 ′, 𝑌 ′) ≤ 𝛿.

For example, if both 𝑋 and 𝑌 have diameter less than or equal to 𝐷 ≥ 0, then
𝑑GH(𝑋,𝑌 ) ≤ 1

2𝐷: choose (𝑍, 𝑑𝑍 ) as the union of disjoint isometric copies 𝑋 ′, 𝑌 ′

of 𝑋,𝑌 , where 𝑑𝑍 (𝑥, 𝑦) = 𝑑𝑍 (𝑦, 𝑥) := 1
2𝐷 for every pair (𝑥, 𝑦) ∈ 𝑋 ′ × 𝑌 ′ (notice

that 𝑑𝑍 satisfies the triangle inequality).

Proposition 6.16 (1) 𝑑GH satisfies the triangle inequality, that is, for all metric
spaces 𝑋,𝑌, 𝑍 ,

𝑑GH(𝑋, 𝑍) ≤ 𝑑GH(𝑋,𝑌 ) + 𝑑GH(𝑌, 𝑍).

(2) 𝑑GH defines a metric on the set of isometry classes of compact metric spaces.

Proof : See, for example, Proposition 7.3.16 and Theorem 7.3.30 in [BuBI2001]. □



88 Chapter 6 Volume comparison and applications

The following example shows that the second part of Proposition 6.16 does
not hold more generally for complete and bounded spaces (as the definition of
(C, 𝑑H) might suggest). Let 𝑋 be the geodesic tree with one central vertex and
edges of length 1 − 1

2 , 1 − 1
3 , 1 − 1

4 , . . . attached to it, and define 𝑌 similarly, but
with an additional segment of length 1. Then 𝑑GH(𝑋,𝑌 ) = 0 despite 𝑋 and𝑌 being
non-isometric (exercise).

Note also that every compact metric space 𝑋 admits an isometric embedding
into the Banach space 𝑙∞ of bounded sequences with the supremum norm: choose
a dense sequence (𝑥𝑘)𝑘∈N in 𝑋 and put 𝑓 (𝑥) := (𝑑 (𝑥, 𝑥𝑘))𝑘∈N ∈ 𝑙∞; then

∥ 𝑓 (𝑥) − 𝑓 (𝑦)∥∞ = sup
𝑘

|𝑑 (𝑥, 𝑥𝑘) − 𝑑 (𝑦, 𝑥𝑘) | ≤ 𝑑 (𝑥, 𝑦)

due to the triangle inequality, and by taking a sequence 𝑥𝑘 (1) , 𝑥𝑘 (2) , . . . converging
to 𝑦 one sees that equality holds. This holds more generally for all separable metric
spaces 𝑋 , with 𝑓 (𝑥) := (𝑑 (𝑥, 𝑥𝑘) − 𝑑 (𝑧, 𝑥𝑘))𝑘∈N for some base point 𝑧 ∈ 𝑋 , and is
due to Fréchet [Fr1909].

A family (𝑋𝛼)𝛼∈𝐴 of metric spaces, for any index set 𝐴, is called uniformly
precompact if sup𝛼∈𝐴 diam(𝑋𝛼) < ∞ and for all 𝜖 > 0 there exists an integer 𝑛(𝜖)
such that each 𝑋𝛼 can be covered by 𝑛(𝜖) open balls of radius 𝜖 .

Theorem 6.17 (Gromov 1981) Suppose that (𝑋𝛼)𝛼∈𝐴 is a uniformly precompact
family of metric spaces.

(1) There exists a compact metric space 𝑍 such that each 𝑋𝛼 admits an isometric
embedding into 𝑍 .

(2) Every sequence in (𝑋𝛼)𝛼∈𝐴 has a subsequence that converges in the Gromov–
Hausdorff distance to a compact metric space.

We follow essentially the original proof from [Gro1981b].

Proof : We prove (1). For 𝑖 ∈ N := {1, 2, . . .}, put 𝜖𝑖 := 2−𝑖 and let 𝑛𝑖 ∈ N

be such that each 𝑋𝛼 can be covered by 𝑛𝑖 open balls of radius 𝜖𝑖 . Fix a partition
N =

⋃∞
𝑖=1 𝑁𝑖 and a map 𝜋 : N\𝑁1 → N such that the set 𝑁𝑖 has 𝑛1𝑛2 . . . 𝑛𝑖 elements

and for every 𝑘 ∈ 𝑁𝑖 , 𝜋−1{𝑘} is a subset of 𝑁𝑖+1 of cardinality 𝑛𝑖+1. In each 𝑋𝛼,
construct a sequence (𝑥𝛼

𝑘
)𝑘∈N in the following way. For 𝑖 = 1, choose 𝑥𝛼

𝑘
for 𝑘 ∈ 𝑁1

so that the 𝑛1 balls 𝐵(𝑥𝛼
𝑘
, 𝜖1) cover 𝑋𝛼. For 𝑖 ≥ 1, if the 𝑛1𝑛2 . . . 𝑛𝑖 points 𝑥𝛼

𝑘
with

𝑘 ∈ 𝑁𝑖 are already selected, choose 𝑥𝛼
𝑙

for 𝑙 ∈ 𝑁𝑖+1 so that for every 𝑘 ∈ 𝑁𝑖 , the 𝑛𝑖+1
balls 𝐵(𝑥𝛼

𝑙
, 𝜖𝑖+1) with 𝑙 ∈ 𝜋−1{𝑘} cover 𝐵(𝑥𝛼

𝑘
, 𝜖𝑖) and are contained in 𝐵(𝑥𝛼

𝑘
, 2𝜖𝑖).

This inductive process yields for each 𝛼 ∈ 𝐴 a dense sequence (𝑥𝛼
𝑘
)𝑘∈N in 𝑋𝛼. Let

𝑓𝛼 : 𝑋𝛼 → 𝑙∞ be the isometric embedding that maps 𝑥 to (𝑑 (𝑥, 𝑥𝛼
𝑘
))𝑘∈N. For 𝑖 ∈ N,

𝑘 ∈ 𝑁𝑖 , and 𝑙 ∈ 𝜋−1{𝑘},

|𝑑 (𝑥, 𝑥𝛼𝑘 ) − 𝑑 (𝑥, 𝑥
𝛼
𝑙 ) | ≤ 𝑑 (𝑥𝛼𝑘 , 𝑥

𝛼
𝑙 ) < 2𝜖𝑖 .
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In particular, each 𝑓𝛼 (𝑋𝛼) lies in the closed subset 𝑍 ⊂ 𝑙∞ of all sequences (𝑠𝑘)𝑘∈N
such that 0 ≤ 𝑠𝑘 ≤ sup𝛼 diam(𝑋𝛼) < ∞ for all 𝑘 ∈ N and

|𝑠𝑘 − 𝑠𝑙 | ≤ 2𝜖𝑖 whenever 𝑖 ∈ N and 𝜋(𝑙) = 𝑘 ∈ 𝑁𝑖 .

It follows that if 𝑖 ∈ N and 𝑙 ∈ 𝑁 𝑗 for some 𝑗 > 𝑖, and 𝑘 := 𝜋 𝑗−𝑖 (𝑙) ∈ 𝑁𝑖 , then
|𝑠𝑘 − 𝑠𝑙 | ≤

∑∞
𝑗=𝑖 2𝜖 𝑗 = 4𝜖𝑖 . Now it is not difficult to see that 𝑍 ⊂ 𝑙∞ is precompact.

Hence, as a closed subset of a Banach space, 𝑍 is compact.
(2) follows directly from (1) and the second part of Theorem 6.14. □

Theorem 6.18 (Gromov) For 𝑚 ≥ 2, 𝜅 ∈ R, and 𝐷 > 0, the set M of isometry
classes of closed Riemannian𝑚-manifolds𝑀 with Ric ≥ 𝜅(𝑚−1)𝑔 and diam(𝑀) ≤
𝐷 is uniformly precompact. In particular, every sequence in Mhas a subsequence
that converges in the Gromov–Hausdorff distance to a compact metric space.

Proof : Let 𝜖 ∈ (0, 𝐷), and let 𝑀 ∈ M. Suppose that 𝐴 ⊂ 𝑀 is a finite set such
that 𝑑 (𝑝, 𝑞) ≥ 𝜖 for every pair of distinct points 𝑝, 𝑞 ∈ 𝐴. Let 𝑧 ∈ 𝐴 be such that
vol(𝐵(𝑧, 𝜖/2)) ≤ vol(𝐵(𝑝, 𝜖/2)) for all 𝑝 ∈ 𝐴. Then vol(𝑀) ≥ |𝐴| vol(𝐵(𝑧, 𝜖/2)),
and therefore

|𝐴| ≤ vol(𝑀)
vol(𝐵(𝑧, 𝜖/2)) =

vol(𝐵(𝑧, 𝐷))
vol(𝐵(𝑧, 𝜖/2)) ≤

𝑉𝑚,𝜅 (𝐷)
𝑉𝑚,𝜅 (𝜖/2) =: 𝑛(𝜖)

by Theorem 6.7 (Bishop–Gromov). If 𝐴 is a maximal such set, then the collection
{𝐵(𝑝, 𝜖) : 𝑝 ∈ 𝐴} covers 𝑀 (otherwise there would exist a point 𝑞 ∈ 𝑀 with
𝑑 (𝑝, 𝑞) ≥ 𝜖 for all 𝑝 ∈ 𝐴, which we could add to 𝐴). Hence, every 𝑀 ∈ M

can be covered by 𝑛(𝜖) open balls of radius 𝜖 . The second assertion follows from
Theorem 6.17. □

Remark 6.19 Suppose that a sequence of metric spaces 𝑋𝑖 converges in the
Gromov–Hausdorff distance to a complete metric space 𝑋 . Then the following
hold:

(1) If each 𝑋𝑖 is a length space, then 𝑋 is a length space.

(2) If each 𝑋𝑖 is proper, then 𝑋 is proper.

(3) If each 𝑋𝑖 is proper and geodesic, then 𝑋 is proper and geodesic. (This
uses (1), (2), and Theorem 1.26).

(4) If each 𝑋𝑖 is a proper, geodesic metric space of curvature ≥ 𝜅 ∈ R in the
sense of Alexandrov, then 𝑋 has the same properties. (This follows from (3)
and Theorem 5.15.)
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6.4 Diffeomorphism finiteness

In this section we explain, following [Gro1981c], how Theorem 6.18 can be used
for the proof of a finiteness theorem due to Cheeger [Ch1970] (see also [Pet1984]).
We start with a result from [Kl1959].

Proposition 6.20 (Klingenberg) Let 𝑀 be a closed Riemannian manifold.

(1) Let 𝑝 ∈ 𝑀 , and let 𝑞 be a point in Cut(𝑝) with minimal distance to 𝑝,

𝑙 := 𝑑 (𝑝, 𝑞) = 𝑑 (𝑝,Cut(𝑝)) = inj𝑝 .

If 𝑞 is not conjugate to 𝑝 along any minimizing geodesic from 𝑝 to 𝑞, then
there exist exactly two distinct minimizing geodesics 𝜎, 𝜏 : [0, 𝑙] → 𝑀 from
𝑝 to 𝑞, and 𝜎′(𝑙) = −𝜏′(𝑙).

(2) If sec ≤ 𝜅 and inj(𝑀) < 𝐷𝜅 for some 𝜅 > 0, then there exists a closed
geodesic in 𝑀 of length 2 inj(𝑀).

Proof : We prove (1). If 𝑞 is not conjugate to 𝑝 along any minimizing geodesic,
then by Lemma 6.4 there exist two distinct minimizing geodesics 𝜎, 𝜏 : [0, 𝑙] → 𝑀

from 𝑝 to 𝑞, and it suffices to show that necessarily 𝜎′(𝑙) = −𝜏′(𝑙). Suppose to
the contrary that 𝜎′(𝑙) ≠ −𝜏′(𝑙). Then ⟨𝑤, 𝜎′(𝑙)⟩, ⟨𝑤, 𝜏′(𝑙)⟩ < 0 for some vector
𝑤 ∈ 𝑇𝑀𝑞. Since exp𝑝 is regular at both 𝑙𝜎′(0) and 𝑙𝜏′(0) (as 𝑞 is not conjugate
to 𝑝 along 𝜎 or 𝜏), there exists an open neighborhood 𝑉 of 𝑞 in 𝑀 such that exp𝑝

maps some disjoint neighborhoods of 𝑙𝜎′(0) and 𝑙𝜏′(0) diffeomorphically onto 𝑉 .
Choose a curve 𝑐 : (−𝜖, 𝜖) → 𝑉 with 𝑐(0) = 𝑞 and 𝑐′(0) = 𝑤. Then there exists
a variation of 𝜎 = 𝜎0 through geodesics 𝜎𝑠 : [0, 𝑙] → 𝑀 from 𝑝 to 𝑐(𝑠). By the
first variation formula, 𝑑

𝑑𝑠

��
𝑠=0𝐿 (𝜎𝑠) = ⟨𝑤, 𝜎′(𝑙)⟩ < 0, thus 𝐿 (𝜎𝑠) < 𝐿 (𝜎) = 𝑙 for

small 𝑠 > 0. Analogously, there exists a variation of 𝜏 = 𝜏0 through geodesics
𝜏𝑠 : [0, 𝑙] → 𝑀 from 𝑝 to 𝑐(𝑠) with 𝐿 (𝜏𝑠) < 𝑙 for small 𝑠 > 0. This contradicts the
injectivity of exp𝑝 on𝑈𝑝 (see Proposition 6.5).

For (2), note that since 𝑀 is compact, there exist 𝑝 ∈ 𝑀 and 𝑞 ∈ Cut(𝑝)
such that inj𝑝 = inj(𝑀) and 𝑙 := 𝑑 (𝑝, 𝑞) = 𝑑 (𝑝,Cut(𝑝)) = inj𝑝. Since sec ≤ 𝜅,
Theorem 3.19 (Rauch) shows that there are no conjugate points along geodesics of
length 𝑙 = inj(𝑀) < 𝐷𝜅 . Hence, by (1), there exist two minimizing geodesics
𝜎, 𝜏 : [0, 𝑙] → 𝑀 from 𝑝 to 𝑞 such that 𝜎′(𝑙) = −𝜏′(𝑙). Furthermore, by
Lemma 6.4, the cut value of −𝜎′(𝑙) ∈ 𝑇𝑀𝑞 is less than or equal to 𝑙 = inj(𝑀),
hence equal to 𝑙, and so 𝑝 ∈ Cut(𝑞) and 𝑑 (𝑝, 𝑞) = inj𝑞. Now it follows again
from (1) that also −𝜎′(0) = 𝜏′(0). □

Proposition 6.21 (Cheeger) Given 𝑚 ≥ 2, 𝜅 ∈ R, and 𝐷,𝑉 > 0, there exists a
constant 𝑙 > 0 such that if 𝑀 is a closed Riemannian 𝑚-manifold with sec ≥ 𝜅,
diam(𝑀) ≤ 𝐷, and vol(𝑀) > 𝑉 , then every non-constant closed geodesic in 𝑀
has length greater than 𝑙.
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Proof : In case 𝜅 > 0 we suppose without loss of generality that 𝐷 ≤ 𝐷𝜅 . Let
𝜎 : R → 𝑀 be a closed unit speed geodesic with period 𝑏 > 0. Put 𝑝 := 𝜎(0) and
𝑢 := 𝜎′(0). For 𝑟 ∈ (0, 𝐷) and 𝛼 ∈ (0, 𝜋/2), consider the open subset

𝑊𝑟 ,𝛼 := 𝐵𝐷 \ {𝑣 : |𝑣 | ≥ 𝑟, ∡(𝑢, 𝑣) ∈ [0, 𝛼] ∪ [𝜋 − 𝛼, 𝜋]}

of 𝑇𝑀𝑝. Fix a linear isometry 𝐻 : 𝑇𝑀𝑝 → 𝑇 (M𝑚
𝜅 )𝑞 for some 𝑞 ∈ M𝑚

𝜅 . Since
𝑉 < vol(𝑀) ≤ 𝑉𝑚,𝜅 (𝐷) by Theorem 6.6, we can choose 𝑟 and 𝛼 such that

vol(exp𝑞 (𝐻 (𝑊𝑟 ,𝛼))) = 𝑉.

Let𝑈𝑝 ⊂ 𝑇𝑀𝑝 be as in Proposition 6.5. By Proposition 6.2,

𝑉 < vol(𝑀) = vol(exp𝑝 (𝑈𝑝)) ≤ vol(exp𝑞 (𝐻 (𝑈𝑝))).

Hence, 𝑈𝑝 ̸⊂ 𝑊𝑟 ,𝛼. Since 𝑈𝑝 ⊂ 𝐵𝐷 , it follows that there exists a minimizing
unit speed geodesic 𝜚 : [0, 𝑟] → 𝑀 with 𝜚(0) = 𝑝 such that ∡(𝑢, 𝜚′(0)) is ≤ 𝛼 or
≥ 𝜋 − 𝛼. By reversing 𝜎 if necessary, we arrange that ∡(𝑢, 𝜚′(0)) ≤ 𝛼. Recall that
𝛼 < 𝜋/2. Now it follows by generalized hinge comparison (see Remark 5.16) that
there exists a constant 𝑙 > 0, depending only on 𝜅, 𝑟, 𝛼 (where 𝑟, 𝛼 depend only on
𝑚, 𝜅, 𝐷,𝑉), such that for all 𝑠 ∈ (0, 𝑙],

𝑑 (𝜎(𝑠), 𝜚(𝑟)) < 𝑟 = 𝑑 (𝑝, 𝜚(𝑟)).

Since 𝑝 = 𝜎(𝑏), this implies that 𝑏 > 𝑙. □

Theorem 6.22 (Gromov) Given 𝑚 ≥ 2 and 𝜅, 𝜚 > 0, there exists a constant 𝛿 > 0
such that if 𝑀, 𝑀 ′ are two closed Riemannian 𝑚-manifolds with

| sec𝑀 |, | sec𝑀′ | ≤ 𝜅, inj(𝑀), inj(𝑀 ′) ≥ 𝜚, and 𝑑GH(𝑀, 𝑀 ′) < 𝛿,

then 𝑀 and 𝑀 ′ are diffeomorphic.

Proof : See Section 8.D in [Gro1981c] and the references therein. □

Theorem 6.23 (Cheeger 1970) Given 𝑚 ≥ 2 and 𝜅, 𝐷,𝑉 > 0, there exist only
finitely many diffeomorphism classes of closed Riemannian 𝑚-manifolds 𝑀 with
| sec𝑀 | ≤ 𝜅, diam(𝑀) ≤ 𝐷, and vol(𝑀) ≥ 𝑉 .

Proof : Proposition 6.21 provides a positive lower bound for the length of non-
constant closed geodesics, and by the second part of Proposition 6.20 there exists
a constant 𝜚 > 0 such that inj(𝑀) ≥ 𝜚 for every such 𝑀 . Now the result follows
from Theorem 6.18 and Theorem 6.22. □
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Chapter 7

Open manifolds of non-negative
curvature

We will now discuss the global shape of open (that is, complete and non-
compact) Riemannian manifolds of non-negative sectional curvature. Some gen-
eral references are [GrM1969], [ChG1972], [Sh1974], Section 8 in [ChE1975],
and [Pe1994].

We start with a brief general discussion of Busemann functions.

7.1 Busemann functions

Let𝑀 be a complete Riemannian manifold. A ray 𝜚 in𝑀 is a geodesic 𝜚 : [0,∞) →
𝑀 , parametrized by arc length, such that 𝑑 (𝜚(𝑠), 𝜚(𝑡)) = |𝑠 − 𝑡 | for all 𝑠, 𝑡 ∈
[0,∞). If 𝑀 is non-compact, then for every point 𝑝 ∈ 𝑀 there is at least one
ray 𝜚 with 𝜚(0) = 𝑝. To see this, choose a sequence of minimizing geodesics
𝜚𝑖 : [0, 𝑑 (𝑝, 𝑞𝑖)] → 𝑀 from 𝑝 to 𝑞𝑖 , where 𝑑 (𝑝, 𝑞𝑖) → ∞; then some subsequence
converges uniformly on compact sets to a ray emanating from 𝑝.

Now let a ray 𝜚 in 𝑀 be given. For 𝑥 ∈ 𝑀 and 𝑡 ≥ 𝑠 ≥ 0,

𝑑 (𝑥, 𝜚(𝑡)) − 𝑡 ≤ 𝑑 (𝑥, 𝜚(𝑠)) + 𝑑 (𝜚(𝑠), 𝜚(𝑡)) − 𝑡 = 𝑑 (𝑥, 𝜚(𝑠)) − 𝑠,

furthermore the function 𝑡 ↦→ 𝑑 (𝑥, 𝜚(𝑡)) − 𝑡 is bounded from below by −𝑑 (𝑥, 𝜚(0)).
Therefore the limit

𝑏 𝜚 (𝑥) := lim
𝑡→∞

𝑑 (𝑥, 𝜚(𝑡)) − 𝑡

exists. This defines the Busemann function 𝑏 𝜚 : 𝑀 → R of 𝜚. Note that 𝑏 𝜚 (𝜚(𝑠)) =
−𝑠 for all 𝑠 ≥ 0. If 𝑥, 𝑦 ∈ 𝑀 , then |𝑑 (𝑥, 𝜚(𝑡)) − 𝑑 (𝑦, 𝜚(𝑡)) | ≤ 𝑑 (𝑥, 𝑦) for all 𝑡 ≥ 0
and thus

|𝑏 𝜚 (𝑥) − 𝑏 𝜚 (𝑦) | ≤ 𝑑 (𝑥, 𝑦);

that is, 𝑏 𝜚 is 1-Lipschitz.

93
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For 𝑟 ∈ R, the level set {𝑏 𝜚 = 𝑟} is called a horosphere, the sublevel set
𝐵(𝜚, 𝑟) := {𝑏 𝜚 < 𝑟} an (open) horoball. Note that

𝐵(𝜚, 𝑟) =
⋃

𝑡∈[0,∞)
𝐵(𝜚(𝑡), 𝑟 + 𝑡);

indeed, both sides are equal to the set of all 𝑥 ∈ 𝑀 with the property that 𝑑 (𝑥, 𝜚(𝑡))−
𝑡 < 𝑟 for some 𝑡 ≥ 0.

Lemma 7.1 Let 𝑀 be a complete Riemannian manifold. Given a ray 𝜚 and a point
𝑞 in 𝑀 , there exists a ray 𝜎 such that 𝜎(0) = 𝑞 and

𝑏 𝜚 (𝜎(𝑠)) = 𝑏 𝜚 (𝑞) − 𝑠

for all 𝑠 ≥ 0. The Busemann function 𝑏𝜎 of any such ray 𝜎 satisfies

𝑏𝜎 (𝑥) ≥ 𝑏 𝜚 (𝑥) − 𝑏 𝜚 (𝑞)

for every 𝑥 ∈ 𝑀 .

Note that, since 𝑏 𝜚 is 1-Lipschitz, the inequality 𝑏 𝜚 (𝑐(𝑠)) ≥ 𝑏 𝜚 (𝑞) − 𝑠 holds
for any unit speed curve 𝑐 : [0,∞) → 𝑀 with 𝑐(0) = 𝑞. The ray 𝜎 is thus a curve
of steepest descent for the function 𝑏 𝜚 .

Proof : For every 𝑡 ≥ 0, let 𝜎𝑡 : [0, 𝑑 (𝑞, 𝜚(𝑡)] → 𝑀 be a minimizing geodesic
from 𝑞 to 𝜚(𝑡). Then, for a fixed 𝑠 ≥ 0 and for all sufficiently large 𝑡, since 𝑏 𝜚 is
1-Lipschitz,

𝑏 𝜚 (𝑞) − 𝑠 ≤ 𝑏 𝜚 (𝜎𝑡 (𝑠)) ≤ 𝑏 𝜚 (𝜚(𝑡)) + 𝑑 (𝜎𝑡 (𝑠), 𝜚(𝑡)) = −𝑡 + 𝑑 (𝑞, 𝜚(𝑡)) − 𝑠.

As 𝑡 → ∞, the last term tends to 𝑏 𝜚 (𝑞) − 𝑠, hence 𝑏 𝜚 (𝜎𝑡 (𝑠)) → 𝑏 𝜚 (𝑞) − 𝑠 as
well. For some sequence 𝑡𝑖 → ∞ the 𝜎𝑡𝑖 converge, uniformly on compact sets, to
the desired ray 𝜎.

Let 𝑥 ∈ 𝑀 . Since 𝑑 (𝑥, 𝜎(𝑠)) − 𝑠 ≥ 𝑏 𝜚 (𝑥) − 𝑏 𝜚 (𝜎(𝑠)) − 𝑠 = 𝑏 𝜚 (𝑥) − 𝑏 𝜚 (𝑞)
for all 𝑠 ≥ 0, the Busemann function of 𝜎 satisfies 𝑏𝜎 (𝑥) ≥ 𝑏 𝜚 (𝑥) − 𝑏 𝜚 (𝑞), as
claimed. □

Let further 𝑀 denote a complete Riemannian manifold. A set 𝐶 ⊂ 𝑀 is
called totally convex if every geodesic 𝑐 : [0, 1] → 𝑀 (minimizing or not) with
𝑐(0), 𝑐(1) ∈ 𝐶 satisfies 𝑐(𝜆) ∈ 𝐶 for all 𝜆 ∈ [0, 1].

A function 𝑓 : 𝐶 → R on a totally convex set 𝐶 ⊂ 𝑀 is called concave if for
every geodesic 𝑐 : [0, 1] → 𝐶 and every 𝜆 ∈ [0, 1],

𝑓 (𝑐(𝜆)) ≥ (1 − 𝜆) 𝑓 (𝑐(0)) + 𝜆 𝑓 (𝑐(1)).

Note that then, for every 𝑟 ∈ R, the superlevel set { 𝑓 ≥ 𝑟} is totally convex. To
check that 𝑓 is concave, since geodesics are locally minimizing, it suffices to verify
the above inequality for every minimizing geodesic 𝑐 : [0, 1] → 𝐶.
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Lemma 7.2 Let 𝑀 be a complete Riemannian manifold of non-negative sectional
curvature, and let 𝜚 be a ray in 𝑀 . Then the Busemann function 𝑏 𝜚 : 𝑀 → R

is concave, thus for every 𝑟 ∈ R the horoball complement 𝐶 := 𝑀 \ 𝐵(𝜚, 𝑟) is a
closed totally convex subset of 𝑀 .

Proof : Let 𝑐 : [0, 1] → 𝑀 be a minimizing geodesic from 𝑥 to 𝑦 ≠ 𝑥. Let
𝜆 ∈ (0, 1), and put 𝑞 := 𝑐(𝜆). By Lemma 7.1 there exists a ray 𝜎 with 𝜎(0) = 𝑞
whose Busemann function satisfies

𝑏𝜎 (𝑧) ≥ 𝑏 𝜚 (𝑧) − 𝑏 𝜚 (𝑞)

for all 𝑧 ∈ 𝑀 . Let 𝛾 denote the angle between 𝜎′(0) and 𝑐′(𝜆). Now choose a
segment 𝑥𝑦̄ and a ray 𝜎̄ inR2 such that 𝑑 (𝑥, 𝑦̄) = 𝑑 (𝑥, 𝑦), 𝜎̄(0) = 𝑞 := (1−𝜆)𝑥+𝜆𝑦̄,
and 𝜎̄ forms the same angle 𝛾 with 𝑞𝑦̄. By Theorem 5.15 (hinge comparison (H0)),
𝑑 (𝑥, 𝜎(𝑠)) ≤ 𝑑 (𝑥, 𝜎̄(𝑠)) for all 𝑠 ≥ 0, and therefore 𝑏𝜎 (𝑥) ≤ 𝑏 𝜎̄ (𝑥). Together
with the above inequality for 𝑧 = 𝑥 this gives 𝑏 𝜚 (𝑥) − 𝑏 𝜚 (𝑞) ≤ 𝑏 𝜎̄ (𝑥). Likewise,
𝑏 𝜚 (𝑦) − 𝑏 𝜚 (𝑞) ≤ 𝑏 𝜎̄ ( 𝑦̄). Combining these two inequalities we obtain

(1 − 𝜆)𝑏 𝜚 (𝑥) + 𝜆𝑏 𝜚 (𝑦) − 𝑏 𝜚 (𝑞) ≤ (1 − 𝜆)𝑏 𝜎̄ (𝑥) + 𝜆𝑏 𝜎̄ ( 𝑦̄),

and the right side is zero since 𝑏 𝜎̄ is affine and 𝑏 𝜎̄ ((1 − 𝜆)𝑥 + 𝜆𝑦̄) = 𝑏 𝜎̄ (𝑞) = 0. □

7.2 The soul construction

We now turn to the so-called soul construction in complete non-compact Rieman-
nian manifolds of non-negative curvature.

Proposition 7.3 Let 𝑀 be an open Riemannian manifold of non-negative sectional
curvature. For every 𝑝 ∈ 𝑀 there exist a number 𝑡 ≥ 0 and a family (𝐶𝑟 )𝑟∈ (−∞,𝑡 ]
of compact totally convex subsets 𝐶𝑟 ≠ ∅ of 𝑀 such that 𝑝 ∈ 𝜕𝐶0,

𝐶𝑠 = {𝑞 ∈ 𝐶𝑟 : 𝑑 (𝑞, 𝜕𝐶𝑟 ) ≥ 𝑠 − 𝑟}

whenever 𝑟 < 𝑠 ≤ 𝑡, and 𝐶𝑡 has empty interior.

In particular, for 𝑟 < 𝑠 ≤ 𝑡, the set 𝐶𝑟 contains the closed (𝑠 − 𝑟)-neighborhood
of 𝐶𝑠. Hence the family (𝐶𝑟 ) exhausts 𝑀 , that is,

⋃
𝑟 𝐶𝑟 = 𝑀 . The curvature

assumption will only be used through Lemma 7.2.

Proof : Let 𝑅 denote the set of all rays starting at the given point 𝑝. For every
𝑟 ∈ R, define the closed set

𝐶𝑟 :=
⋂
𝜚∈𝑅

(𝑀 \ 𝐵(𝜚, 𝑟)) = {𝑥 ∈ 𝑀 : 𝑏 𝜚 (𝑥) ≥ 𝑟 for all 𝜚 ∈ 𝑅}.
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By Lemma 7.2, 𝐶𝑟 is totally convex. For every ray 𝜚 ∈ 𝑅, 𝜚(0) = 𝑝 is a boundary
point of 𝑀 \ 𝐵(𝜚, 0), so 𝑝 ∈ 𝜕𝐶0. Evidently 𝐶𝑠 ⊂ 𝐶𝑟 whenever 𝑟 ≤ 𝑠 ∈ R.
In particular, for the compactness assertion, it suffices to show that every 𝐶𝑟 with
𝑟 ≤ 0 is compact. Suppose to the contrary that some such𝐶𝑟 is non-compact. Then
there exists a sequence of points 𝑞𝑖 ∈ 𝐶𝑟 so that 𝑑 (𝑝, 𝑞𝑖) → ∞ for 𝑖 → ∞. Since
also 𝑝 ∈ 𝐶𝑟 and 𝐶𝑟 is totally convex, for every 𝑞𝑖 there is a minimizing geodesic
𝜚𝑖 : [0, 𝑑 (𝑝, 𝑞𝑖)] → 𝑀 from 𝑝 to 𝑞𝑖 with image in 𝐶𝑟 . It follows that there is a ray
𝜚 ∈ 𝑅 with image in 𝐶𝑟 , in contradiction to the fact that 𝜚(( |𝑟 |,∞)) ⊂ 𝐵(𝜚, 𝑟).

Suppose now that 𝑟 < 𝑠 and 𝑞 ∈ 𝐶𝑟 . We want to prove that 𝑞 ∈ 𝐶𝑠 if and
only if 𝑑 (𝑞, 𝜕𝐶𝑟 ) ≥ 𝑠 − 𝑟 . If 𝑞 ∈ 𝐶𝑠, note that for every 𝑥 ∈ 𝑀 \ 𝐶𝑟 there is
a ray 𝜚 ∈ 𝑅 such that 𝑏 𝜚 (𝑥) < 𝑟 and thus 𝑑 (𝑞, 𝑥) ≥ 𝑏 𝜚 (𝑞) − 𝑏 𝜚 (𝑥) > 𝑠 − 𝑟;
consequently 𝑑 (𝑞, 𝜕𝐶𝑟 ) = 𝑑 (𝑞, 𝑀 \ 𝐶𝑟 ) ≥ 𝑠 − 𝑟 . Conversely, assume that 𝑞 ∉ 𝐶𝑠.
Then 𝑏 𝜚 (𝑞) < 𝑠 for some 𝜚 ∈ 𝑅, and by Lemma 7.1 there exists a ray 𝜎 such that
𝜎(0) = 𝑞 and 𝑏 𝜚 (𝜎(𝑠 − 𝑟)) = 𝑏 𝜚 (𝑞) − (𝑠 − 𝑟) < 𝑟. Hence 𝜎(𝑠 − 𝑟) belongs to the
open set 𝑀 \ 𝐶𝑟 and so 𝑑 (𝑞, 𝜕𝐶𝑟 ) < 𝑑 (𝑞, 𝜎(𝑠 − 𝑟)) = 𝑠 − 𝑟 .

Finally, let 𝑡 := sup{𝑟 ∈ R : 𝐶𝑟 ≠ ∅}. From the properties of the sets 𝐶𝑟

already shown it is easily seen that 0 ≤ 𝑡 < ∞, 𝐶𝑟 ≠ ∅ for all 𝑟 ≤ 𝑡, and the interior
of 𝐶𝑡 is empty. □

For a closed and totally convex subset 𝐶 ≠ ∅ of a complete 𝑚-dimensional
Riemannian manifold𝑀 , we now define the dimension dim(𝐶) as the largest integer
𝑙 ∈ {0, . . . , 𝑚} such that 𝐶 contains a non-empty 𝑙-dimensional submanifold of 𝑀 .
Then we let 𝐿 (𝐶) denote the union of all submanifolds 𝐿 ⊂ 𝑀 of dimension
𝑙 = dim(𝐶) contained in 𝐶.

Proposition 7.4 Suppose that 𝑀 is a complete 𝑚-dimensional Riemannian man-
ifold and 𝐶 ≠ ∅ is a closed totally convex subset of 𝑀 with dim(𝐶) = 𝑙. Then
𝐿 (𝐶) is an 𝑙-dimensional submanifold of 𝑀 . If 𝑐 : [0, 1] → 𝑀 is a geodesic with
𝑐(0) ∈ 𝐿 (𝐶) and 𝑐(1) ∈ 𝐶, then 𝑐( [0, 1)) ⊂ 𝐿 (𝐶); in particular 𝐿 (𝐶) is totally
convex and 𝐶 is the closure of 𝐿 (𝐶).

Note also that every totally convex submanifold 𝑁 ⊂ 𝑀 is totally geodesic
(recall Proposition 2.21). On the other hand, a great circle in 𝑆𝑚 ⊂ R𝑚+1 is totally
geodesic but not totally convex.

Proof : We first show that for every 𝑝 ∈ 𝐿 (𝐶) there exists a neighborhood 𝑉 of 𝑝
in 𝑀 such that 𝐿 (𝐶) ∩ 𝑉 = 𝐶 ∩ 𝑉 and this set is an 𝑙-dimensional submanifold of
𝑀 . Given 𝑝 ∈ 𝐿 (𝐶), there exists an 𝑙-dimensional submanifold 𝐿 ⊂ 𝑀 such that
𝑝 ∈ 𝐿 ⊂ 𝐶. We choose 𝐿 small enough, together with an 𝜖 > 0, such that the
normal exponential map of 𝐿 restricted to {𝑣 ∈ 𝑇𝐿⊥ : |𝑣 | < 𝜖} is a diffeomorphism
onto some neighborhood 𝑉 of 𝑝 in 𝑀 and furthermore 𝐵𝜖 ⊂ 𝑇𝑀𝑞 is a normal ball
for every 𝑞 ∈ 𝑉 . Note that

𝐿 ⊂ 𝐿 (𝐶) ∩𝑉 ⊂ 𝐶 ∩𝑉.
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Suppose that there exists a point 𝑞 ∈ (𝐶 ∩ 𝑉) \ 𝐿. Then there is an 𝑥 ∈ 𝐿 and a
segment 𝑞𝑥 of length < 𝜖 perpendicular to 𝐿. For 𝑦 ∈ 𝐿 ∩ 𝐵(𝑞, 𝜖) and 𝜆 ∈ (0, 1),
the map sending (𝑦, 𝜆) to exp𝑞 (𝜆(exp𝑞 |𝐵𝜖

)−1(𝑦)) is smooth and immersive along
{𝑥}×(0, 1), furthermore the image lies in𝐶 because 𝑞 ∈ 𝐶 and 𝐿 ⊂ 𝐶. Thus there is
a non-empty (𝑙 +1)-dimensional submanifold of 𝑀 contained in𝐶, in contradiction
to the definition of 𝑙. This shows that 𝐿 = 𝐶 ∩ 𝑉 . Hence 𝐿 = 𝐿 (𝐶) ∩ 𝑉 = 𝐶 ∩ 𝑉 ,
and this is an 𝑙-dimensional submanifold of 𝑀 .

Now let 𝑐 : [𝑎, 𝑏] → 𝑀 be a unit speed geodesic with 𝑐(𝑎) ∈ 𝐿 (𝐶) and
𝑐(𝑏) ∈ 𝐶, where 𝑎 < 𝑏. Note that 𝑐( [𝑎, 𝑏]) ⊂ 𝐶. There exists an 𝜖 > 0 such that
𝐵𝜖 ⊂ 𝑇𝑀𝑐 (𝑡 ) is a normal ball for every 𝑡 ∈ [𝑎, 𝑏]. We claim that if 𝑐(𝑟) ∈ 𝐿 (𝐶)
for some 𝑟 ∈ [𝑎, 𝑏), then 𝑐(𝑠) ∈ 𝐿 (𝐶) for all 𝑠 ∈ (𝑟,min{𝑟 + 𝜖, 𝑏}). For some
neighborhood 𝑉 of 𝑝 := 𝑐(𝑟) ∈ 𝐿 (𝐶) as above, we know that 𝑐(𝑠) ∈ 𝐿 (𝐶) as long
as 𝑐(𝑠) ∈ 𝑉 , in particular 𝑐′(𝑟) is tangent to 𝐿 (𝐶). Let 𝐻 be an (𝑙 − 1)-dimensional
submanifold of 𝐿 (𝐶) through 𝑝 orthogonal to 𝑐′(𝑟), and let 𝑡 ∈ (𝑟, 𝑟 + 𝜖), 𝑡 ≤ 𝑏. A
similar argument as above, with 𝐻 and 𝑐(𝑡) in place of 𝐿 and 𝑞, shows that every
𝑐(𝑠) with 𝑠 ∈ (𝑟, 𝑡) belongs to an 𝑙-dimensional submanifold of 𝑀 contained in 𝐶.
This proves the claim. Since 𝑐(𝑎) ∈ 𝐿 (𝐶), we conclude that 𝑐( [𝑎, 𝑏)) ⊂ 𝐿 (𝐶). □

For 𝐶 and 𝐿 (𝐶) as in Proposition 7.4, we now define the border

𝑏𝐶 := 𝐶 \ 𝐿 (𝐶).

Note that 𝑏𝐶 equals the topological boundary 𝜕𝐶 of𝐶 in 𝑀 if and only if dim(𝐶) =
𝑚 = dim(𝑀). The following results supplements Proposition 7.4.

Proposition 7.5 Let 𝑝 ∈ 𝑏𝐶. Then there is an 𝑙-dimensional linear subspace of
𝑇𝑀𝑝, denoted by 𝑇𝐶𝑝, such that exp−1

𝑝 (𝐶) ⊂ 𝑇𝐶𝑝 and exp−1
𝑝 (𝐿 (𝐶)) is open in

𝑇𝐶𝑝, furthermore there is a unit vector 𝑛𝑝 ∈ 𝑇𝐶𝑝 such that ⟨𝑛𝑝, 𝑣⟩ > 0 for all
𝑣 ∈ exp−1

𝑝 (𝐿 (𝐶)).

The ‘inner normal’ vector 𝑛𝑝 is uniquely determined for a dense set of points
in 𝑏𝐶, as the proof will show, but is non-unique in general.

Proof : Let 𝑝 ∈ 𝑏𝐶, and let 𝜏 : [0, 1] → 𝑀 be any geodesic with 𝜏( [0, 1)) ⊂ 𝐿 (𝐶)
and 𝜏(1) = 𝑝. Since 𝐿 (𝐶) is totally geodesic,𝑀-parallel transport along 𝜏 preserves
the family of tangent spaces𝑇𝐿 (𝐶)𝜏 (𝑠) for 𝑠 ∈ [0, 1) and, hence, takes each member
of this family to the same subspace of 𝑇𝑀𝑝. Call this subspace 𝑇𝐶𝑝.

Let 𝑣 ∈ 𝑇𝑀𝑝 with exp𝑝 (𝑣) ∈ 𝐶. Note that 𝑐𝑣 ( [0, 1]) ⊂ 𝐶. To show that
𝑣 ∈ 𝑇𝐶𝑝, choose 𝜖 > 0 and 𝑞 := 𝑐𝑣 (𝑡), 𝑡 ∈ (0, 1], such that 𝐵𝜖 ⊂ 𝑇𝑀𝑞 is a normal
ball and 𝑝 ∈ 𝐵(𝑞, 𝜖). For every 𝑠 ∈ [0, 1] with 𝜏(𝑠) ∈ 𝐵(𝑞, 𝜖), let 𝛾𝑠 : [0, 𝑡] →
𝐵(𝑞, 𝜖) be the geodesic from 𝜏(𝑠) to 𝑞. If 𝑠 < 1, then 𝛾𝑠 ( [0, 𝑡)) ⊂ 𝐿 (𝐶) and
𝛾′𝑠 (0) ∈ 𝑇𝐿 (𝐶)𝜏 (𝑠) , thus 𝑣 = 𝑐′𝑣 (0) = 𝛾′1(0) ∈ 𝑇𝐶𝑝 by continuity.

Now let 𝑣 ∈ 𝑇𝐶𝑝 with exp𝑝 (𝑣) ∈ 𝐿 (𝐶). For a normal ball 𝐵𝛿 ⊂ 𝑇𝑀𝑝, the set
𝑈 := (exp𝑝 |𝐵𝛿

)−1(𝐿 (𝐶) ∩ 𝐵(𝑝, 𝛿)) is an 𝑙-dimensional submanifold, hence open
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in 𝑇𝐶𝑝. Since 𝑐𝑣 ((0, 1]) ⊂ 𝐿 (𝐶), there is a 𝜆 ∈ (0, 1) such that 𝜆𝑣 ∈ 𝑈 and the
segment [𝜆, 1]𝑣 is disjoint from the closed set exp−1

𝑝 (𝑏𝐶). Hence, if 𝑣′ ∈ 𝑇𝐶𝑝

is sufficiently close to 𝑣, then 𝜆𝑣′ ∈ 𝑈 and [𝜆, 1]𝑣′ ∩ exp−1
𝑝 (𝑏𝐶) = ∅. Then

𝑐𝑣′ ((0, 𝜆]) ⊂ 𝐿 (𝐶), and since 𝐿 (𝐶) is totally geodesic, 𝑐𝑣′ ((0, 1]) ⊂ 𝐿 (𝐶); in
particular exp𝑝 (𝑣′) ∈ 𝐿 (𝐶). This shows that exp−1

𝑝 (𝐿 (𝐶)) is open in 𝑇𝐶𝑝.
For the last assertion, suppose first that 𝑝 ∈ 𝑏𝐶 is a ‘projection point’: there

exists a point 𝑞 ∈ 𝐿 (𝐶) such that 𝑑 (𝑞, 𝑝) = 𝑟 := 𝑑 (𝑞, 𝑏𝐶). Let 𝜎 : [0, 𝑟] → 𝐶 be a
unit speed geodesic from 𝑞 to 𝑝, and put 𝑛𝑝 := −𝜎′(𝑟). Assume, for the moment,
that 𝑣 ∈ 𝑇𝐶𝑝 and ⟨𝑛𝑝, 𝑣⟩ > 0. Let 𝑉 be the parallel vector field along 𝜎 with
𝑉 (𝑟) = 𝑣; note that 𝑉 (𝑡) ∈ 𝑇𝐿 (𝐶)𝜎 (𝑡 ) for all 𝑡 ∈ [0, 𝑟). Consider the variation
(𝑠, 𝑡) ↦→ 𝜎𝑠 (𝑡) := exp𝜎 (𝑡 )

(
𝑠 𝑡
𝑟
𝑉 (𝑡)

)
of 𝜎 in 𝑀 . Since ⟨𝑛𝑝, 𝑣⟩ > 0, there is an 𝜖 > 0

such that the curves 𝜎𝑠 with 𝑠 ∈ (0, 𝜖) have length < 𝑟, thus 𝜎𝑠 (𝑡) ∉ 𝑏𝐶 for all
(𝑠, 𝑡) ∈ (0, 𝜖) × [0, 𝑟]. It follows that [0, 𝜖) ∋ 𝑠 ↦→ 𝜎𝑠 (𝑡) is a geodesic in 𝐿 (𝐶)
for every 𝑡 ∈ [0, 𝑟) and, hence, exp𝑝 (𝑠𝑣) = 𝜎𝑠 (𝑟) ∈ 𝐿 (𝐶) for all 𝑠 ∈ (0, 𝜖) by
continuity. But then exp𝑝 (−𝑣) ∉ 𝐿 (𝐶) because 𝐿 (𝐶) is totally convex. This shows
that ⟨𝑛𝑝, 𝑣⟩ ≥ 0 for all 𝑣 ∈ exp−1

𝑝 (𝐿 (𝐶)), and since this set is open in 𝑇𝐶𝑝, the
inequality is in fact strict. Finally, for a general point 𝑝 ∈ 𝑏𝐶, pick a sequence
𝑞𝑖 → 𝑝 of points in 𝐿 (𝐶). There is a corresponding sequence 𝑝𝑖 → 𝑝 of projection
points in 𝑏𝐶, and we may assume that the respective vectors 𝑛𝑝𝑖 ∈ 𝑇𝐶𝑝𝑖 converge
to a unit vector 𝑛𝑝 ∈ 𝑇𝐶𝑝 (note that 𝑇𝐶𝑝 depends continuously on 𝑝). For any
𝑣 ∈ exp−1

𝑝 (𝐿 (𝐶)), a similar continuity argument as in the second paragraph of the
proof then shows that ⟨𝑛𝑝, 𝑣⟩ > 0. □

Proposition 7.6 Let 𝑀 be a complete Riemannian manifold of non-negative sec-
tional curvature. Let𝐶 be a compact totally convex subset of 𝑀 with 𝑏𝐶 ≠ ∅. Then
the function 𝑓 := 𝑑 ( · , 𝑏𝐶) : 𝐶 → R is concave, thus for every 𝑟 ∈ R the superlevel
set { 𝑓 ≥ 𝑟} is a compact totally convex subset of 𝑀 .

Proof : Since 𝐿 (𝐶) is itself totally convex, by an approximation argument it suffices
to prove that the restriction of 𝑓 to 𝐿 (𝐶) is concave. Let 𝑐 : [0, 1] → 𝐿 (𝐶) be a
minimizing geodesic from 𝑥0 to 𝑥1 ≠ 𝑥0, let 𝜆 ∈ (0, 1), and put 𝑞 := 𝑐(𝜆). Let
𝑝 ∈ 𝑏𝐶 be a point such that 𝑑 (𝑝, 𝑞) = 𝑓 (𝑞). Choose segments 𝑝𝑥0, 𝑝𝑥1 and a
comparison triple (𝑝, 𝑥0, 𝑥1) in R2 for (𝑝, 𝑥0, 𝑥1). Let 𝑞 := (1 − 𝜆)𝑥0 + 𝜆𝑥1 be the
point corresponding to 𝑞. Theorem 5.15 (Toponogov) shows that

𝛾 := ∡𝑝 (𝑥0, 𝑥1) ≥ 𝛾̄ := ∡ 𝑝̄ (𝑥0, 𝑥1)

(angle comparison (A0)) and 𝑓 (𝑞) = 𝑑 (𝑝, 𝑞) ≥ 𝑑 (𝑝, 𝑞) (chord comparison (C0)
for the hinge formed by 𝑐 and the segment 𝑥0𝑝). Note also that 𝛾 < 𝜋, for 𝛾 = 𝜋

would imply 𝑝 ∈ 𝐿 (𝐶) by the total convexity of 𝐿 (𝐶). Furthermore, in case 𝛾̄ = 0,
one of the points 𝑥0, 𝑥1 lies on a segment from 𝑝 to the other and evidently

𝑓 (𝑞) = 𝑑 (𝑝, 𝑞) = (1 − 𝜆) 𝑑 (𝑝, 𝑥0) + 𝜆 𝑑 (𝑝, 𝑥1) ≥ (1 − 𝜆) 𝑓 (𝑥0) + 𝜆 𝑓 (𝑥1).
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Suppose now that 𝛾̄ > 0. For 𝑖 = 0, 1, let 𝑦̄𝑖 (𝜙) be the point on the half-line
{𝑥𝑖+𝑠(𝑝−𝑞) : 𝑠 ≥ 0}with ∡ 𝑝̄ (𝑥𝑖 , 𝑦̄𝑖 (𝜙)) = 𝜙 ≥ 0. Let 𝑢𝑖 ∈ 𝑇𝐶𝑝 be the initial vector
of 𝑝𝑥𝑖 with |𝑢𝑖 | = 𝑑 (𝑝, 𝑥𝑖). Since ∡(𝑢0, 𝑢1) = 𝛾 ∈ (0, 𝜋), the vectors 𝑢0 and 𝑢1 span
a plane 𝑃 in 𝑇𝐶𝑝. Let 𝑃𝑖 ⊂ 𝑃 be the closed half-plane bounded by R𝑢𝑖 that does
not contain 𝑢1−𝑖 , and denote by 𝑣𝑖 (𝜙) ∈ 𝑃𝑖 the point with |𝑣𝑖 (𝜙) | = 𝑑 (𝑝, 𝑦̄𝑖 (𝜙)) and
∡(𝑢𝑖 , 𝑣𝑖 (𝜙)) = 𝜙. Since exp𝑝 (𝑣𝑖 (0)) = exp𝑝 (𝑢𝑖) = 𝑥𝑖 ∈ 𝐿 (𝐶) and exp−1

𝑝 (𝐿 (𝐶)) is
open in 𝑇𝐶𝑝, there is a smallest angle 𝜔𝑖 > 0 such that 𝑧𝑖 := exp𝑝 (𝑣𝑖 (𝜔𝑖)) ∉ 𝐿 (𝐶)
and thus 𝑧𝑖 ∈ 𝑏𝐶. Then 𝜔0 + 𝛾 + 𝜔1 ≤ 𝜋, for otherwise there would exist 𝜙0, 𝜙1
such that 𝜙0 + 𝛾 + 𝜙1 = 𝜋 and exp𝑝 (𝑣𝑖 (𝜙𝑖)) ∈ 𝐿 (𝐶), which would imply 𝑝 ∈ 𝐿 (𝐶)
as above. Let 𝑧𝑖 := 𝑦̄𝑖 (𝜔𝑖). As 𝜔0 + 𝛾̄ + 𝜔1 ≤ 𝜋, it follows readily that

𝑓 (𝑞) = 𝑑 (𝑝, 𝑞) ≥ 𝑑 (𝑝, 𝑞) ≥ (1 − 𝜆) 𝑑 (𝑥0, 𝑧0) + 𝜆 𝑑 (𝑥1, 𝑧1).

By the generalized hinge version of Toponogov’s theorem (see Remark 5.16; note
that we do not know whether [0, 1] ∋ 𝑡 ↦→ exp𝑝 (𝑡𝑣𝑖 (𝜔𝑖)) is minimizing) we get
that 𝑑 (𝑥𝑖 , 𝑧𝑖) ≥ 𝑑 (𝑥𝑖 , 𝑧𝑖) ≥ 𝑓 (𝑥𝑖). This gives the result. □

We are now ready for the proof of the soul theorem.

Theorem 7.7 (Gromoll–Meyer 1969, Cheeger–Gromoll 1972) Suppose that 𝑀
is a complete, non-compact 𝑚-dimensional Riemannian manifold of non-negative
sectional curvature. Then 𝑀 contains a compact totally convex submanifold Σ of
dimension 𝑙 ∈ {0, . . . , 𝑚 − 1} such that 𝑀 is diffeomorphic to the total space of
the normal bundle 𝑇Σ⊥. If the sectional curvature of 𝑀 is positive, then 𝑀 is
diffeomorphic to R𝑚.

The construction of Σ results from Proposition 7.3 and Proposition 7.6 and will
depend only on the choice of the point 𝑝 ∈ 𝑀 in the first of these results. Any
manifold Σ obtained in this way will be called a soul of 𝑀 . For example, if 𝑀 is
the flat cylinder 𝑆1 × R ⊂ R2 × R, then each of the circles 𝑆1 × {𝑟} is a soul. For
𝑀 = R𝑚, every singleton is a soul.

Proof : Part I. Proposition 7.3 gives a descending family (𝐶𝑟 )𝑟∈ (−∞,𝑡 ] of non-
empty compact totally convex subsets of 𝑀 , where 𝐶𝑠 ⊂ 𝐶𝑟 is the subset of
points at distance ≥ 𝑠 − 𝑟 from 𝜕𝐶𝑟 (𝑟 < 𝑠 ≤ 𝑡), and 𝐶𝑡 has empty interior, thus
dim(𝐶𝑡 ) < 𝑚. Put 𝑡1 := 𝑡 and 𝑙1 := dim(𝐶𝑡1). If 𝑏𝐶𝑡1 = ∅, then Σ := 𝐿 (𝐶𝑡1) = 𝐶𝑡1

is already the desired totally convex submanifold.
If 𝑏𝐶𝑡1 ≠ ∅, then Proposition 7.6 gives a further family of non-empty compact

totally convex sets

𝐶𝑟 := {𝑞 ∈ 𝐶𝑡1 : 𝑑 (𝑞, 𝑏𝐶𝑡1) ≥ 𝑟 − 𝑡1}, 𝑟 ∈ (𝑡1, 𝑡2],

where 𝑡2 is the minimal 𝑟 for which 𝐶𝑟 has empty interior relative to 𝐿 (𝐶𝑡1). Then
dim(𝐶𝑟 ) = 𝑙1 for 𝑟 ∈ [𝑡1, 𝑡2), whereas 𝑙2 := dim(𝐶𝑡2) < 𝑙1. If 𝑏𝐶𝑡2 = ∅, then we put
Σ := 𝐿 (𝐶𝑡2) = 𝐶𝑡2 .
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If 𝑏𝐶𝑡2 ≠ ∅, then by iterating the last step a finite number of times we finally
arrive at a family (𝐶𝑟 )𝑟∈ (−∞,𝑡𝑘 ] of non-empty compact totally convex sets such that,
for some 𝑡1 < . . . < 𝑡𝑘 and 𝑚 > 𝑙1 > . . . > 𝑙𝑘 ≥ 0, we have that dim(𝐶𝑟 ) = 𝑙𝑖

for 𝑟 ∈ [𝑡𝑖 , 𝑡𝑖+1), dim(𝐶𝑡𝑘 ) = 𝑙𝑘 , 𝑏𝐶𝑟 ≠ ∅ for 𝑟 < 𝑡𝑘 , and 𝑏𝐶𝑡𝑘 = ∅. Then
Σ := 𝐿 (𝐶𝑡𝑘 ) = 𝐶𝑡𝑘 is the desired submanifold.

Part II. We now show that 𝑀 is diffeomorphic to 𝑇Σ⊥. Since Σ is compact,
there exists an 𝜖 > 0 such that the restriction of the normal exponential map of
Σ to {𝑢 ∈ 𝑇Σ⊥ : |𝑢 | < 3𝜖} is a diffeomorphism onto the open 3𝜖-neighborhood
𝑈3𝜖 of Σ in 𝑀 . We will show that 𝑀 is diffeomorphic to 𝑈2𝜖 ; this suffices since
{𝑢 ∈ 𝑇Σ⊥ : |𝑢 | < 2𝜖} is diffeomorphic to 𝑇Σ⊥.

Let 𝑝 ∈ 𝑀 \ Σ. A vector 𝑤 ∈ 𝑇𝑀𝑝 will be called inward if ⟨𝑤, 𝑐′(0)⟩ > 0 for
every geodesic 𝑐 : [0, 𝑙] → 𝑀 from 𝑝 to Σ of length 𝑙 := 𝑑 (𝑝, Σ). There is an 𝑟 < 𝑡𝑘
such that 𝑝 ∈ 𝑏𝐶𝑟 , and Σ ⊂ 𝐿 (𝐶𝑟 ), thus by Proposition 7.5 there exists an inward
unit vector 𝑛𝑝 ∈ 𝑇 (𝐶𝑟 )𝑝. Let 𝑁𝑝 be any local𝐶∞ vector field with 𝑁𝑝 (𝑝) = 𝑛𝑝. An
indirect argument, using that Σ is closed, shows that in some neighborhood𝑉𝑝 of 𝑝
all vectors of 𝑁𝑝 are inward. Let 𝑌 denote the (inward) gradient field of −𝑑 ( · , Σ)
on 𝑈3𝜖 \ Σ. Assuming that 𝑉𝑝 ⊂ 𝐵(𝑝, 𝜖), we use a partition of unity subordinate
to {𝑈3𝜖 \ Σ} ∪ {𝑉𝑝 : 𝑝 ∈ 𝑀 \𝑈3𝜖 } to combine these local fields to a 𝐶∞ vector
field 𝑋 on 𝑀 \Σ that agrees with𝑌 on𝑈2𝜖 \Σ. Every 𝑋𝑝 is inward and hence non-
zero. By a variation argument, the maximal integral curve 𝜎𝑝 : (𝛼𝑝, 𝜔𝑝) → 𝑀 \Σ
of 1

|𝑋 | 𝑋 with 𝜎𝑝 (0) = 𝑝 satisfies 𝑑 (𝜎𝑝 (𝑡), Σ) < 𝑑 (𝜎𝑝 (𝑠), Σ) whenever 𝑡 > 𝑠,
and 𝛼𝑝 = −∞. If 𝑝 ∈ 𝑈2𝜖 , then 𝜎𝑝 follows the shortest segment from 𝑝 to Σ,
and 𝜔𝑝 = 𝑑 (𝑝, Σ). Now let 𝑝 ∈ 𝑀 \ 𝑈2𝜖 . If 𝜎𝑝 ( [0, 𝜔𝑝)) ∩ 𝑈2𝜖 = ∅, then
𝜔𝑝 = ∞, and a subsequence of (𝜎𝑝 (𝑛))𝑛=1,2,... would converge to a point 𝑞 with
𝑑 (𝜎𝑞 (0), Σ) = 𝑑 (𝜎𝑞 (1), Σ), a contradiction. This shows that 𝜎𝑝 eventually reaches
𝑈2𝜖 , and again 𝜔𝑝 < ∞.

Let now 𝜓 : [0,∞) → [0, 2𝜖) be a smooth function with 𝜓′ > 0 such that
𝜓(𝑡) = 𝑡 for 𝑡 ∈ [0, 𝜖] and lim𝑡→∞ 𝜓(𝑡) = 2𝜖 . Define 𝐹 : 𝑀 → 𝑈2𝜖 such that
𝐹 (𝑝) = 𝑝 for 𝑝 ∈ Σ and 𝐹 (𝑝) = 𝜎𝑝 (𝜔𝑝 − 𝜓(𝜔𝑝)) for 𝑝 ∈ 𝑀 \ Σ, so that 𝐹 (𝑝)
is at distance 𝜓(𝜔𝑝) from the soul. Note that 𝐹 (𝑝) = 𝜎𝑝 (0) = 𝑝 for 𝑝 ∈ 𝑈𝜖 \ 𝑀 .
Then 𝐹 is the required diffeomorphism.

Part III. Suppose now that 𝑀 has positive sectional curvature. We show that
then Σ is a singleton {𝑧}; then 𝑀 is diffeomorphic to 𝑇𝑀𝑧 = R𝑚.

Suppose to the contrary that there are two distinct points 𝑥0, 𝑥1 ∈ Σ = 𝐿 (𝐶𝑡𝑘 ) =
𝐶𝑡𝑘 . Let 𝑐 : [0, 1] → Σ be a minimizing geodesic from 𝑥0 to 𝑥1 as in the proof of
Proposition 7.6. Recall that Σ is of the form {𝑞 ∈ 𝐶𝑡𝑘−1 : 𝑑 (𝑞, 𝑏𝐶𝑡𝑘−1) ≥ 𝑡𝑘 − 𝑡𝑘−1};
in the case 𝑘 = 1, this holds for an arbitrary 𝑡0 < 𝑡1 by Proposition 7.3. Furthermore
Σ has empty interior relative to 𝐿 (𝐶𝑡𝑘−1). It follows that 𝑑 (𝑐(𝜆), 𝑏𝐶𝑡𝑘−1) = 𝑡𝑘 − 𝑡𝑘−1
for all 𝜆 ∈ [0, 1]. This yields 𝛾 = 𝛾̄ in the proof of Proposition 7.6, and one can
then conclude that sec(𝑃) = 0 for the plane 𝑃 ∈ 𝑇𝐶𝑝 (exercise). □
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7.3 The Sharafutdinov retraction

Our next goal is to show that for any soul Σ of 𝑀 there exists a distance non-
increasing retraction of 𝑀 onto Σ, a result due to Sharafutdinov [Sh1977] (see
also [Yi1988]).

For this purpose, we fix numbers 𝑡1 < . . . < 𝑡𝑘 and a family (𝐶𝑟 )𝑟∈ (−∞,𝑡𝑘 ]
with Σ = 𝐶𝑡𝑘 as in the proof of Theorem 7.7. To unify the notation, we choose an
arbitrary sequence 𝑡0 > 𝑡−1 > 𝑡−2 > . . . → −∞ with 𝑡0 < 𝑡1. Now, whenever 𝑖 ≤ 𝑘

and 𝑡𝑖−1 ≤ 𝑟 < 𝑠 ≤ 𝑡𝑖 , then

𝐶𝑠 = {𝑞 ∈ 𝐶𝑟 : 𝑑 (𝑞, 𝑏𝐶𝑟 ) ≥ 𝑠 − 𝑟}.

(In case 𝑖 ≤ 1, this holds by Proposition 7.3 as 𝑏𝐶𝑟 = 𝜕𝐶𝑟 for 𝑟 < 𝑡1. If 𝑖 > 1,
then 𝐶𝑠 = {𝑞 ∈ 𝐶𝑡𝑖−1 : 𝑑 (𝑞, 𝑏𝐶𝑡𝑖−1) ≥ 𝑡𝑖−1 − 𝑠} for all 𝑠 ∈ (𝑡𝑖−1, 𝑡𝑖] by construction,
and the relation follows from the triangle inequality.) To show the existence of a
1-Lipschitz retraction 𝜙 : 𝑀 → Σ, it suffices to construct a 1-Lipschitz retraction
𝜙𝑖 : 𝐶𝑡𝑖−1 → 𝐶𝑡𝑖 for every 𝑖 ≤ 𝑘 . Indeed, every point 𝑝 ∈ 𝑀 is contained in some
𝐶𝑡𝑖−1 and one can then define 𝜙(𝑝) := (𝜙𝑘 ◦ 𝜙𝑘−1 ◦ . . . ◦ 𝜙𝑖) (𝑝). We need two
auxiliary results, in both of which the index 𝑖 ≤ 𝑘 is fixed.

Lemma 7.8 If 𝑡𝑖−1 ≤ 𝑟 < 𝑠 < 𝑡𝑖 , then

𝑑 (𝑝, 𝐶𝑠) ≤
diam(𝐶𝑠)
𝑡𝑖 − 𝑠

(𝑠 − 𝑟)

for all 𝑝 ∈ 𝐶𝑟 .

Proof : Let 𝑝 ∈ 𝐶𝑟 \ 𝐶𝑠. Choose a point 𝑞 ∈ 𝐶𝑡𝑖 and a minimizing geodesic
𝑐 : [0, 1] → 𝐶𝑟 from 𝑝 to 𝑞. The function ℎ := 𝑑 (𝑐( · ), 𝑏𝐶𝑟 ) satisfies ℎ(0) <
𝑠 − 𝑟 < 𝑡𝑖 − 𝑟 = ℎ(1), thus there is a 𝜆 ∈ (0, 1) such that ℎ(𝜆) = 𝑠 − 𝑟 , and
𝑥 := 𝑐(𝜆) ∈ 𝑏𝐶𝑠. Since ℎ is concave (Proposition 7.6) and ℎ(0) ≥ 0,

𝑠 − 𝑟 = ℎ(𝜆) ≥ 𝜆ℎ(1) = 𝜆(𝑡𝑖 − 𝑟),

hence (1 − 𝜆) (𝑡𝑖 − 𝑟) ≥ 𝑡𝑖 − 𝑠 and

𝑑 (𝑝, 𝑥)
𝑑 (𝑞, 𝑥) =

𝜆

1 − 𝜆 ≤ 𝑠 − 𝑟
𝑡𝑖 − 𝑠

.

Since 𝑞, 𝑥 ∈ 𝐶𝑠, this gives the result. □

Proposition 7.9 For every 𝜖 > 0 there exist constants 𝛿, 𝑎 > 0 such that the
following holds whenever 𝑡𝑖−1 ≤ 𝑟 < 𝑠 ≤ 𝑡𝑖 − 𝜖 and 𝑠 − 𝑟 ≤ 𝛿: for every 𝑝 ∈ 𝐶𝑟

there is a unique nearest point 𝜓(𝑝) in 𝐶𝑠, and the retraction 𝜓 : 𝐶𝑟 → 𝐶𝑠 so
defined is 𝑐−1-Lipschitz for 𝑐 := cos(𝑎(𝑟 − 𝑠)).
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Proof : Fix constants 𝜅 > 0 and 𝜚 > 0 so that sec𝑀 ≤ 𝜅 on 𝐶𝑡𝑖−1 , the injectivity
radius at each 𝑝 ∈ 𝐶𝑡𝑖−1 is at least 3𝜚, and 3𝜚 ≤ 𝐷𝜅 = diam(M2

𝜅 ). Put 𝐷 :=
diam(𝐶𝑡𝑖−1). Given 𝜖 > 0, choose 𝛿 > 0 so that 𝐷

𝜖
𝛿 < 𝜚. Now suppose that

𝑡𝑖−1 ≤ 𝑟 < 𝑠 ≤ 𝑡𝑖 − 𝜖 and 𝑠 − 𝑟 ≤ 𝛿. Let 𝑝, 𝑞 ∈ 𝐶𝑟 \ 𝐶𝑠 with 𝑑 (𝑝, 𝑞) < 𝜚, and
choose nearest points 𝑥, 𝑦 ∈ 𝐶𝑠, thus 𝑑 (𝑝, 𝑥) = 𝑑 (𝑝, 𝐶𝑠) and 𝑑 (𝑞, 𝑦) = 𝑑 (𝑞, 𝐶𝑠).
Assume that 𝑥 ≠ 𝑦. By Lemma 7.8,

𝑑 (𝑝, 𝑥) ≤ diam(𝐶𝑠)
𝑡𝑖 − 𝑠

(𝑠 − 𝑟) ≤ 𝐷

𝜖
(𝑠 − 𝑟) ≤ 𝐷

𝜖
𝛿 < 𝜚

and, likewise, 𝑑 (𝑞, 𝑦) ≤ 𝐷
𝜖
(𝑠 − 𝑟) < 𝜚. Thus 𝑑 (𝑞, 𝑥) < 2𝜚 and 𝑑 (𝑥, 𝑦) < 3𝜚. By

the choice of 𝜚 there are unique segments 𝑝𝑞, 𝑝𝑥, 𝑞𝑥, 𝑞𝑦, 𝑥𝑦 (possibly 𝑑 (𝑝, 𝑞) = 0),
and the triples (𝑝, 𝑞, 𝑥) and (𝑞, 𝑥, 𝑦) have perimeter < 6𝜚 ≤ 2𝐷𝜅 . Furthermore,
𝑝𝑞 ∪ 𝑝𝑥 ∪ 𝑞𝑥 ⊂ 𝐵(𝑥, 2𝜚) and 𝑞𝑥 ∪ 𝑞𝑦 ∪ 𝑥𝑦 ⊂ 𝐵(𝑥, 3𝜚) ∩ 𝐵(𝑦, 3𝜚). As 𝑥𝑦 ⊂ 𝐶𝑠, a
variation argument shows that ∡𝑥 (𝑝, 𝑦) ≥ 𝜋/2 and ∡𝑦 (𝑞, 𝑥) ≥ 𝜋

2 . Consider points
𝑝, 𝑞, 𝑥, 𝑦̄ ∈ M2

𝜅 such that (𝑝, 𝑞, 𝑥) and (𝑞, 𝑥, 𝑦̄) are comparison triples for (𝑝, 𝑞, 𝑥)
and (𝑞, 𝑥, 𝑦), respectively, and 𝑝, 𝑦̄ do not lie in the same connected component of
M2

𝜅 \ 𝑙𝑞̄, 𝑥̄ , where 𝑙𝑞̄, 𝑥̄ denotes the great circle through 𝑞, 𝑥. A similar application of
Corollary 3.21 as in the first part of the proof of Theorem 5.12 shows that

∡𝑥̄ (𝑝, 𝑞) + ∡𝑥̄ (𝑞, 𝑦̄) ≥ ∡𝑥 (𝑝, 𝑞) + ∡𝑥 (𝑞, 𝑦) ≥ ∡𝑥 (𝑝, 𝑦) ≥
𝜋

2

and ∡𝑦̄ (𝑞, 𝑥) ≥ ∡𝑦 (𝑞, 𝑥) ≥ 𝜋
2 . Now let 𝑏 ∈

(
𝐷
𝜖
(𝑠 − 𝑟), 1

2𝐷𝜅

)
, and suppose in

addition that 𝑑 (𝑝, 𝑞) = 𝑑 (𝑝, 𝑞) is sufficiently small, so that the segment 𝑝𝑞 lies in
the closed 𝑏-neighborhood 𝑁𝑏 of the great circle 𝑙 through 𝑥, 𝑦̄. Let 𝜓̄ : 𝑁𝑏 → 𝑙

denote the nearest point retraction. The norm of the differential of 𝜓̄ is everywhere
less than or equal to 𝜆 := cos(

√
𝜅𝑏)−1, hence 𝜓̄ maps 𝑝𝑞 to a subsegment of 𝑙 of

length at most 𝜆 𝑑 (𝑝, 𝑞). Since ∡𝑥̄ (𝑝, 𝑦̄), ∡𝑦̄ (𝑞, 𝑥) ≥ 𝜋
2 , this subsegment contains

𝑥𝑦̄, so
𝑑 (𝑥, 𝑦) = 𝑑 (𝑥, 𝑦̄) ≤ 𝜆 𝑑 (𝑝, 𝑞) = 𝜆 𝑑 (𝑝, 𝑞).

This shows at once that there is a unique nearest point retraction 𝜓 : 𝐶𝑟 → 𝐶𝑠 and
that 𝑑 (𝜓(𝑝), 𝜓(𝑞)) ≤ 𝜆 𝑑 (𝑝, 𝑞) whenever 𝑏 ∈

(
𝐷
𝜖
(𝑠 − 𝑟), 1

2𝐷𝜅

)
and 𝑝, 𝑞 ∈ 𝐶𝑟 are

sufficiently close to each other. Since any pair of points 𝑝′, 𝑞′ ∈ 𝐶𝑟 is connected by
a segment 𝑝′𝑞′ ⊂ 𝐶𝑟 , it follows that 𝜓 is 𝑐−1-Lipschitz for 𝑐 := cos

(√
𝜅𝐷
𝜖
(𝑠 − 𝑟)

)
.
□

Theorem 7.10 (Sharafutdinov) There exists a 1-Lipschitz retraction 𝜙 : 𝑀 → Σ.

Proof : As said earlier, it suffices to show that for any fixed 𝑖 ≤ 𝑘 there is a
1-Lipschitz retraction 𝜙𝑖 : 𝐶𝑡𝑖−1 → 𝐶𝑡𝑖 . To this end, it is enough to construct
a 1-Lipschitz retraction 𝜙𝑟 ,𝑠 : 𝐶𝑟 → 𝐶𝑠 for 𝑟 := 𝑡𝑖−1 and every 𝑠 ∈ (𝑡𝑖−1, 𝑡𝑖).
Given such an 𝑠, set 𝜖 := 𝑡𝑖 − 𝑠, and let 𝛿, 𝑎 > 0 be the respective constants
provided by Proposition 7.9. Choose an integer 𝑛 ≥ 1 such that 1

𝑛
(𝑠 − 𝑟) ≤ 𝛿,
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and subdivide [𝑟, 𝑠] into 𝑛 subintervals [𝑟0, 𝑟1], . . . , [𝑟𝑛−1, 𝑟𝑛] of length 1
𝑛
(𝑠 − 𝑟).

The corresponding nearest point retractions 𝐶𝑟 𝑗−1 → 𝐶𝑟 𝑗 for 𝑗 = 1, . . . , 𝑛 are
𝑐−1
𝑛 -Lipschitz with 𝑐𝑛 := cos

(
𝑎
𝑛
(𝑠 − 𝑟)

)
. Taking their concatenation we obtain a

𝑐−𝑛𝑛 -Lipschitz retraction 𝜓𝑛 : 𝐶𝑟 → 𝐶𝑠. Now

𝑐−1
𝑛 = cos

(
𝑎
𝑛
(𝑠 − 𝑟)

)−1 ≤ 1 + 𝑐′

𝑛2

for some 𝑐′ > 0 independent of 𝑛, and 𝑐−𝑛𝑛 ≤
(
1 + 𝑐′

𝑛2

)𝑛 → 1 as 𝑛 → ∞. It follows
that some subsequence of (𝜓𝑛) converges to a 1-Lipschitz retraction 𝜙𝑟 ,𝑠 : 𝐶𝑟 → 𝐶𝑠.

□

A refinement of this argument shows that there is a homotopy 𝐻 : 𝑀 × [0, 1] →
𝑀 from id𝑀 to 𝜙 with 𝐻 (𝑝, 𝑡) = 𝑝 for all (𝑝, 𝑡) ∈ Σ × [0, 1] (that is, 𝐻 is a strong
deformation retraction from 𝑀 onto Σ). This can further be used to show that any
two souls of 𝑀 are isometric to each other; see [Yi1988] for details.

7.4 Proof of the Cheeger–Gromoll conjecture

Using the Sharafutdinov retraction and the Rauch–Berger comparison theorem
(Theorem 3.26), Perelman [Pe1994] showed that the soul is a singleton already
when sec(𝑃) > 0 for all planes 𝑃 ⊂ 𝑇𝑀𝑞 at some point 𝑞 ∈ 𝑀 , thus resolving the
Cheeger–Gromoll soul conjecture.

Proposition 7.11 (Perelman) Let 𝜙 : 𝑀 → Σ be any 1-Lipschitz retraction. For
every unit vector 𝑢 ∈ 𝑇Σ⊥, let 𝜚𝑢 : [0,∞) → 𝑀 denote the geodesic with initial
vector 𝑢. Then

𝜙(𝜚𝑢 (𝑡)) = 𝜚𝑢 (0)

for all 𝑢 and 𝑡 ≥ 0. Furthermore, for every unit speed geodesic 𝜎 : 𝐼 → Σ (𝐼 any
interval) and every parallel unit vector field 𝑁 : 𝐼 → 𝑇Σ⊥ along 𝜎, the map

𝐹 : 𝐼 × [0,∞) → 𝑀, 𝐹 (𝑠, 𝑡) := 𝜚𝑁 (𝑠) (𝑡),

is a totally geodesic immersion that is isometric with respect to the standard inner
product on R2, and if 𝜎 is minimizing, then so is each geodesic 𝜎𝑡 := 𝐹 ( · , 𝑡).

Proof : Define 𝑓 : [0,∞) → R by

𝑓 (𝑡) := max
{
𝑑
(
𝜙(𝜚𝑢 (𝑡)), 𝑝

)
: 𝑝 ∈ Σ, 𝑢 ∈ 𝑇Σ⊥

𝑝 , |𝑢 | = 1
}
.

Note that 𝑓 ≥ 0 = 𝑓 (0) and 𝑓 is 1-Lipschitz: if 𝑡, 𝑡′ ≥ 0, and 𝑝 and 𝑢 are chosen
such that 𝑑

(
𝜙(𝜚𝑢 (𝑡)), 𝑝

)
= 𝑓 (𝑡), then

𝑓 (𝑡) − 𝑓 (𝑡′) ≤ 𝑑
(
𝜙(𝜚𝑢 (𝑡)), 𝑝

)
− 𝑑

(
𝜙(𝜚𝑢 (𝑡′)), 𝑝

)
≤ 𝑑

(
𝜙(𝜚𝑢 (𝑡)), 𝜙(𝜚𝑢 (𝑡′))

)
≤ 𝑑 (𝜚𝑢 (𝑡), 𝜚𝑢 (𝑡′)) ≤ |𝑡 − 𝑡′ |.
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We want to prove that 𝑓 is identically zero. Consider the following two assertions
for 𝑎 ≥ 0:

(1)𝑎 𝑓 | [0,𝑎] ≡ 0;

(2)𝑎 for every minimizing unit speed geodesic 𝜎 : 𝐼 → Σ on some interval
𝐼 = [0, 𝑙] and every parallel unit vector field 𝑁 : 𝐼 → 𝑇Σ⊥ along 𝜎, the
map 𝐹 |𝐼×[0,𝑎] (where 𝐹 is defined as above) is a totally geodesic isometric
immersion, and 𝜎𝑡 = 𝐹 ( · , 𝑡) is minimizing for every 𝑡 ∈ [0, 𝑎].

The set 𝐴 of all 𝑎 ≥ 0 such that (1)𝑎 and (2)𝑎 hold is closed and connected and
contains 0. Hence, to prove the proposition, it suffices to show that for every 𝑎 ∈ 𝐴
there is a 𝑏 > 𝑎 contained in 𝐴.

Given 𝑎 ∈ 𝐴 (possibly 𝑎 = 0), we choose 𝑏 > 𝑎 such that

(i) 𝑏 − 𝑎 is (strictly) smaller than the injectivity radius of Σ, and

(ii) for every unit vector 𝑢 ∈ 𝑇Σ⊥, no normal Jacobi field 𝑌 along 𝜚𝑢 with
|𝑌 (𝑎) | = 1 and 𝑌 ′(𝑎) = 0 has a zero in (𝑎, 𝑏).

Now fix 𝑟 ∈ (𝑎, 𝑏] for the moment, and choose a pair (𝑝, 𝑢) with 𝑢 ∈ 𝑇Σ⊥
𝑝 such

that 𝑓 (𝑟) = 𝑑 (𝑝, 𝑝), where 𝑝 := 𝜙(𝜚𝑢 (𝑟)). By (1)𝑎, 𝑝 = 𝜙(𝜚𝑢 (𝑎)), thus

𝑑 (𝑝, 𝑝) ≤ 𝑑 (𝜚𝑢 (𝑟), 𝜚𝑢 (𝑎)) ≤ 𝑟 − 𝑎 ≤ 𝑏 − 𝑎.

Hence, by (i), there exists an 𝑙 > 0 such that the segment 𝑝𝑝 can be prolongated by
a minimizing unit speed geodesic 𝜎 : 𝐼 → Σ on 𝐼 = [0, 𝑙] from 𝑝 to some point 𝑞
such that 𝑑 (𝑝, 𝑝) + 𝑙 = 𝑑 (𝑝, 𝑞). Let 𝑁 denote the parallel vector field along 𝜎 with
𝑁 (0) = 𝑢, and set 𝑣 := 𝑁 (𝑙). Consider the corresponding map 𝐹. By (2)𝑎, 𝜎𝑎 is a
geodesic of length 𝑙, and for every 𝑠 ∈ 𝐼, the normal Jacobi field 𝑡 ↦→ 𝜎′

𝑡 (𝑠) along
𝜚𝑁 (𝑠) is parallel on [0, 𝑎] or, in case 𝑎 = 0, 𝐷

𝑑𝑡

��
𝑡=0𝜎

′
𝑡 (𝑠) = 𝐷

𝑑𝑠
𝑁 (𝑠) = 0. It now

follows from (ii) and Theorem 3.26 that |𝜎′
𝑟 (𝑠) | ≤ 1 for all 𝑠 ∈ 𝐼, thus 𝐿 (𝜎𝑟 ) ≤ 𝑙.

Furthermore, an analysis of the proof shows that 𝐿 (𝜎𝑟 ) = 𝑙 if and only if 𝐹 |𝐼×[𝑎,𝑟 ]
is a totally geodesic isometric immersion. Let 𝑞 := 𝜙(𝜚𝑣 (𝑟)). Then

𝑑 (𝑝, 𝑞) ≤ 𝑑 (𝜚𝑢 (𝑟), 𝜚𝑣 (𝑟)) ≤ 𝐿 (𝜎𝑟 ) ≤ 𝑙; (1)

on the other hand, by the choice of 𝑝 and 𝑞 and the definition of 𝑓 ,

𝑓 (𝑟) + 𝑙 = 𝑑 (𝑝, 𝑞) ≤ 𝑑 (𝑝, 𝑞) + 𝑑 (𝑞, 𝑞) ≤ 𝑑 (𝑝, 𝑞) + 𝑓 (𝑟). (2)

So all inequalities in (1) and (2) must in fact be equalities. In particular 𝐹 |𝐼×[𝑎,𝑟 ] is a
totally geodesic isometric immersion, and 𝜎𝑟 has minimal length 𝑑 (𝜚𝑢 (𝑟), 𝜚𝑣 (𝑟)).
Now, for 𝑟 ′ ∈ (𝑎, 𝑟) and 𝑞′ := 𝜙(𝜚𝑣 (𝑟 ′)),

𝑑 (𝑝, 𝑞′) ≤ 𝑑 (𝜚𝑢 (𝑟), 𝜚𝑣 (𝑟 ′)) ≤
√︁
𝑙2 + (𝑟 − 𝑟 ′)2 ≤ 𝑙 + 1

2𝑙
(𝑟 − 𝑟 ′)2
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and 𝑓 (𝑟) + 𝑙 ≤ 𝑑 (𝑝, 𝑞′) + 𝑓 (𝑟 ′), by (2) with 𝑞′ in place of 𝑞. Hence

lim sup
𝑟 ′→𝑟−

𝑓 (𝑟) − 𝑓 (𝑟 ′)
𝑟 − 𝑟 ′ ≤ 0.

This last inequality holds for every 𝑟 ∈ (𝑎, 𝑏]. As 𝑓 is 1-Lipschitz and therefore
absolutely continuous, and 𝑓 | [0,𝑎] ≡ 0 ≤ 𝑓 (𝑟), an integration yields (1)𝑏. To
prove (2)𝑏, let now 𝜎 : 𝐼 → Σ be an arbitrary minimizing unit speed geodesic on
some interval 𝐼 = [0, 𝑙], and put 𝑝 := 𝜎(0) and 𝑞 := 𝜎(𝑙). Repeating a part of the
above argument for 𝑟 ∈ (𝑎, 𝑏], with 𝑓 (𝑟) = 0 and 𝑙 = 𝑑 (𝑝, 𝑞) = 𝑑 (𝑝, 𝑞) in place
of (2), we conclude that 𝐹 |𝐼×[𝑎,𝑟 ] is a totally geodesic isometric immersion and 𝜎𝑟
is minimizing. Together with (2)𝑎, this gives (2)𝑏. □

Theorem 7.12 (Perelman 1994) If at some point 𝑞 ∈ 𝑀 all sectional curvatures
are positive, then every soul of 𝑀 consists of a single point and hence 𝑀 is
diffeomorphic to R𝑚.

Proof : Suppose to the contrary that the soul Σ is not a singleton. Then it follows
from the second part of Proposition 7.11 that for every 𝑝 ∈ Σ there is a plane
𝑃 ⊂ 𝑇𝑀𝑝 with sec(𝑃) = 0. Hence, the point 𝑞 is not in Σ. Let 𝑙 > 0 denote the
distance from 𝑞 to Σ, and choose a unit speed geodesic 𝜚 : [0, 𝑙] → 𝑀 from Σ to 𝑞.
Then 𝜚′(0) is normal, and since dim(Σ) ≥ 1, it follows again from the proposition
that there exists a flat rectangle adjacent to 𝜚. In particular, sec(𝑃) = 0 for some
plane 𝑃 ⊂ 𝑇𝑀𝑞. □

As another direct application of Proposition 7.11, it can be shown that any
1-Lipschitz retraction 𝜙 : 𝑀 → Σ is in fact a 𝐶1 Riemannian submersion;
see [Pe1994]. The regularity was later improved to 𝐶2 and 𝐶∞ in [Gui2000]
and [Wi2007]. In particular, for every 𝑝 ∈ Σ, the fiber 𝜙−1{𝑝} is a smooth
submanifold of 𝑀 .
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Chapter 8

Minimal entropy and Mostow’s
rigidity theorem

The main purpose of this chapter is to give a complete account of the entropy rigidity
theorem of Besson, Courtois, and Gallot [BesCG1995] in the context of negative
curvature, along the lines of the exposition in [BesCG1996]. The volume entropy
of a closed Riemannian manifold is defined as the exponential growth rate of the
volume of balls in the universal cover. The minimality of this quantity characterizes
the locally symmetric spaces of dimension at least three among all homotopy
equivalent manifolds with negative curvature and equal volume (see Theorem 8.22).
This yields, as a direct consequence, Mostow’s rigidity theorem [Mos1973] for
rank one locally symmetric spaces (Theorem 8.23). The proof is, to some extent,
constructive and uses an appealing barycenter method. We further discuss some
closely related topics such as the construction of visual metrics and conformal
structures, due to Bourdon [Bou1995], on the boundary at infinity of a space of
negative curvature.

8.1 The boundary at infinity

Recall that a ray 𝜚 in a Riemannian manifold or a metric space 𝑋 is a minimizing
unit speed geodesic 𝜚 : [0,∞) → 𝑋 .

Definition 8.1 Let 𝑋 be a CAT(0) space. We call two rays 𝜚, 𝜎 in 𝑋 asymptotic,
and we write 𝜚 ∼ 𝜎, if the convex function 𝑠 ↦→ 𝑑 (𝜚(𝑠), 𝜎(𝑠)) is bounded. This
defines an equivalence relation on the collection of all rays. The boundary at
infinity (or ideal boundary or geodesic boundary) 𝑋∞ of 𝑋 is the set of equivalence
classes. The class of 𝜚 is denoted 𝜚∞. Intuitively, 𝜚∞ = 𝜉 ∈ 𝑋∞ may be regarded
as an infinitely remote endpoint of 𝜚, and we may say that 𝜚 is asymptotic to 𝜉 or
a ray from 𝑝 = 𝜚(0) to 𝜉. Similarly, if 𝑐 : R → 𝑋 is a unit speed geodesic, then

107
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𝑐−∞ and 𝑐∞ will denote the classes of the backward and forward ray, respectively,
determined by 𝑐.

Lemma 8.2 Let 𝑋 be a CAT(0) space, and let 𝜚 be a ray in 𝑋 . Then for every
𝑞 ∈ 𝑋 there exists a unique ray 𝜎 such that 𝜎(0) = 𝑞 and 𝜎 is asymptotic to 𝜚.

Proof : Put 𝑝 := 𝜚(0), and let 𝑞 ∈ 𝑋 . For every 𝑡 ≥ 0, let 𝜎𝑡 : [0, 𝑙𝑡 ] → 𝑋 be
the unit speed geodesic from 𝑞 to 𝜚(𝑡). Let 0 < 𝑡 < 𝑡′, and put 𝜆 := 𝑡

𝑡 ′ and
𝑥 := 𝜎𝑡 ′ (𝜆𝑙𝑡 ′). By (Busemann) convexity,

𝑑 (𝜎𝑡 (𝑙𝑡 ), 𝑥) = 𝑑 (𝜚(𝜆𝑡′), 𝑥) ≤ (1 − 𝜆) 𝑑 (𝑝, 𝑞) ≤ 𝑑 (𝑝, 𝑞).

For 𝑙 := min{𝑙𝑡 , 𝜆𝑙𝑡 ′}, it follows from the triangle inequality that 𝑑 (𝜎𝑡 (𝑙), 𝜎𝑡 ′ (𝑙)) ≤
2 𝑑 (𝜎𝑡 (𝑙𝑡 ), 𝑥). Hence, for every 𝑠 ∈ [0, 𝑙], again by convexity,

𝑑 (𝜎𝑡 (𝑠), 𝜎𝑡 ′ (𝑠)) ≤
𝑠

𝑙
𝑑 (𝜎𝑡 (𝑙), 𝜎𝑡 ′ (𝑙)) ≤

2𝑠
𝑙
𝑑 (𝑝, 𝑞).

Thus (𝜎𝑡 (𝑠))𝑙𝑡≥𝑠 is a Cauchy family for every 𝑠 ≥ 0, and the geodesics 𝜎𝑡 converge
uniformly on compact sets to a ray 𝜎 issuing from 𝑞. To see that 𝜎 ∼ 𝜚, note that

𝑑 (𝜚(𝑙𝑡 ), 𝜎𝑡 (𝑙𝑡 )) = |𝑙𝑡 − 𝑡 | = |𝑑 (𝑞, 𝜚(𝑡)) − 𝑑 (𝑝, 𝜚(𝑡) | ≤ 𝑑 (𝑝, 𝑞),

thus 𝑑 (𝜚(𝑠), 𝜎𝑡 (𝑠)) ≤ 𝑑 (𝑝, 𝑞) for all 𝑠 ∈ [0, 𝑙𝑡 ], and therefore 𝑑 (𝜚(𝑠), 𝜎(𝑠)) ≤
𝑑 (𝑝, 𝑞) for all 𝑠 ≥ 0. It is clear that 𝜎 is unique. □

Let now 𝑜 ∈ 𝑋 be a fixed base point. To define a topology on

𝑋 := 𝑋 ∪ 𝑋∞,

we identify every point 𝑥 ∈ 𝑋 with the map 𝜚𝑜𝑥 : [0,∞) → 𝑋 such that
𝜚𝑜𝑥 | [0,𝑑 (𝑜,𝑥 ) ] is the unit speed geodesic from 𝑜 to 𝑥 and 𝜚(𝑠) = 𝑥 for all 𝑠 ≥ 𝑑 (𝑜, 𝑥),
and every boundary point 𝜉 ∈ 𝑋∞ with the ray 𝜚𝑜𝜉 from 𝑜 to 𝜉. We endow the set
of all such eventually constant or usual rays issuing from 𝑜 with the topology of
uniform convergence on compact sets (in other words, the compact-open topology).
This provides 𝑋 with a (metrizable) topology. If 𝑋 is an 𝑛-dimensional Hadamard
manifold, then 𝑋 is homeomorphic to a closed ball in R𝑛. More generally, for a
proper CAT(0) space 𝑋 , it follows from the Arzelà–Ascoli theorem that 𝑋 is still
compact. The topology of 𝑋 is also called the cone topology. A basis is given by
the open balls in 𝑋 and the “cones”

𝑈𝑜 (𝜉, 𝑟, 𝜖) :=
{
𝜂 ∈ 𝑋̄ \ 𝐵(𝑜, 𝑟) : 𝑑 (𝜚𝑜𝜉 (𝑟), 𝜚𝑜𝜂 (𝑟)) < 𝜖

}
for 𝜉 ∈ 𝑋∞ and 𝑟, 𝜖 > 0. Similar arguments as in the proof of Lemma 8.2 show
that the topology does not depend on the choice of 𝑜. Some general references are
Section 2 in [EbON1973], Chapter II in [Ba1995], and Chapter II.8 in [BrH1999].
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We remark further that every isometry 𝛾 : 𝑋 → 𝑋 induces homeomorphisms

𝛾∞ : 𝑋∞ → 𝑋∞, 𝛾 : 𝑋 → 𝑋,

where 𝛾∞(𝜚∞) = (𝛾 ◦ 𝜚)∞ for every ray 𝜚 : [0,∞) → 𝑋 .
Next, we resume the discussion of Busemann functions from Section 7.1. Recall

that the function 𝑏 𝜚 : 𝑋 → R associated with a ray 𝜚 is defined by

𝑏 𝜚 (𝑥) := lim
𝑡→∞

𝑑 (𝑥, 𝜚(𝑡)) − 𝑡.

Note that for fixed 𝑡, the distance function 𝑑 ( · , 𝜚(𝑡)) is convex, so 𝑏 𝜚 is convex,
and therefore horoballs are convex. In a Hadamard manifold, Busemann functions
are at least 𝐶2 (see [HeIH1977]). The following result complements Lemma 7.1.

Proposition 8.3 Let 𝑋 be a CAT(0) space. If 𝜚, 𝜎 are two asymptotic rays in 𝑋 ,
then

𝑏 𝜚 (𝑥) − 𝑏𝜎 (𝑥) = 𝑏 𝜚 (𝜎(0)) = −𝑏𝜎 (𝜚(0))

for all 𝑥 ∈ 𝑋 . In particular, horoballs of 𝜚 depend only on the class 𝜚∞.

Proof : It follows as in the proof of Lemma 7.1 that 𝑏𝜎 (𝑥) ≥ 𝑏 𝜚 (𝑥) − 𝑏 𝜚 (𝜎(0)).
To prove the reverse inequality, let 𝑡 > 0, put 𝑎 := 𝑑 (𝑥, 𝜎(0)), 𝑏 := 𝑑 (𝜚(𝑡), 𝜎(𝑡)),
and

𝑟 := 𝑑 (𝑥, 𝜚(𝑡)), 𝑠 := 𝑑 (𝑥, 𝜎(𝑡)), 𝑢 := 𝑑 (𝜎(0), 𝜚(𝑡)).

By Proposition 5.23, 𝑠2 + 𝑢2 ≤ 𝑟2 + 𝑡2 + 𝑎2 + 𝑏2 (where 𝑡 = 𝑑 (𝜎(0), 𝜎(𝑡))), thus

𝑠 − 𝑡 ≤ (𝑟 − 𝑢) 𝑟 + 𝑢
𝑠 + 𝑡 +

𝑎2 + 𝑏2

𝑠 + 𝑡 .

Note that |𝑟 − 𝑠 | ≤ 𝑏, |𝑢 − 𝑡 | ≤ 𝑏, and 𝑏 ≤ 𝑑 (𝜚(0), 𝜎(0)) by convexity. Hence,
as 𝑡 → ∞, the two fractions converge to 1 and 0, respectively, and writing 𝑟 − 𝑢 as
(𝑟 − 𝑡) − (𝑢 − 𝑡) we conclude that 𝑏𝜎 (𝑥) ≤ 𝑏 𝜚 (𝑥) − 𝑏 𝜚 (𝜎(0)). □

Proposition 8.3 shows that 𝑏 𝜚 (𝑥)−𝑏 𝜚 (𝑦) = 𝑏𝜎 (𝑥)−𝑏𝜎 (𝑦) whenever 𝜚 ∼ 𝜎 and
𝑥, 𝑦 ∈ 𝑋 . Thus, for every 𝜉 ∈ 𝑋∞, there is a well-defined function 𝐵𝜉 : 𝑋 ×𝑋 → R,
called the Busemann cocycle of 𝜉, such that

𝐵𝜉 (𝑥, 𝑦) = 𝑏 𝜚 (𝑥) − 𝑏 𝜚 (𝑦) = lim
𝑡→∞

(
𝑑 (𝑥, 𝜚(𝑡)) − 𝑑 (𝑦, 𝜚(𝑡))

)
for every ray 𝜚 in the class 𝜉. Note that

𝐵𝜉 (𝑦, 𝑥) = −𝐵𝜉 (𝑥, 𝑦), 𝐵𝜉 (𝑥, 𝑦) + 𝐵𝜉 (𝑦, 𝑧) = 𝐵𝜉 (𝑥, 𝑧),

and |𝐵𝜉 (𝑥, 𝑦) | ≤ 𝑑 (𝑥, 𝑦) for all 𝑥, 𝑦, 𝑧 ∈ 𝑋 .
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Proposition 8.4 The function 𝐵 : 𝑋 × 𝑋 × 𝑋 → R,

𝐵(𝜉, 𝑥, 𝑦) :=

{
𝐵𝜉 (𝑥, 𝑦) if 𝜉 ∈ 𝑋∞,
𝑑 (𝑥, 𝜉) − 𝑑 (𝑦, 𝜉) if 𝜉 ∈ 𝑋 ,

is continuous.

Proof : Fix 𝑜 ∈ 𝑋 . Since 𝐵(𝜉, 𝑥, 𝑦) = 𝐵(𝜉, 𝑥, 𝑜) − 𝐵(𝜉, 𝑦, 𝑜) and 𝐵(𝜉, · , 𝑜) is
1-Lipschitz, it suffices to verify that 𝐵( · , 𝑥, 𝑜) is continuous on 𝑋 for any 𝑥 ∈ 𝑋 .
For this, let 𝜚 be the ray from 𝑜 to a boundary point 𝜉 ∈ 𝑋∞, and let 𝜎 be the
eventually constant or usual ray from 𝑜 to a point 𝜂 ∈ 𝑋 . Comparison with R2

shows that for every 𝜖 > 0 there is a constant 𝑟 > 0, depending otherwise only on
𝑑 (𝑜, 𝑥), such that if 𝑧′ is a point on a segment 𝑜𝑧 and 𝑑 (𝑜, 𝑧′) ≥ 𝑟 , then

𝑑 (𝑥, 𝑧) − 𝑑 (𝑜, 𝑧) ≤ 𝑑 (𝑥, 𝑧′) − 𝑑 (𝑜, 𝑧′) ≤ 𝑑 (𝑥, 𝑧) − 𝑑 (𝑜, 𝑧) + 𝜖 .

Hence, if 𝜂 ∈ 𝑋 is in a sufficiently small neighborhood of 𝜉, such that 𝜂 ∉ 𝐵(𝑜, 𝑟)
and 𝑑 (𝜚(𝑟), 𝜎(𝑟)) < 𝜖 , then

𝐵(𝜂, 𝑥, 𝑜) ≤ 𝑑 (𝑥, 𝜎(𝑟)) − 𝑟 < 𝑑 (𝑥, 𝜚(𝑟)) − 𝑟 + 𝜖 ≤ 𝐵(𝜉, 𝑥, 𝑜) + 2𝜖

(where 𝑟 = 𝑑 (𝑜, 𝜎(𝑟)) = 𝑑 (𝑜, 𝜚(𝑟))), and likewise 𝐵(𝜉, 𝑥, 𝑜) < 𝐵(𝜂, 𝑥, 𝑜) + 2𝜖 . □

The following result complements the discussion of isometries in Section 4.5
(see also Corollary 5.26).

Theorem 8.5 Suppose that 𝑋 is a proper CAT(0) space, and 𝛾 is a parabolic
isometry of 𝑋 . Then 𝛾 : 𝑋 → 𝑋 fixes at least one point 𝜉 ∈ 𝑋∞, and 𝛾 leaves
invariant all horoballs centered at 𝜉.

Proof : The displacement function 𝑑𝛾 : 𝑋 → [0,∞), 𝑑𝛾 (𝑥) := 𝑑 (𝑥, 𝛾(𝑥)), is
convex, 𝛾-invariant, and does not attain its infimum |𝛾 | (compare 4.21–4.23).
Hence, for every 𝜆 > |𝛾 |, the closed sublevel set 𝐶𝜆 := {𝑥 ∈ 𝑋 : 𝑑𝛾 (𝑥) ≤ 𝜆} ≠ ∅
is convex and 𝛾-invariant. Fix a basepoint 𝑝 ∈ 𝑋 , and let 𝑝𝜆 be the point in 𝐶𝜆

nearest to 𝑝. Note that for every 𝑅 > 0 there is an 𝜖 > 0 such that 𝑑𝛾 ≥ |𝛾 | + 𝜖
on 𝐵(𝑝, 𝑅), thus 𝑑 (𝑝, 𝑝𝜆) > 𝑅 for 𝜆 < |𝛾 | + 𝜖 . This shows that 𝑑 (𝑝, 𝑝𝜆) → ∞
as 𝜆 → |𝛾 |. Since 𝑋 is compact, there exists a sequence 𝜆𝑘 → |𝛾 | such that 𝑝𝜆𝑘

converges to some point 𝜉 ∈ 𝑋∞ as 𝑘 → ∞. Let 𝜚 be the ray from 𝑝 to 𝜉. If 𝑘
is sufficiently large, then 𝑑𝛾 (𝑝𝜆𝑘

) ≤ 𝜆𝑘 ≤ 𝑑𝛾 (𝑝), and since 𝑝𝜆𝑘
→ 𝜉 and 𝑑𝛾 is

convex, it follows that 𝑑𝛾 (𝜚(𝑡)) ≤ 𝑑𝛾 (𝑝) for all 𝑡 ≥ 0. Hence, 𝜚 is asymptotic to
𝛾 ◦ 𝜚, and so 𝛾 fixes 𝜉.

To show that the Busemann function 𝑏 𝜚 is 𝛾-invariant, that is, 𝑏 𝜚 ◦ 𝛾 = 𝑏 𝜚 ,
consider the functions 𝑓𝜆, ℎ𝜆 : 𝑋 → R,

𝑓𝜆(𝑞) := 𝑑 (𝑞, 𝑝𝜆) − 𝑑 (𝑝, 𝑝𝜆), ℎ𝜆(𝑞) := 𝑑 (𝑞, 𝑞𝜆) − 𝑑 (𝑝, 𝑝𝜆),
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where 𝑞𝜆 denotes the point in 𝐶𝜆 closest to 𝑞. By Proposition 8.4, as 𝑘 → ∞,

𝑓𝜆𝑘
(𝑞) = 𝐵(𝑝𝜆𝑘

, 𝑞, 𝑝) → 𝐵(𝜉, 𝑞, 𝑝) = 𝑏 𝜚 (𝑞). (1)

Since 𝐶𝜆 is 𝛾-invariant, so is ℎ𝜆. Put 𝑎 := 𝑑 (𝑝, 𝑞), 𝑏 := 𝑑 (𝑝𝜆, 𝑞𝜆), and

𝑟 := 𝑑 (𝑝, 𝑝𝜆), 𝑠 := 𝑑 (𝑝, 𝑞𝜆), 𝑡 := 𝑑 (𝑞, 𝑞𝜆), 𝑢 := 𝑑 (𝑞, 𝑝𝜆).

By Proposition 5.23, 𝑠2 + 𝑢2 ≤ 𝑟2 + 𝑡2 + 𝑎2 + 𝑏2, furthermore 𝑟 ≤ 𝑠 and 𝑏 ≤ 𝑎

(Proposition 5.24). Hence, 𝑢2 − 𝑟2 ≤ 𝑡2 − 𝑟2 + 2𝑎2 and

𝑢 − 𝑟 ≤ (𝑡 − 𝑟) 𝑡 + 𝑟
𝑢 + 𝑟 + 2𝑎2

𝑢 + 𝑟 .

As 𝜆 → |𝛾 |, the two fractions converge to 1 and 0, respectively. Since 𝑢−𝑟 = 𝑓𝜆(𝑞)
and 𝑡 − 𝑟 = ℎ𝜆(𝑞) ≤ 𝑓𝜆(𝑞), we conclude from (1) that ℎ𝜆𝑘

(𝑞) → 𝑏 𝜚 (𝑞) for all
𝑞 ∈ 𝑋 . Thus, since ℎ𝜆 is 𝛾-invariant, so is 𝑏 𝜚 . □

8.2 Visual metrics

We now assume that 𝑋 is a Hadamard manifold with sectional curvature at most −1
or, more generally, a CAT(−1) space. Our next goal is to equip the boundary at
infinity of 𝑋 with a family (𝑑𝑜)𝑜∈𝑋 of so-called visual metrics compatible with the
subspace topology of 𝑋∞ ⊂ 𝑋 .

Given a geodesic triangle with vertices 𝑜, 𝑥, 𝑦 in 𝑋 , there is a unique triple
of points 𝑢 ∈ 𝑜𝑥, 𝑣 ∈ 𝑜𝑦, and 𝑤 ∈ 𝑥𝑦 such that any two of them are at equal
distance to the common vertex of the respective sides, thus 𝑑 (𝑢, 𝑜) = 𝑑 (𝑣, 𝑜),
𝑑 (𝑣, 𝑦) = 𝑑 (𝑤, 𝑦), and 𝑑 (𝑤, 𝑥) = 𝑑 (𝑢, 𝑥). Following [BuyS2007] we call these the
equiradial points of the triangle. The distance of 𝑢 and 𝑣 to 𝑜 is explicitly given by
the quantity

(𝑥 | 𝑦)𝑜 :=
1
2
(
𝑑 (𝑜, 𝑥) + 𝑑 (𝑜, 𝑦) − 𝑑 (𝑥, 𝑦)

)
,

called the Gromov product of 𝑥 and 𝑦 with respect to 𝑜 due to its central role
in [Gro1987]. If 𝑜 ∈ 𝑋 is another base point, then��(𝑥 | 𝑦)𝑜 − (𝑥 | 𝑦)𝑜̃

�� = 1
2
��𝑑 (𝑜, 𝑥) + 𝑑 (𝑜, 𝑦) − 𝑑 (𝑜, 𝑥) − 𝑑 (𝑜, 𝑦)�� ≤ 𝑑 (𝑜, 𝑜).

Furthermore, the Gromov product possesses the following monotonicity property:
if 𝑥′ ∈ 𝑜𝑥 and 𝑦′ ∈ 𝑜𝑦, then

(𝑥′ | 𝑦′)𝑜 ≤ (𝑥 | 𝑦)𝑜,

because 2(𝑥 | 𝑦)𝑜 − 2(𝑥′ | 𝑦′)𝑜 = 𝑑 (𝑥, 𝑥′) + 𝑑 (𝑦, 𝑦′) − 𝑑 (𝑥, 𝑦) + 𝑑 (𝑥′, 𝑦′) ≥ 0 by the
triangle inequality. Thus, for two points 𝜉, 𝜂 ∈ 𝑋∞ represented by the rays 𝜚, 𝜎
issuing from 𝑜, we can define

(𝜉 | 𝜂)𝑜 := lim
𝑠,𝑡→∞

(𝜚(𝑠) | 𝜎(𝑡))𝑜 ∈ [0,∞] .
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As the notation suggests, the limit does not depend on the choice of representatives.
To verify this, suppose that 𝜚̃ ∼ 𝜚 and 𝜎̃ ∼ 𝜎. Comparison with 𝐻2 shows that if
two asymptotic rays in 𝑋 are properly synchronized, so that the Busemann functions
agree, then the distance between them is not only bounded but tends to zero. That
is, there exist 𝛼, 𝛽 ∈ R such that 𝑑 ( 𝜚̃(𝑠), 𝜚(𝑠+𝛼)) → 0 and 𝑑 (𝜎̃(𝑡), 𝜎(𝑡 + 𝛽)) → 0
as 𝑠, 𝑡 → ∞. In fact, by Proposition 8.3, 𝛼 = 𝑏 𝜚̃ (𝑜) and 𝛽 = 𝑏 𝜎̃ (𝑜). It now follows
that lim𝑠,𝑡→∞( 𝜚̃(𝑠) | 𝜎̃(𝑡))𝑜 = (𝜉 | 𝜂)𝑜.

Lemma 8.6 There exists a constant 𝛿 > 0 such that if 𝑋 is a CAT(−1) space and
𝜉, 𝜂 ∈ 𝑋∞ are two distinct points represented by the rays 𝜚, 𝜎 issuing from 𝑜 ∈ 𝑋 ,
then

(𝜉 | 𝜂)𝑜 ≤ sup{𝑟 ≥ 0 : 𝑑 (𝜚(𝑟), 𝜎(𝑟)) ≤ 𝛿} < ∞.

If 𝑋 is a proper in addition, then there exists a unit speed geodesic 𝑐 : R → 𝑋 such
that 𝑐−∞ = 𝜉, 𝑐∞ = 𝜂, and

(𝜉 | 𝜂)𝑜 ≤ 𝑑 (𝑜, im(𝑐)) ≤ (𝜉 | 𝜂)𝑜 + 𝛿.

Note that 𝑐 is unique up to reparametrization (compare Proposition 4.20).

Proof : Consider a geodesic triangle in 𝑋 with vertices 𝑜, 𝑥, 𝑦. By comparison with
𝐻2, there exists a constant 𝛿 > 0 such that the diameter of the set of equiradial
points is at most 𝛿, regardless of the size of the triangle. Hence, if 𝑢 ∈ 𝑜𝑥 is the
point at distance (𝑥 | 𝑦)𝑜 from 𝑜, and 𝑤 ∈ 𝑥𝑦 is the point with 𝑑 (𝑤, 𝑥) = 𝑑 (𝑢, 𝑥),
then

𝑑 (𝑜, 𝑥𝑦) ≤ 𝑑 (𝑜, 𝑤) ≤ 𝑑 (𝑜, 𝑢) + 𝑑 (𝑢, 𝑤) ≤ (𝑥 | 𝑦)𝑜 + 𝛿.

Moreover, if 𝑧 ∈ 𝑥𝑤, then 𝑑 (𝑧, 𝑥) ≤ 𝑑 (𝑤, 𝑥) = 𝑑 (𝑢, 𝑥) and thus

𝑑 (𝑜, 𝑧) ≥ 𝑑 (𝑜, 𝑥) − 𝑑 (𝑧, 𝑥) ≥ 𝑑 (𝑜, 𝑥) − 𝑑 (𝑢, 𝑥) = (𝑥 | 𝑦)𝑜 .

So by symmetry, 𝑑 (𝑜, 𝑥𝑦) ≥ (𝑥 | 𝑦)𝑜.
Let now 𝜉, 𝜂 ∈ 𝑋∞ be two distinct points represented by the rays 𝜚, 𝜎 issuing

from 𝑜. Since 𝜚 ≁ 𝜎, the supremum 𝑅 := sup{𝑟 : 𝑑 (𝜚(𝑟), 𝜎(𝑟)) ≤ 𝛿} is finite. Let
𝑠 > 0, and consider the triangle with vertices 𝑜, 𝜚(𝑠), 𝜎(𝑠). For 𝑟 := (𝜚(𝑠) | 𝜎(𝑠))𝑜,
we have 𝑑 (𝜚(𝑟), 𝜎(𝑟)) ≤ 𝛿 by the choice of 𝛿, and so

(𝜚(𝑠) | 𝜎(𝑠))𝑜 = 𝑟 ≤ 𝑅.

This yields the first assertion of the lemma. For the second, if 𝑋 is proper, put
𝑙𝑠 := 𝑑 (𝜚(𝑠), 𝜎(𝑠)), and let 𝑐𝑠 : [− 1

2 𝑙𝑠,
1
2 𝑙𝑠] → 𝑋 be the unit speed geodesic from

𝜚(𝑠) to 𝜎(𝑠). By the above inequalities, 𝑑 (𝑜, 𝑐𝑠 (0)) ≤ 𝑅 + 𝛿, and the desired
geodesic 𝑐 is obtained as the pointwise limit of some subsequence (𝑐𝑠𝑖 ). □

The following result is due to Bourdon [Bou1995]. We give a somewhat
different proof suggested by V. Schroeder.
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Proposition 8.7 (visual metrics) Let 𝑋 be a CAT(−1) space. For 𝑜 ∈ 𝑋 , the
function 𝑑𝑜 : 𝑋∞ × 𝑋∞ → [0, 2] defined by

𝑑𝑜 (𝜉, 𝜂) := 2 e−( 𝜉 | 𝜂)𝑜 ,

with the convention e−∞ := 0, is a metric on 𝑋∞. If 𝑜 is another base point, then

𝜆−1𝑑𝑜 (𝜉, 𝜂) ≤ 𝑑𝑜̃ (𝜉, 𝜂) = 𝑑𝑜 (𝜉, 𝜂) e (𝐵𝜉 (𝑜,𝑜̃)+𝐵𝜂 (𝑜,𝑜̃) )/2 ≤ 𝜆 𝑑𝑜 (𝜉, 𝜂)

for all 𝜉, 𝜂 ∈ 𝑋∞, where 𝜆 := e 𝑑 (𝑜,𝑜̃) .

Proof : We shall use comparison with the Poincaré unit disk (𝑈, 𝑑). The hyperbolic
distance 𝑑 (𝑥, 𝑦̄) between 𝑥, 𝑦̄ ∈ 𝑈 is given by the formula

sinh2 ( 1
2𝑑 (𝑥, 𝑦̄)

)
=

cosh(𝑑 (𝑥, 𝑦̄)) − 1
2

=
∥𝑥 − 𝑦̄∥2

(1 − ∥𝑥∥2) (1 − ∥ 𝑦̄∥2)
,

where ∥ · ∥ is the Euclidean norm (see [BrH1999], p. 86). It follows readily that
cosh2 ( 1

2𝑑 (𝑥, 0)
)
= (1 − ∥𝑥∥2)−1 and

∥𝑥 − 𝑦̄∥ =
sinh

( 1
2𝑑 (𝑥, 𝑦̄)

)
cosh

( 1
2𝑑 (𝑥, 0)

)
cosh

( 1
2𝑑 ( 𝑦̄, 0)

) .
In particular, if 𝑑 (𝑥, 0) = 𝑑 ( 𝑦̄, 0) = 𝑟 and 𝑑 (𝑥, 𝑦̄) = 𝑠, then

∥𝑥 − 𝑦̄∥ = 𝑓𝑟 (𝑠) :=
sinh

(
𝑠
2
)

cosh2 ( 𝑟
2
) = 2

e𝑠/2 − e−𝑠/2

e𝑟 + 2 + e−𝑟
.

We now verify the triangle inequality for 𝑑𝑜. Let 𝜚, 𝜎, 𝜏 be three distinct rays
in 𝑋 emanating from 𝑜. Fix 𝑟 > 0 for the moment, and put 𝑥 := 𝜚(𝑟), 𝑦 := 𝜎(𝑟),
and 𝑧 := 𝜏(𝑟). Choose 𝑥, 𝑦̄, 𝑧 in (𝑈, 𝑑) such that 𝑥, 𝑦̄, 0 and 𝑦̄, 𝑧, 0 are comparison
triples for 𝑥, 𝑦, 𝑜 and 𝑦, 𝑧, 𝑜, respectively, and the two hyperbolic triangles have
disjoint interiors. Suppose first that ∡0(𝑥, 𝑦̄) + ∡0( 𝑦̄, 𝑧) < 𝜋. Then the hyperbolic
segment 𝑥𝑧 intersects 0𝑦̄ in a point 𝑤̄. Let 𝑤 := 𝜎(𝑑 (𝑤̄, 0)) be the corresponding
point in 𝑋 . By comparison,

𝑑 (𝑥, 𝑧) = 𝑑 (𝑥, 𝑤̄) + 𝑑 (𝑤̄, 𝑧) ≥ 𝑑 (𝑥, 𝑤) + 𝑑 (𝑤, 𝑧) ≥ 𝑑 (𝑥, 𝑧).

Hence, by the Euclidean triangle inequality for 𝑥, 𝑦̄, 𝑧 and the monotonicity of the
function 𝑓𝑟 defined above,

𝑓𝑟 (𝑑 (𝑥, 𝑦̄)) + 𝑓𝑟 (𝑑 ( 𝑦̄, 𝑧)) ≥ 𝑓𝑟 (𝑑 (𝑥, 𝑧)) ≥ 𝑓𝑟 (𝑑 (𝑥, 𝑧)).

In the remaining case, when ∡0(𝑥, 𝑦̄) + ∡0( 𝑦̄, 𝑧) ≥ 𝜋, we choose a comparison triple
𝑥, 𝑧, 0 ∈ 𝑈 for 𝑥, 𝑧, 𝑜; then

𝑓𝑟 (𝑑 (𝑥, 𝑦̄)) + 𝑓𝑟 (𝑑 ( 𝑦̄, 𝑧)) ≥ ∥𝑥∥ + ∥𝑧∥ = ∥𝑥∥ + ∥𝑧∥ ≥ 𝑓𝑟 (𝑑 (𝑥, 𝑧)).



114 Chapter 8 Minimal entropy and Mostow’s rigidity theorem

We conclude that, in either case,

𝑓𝑟 (𝑑 (𝑥, 𝑦)) + 𝑓𝑟 (𝑑 (𝑦, 𝑧)) ≥ 𝑓𝑟 (𝑑 (𝑥, 𝑧)).

Recall that 𝑥 = 𝜚(𝑟), 𝑦 = 𝜎(𝑟), and 𝑧 = 𝜏(𝑟). Letting 𝑟 → ∞, we get that

lim
𝑟→∞

𝑓𝑟 (𝑑 (𝜚(𝑟), 𝜎(𝑟))) = lim
𝑟→∞

2 e 𝑑 ( 𝜚 (𝑟 ) ,𝜎 (𝑟 ) )/2−𝑟

= 2 e−( 𝜚∞ | 𝜎∞ )𝑜 = 𝑑𝑜 (𝜚∞, 𝜎∞),

and the inequality 𝑑𝑜 (𝜚∞, 𝜎∞) + 𝑑𝑜 (𝜎∞, 𝜏∞) ≥ 𝑑𝑜 (𝜚∞, 𝜏∞) follows.
Let now 𝑜 ∈ 𝑋 be another base point. For two rays 𝜚, 𝜎 as above, let 𝜚̃, 𝜎̃ be the

rays emanating from 𝑜 with 𝜚̃∞ = 𝜉 := 𝜚∞ and 𝜎̃∞ = 𝜂 := 𝜎∞. Put 𝛼 := 𝑏 𝜚̃ (𝑜) =
𝐵𝜉 (𝑜, 𝑜) and 𝛽 := 𝑏 𝜎̃ (𝑜) = 𝐵𝜂 (𝑜, 𝑜). Then lim𝑟→∞ 𝑑 ( 𝜚̃(𝑟), 𝜚(𝑟 + 𝛼)) = 0 and
lim𝑟→∞ 𝑑 (𝜎̃(𝑟), 𝜎(𝑟 + 𝛽)) = 0, and it follows that (𝜉 | 𝜂)𝑜̃ = (𝜉 | 𝜂)𝑜 − 1

2 (𝛼 + 𝛽).
This yields the result. □

The boundary map 𝛾∞ : 𝑋∞ → 𝑋∞ induced by an isometry 𝛾 ∈ Isom(𝑋)
satisfies (𝛾∞(𝜉) | 𝛾∞(𝜂))𝑜 = (𝜉 | 𝜂)𝛾−1 (𝑜) for all 𝜉, 𝜂 ∈ 𝑋∞, hence

𝑑𝑜 (𝛾∞(𝜉), 𝛾∞(𝜂)) = 𝑑𝛾−1 (𝑜) (𝜉, 𝜂).

Proposition 8.7 then shows that 𝛾∞ is a 𝜆-bi-Lipschitz homeomorphism with respect
to 𝑑𝑜 for 𝜆 = e 𝑑 (𝑜,𝛾−1 (𝑜) ) = e 𝑑 (𝛾 (𝑜) ,𝑜) . A stronger property of 𝛾∞ is discussed
next.

A map 𝑓 : (𝐴, 𝑑) → (𝐵, 𝑑) between two metric spaces is called conformal if
for every non-isolated point 𝑎 ∈ 𝐴, the limit

lim
𝑎′→𝑎

𝑑 ( 𝑓 (𝑎), 𝑓 (𝑎′))
𝑑 (𝑎, 𝑎′) ,

called the conformal factor of 𝑓 at 𝑎, exists and is (finite and) non-zero. Two metrics
𝑑, 𝑑 on 𝐴 are conformal if the identity map id : (𝐴, 𝑑) → (𝐴, 𝑑) is. A collection of
pairwise conformal metrics is called a conformal structure. The following result is
also due to Bourdon [Bou1995].

Proposition 8.8 (conformal structure) Let 𝑋 be a CAT(−1) space. The family
(𝑑𝑜)𝑜∈𝑋 is a conformal structure on 𝑋∞ with conformal factors

lim
𝜉 ′→𝜉

𝑑𝑜̃ (𝜉, 𝜉′)
𝑑𝑜 (𝜉, 𝜉′)

= e 𝐵𝜉 (𝑜,𝑜̃) .

For an isometry 𝛾 ∈ Isom(𝑋), the induced map 𝛾∞ of (𝑋∞, 𝑑𝑜) is conformal with
conformal factor e 𝐵𝜉 (𝑜,𝛾−1 (𝑜) ) at 𝜉.



8.3 Quasi-isometries 115

Proof : Let 𝑜, 𝑜 ∈ 𝑋 . We know from Proposition 8.4 that the function 𝜉 ↦→ 𝐵𝜉 (𝑜, 𝑜)
is continuous on 𝑋∞; alternatively, this follows from the equation in Proposition 8.7
by considering a neighborhood 𝑉 ⊂ 𝑋∞ of 𝜉 and a fixed 𝜂 outside of 𝑉 . Now, for
every non-isolated point 𝜉 ∈ 𝑋∞,

lim
𝜉 ′→𝜉

𝑑𝑜̃ (𝜉, 𝜉′)
𝑑𝑜 (𝜉, 𝜉′)

= lim
𝜉 ′→𝜉

e (𝐵𝜉 (𝑜,𝑜̃)+𝐵𝜉 ′ (𝑜,𝑜̃) )/2 = e 𝐵𝜉 (𝑜,𝑜̃) .

If 𝛾 ∈ Isom(𝑋), then 𝑑𝑜 (𝛾∞(𝜉), 𝛾∞(𝜉′)) = 𝑑𝛾−1 (𝑜) (𝜉, 𝜉′), as mentioned above, and
the result follows. □

8.3 Quasi-isometries

Let, for the moment, (𝑋, 𝑑) and (𝑌, 𝑑) be arbitrary metric spaces. A (not necessarily
continuous) map 𝑓 : 𝑋 → 𝑌 is called a (𝜆, 𝛼)-quasi-isometric embedding, for
constants 𝜆 ≥ 1 and 𝛼 ≥ 0, if

𝜆−1𝑑 (𝑥, 𝑥′) − 𝛼 ≤ 𝑑 ( 𝑓 (𝑥), 𝑓 (𝑥′)) ≤ 𝜆 𝑑 (𝑥, 𝑥′) + 𝛼

for all 𝑥, 𝑥′ ∈ 𝑋 , and 𝑓 is called a quasi-isometric embedding if this holds for some
such constants. If in addition sup{𝑑 (𝑦, 𝑓 (𝑋)) : 𝑦 ∈ 𝑌 } < ∞, then 𝑓 is called a
quasi-isometry; then there also exists a quasi-isometry 𝑔 : 𝑌 → 𝑋 such that 𝑔◦ 𝑓 and
𝑓 ◦ 𝑔 are at finite uniform distance from the identity map on 𝑋 and 𝑌 , respectively
(a rough inverse of 𝑓 ). Two metric spaces are said to be quasi-isometric if there
exists a quasi-isometry between them. The composition of two quasi-isometric
embeddings or two quasi-isometries is again a quasi-isometric embedding or a
quasi-isometry, respectively.

A main source of quasi-isometries is the following result, which complements
Lemma 6.10.

Lemma 8.9 (orbit map) Let 𝑋 be a complete Riemannian manifold, and let Γ ⊂
Isom(𝑋) be a group of isometries acting properly discontinuously and cocompactly
on 𝑋 . For every word metric 𝑑𝐴 on the (finitely generated) group Γ and every 𝑥 ∈ 𝑋 ,
the orbit map (Γ, 𝑑𝐴) → 𝑋 , 𝛾 ↦→ 𝛾(𝑥), is a quasi-isometry.

This holds more generally for any proper geodesic metric space 𝑋 .

Proof : Given 𝑥 ∈ 𝑋 , choose 𝑟 > 0 such that
⋃

𝛾∈Γ 𝐵(𝛾(𝑥), 𝑟) = 𝑋 . Lemma 6.10
(for 𝐾 = 𝐵(𝛾(𝑥), 𝑟) and 𝛿 = 𝑟) shows that the set 𝐴 := {𝑎 ∈ Γ : 𝑑 (𝑥, 𝑎(𝑥)) < 3𝑟}
is finite and generates Γ, and if 𝑑 (𝑥, 𝛾(𝑥)) < 𝑘𝑟 for some integer 𝑘 ≥ 1, then
|𝛾 |𝐴 ≤ 𝑘 . Now let 𝛾, 𝛾′ ∈ Γ. If 𝑘 ≥ 1 is such that (𝑘 − 1)𝑟 ≤ 𝑑 (𝛾(𝑥), 𝛾′(𝑥)) =
𝑑 (𝑥, 𝛾−1𝛾′(𝑥)) < 𝑘𝑟, then

𝑑𝐴(𝛾, 𝛾′) = |𝛾−1𝛾′ |𝐴 ≤ 𝑘 ≤ 1
𝑟
𝑑 (𝛾(𝑥), 𝛾′(𝑥)) + 1.
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Conversely, suppose that 𝑑𝐴(𝛾, 𝛾′) = 𝑘 ≥ 1. There exist 𝑎1, . . . , 𝑎𝑘 ∈ 𝐴 such that
𝛾−1𝛾′ = 𝑎1 · · · 𝑎𝑘 . Put 𝛾0 := 𝛾 and 𝛾𝑖 := 𝛾𝑎1 · · · 𝑎𝑖 for 𝑖 = 1, . . . , 𝑘; then

𝑑 (𝛾(𝑥), 𝛾′(𝑥)) ≤
𝑘∑︁
𝑖=1

𝑑 (𝛾𝑖−1(𝑥), 𝛾𝑖 (𝑥)) =
𝑘∑︁
𝑖=1

𝑑 (𝑥, 𝑎𝑖 (𝑥)) < 3𝑟𝑘 = 3𝑟 𝑑𝐴(𝛾, 𝛾′).

Thus, for 𝐴 as above, the orbit map 𝑥 ↦→ 𝛾(𝑥) is a quasi-isometry. Since any two
word metrics are bi-Lipschitz equivalent to each other, the result follows. □

The following characteristic property of spaces of negative curvature goes back
to H. M. Morse [Mo1924] for the hyperbolic plane.

Proposition 8.10 (Morse lemma) For all 𝜆 ≥ 1 and 𝛼 ≥ 0 there exists a constant
𝐷 ≥ 0 such that if 𝑋 is a CAT(−1) space and 𝜎 : [0, 𝑙] → 𝑋 is a (𝜆, 𝛼)-quasi-
isometric embedding, then the Hausdorff distance between im(𝜎) and the segment
𝑝𝑞 connecting 𝑝 := 𝜎(0) and 𝑞 := 𝜎(𝑙) is at most 𝐷.

Proof : Let 𝑟 > 0, to be specified later. Note that 𝑑 (𝜎(𝑠), 𝜎(𝑠′)) ≤ 𝜆 + 𝛼 =: 𝑏
whenever |𝑠 − 𝑠′ | ≤ 1. Hence, every image point of 𝜎 at distance > 𝑟 + 𝑏 from
𝑝𝑞 is contained in some sequence 𝑥𝑖 := 𝜎(𝑡 + 𝑖), for 𝑖 = 0, 1, . . . , 𝑘 , such that
𝑑 (𝑥𝑖 , 𝑝𝑞) > 𝑟 + 𝑏 for 𝑖 = 1, . . . , 𝑘 − 1 and 𝑑 (𝑥0, 𝑝𝑞), 𝑑 (𝑥𝑘 , 𝑝𝑞) ≤ 𝑟 + 𝑏. Then

𝐿 :=
𝑘∑︁
𝑖=1

𝑑 (𝑥𝑖−1, 𝑥𝑖) ≤ 𝑘𝑏 ≤ 𝑏𝜆(𝑑 (𝑥0, 𝑥𝑘) + 𝛼),

as 𝑑 (𝑥0, 𝑥𝑘) = 𝑑 (𝜎(𝑡), 𝜎(𝑡 + 𝑘)) ≥ 𝜆−1𝑘 − 𝛼. Let 𝜋 : 𝑋 → 𝑝𝑞 be the nearest point
retraction, and notice that

𝑑 (𝑥0, 𝑥𝑘) ≤ 𝑑 (𝜋(𝑥0), 𝜋(𝑥𝑘)) + 2(𝑟 + 𝑏).

The segments 𝑥0𝑥1, . . . , 𝑥𝑘−1𝑥𝑘 form a curve of length 𝐿 at distance > 𝑟 from 𝑝𝑞.
A comparison argument with 𝐻2 then shows that

𝑑 (𝜋(𝑥0), 𝜋(𝑥𝑘)) ≤ cosh(𝑟)−1𝐿.

(compare the proof of Proposition 7.9). We now choose 𝑟 so that 𝑏𝜆 cosh(𝑟)−1 = 1
2 .

Altogether, this yields the bound 1
2𝐿 ≤ 𝑏𝜆(2(𝑟 + 𝑏) + 𝛼) =: 𝐶, and we conclude

that im(𝜎) is within distance at most 𝑟 + 𝑏 + 𝐶 from 𝑝𝑞.
Conversely, let 𝑥 ∈ 𝑝𝑞. Since 𝑑 (𝜋(𝜎(𝑠)), 𝜋(𝜎(𝑠′))) ≤ 𝜆 |𝑠 − 𝑠′ | + 𝛼 for all

𝑠, 𝑠′ ∈ [0, 𝑙], there must exist a point 𝜋(𝜎(𝑡)) at distance at most 𝛼 from 𝑥. Then

𝑑 (𝑥, 𝜎(𝑡)) ≤ 𝛼 + 𝑑 (𝜋(𝜎(𝑡)), 𝜎(𝑡)) ≤ 𝛼 + 𝑟 + 𝑏 + 𝐶.

This completes the proof. □
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Among the many applications of the Morse lemma is the following key result.

Theorem 8.11 (induced boundary map) Let 𝑋,𝑌 be two Hadamard manifolds of
curvature ≤ −1, or two proper CAT(−1) spaces, and suppose that 𝑓 : 𝑋 → 𝑌 is a
(𝜆, 𝛼)-quasi-isometric embedding. Then 𝑓 induces an embedding 𝑓∞ : 𝑋∞ → 𝑌∞
such that both 𝑓∞ and its inverse on im( 𝑓∞) are Hölder continuous with exponent
𝜆−1 with respect to 𝑑𝑜 and 𝑑 𝑓 (𝑜) for any base point 𝑜 ∈ 𝑋 . If 𝑓 is a quasi-isometry,
then 𝑓∞ is a homeomorphism.

Proof : To define the map 𝑓∞, let 𝜉 ∈ 𝑋∞, and let 𝜚 be the ray from the base
point 𝑜 to 𝜉. By Proposition 8.10 there exists a constant 𝐷 = 𝐷 (𝜆, 𝛼) such that
for every 𝑡 > 0, the image of 𝑓 ◦ 𝜚 | [0,𝑡 ] is at Hausdorff distance at most 𝐷 from
the segment connecting 𝑓 (𝑜) and 𝑓 ◦ 𝜚(𝑡). Let 𝜚̄𝑡 : [0, 𝑙𝑡 ] → 𝑌 be the unit speed
parametrization of this segment. Notice that

𝑙𝑡 = 𝑑 ( 𝑓 (𝑜), 𝑓 ◦ 𝜚(𝑡)) ≥ 𝜆−1𝑡 − 𝛼,

and the endpoint 𝜚̄𝑡 (𝑙𝑡 ) is at distance ≤ 𝐷 from im( 𝜚̄𝑡 ′) for any 𝑡′ > 𝑡. By
convexity, ( 𝜚̄𝑡 (𝑠))𝑙𝑡≥𝑠 is a Cauchy family for every 𝑠 > 0, and the geodesics 𝜚̄𝑡
converge uniformly on compact sets to a ray 𝜚̄ in 𝑌 as 𝑡 → ∞. The trace of 𝜚̄ is
at Hausdorff distance ≤ 𝐷 from im( 𝑓 ◦ 𝜚), and no other ray emanating from 𝑓 (𝑜)
remains at finite distance from this set. Now put 𝑓∞(𝜉) := 𝜚̄∞. If 𝜎 is the ray from a
different base point in 𝑋 to 𝜉, then 𝑠 ↦→ 𝑑 ( 𝑓 ◦ 𝜚(𝑠), 𝑓 ◦𝜎(𝑠)) is uniformly bounded,
and the corresponding ray 𝜎̄ in 𝑌 is asymptotic to 𝜚̄; thus 𝑓∞ is independent of the
choice of 𝑜.

Now let 𝜉, 𝜂 ∈ 𝑋∞ be two distinct points. By Lemma 8.6 there exists a unit
speed geodesic 𝑐 : R → 𝑋 from 𝜉 to 𝜂. A similar argument as above, still relying
on Proposition 8.10, but using that 𝑌 is proper, provides a unit speed geodesic
𝑐 : R → 𝑌 such that im(𝑐) is at Hausdorff distance ≤ 𝐷 from im( 𝑓 ◦ 𝑐) and 𝑐 is
backward asymptotic to 𝜉 := 𝑓∞(𝜉) and forward asymptotic to 𝜂 := 𝑓∞(𝜂). Thus

𝜆−1𝑑 (𝑜, im(𝑐)) − 𝛼 ≤ 𝑑 ( 𝑓 (𝑜), im( 𝑓 ◦ 𝑐)) ≤ 𝑑 ( 𝑓 (𝑜), im(𝑐)) + 𝐷,
𝑑 ( 𝑓 (𝑜), im(𝑐)) − 𝐷 ≤ 𝑑 ( 𝑓 (𝑜), im( 𝑓 ◦ 𝑐)) ≤ 𝜆 𝑑 (𝑜, im(𝑐)) + 𝛼.

Together with the inequalities in Lemma 8.6, for 𝑜 and 𝑐 as well as 𝑓 (𝑜) and 𝑐, this
gives 𝜆−1(𝜉 | 𝜂)𝑜 − 𝛼 ≤ (𝜉 | 𝜂) 𝑓 (𝑜) + 𝛿 + 𝐷, hence

𝑑 𝑓 (𝑜) (𝜉, 𝜂) ≤ e𝛿+𝐷+𝛼 𝑑𝑜 (𝜉, 𝜂)1/𝜆,

and (𝜉 | 𝜂) 𝑓 (𝑜) − 𝐷 ≤ 𝜆 (𝜉 | 𝜂)𝑜 + 𝜆𝛿 + 𝛼, hence

𝑑𝑜 (𝜉, 𝜂) ≤ e𝛿+(𝐷+𝛼)/𝜆 𝑑 𝑓 (𝑜) (𝜉, 𝜂)1/𝜆.

If 𝑓 is a quasi-isometry and 𝑔 : 𝑌 → 𝑋 is a rough inverse, then 𝑓 ◦ 𝑔 is at
finite uniform distance from id𝑌 , and 𝑓∞ ◦ 𝑔∞ is the identity map on 𝑌∞, thus 𝑓∞ is
surjective. □
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Another fact about quasi-isometries used later on is that every continuous such
map between two Hadamard manifolds (of the same dimension) is surjective. This
follows readily, via the exponential map, from the following lemma forR𝑛 (compare
Lemma 10.1 in [Mos1973] and Lemma 2.1 in [LaS1997]).

Lemma 8.12 Let 𝑅, 𝑟 > 0, and suppose that 𝑓 is a continuous map from 𝐵𝑅 :=
{𝑥 ∈ R𝑛 : ∥𝑥∥ ≤ 𝑅} to R𝑛 such that 𝑓 (0) = 0 and ∥ 𝑓 (𝑥) − 𝑓 (𝑦)∥ ≥ 𝑟 for every
pair of points 𝑥, 𝑦 ∈ 𝐵𝑅 with ∥𝑥∥ + ∥𝑦∥ = ∥𝑥 − 𝑦∥ = 𝑅. Then 𝐵𝑟 ⊂ im( 𝑓 ).

Proof : Suppose to the contrary that 𝐵𝑟 ̸⊂ im( 𝑓 ). Then 𝑓 also omits a point
in the open ball 𝐵𝑟 , and by radially pushing out 𝑓 we obtain a continuous map
𝑓 : 𝐵𝑅 → R𝑛 \𝐵𝑟 that agrees with 𝑓 on 𝜕𝐵𝑅, because ∥ 𝑓 (𝑥)∥ ≥ 𝑟 for all 𝑥 ∈ 𝜕𝐵𝑅.
Define the map 𝑔 : 𝐵𝑅 → 𝑆𝑛−1 to the unit sphere by 𝑔(𝑥) := 𝑓 (𝑥)/∥ 𝑓 (𝑥)∥, and
consider the homotopy ℎ : 𝜕𝐵𝑅 × [0, 1] → 𝑆𝑛−1,

ℎ𝑡 (𝑥) :=
𝑓 (𝑥 − 𝑡

2𝑥) − 𝑓 (− 𝑡
2𝑥)

 𝑓 (𝑥 − 𝑡

2𝑥) − 𝑓 (− 𝑡
2𝑥)



 ;

the denominator is non-zero by the assumption in the lemma. Notice that ℎ0 agrees
with the restriction of 𝑔 to 𝜕𝐵𝑅, and ℎ1 satisfies ℎ1(−𝑥) = −ℎ1(𝑥) for all 𝑥 ∈ 𝜕𝐵𝑅.
By combining 𝑔 and ℎ and identifying the domain 𝐵𝑅 ∪ (𝜕𝐵𝑅 × [0, 1]) with a
closed hemisphere of 𝑆𝑛, we get a continuous map from this hemisphere to 𝑆𝑛−1

that maps pairs of antipodal points in the boundary to pairs of antipodal points.
Central reflection then gives rise to a map from 𝑆𝑛 to 𝑆𝑛−1 preserving antipodes, in
contradiction to the Borsuk–Ulam theorem. □

8.4 Entropy and conformal densities

We now turn to the volume entropy and to the construction of a family (𝜇𝑥)𝑥∈𝑋 of
measures on 𝑋∞ due to Patterson [Pat1976] and Sullivan [Su1979].

For the following two preliminary results, 𝜋 : 𝑋 → 𝑀 denotes the Riemannian
universal cover of an arbitrary closed (that is, compact and connected) Riemannian
manifold 𝑀 with an infinite group Γ ⊂ Isom(𝑋) of deck transformations. For
𝑜, 𝑥 ∈ 𝑋 and 𝑟 > 0, let

𝑁𝑜 (𝑥, 𝑟) := # (Γ(𝑜) ∩ 𝐵(𝑥, 𝑟))

denote the number of orbit points in the open ball 𝐵(𝑥, 𝑟).

Lemma 8.13 (entropy) With this notation, the limits

ℎ(𝑀) := lim
𝑟→∞

1
𝑟

log(vol(𝐵(𝑥, 𝑟)) = lim
𝑟→∞

1
𝑟

log(𝑁𝑜 (𝑥, 𝑟)) ∈ [0,∞)

exist and do not depend on the choice of 𝑥 and 𝑜.
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This defines the volume entropy, or briefly the entropy, of 𝑀 . The result
originates from [Ma1979] and is inspired by [Mi1968] and [Sv1955].

Proof : Choose 𝑎 > 0 such that every 𝑦 ∈ 𝑋 is at distance at most 𝑎 from
the orbit Γ(𝑜). Let 𝑟, 𝑡 > 𝑎. Every point in Γ(𝑜) ∩ 𝐵(𝑥, 𝑟 + 𝑡) is at distance
< 𝑡 + 𝑎 from some point in 𝐵(𝑥, 𝑟 − 𝑎) and hence at distance < 𝑡 + 2𝑎 from some
𝑧 ∈ Γ(𝑜) ∩ 𝐵(𝑥, 𝑟). Furthermore, if 𝑧′ ∈ Γ(𝑜) is such that 𝑑 (𝑥, 𝑧′) ≤ 𝑎, then
𝑁𝑜 (𝑧, 𝑡 + 2𝑎) = 𝑁𝑜 (𝑧′, 𝑡 + 2𝑎) ≤ 𝑁𝑜 (𝑥, 𝑡 + 3𝑎) for all 𝑧 ∈ Γ(𝑜). Hence,

𝑁𝑜 (𝑥, 𝑟 + 𝑡) ≤ 𝑁𝑜 (𝑥, 𝑟) 𝑁𝑜 (𝑥, 𝑡 + 3𝑎).

Now if 𝑘 ≥ 0 is the integer such that 𝑘𝑡 < 𝑟 ≤ (𝑘 + 1)𝑡, then

𝑁𝑜 (𝑥, 𝑟) ≤ 𝑁𝑜 (𝑥, 𝑡 + 𝑘𝑡) ≤ 𝑁𝑜 (𝑥, 𝑡) 𝑁𝑜 (𝑥, 𝑡 + 3𝑎)𝑘

and log(𝑁𝑜 (𝑥, 𝑟)) ≤ log(𝑁𝑜 (𝑥, 𝑡)) + 𝑟
𝑡

log(𝑁𝑜 (𝑥, 𝑡 + 3𝑎)). Thus

lim sup
𝑟→∞

1
𝑟

log(𝑁𝑜 (𝑥, 𝑟)) ≤
1
𝑡

log(𝑁𝑜 (𝑥, 𝑡 + 3𝑎))

for all 𝑡 > 𝑎, and the existence of lim𝑟→∞
1
𝑟

log(𝑁𝑜 (𝑥, 𝑟)) follows. To complete the
proof, one can check that there exist constants 𝑏, 𝐶 > 0 such that

𝐶−1𝑁𝑜 (𝑥, 𝑟 − 𝑏) ≤ vol(𝐵(𝑦, 𝑟)) ≤ 𝐶 𝑁𝑜 (𝑥, 𝑟 + 𝑏)

for all 𝑦 ∈ 𝑋 and 𝑟 > 𝑏. It suffices to consider the case that 𝑑 (𝑥, 𝑜), 𝑑 (𝑦, 𝑜) ≤ 𝑎, and
the two inequalities then follow by a ball packing or covering argument, respectively.

□

For example, if 𝑀 has constant sectional curvature 𝜅 ≤ 0, then

vol(𝐵(𝑥, 𝑟)) = 𝑉𝑛,𝜅 (𝑟) = 𝜔𝑛−1

∫ 𝑟

0
sn𝑛−1

𝜅 (𝑡) 𝑑𝑡

(see Section 6.1) and hence ℎ(𝑀) = (𝑛 − 1)
√
−𝜅. Later we shall also compute the

entropy of compact locally symmetric spaces of negative curvature. Some finer
results on volume growth in the case of variable non-positive curvature, involving
also polynomial terms, can be found in [Kn1997].

Lemma 8.14 (Poincaré series) Let again 𝑜, 𝑥 ∈ 𝑋 , and let 𝑠 ≥ 0. The series

𝑃𝑜,𝑠 (𝑥) :=
∑︁
𝛾∈Γ

e−𝑠 𝑑 (𝑥,𝛾 (𝑜) )

associated with the group Γ of deck transformations of 𝜋 : 𝑋 → 𝑀 converges if
𝑠 > ℎ(𝑀) and diverges if 𝑠 ≤ ℎ(𝑀).
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Proof : Let 𝑟 > 0. Suppose that 0 ≤ 𝑟1 < 𝑟2 < . . . < 𝑟𝑘 are the values of
𝛾 ↦→ 𝑑 (𝑥, 𝛾(𝑜)) less than 𝑟. Put 𝑟𝑘+1 := 𝑟 , and let 𝑛𝑖 := 𝑁𝑜 (𝑥, 𝑟𝑖) be the number of
orbit points in the open ball 𝐵(𝑥, 𝑟𝑖) for 𝑖 = 1, . . . , 𝑘 + 1. There are 𝑛𝑖+1 − 𝑛𝑖 points
at distance 𝑟𝑖 from 𝑥 for 𝑖 = 1, . . . , 𝑘 , where 𝑛1 = 0. Now

𝑘∑︁
𝑖=1

(𝑛𝑖+1 − 𝑛𝑖) e−𝑠𝑟𝑖 =
𝑘∑︁
𝑖=1

𝑛𝑖+1(e−𝑠𝑟𝑖 − e−𝑠𝑟𝑖+1) + 𝑛𝑘+1e−𝑠𝑟𝑘+1 ,

and 𝑛𝑖+1 = 𝑁𝑜 (𝑥, 𝑡) for all 𝑡 ∈ (𝑟𝑖 , 𝑟𝑖+1]. The corresponding partial sum of 𝑃𝑜,𝑠 (𝑥)
can therefore be written as∑︁

𝛾 (𝑜) ∈𝐵(𝑥,𝑟 )
e−𝑠 𝑑 (𝑥,𝛾 (𝑜) ) = 𝑠

∫ 𝑟

0
𝑁𝑜 (𝑥, 𝑡) e−𝑠𝑡 𝑑𝑡 + 𝑁𝑜 (𝑥, 𝑟) e−𝑠𝑟 .

If 𝑠 > ℎ := ℎ(𝑀) and 𝜖 := 1
2 (𝑠 − ℎ), then 1

𝑡
log(𝑁𝑜 (𝑥, 𝑡)) ≤ ℎ + 𝜖 = 𝑠 − 𝜖 for

sufficiently large 𝑡, so
𝑁𝑜 (𝑥, 𝑡) e−𝑠𝑡 ≤ e−𝜖 𝑡 ,

and the series converges. If 0 < 𝑠 ≤ ℎ, then by the proof of Lemma 8.13 there
exists a constant 𝑎 > 0 such that ℎ ≤ 1

𝑡−3𝑎 log(𝑁𝑜 (𝑥, 𝑡)) for 𝑡 > 4𝑎, thus

𝑁𝑜 (𝑥, 𝑡) e−𝑠𝑡 ≥ 𝑁𝑜 (𝑥, 𝑡) e−ℎ𝑡 ≥ e−3𝑎ℎ,

and the series diverges. If 𝑠 = 0, then 𝑃𝑜,𝑠 (𝑥) = # Γ = ∞ by assumption. □

The Poincaré series 𝑃𝑜,𝑠 (𝑥) is meaningful for any countable group Γ acting by
isometries and with unbounded orbits on some metric space 𝑋 . Notice that if 𝑦 is
another point in 𝑋 , then

e−𝑠 𝑑 (𝑥,𝑦)𝑃𝑜,𝑠 (𝑥) ≤ 𝑃𝑜,𝑠 (𝑦) ≤ e 𝑠 𝑑 (𝑥,𝑦)𝑃𝑜,𝑠 (𝑥),

as −𝑑 (𝑥, 𝑦) − 𝑑 (𝑥, 𝛾(𝑜)) ≤ −𝑑 (𝑦, 𝛾(𝑜)) ≤ 𝑑 (𝑥, 𝑦) − 𝑑 (𝑥, 𝛾(𝑜)). The critical
exponent of Γ is defined as the number

ℎ := sup{𝑠 ≥ 0 : 𝑃𝑜,𝑠 (𝑥) = ∞} ∈ [0,∞],

which is independent of 𝑜 and 𝑥. The group Γ is said to be of divergence type if
ℎ < ∞ and 𝑃𝑜,ℎ (𝑥) diverges for all 𝑥 ∈ 𝑋 . Thus, the above results show that if 𝑋 is
the universal cover of a closed manifold 𝑀 , then the group of deck transformations
is of divergence type with critical exponent equal to the volume entropy of 𝑀 .

We now assume again that 𝑋 is a Hadamard manifold, or a proper CAT(0)
space. Let Γ ⊂ Isom(𝑋) be any group of isometries. The limit set Λ(Γ) of
Γ consists of all points in 𝑋∞ belonging to the closure, in 𝑋 , of the orbit Γ(𝑜).
This is independent of the choice of base point 𝑜, and if Γ acts cocompactly, then
Λ(Γ) = 𝑋∞. For a constant 𝛿 > 0, a family (𝜇𝑥)𝑥∈𝑋 of non-trivial, finite Borel
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measures on 𝑋∞ is called a 𝛿-dimensional conformal density for Γ if the measures
are mutually absolutely continuous with Radon–Nikodym derivatives

𝑑𝜇𝑦

𝑑𝜇𝑥
(𝜉) = e 𝛿𝐵𝜉 (𝑥,𝑦)

at 𝜉 ∈ 𝑋∞ and the map 𝑥 ↦→ 𝜇𝑥 is Γ-equivariant, that is,

𝛾∞∗𝜇𝑥 = 𝜇𝛾 (𝑥 )

for all 𝛾 ∈ Γ and 𝑥 ∈ 𝑋 .

Theorem 8.15 (conformal density) Let 𝑋 be a Hadamard manifold, or a proper
CAT(0) space, and let Γ ⊂ Isom(𝑋) be a countable group with unbounded orbits.
If Γ is of divergence type with critical exponent ℎ > 0, then there exists an ℎ-
dimensional conformal density (𝜇𝑥)𝑥∈𝑋 for Γ such that 𝜇𝑥 (𝑋∞ \Λ(Γ)) = 0 for all
𝑥 ∈ 𝑋 .

The following construction was devised by Patterson [Pat1976] for the hyper-
bolic plane and was then further developed by Sullivan [Su1979] for 𝐻𝑛. Various
generalizations are discussed in [Ka1990], [Coo1993], [BurM1996], and [Al1999],
among others. The assumption that Γ is of divergence type is not necessary for the
theorem to hold, as long as ℎ ∈ (0,∞), but simplifies the proof.

Proof : Fix a base point 𝑜 ∈ 𝑋 . For 𝑥 ∈ 𝑋 and 𝑠 > ℎ, consider the measures

𝜇𝑥,𝑠 :=
1

𝑃𝑜,𝑠 (𝑜)
∑︁
𝛾∈Γ

e−𝑠 𝑑 (𝑥,𝛾 (𝑜) ) 𝛿𝛾 (𝑜) ,

where 𝛿𝛾 (𝑜) denotes the Dirac measure at 𝛾(𝑜). The total mass satisfies

𝜇𝑥,𝑠 (𝑋) =
𝑃𝑜,𝑠 (𝑥)
𝑃𝑜,𝑠 (𝑜)

≤ e 𝑠 𝑑 (𝑜,𝑥 ) .

Let first 𝑥 = 𝑜. Since 𝑋 = 𝑋 ∪ 𝑋∞ is compact, it follows that for some decreasing
sequence 𝑠𝑖 → ℎ, the measures 𝜇𝑜,𝑠𝑖 converge weakly to a probability measure 𝜇𝑜
on 𝑋 , concentrated on the closure of Γ(𝑜) in 𝑋 . In fact, because 𝑃𝑜,𝑠𝑖 (𝑜) tends
monotonically to 𝑃𝑜,ℎ (𝑜) = ∞, we have 𝜇𝑜 (𝑋) = 0, and so 𝜇𝑜 must be concentrated
on the limit set Λ(Γ) ⊂ 𝑋∞.

Next we show that for any other point 𝑥 ∈ 𝑋 , the measures 𝜇𝑥,𝑠𝑖 , for the same
sequence (𝑠𝑖), converge weakly to a measure 𝜇𝑥 such that 𝑑𝜇𝑥 = e ℎ𝐵. (𝑜,𝑥 )𝑑𝜇𝑜.
Given 𝑥 ∈ 𝑋 , define 𝑓 (𝑦) := 𝑑 (𝑜, 𝑦) − 𝑑 (𝑥, 𝑦) for all 𝑦 ∈ 𝑋; then

𝑑𝜇𝑥,𝑠 = e 𝑠 𝑓 𝑑𝜇𝑜,𝑠
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for 𝑠 > ℎ. By Proposition 8.4, 𝑓 extends to a continuous function on 𝑋 such that
𝑓 (𝜉) = 𝐵𝜉 (𝑜, 𝑥) for all 𝜉 ∈ 𝑋∞. Let 𝜙 ∈ 𝐶 (𝑋) and 𝜆 > 1. If 𝑖 is sufficiently large,
then 1

𝜆
≤ e (𝑠𝑖−ℎ) 𝑓 ≤ 𝜆 and hence

1
𝜆

∫
𝑋

𝜙 e ℎ 𝑓 𝑑𝜇𝑜,𝑠𝑖 ≤
∫
𝑋

𝜙 𝑑𝜇𝑥,𝑠𝑖 ≤ 𝜆
∫
𝑋

𝜙 e ℎ 𝑓 𝑑𝜇𝑜,𝑠𝑖 .

Since 𝜇𝑜,𝑠𝑖 → 𝜇𝑜 weakly, and 𝜆 > 1 is arbitrary, the two integrals have the same
limit

∫
𝜙 e ℎ 𝑓 𝑑𝜇𝑜. Thus 𝜇𝑥,𝑠𝑖 converges weakly to a measure 𝜇𝑥 satisfying

𝑑𝜇𝑥 = e ℎ 𝑓 𝑑𝜇𝑜 = e ℎ𝐵. (𝑜,𝑥 )𝑑𝜇𝑜 .

Using the same relation for another point 𝑦 ∈ 𝑋 , we conclude that

𝑑𝜇𝑦 = e ℎ𝐵. (𝑜,𝑦)𝑑𝜇𝑜 = e ℎ𝐵. (𝑥,𝑦)e ℎ𝐵. (𝑜,𝑥 )𝑑𝜇𝑜 = e ℎ𝐵. (𝑥,𝑦)𝑑𝜇𝑥 ,

as required.
It remains to show that if 𝛾 ∈ Γ, then 𝛾∞∗𝜇𝑥 = 𝜇𝛾 (𝑥 ) . For all 𝛾′ ∈ Γ,

𝛾∗
(
e−𝑠 𝑑 (𝑥,𝛾

′ (𝑜) ) 𝛿𝛾′ (𝑜)
)
= e−𝑠 𝑑 (𝛾 (𝑥 ) ,𝛾𝛾

′ (𝑜) ) 𝛿𝛾𝛾′ (𝑜) ;

therefore 𝛾∗𝜇𝑥,𝑠𝑖 = 𝜇𝛾 (𝑥 ) ,𝑠𝑖 for all 𝑖, and the result follows. □

The Radon–Nikodym derivatives of a 𝛿-dimensional conformal density agree,
up to an extra exponent 𝛿, with the conformal factors

lim
𝜉 ′→𝜉

𝑑𝑦 (𝜉, 𝜉′)
𝑑𝑥 (𝜉, 𝜉′)

= e 𝐵𝜉 (𝑥,𝑦)

of the visual metrics from Proposition 8.8. Indeed, for a proper CAT(−1) space 𝑋
and a properly discontinuous and cocompact (or, more generally, convex cocompact)
group Γ ⊂ Isom(𝑋) with exponential growth, the critical exponent ℎ > 0 is equal
to the Hausdorff dimension of the limit set Λ(Γ) with respect to the metric 𝑑𝑥
for any 𝑥 ∈ 𝑋 , and the family of the respective Hausdorff measures on Λ(Γ) is
an ℎ-dimensional conformal density which agrees up to a constant factor with the
density (𝜇𝑥)𝑥∈𝑋 from Theorem 8.15. See Théorème 2.7.4 in [Bou1995]. This
shows in particular that the measures 𝜇𝑥 have no atoms.

8.5 The barycenter method

Theorem 8.15 assigns to every point 𝑥 ∈ 𝑋 a non-trivial finite measure on 𝑋∞. We
now discuss a reverse process for Hadamard manifolds of curvature at most −1.

Theorem 8.16 (barycenter) Let 𝑌 be a Hadamard manifold of curvature ≤ −1,
and let 𝜔 be a Borel probability measure on 𝑌∞ with the property that 𝜔({𝜂}) < 1

2
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for all 𝜂 ∈ 𝑌∞. Fix a base point 𝑝 ∈ 𝑌 and write 𝑏𝜂 := 𝐵𝜂 ( · , 𝑝) for the Busemann
function of the ray from 𝑝 to 𝜂. Then the function

𝛽 : 𝑌 → R, 𝛽(𝑦) :=
∫
𝑌∞

𝑏𝜂 (𝑦) 𝑑𝜔(𝜂),

is 1-Lipschitz, strictly convex, and has bounded sublevel sets, so it attains a global
minimum at a uniquely determined point bar(𝜔) ∈ 𝑌 .

Since 𝑏𝜂 (𝑦) = 𝐵𝜂 (𝑦, 𝑝) = 𝐵𝜂 (𝑦, 𝑞) + 𝐵𝜂 (𝑞, 𝑝) for any 𝑞 ∈ 𝑌 , it follows that
the point bar(𝜔), the barycenter of 𝜔, does not depend on the choice of the base
point. Let 𝛾 be an isometry of 𝑌 , and consider the push-forward of 𝜔 under the
induced homeomorphism 𝛾∞ : 𝑌∞ → 𝑌∞. By the change of variables formula,

𝛽𝛾 (𝑦) :=
∫
𝑌∞

𝐵𝜂′ (𝑦, 𝑝) 𝑑 (𝛾∞∗𝜔) (𝜂′) =
∫
𝑌∞

𝐵𝛾∞ (𝜂) (𝑦, 𝑝) 𝑑𝜔(𝜂),

and the second integrand equals 𝐵𝜂 (𝛾−1(𝑦), 𝑞) for 𝑞 := 𝛾−1(𝑝). Thus 𝛽𝛾 (𝑦) is
minimal when 𝛾−1(𝑦) = bar(𝜔), and so

bar(𝛾∞∗𝜔) = 𝛾(bar(𝜔)).

That is, the barycenter map is Isom(𝑌 )-equivariant.

Proof of Theorem 8.16: Since every Busemann function 𝑏𝜂 is 1-Lipschitz and
convex, 𝛽 has the same properties. To prove that 𝛽 is in fact strictly convex, let
𝑐 : R → 𝑌 be a unit speed geodesic through 𝑦 := 𝑐(0). For 𝜂 ∈ 𝑌∞, let 𝜏 = 𝜏𝜂 be
the ray from 𝑦 to 𝜂, and put 𝛼 = 𝛼𝜂 := ∡𝑦 (𝜏′(0), 𝑐′(0)). We first show that then

𝑏𝜏 (𝑐(𝑠)) ≥ log
(
cosh(𝑠) − cos(𝛼) sinh(𝑠)

)
for all 𝑠 ∈ R. We use comparison with the hyperbolic upper half-plane (𝑈+, 𝑑).
Consider the geodesic 𝑐 : R → 𝑈+ defined by 𝑐(𝑠) := tanh(𝑎−𝑠)+i(cosh(𝑎−𝑠))−1,
where 𝑎 ∈ R is such that 𝑦̄ := 𝑐(0) = e i𝛼. Let 𝜏 denote the upward vertical ray
starting at 𝑦̄, whose Busemann function satisfies 𝑏 𝜏̄ (𝑢 + i𝑣) = − log(𝑣 cosh(𝑎)) for
all 𝑢 + i𝑣 ∈ 𝑈+. Then ∡𝑦̄ (𝜏′(0), 𝑐′(0)) = 𝛼, and 𝑑 (𝑐(𝑠), 𝜏(𝑡)) ≥ 𝑑 (𝑐(𝑠), 𝜏(𝑡)) for
all 𝑡 ≥ 0 by hinge comparison, so 𝑏𝜏 (𝑐(𝑠)) ≥ 𝑏 𝜏̄ (𝑐(𝑠)) for all 𝑠 ∈ R. Furthermore,

𝑏 𝜏̄ (𝑐(𝑠)) = log
(cosh(𝑎 − 𝑠)

cosh(𝑎)

)
= log

(
cosh(𝑠) − tanh(𝑎) sinh(𝑠)

)
.

Since tanh(𝑎) = cos(𝛼), this gives the desired inequality. Now let 𝑠 > 0. Then

𝑏𝜂 (𝑐(𝑠)) + 𝑏𝜂 (𝑐(−𝑠)) − 2𝑏𝜂 (𝑦) = 𝐵𝜂 (𝑐(𝑠), 𝑦) + 𝐵𝜂 (𝑐(−𝑠), 𝑦)
= 𝑏𝜏 (𝑐(𝑠)) + 𝑏𝜏 (𝑐(−𝑠))
≥ log

(
cosh2(𝑠) − cos2(𝛼) sinh2(𝑠)

)
= log

(
1 + sin2(𝛼) sinh2(𝑠)

)
.
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The set 𝐴 := 𝑌∞ \ {𝑐−∞, 𝑐∞} has measure 𝜔(𝐴) > 0 by the assumption on 𝜔, and
𝛼𝜂 ∈ (0, 𝜋) for all 𝜂 ∈ 𝐴. It thus follows by integration that 𝛽(𝑐(𝑠)) + 𝛽(𝑐(−𝑠)) −
2𝛽(𝑦) > 0. This shows that 𝛽 is strictly convex.

For every 𝑟 ≥ 0, the sublevel set 𝑆𝑟 := {𝑦 ∈ 𝑌 : 𝛽(𝑦) ≤ 𝑟} is convex and
contains 𝑝, as 𝛽(𝑝) = 0. We show that 𝑆𝑟 is bounded. Let 𝜚 be a ray from 𝑝 to a
point 𝜉 ∈ 𝑌∞. If 𝜎 is the ray from 𝑝 to a distinct point 𝜂 ∈ 𝑌∞, and if 𝑠, 𝑡 ≥ 0, then

𝑑 (𝜚(𝑠), 𝜎(𝑡)) − 𝑡 = 𝑠 − 2 (𝜚(𝑠) | 𝜎(𝑡))𝑝 ≥ 𝑠 − 2 (𝜉 | 𝜂)𝑝

by monotonicity of the Gromov product, thus 𝑏𝜂 (𝜚(𝑠)) ≥ 𝑠 + 2 log( 1
2𝑑𝑝 (𝜉, 𝜂))

for the visual metric 𝑑𝑝. As 𝜔({𝜉}) < 1
2 , there exists an 𝜖 > 0 such that the set

𝐸 := {𝜂 : 1
2𝑑𝑝 (𝜉, 𝜂) ≥ 𝜖} has measure 𝜔(𝐸) > 1

2 . Then 𝑏𝜂 (𝜚(𝑠)) ≥ 𝑠 + 2 log(𝜖)
for 𝜂 ∈ 𝐸 and 𝑏𝜂 (𝜚(𝑠)) ≥ −𝑠 for 𝜂 ∈ 𝑌∞ \ 𝐸 , hence

𝛽(𝜚(𝑠)) ≥ (𝑠 + 2 log(𝜖)) 𝜔(𝐸) − 𝑠 (1 − 𝜔(𝐸)) = 2𝜔(𝐸) (𝑠 + log(𝜖)) − 𝑠.

Since 2𝜔(𝐸) > 1, this shows that 𝛽 tends to infinity along 𝜚. Thus every ray issuing
from 𝑝 leaves 𝑆𝑟 , and since 𝑆𝑟 is convex, an indirect argument shows that 𝑆𝑟 must
be bounded. □

Using that Busemann functions in Hadamard manifolds are 𝐶2 ([HeIH1977]),
we can conclude from the above argument that

Hess(𝑏𝜂)𝑦 (𝑣, 𝑣) = (𝑏𝜂 ◦ 𝑐)′′(0) ≥ sin2(𝛼)

for the angle between the ray from 𝑦 to 𝜂 ∈ 𝑌∞ and the initial velocity 𝑣 = 𝑐′(0) ∈
𝑇𝑌𝑦 of the unit speed geodesic 𝑐 (recall Example 2.11). Equality holds for 𝑌 = 𝐻𝑛.
Notice that

Hess(𝛽)𝑦 (𝑣, 𝑣) =
∫
𝑌∞

Hess(𝑏𝜂)𝑦 (𝑣, 𝑣) 𝑑𝜔(𝜂),

thus it follows from the assumptions on 𝜔 that Hess(𝛽)𝑦 is positive definite.
Theorem 8.11, Theorem 8.15 and Theorem 8.16 are the main constituents of

the barycenter method used in the proof of the entropy rigidity theorem. To start
the construction, we now make the following assumptions:

• 𝑋 is an 𝑛-dimensional Hadamard manifold;

• (𝜇𝑥)𝑥∈𝑋 is a family of Borel measures on 𝑋∞ without atoms such that
𝜇𝑜 (𝑋∞) = 1 for some base point 𝑜 ∈ 𝑋 and

𝑑𝜇𝑥

𝑑𝜇𝑜
(𝜉) = e ℎ𝐵𝜉 (𝑜,𝑥 )

for some fixed constant ℎ > 0 and for all 𝑥 ∈ 𝑋 and 𝜉 ∈ 𝑋∞;

• 𝑌 is an 𝑛-dimensional Hadamard manifold of curvature ≤ −1;
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• 𝑓∞ : 𝑋∞ → 𝑌∞ is a homeomorphism of the boundaries at infinity.

For the moment, it is irrelevant whether or not (𝜇𝑥)𝑥∈𝑋 is equivariant with respect
to some group Γ ⊂ Isom(𝑋) and 𝑓∞ is induced by a quasi-isometry 𝑓 : 𝑋 → 𝑌 .
For 𝑥 ∈ 𝑋 , we consider the probability measures

𝜈𝑥 :=
1

𝜇𝑥 (𝑋∞)
𝜇𝑥 , 𝜔𝑥 := 𝑓∞∗𝜈𝑥

on 𝑋∞ and 𝑌∞, respectively, and we associate with 𝑓∞ the map

𝐹 : 𝑋 → 𝑌, 𝐹 (𝑥) := bar(𝜔𝑥).

To describe𝐹more explicitly, we fix again a base point 𝑝 ∈ 𝑌 and let 𝑏𝜂 := 𝐵𝜂 ( · , 𝑝)
denote the Busemann function of the ray from 𝑝 to 𝜂 ∈ 𝑌∞. Likewise, we write
𝑏 𝜉 := 𝐵𝜉 ( · , 𝑜) for 𝜉 ∈ 𝑋∞ and the base point 𝑜 ∈ 𝑋 . For 𝑥 ∈ 𝑋 , the function

𝛽𝑥 : 𝑌 → R, 𝛽𝑥 (𝑦) :=
∫
𝑌∞

𝑏𝜂 (𝑦) 𝑑𝜔𝑥 (𝜂),

is strictly convex and 𝐶2, and the image point 𝑦 = 𝐹 (𝑥) is uniquely characterized
by the vector equation

0 = grad 𝛽𝑥 (𝑦) =
∫
𝑌∞

grad 𝑏𝜂 (𝑦) 𝑑𝜔𝑥 (𝜂) ∈ 𝑇𝑌𝑦 .

Lemma 8.17 The map 𝐹 : 𝑋 → 𝑌 is 𝐶1, and for every 𝑥 ∈ 𝑋 and 𝑦 = 𝐹 (𝑥) the
differential 𝑑𝐹𝑥 : 𝑇𝑋𝑥 → 𝑇𝑌𝑦 is characterized by the identity

Hess(𝛽𝑥)𝑦 (𝑑𝐹𝑥 (𝑢), 𝑣) = ℎ
∫
𝑋∞

𝑑 (𝑏 𝜉 )𝑥 (𝑢) 𝑑 (𝑏 𝑓∞ ( 𝜉 ) )𝑦 (𝑣) 𝑑𝜈𝑥 (𝜉)

for all (𝑢, 𝑣) ∈ 𝑇𝑋𝑥 × 𝑇𝑌𝑦 .

Proof : Let first 𝑥 ∈ 𝑋 and 𝑦 ∈ 𝑌 be arbitrary. By the change of variables formula
for 𝜔𝑥 = 𝑓∞∗𝜈𝑥 , and since 𝜇𝑥 (𝑋∞) 𝑑𝜈𝑥 = 𝑑𝜇𝑥 = e ℎ𝐵. (𝑜,𝑥 )𝑑𝜇𝑜 = e−ℎ𝑏. (𝑥 )𝑑𝜇𝑜,

𝜇𝑥 (𝑋∞) grad 𝛽𝑥 (𝑦) =
∫
𝑋∞

e−ℎ𝑏𝜉 (𝑥 ) grad 𝑏 𝑓∞ ( 𝜉 ) (𝑦) 𝑑𝜇𝑜 (𝜉). (1)

To show that 𝐹 is 𝐶1, choose global normal coordinates around 𝑦0 = 𝐹 (𝑥0), let
𝐸1, . . . , 𝐸𝑛 denote the coordinate vector fields on 𝑌 , and put 𝑒𝑖 := 𝐸𝑖 (𝑦0) and

𝐺𝑖 (𝑥, 𝑦) := 𝜇𝑥 (𝑋∞) ⟨grad 𝛽𝑥 (𝑦), 𝐸𝑖 (𝑦)⟩.

By (1), as the Busemann functions are𝐶2, the map𝐺 := (𝐺1 . . . , 𝐺𝑛) : 𝑋×𝑌 → R𝑛

is 𝐶1, and
𝑒 𝑗 (𝐺𝑖 (𝑥0, · )) = 𝜇𝑥0 (𝑋∞) Hess(𝛽𝑥0)𝑦0 (𝑒 𝑗 , 𝑒𝑖)
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(recall Lemma 1.19). Since the Hessian is positive definite, and 𝐹 is the unique
map such that 𝐺 (𝑥, 𝐹 (𝑥)) = 0 for all 𝑥 ∈ 𝑋 , it follows from the implicit function
theorem that 𝐹 is 𝐶1.

Let now 𝑥 ∈ 𝑋 and 𝑦 = 𝐹 (𝑥). Then the integral in (1) vanishes. Taking the
derivative in direction of 𝑢 ∈ 𝑇𝑋𝑥 , and reverting to the measure 𝜈𝑥 , we get the
vector equation∫

𝑋∞

𝐷𝑑𝐹𝑥 (𝑢) grad 𝑏 𝑓∞ ( 𝜉 ) 𝑑𝜈𝑥 (𝜉) = ℎ
∫
𝑋∞

𝑑 (𝑏 𝜉 )𝑥 (𝑢) grad 𝑏 𝑓∞ ( 𝜉 ) (𝑦) 𝑑𝜈𝑥 (𝜉).

Changing the variable back to 𝜂 ∈ 𝑌∞ on the left, and then taking the inner product
with 𝑣 ∈ 𝑇𝑌𝑦 , we get the claimed identity. □

Our goal is to control the Jacobian 𝐽𝐹 (𝑥). To this end we introduce the self-
adjoint endomorphisms 𝐻𝑥 and 𝐾𝑥 of 𝑇𝑌𝑦 = 𝑇𝑌𝐹 (𝑥 ) determined by the relations

⟨𝐻𝑥 (𝑣), 𝑣⟩ =
∫
𝑌∞

𝑑 (𝑏𝜂)𝑦 (𝑣)2 𝑑𝜔𝑥 (𝜂),

⟨𝐾𝑥 (𝑣), 𝑣⟩ = Hess(𝛽𝑥)𝑦 (𝑣, 𝑣) =
∫
𝑌∞

Hess(𝑏𝜂)𝑦 (𝑣, 𝑣) 𝑑𝜔𝑥 (𝜂).

Notice that 𝐾𝑥 is invertible since Hess(𝛽𝑥)𝑦 is positive definite. Combining the
identity of Lemma 8.17 with the Schwarz inequality we get the inequality

��⟨𝐾𝑥 ◦ 𝑑𝐹𝑥 (𝑢), 𝑣⟩
�� ≤ ℎ ⟨𝐻𝑥 (𝑣), 𝑣⟩1/2

(∫
𝑋∞

𝑑 (𝑏 𝜉 )𝑥 (𝑢)2 𝑑𝜈𝑥 (𝜉)
)1/2

(2)

for 𝑦 = 𝐹 (𝑥) and (𝑢, 𝑣) ∈ 𝑇𝑋𝑥 × 𝑇𝑌𝑦 .

Proposition 8.18 For all 𝑥 ∈ 𝑋 ,

𝐽𝐹 (𝑥) ≤ ℎ𝑛

𝑛𝑛/2
det(𝐻𝑥)1/2

det(𝐾𝑥)
.

Furthermore, 𝐻𝑥 has trace one.

Proof : We assume that 𝑑𝐹𝑥 is invertible; otherwise 𝐽𝐹 (𝑥) = 0. Let (𝑣𝑖) be an
orthornormal basis of 𝑇𝑌𝑦 that diagonalizes 𝐻𝑥 , and put 𝑢′

𝑖
:= (𝐾𝑥 ◦ 𝑑𝐹𝑥)−1(𝑣𝑖).

Apply the Gram–Schmidt orthonormalization process to (𝑢′
𝑖
) to obtain an orthornor-

mal basis (𝑢 𝑗) of 𝑇𝑋𝑥 . Then every vector 𝑢 𝑗 is a linear combination
∑ 𝑗

𝑖=1 𝜆𝑖 𝑗𝑢
′
𝑖
,

thus the matrix (𝜆𝑖 𝑗) of 𝐾𝑥 ◦ 𝑑𝐹𝑥 with respect to (𝑢 𝑗) and (𝑣𝑖) is triangular,

𝐾𝑥 ◦ 𝑑𝐹𝑥 (𝑢 𝑗) =
𝑗∑︁

𝑖=1
𝜆𝑖 𝑗𝑣𝑖 .
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The Jacobian 𝐽𝐹 (𝑥) may be computed as the absolute value of the determinant of
the matrix of 𝑑𝐹𝑥 with respect to these bases. Hence

det(𝐾𝑥) 𝐽𝐹 (𝑥) = |det(𝜆𝑖 𝑗) | =
𝑛∏
𝑖=1

��⟨𝐾𝑥 ◦ 𝑑𝐹𝑥 (𝑢𝑖), 𝑣𝑖⟩
��.

Putting 𝐵𝑖 :=
∫
𝑋∞
𝑑 (𝑏 𝜉 )𝑥 (𝑢𝑖)2 𝑑𝜈𝑥 (𝜉), we conclude from (2) and the choice of (𝑣𝑖)

that

det(𝐾𝑥) 𝐽𝐹 (𝑥) ≤ ℎ𝑛 det(𝐻𝑥)1/2
𝑛∏
𝑖=1

𝐵
1/2
𝑖
.

Furthermore,
∏

𝑖 𝐵𝑖 ≤
( 1
𝑛

∑
𝑖 𝐵𝑖

)𝑛, and
∑

𝑖 𝐵𝑖 = 1 because

𝑛∑︁
𝑖=1

⟨grad 𝑏 𝜉 (𝑥), 𝑢𝑖⟩2 = |grad 𝑏 𝜉 (𝑥) |2 = 1

and 𝜈𝑥 is a probability measure. This gives the desired inequality, and it follows
similarly as in this last step that 𝐻𝑥 has trace

∑
𝑖 ⟨𝐻𝑥 (𝑣𝑖), 𝑣𝑖⟩ = 1. □

8.6 Rigidity results

In the following,𝑌 denotes an 𝑛-dimensional symmetric space of negative sectional
curvature, normalized so that the maximum of the curvatures is −1. By the classi-
fication of these spaces, 𝑌 is either real hyperbolic space 𝐻𝑛, complex hyperbolic
space C𝐻𝑚 for 𝑛 = 2𝑚, quaternionic hyperbolic space H𝐻𝑚 for 𝑛 = 4𝑚, or the
hyperbolic Cayley plane O𝐻2 of real dimension 𝑛 = 16. In the last three cases, the
sectional curvature ranges over the interval [−4,−1]. We let 𝑘 ∈ {1, 2, 4, 8} denote
the real dimension of the corresponding division algebra, so that 𝑛 = 𝑘𝑚 (where
𝑚 = 2 in the case of the octonions). We remark that 𝑌 is two-point homogeneous,
that is, for any two pairs of points (𝑦, 𝑦′) and (𝑧, 𝑧′) with 𝑑 (𝑦, 𝑦′) = 𝑑 (𝑧, 𝑧′) there
exists an isometry of 𝑌 mapping 𝑦 to 𝑧 and 𝑦′ to 𝑧′. Furthermore, the curvature
tensor 𝑅 of 𝑌 is parallel (this characterizes locally symmetric spaces).

Let 𝑐 : R → 𝑌 be a unit speed geodesic with 𝑐(0) = 𝑦 and 𝑐′(0) = 𝑣, and let
𝐸 be a parallel unit normal vector field along 𝑐. If we choose 𝐸 (0) so that the
sectional curvature ⟨𝐸 (0), 𝑅(𝐸 (0), 𝑣)𝑣⟩ assumes the minimal or maximal value
𝜆 ∈ {−4,−1}, then𝐸 (0) is a corresponding eigenvector of the (self-adjoint) operator
𝑅(· , 𝑣)𝑣, and since 𝑅 is parallel, the relation

𝑅(𝐸 (𝑡), 𝑐′(𝑡))𝑐′(𝑡) = 𝜆 𝐸 (𝑡)

holds simultaneously for all 𝑡 ∈ R. It follows that, for this choice of 𝐸 , Jacobi fields
of the form 𝑌 = 𝑓 𝐸 exist and are determined by the equation 𝑓 ′′ + 𝜆 𝑓 = 0 exactly
as in space forms (see Example 3.8).
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In order to the compute the volume of balls in 𝑌 , we now use the fact that there
exists a parallel orthonormal frame (𝐸𝑖)𝑛−1

𝑖=0 along 𝑐 with 𝐸0 = 𝑐′ such that

sec(span{𝑐′(𝑡), 𝐸𝑖 (𝑡)}) =
{
−4 for 𝑖 = 1, . . . , 𝑘 − 1,
−1 for 𝑖 = 𝑘, . . . , 𝑛 − 1.

The Jacobi fields 𝑌𝑖 along 𝑐 with 𝑌𝑖 (0) = 0 and 𝑌 ′
𝑖
(0) = 𝐸𝑖 (0) are given by

𝑌𝑖 (𝑡) = 𝑑 (exp𝑦)𝑡𝑣 (𝑡𝐸𝑖 (0)) =
{

sn−4(𝑡)𝐸𝑖 (𝑡) = sinh(𝑡) cosh(𝑡)𝐸𝑖 (𝑡),
sn−1(𝑡)𝐸𝑖 (𝑡) = sinh(𝑡)𝐸𝑖 (𝑡)

in the two cases, and therefore the Jacobian of exp𝑦 at the point 𝑡𝑣, for any 𝑡 > 0,
satisfies

𝐽 exp𝑦 (𝑡𝑣) =
sinh𝑛−1(𝑡) cosh𝑘−1(𝑡)

𝑡𝑛−1 .

Hence, the volume of a ball 𝐵(𝑦, 𝑟) in 𝑌 is

vol(𝐵(𝑦, 𝑟)) = 𝜔𝑛−1

∫ 𝑟

0
sinh𝑛−1(𝑡) cosh𝑘−1(𝑡) 𝑑𝑡,

and the volume entropy of any compact locally symmetric space 𝑁 with universal
cover 𝑌 is

ℎ(𝑁) = 𝑛 + 𝑘 − 2.

Next we need an explicit expression for the Hessian of a Busemann function
𝑏 : 𝑌 → R. When 𝑌 = 𝐻𝑛, we already know that Hess(𝑏)𝑦 (𝑢, 𝑢) = sin2(𝛼) for the
angle between grad 𝑏(𝑦) and any unit vector 𝑢 ∈ 𝑇𝑌𝑦 , and since 𝑑𝑏𝑦 (𝑢)2 = cos2(𝛼),
we have

Hess(𝑏)𝑦 (𝑣, 𝑣) = |𝑣 |2 − 𝑑𝑏𝑦 (𝑣)2

for all 𝑣 ∈ 𝑇𝑌𝑦 . Lemma 8.19 below extends this identity to the complex and quater-
nionic hyperbolic spaces. This relies on the fact that the complex or quaternionic
structure on 𝑌 induces parallel (1, 1)-tensor fields

𝐽1, . . . , 𝐽𝑘−1 : Γ(𝑇𝑌 ) → Γ(𝑇𝑌 ) (𝑘 ∈ {2, 4})

satisfying 𝐽 2
𝑖

= − id and ⟨𝐽𝑖 (𝑣), 𝐽𝑖 (𝑤)⟩ = ⟨𝑣, 𝑤⟩ for all 𝑣, 𝑤 ∈ 𝑇𝑌𝑦; moreover
𝑣, 𝐽1(𝑣), . . . , 𝐽𝑘−1(𝑣) are pairwise orthogonal, and sec(span{𝑣, 𝐽𝑖 (𝑣)}) = −4 (com-
pare Example 4.9 for C𝑃𝑚, the compact dual of C𝐻𝑚). As discussed in [Ru2024],
the Cayley hyperbolic plane possesses no analogous structure, and this causes some
complications in the proof of the entropy rigidity theorem. For this reason, we omit
the Cayley case (𝑘 = 8) from now on.

Lemma 8.19 For any Busemann function 𝑏 : 𝑌 → R and 𝑣 ∈ 𝑇𝑌𝑦 ,

Hess(𝑏)𝑦 (𝑣, 𝑣) = |𝑣 |2 − 𝑑𝑏𝑦 (𝑣)2 +
𝑘−1∑︁
𝑖=1

𝑑𝑏𝑦 (𝐽𝑖 (𝑣))2.
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Proof : Let (𝑣0, . . . , 𝑣𝑛−1) be an orthornormal basis of𝑇𝑌𝑦 such that 𝑣0 = grad 𝑏(𝑦)
and 𝑣𝑖 = 𝐽𝑖 (𝑣0) for 𝑖 = 1, . . . , 𝑘 − 1, and let 𝑐 : R → 𝑌 be the geodesic with
𝑐′(0) = 𝑣0. We compute 𝐷𝑣𝑖 grad 𝑏 for 𝑖 ∈ {1, . . . , 𝑛 − 1}. Let 𝐸𝑖 be the parallel
vector field along 𝑐 with 𝐸𝑖 (0) = 𝑣𝑖 , and consider the Jacobi field 𝑌𝑖 defined by

𝑌𝑖 (𝑡) = e 𝜅𝑖 𝑡 𝐸𝑖 (𝑡),

where 𝜅𝑖 = 2 if 𝑖 ∈ {1, . . . , 𝑘 − 1} and 𝜅𝑖 = 1 if 𝑖 ∈ {𝑘, . . . , 𝑛 − 1}. Notice that this
is the unique Jacobi field along 𝑐 with 𝑌𝑖 (0) = 𝑣𝑖 and lim𝑡→−∞ |𝑌𝑖 (𝑡) | = 0. Hence,
for any curve 𝜎 : (−𝜖, 𝜖) → 𝑌 with 𝜎′(0) = 𝑣𝑖 , the integral curves 𝛾𝑠 : R → 𝑌 of
grad 𝑏 through 𝜎(𝑠) = 𝛾𝑠 (0) form a geodesic variation with variation vector field
𝑌𝑖 along 𝑐. It follows that

𝐷𝑣𝑖 grad 𝑏 =
𝐷

𝑑𝑠

���
𝑠=0

((grad 𝑏) ◦ 𝜎) = 𝐷

𝑑𝑡

���
𝑡=0
𝑌𝑖 = 𝜅𝑖𝑣𝑖 .

(In fact, since grad 𝑏 is the unit normal vector field of the horospheres, 𝜅1, . . . , 𝜅𝑛−1
are the principal curvatures of the horosphere through 𝑦.) Hence,

Hess(𝑏)𝑦 (𝑣𝑖 , 𝑣𝑖) = ⟨𝐷𝑣𝑖 grad 𝑏, 𝑣𝑖⟩ = 𝜅𝑖

for 𝑖 = 1, . . . , 𝑛 − 1, whereas Hess(𝑏)𝑦 (𝑣0, 𝑣0) = 0. One can now check that the
identity in the lemma holds for all basis vectors 𝑣0, . . . , 𝑣𝑛−1. □

We will also need the following auxiliary result expressed purely in terms of
linear algebra (compare Lemma B.4 in [BesCG1995]).

Lemma 8.20 Let 𝐻 be a symmetric positive definite 𝑛 × 𝑛 matrix with trace one,
where 𝑛 ≥ 3. Then, for every positive real number 𝑟 ≤ 𝑛 − 2,

det(𝐻)
det

( 1
𝑛−1 (𝐼 − 𝐻)

)𝑟+1 ≤ 𝑛𝑛𝑟 ,

and equality holds if and only if 𝐻 = 1
𝑛
𝐼 (where 𝐼 is the identity matrix).

Proof : Consider the simplex Σ :=
{
(𝜆1, . . . , 𝜆𝑛) ∈ (0, 1)𝑛 :

∑
𝑖 𝜆𝑖 = 1

}
of the

possible 𝑛-tuples of eigenvalues of 𝐻. For 𝑡 ∈ (0, 1), put

𝜙(𝑡) := log(𝑡) − (𝑟 + 1) log(1 − 𝑡).

We want to show that

Φ(𝜆1, . . . , 𝜆𝑛) :=
𝑛∑︁
𝑖=1

𝜙(𝜆𝑖) ≤ 𝑛 𝜙
(1
𝑛

)
,

with equality if and only if 𝜆1 = . . . = 𝜆𝑛 = 1
𝑛

.
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Suppose thatΦ attains a local maximum at 𝜆 = (𝜆1, . . . , 𝜆𝑛). Then gradΦ(𝜆) =
𝑐(1, . . . , 1) for some 𝑐 ∈ R, thus 𝜙′(𝜆𝑖) = 𝑐 for 𝑖 = 1, . . . , 𝑛. Furthermore, for
every pair of distinct canonical basis vectors 𝑒𝑖 , 𝑒 𝑗 ∈ R𝑛,

0 ≥ 𝑑2

(𝑑𝑠)2

���
𝑠=0

Φ(𝜆 + 𝑠(𝑒𝑖 − 𝑒 𝑗)) =
𝑑

𝑑𝑠

���
𝑠=0

(
𝜙′(𝜆𝑖 + 𝑠) − 𝜙′(𝜆 𝑗 − 𝑠)

)
= 𝜙′′(𝜆𝑖) + 𝜙′′(𝜆 𝑗).

One readily checks that there is a 𝑡 ∈ (0, 1) such that 𝜙′′ < 0 on (0, 𝑡) and
𝜙′′ > 0 on (𝑡, 1), thus there are unique numbers 𝑎 ∈ (0, 𝑡] and 𝑏 ∈ [𝑡, 1) with
𝜙′(𝑎) = 𝑐 = 𝜙′(𝑏). If 𝑎 < 𝑏, then 𝜙′′(𝑏) > 0 and hence at most one eigenvalue
is equal to 𝑏. Hence, in any case, there is an index 𝑙 such that 𝜆𝑖 = 𝑎 for all 𝑖 ≠ 𝑙,
whereas 𝜆𝑙 ∈ {𝑎, 𝑏}. The equality

1 + 𝑎𝑟
𝑎(1 − 𝑎) = 𝜙′(𝑎) = 𝜙′(𝜆𝑙) =

1 + 𝜆𝑙𝑟
𝜆𝑙 (1 − 𝜆𝑙)

implies that (𝜆𝑙 − 𝑎) (1 − 𝜆𝑙 − 𝑎 − 𝑎𝜆𝑙𝑟) = 0, and the second factor is positive since
1 − 𝜆𝑙 = (𝑛 − 1)𝑎 and 𝑛 − 2 ≥ 𝑟 > 0. Thus, 𝜆𝑙 = 𝑎 as well, and 𝜆𝑖 = 1

𝑛
for all 𝑖.

It remains to analyze the values near the relative boundary of Σ. Notice that
if 𝑗 ∈ {1, . . . , 𝑛} is fixed, then

∏
𝑖≠ 𝑗 𝜆𝑖 ≤

( 1
𝑛−1 (1 − 𝜆 𝑗)

)𝑛−1 by the arithmetic–
geometric mean inequality, thus∏

𝑖 𝜆𝑖∏
𝑖

( 1
𝑛−1 (1 − 𝜆𝑖)

)𝑟+1 ≤ (𝑛 − 1)𝑛𝑟+1 𝜆 𝑗 (1 − 𝜆 𝑗)𝑛−𝑟−2∏
𝑖≠ 𝑗 (1 − 𝜆𝑖)𝑟+1 .

For 𝜆 𝑗 → 0, this last term tends to zero, provided that all 𝜆𝑖 with 𝑖 ≠ 𝑗 remain
bounded away from 1. On the other hand, if 𝜆 𝑗 ≥ 1 − 𝜖 for some 𝜖 ∈ (0, 1), then
𝜆𝑖 ≤ 𝜖 for all 𝑖 ≠ 𝑗 , and we get (𝑛 − 1)𝑛𝑟+1(1 − 𝜖) (𝑟+1) (1−𝑛)𝜖𝑛−𝑟−2 as an upper
bound. For 𝜖 → 0, this tends again to zero if 𝑟 < 𝑛 − 2 and to (𝑛 − 1)𝑛𝑟+1 if
𝑟 = 𝑛 − 2, and we must check that this number is smaller than 𝑛𝑛𝑟 . Indeed, since
𝑛 > 2, ( 𝑛

𝑛 − 1

)𝑛𝑟
=

(
1 + 1

𝑛 − 1

)𝑛(𝑛−2)
> 1 + 𝑛(𝑛 − 2)

𝑛 − 1
> 𝑛 − 1.

This yields the result. □

We now return to the assumptions and the notation used in Proposition 8.18,
with the addition that 𝑌 and 𝑘 ∈ {1, 2, 4} are as above, 𝑛 = dim(𝑋) = dim(𝑌 ) ≥ 3,
and the assumptions on (𝜇𝑥)𝑥∈𝑋 are satisfied for ℎ = 𝑛 + 𝑘 − 2.

Proposition 8.21 With these assumptions, 𝐽𝐹 (𝑥) ≤ 1 for all 𝑥 ∈ 𝑋 , and if 𝐽𝐹 (𝑥) =
1 for some 𝑥, then the differential 𝑑𝐹𝑥 is a linear isometry.
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Proof : Let again 𝑦 = 𝐹 (𝑥). Integrating the identity from Lemma 8.19 for the
Busemann function 𝑏𝜂 against 𝜔𝑥 , we get the relation

𝐾𝑥 = 𝐼 − 𝐻𝑥 −
𝑘−1∑︁
𝑖=1

𝐽𝑖𝐻𝑥𝐽𝑖 ,

where 𝐼 is the identity map on 𝑇𝑌𝑦 . Putting 𝐿𝑥 := 1
𝑛−1 (𝐼 − 𝐻𝑥) and recalling that

ℎ = 𝑛 + 𝑘 − 2, we write 1
ℎ
𝐾𝑥 as a convex combination

1
ℎ
𝐾𝑥 =

𝑛 − 1
ℎ

𝐿𝑥 +
𝑘−1∑︁
𝑖=1

1
ℎ
(−𝐽𝑖𝐻𝑥𝐽𝑖)

(in case 𝑘 = 1 this reads simply 1
ℎ
𝐾𝑥 = 𝐿𝑥). We assume that 𝐽𝐹 (𝑥) > 0. Then it

follows from Proposition 8.18 that both 𝐻𝑥 and 𝐿𝑥 have positive eigenvalues and
trace one. Now if 𝐴, 𝐵 are two symmetric positive definite 𝑛 × 𝑛 matrices, then

det((1 − 𝑡)𝐴 + 𝑡𝐵) ≥ det(𝐴)1−𝑡 det(𝐵)𝑡

for all 𝑡 ∈ [0, 1]; that is, the determinant is log-concave on this set of matrices (see,
for example, Lemma B.2 in [BesCG1995]). We conclude that

det
( 1
ℎ
𝐾𝑥

)
≥ det(𝐿𝑥) (𝑛−1)/ℎ det(𝐻𝑥) (𝑘−1)/ℎ .

In combination with Proposition 8.18, this gives the inequality

𝐽𝐹 (𝑥) ≤ det(𝐻𝑥)1/2−(𝑘−1)/ℎ

𝑛𝑛/2 det(𝐿𝑥) (𝑛−1)/ℎ .

This expression turns out to be less than or equal to one by Lemma 8.20 for 𝑟 := ℎ
𝑛−𝑘 ,

independently of 𝑥. The exponents of det(𝐻𝑥) and det(𝐿𝑥) are
1
2
− 𝑘 − 1

ℎ
=

1
2𝑟
,

𝑛 − 1
ℎ

=
𝑟 + 1

2𝑟
;

furthermore 𝑟 ≥ 1, with equality for 𝑌 = 𝐻𝑛, and 𝑟 + 1 = 2
𝑛−𝑘 (𝑛 − 1) ≤ 𝑛 − 1, with

equality for 𝐻3 and C𝐻2.
Suppose now that 𝐽𝐹 (𝑥) = 1. Then 𝐻𝑥 = 1

𝑛
𝐼 by Lemma 8.20, hence 𝐿𝑥 =

1
𝑛
𝐼, and 𝐾𝑥 = ℎ

𝑛
𝐼. For 𝑢 ∈ 𝑇𝑋𝑥 and 𝑣 := 𝑑𝐹𝑥 (𝑢), the inequality stated before

Proposition 8.18 now reduces to

|𝑑𝐹𝑥 (𝑢) |2 ≤ 𝑛
∫
𝑋∞

𝑑 (𝑏 𝜉 )𝑥 (𝑢)2 𝑑𝜈𝑥 (𝜉).

Let (𝑢𝑖) be an orthonormal basis of 𝑇𝑋𝑥 , and let 𝐺 :=
(
⟨𝑑𝐹𝑥 (𝑢𝑖), 𝑑𝐹𝑥 (𝑢 𝑗)⟩

)
be the

Gram matrix. Then it follows that trace(𝐺) ≤ 𝑛, again since |grad 𝑏 𝜉 (𝑥) | = 1 and
𝜈𝑥 is a probability measure, and so

1 = 𝐽𝐹 (𝑥)2 = det(𝐺) ≤
(1
𝑛

trace(𝐺)
)𝑛

≤ 1.

The equality forces 𝐺 = (𝛿𝑖 𝑗), that is, 𝑑𝐹𝑥 is an isometry. □
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We are now ready for the proof of the main results.

Theorem 8.22 (Besson–Courtois–Gallot 1995) Suppose that 𝑀 and 𝑁 are two
closed negatively curved Riemannian manifolds of the same dimension 𝑛 ≥ 3, with
isomorphic fundamental groups, and 𝑁 is locally symmetric. Then

ℎ(𝑀)𝑛 vol(𝑀) ≥ ℎ(𝑁)𝑛 vol(𝑁),

and if ℎ(𝑀) = ℎ(𝑁) and vol(𝑀) = vol(𝑁), then 𝑀 and 𝑁 are isometric.

As above, we omit the case of the Cayley hyperbolic plane, which is discussed
in [Ru2024].

Proof : The quantity ℎ( · )𝑛 vol( · ) is scale invariant. We normalize the metrics so
that the maximum of the sectional curvatures of 𝑁 is −1, thus ℎ(𝑁) = 𝑛 + 𝑘 − 2,
and so that ℎ := ℎ(𝑀) = ℎ(𝑁). Let 𝑋 and 𝑌 be the universal covers of 𝑀 and
𝑁 , respectively, and let 𝜄 : Γ𝑀 → Γ𝑁 be an isomorphism of the groups of deck
transformations. Fix base points 𝑜 ∈ 𝑋 and 𝑝 ∈ 𝑌 , and define the bijection
𝑔 : Γ𝑀 (𝑜) → Γ𝑁 (𝑝) between the orbits by 𝑔(𝛾(𝑜)) = 𝜄(𝛾) (𝑝) for all 𝛾 ∈ Γ𝑀 .
Extend 𝑔 to a map 𝑓 : 𝑋 → 𝑌 by sending 𝑥 to the unique circumcenter of the finite
set {𝑔(𝛾(𝑜)) : 𝑑 (𝑥, 𝛾(𝑜)) = 𝑑 (𝑥, Γ𝑀 (𝑜))} (recall Proposition 5.25). Notice that 𝑓
satisfies

𝑓 ◦ 𝛾 = 𝜄(𝛾) ◦ 𝑓

for all 𝛾 ∈ Γ𝑀 . It follows from Lemma 8.9 that 𝑓 is a quasi-isometry.
By Theorem 8.11, 𝑓 induces a homeomorphism 𝑓∞ : 𝑋∞ → 𝑌∞. Theorem 8.15,

together with Lemma 8.14, shows that there exists an ℎ-dimensional conformal
density (𝜇𝑥)𝑥∈𝑋 for Γ𝑀 . If 𝛾 ∈ Γ𝑀 , then 𝜇𝑥 (𝑋∞) = 𝜇𝛾 (𝑥 ) (𝑋∞), and hence the
family of the normalized measures still satisfies 𝛾∞∗𝜈𝑥 = 𝜈𝛾 (𝑥 ) for all 𝑥 ∈ 𝑋 .
These measures have no atoms (see the concluding remark in Section 8.4). Let now
𝐹 : 𝑋 → 𝑌 be the map defined by 𝐹 (𝑥) := bar(𝜔𝑥) for 𝜔𝑥 := 𝑓∞∗𝜈𝑥 . Since

𝜔𝛾 (𝑥 ) = ( 𝑓 ◦ 𝛾)∞∗𝜈𝑥 = (𝜄(𝛾) ◦ 𝑓 )∞∗𝜈𝑥 = 𝜄(𝛾)∞∗𝜔𝑥

and the barycenter construction is Isom(𝑌 )-equivariant, it follows that

𝐹 ◦ 𝛾(𝑥) = bar(𝜔𝛾 (𝑥 ) ) = bar(𝜄(𝛾)∞∗𝜔𝑥) = 𝜄(𝛾) (bar(𝜔𝑥)) = 𝜄(𝛾) ◦ 𝐹 (𝑥)

for all 𝛾 ∈ Γ𝑀 and 𝑥 ∈ 𝑋 . As a consequence, 𝐹 is at finite uniform distance from 𝑓 ,
thus by continuity and Lemma 8.12 𝐹 is a surjective quasi-isometry, and 𝐹 induces
a surjective map 𝐹𝑀 : 𝑀 → 𝑁 . Finally, by Proposition 8.21,

vol(𝑁) ≤
∫
𝑁

#𝐹 −1
𝑀 {𝑦} 𝑑vol(𝑦) =

∫
𝑀

𝐽𝐹𝑀 (𝑥) 𝑑vol(𝑥) ≤ vol(𝑀),

and if vol(𝑀) = vol(𝑁), then 𝐽𝐹𝑀 (𝑥) = 1 for all 𝑥 ∈ 𝑀 , so 𝑑 (𝐹𝑀 )𝑥 is a linear
isometry, and #𝐹 −1

𝑀
{𝑦} = 1 for all 𝑦 ∈ 𝑁; hence 𝐹𝑀 is an isometry. □
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In [BesCG1995] (and [Ru2024]) it is proved more generally that if 𝑓 : 𝑀 → 𝑁

is a continuous map of degree 𝑑 > 0 between two closed, oriented Riemannian
𝑛-manifolds, where 𝑁 is locally symmetric with negative sectional curvature, then

ℎ(𝑀)𝑛 vol(𝑀) ≥ 𝑑 · ℎ(𝑁)𝑛 vol(𝑁),

and for 𝑛 ≥ 3 equality implies that 𝑓 is homotopic to a 𝑑-sheeted Riemannian
covering, after a possible dilation of 𝑀 . This result was conjectured by Gromov in
the case when 𝑁 has constant negative curvature (see p. 58 in [Gro1983]). Further
generalizations to open manifolds of finite volume are obtained in [BoCS2005]
and [St2006].

A first corollary of Theorem 8.22 is the rank one case of Mostow’s rigidity
theorem [Mos1973].

Theorem 8.23 (Mostow 1973) Let 𝑀 and 𝑁 be two compact locally symmetric
spaces of negative curvature and of the same dimension 𝑛 ≥ 3. If the fundamental
groups are isomorphic and the metrics are normalized so that vol(𝑀) = vol(𝑁),
then 𝑀 and 𝑁 are isometric.

Proof : By Theorem 8.22, ℎ(𝑁) = ℎ(𝑀), and 𝑀 and 𝑁 are isometric (via 𝐹𝑀 ). □

Mostow’s original proof exploits the (quasi-)conformal geometry of the bound-
aries at infinity. We refer to [Bou2018] for an exposition of this strategy and a
survey of further rigidity theorems obtained in this way.

Another corollary of Theorem 8.22 is the following result, also conjectured by
Gromov (compare p. 13 in [Gro1982]).

Theorem 8.24 (Besson–Courtois–Gallot 1995) Let (𝑁, 𝑔) be a closed hyperbolic
𝑛-manifold, with constant sectional curvature −1, and let 𝑔̃ be another Riemannian
metric on 𝑁 . If Ric𝑔̃ ≥ −(𝑛 − 1)𝑔̃, then vol𝑔̃ (𝑁) ≥ vol𝑔 (𝑁).

Proof : In case 𝑛 = 2 this follows from the Gauss–Bonnet theorem. If 𝑛 ≥ 3, then

vol𝑔 (𝑁) ≤
ℎ𝑔̃ (𝑁)𝑛

ℎ𝑔 (𝑁)𝑛
vol𝑔̃ (𝑁) ≤ vol𝑔̃ (𝑁)

by Theorem 8.22 and Theorem 6.6 (Bishop). □

On may ask further if the conclusion of Theorem 8.24 holds under the weaker
assumption scal𝑔̃ ≥ −𝑛(𝑛 − 1); this is known as Schoen’s conjecture (see p. 55
in [Gut2011], [Sa2022], and p. 3 in [Yu2023]).
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