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Abstract

These are the notes to a first part of a lecture course on Geometric Measure
Theory I have taught at ETH Zurich a number of times in the past twenty
years, lastly in the Fall Semester 2023.
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1 Embeddings of metric spaces

We start with some basic and well-known isometric embedding theorems for metric
spaces.

For a non-empty set S, [ (S) = (Io(S), || - ||) denotes the Banach space of all
functions u: § — R with |||« := Supcg |u(s)| < co. Similarly, I = [(N) =
{(ur)ren : 1 (ur)lleo := supgey luk| < eo}.

Proposition 1.1 (Kuratowski, Fréchet) (1) Every metric space X admits an iso-
metric embedding into ., (X).
(2) Every separable metric space admits an isometric embedding into l.

Proof: For (1), fix a basepoint z € X and define f: X — [ (X),

X = Uy, Mx(y)zd(x,)’)—d(y’z)-

Note that ||ux|le = sup,, [ux(y)| < d(x,z). Moreover,
llux — uxlleo = supyld(x,y) = d(x’", y)| < d(x,x’),

and equality occurs for y = x’.

To prove (2), choose a basepoint z € X and a countable dense set S = {yx : k €
N} in X. Define f: X — [,

x = (d(x,yr) = d(Yi, 2))keN-

By (1), fls: S = le = l-(S) is an isometric embedding. Since S is dense and f
is continuous, f is an isometric embedding. O

Note that if X is bounded, there is no need for the term —d(y, z) or —d(y, 2),
respectively, in the definition of f. In this case, the embedding is canonical. For
further reading on results of this type and detailed references we refer to [Hei2003]].

Recall that a metric space X is said to be precompact or totally bounded if for
every € > 0, X can be covered by a finite number of closed balls of radius €. We
call asetY C X e-separated if d(y,y’) > € whenever y,y’ € Y, y # y’. Note that
X is precompact if and only if for every € > 0, all e-separated subsets of X are
finite. A metric space is compact if and only if it is precompact and complete.

Definition 1.2 (uniformly precompact family) A family (X,)qpea of metric
spaces is called uniformly precompact if for all € > 0 there exists a number
n = n(€) € N such that each X, can be covered by n closed balls of radius €. The
family (Xo)aea is uniformly bounded if sup . , diam(X,) < oo.



Theorem 1.3 (Gromov embedding) Suppose that (Xo)aea is a uniformly pre-
compact and uniformly bounded family of metric spaces. Then there is a compact
metric space Z such that each X, admits an isometric embedding into Z.

We follow essentially the original proof from [[Grol1981].

Proof: Fori € N, let ¢ := 27" and pick n; € N such that each X, can be covered
by n; closed balls of radius €;. Choose a partition of N into sets N;, i € N,
with cardinality #N; = nin;...n;, and define a map n: N\ Ny — N such that
7 Y (N;) = Niy1 and #(7~'{k}) = nj4; for alli € N and k € N;. Now we construct
in each X, a sequence (x;")ren according to the following inductive scheme. For
i = 1, the points x;’ with k € N; = N, are chosen such that the n; balls B(x]‘:, €1)
cover X,. Fori > 1, if the ny...n; centers x,‘: with k € N; are selected, the
Ny ...NNi41 points xl" with [ € N;;; are chosen such that for each k € N;, the ball
B(x{, €) is covered by the n;; balls

B(x;", €41) C B(xy,2€;)

with [ € 771 {k}. In this way we obtain for every a € A a dense sequence () ken
in X, which gives rise to an isometric embedding f,: X4 — [, mapping x to
(d(x,x{"))ken. Wheneveri € N, k € Ny, and [ € 7~ {k}, then

|d(x,x;) —d(x,x;")| < d(x,x") < 2€.

Hence, each f,(X,) lies in the set Z of all sequences (uy)reny With 0 < uy <
sup,, diam(X, ) for all K € N and

|k —ui] < 2€;
wheneveri € N, k € N;, and [ € 7~ '{k}. Since the sequence (€;);en 1S summable,
it follows that Z is a compact subset of /. O
2 Compactness theorems for metric spaces
For subsets A, B of a metric space X we denote by
Ns(A)={x e X :d(x,A) <6}
the closed ¢-neighborhood of A and by
dy(A,B) =inf{d >0: A C Ns(B), BC Ns(A)}

the Hausdorff distance of A and B; dy defines a metric on the set C of non-empty,
closed and bounded subsets of X.



Theorem 2.1 (Blaschke) Suppose that X = (X, d) is a metric space and C is the
set of non-empty, closed and bounded subsets of X, endowed with the Hausdorff
metric dy.

(1) If X is complete, then C is complete.

(2) If X is compact, then C is compact.

This was first proved by Blaschke [Blal916]| for compact convex bodies in R3
to settle the existence question in the isoperimetric problem.

Proof: We start with (1). Let (C;);en be a Cauchy sequence in C. Then the set
C:=NZ m

is closed and bounded. We show that
llglolo dy(C;, C) =0.

Let € > 0. Choose ip such that dy(C;,Cj) < €/2 whenever i, j > ig. Suppose
x € C. Since C c U3, C;, there exists an index j > ip with d(x,C;) < €/2.
Hence d(x,C;) < d(x,Cj) + du(C;,C;) < € for all i > ip. This shows that
C C N(C)) fori > iy.

Now suppose x € C; for some i > ip. Pick a sequence i =i; < i, < ... such
that dy(Cpn, Cp) < €/2F whenever m,n > iy, k € N. Then choose a sequence

(xk)ken such that x| = x, xx € Cj, and d(xg, Xg41) < €/2%. As X is complete, the
Cauchy sequence (xy) converges to some point y. We have

d(x,y) = lim d(x,x) < )" d(xgxin) < e,
k=1

and y belongs to the closure of C; U C;,,, U ... for all k. Thus y € C and
d(x,C) < e. This shows that C; € N.(C) whenever i > ij.

For the proof of (2), we know that C is complete since X is, so it suffices to
show that C is precompact. Let € > 0. Since X is precompact, there exists a finite
set Z C X with N.(Z) = X. We show that every C € C is at Hausdorff distance
at most € of some subset of Z, namely Z¢ := Z N N(C). For every x € C there
exists a point z € Z with d(x,z) < €, so z € Z¢. This shows that C € N (Z¢).
Since also Z¢ € N(C), we have dy(C, Z¢) < €. As there are only finitely many
distinct subsets of Z, we conclude that C is precompact. O

Definition 2.2 (Gromov—Hausdorff distance) The Gromov—Hausdorff distance
of two metric spaces X,Y is the infimum of all » > 0O for which there exist a
metric space (Z, d?) and subspaces X’ ¢ Z and Y’ C Z isometric to X and Y,
respectively, such that dﬁ (X, Y)<r.



Compare [Grol981]], [Grol1999]. Alternatively, call a metric d on the disjoint
union X LY admissible for the given metrics d = dX and d = d¥ on X and Y if
d|xxx = d¥X and d|yxy = d"; then

don(X,Y) =infdu(X,Y)

where the infimum is taken over all admissible metrics d on X LI Y.

For instance, suppose that diam(X), diam(Y) < D < co. Setting d(x,y) = D/2
for x € X and y € Y we obtain an admissible metric on X LI Y, in particular
dcu(X,Y) < D/2.

Proposition 2.3 (1) dgu satisfies the triangle inequality, ie. dgu(X,Z) <
deu(X,Y) +dgu(Y, Z) for all metric spaces X,Y, Z.
(2) dgu defines a metric on the set of isometry classes of compact metric spaces.

See [BurBI2001, Proposition 7.3.16, Theorem 7.3.30]. Assertion (2) is no
longer true if ’compact’ is replaced with ’complete and bounded’.

Theorem 2.4 (Gromov compactness criterion) Suppose that (X;)ien is a uni-
formly precompact and uniformly bounded sequence of metric spaces. Then there
exist a subsequence (X;,) jen and a compact metric space Z such that (X;;) Gromov—
Hausdorff converges to Z, i.e. limj_, dgu(X;;, Z) = 0.

This was proved in [Gro1981]].

Proof: Combine Theorems [[.3](Gromov embedding) and [2.1(2) (Blaschke). m|

3 Lipschitz maps
Let X, Y be metric spaces, and let A € [0,00). Amap f: X — Y is A-Lipschitz if
d(f(x), f(x")) < Ad(x,x’)
for all x,x" € X, and f is Lipschitz if
Lip(f) :=inf{a € [0, c0) : f is A-Lipschitz} < oo

(where inf () := c0). We say that f: X — Y is bi-Lipschitz if f is A-bi-Lipschitz for
some A € [1, o), that is,

A7 (x,x) < d(f(x), f(x)) < 2d(x,x")

for all x,x’ € X.
The following basic extension result for Lipschitz maps holds, see [McS1934]
and the footnote in [Whit1934]).



Proposition 3.1 (McShane, Whitney) Suppose that X is a metric space, and

AcCX.

(1) Let n € N. Every A-Lipschitz map f: A — R™ admits a \nA-Lipschitz
extension f: X — R".

(2) Let S be any non-empty set. Every A-Lipschitz map f: A — 1 (S) possesses
a A-Lipschitz extension f: X — 1(S).

Proof: To prove (1), consider first the case n = 1. Put
f(x) :==inf{f(a) + Ad(a,x) :a € A}

for all x € X. Note that for b € A, since f is A-Lipschitz,

f(x) = inf{f(b) —Ad(a,b) +Ad(a,x) :a € A} = f(b) —Ad(b,x),

in particular f(x) > —oco and f(b) > f(b). As f(b) < f(b) by definition,
f: X — R is an extension of f. For x,x’ € X,

f(x) <inf{f(a)+Ad(a,x")+A1d(x,x") :a € A} = f(x') +Ad(x,x),

so f is A-Lipschitz. In the case that n > 2, note that each component of f =
(fi.-.., fu) is A-Lipschitz and hence admits a A-Lipschitz extension f;: X — R.
The function f = (f1, ..., f,) with these components is then y/nA-Lipschitz.

The proof of (2) is similar. Given f = (fi)ses, each component f; has a
A-Lipschitz extension f;: X — R, and then f = (f;)ses is A-Lipschitz as well. O

In (1), the factor v cannot be replaced with a constant < n'/* com-
pare [JohL.S1986| and [Lan1999|]. In particular, Lipschitz maps into a Hilbert
space Y cannot be extended in general. However, if X is itself a Hilbert space, one
has again an optimal result:

Theorem 3.2 (Kirszbraun, Valentine) If X,Y are Hilbert spaces, A C X, and
f: A — Y is A-Lipschitz, then f has a A-Lipschitz extension f: X — Y.

See [Kirs1934]], [Val1945]], or [Fed1969, Theorem 2.10.43]. The following
argument is essentially due to Mickle (1949). A generalization to metric spaces
with curvature bounds was given in [LanS1997].

Proof (sketch): 1t suffices to prove the result for A = 1.

Step 1. First one shows that if A € X is finiteandx € X \ A,and f: A > Y is
1-Lipschitz, then there is a 1-Lipschitz extension fy: AU {x} — Y of f.

Suppose that A = {xy,...,x,}, and put r; := ||x; — x|| and y; := f(x;). The
goal is to show that ('_, B(y;,r;) # 0. Clearly C; := ("._, B(y;,tr;) # 0 fort > 0
sufficiently large. Put s :=inf{r > 0 : C; # 0}. Use the strict convexity of balls in



Y and completeness to prove that diam(C;) — 0 as t — s+ and that C; consists of
a single point, Cy = {y}. It then remains to show that s < 1.

Put u; := x; — x and v; := y; — y, and note that ||u;|| = r; and ||v;|| < sr;.
Let I := {i : ||vi]| = sr;}. It follows from the choice of s that y is in the convex
hull of {y; : i € I}, so 0 can be written as a convex combination };.; 4;v;. Since
12 = llyi = yiIP < Il — ;12

lvi —v; = ||u,-—uj||2, we have

2.2 22 2 2
sTri = 2vi,vy) + 577 < rp = 2, ug) + 5

for all 7, j € I. Now multiply this inequality by 4;4; and sum over i, j € I. Since
Zi,j /li/lJ'(V,’, Vj) = “Zz /liViHZ = 0 and Zi,j /lﬂlj(l/ti, Ltj) = ||Z,~/l,~u,~||2 > 0, this
gives
52 Z /li/lj(rl-z+r?) < Z /l,-/lj(riz +r12-),
i,jel i,jel
showing that s < 1.

Step II. If B is a family of closed balls in Y such that every finite subfamily
has non-empty intersection, then also (| B # 0. From this (well-known) property
of Hilbert spaces and the result of Step I one concludes that if A C X is arbitrary
and x € X \ A, then every 1-Lipschitz map f: A — Y has a 1-Lipschitz extension
fxiAU{x} > Y.

Step III. The theorem now follows from the result of Step II by a standard
application of Zorn’s Lemma. O

The next result characterizes the extendability of partially defined Lipschitz
maps from R into a complete metric space Y'; it is useful in connection with the
definition of rectifiable sets (Definition [I0.1). We call a metric space Y Lipschitz
m-connected if there is a constant ¢ > 1 such that for k € {0,...,m}, every A-
Lipschitz map f: S¥ — ¥ admits a cA-Lipschitz extension f: B¥*! — Y; here S
and B**! denote the unit sphere and closed ball in R¥*!, endowed with the induced
metric. Every Banach space is Lipschitz m-connected for all m > 0. The sphere

S™ is Lipschitz (n — 1)-connected.

Theorem 3.3 (Lipschitz maps on R"") Let Y be a complete metric space, and let

m € N. Then the following statements are equivalent:

(1) Y is Lipschitz (m — 1)-connected.

(2) There is a constant ¢ such that every A-Lipschitz map f: A —» Y, A ¢ R,
has a cA-Lipschitz extension f: R™ — Y.

The idea of the proof goes back to Whitney [Whit1934]]. Compare [Alm1962,
Theorem (1.2)] and [JohLS1986].

Proof: Itis clear that (2) implies (1). Now suppose that (1) holds, andlet f: A - Y
be a A-Lipschitz map, A ¢ R™. As Y is complete, f extends canonically to the



closure of A, with the same Lipschitz constant. Hence, assume A to be closed. A
dyadic cube in R™ is a set of the form x + [0, 2K]™ for some k € Z and x € (2kZ)™.
Denote by C the family of all dyadic cubes C ¢ R \ A that are maximal (with
respect to inclusion) subject to the condition

diam(C) < 2d(A,C).

The cubes in C have pairwise disjoint interiors and cover R \ A. Moreover, they
satisfy
d(A,C) <2diam(C),

for if C” is the next bigger dyadic cube containing C, then 2 d(A, C’) < diam(C’) =
2 diam(C) and d(A, C) < d(A, C’) + diam(C).

Let X% ¢ R™ denote the k-skeleton of this cubical decomposition. Choose
n: AUX? — A such that d(x, 7(x)) = d(x,A) forallx € AUZ?. Ifx € 20 and
a € A, then

d(n(x),m(a)) =d(rn(x),a) <dx,n(x))+d(x,a) <2d(x,a).
If x, x’ € 9 are distinct, and C,, € C is a smallest cube containing x, then
d(m(x),x) < d(A, Cy) +diam(C,) < 3diam(C,) < 3Vmd(x,x'),
and likewise d(n(x’),x") < 3ym d(x,x"); thus
d(n(x),n(x")) <d(x(x),x) +d(x,x")+d(x",n(x")) < cod(x,x")

for co := 64/m + 1. This shows that 7 is co-Lipschitz.

Extend f to a coA-Lipschitz map fy: A U X? — Y by putting fy = f o .
Since Y is Lipschitz 0-connected, fy can be extended to a map fi: AUX! — Y
whose restriction to any edge of a cube in C is c4-Lipschitz for some constant
c1. It then follows easily that the restriction of f] to the (relative) boundary of
any 2-dimensional face of a cube in C is 2c¢A-Lipschitz. Since Y is Lipschitz
l-connected, f; admits an extension f>: A U > — Y whose restriction to any
2-face of a cube in C is cyA-Lipschitz for some constant cp. It follows that the
restriction of f, to the boundary of any 3-face of a cube in C is 2¢yA-Lipschitz. By
successively constructing extensions to A U X3, ..., A U X™ = R™, using that Y is
Lipschitz (m — 1)-connected, one arrives at an extension f := f,,: R — Y of f;
whose restriction to any cube C € C is ¢,;A-Lipschitz for some constant ¢, > 1.
Since f; is continuous, and f|4 = f is A-Lipschitz, it follows easily that f is in fact
cmA-Lipschitz on R, O

A metric space Y is an absolute (C-)Lipschitz retract if for any isometric
embeddingi: Y — Z into another metric space Z there is a (C-)Lipschitz retraction
of Z onto i(Y).



Proposition 3.4 For a metric space Y, the following are equivalent:

(1) For every metric space X and every Lipschitzmap f: A —» Y, A CY, there is
a Lipschitz extension f: X — Y.

(2) There exists a constant C > 1 such that for every metric space X and every
Lipschitz map f: A — Y, A C Y, there is a Lipschitz extension f: X — Y

with Lip(f) < C Lip(f).
(3) Y is an absolute Lipschitz retract.
(4) Y is an absolute C-Lipschitz retract for some C > 1.

Proof: To be completed. O

Proposition 3.5 Let X be a metric space. Every uniformly continuous and bounded
function f: X — R is a uniform limit of a sequence of Lipschitz functions.

This is taken from [Hei2001, Theorem 6.8].

Proof: Let w(8) := sup{|f(x) = f(y)| : d(x,y) < 6}, 6 = 0, be the modulus of
continuity of f. For k € N, define f;: X — R by

Jr(x) :=inf{f(y) +kd(x,y) : y € X}.

Then f(x) = fr(x) = inf f > —co, and f; is k-Lipschitz (compare the proof of
Proposition[3.1). If d(x, y) > 6x := 2sup|f|/k, then

F) +kd(x,y) > f(y) +2sup|f] = f(x) = fi(x),

so in the definition of fi(x) it suffices to take the infimum over the closed ball
B(x, ). In particular fi(x) > inf{f(y) : y € B(x,dx)} and hence

0 < f(x) = fa(x) < sup{f(x) = f(y) 1 y € B(x,01)} < w(bk)

for all x € X. We conclude that fi — f (kK — oo) uniformly on X. O

4 Differentiability of Lipschitz maps
Recall the following definitions.

Definition 4.1 (Gateaux and Fréchet differential) Suppose that X, Y are Banach
spaces, f maps an open set U C X into Y, and x € U.
(1) The map f is Gareaux differentiable at x if the directional derivative

Jx+v) - f(x)
t

Dy f(x) = lim

exists for every v € X and if there is a continuous linear map L: X — Y such
that

L(v) =D, f(x)
for all v € X. Then L is the Gateaux differential of f at x.



(2) The map f is (Fréchet) differentiable at x if there is a continuous linear map
L: X — Y such that

i L&Y - f) — L) _

0.
v=0 vl

Then L =: dfy is the (Fréchet) differential of f at x.

The map f is Fréchet differentiable at x if and only if f is Gateaux differentiable
at x and the limit L(u) = D, f(x) exists uniformly for u in the unit sphere of X,
i.e., for all € > O there is a 6 > 0 such that

1f (x + 1) = f(x) —tL(u)]| < €|

whenever |f| < dandu € S(0,1) C X.

Lemma 4.2 (differentiable Lipschitz maps) Suppose that Y is a Banach space,
f: R™ — Y is Lipschitz, x € R™, D is a dense subset of S™~!, D, f(x) exists for
everyu € D, L: R™ — Y is linear, and L(u) = D, f(x) forallu € D. Then f is
Fréchet differentiable at x with differential df, = L.

In particular, if a Lipschitz map f: R™ — Y is Gateaux differentiable at x, then
f is Fréchet differentiable at x.

Proof: Let € > 0. Choose a finite set D’ D such that for every u € ™! there is
au’ € D' with ||u — u’|| < €. Then there is a § > 0 such that

1f(x+1u’) = f(x) = tL()| < et

whenever |t| < d and u’ € D’. Given u € ™!, pick u’ € D’ with |lu — u’|| < €;
then

I1f (x +tu) = f(x) = 1L(u)]]
< eltl+ |1 f G+ 1u) = f(x+ 1)) || + 2l L(u = )|
< (1 +Lip(f) + [ILI)elt]

for |t| < 6. By the remark preceding the lemma, this gives the result. O

Theorem 4.3 (Rademacher) Every Lipschitz map f: R™ — R" is differentiable
at L™-almost all points in R™.

This was originally proved in [Rad1919].

Proof: 1t suffices to prove the theorem for n = 1; in the general case, f =
(f1,-.., fn) is differentiable at x if and only if each f; is differentiable at x.

In the case m = 1 the function f: R — R is absolutely continuous and hence
L!'-almost everywhere differentiable.
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Now let m > 2. Fix u € ™! for the moment, and let B,, denote the Borel set
of all x € R™ where D, f(x) exists. Let H, be the linear hyperplane orthogonal to
u. For xo € H,, the function t — f(xo+1tu) is £'-almost everywhere differentiable
by the result for m = 1, hence

L' ((xo +Ru) \ B,) =0.

The characteristic function of R™ \ B,, is £™-measurable, and an application of
Fubini’s Theorem shows that £ (R™ \ B,) = 0.

Now choose a dense countable subset D of S”~! containing the canonical
basis vectors ey, ..., ey, and put B := (,cp By. Then L™(R™ \ B) = 0, and
for every x € B, D, f(x) exists for all u € D; in particular, the formal gradient
Vf(x) := (D¢, f(x),...,De,, f(x)) exists. It now suffices to show that for L™-
almost all x € B, the usual relation

Duf(x) = <Vf(x)’u>

holds for all u € D. Since the right side is linear in u, the theorem then follows
from Lemma 4.2
Let ¢ € C°(R™). By Lebesgue’s bounded convergence theorem,

lim / St 2 I ) = / Duf(¥)6(x) dr.

t—0
lim f(x)¢(x—tut) — )

-~ [ soDuoto) ax.

Substituting x — tu for x in the term f(x + tu)¢(x) we see that the two left sides
coincide. Hence,

/ Duf(x)(x) dv = - / F()Dud(x) dx.

This holds in particular for ey, . .., e,,, and by taking linear combinations of these
identities we get

/ (V£ (). uyp(x) dx = — / £ (V). u) d.

Now the right sides of the last two identities coincide. As ¢ € C°(R™) is arbitrary,
it follows that D, f (x) = (V f(x), u) for £™-almost every x € B, as desired. ]

Theorem 4.4 (Stepanov) Everymap f: R™ — R”" is differentiable at L™ -almost
all points in the set

L(f) = {x tlimsupy . [ f(y) = FQOI/lly = x| < oo}

This generalization of Rademacher’s Theorem was proved in [Step1923|]. The
following elegant argument is due to Maly [Mal1999]].
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Proof: 1t suffices to consider the case n = 1. Let (Uy)ren be the family of all open
balls in R with center in Q™ and positive rational radius such that f|g;, is bounded.
This family covers L(f). Let ar: Ux — R be the supremum of all k-Lipschitz
functions < f|y,, and let by : U; — R be the infimum of all k-Lipschitz functions
> flu,. Note that ay, by are k-Lipschitz and ax < f|y, < bk. Let

By := {x € Uy, : both ay and b, are differentiable at x}.

By Rademacher’s Theorem, Z := [ J;2, Ui \ B has measure zero. Letx € L(f)\Z.
We show that there exists an index k such that x € By and ap(x) = br(x);
then f is differentiable at x. Since x € L(f), there is a radius r > 0 such that
If(y) = f)|l < A|ly —x|| for all y € B(x,r) and for some A > 0 independent of
y. Choose k such that k > A and x € Uy C B(x,r). Since x ¢ Z, x € By. By the
definition of ay and by, because k > A,

J(x) = klly = x|l < ar(y) < f(y) < bi(y) < f(x) +klly = x]]

for all y € Uy. For y = x this gives ag(x) = by (x), as desired. O

The following simple example shows that Theorem [.3]is not valid in general
for Banach space valued maps (cf. [Fed1969, 2.9.23]).

Example 4.5 Consider the map f: [0, 1] — L;([0, 1]) that sends s to the charac-
teristic function x5} of [0,s]. ForO0 < s < s+h < 1 we have

1 1
1f (s + 1) = f(s)lls = /0 X10sa1 — X0s]| L = /0 s dL = h,

so f is an isometric embedding, in particular f is 1-Lipschitz. However, the
difference quotients %( f(s+h)—f(s)) = % X(s,s+h] have integral 1, and they form
no Cauchy family for # — 0. Hence, f is nowhere differentiable.

For a Banach space Y, the property that every absolutely continuous function
f:[0,1] — Y is differentiable almost everywhere holds if and only if Y has
the so-called Radon—Nikodym property (RNP), and then also every Lipschitz map
f: R™ — Y is (Fréchet) differentiable almost everywhere. The definition of
the RNP postulates the existence of a Radon—-Nikodym derivative in L(u,Y) (a
Bochner integrable function) for every Y-valued measure v: M — Y whose norm
is absolutely continuous with respect to a probability measure space (X, M, u). A
geometric characterization is as follows: Y has the RNP if and only if every closed
convex set C in the unit ball has slices of arbitrarily small diameter. Here, a slice is
a set of the form S(C, A4, @) :={y € C : A(y) = sup,.c A(x) —a} for 1 € Y and
a > 0. Every separable dual space and every reflexive Banach space has the RNP.
For a detailed discussion, see [BenL.2000].
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5 Extension of smooth functions

We state Whitney’s extension theorem for C' functions and some applications,
compare [Whit1934], [Fed1969, Sect. 3.1], and [Sim2014, Ch. 2].

Theorem 5.1 (Whitney) Suppose f: A — RisafunctiononaclosedsetA Cc R™,
g: A — R is continuous, and for every compact set K C A and every € > (O there
isad > 0 such that

If () = f(x) = (g(x), y —x)[ < elly — x]|

whenever x,y € K and ||y — x|| < 8. Then there exists a C' function f: R™ — R
with fla = fand V f|a = g.

It follows from the assumptions that f is locally Lipschitz, hence continuous: if
x,y € Kand |ly—x|| <6, then | f(y) — f(x)| < (e +sup,cg [I8(x)]]) lly —x||. Note
also thatif f: R™ — Ris C', then f := f|4 and g := V f| 4 satisfy the assumptions
of the theorem. The proof of Theorem uses a decomposition of R \ A as for
Theorem and a C! partition of unity.

A first application is the following strong approximation result.

Theorem 5.2 (C! approximation of Lipschitz functions) If f: R” — R is Lip-
schitz and € > 0, then there is a C' function f: R™ — R such that

LM({x eR™: f(x) £ f(0)}) <e

Proof: Let € > 0. By Rademacher’s Theorem, there is a Borel set B ¢ R™
with L™(R™ \ B) < €/2 such that f is differentiable at every point in B, and
g :=Vf: B — R™is ameasurable function. For x € B and k € N, let

) =S =8y =01 g o i < 1};
ly =l k

re(x) = sup{

then 7, — 0 pointwise on B as k — oo. Applying both Lusin’s Theorem and
Egorov’s Theorem, we find a closed set C ¢ B with L™(B \ C) < €/2 such that
glc is continuous and rx — 0 uniformly on compact subsets of C. Now extend
flc to R™ by means of Theorem 5.1] O

For an another application of Theorem[5.1] recall that by Sard’s Theorem, the set
of critical values of a C¥ function f: R™ — R" withO < m—n < k has £"-measure
zero. In the case that m = 2 and n = 1, the assumption that f be twice continuously
differentiable seems too strong but is necessary. Indeed, using the C'! extension
result, Whitney constructed an example of a C' function f: R> — R and an
injective non-rectifiable curve y: [0, 1] — R? with Vf(y (7)) = 0forall z € [0, 1],
such that f o y: [0,1] — [0, 1] is monotonic and surjective (see [Whit19335])).
Thus, in this example, there is whole interval of critical values.
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6 Metric differentiability

Let Y = (Y, d) be a metric space. Suppose I C R is an interval (i.e. a connected
set)yandy: I — Y isacurve (i.e. a continuous map). The length of y is the possibly

infinite number
N

L(y) i=sup ) d(y(ti-1), ¥(1)),

i=1
where the supremum is taken over all finite sequences #9 < f; < --- <ty in . The
curve vy is called rectifiable if L(y) < oo.

Theorem 6.1 (metric derivative) Suppose that a < b, Y is a metric space, and
v: |a,b] — Y is Lipschitz. Then the limit

(1) := lim d(y(t +|:|),7(t))

exists for L'-almost every t € [a, b], and

b
L(y) = / 1) dr.

The proof below follows [AmbT2004, Theorem 4.1.1] (see also [Kir1994,
Proposition 1] and [BurBI2001, Theorem 2.7.6]).

Proof: Choose a dense sequence (yi)ren in y([a, b]) and define

pi: la,b] = R, pr(r) =d(y(1), yi).

By the triangle inequality, |px (t+h) — pi(¢)| < d(y(t+h),y(t)) whenevert,t+h €
[a, b], in particular Lip(px) < Lip(y). Hence, for almost every ¢ € [a, b], the
derivative pr(t) exists for all k, and

d(y(t+h),y()
|hl '

M (t) := sup |pr(t)| < liminf
k h—0
On the other hand, if (yx,)nen is a subsequence tending to y(t), then

t+h
A0t -+ 1. y(0) = lm lpg, 1+ 1) = pi, (0] < sen(h) [ 1(5) ds

and so

d(y(t+h),y( L[t
lim sup e+ h). y(1)) < limsup—/ M (s) ds.
h—0 |A] h—0 hJ

It follows that for every Lebesgue point ¢ of the measurable function s +— M (s),
the limit |y|(z) exists and equals M (¢). This proves the first part of the theorem.
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The above argument also shows that

t+h
Ayt +h).y(1) < / 171(s) ds

whenever a < t < t+ h < b, which implies that L(y) < fab |v|(¢) dt. For the

reverse inequality, fix € > 0, and choose N > 2 such that 4 := (b — a)/N < €. Put
ti:=a+ih,fori=0,1,...,N. Then

h N-1

b-h
B dooawema=g [T3 a0 s s

1 h
< Z/o L(y)ds = L().

Using Fatou’s lemma, we conclude that

b-€ bee
/ I)'/I(t)dt:/ lim d(7(1+:),7(1)) it

1 b-e€
< liz\r[ninfz'/ d(y(t+h),y(t))dt < L(y).

Letting € — 0, we obtain fab lv|(¢) dt < L(7y). O

We now consider functions f: R”™ — Y = (Y,d) for m > 1. To motivate

the following definition, we first remark that if ¥ is a Banach space and f is
differentiable at x, then it is also true that

FOr+v) = fOctw) —dfe(v=w) _

0.
[+l —0 VIl + [lwll

Indeed, given € > 0, there is a § > 0 such that || f(x +v) — f(x) — dfx (V)|| < €]||v]|
whenever ||v]| < 6. Hence, if also ||w|| < 6, then

I1f (x+v) = f(x+w) = dfi(v = w)]|
= |(f(x+v) = £(x) = dfc () = (f(x+w) = £(x) = dfc(w))]|

< e([vll +[Iwll)
by the triangle inequality.

Definition 6.2 (metric differentiability) Suppose Y is a metric space, U ¢ R™ is
an open set, and x € U. Amap f: U — Y is metrically differentiable at x if there
exists a seminorm o on R such that

d(f(x+v), f(x+w))—c(v—w) _

v [I+wl—0 VIl + [lwll

0.

Then we call o the metric differential of f at x and denote it by md f,.
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Itis clear that for every x there is at most one such seminorm. In particular, if Y is
aBanach space and f is differentiable at x, then it follows from the preceding remark
that f is metrically differentiable at x with metric differential md f,, = ||dfx(*)]|.

Theorem 6.3 (metric differentiability of Lipschitz maps) Suppose that Y is a
metric space, U C R™ is an open set, and f: U — Y is a Lipschitz map. Then f is
metrically differentiable at L™ -almost all points in U.

See [Kir1994] and [KorS1993|]. For the proof we use the following proposition
(compare [Wen2008]).

Proposition 6.4 Let f: U — Y be given as in Theorem[6.3| and let B be the set of
all x € U with the property that the limit

d(f(x+1v), f(x))

l1]

ox(v) = }1_r)1(1)

exists for all v € R™. The following holds.

(1) L™(U \ B) = 0, and every x € B, the function o: R™ — R satisfies
Lip(oy) < Lip(f) and ox(sv) = |s| ox(v) forallv € R™ and s € R.

(2) There exist compact sets K{,K», ... C B with L™(B\ Uj'il K;) = 0 and the
following property: for every j and every € > 0 there is a 6 > 0 such that

ld(f(x+v), f(x+w)) —ox(v=w)| < €llv—w]
whenever v,w € R™, ||v]|, |lw|| <6, and x,x +w € K.

Proof: To prove (1), we choose a countable dense set D ¢ S™!. For x € U,
t € R\ {0}, and v € R™, put

d(f(+ 1), ()

Qx,z(V) = |t|

Using Theorem [6.1, we conclude similarly as in the first part of the proof of
Theorem .3 (Rademacher) that the set B of all x € U with the property that the
limit oy (1) = lim;—0 g, (1) exists for all u € D is a Borel set with L (U\ B) = 0.
Let x € B. For fixed ¢, the function g ,: R™ — R is A-Lipschitz, A := Lip(f). It
follows that o : D — R is A-Lipschitz, and since D is dense, o extends uniquely
to a A-Lipschitz function on $™~!, which is then the uniform limit of g ;|gm-1 for
t — 0 (compare Lemma [.2). The existence of the metric derivative o (1) also
implies the existence of o (ru) for all r € R, and it holds that o (sv) = |s| o (V)
for all v € R™ and s € R. Moreover, o : R”™ — R is A-Lipschitz.

For (2), consider the map o: B — C(S™!), x — o7y|gm-1, where C(S"1)
denotes the space of continuous real-valued functions on $”~!, endowed with the
supremum norm || - ||«. This space is separable, and o is measurable. By Lusin’s
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Theorem there exist closed sets Ci, Ca, ... € B such that L”(B\ Uy, Cx) =0
and o|c, is continuous for each k. For y € Bandi € N, let

ri(y) == sup  sup |gy.(u) — oy (u)|.
0<t<1/i ||ull=1

From the proof of (1) we know that r;(y) — 0 (i — o) for every y € B. Using
Egorov’s Theorem we find compact sets K, K>, ... € B with L™ (B\ U‘]’f’:] Kj)=0
such that each K; is contained in some Cj (hence 0'|K,~ is uniformly continuous)
and r; — 0 (i — oo) uniformly on each K;. Now let j € N and € > 0. Then there
is an i such that

€
sup oy (u) — O-y(u)l = |loy - O-y”oo <=z

€
. ri(y) <z
luel|=1 27 2

whenever x,y € K; and ||x — y|| <6 :=1/(2i). Givenx € K; and v,w € R™ with
IVIL [[wll <6, v #w,andy :=x+w € K;,putt :=|[v—w| and u := (1/1)(v —w).
Then it follows that 0 < z < ||v|| + ||w]|| < 26 = 1/i and

|[d(f(x+v), £(9) = ox(v = w)]
< |d(f(y+v=w), F(3) = oy (v = w)| + o (v = w) = oy (v = w)]
= t]qy.i (1) = oy ()| + 1o () = ey ()]
< et.

Asy=x+wandr = ||v — w||, this completes the proof. O

Proof of Theorem[6.3} Let compact sets K1, K>, ... C U be given as in Proposi-
tion[6.4} Suppose x € K is a point with Lebesgue density 1, i.e.,

0" (Kj,x) = lim L7(K; N B(x.r) =
r—0+ Lm(B(x, I’))
Let € > 0, and let 6 = 6(j,€) > 0 be given as in Proposition By adjusting
6 if necessary, we arrange that for every w € R with ||w| < ¢ there exists a
w’ =w’(w) such that x + w’ € K;, ||w’]| < ||w]| and ||w — w’|| < €]||w||. Suppose
now that v,w € R", |[v|,|[w|| < 6, and w’ = w’(w). Using Proposition [6.4] we
conclude that

|[d(f(x+v), f(x+w)) —ox(v—w)|
< |d(f(x+v),f(x+ w')) —ox(v - w’)|
+d(f(x+w), f(x+w"))+ |0'x(v —w) —ox(v— w')|
< €llv =w'|| +2Lip(f)llw - w'||
< e(|[vll +1wll) +2€ Lip(f)|lw]l
< e(L+2Lip(/N)UWI+1IwID-
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Since almost every point in U is a density point of some K, this shows that

d(f(x+v), f(x+w)) —ox(v—w) _

=0
v [I+Iwll—0 VIl + lwll

for almost every x € U.
It remains to prove that o satisfies the triangle inequality. For v,w € R™,

d(f(x+1), f(x —tw))

ox(v+w) = tl_i)m

0+ t
< lim d(f(x+iv),f(x)) + lim d(f(x- ttw),f(x))

=0x(V) + o (—w).

Since o (—w) = o (w), the proof is complete. m|

7 Hausdorff measures

For every real number s > 0, we put

s/2

T
Ay '= —————,
TG+

where I': (0, 00) — R is the usual gamma function, I'(s) = fooo x5~ le=* dx. Note
that '(1) = 1, (s +1) = sT'(s) for s > 0, and ['(1/2) = \x. Form € N, a,,
equals the Lebesgue measure of the unit ball in R™,

zmﬂ(m—l)/Z(mT—l)!

if m is odd,
W= LBOD) =] up ™
— if m is even.

‘We recall the definition of the Hausdorff measures.

Definition 7.1 Let X be a metric space. For s > 0,0 < § < oo, and A C X, define

H3(A) = inf ) ay(3 diam(C)))",

i=1

where the infimum is taken over all coverings (C;);en of A with diam(C;) < 6 for
all i. (Here the conventions diam(0)® = 0, 0° = 1 are used.) Then

H*(A) == lim HG(A) =supH(A)
5—0+ 50

is the s-dimensional Hausdor[f measure of the set A.
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For every s, H* is a Borel regular metric outer measure on X. As we will show
below, with the chosen normalization, H™ = £™ on R™. Whenever A C X and
f: A — Y is aLipschitz map into another metric space Y, then

H*(f(A)) < Lip(f)* H™(A).

Suppose X is a metric space, A C X, and x € X. Then the s-dimensional upper
density and lower density of A at x are defined by

0" (A, x) = limsup H( ‘(x, r))’
r—0+ alsrs
S A m B

05 (A.x) = liminf - ANBCLN)

r—0+ agr’

respectively. If the two coincide, then the common value ®°(A,x) is the s-
dimensional density of A at x.

Theorem 7.2 (densities) Ler A be a subset of X with H*(A) < oo.

(1) For HS-almost every x € A, 275 < @"(A,x) < 1.

(2) If A is H®-measurable, then ®°(A, x) = 0 for H*-almost every x € X \ A.

(3) If both A and B C A are H*-measurable, then @(A,x) = @ (B,x) and
O%(A,x) = ©3(B, x) for H*-almost every x € B.

Proof: For the proof of (1) and (2) we refer to [Sim2014} Ch. 1, Theorem 3.6 and
Theorem 3.26] (see also [Mat1995, Theorem 6.2 and Corollary 6.3]).

(3) follows from (2): C := A\ B is H*-measurable with H*(C) < oo, s0
0O°(C,x) = 0 for H*-almost every x € B C X \ C, and hence ®*(A,x) =
O*(B,x)+0%(C,x) =O™(B,x) and O} (A, x) = @(B,x) +0°(C,x) = O(B, x).

O

Theorem 7.3 (isodiametric inequality) Let p be a norm on R™ with unit ball
B,. For a non-empty set C C R™, let conv(C) denote the convex hull of C and
diam,, (C) the diameter of C with respect to p. Then

L™ (conv(C)) < L™(B,) (5 diam,(C))"™.

In particular, for the standard Euclidean norm on R™, L£™(conv(C)) <
am (3 diam(C))"™.

Proof: 1t suffices to prove the inequality for a compact convex body C. The idea is
to show that there exists a centrally symmetric convex body C* such that L™ (C) <
L™(C*) and diam,(C*) < diam,(C). Then C* C B, (0, § diam,(C*)), hence
L™(C*) < L™(B,) (4 diam,,(C*))™, and the desired inequality for C follows. As
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for C*, one can put C’ := —C and C* := %(C + C’). Then, by (a special case of)

the Brunn-Minkowski inequality,
Lm(c*)l/m > Lm(%c)l/m + Lm(%cz)l/m — Lm(c)l/m‘

Furthermore, for every pair of points x* = %(x +x’) and y* = %(y +y’) in C*, with
x,yeCandx’,y €,

*

p(x" —y") = %p(x—yﬂc’ -y) < %(p(x—y) +p(x"=y"),

thus diam,, (C*) < diam,(C). See [BurZ1988, Theorem 11.2.1]. m|

Theorem 7.4 Let p be a norm on R™, and let H* denote the Hausdorff measure
with respect to the corresponding metric. Then Hy'(By) = am. In particular, with
respect to the standard Euclidean norm, H™ = L™,

Compare [Kir1994, Lemma 6].

Proof: The inequality H"(B,) < a;, follows from the fact that the quotient

HJ'(Bp(x,r))/r™ is constant for all x € R™ and r > 0 and, hence, is less than or
equal to a,, since @ (R”,x) < 1 by Theorem The reverse inequality is a
consequence Theorem which implies that for every covering (C;);en of By,

Z(% diam, (C;))" = - %(g;)) =t

i

thus H)'(By) = am. O

8 Area formula

The next goal is to prove Theorem below. We start with a technical lemma,
compare [Kir1994, Lemma 4].

Lemma 8.1 (Borel partition) Suppose that Y is a metric space, f: R™ — Y is
Lipschitz, and B is the Borel set of all x where f is metrically differentiable and
md fy is a norm. Let A > 1. Then there exist a Borel partition (B;);en of B and a
sequence of norms p; on R™ such that

A pi(x = x') < d(f(x), f(x)) < Api(x = X'),
A7 pi(v) < md £ (v) < Ap;(v)

forall x,x’ € B; andv € R™,
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In the ‘classical’ case, when Y = R” and B is the Borel set of all x where f is
differentiable and df has rank m, all norms p; may be chosen to be Euclidean, that
is, induced by an inner product, compare [Fed1969, Lemma 3.2.2] and [EvaG1992,
p. 94].

Proof: Choose a sequence of norms p; on R™ such that for every norm p on R™
and for every ¢ > 1 there is an i € N such that

¢ oi(v) < p(v) < e pi(v)

forallv € R™. Given A > 1, pick 6 > OsuchthatA='+6 <1 < A1-6. Fori, k € N,
denote by B; i the Borel set of all x € B such that

(i) (7' +6) pi(v) < md f(v) < (1= 6) pi(v) for v € R™,

(i) |d(f(x+v), f(x)) —md fx(v)| <6 pi(v) for |Iv]| < 1/k.

The sets B;  cover B: given x € B, choose i € N such that (i) holds, let ¢; > 0
be such that ||v|| £ ¢; p;(v) for all v € R™, and pick k € N such that (ii) holds
with (6/c;)||v]| in place of 6 p;(v); then x € B; x. Now if C C B; j is a set with
diam C < 1/k, then

d(f(x+v), f(x)) <md fx(v) +6 pi(v) < A pi(v),
d(f(x+v), f(x)) 2 md fi (v) =6 pi(v) = 27" pi (v)

whenever x,x + v € C. By subdividing and relabeling the sets B; ; appropriately
we obtain the result. O

Definition 8.2 (jacobian) (1) Suppose that X, Y are normed spaces, dim X =m €
N, and L: X — Y is linear. The jacobian J(L) € [0, co) of L is the (unique)
number satisfying

H™(L(A)) = J(L) H™(A)

forall A C X.
(2) If o is a seminorm on R™, we define the jacobian J(o) of o as the number
satisfying
HL(A) = J(o) L™ (A)

for all A C R™ in case o is a norm and J(o) = 0 otherwise.

We remark that if A ¢ R™ is L™-measurable, and f: A — Y is a Lipschitz
map into a metric space Y, then f(A) is H™-measurable. This is because A can
be written as the union of countably many compact sets and a set of measure zero,
thus the same is true for f(A).

Theorem 8.3 (area formula) Suppose that Y is a metric space and f: R™ — Y
is Lipschitz.
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(1) IfA c R™is L™-measurable, then

Jamaggac= [ #0100 @),
(2) If g is a real-valued L™-integrable function on R™, then
[ ewamaryar= [ Y swanmo.
R Yy 45
xef~{y}

See [Kir1994]. Note that # = H°. In the case ¥ = R” we obtain the classical
area formula as J(md f,) coincides with J(dfy) for £™-almost every x € R™,
Compare [Fed1969, Theorem 3.2.3], [EvaG1992, Sect. 3.3]. That formula says,
in particular, that the differential geometric volume of an injective C!' immersion
f: U — R" U an open subset of R, equals H™(f(U)).

Proof: For (1), we may partition A into countably many measurable sets and prove
the respective formula for each of these sets separately. In particular, we lose no
generality in assuming L™ (A) < co. Let Ay denote the set of all x € A where f is
not metrically differentiable. Then

H™(f(Ao)) < Lip(f)"L™(Ao) =0

by Theorem [6.3] thus Ay does not contribute to either side of the claimed identity.
Now we split A \ A into the two sets A’, A”’, where A’ consists of all x for which
md f, is a norm, that is, J(md f5) > O.

First we consider A’. Let 4 > 1. Using Lemma 8.1 we find a measurable
partition (A;);en of A” and norms p; on R™ such that f/| 4, is injective,

ATHE(AD) < HT(f(A) < A" H (A,
and /l_lpi <md f, < Ap; forall x € A;. This last assertion yields
A7 I (o) < J(md fi) < A" J(pi)
for all x € A;. Since J(p;) L™ (A;) = HJ!(A;), it follows that
A" ?(/;?(Ai) < / J(md fy) dx < 2™ ‘HZI(AL-)
A;

and

AHNFA)) < [ Bmd f)dx < RTHOFAD)

Since f|4, is injective and f(A;) is H"-measurable, H" (f(A;)) can be written
as fy #(f~Yy} N A;) dH™(y). Then, summing over i, we get that

o / (£ 0) N A) dH () < [ J(md fy) dx
Y A’

< Amey#(f—l{y} NA") dH™ ().
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As A > 1 was arbitrary, this shows that (1) holds for A’.

Now we turn to the set A”” of all x € A where J(md f,) = 0. We prove that
H™(f(A”)) = 0; thus either side of the claimed identity is zero for A”’. Let
€ € (0,1), and define

h:R™ Y xR™, h(x)=(f(x),ex).
Equip Y x R™ with the ' product metric

di((y,2), (¥'.2") =d(y,y") +llz = 2.
Clearly, & is metrically differentiable at x whenever f is, and
md Ay (v) = md f(v) +€[[v]]

for all v € R™. In particular, md /4, is a norm on R™ for every x € A”. Fixx € A”
for the moment, and put p := md A,. Consider the norm ball B, := B,(0,1) ¢ R™.
Since md f is not a norm, there is a vo € R™ with p(v¢) = 1 and md f,(vg) = 0,
thus ||vg|| = 1/€. Moreover, if p(v) = 1, then

I =md fx(v) +€llv]| < (Lip(f) + DIlv]l,

thus ||v|| > r := 1/(Lip(f) +1). Hence, B,, contains the convex hull of {vg, =vo} U
B(0,r), where ||vo|| = 1/e. It follows that L™ (B,) > cmr™ ! /€ for some constant
¢m depending only on m, hence

H"(By)  ean

L™(By) ~ cpr™!

(recall Theorem [7.4). Applying the above result for (f, A”) to (h, A”), we get that

J(md hy) =J(p) =

€Uy

H™(h(A”) = | J(mdhy)dx <

A Cm

Lm(A/I)'

rm—l

Since the canonical projection ¥ X R™ — Y is 1-Lipschitz and maps h(A”) to
f(A”), we have H™(f(A”)) < H™(h(A”)), and letting € tend to O we conclude
that H'™(f(A”)) = 0. This completes the proof of (1).

Finally, (2) follows from (1), by approximating g by simple functions. m|

9 Coarea formula

For the proof of the coarea formula, Theorem 9.4} we need the following general
coarea inequality, which is also of independent interest.

Theorem 9.1 (coarea inequality) Suppose that X,Y are metric spaces, f: X — Y
is a Lipschitz map, A C X, and m, k > 0 are real numbers. Then

I : m m
K Lip(£)™ H™*k(A).
AUm+k

[ iy ayanni) <
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Here f * denotes the upper integral; in general, the integrand y — H*(f~{y}n
A) is not H™-measurable. However, if X is proper (that is, closed bounded
subsets of X are compact) and A is H™**-measurable with H"*¥(A) < oo, then
=Yy} N A is H*-measurable for H"-almost every y and y — H*(f~'{y} N A)
is H™-measurable, compare [Fed1969] 2.10.26]. Theoremis stated with some
additional assumptions in [Fed1969, Theorem 2.10.25]. As remarked in [Dav1970,
p. 236], these are superfluous. See also [Re12009] and [EsmH2021].

We prove Theorem in the case that Y is an m-dimensional normed space
(R™, p), so we will write H" for the Hausdorff measure on Y.

Proof: Assume that H™* (A) < . Leti € N and 6 € (0,1/i]. Choose a
countable d-bounded covering C of A such that

" @kom (% diam (€)™ < HH(A) +6.
CeC

For C € C, let D¢ denote the (H;'-measurable) closure of f(C), and define

gc:Y - Rasag (% diam(C ))k times the characteristic function of D¢. For every
y €Y, thesets C € C with y € D¢ cover f~!{y} N A, thus

HE (PN A) <) ge).
CeC
It follows that

[t oo amo < [ Y et ango)

CeC

= 3 [serano)

CeC

= Z g Ediam(C)) H' (Dc).
CeC

By Theorems [7.3]and [7.4] and since f is Lipschitz,

H)'(Dc) < am(}diam(Dc))™
< @, Lip(f)™ (4 diam(C))™

We conclude that

[ o) 0 a) ) < P Lip(r)” (7 (4) +0)

m+k

Now we let first § — 0, theni — 0. O

Lemma 9.2 (factorization) Suppose that f: R" — R™ is a Lipschitz map, where
n>m,and A C R" is an L"-measurable set such that df, exists and has rank m

24



forallx € A. Let A > 1. Then there exist countable families of L"-measurable sets
A; C A, Lipschitz maps h;: R" — R", and linear maps L;: R" — R such that
L"(A\ U; Ai) =0, hi|a, is A-bi-Lipschitz,

f=Lioh,,
and for all x € A;, d(h;)y exists and is A-bi-Lipschitz.
Proof: It is easy to see that for every x € R" where df, exists and has rank m there
is a coordinate projection p: R — R”"™"™ such that du, has rank n, where
u: R" 5> R"xR"™™  u(x) = (f(x), p(x)).

According to the possible choices of p we obtain a covering of A by finitely many
measurable subsets. For the proof of the lemma it suffices to consider a single such
subset which, for simplicity, we denote again by A. Thus, we assume that there is a
fixed projection p as above such that duy has rank n for every x € A. By applying
Lemmato u, we find a measurable partition (B;);en of A such that each u|p, is
bi-Lipschitz. For every i, choose a Lipschitz extension

vi: R" xR"™" — R"

of (u|p,)~", thus v;(u(x)) = x for all x € B;. There is a measurable set C; C u(B;)
with L™ (u(B;) \ C;) = 0 such that v; is differentiable at every point u(x) € C;,
and d(v;)u(x) © duyx = idgn. Let 4 > 1. Applying Lemma to v;, we find a
measurable partition (C; x)xen of C; and a sequence of Euclidean norms p; x on
R™ x R™*™" such that

ik ((3,2) = (v, 2)) < vy, 2) = vi(¥ 2 < Apii((3,2) = (. 2))

and 17 p; 1 () < 1d(Vi)(y,2) (Il < Api i () for all (y,2),(y",z") € Cix. Now
choose linear isometries 7; x : (R™ x R"™™, p; ) — R and put

hig: =T rou: R" - R"
For all x,x” € v;(C;i k), we have ||h; x(x) — h; x(x")|| = pix(u(x) —u(x")) and
ld(hix)x ()|l = pi.x(dux(-)). It follows that both the restriction of 4; x to v;(C; k)
and d(h; i) are A-bi-Lipschitz. Finally, define g: R xR"™™ — R™ by q(y,z) =
y and put

Lix:=qo Tl_k1 R" —» R",
Then L; yohix =qou=f. O
Definition 9.3 (coarea factor) Suppose that X, Y are normed spaces, dimX =n >

dimY = m, and L: X — Y is linear. The m-dimensional coarea factor C,,(L) is
the number satisfying

Cn(LYH" (A) = /Y HM (L v} 0 A) dH™ ()

for all H"-measurable sets A C X with H"(A) < co.
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Compare [AmbK2000a, Sect. 9]. Note that the right side is invariant under
translations of A and, by Theorem (coarea inequality), less than or equal to
(@m@n—m/an) Lip(L)™ H"(A). Therefore C,, (L) is a well-defined finite number.
Clearly C,,(L) = J(L) if n = m. Note that C,,(L) = 0 if L has rank < m,
since H™(L(X)) = 0. Now suppose L has rank m. Choosing an m-dimensional
linear subspace V C X complementary to the kernel ker(L) and a set A of the
foom A = B+ C for B c ker(L) and C c V, we infer that C,,(L) H"(A) =
H"(B) H™(L(A)). Since L(A) = L(C) and H™(L(C)) = J(L|y) H™(C),
this yields the identity

Cin (L) H"(A) = J(Llv) H"™™(B) H™(C).
When X is a Euclidean space, it follows that
Cn(L) =J(Llw) = J(Llv),

where W denotes the orthogonal complement of ker(L) and L is still assumed to
have rank m.

Finally, we remark that if H is a linear automorphism of the Euclidean space
X, and if H is A-bi-Lipschitz, then

A Co(L) < Cpu(L 0 H) < ™ Cy(L).

This holds trivially if the rank of L is < m. If the rank is m, put V := H~'(W) for
W as above. Then

Cn(LoH) 2J(LoHly)=J(H|v)J(Llw) 2 27" Cu(L),

which proves the first inequality. To verify the second, apply the first with L o H
and H~! in place of L and H, respectively.

Theorem 9.4 (coarea formula) Suppose that f: R" — R™ is a Lipschitz map,
wheren > m > 1.
(1) IfA c R"™is L"-measurable, then

/ Con(dfy) dx = / HM (1 () 0 A) dy.
A Rm

(2) If g is areal-valued L"-integrable function on R", then

C,(dfy) dx = dH""(x) dy.
Jsocuaroac= [ [ swarra

Proof: To prove (1), we may partition A into countably many measurable sets and
prove the respective formula for each of these sets separately. In particular, we lose
no generality in assuming £"(A) < oo. Let Ay denote the set of all x € A where
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f is not differentiable. It follows from Theorem that Ag, as well as any other
set of L™ measure zero, does not contribute to either side of the claimed identity.
Now we split A \ Ag into the two sets A’, A”’, where A’ consists of all x where
C.(dfx) > 0, i.e. dfy has rank m.

First we consider A’. LetA > 1. Using Lemma[9.2we choose countable families
of pairwise disjoint measurable sets A; C A’, Lipschitz maps 4;: R" — R”, and
linear maps L;: R" — R™ such that L" (A’ \ U; A;) = 0, h;|a, is A-bi-Lipschitz,
f = L;oh;,and d(h;), exists and is A-bi-Lipschitz for all x € A;. By the definition
of the coarea factor,

CuL) LA = [ H L7} 0 (A

Since h;|a, is A-bi-Lipschitz and maps f~'{y} N A; onto Ll.‘l {y}nh;(A;), it follows
that

X e £ < [ HGT YA dy
< BV C(Li) L™(A)).
Forall x € A;, dfy = L; o d(h;)x, and d(h;) is A-bi-Lipschitz, hence
AT C(dfy) < C(Li) < A" Cyp(dfy).

We conclude that

Pt /A_cm(dfx)dx < [ CHTT YN A dy

Rm

<A™ / C,.(dfy) dx.
A

Summing over i and then letting A tend to 1 we infer that (1) holds for | J; A; and
hence for A’.

Now we turn to the set A” of all x € A where C,,(dfy) = 0. We must show
that [, H""™(f~'{y} N A”)dy = 0. Let € > 0, and define

h: R" xR™ — R™,  h(x,z) = f(x) + €z,
p:R*XR™ - R™, p(x,z) =z

Suppose that (x,z) € A” x R™. Then
dh(x ) (v,w) =dfc(v) + ew

forall (v,w) € R"xR™. In particular, dhy ;) hasrank m, and Z := ker(dhy ;)) is
n-dimensional. Since ZN (R"x{0}) = ker(dfy) x {0} has dimension > n—(m—1),
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V := p(Z) is a proper subspace of R™, and so its orthogonal complement V* in
R™ is non-trivial. Since {0} x V+ c W := Z*, it follows that

Cn(dhixz)) = J(dh(xz)lw) < e(Lip(f) + €)™

Let C := [0,1]™ < R™. Using Fubini’s Theorem and Theorem (coarea
inequality) with k = n — m, we obtain

[ ornanay
:// HOm(F y - ez} 0 A”) dy dz
C m
- [ e arna =y dzdy
R™ JC
= [ [ e an o) x e dzdy
m Rm
< “'"“—""/ H" (™' {y} N (A" x C)) dy.
(097} Rm
Applying the above result for (f, A”) to (h, A” X C), we get

H (W™ {y} 0 (A7 X C)) dy = / Con(dhnzy) d(x.2)

A"xC
< e(Lip(f) + €)™ ' L(A”).

Rm

Letting € tend to 0 we conclude that me H* " (f~{y} n A”)dy = 0. This
completes the proof of (1).
Finally, (2) follows from (1) by approximation. O

10 Rectifiable sets

The following notion is fundamental in geometric measure theory.

Definition 10.1 (countably rectifiable set) Let Y be a metric space. Aset E C Y
is called countably H™-rectifiable if there is a countable family of Lipschitz maps
fit A; > Y, where A; c R™ is L™ -measurable, such that

H™(E\ U fi(A) = 0.

It is often possible to take without loss of generality A; = R™, e.g. if Y is a
Banach space (recall Theorem [3.3)).

Lemma 10.2 (bi-Lipschitz parametrization) Suppose that Y is a metric space
and E C Y is an H™-measurable and countably H™-rectifiable set. Then there
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exists a countable family of bi-Lipschitz maps fi.: Cx — fi(Cr) C E, with Cy, C
R™ compact, such that the fi.(Cy) are pairwise disjoint and

H™(E\ Urfr(Cr)) = 0.

Compare [Fed1969, Lemma 3.2.18] and [AmbK2000b, Lemma 4.1]. When
Y = R" it is possible to choose all fi to be A-bi-Lipschitz, for any given 4 > 1.

Proof: Consider first a single Lipschitz map f: A — Y for some L™-measurable
set A ¢ R™. We assume that f extends to a Lipschitz map f defined on all of
R™; if such an extension does not exist, we may first replace f with ¢ o f for some
isometric embedding ¢: ¥ — [ (Y). Applying Lemma|8.1] (Borel partition) to the
set of all x € A where md fy exists and is a norm, we find a sequence of measurable
sets Dj C A such that f|p; is bi-Lipschitz and, by Theorem (area formula),
H"(F(A)\ U, £(D))) =0.

Suppose now that H™(E \ J; fi (A;)) = 0 for some sequence of Lipschitz maps
fit A; > Y, where A; ¢ R™ is £™-measurable with L™ (A;) < co. Applying the
above argument to each f;, we get (after relabeling) a sequence of bi-Lipschitz maps
gj: D; — g;(Dj) c Y suchthat D; c R™ is £™-measurable with finite measure
and H™(E'\ U,g;(D;)) =0. Note that E; := E N g;(D;) is H"™-measurable and
H™(E;) < co. Then there exists a sequence of pairwise disjoint F sets

FICE\, F,CE)\E|, F3CE;\(E|UEy),

such that H™ (E\|J, F;) = 0. Exhausting each of the £ -measurable sets ngl (F)),
up to an L™ -nullset, by a countable collection of pairwise disjoint compact sets,
we obtain the result. ]

Proposition 10.3 (rectifiable level sets) Suppose that X is a metric space, n >
m > 1, E C X is H"-measurable and countably H"-rectifiable, and f: E — R™
is Lipschitz. Then for L™-almost every y € R™, f~1{y} is H" ™-measurable and
countably H" ™ -rectifiable.

Proof: Consider first the case E = X = R". Let B denote the set of all x € R"
where df, exists and has rank m. Choose a Borel partition (B;);en of B and
coordinate projections p;: R" — R"™™ such that each u;|p, is bi-Lipschitz, where
u; = (f, pi); compare the first part of the proof of Lemma[9.2] For all y € R™,

STy 0 Bi = (uilg) ™ (({yy X R™™) Nui(By)).

For £™-almost every y € R™, we have in addition that H"~"(f~'{y} \ B) = 0
since, by Theorem [9.4] (coarea formula),

L#rmortonma= [ cutrac=o
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As (u;],)~" is Lipschitz, this shows that £ ~!'{y} is countably " ~"-rectifiable for
L™-almost every y € R™.

Now consider the general case, and let £ C X and f: E — R™ be given.
By Lemma there exists a sequence of Lipschitz maps h;: C; — E, where
C; ¢ R™ is compact, such that H"(E \ D) = 0 for D := | J;2, h;(C;). For each i,
put f; := f o hi: C; — R™ and choose a Lipschitz extension f;: R" — R™. For
L™-almost every y € R™, the set fi‘l {y} is countably H" ™ -rectifiable by the first
part of the proof, and so is

hi(f7 YN C) = hi(f7H{yY 0 Co) = f7{y) 0 (),

thus f~'{y} N D is a o-compact countably " "-rectifiable subset of f~!{y}.
Moreover, H" ™" (f~'{y} \ D) = 0 for £™-almost every y € R, because

[ 0h\ Dy dy < S Lip( 1 (£ D) = 0

n

by Theorem[9.1] (coarea inequality). This gives the result. i

Proposition 10.4 (countably rectifiable sets in R") A set E C R" is countably
H™-rectifiable if and only if there exists a sequence of m-dimensional C' subman-
ifolds My of R™ such that

ﬂm(E \ UkMk) = 0
See [[Fed1969, Theorem 3.2.29], [S1m2014, Ch. 3].

Proof: Suppose that H™(E \ U, f;(R™)) = 0 for a sequence of Lipschitz maps
fi: R™ — R”". By Theorem[5.2] we can assume without loss of generality that the
fi are C'. Let U; ¢ R™ be the set of all x € R where df, has rank m. By the
area formula, H™(f;(R™ \ U;)) = 0. Hence, H™(E \ U, f;(U;)) = 0. Finally, it
follows from the inverse function theorem that each f;(Uj;) is a countable union of
C'! submanifolds.

The other implication is clear. O

We now turn to linear approximation properties of countably " -rectifiable
subsets of R". There are different definitions of approximate tangent spaces for
such sets in the literature, compare [Fed1969, 3.2.16] and [Mat1995, Ch. 15]. Here
we adopt the approach from [S1im2014, Ch. 3].

Forx € R™ and A > 0, define r75,1: R" — R", n, 1(y) = (y — x)/A. Note that
Nx,a maps B(x, Ar) onto B(0,r).

Definition 10.5 (approximate tangent space) Suppose that E ¢ R”" is an H"-
measurable set with H™(E) < co. Let x € R"™. An m-dimensional linear subspace
L c R" is called the (H™-)approximate tangent space of E at x if

lim ¢ dH™ = / ¢ dH™
L

A—0+ N (E)
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for all ¢ € C.(R"). Then we write L =: Tan”(E, x).

Clearly Tan(E, x) is uniquely determined if it exists. For an m-dimensional
C! submanifold M c R", Tan™ (M, x) agrees with the usual tangent space T\, M for
every x € M.

Theorem 10.6 (existence of approximate tangent spaces) Suppose that E ¢ R”
is an H™-measurable and countably H"™ -rectifiable set with H™(E) < co. Then
Sfor H™-almost every x € E, Tan™ (E, x) exists and @™ (E, x) = 1.

Proof: Choose a sequence of m-dimensional C! submanifolds M; of R" such that
H™(E \ Ug M) = 0, compare Proposition The sets Ex := E N My, are
H'™-measurable with H™(E;) < oo, so it follows from the second statement in
Theorem 7.2]that for H"-almost every x € E,

O"(E,x) =@ (Mi,x) —O"(M; \ Ex,x) +®"(E\ Et,x) =1-0+0.

Similarly, if ¢ € C.(R") with spt(¢) c B(0,r), then

/ ¢>d7—(’":/ ¢d7{m—/ ¢dwm+/ b dH"
Tx,A (E) 7]x,/l(Mk) Mx,2 (Mk\Ek) 7]x,/l(E\Ek)

for all A > 0, and for H'™-almost every x € E}, the last two integrals tend to 0 as
A — 0. For example,

/ 6 dH™| < sup|6] - H™ (s 1(E \ Ex) 1 B(O, 7))
x, A (E\Eg)

H™((E\ Ex) N B(x, Ar))

= sup || - -

which tends to sup || ™ @ (E \ E,x) = 0. It now follows that

lim ¢dH™ = lim qﬁd‘Hm:/ ddH™
A=0 I a(E) A=+ e a(My) T M
and thus Tan™(E, x) = T, M}, for H™-almost every x € Ej. O

The following two converses to Theorem hold. For the first part, see
again [Mat1995 Ch. 15] and [Sim2014, Ch. 3]. The second statement is a deep
result of Preiss [Pre1987]]; see [Mat1995| Ch. 17] and [Del.2008]] for some accounts.

Theorem 10.7 (rectifiability criteria) Let E C R" be an H™-measurable set with

H™(E) < oo.

(1) If Tan™(E, x) exists for H™-almost every x € E, then E is countably H™-
rectifiable.
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(2) If the density @™ (E, x) exists for H™-almost every x € E, then E is countably
H™-rectifiable.

Finally, we state the Besicovitch—Federer projection theorem which played a
central role in the development of the theory of rectifiable currents. This deep
result was proved in [Bes1939] for m = 1 and n = 2 and in [Fed1947| for general
dimensions. See [Fed1969, Theorem 3.3.13], [Mat1995, Theorem 18.1].

A subset F of a metric space Y is purely H™-unrectifiable if H"(F N E) =0
for every countably H" -rectifiable set E C Y. Every set A C Y with H™(A) < oo
can be written as the disjoint union of a countably " -rectifiable set E and a purely
H™-unrectifiable set F (compare [Mat1995] Theorem 15.6]).

Theorem 10.8 (Besicovitch, Federer) Let F C R" be a purely H™-unrectifiable
set with H™(F) < co. Then H™ (np(F)) = 0 for vy, m-almost every L € G(n,m),
where v, denotes the Haar measure on G(n,m) (see below), and ny: R" — L
is orthogonal projection.

Recall that on every locally compact, Hausdorft topological group G, there
exists a left-invariant Radon measure u % 0 that is uniquely determined up to a
positive factor. As for the canonical measure y,_, on the Grassmannian manifold
G (n,m) of m-dimensional linear subspaces of R”, one can take the normalized
Haar measure u on the compact group G = SO(n) and define y,, ,, as the push-
forward asp under the map a: SO(n) — G(n,m), g — gLy, for any fixed subspace
Lo € G(n,m). Thus, for every Borel set B ¢ G (n,m),

Ynm(B) = pu({g € SO(n) : gLy € B}).

For illustration, we describe a simple example of compact purely ! -unrectifiable
subset of R? with positive finite 7{'-measure.

Example 10.9 (Cantor dust) Start with the unit square [0, 112 in R2, subdivide it
into 16 closed squares of equal size, and let C; denote the union of the first and
third square in the top row and the second and fourth square in the bottom row.
Subdivide each of these four squares using the same pattern, and let C; denote the
corresponding union of the sixteen little squares. Continuing this process, one gets
a decreasing sequence of compact sets Cy consisting of 4 squares of edge length
4~k By construction, the set C := Mgz Cx has the property that 7(C) = [0, 1] for
the projection 7: (x,y) — x, hence H'(C) > 1, and clearly H'(C) < co. One
can check that C has no approximate tangents, so it follows from Theorem
that C is purely ' -unrectifiable. According to Theorem H' (71 (C)) = 0 for
7v2.1-almost every line L € G(2,1).

Using Theorem|10.8|and Example{10.9} one can give a simple construction of a
Besicovitch set, that is, a set B ¢ R? of £?-measure zero containing a line in every
direction (compare [Mat1995, Thm. 18.1]).
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Example 10.10 (Besicovitch set) The idea is to use the set C from Example [10.9
as a parameter space for a family of lines. Define f: C x R — R2 by f(a, b,x) :=
(x,ax+b), and put B := f(C xR). Note that B is o-compact. For every a € [0, 1]
there exists a point (a, b) € C, so B contains the graph of the function x +— ax + b.
Thus there are lines of every slope a € [0, 1] in B, and by taking the union of four
suitably rotated copies of B one gets a Borel set containing a line in every direction.
It remains to show that £?(B) = 0. For ¢ € R, consider the set

B ({1} xR) = {(t,at +b) : (a,b) € C} = {1} X p:(C),

where p;(x,y) = tx +y. Write t = cot(¢) for ¢ € (0,7), and let m45: R* — Ly
denote the orthogonal projection to Ly = R(cos(¢),sin(¢)). Then ms(x,y) =
r(cos(¢), sin(¢)) for

r = cos(¢)x +sin(@)y = p; (x,y) sin(¢).

It follows that £'(p; (C)) = 0 for almost every ¢ € R if and only if ' (m4(C)) =0
for almost every ¢ € (0, ), which holds by Theorem Hence, by Fubini’s
Theorem, £2(B) = 0.
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