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Abstract

Many well-studied problems in extremal combinatorics deal with the maximum possible size
of a family of objects in which every pair of objects satisfies a given restriction. One problem of
this type was recently raised by Alon, Gujgiczer, Kérner, Milojevi¢ and Simonyi. They asked to
determine the maximum size of a family G of graphs on [n], such that for every two G1,Gs € G,
the graphs G \ G2 and G5\ G are isomorphic. We completely resolve this problem for sufficiently

large n by showing that this maximum is exactly 2%((2)_L%J) and characterizing all extremal
constructions. We also prove an analogous result for r-uniform hypergraphs.

1 Introduction

Some of the most well-studied problems in extremal combinatorics ask for the maximum size of a
collection of objects where every pair of objects satisfies some given property. For example, the
celebrated Erdgs—Ko-Rado theorem [11] determines the maximum size of a family of subsets of size
k of a set of size n in which every two subsets intersect. This is one of the fundamental results of
extremal set theory and has many extensions and generalizations. Another example is the famous
theorems of Ray-Chaudhuri and Wilson [16] and of Frankl and Wilson [13], bounding the size of a
family of subsets of [n] where the intersection of any two sets belongs to a given set of integers L.
In addition to their intrinsic interest, these theorems have surprising applications to Ramsey theory
and geometry, see [4]. We also refer the reader to [12] for an overview of extremal set theory.

An interesting variant of the above problems is obtained by equipping the ground set with some
combinatorial structure, such as being the edge set of a complete graph/hypergraph (see [9] for
many examples). This direction of research was initiated by Simonovits and Sés [17] and received
considerable attention in recent decades. For example, Ellis, Filmus and Friedgut [10] proved a
conjecture of Simonovits and S6s (and improved an earlier bound of [8]) by showing that if G is a
family of graphs on [n] where the intersection of any two graphs contains a triangle, then |G| < 2(5)-3,
Note that this bound is tight by taking the family of all graphs containing a given triangle. See also
[6, 7, 15] for related results. It is worth mentioning that the proofs of this theorem and other results
mentioned in the above two paragraphs use various interesting and important techniques, such as
probabilistic arguments, linear-algebraic methods, entropy, and discrete Fourier analysis.

Another noteworthy problem on graph families is the following question of Gowers: Is it true that
if G is a family of graphs on [n] with no two graphs G1, G2 € G satisfying that G; C G5 and G5 \ Gy
is a clique, then |G| <o <2(§)> ? As explained by Gowers in his blog post [14], this problem is related
to the first unknown case of the polynomial density Hales-Jewett theorem.

Recently, Alon, Gujgiczer, Kérner, Milojevi¢ and Simonyi [3] initiated the study of so-called graph
codes, which also falls into the general framework of studying graph families with pairwise restrictions.
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Let F be a family of graphs on [n] which is closed under isomorphism. Using the terminology from
[3], a set G of graphs on [n] is called F-good if Gy &G4y € F for every G1,Gy € G, where G1 ® G is the
symmetric difference of (the edge sets of) G1,Ga. Note that if F is the set of all graphs with at least
d edges, then an F-good graph family is simply a binary code (in the sense of coding theory) with
distance at least d. Thus, the study of F-good graph families is a variant of the study of codes where
the ground set is given the structure of F(K,). In [3] and in a subsequent work [1], the maximum
size of F-good families was estimated for various choices of F, such as the set of all connected graphs,
all Hamiltonian graphs, and all H-free graphs for certain graph-families H. See also [2, 5] for related
results. As in coding theory, it is also natural to study linear F-good graph families, where a graph
family is called linear if it is closed under symmetric difference. As a notable example, Alon |[1]
showed that if G is a linear graph family such that G; @ Gs is not a clique for any G1,Go € G, then
G| < 2(3)—L%J7 and this is best possible.

For two (hyper-)graphs G1,G2 on [n], we use G1 \ G2 to denote the (hyper-)graph on [n| with
edge-set E(G1)\ E(G2). Some of the constructions of F-good graph families G in [3]| have the property
that G\ G2 is isomorphic to G3 \ G; for every G1, Gy € G. This led Alon et al. [3] to ask the question
of determining the largest possible size of a graph family with this property. We will call such families
difference-isomorphic:

Definition 1.1. A family G of r-graphs on [n] is called difference-isomorphic if for every two r-graphs
G1,G9 € G, it holds that G1 \ Ga is isomorphic to Ga \ G1.

Observe that the family of all perfect matchings is difference-isomorphic and has size n(Gro)n,

Alon et al. [3] constructed a slightly larger difference-isomorphic graph family by taking graphs
consisting of vertex-disjoint stars. More precisely, fix a partition of [n] into two sets A, B of size
|A| =k, |B| = n — k, and consider the family of all graphs which consist of k disjoint stars each with

7 — 1 leaves, where each star has its center in A and leaves in B. This family is difference-isomorphic

and has size nt°(M)7 for the optimal choice of k, namely k ~ ﬁ. Given these constructions, one
might expect that difference-isomorphic graph families are quite small. Rather surprisingly, it turns
out that this is very far from the truth. Let us now describe a much larger difference-isomorphic graph
family. Fix a permutation v that consists only of 2-cycles (assuming that n is even); in particular,
¥? is the identity, i.e., 1 is an involution. It is easy to see that for every edge e € E(K,), there
is an edge f € E(K,) such that ¥ maps e to f and f to e (possibly e = f). Now, take G to be
the set of all graphs which contain exactly one of the edges e, f for each such pair (e, f). Then G

is difference-isomorphic (in fact, v is the isomorphism witnessing this for every G1,G2 € G), and

has size 2%(@)_L%J), see Proposition 2.6 for the full details. As our main result, we shall show that
this construction is in fact the largest possible difference-isomorphic family of graphs on [n]. This
completely resolves the aforementioned question of Alon et al. [3]. Moreover, our techniques can also
be used to establish an analogous result for r-uniform hypergraphs. To state this result, define

fr(n) = {

Theorem 1.2. For every r > 2, there is ng = no(r) such that for every n > ng, the largest possible

™ r is odd and n is even,

1
((7:) - (LL?;//22JJ)) otherwise. (1)

size of a difference-isomorphic family of r-graphs on [n| equals ofr(n)

As we shall see, the extremal example for Theorem 1.2 satisfies that all isomorphisms G; \ G2 —
G2\ G1 (for G1,Gy € G) are given by the same permutation, which is an involution. We can further



strengthen Theorem 1.2 by proving a stability result (see Theorem 2.7), saying that if G does not
have this structure, then it has smaller size.

Paper organization: Section 2 contains the key notions we will use in the proofs, as well as the
construction giving the lower bound in Theorem 1.2 and a simple proof of an asymptotic version of
the upper bound in Theorem 1.2. The full proof of Theorem 1.2 is then given in Section 3. Section 4
contains some concluding remarks.

2 Definitions, the Construction, and an Approximate Bound

We begin by introducing the key definitions we will use. A permutation ¢ € S,, on the vertices [n]
induces a permutation ¢ € S([n]) on the edges in ([Zf]), namely, ¢(e) = {p(z) : x € e} for e € ([71}]).
We will omit the tilde and simple write ¢(e) when it is clear from the context that we are considering
the action of ¢ on the edges. Also, note that the uniformity r is not part of the notation, as it will
be clear from the context. For a graph G, we write p(G) = {@(e) : e € E(G)} to denote the image
of G under ¢.

For r-graphs G, H and a permutation ¢ € S,,, we write G % H to mean that ¢(G'\ H) = H \ G.

Let N,(G) denote the set of all r-graphs H such that G % H. Note that G € N,(G), and that

-1
G 5 H if and only if H 25 G. In the following definition and lemma, we describe the relation
G5 H by giving an equivalent condition.

Definition 2.1 (Choosable pairs). Let G be an r-graph and ¢ be a permutation. A choosable pair
for (G, ) is an ordered pair (e, f) € ([Zf]) X ([:f]) such that p(e) = f, e € G and f ¢ G.

We write {e, f} for the unordered pair of the choosable pair (e, f). Observe that every e € ([:f])
can be contained in at most one choosable pair. Indeed, if e € E(G) then e can only be contained in
the choosable pair (e, p(e)) (which is a choosable pair if and only if ¢(e) ¢ G), and similarly in the
case e ¢ E(G). Also, if (e, f) is a choosable pair then e # f, so an edge e satisfying ¢(e) = e cannot
be part of any choosable pair.

Lemma 2.2. Let ¢ € S, and let G, H be r-graphs. Then G A H if and only if the following two
conditions hold:

(i) For every choosable pair (e, f) for (G, ), the graph H contains exactly one of e and f.
(ii) If e € ([7;’]) is not contained in any choosable pair for (G, y), then G and H agree on e.

In particular, |Ny(G)| = 2™, where m is the number of choosable pairs of (G, ).

Proof. We first assume that G % H and prove (i)-(ii). For (i), let (e, f) be a choosable pair for
(G, ). So p(e) = fand e € G, f ¢ G. Suppose by contradiction that H contains neither or both of
e,f. Ife,f ¢ H, then e € G\ H, and therefore f = p(e) € H\ G (as G 5 H), in contradiction to
f ¢ H. Similarly, if e, f € H then f € H\ G, s0 e = ¢ !(f) € G\ H, in contradiction to e € H. For
(ii), let e be an edge which does not belong to any choosable pair of (G, ¢). Suppose by contradiction
thate e G\H ore € H\G. If e € G\ H, then f := ¢(e) € H\ G, meaning that (e, f) is a choosable
pair. And if e € H\ G, then f:= o~ 1(e) € G\ H, so (f,e) is a choosable pair. In both cases we got
a contradiction.



In the other direction, suppose that (i)-(ii) hold and let us show that (G \ H) = H \ G. Let
e € G\ H. By (ii), e must belong to some choosable pair. This pair cannot have the form (f,e) (for
some edge f), because this would imply that e ¢ G. So this pair must have the form (e, f). Then
ec G, f¢ G, and f=¢(e) € H\ G, because H contains exactly one of the edges e, f (by (i)) and
e ¢ H. This shows that o(G\ H) C H\ G. A similar argument shows that H \ G C (G \ H), and
thus p(G\ H) = H\ G. [ |

2.1 Involutions, the extremal construction, and stability

An involution is a permutation 1 € S, such that 1?2 is the identity. In other words, an involution is
a permutation whose every cycle has length 1 or 2. As we shall see, involutions play an important
role in the proof of Theorem 1.2. We use the following notation:

Definition 2.3 (C1,C2). For an involution 1 € Sy, denote by C1(v) the set of fized points of ¥, ie.,
the set of edges e € ([:f]) satisfying 1 (e) = e. Denote by Co(1)) the set of all 2-cycles of 1, namely,

the set of all (unordered) pairs of distinct edges {e, f}, e, f € ([Zf]), with Y(e) = f and Y(f) = e.

Observe that if ¢ € S, is an involution then so is ¥ € S;y. Hence, every edge e € ([:f}) belongs

to C1(%) or to some pair in Ca(1)). The following lemma givesra relation between involutions and the
function f,(n) defined in (1).

Lemma 2.4. For 2 < r < n, f.(n) is the maximum of |C2(¢)| over all involutions ¢ € S,,. The
mazimum 1s attained by involutions having at most one fixed point.

Proof. Let ¢ be an involution. We have |C;(1)] 4 2|C2()| = (7). Suppose that 1 has a fixed points
T1,...,Tq and b two-cycles y121, ..., Yp2p SO that a 4+ 2b = n. Observe that e € ([:}]) satisfies ¢(e) = e
if and only if for every 1 < i < b it holds that y; € e <= z; € e. The number of such e is

= 3 (0o ©)

i=r mod 2

Ifa <1 (ie,a=0ifniseven and a = 1 if n is odd), then (2) equals () — 2f.(n). Indeed, if r is
odd and n is even then the sum in (2) is empty, because a = 0. If r is odd and n is odd then the sum
equals ((T_I;) /2) = (LL:’;SJJ) Similarly, if r is even then the sum equals (T%) = (LL:;SJJ) So we see that
when a < 1, we have |Co(¥)| = 3 (7) — 31C1 ()| = fr(n), as claimed.

Now suppose that a > 2, and let ¢’ be obtained from v by making two fixed points of v into a
2-cycle. Then C1(¢') C C1(v)), so [C1(¢0")] < |C1(¢)]. Therefore, |Ci(¢))| is minimized when v has at
most one fixed point. Hence, such ¢ maximize |Ca(1))]. [ ]

If v is an involution, then G % H if and only if H % a (because ¥~ = 1), so this relation is
symmetric. The following lemma gives a simple description of this relation.

Lemma 2.5. Let v € S, be an involution and let G1,Go be r-graphs. Then G g Go holds if and
only if the following two conditions are satisfied:

o G1,Go agree on all edges in Ci(v)).

o For every {e, f} € C2(v), G1,Go contain the same number edges from {e, f}.



In particular, the relation G E) Go is an equivalence relation.

Proof. This follows from Lemma 2.2. Indeed, for every choosable pair (e, f) for (G1,v), we must
have {e, f} € Ca(v), because 1(e) = f and e # f (see Definition 2.1). Also, for {e, f} € Ca(v),
we have that (e, f) or (f,e) is a choosable pair for (G1,) if and only if G contains exactly one of
the edges e, f. Thus, in the special case where 1 is an involution, Items (i)-(ii) of Lemma 2.2 are
equivalent to the two items of Lemma 2.5. |

By Lemma 2.5, for an involutation 1, the relation G * (G2 is an equivalence relation. Therefore,
every -component of r-graphs, i.e. a set of r-graphs X connected in the relation Gy % Go, is a
“clique", namely, G} g Gy for all G1,Go € X. We refer to such a set X as a -cliqgue. When ) is
not specified, we will call X an involution clique.

Using the above, we now provide the lower bound in Theorem 1.2. The construction is an involution
clique. We also show that every involution cliques has at most the extremal size ofr(n),

Proposition 2.6. Let 2 <r <n.
1. There ezists a difference-isomorphic family of r-graphs on [n] of size 2fr(n).
2. For every involution 1, every 1-clique has size at most 2/(")

Proof. For Item 1, let ¢ € S,, be an involution with at most 1 fixed points. Let {e1, f1},...,{em, fm}
be the 2-cycles of 1. By Lemma 2.4, we have m = f,(n). Let G be the set of all graphs that contain
exactly one of the edges e;, f; for every 1 < i < m, and do not contain any other edges (the remaining

edges are the edges in C1(v)). Then |G| = 2™ = 2/*(")_ Also, Lemma 2.5 implies that G4 Y G for
every GG1,G9 € G, meaning that G is difference-isomorphic.

For Item 2, let G be a t-clique. Then |G| < 2/l by Lemma 2.5 (and equality holds only if for
every (e, f) € Ca(v), all the graphs in G contain exactly one of the edges e, f). Indeed, the graphs
in G have at most 2 choices for each pair (e, f) € Ca, and no choice for the remaining edges. By
Lemma 2.4, [Co(¢))| < fr(n), so indeed |G| < 2/, |

The construction given by Proposition 2.6 is an involution clique. As mentioned in the intro-
duction, we can prove the following stability version of Theorem 1.2, stating that any difference-
isomorphic family which is not an involution clique has smaller size.

Theorem 2.7. For every r > 2, there is ng = ng(r) such that for every n > ng and every difference-
isomophic family G of r-graphs on [n], if G is not an involution clique then

(1 — nfO(x/ﬁ)) cof2(n) =9
191'= 3 o-0m2) gsitm)
e 20T r>3.
Observe that Theorem 1.2 follows by combining Theorem 2.7 and Item 2 in Proposition 2.6.

In the appendix, we will construct a difference-isomorphic r-graph family on [n] which is not an
involution clique, but has size e~O(M"™*) . 2fr(")  This shows that when r > 3, Theorem 2.7 is tight
up to the hidden constant in the exponent. We do not know if Theorem 2.7 is also tight for r = 2,
i.e. if there is a difference-isomorphic graph-family on [n] which is not an involution clique and has
size (1 — o(1))2/2(™),



2.2 An approximate upper bound

Here we give an easy proof of an asymptotic version of Theorem 1.2, namely, we show that a difference-

isomorphic family of r-graphs on [n] has size at most 2(3+eM)(?) . For an r-graph G, let G¢ denote
the complement of G. We start with the following observation.

Lemma 2.8. If G is difference-isomorphic, then so is {G°: G € G}.

Proof. For every two r-graphs G, G2 € G, it holds that G{ \ G§ = G2 \ G and G$ \ G = G1 \ Ga.
Hence, G§ \ G$ is isomorphic to G§ \ G§. [ |

Observe that if G is difference-isomorphic, then all r-graphs in G have the same number of edges.

Lemma 2.9. Let G be a difference-isomorphic family where all r-graphs have m edges. Then
|G| < mnl.2m.

Proof. Fix any r-graph G € G. For each subgraph F of G, let G be the set of all G’ € G with
G\ G'=F. Then G’ \ G is isomorphic to F. It follows that there are at most n! choices for G’ \ G
(because each isomorphism class has size at most n!). As G’ \ G determines G' = (G'\ G) U (G \ F),
we get that |Gp| < nl. The lemma follows by summing over all 2¢(G) — 9™ choices for F. [ |

Now let G be a difference-isomorphic family of r-graphs on [n]. By Lemma 2.8, we may assume that
all r-graphs in G have size at most L% (’;)J . Then Lemma 2.9 implies that |G| < nl.23(7) — 2(%*0(1))(:)7
as claimed.

3 Proof of Theorem 1.2

In this section we prove Theorem 2.7, which also implies Theorem 1.2. Throughout the section, we
will assume that n is large enough as a function of r, wherever needed.

3.1 Proof overview

For a set of r-graphs X and ¢ € S, let ey, (X) denote the number of (ordered) pairs (G1,G2) € X x X

such that G, i) G2. Note that the pairs (G1,G1) are always counted because Gy E) (1 holds
trivially. Also, if X is a difference-isomorphic family, then }_,cq €y(X) > |X |2, because for every

pair G1,Go € X there is ¢ € S, such that G ﬂ Go.
Let G be a difference-isomorphic family of r-graphs. For every G € G and every p,v € S,, we

will consider ey(Ny(G)), i.e. the number of (ordered) pairs Gi,G2 € Ny (G) such that Gy 4 Ga.
One of the main ingredients in the proof of Theorem 2.7 is upper bounds for ey (N, (G)), and this is
the main focus of Section 3.2. Roughly speaking, we will show that e, (N, (G)) is much smaller than
22fr(") which is the number of pairs of r-graphs in the extremal construction, unless 1 is an involution
and ¢ is very close to 1. More precisely, we will show that unless @, have this specific structure,
it holds that ey (N,(G)) < 22+ e~ see Lemma 3.8. We note that due to this bound,
the proof for the case r > 3 is simpler than for the case » = 2. This is because for r > 3 we have
2T n!, allowing us to sum the above bound over all permutations ¥ € S,,. Thus, let us assume
for now that » > 3. We use our bounds on ey (N,(G)) to bound |N,(G) N G|, using the fact that
IN,(G) NG < > wes, ep(Np(G) N G) (since G is difference-isomorphic). As explained above, for a
fixed ¢, we have a very strong bound on ey (N, (G)) for almost all permutations v (i.e., for all ¢» which



) ynless

are not very close to ). For the remaining ¥, we can show that ey (N,(G)) < 2/ . e~
¢ = 1 is an involution (see Lemma 3.9). This bound is weaker, but it suffices because the number
of the remaining v’s is only e®™. Thus, combining all of the above, we conclude that unless © is an
involution, | N,(G)NG| is much smaller than the extremal size 2/7(") i.e. |[N,(G)NG| < 2/r(M) . =0 n),
We note that if r = 2 then this is no longer true; N,(G) NG can be of size Q(2/2(")) even if ¢ is not
an involution (see the construction in the proof of Proposition A.1). Consequently, the proof for the
case r = 2 is considerably more involved than for » > 3. The proof for » > 3 is given in Section 3.3
and the proof for r = 2 is given in Section 3.4.

We now continue with the overview of the proof for the case r > 3. A key step in the proof
is to show that if |G| is close to the extremal size 2/7(") then G must contain a large involution
clique (this is done in Lemma 3.11). To this end, we use the aforementioned fact that |N,(G) N G|
is small whenever ¢ is not an involution (for every G € G). Note also that for an involution ¢,
the set N,(G) NG is a p-clique (see Lemma 2.5). Thus, if G does not contain a large involution
clique, then |N,(G) N G| is small for every permutation ¢ € Sy, i.e. |Ny(G) NG| < 2/ . =),
If this is the case, then we can upper-bound |G|, as follows. Fix an arbitrary G € G, and fix a
permutation ¢; € S, for which [N, (G) NG| > |G|/n! (such a permutation exists by averaging).
Letting G1 = N, (G) NG and G = G \ G1, we consider, for each permutation 2, the number of pairs
(G1,G2) € G x Ga with G 2 Gy. Tt turns out that the number of such pairs is very small unless
2 is close to ¢y (this is shown in Lemma 3.7). Hence, almost all such pairs (G1,G2) correspond to
only few (i.e. only eo(”)) permutations g € S,. Thus, by averaging, we can find a permutation 9
and a graph G1 € G; for which [Ny, (G1) N Ga| > |Ga| - e7°™. On the other hand, we know that
|N,, (G1) NG| < 2/ . =) which allows us to deduce that Gy is small. As G; is also small (for
the same reason, as G; = N, (G) N G), we conclude that |G| = |G1| + |Ga| < 2/+(").

Summarizing the above discussion, we are able to show that if |G| is close to the extremal size
2/(")  then G must contain a large involution clique. We will use this to conclude the proof of
Theorem 2.7 (for r > 3), as follows. Let G’ be a largest involution clique in G and let ¢ be the
corresponding involution. If G’ = G then G is an involution clique, so the statement of Theorem 2.7
is vacuous. Otherwise, fix an arbitrary G € G \ G’. Observe that Nd,(G) NG = 0, because otherwise
G" U {G} would be a 9-clique by Lemma 2.5, contradicting the maximality of G’. Now, for every
¢ # 9, we can bound |N,(G) N G'| by using the fact that [N,(G) NG'|? < ep(Ny(G)), as G is a
y-clique. We then use this to upper bound |G| <3~ g [Np(G) NG'|. Here, too, we separate the
permutations ¢ into those which are not very close to 1, for which we have a very strong bound (this
covers almost all permutations), and the remaining few permutations, for which we have a weaker
but sufficient bound. This allows us to show that |G’| is small, which in turn implies that G is small
(as it does not contain large involution cliques), completing the proof.

3.2 Edge counts inside N,(G)

We start with the following important definition.

Definition 3.1 (Good choosable pairs). Let ¢,¢ € S, and let G be an r-graph. Let (e, f) be a
choosable pair for (G,p). We say that (e, f) is a good choosable pair for (G, p, ) if (e) = f and

P(f) =e.

The following lemma gives an upper bound on ey (N, (G)) in terms of the number of choosable
pairs of (G, ¢) and the number of good choosable pairs of (G, ¢, ).



Lemma 3.2. Let n > r > 2. Let ¢, € S, and let G be an r-graph. Let m be the number of
choosable pairs of (G, @) and let my be the number of good choosable pairs of (G, ¢, ). Then

ey (Ny(G)) < 4™s - 3.9™ ™9, "
In particular, 4f m < %(:) —x and my < %(7:) —y for some y >z >0, then
ep(N(G)) < 2(7) 20— (y=n)/40 "

It is worth comparing the bound in Eq. (3) with the trivial upper bound e, (N, (G)) < [N, (G)|? =
4™ where the equality follows from Lemma 2.2.

Proof of Lemma 3.2. The second part of the lemma follows from Eq. (3) as follows:

y—x
D-=(1- L) <o()-20e-o)a0
40 = ¢ :

4 \™M9 4 3(7)-v 1(n 1
ep(N,(Q)) < (39) 3.9™ < <39> 3.92(1)-7 — 42
where in the last inequality, we used y > x.

We now prove the first part of the lemma. Let (e;, fi), @ = 1,...,m be the choosable pairs for
(G, ). Suppose without loss of generality that (e;, f;) is a good choosable pair for (G, ¢, v) if and only
if i < my. For each i € {my+1,...,m}, (e, fi) is a bad (i.e., not good) choosable pair, so 1(e;) # f;
or Y(f;) # e;. If ¥(e;) # fi, then there are three options for ¢(e;): either ¥ (e;) = e;; or ¥(e;) does
not belong to any of the choosable pairs, i.e. 1(e;) ¢ {e1, f1,-..,em, fm}; or ¥(e;) € {e;, f;} for some
Jj # 4. I (f;) # e; then the analogous statements hold for f;. We will refer to these three cases as
types (i), (ii) and (iii), respectively.

Recall that our goal is to count pairs (G1,G2) € Ny, (G) x N,(G) with G % G3. We shall upper-
bound the number of choices for (G1,G2) on each of the choosable pairs (e;, f;). By Lemma 2.2,
G1,Gy agree with G on all edges outside {ey, fi,...,€m, fm}. Also, for every 1 < i < m, each of
G1,G9 contains exactly one of the edges e;, f;. Hence, trivially, (G1,G2) has at most 4 options on
(es, fi) (i.e., two options for G; and two options for G3). To prove the lemma, we will show that on
Q(m — my) of the bad choosable pairs, there are less than 4 options.

First, suppose there are at least (m — mg)/6 bad choosable pairs of type (i) or (ii). Fix such a
pair (e;, fi). We assume that ¢(e;) = e; or ¢(e;) ¢ {e1, f1,...,em, fm}. The other case, namely that
(fi) = fi or ¥(fi) ¢ {e1, fi,---s€m, fm}, is similar. We claim that it is impossible to have e; €
Gy, fi ¢ G1and e; ¢ Ga, f; € Go. This would show that one of the 4 possibilities for (G1, G2) on (e, f;)
is impossible. Indeed, suppose by contradiction that the above holds. Then e; € G \ G2. Hence,
Y(e;) € Go\ G1, as Gy A G4. This rules out the case 1(e;) = e;, so ¥(e;) ¢ {e1, f1,--.,em, fm}. But
then, by Lemma 2.2, we have that ¥ (e;) € Gy if and only if ¥(e;) € Go, so this again contradicts
(e;) € Ga \ Gi. Summarizing, we see that on at least (m — my)/6 of the bad choosable pairs,
(G1,G2) has at most 3 options. As explained before, on every other choosable pair (G1,G2) has at
most 4 options. Hence, Eq. (3) follows as

mfmg

= QMg . MMy (i) ¢ < 4™Mg . 3.9 My

m—m m*TVLg

eyp(Np(G)) < 4™ "5 -3

Now suppose that there are at least 5(m — my)/6 bad choosable pairs of type (iii). Let .S be the
set of indices ¢ € {my + 1,...,m} for which (e;, f;) is of type (iii). By definition, for each i € S,



there exists some j = j(i) # i such that ¥ (e;) € {e;, fj} or ¥(f;) € {ej, f;}. Construct an auxiliary
digraph H with vertex set [m] where we add the directed edge (i,j(7)) for every i € S. Then every
i € S has out-degree 1 in H (and all other 7 have out-degree 0), so e(H) = |S|. Also, the maximum
in-degree in H is at most 2, because the in-neighbors of i correspond to ¥ ~1(e;),%~1(f;). Therefore,
each edge (i,7) € E(H) is incident to at most four other edges, corresponding to two in-neighbors
of 4, one other in-neighbor of j, and one out-neighbor of j. Hence, H contains a matching M of size
M| > |S|/5 > (m —mg)/6. (We can find such a matching M greedily, by iteratively adding an edge
to M and deleting all incident edges.)

Consider any (i,j) € M. By the definition of H, we have ¥ (e;) € {ej, f;} or ¥(fi) € {ej, f;}
Recall that a priori, (G, G2) has at most 4 - 4 = 16 options on {e;, fi, ej, fj}. We will show that in
fact there are at most 13 options. Suppose without loss of generality that 1 (e;) = f;; the remaining 3
cases (i.e. Y(e;) = ej, ¥(fi) = ej, and ¢ (f;) = f;) are similar. Considering one of the four choices of
(G1,G2) on (e, fi), observe that if e; € G, e; ¢ Go, namely e; € G \ Ga, then f; = ¥(e;) € G2\ Gy,
which forces the choice e; € G1, f; ¢ Gi,e; ¢ Ga, f; € G2 of (G1,G2) on (ej, f;). Hence, 3 of the 16
choices for (G1,G2) on {e;, fi, ej, f;} are impossible, leaving 13 choices.

Recalling that (G, G2) has at most 4 choices for every choosable pair (e;, f;), we get the bound

m—mg

|M]
ep(N,(G)) < 13IMI . gm=2[M| _ ymg  gm—mg (12) < 4Mg L gmTyg (12) ‘ < 4™M9 . 3.9M Mg

This completes the proof of Lemma 3.2. |

In the next lemma we prove the intuitive fact that if a permutation v is an “almost-involution"
on the edges, in the sense that almost all edges belong to a 2-cycle of z;, then 1 is also an almost-
involution on the vertices, in the sense that almost all vertices belong to a 2-cycle of . For the proof,
let us recall the Erdés-Ko-Rado theorem |[11]:

Theorem 3.3 (Erdgs-Ko-Rado, [11]). Let n > 2r. If A is a family of distinct r-element subsets of

[n] such that each two subsets intersect, then |A| < ("_}).

Lemma 3.4. Let v > 2 and suppose that n is sufficiently large in terms of r. Let 6 € R satisfy
1 <éd=o0(n"). For every € Sy, if € S([n]) has at least (%(2) — 5) 2-cycles, then 1 has at least

(% — rél/r) 2-cycles.

Proof. Let & denote the set of edges e € ([:‘]) which belong to some 2-cycle of 1/; Fix any vertex
v € [n]. First, we claim that if v is incident to more than ("_2) distinct edges in &, then ¥?(v) = v.

Indeed, if &(v) := {e \ {v} : e € &, v € e} has size larger than (Z:g), then by the Erdés-Ko-Rado
theorem (Theorem 3.3) with [n] \ {v} in place of [n] and r — 1 in place of r, there exist distinct
e1,e2 € & such that v € e1,v € ez and (e1 \ {v}) N (e2 \ {v}) = 0, i.e. eg Ney = {v}. Putting
fi = ¥(e1) and fo = ¢(e2), we know that ¢(f1) = er and ¢(f2) = ez, because (e1, f1), (e, f2)
are 2-cycles of ¢ (as ej,ea € &). Since 1 is a bijection, it holds that i(e; Ne2) = f1 N fo and
P(f1 N f2) = e1 Neg. Since e; Ney = {v}, we get that ¥?(v) = v, as claimed. This means that v lies
in a 1-cycle or a 2-cycle of .

Let X be the set of vertices v € [n] which are incident to at most (Z:g) edge from &. We showed

above that every vertex not in X lies in a 1-cycle or a 2-cycle of 1. Let x := |X|. For each vertex
v € X, there are at least (:f:%) - (?:g) = (::f) edges e € ([:f}) with v € e and e ¢ &. It follows that

(’:) — & > %x(::f), because each edge is counted at most r times. By assumption, z; has at least



(3(™) = 8) 2-cycles, so |2 > () — 20. Thus, %w(’;:f) < 2§, giving x < 2rd/ (f:f) < 0.56"/" using
that § = o(n").

Let Y be the set of fixed points of ¢, and set y := |Y|. If e € ([7;}) is contained in Y then ¢ (e) = e,
so e cannot be in a 2-cycle of ¥, i.e. e ¢ . It follows that || < (™) — (Y), and hence 26 > (). So
either y < r, or y > r and then 2§ > (7‘7{) > (y/r)". In any case, y < 7(20)"/7 < 1.5r6'/7, using r > 2.

By definition of X and Y, every vertex in [n]\ (X UY') lies in a 2-cycle of ¢. There are n—z—y >
n — 2r8Y/" such vertices. Hence, the number of 2-cycles in 1 is at least 5 — rot/r. |

Note that good choosable pairs (see Definition 3.1) are closely related to the 2-cycles of ¥ (and
thus v). In the following lemma, we further prove that (G, ¢, ) has few good choosable pairs unless
 contains most 2-cycles of .

Lemma 3.5. Let G be an r-graph and @,y € S,. Let t be the number of 2-cycles of ¢ which are not
2-cycles of . Then my < l(”) — (t), where my is the number of good choosable pairs of (G, @, ).

2 \r r

Proof. Let ujvi,ugus,...,u,v, be any r distinct 2-cycles of 1 which are not 2-cycles of ¢. An
edge e € ([Z]) is called a transversal if it contains exactly one of u;,v; for every i € {1,...,r}. It
suffices to show that there are at least two transversal edges e, f which are not contained in any good
choosable pair for (G, ¢,1). Indeed, we can then sum over all (:i) choices for ujvy, ugve, ..., uv, to
get at least 2(1{) edges which are not contained in any good choosable pair. This would imply that
my < 3(7) = (1)

Suppose for contradiction that all transversal edges (of ujvy,ugva,...,u,v,) but at most one are
contained in good choosable pairs. Observe that if edge e is a transversal, then 1 (e) is also a transver-
sal, and e, ¥ (e) form a 2-cycle of 1. By the definition of good choosable pairs (see Definition 3.1), if
e lies in some good choosable pair then this pair must be {e,¥(e)}. Thus, our assumption implies
that every transversal edge e belongs to a good choosable pair, namely the pair {e,1(e)}.

We first claim that for every distinct 4, j € {1,...,r}, ¢(u;) # v; and ¢(v;) # u;. Indeed, suppose
that p(u;) = v; for some i # j (the case p(v;) = u; is similar). Let e = {uy : k # 7,5} U {u;,v;} and
f=v(e) ={vg : k#14,j}U{vi,u;}. As e, f form a choosable pair, we have ¢(e) = f or ¢(f) =e
(see Definition 2.1). But u; € e, v; = p(u;) ¢ f, meaning that p(e) # f. Similarly, v; € e but
u; = ¢ H(vj) ¢ f, s0 e # o(f). In either case, we got a contradiction.

Now, write U = {uq,...,u,} and V = {vy,...,v,}. As the edges uj...u, and vy ...v, form a
good choosable pair, it holds that ¢(u;1...u,) =v1...v. or @(v1...0p) =up... Uy, le. U) =V or
o(V) = U. Without loss of generality, assume that ¢(U) = V. For every i € [r|, we showed above
that ¢(u;) # v; for every j # i. As ¢(u;) € V, we must have ¢(u;) = v;. By assumption, o(v;) # u;
(otherwise u;v; would form a common 2-cycle in ¢ and %, in contradiction to the choice of u;v;). We
also showed that ¢(v;) # u; for every j # i, so p(vj) ¢ U. It follows that (V) NU = 0. Now,
consider the edges e = {uy,ve,...,v,} and f = (e) = {v1,u,...,u,}. By assumption {e, f} forms
a good choosable pair, which implies that p(e) = f or ¢(f) = e. In the former case, as ¢(u1) = vy,
we must have p(ve,...,v,) = uz...u,; in the latter case, as p(ug...u,) = vy...v,, we must have
©(v1) = uy. In either case, (V) NU # 0, giving a contradiction. We, therefore, conclude that at
least two transversal edges do not lie in any good choosable pair for (G, ¢, 1), as required. |

We now prove the main lemmas of this section, namely Lemma 3.6, Lemma 3.8 and Lemma 3.9.
These lemmas establish upper bounds on ey (N, (G)) in various cases. Our goal is to show that
ep(Ny(G)) is significantly smaller than 22/-(") which is the number pairs in the extremal construction
(see Proposition 2.6). In the following lemma we show that ey, (N, (G))) is small unless ¢, 1) are close
to each other and consist mostly of 2-cycles.
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Lemma 3.6. Let r > 2 and n be sufficiently large in terms of r. Let G be an r-graph and @, € Sy,.
For every § > n"™/? with § = o(n"), it holds that e, (N,(G)) < 22+ . =% unless ¢ and ¢ share at
least (% — 18r51/r) 2-cycles.

Proof. Suppose that ey (N,(G)) > 22/+(") . ¢=9. Denote by m the number of choosable pairs for
(G, ¢) and by mg the number of good choosable pairs for (G, ¢, ). We claim that mg > %(ﬁ) — 806.
So suppose by contradiction that my < %(?) —804. Combining this with the trivial bound m < %(:}),
we can apply Eq. (4) with z = 0 and y = 804 to get

ep(No(G)) < 22 < Q2fr(m+n/? =28 < 92fr(m) . o=

)

where the second inequality uses that fr(n) > ((") — n"/2) (see (1)), and the last inequality uses
8 > n"/2. The above contradicts our assumption in the beginning of the proof.

So indeed mgy > %(:}) —800. Recall that the two edges of every good choosable pair form a 2-cycle
of ¥ (see Definition 3.1). This means 1 has at least (%(Zf) — 805) 2-cycles. Therefore, by Lemma 3.4
(with 800 in place of §), the number of 2-cycles of ¢ is at least § — 7(808)1/7 > 5 — 9r6/" (using
that » > 2). Let ¢ be the number of 2-cycles of ¢ that are not 2-cycles of ¢. By Lemma 3.5, it
holds that (") — (!) > my > 2(7) — 805. This means ¢t < 7 or 805 > (!) > (¢/r)", indicating
that t < r(800)Y/" < 9r6'/7. Therefore, the number of common 2-cycles of ¢ and ¢ is at least

5 — 9rol/m —t > 5 - 18767, as desired. [ |

Lemma 3.6 allows us to count, for given G,,®, the number of pairs of graphs Gi,Gy with

G5 G1,Go and Gy ﬂ G9. In some situations, we want to count, for given G1, G2 and 1, 2, the
number of graphs G such that G G, Gy BB G. When working inside a difference-isomorphic
family G, this can be done by counting pairs of such graphs G, say G, G’, using the fact that for every
such G, G’ there exists some 1) € S,, with G i G’ (as G is difference-isomorphic); thus, we can use
Lemma 3.6 and then union-bound over all . This is done in the following lemma.

Lemma 3.7. Suppose that n is large enough in terms of r. Let G be a difference-isomorphic family of
r-graphs on [n], and let G1, Gy € G and @1, ps € Syp. For every § > max{nlnn,n’/?} with § = o(n"),
we have | Ny, (G1) N Ny, (G2) NG| < 277(M .70 unless 1 and o share at least (% - 807“51/7") 2-cycles.

Proof. Let G’ := N, (G1) N Ny,(G2) N G. Suppose that |G| > 2/ . e=0. Since G is difference-
isomorphic, we have >, g €y(G') > IG'|*. By averaging, there exists ¢ € S, such that ey(G') >
IG')? /n!. We have ey(Ny, (G1)) > ey(G) > |G')7 /n! > 221+ . ¢=20 /) > 92fr(7) . =30 ysing that
0 > nlnn. Now, by Lemma 3.6 with G = G1, ¢ = 1 and with 36 in place of d, we conclude that g
and 9 share at least (% — 187"(35)1/’") > (% — 401“51/7") 2-cycles. By the same argument for ¢s, we
get that @9 and v also share at least (% — 40161/ T) 2-cycles. It follows that ¢; and @y share at least
(% — 807"(51/7") 2-cycles. [ |

In the following lemma, we show that e, (N,(G)) is much smaller than 22/+(™) unless ¢, 1) have
some very restrictive structure.

Lemma 3.8. There exists an absolute constant ¢ > 0 such that the following holds. Let r > 2 and
n be sufficiently large in terms of r. Let G be an r-graph and let o, € S,. Then ey(N,(G)) <

92fr(n) ~e_(rzl)/100 unless the following holds.

1

(1) 1 is an involution with at most (2cn1_?> 1-cycles (fized points).
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(2) @, share at least (% - cnl_%) 2-cycles and all 1-cycles.
(3) For every 2-cycle xy of v, it holds that p(z) =y or ¢(y) = x.
In particular, if @, are both involutions, then ey(N,(G)) < 22/+(). e ()00 s o =1.

Proof. We assume that e, (N, (G)) > 921~ (:"1)/190 31 d show that (1)-(3) hold. Let ujva, ..., upve
be the common 2-cycles of ¢ and ¥. By Lemma 3.6 with § = (Tfl) (note that 6 > n'/2 for all r > 2

and sufficiently large n), it holds that t > % — 18r(," ) YT We have (") Ur < (%)%1 < c’nl_%/r
1—

for some absolute constant ¢’. Hence, picking ¢ = 18¢/, we have t > § —cn
of Item (2).

Put C = {u1,...,us,v1,...,v¢}. If C = [n], then ¢ and ¢ share § two-cycles, so ¢ = 9 is an
involution, and (1)-(3) are all satisfied. From now on, we assume that C' # [n]. Suppose first that
there exists w € [n] \ C such that for every edge e € ([Z]) with w € e and e \ {w} C C, e does not
belong to any good choosable pair for (G, p,1). As there are (rlﬂ) = (TQ_tl) edges e with w € e and
e\ {w} C C, it follows that the number of good choosable pairs mg (for (G, ¢, 1)) satisfies

s ()-(2)- () ()= w (1) o

Also, letting m be the number of choosable pairs for (G, ), we have the trivial bound m < %(:f) If
r > 3, then we use Eq. (4) with 2 =0 and y = (3 —o(1))(,",) to get

%, proving the first part

1

ey(Ny(G)) < 2(7) .e—(glfo—o(l))(rfl) < 92fr(n)+n"/? ,e—(%—O(l))(TL) < 92f+(n) . e—(rfl)/mo, (6)

where the second equality uses that f,.(n) > % ((:}) —nr/ 2) (see Eq. (1)), and the last inequality uses
that /2 <r —1 (r > 3) and that n is sufficiently large. For r = 2, we improve the bound by using
that o(u;v;) = u;v; for every 1 < i < ¢, and thus u;v; does not belong to any choosable pair of (G, ¢).
Therefore, we have the improved bounds 2m < (3) — ¢ and 2my < (3) —t — (1 — o(1))n (improving

on (5)). So by using Eq. (4) with z =¢/2 and y =t/2 4 (1/2 — o(1))n we get

es (N, (G)) < 2() =t . ¢=Go—oMn = 922(W)+o(n) . o~(55—o()n < 92fa(n) . g=n/100 (7)
where the inequality uses that 2f2(n) = (5) — |%]| and t = % — o(n). Now, by (6) and (7) we have
ep(Np(G)) < 22F(0) . e_(rfl)/loo, in contradiction to our assumption.

So from now on, we assume that for every w € [n]\ C, there exists e € (') such that w € e,
e\ {w} C C, and e lies in some good choosable pair for (G, p,1). By Definition 3.1, the other edge
in this pair must be f := 1(e), and we must have ¢(f) = e. Notice that )(C) = C. Therefore,
P(e\C) = f\Cand (f\C)=e\C. As e\ C = {w}, we get that f\C = {w'} for some v’ € [n]\C
with 1 (w) = w’ and ¥ (w') = w. This means ¥?(w) = w. As this holds for every w € [n] \ C, we get
that 1 is an involution. Also, since (e, f) or (f,e) is a choosable pair for (G, ), we have p(e) = f
or ¢(f) = e (see Definition 3.1). As ¢(C) = C, we get that (e \ C) = f\Cor o(f\C)=¢e\C,
50 p(w) = w' or p(w') = w. Moreover, if w is a fixed point of ¥ then v’ = w, so w is also a fixed
point of ¢. Conversely, if w is a fixed point of ¢, then also w' = w (because ¢ is injective and we
have p(w) = w’ or p(w') = w), so w is also a fixed point of ¢). This shows that ¢, have the same

fixed points. Thus, so far, we proved Items 2 and 3 in the lemma. Finally, since every fixed point of
1 belongs to [n] \ C, and |C| = 2t > n — 2en'~Y/", Ttem (1) holds as well.
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For the “In particular" part of the lemma, observe that if ¢, are both involutions and Items
(1)-(3) hold, then necessarily ¢ = 1. Indeed, ¢, share all the fixed points, and if xy is a 2-cycle of
¥ then p(z) =y or ¢(y) = z, meaning zy is also a 2-cycle of . |

If » > 3, then we can impose even stronger restrictions on ¢, 1.

Lemma 3.9. Suppose that r > 3 and n is sufficiently large in terms of r. Let G be an r-graph and
let p, v € Sp. Then ey (Ny(G)) < 92fr(n) . = (:"2)/100 e © = is an involution.

Proof. Suppose ey (N, (G)) > 22/+() - e~ (:22)/100 ey (p, 1) satisfy (1)-(3) in Lemma 3.8. In
particular, ¢ is an involution, and ¢ and ¢ share all 1-cycles and (5 — o(n)) 2-cycles. If ¢ = 9
then we are done, so let us assume by contradiction that ¢ # ¢. Let ujvy, ..., wv; be the common
2-cycles of ¢ and 9. We have t = § —o(n). For convenience, denote C' = {uy,...,us,v1,...,v:}. Let
m be the number of choosable pair for (G, ) and let m, be the number of good choosable pairs for
(G, ¢,1). Define an edge-set E by

{ee (g) tlen{ui,vi}| = 0,2 for every i = 1,...,t} r is even,
E=4{ec (CU?"O}) two € e, leN{ug v} =0,2foreveryi=1,...,t} risodd,nisodd, (8)
0 r is odd, n is even.

where, in the second case, wy € [n] is a fixed point of ¢ (which must exist if n is odd). Note that wq is
also a fixed point of ¢, because ¢, 1 share all fixed points. Since p(wg) = wp and ({u;,v;}) = {u;, v;}
for every 1 <14 <'t, we have that ¢(e) = e for every e € E. Hence, no edge of F is contained in any
choosable pair for (G, ). Therefore, 2m < () — |E|. Note also that if r is odd and n is even then
|E| = 0, and otherwise |E| = (Lr;ZJ) = (n/fr_/gﬁn)) = (Lﬁgj) — o(nl™/2]). Using the definition of f,(n)
(see (1)) and that r > 3, we get that

(:f) —|E| = 2f,(n) + o(nl"/P) = 2f,(n) + o(n"2). (9)

Next we upper-bound my. Since we assumed that ¢ # 1, there exist u, v € [n] that form a 2-cycle
in 9 but not in ¢. By Item 3 in Lemma 3.8, we have ¢(u) = v or ¢(v) = u, and we cannot have
both because otherwise uv is also a 2-cycle in . Without loss of generality, assume that ¢(u) = v
and ¢(v) # u. Consider any e € ([:‘]) such that e \ C = {u,v}. We claim that e does not lie
in any good choosable pair for (G, y,1). Suppose it does. The other edge in this pair must be
f :=1(e) (by the definition of good choosable pairs). As ¢(C) = C and e\ C = {u,v}, we know
that f\ C = {¢(u),¥(v)} = {u,v}. Since (e, f) is a choosable pair, we must have ¢(e) = f or
o(f) =e. As p(C) = C, we have p(e \ C) = f\ C or o(f \ C) = e\ C, either of which implies
o(uv) = uv. But ¢p(u) = v, so ¢(v) = u, contradicting our assumption. Therefore, all edges e € ([:])
with e\ C' = {u, v} do not lie in any good choosable pair for (G, ¢, ). Note that there at least (T2_t2)
such edges, and they are not in E. So, 2my < () — |E| — (TZ).

Combining all of the above, we can apply Eq. (4) with z = |E| and y = 3| E| + %(T%Q), to get

e¢(N¢(G)) g 2(?)7|E‘ . 67(7'2}2)/80 — 22f7"(n)+0(n’r72) . ei(rth)/go S 22f7"(n) . ei(rﬁQ)/loo’

where the equality uses Eq. (9) and the last inequality uses r > 3 and 2t = n — o(n). [
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3.3 Proof of Theorem 2.7 for r > 3

We start with the following simple lemma, bounding the number of permutations that are close to a
given permutation ¢g.

Lemma 3.10. Let pg € S, and let 0 < A < 5. The number of permutations ¢ € Sy, that share at
least (% — A) 2-cycles with @q is at most n*4.

Proof. If ¢ has less than (g — A) 2-cycles then there is nothing to prove. Otherwise, to specify ¢ as
in the statement, it suffices to choose the (% — A) common 2-cycles and then specify a permutation

on the remaining 24 vertices. The number of choices is at most (n72/_2 W) - QAN = ("1{12) (24 <

A
mGAE < nA(24)4 < 0?4, using that A < 3. .

We now show that if G is a difference-isomorphic r-graph family of size close to 2/(™) then G
contains a large involution clique. Note that the following lemma works also for » = 2, and will be
used in Section 3.4 as well.

Lemma 3.11. Let r > 2, n be sufficiently large, and let § satisfy n/? log3/2n <6< ﬁ(rfl). Let
G be a difference-isomorphic family of r-graphs on [n]. Then |G| < 2/r(W) . ¢=/% or G contains an
involution clique of size at least 2~ . ¢=9.

Proof. We assume G has no involution clique of size ofr(n) . 6_5, and prove that |G| < 2fr(n) . o=6/4
For convenience, put Ng(G) = Ny(G)NG. We first show Ng(G) is small for all G € G and ¢ € 5,,.
The intuition is that ey (Ng (G)) can only be “large” if ¢ is an involution (see Lemma 3.8), which in
turn implies a “large” -clique inside Ng (G) (and this is impossible by our assumption).

Claim 3.12. |NJ(G)| < 2/"( . e7%/2 for all G € G and ¢ € Sh,.

Proof. Since G is difference-isomorphic, we have

INS@)|* < Y ep(N9(G)) (10)

Set A := 25 4+ nlnn + n'/? and A := 18A'/7. Note that n"/> < A = o(n") and A = O(6Y/" +
(nlnn)'/" +n'/2) = 0(6/Inn), using § > n'/2log®?n and r > 2. Partition S,, into parts P, UP, U Py
as follows: n

P = {w € Sy : ¢ and 1 share fewer than (5 — A) 2—cycles} ,

Py :={y €S, \ P :1 is not an involution}, Ps:=5,\ (PLUP).

Clearly, |Pi| < |S,| = n!l. By Lemma 3.6 (with A in place of §) and by our choice of A, we have
ew(Ng(G)) < 22/r(0) . =4 for every 1) € Py. Therefore, the contribution of P; to the RHS of Eq. (10)
is > ep ey(NJ(G)) <n!- 22fr(n) . g=A < 92/r(0) . =20 ysing that A > nlnn 4 26.

By Lemma 3.10 with g = ¢ and A, we have |Py U P3| < n?4 < ¢°0) using that A = o(6/Inn).
Now, by Lemma 3.8, we have ew(Ng(G)) < 92fr(n) . e (:21)/100 ¢ every 1) € P, (because 1 is
not an involution). Hence, the contribution of P, to the RHS of Eq. (10) is >_,cp, eMN%(G)) <

eo(9) . 92fr(n) . 67(:1)/100 < 22fr(n) . 6*25, using the assumption that ¢ < ﬁ(rfl).
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Finally, we consider P3. Every ¢ € P5 is an involution. Therefore, for every H € G, the set Ng(H )
is a 1-clique by Lemma 2.5, and so ‘Ng(H)) < 2/r(") . =9 by our assumption that all involution
cliques in G are small. This means that

ew(NS(@) < Y ’Ni(H)‘ < [NY(@)| - 2/ . e,

HeNY(G)

Hence, 3, p, ew(Ng(G)) < |Ps] - ’Ng(G)‘ L 2fr() L0 < ‘Ng(GM - 2fr() L e=20/3  yusing | P3| <

|P, U P3| < e°). Plugging all of the above into (10), we get
2 n - rn -
INJ@G) < > ep(NY(G)) <2220 72 4 INY(G)| - 27 72008, (11)

PYePIUPUP3

So }Ng(G)‘Q is at most twice the first term or at most twice the second term on the RHS of (11).
Namely, Ng(G)}2 < 4.22/r(n) =20 oy }Ng(G)‘ < 2.2/7(") . ¢=20/3 Tn cither case, we get ‘Ng(G)} <
2fr(n) . =0/2 49 required. |

We now continue with the proof of the lemma. Fix an arbitrary G € G. Since G is difference-
isomorphic, G = [Jyeg, Ng(G). By averaging, there exists 1 € S, such that ‘Ngl(G)‘ > |G| /nl.
Let G1 = NY,(G) and Go = G\ G1. For 3 € Sy, let &, = {(G1,Ga) € G1 x G : G2 B G1}. Again,
using that G is difference-isomorphic, it holds that UgﬂzESn Epy = G1 x Go. Therefore, |Gi|[Ga| <
> pres, |€ps|- We will use this to upper bound [G1[|Ga|. Set A := §+2n Inn+n"/? and A = 80rAl/",
Just as in the proof of Claim 3.12, we have A = 0(6/1nn) because § > n'/21og®? n and r > 2. Define

Q= {gpg € Sy, : g1 and o share fewer than (g — A) 2—cycles} .

We bound |&,,| separately for g2 € @ and 2 € [n] \ Q. First, fix any 2 € Q and Gy € Ga. By
Lemma 3.7 (with G := G and with A in place of ¢), and using our choice of A and the assumption
Y2 € @, we have |Ngl(G) N Ng2(G2)‘ < 2fr(m) e=A < 2fr(M) . =20 =0 using A > 2nlnn + 6. Note
that ‘Ngl(G) N NgQ(Gg)‘ is the number of G1 € G; with (G1,G2) € &,,. Hence, by summing over
Ga € Go, we get |E,,| < [Go| - 277 . n=2" . ¢79 and by summing over all at most n! permutations
P2 € Q, we obtain Y- o [Ep,| < [Gol - 2fr() . p=n . =,

-1
Next, fix any @9 € S, \ @ and G € G;. Note that G bk G if and only if G 22, Ga. Thus, &, is

-1
the set of pairs (G1,G2) € Gi x Ga with G1 " Ga. By Claim 3.12, [N,_1(G1) N 92] < (Nj_l(al)
2

2fr(n) . ¢79/2. By summing over G1 € Gi, we get |E,,| < [G1| - 277 . ¢7%/2. By Lemma 3.10 with
@0 := ¢1 and A as above, it holds that |S, \ Q| < n?4 < e°¥) using A = o(J/Inn). Combining all
of the above, we get

<

\gﬂ |g2| < Z ’5@2’ < |g2| . 9fr(n) n . e 0 + \Q1| . 9fr(n) .6—6/24—0(5). (12)
LPQGSW,

So |G1] |G| is at most twice the first term or at most twice the second term on the RHS of (12). Namely,
1G1] < 2-2/r() .= 70 or |G| < 2-2/+(0) . ¢=0/240(9)  In the former case, using |Gi| > |G| /n!,
we get |G| < 2n!- 2fr(n) . p=n . e=0 < 2fr(n) . =0 a5 required. And in the latter case, by combining
the bound on |Ga| with the fact that |Gi| = ‘Ngl(G)‘ < 27 . ¢=9/2 (by Claim 3.12), we get that
G| = |G1| + |Ga| < 3-2/r(7) . e=0/240(0) < 9fr(n) . ¢=0/4 again giving the desired bound. [
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We are finally ready to prove Theorem 2.7 in the case r > 3.

Proof of Theorem 2.7 for r > 3. Let G’ C G be a largest involution clique in G; say G’ is a 1)-
clique, where ¢ € S,,. By assumption, G # G’. Tt suffices to show that |G'| < 2fr(”)-ef(rj2)/250 because

then, Lemma 3.11 with § = 515 (,™,) < n"~! implies that |G| < 2/ 67<Tf2)/1000, as desired.

So our goal is to show that |G'| < 2fr(n) -nf(:2)/250. Fix G € G\ G’ be arbitrary. As G is difference-
isomorphic, G’ = g, (No(G)NG’). Note that Ny (G)NG" = 0, because otherwise G'U{G} would be a
Y-clique (by Lemma 2.5), contradicting the maximality of G'. Hence, |G| <3 cq 1\ 14y [Np(G) NG|

Set A := cnk%, where c is the constant given by Lemma 3.8, and let

P = {gp € Sy, : ¢ and 1) share fewer than (% - A) 2—Cycles} , Py=5,\ (PLU{¢}).

By Lemma 3.8, ey(N,y(G)) < 22+ . e~ (:20)/100 ol ¢ € Pi. By Lemma 3.9, ey (Ny,(G)) <
92fr(n). = (:22) /100 gy ¢ € Sy \{¢}, and in particular for all ¢ € P,. Clearly, N,(G)NG’' C G’ is also
a y-clique, 50 ey (Ny(G)) > [N,(G)NG'|? for all ¢ € S,. Hence, |[N,(G)NG'| < 2/ . e~ (,21)/200
for ¢ € Py and |[Ny,(G)NG'| < 2fr(n) -ef(rﬁ2)/200 for ¢ € P5. Note that |Ps| < n24 < e by
Lemma 3.10 with ¢g = 1. Combining all of the above and using that > 3 and n is sufficiently large,

we get:
Gl< > NGOG =D INAGING |+ Y [N(G) NG|
peSR\{¥} peP peEP
<l 2 = (10)/200 L on) gfr(n) , o=(,75)/200 < 9fr(n)  o=(,"2)/250

completing the proof. [ |

3.4 Proof of Theorem 2.7 for r =2

Throughout this section, we assume that r = 2. We begin with some lemmas. First, it will be
convenient to introduce the following definition, giving a name to pairs (¢,) which satisfy Items
(1)-(3) in Lemma 3.8.

Definition 3.13 (Exceptional). A pair of permutations (v,1) is exceptional if the following holds,
where ¢ 1s the constant given by Lemma 3.8.

(1) v is an involution with at most 2¢\/n 1-cycles (fized points).
(2) @, share at least (% — cy/n) 2-cycles and all 1-cycles.
(8) For every 2-cycle xy of 1, it holds that p(x) =y or p(y) =

Note that (¢,) is exceptional if and only if (=1 1) is (because ¢, ¢! have the same 1- and
2-cycles). Lemma 3.8 states that e, (Ny(G)) < 2220 . ¢=7/100 ynless (¢, 4)) is exceptional. In the
following lemma, we strengthen this statement by adding a restriction on the graph G.

Lemma 3.14. Suppose that v = 2 and n is sufficiently large. Let G be a graph and let p,v € Sy,.
Then ey (Ny(G)) < 2272(0) . =/100 ynless the following holds:

1. (¢, %) is exceptional.

2. For every 2-cycle xy of ¥, if p(x) =y but o(y) # =, then dg(x) > § and dg(y) < §.
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Proof. Suppose e, (Ny,(G)) > 222(0) . ¢=n/100 " That (p, ) is exceptional follows from Lemma 3.8.
So it remains to establish Item 2 of the lemma. Let ujvy,...,u;vy be the common 2-cycles of ¢ and
Y; so t = § — o(n) because (p,1)) is exceptional. Write C' = {uy,...,us,v1,...,v:}. Let m be the
number of choosable pairs of (G, ¢) and let my be the number of good choosable pairs of (G, ¢,1).
Since ¢(u;v;) = u;v;, none of the edges u;v; belongs to any choosable pair, hence 2m < (Z) —t.

Now, let zy by any 2-cycle of ¢ such that ¢(z) = y and ¢(y) # z. Clearly, z,y ¢ C. Denote
C'={aeC:ax e Gand Y(a)y ¢ G} and C”" = C \ C'. We claim that for every a € C”, ax and
¥ (a)y do not belong to any good choosable pair of (G, ¢,%). Indeed, let a € C”, and put b = ¢(a),
so that ab = u;v; for some ¢ € [t]. By Definitions 2.1 and 3.1, a good choosable pair (e, f) satisfies
ple)=f,ec G, f¢&G ¥(e)=fand P(f) =e. Since P(z) =y, ¥(y) =z, ¢¥(a) = b and ¥(b) = a,
a good choosable pair containing azx or by must be (az,by) or (by,ax). In fact, this pair must be
(az, by), because ¢(by) # ax, as ¢(b) = a and p(y) # z. However, as a ¢ C’, we have ax ¢ G or
by € G, meaning that (ax,by) is not a choosable pair, thus proving our claim that az and ¥ (a)y do
not belong to good choosable pairs. This gives 2|C”| additional edges which do not belong to any
good choosable pair (i.e., in addition to the edges ujvy, ..., uvy). Hence, 2my < (3) —t — 2|C”|.

Now we show that |C’| > n/2. So suppose by contradiction that |C’| < n/2. Then |C"| =
|C] —|C'| =2t —|C'| > % — o(n), and hence 2my < () —t —n + o(n). Now, by Eq. (4) with z = £
and y = % + 5 —o(n), we get

e (N, (G)) < 2()=t . g=s5+o(n) < 92fa(n)to(n) o= F5roln) < g2/a(n) . =n/100,

where we used that 2f2(n) = (3) — |%] (see Eq. (1)) and ¢ = % — o(n). This contradicts our
assumption in the beginning of the proof. So indeed |C’| > n/2. Now, by the definition of C’, we

have that degg(x) > |C'] and degg(y) < n—1—|C’|. Hence, degg(x) > § > degg(y), as required. W

Lemma 3.11 implies that a large difference-isomorphic graph family must have a large -clique for
some involution . In Lemma 3.19 we will show that this t-clique must in fact span almost the entire
family, meaning that the number of graphs not belonging to the w-clique is exponentially smaller
than 22" The proof of Lemma 3.19 relies on the following lemma.

Lemma 3.15. Let (p,9) be an exceptional pair with ¢ # 1, and let G be a -clique. Then the
number of pairs of graphs (G1,G2) with G1 € G and G £ Gy is at most 22/2(n) . 9=9(n)

Proof. Recall that 1 is an involution by Definition 3.13. Fix y € [n] such that ¢(y) # ¥(y) (we
assume that ¢ # 9). Put x = ¢(y) and z = ¢(y), so x # z. Note that y, z are not 1-cycles in ¢ or
1, because ¢, 1 share all 1-cycles by Item 2 of Definition 3.13. Hence, xy is a 2-cycle of ¥. By Item
3 in Definition 3.13, we have p(z) = y; indeed, ¢(y) = = is impossible because p(y) = z # x. Also,
setting w = 1(z), we have ¢(w) = z and w # z (because z is not a 1-cycle). Let wjvi,...,uvp be
the 2-cycles shared by ¢ and ¢ (clearly u;,v; ¢ {x,y, z,w} for every i). By Item 2 of Definition 3.13,
we have t = § — o(n). For a graph G' € G, let I(G) be the set of all indices 1 < i < ¢ such that
viy,u;z € G. Let Gy be the set of graphs G' € G such that [I(G)| > 1. To prove the lemma, we will
show that G \ Gy is small and that N, (G) is small for every G € Gy.

Claim 3.16. |G\ Go| < 2/2(") . 2=%(n)

Proof. Recall the definitions of C;(¢) and Ca(7)) (see Definition 2.3). By Lemma 2.5, the graphs in
G agree on all edges in Ci(7)), and for every pair {e, f} € Ca(v)), there is a. s € {0,1,2} such that
every graph in G contains exactly ac sy of the edges e, f. Hence, letting S be the set of pairs {e, f}

17



with a. y = 1, we see that a graph G in G is determined by deciding if G' contains e or f for every pair
{e, f} € S. In particular, |G| < 21, Since usv; € C1(¢) for every 1 <4 < ¢, we have 2|S| < (§) —¢.
Let us fix a set I C [t] and count all G € G\ Gy satisfying I(G) = I. Note that there are (}i) choices
for I of a given size k. Fix any i € [t], and note that (u;z,v;y), (uiz, v;w) are both 2-cycles of 1.
Thus, a priori, a graph G € G has (at most) 2 choices for each of these pairs, so 4 choices altogether.
If i € I(G), then by the definition of I(G) we have vy, u;z € G, so G has only one choice on the
pairs (u;x,viy), (uiz, viw). Indeed, either ay,z v,y € {0,2}, in which case there is only one choice, or
Qu;z,0;y = 1 and the choice u;x ¢ G, vy € G is forced; and the same applies to (u;z, v;w). On the other
hand, ifi ¢ I(G), then G has at most 3 choices on (u;z, v;y), (u;z, v;w), because either one of these two
pairs is not in S, in which case G has at most 2 choices on these pairs, or both are in S and the choice
uiz ¢ G, vy € G, uiz € G, vyw ¢ G is not allowed (because i ¢ I(G)). It follows that when restricted
to the pairs in the set P := {(u;z,v;y), (u;z, v;w) : i = 1,...,t}, the number of choices for G € G with
I(G) = I'is 3t~ M1, Recall that if G € G\ Gp then \I( )| < ’B Hence when restricted to the pairs in P,
the number of choices for G € G\ Gy is Zkgn/lo ( )3t k—qt.p [Bm(t 1) 0] < qt=0(n) using the
Chernoff bound and the fact that ¢ = 3 —o(n). Note also that 2|5\ P| < (5)—t—4t = (3)—5t, because
S\ P contains neither the edges w;v; (i = 1,...,t) nor the edges belonging to pairs in P (of which there
are 2| P| = 4t). Now, using that G € G has at most 2 choices for each remaining pair {e, f} € S\ P,
we get that |G\ Go| < 2IS\PI . gt=0(n) < 93(3)=% . 41-9n) — 23((3)=D) . 9=9n) — 9f2(n) . 2= where
the last equality uses fo(n) = 1 ((5) — |2]) (see (1)) and t = 2 — o(n). [ ]

Next, we bound |N,(G)| for every G € G. We begin with a simple bound that holds for every
G € G, and then prove a stronger bound for G € Gy.

Claim 3.17. For every G € G, it holds that |[N,(G)| < 2f2() . 200,

Proof. Let m be the number of choosable pairs of (G, ). As @(u;v;) = u;v; for every 1 <i <t all
these edges do not belong to any choosable pairs. Hence, m < % ((g) — t) = % ((g) -5+ o(n)) =
f2(n) + o(n). Now, Lemma 2.2 implies [N, (G)| = 2™ < 2/2(0) . 20(n), [ |

Claim 3.18. For every G € Gy, it holds that [N, (G)| < 2/2(0) . 2=0(n),

Proof. Again, let m be the number of choosable pairs of (G,¢). As in the previous proof, wu;v;
does not belong to any choosable pair (for every ¢ = 1,...,t). To improve further, we show that
for every ¢ € I(G), the edge v;y does not belong to any choosable pair either. Indeed, recall that
a choosable pair (e, f) satisfies p(e) = f, e € G, f ¢ G. We have ¢(u;x) = v;y and p(v;y) = w;z.
Hence, if v;y belongs to a choosable pair (e, f), then either e = u;z, f = v;y or e = vy, f = u;z. But
vy, uiz € G (because i € I(G)), and this rules out both options. Using that |I(G)| > {5 (as G € Go),
we get m < 5 ((3) —t — [[(G)]) < (( ) —t—15) =5 ((5) = 5) — Q) = fo(n) — Q(n), where we
used that fa(n) = 3 ((5) — [%]) and t = Z — o(n). Now the claim follows from [N, (G)| = 2™ (see
Lemma 2.2). [

We are now ready to complete the proof of Lemma 3.15. The number of pairs of graphs (G1, G2)
first sum, using Claim 3.16 and Claim 3.17, it holds that

Z |N (G1)| < |g \ g0| 2f2 n) . 20(\/5) < 22f2(n) . 2—Q(n).
G1€G\Go
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And for the second sum, using Claim 3.18 and |G| < 2/2(") (see Item 2 of Proposition 2.6), we get

ST INA(GL)| < |G| - 272 .27 < 9202 =),
G1€Go

This completes the proof of the lemma. |

We now show that a large involution clique in a difference-isomorphic family must span almost the
entire family. The proof is simply by counting over all ¢ € S, similarly to the proof of Lemma 3.11.

Lemma 3.19. Let G be a difference-isomorphic graph family, and let G' C G be a mazimal involution
clique in G. Then |G'| < 27200 .e=m or |G\ G'| < 272" . e~ for some absolute constant ¢ > 0.

Proof. Let ¢ € S, be an involution such that G’ is a ¢-clique. For ¢ € S, let &, be the set
of pairs (G1,G2) € G’ x (G \ G') such that Gy 5 G1. Since G is difference-isomorphic, we have
IG'IG\ G'| < > es, || Note that Ey = 0, because if G % Gy for some Gy € G,Gy € G\ G,
then G’ U {G2} is a larger ¢-clique (see Lemma 2.5 and the following paragraph), contradicting the

maximality of G’. As in the proof of Lemma 3.11, we partition S,, into several classes and bound the
contribution of each class. Setting 6 = 2nlnn and A = 36+/6, define:

P = {cp € S, : ¢ and 1 share fewer than <g — A) 2—cycles} )
={p e S, \ Pi:(p,1) is not exceptional}, P3:=.5,\ (PLUP,U{¢}).

Note that as N,(G2) NG’ C G’ is a ¢-clique, we have |Ny,(G2) NG'|? < ey (N,(G2)).

First we consider P;. Fix ¢ € Py and Gy € G\ G’. By Lemma 3.6 and by our choice of A, we
have ey (Ny(Ga)) < 22P2(0) . 70 50 |N,(G2) NG| < 220 . ¢70/2 = 2/2(") . =" Summing over all
G2 € G\ G and all (at most n!) permutations ¢ € P;, we get

S EI=3 Y INJ(Go)nG| <nl-[G\ G220 n T < |G @] 22 Lm0 (13)

peEP pEP G2eG\G’

Next, by Lemma 3.10 with g = 1) and A, we have | P, U P3| < n?4 < e, Also, for each p € P;
we have e, (N, (Ga)) < 22720 . =" by Lemma 3.14, because (p,)) is not exceptional. Therefore,
IN,(G2) N G'| < 220 . =) Summing over all Gy € G\ G/, we get |E,] < |G\ G| - 2/2(0) . e=$Un),

-1
Now fix any ¢ € P3, and note that &, is the number of pairs (G1,G2) € ¢’ x (G\ G’) with G 25 Go.
Since (¢!, 1)) is exceptional (as ¢ € Ps), we get by Lemma 3.15 that |€,| < 22/2(0) .29 Summing
over all e?™ permutations ¢ € Py U Ps, we obtain

> g <G\ G| -2/ e g g2atn) gm0 (14)

peP2UP3

By combining (13) and (14), we get that

G11GNG < Y 18 <[\ G| - 2700 78 4 9220 70,

PpESH

Therefore, there exists some absolute constant ¢ > 0 such that either |G| < 272(") . e=e" or |G| >
2/2(0) . e=en and |G'] - |G\ G'| < 222(") . ¢=2¢nIn both cases, the assertion of the lemma holds. M
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The next lemma is the last step towards Theorem 2.7. It shows that if a difference-isomorphic graph
family contains an involution clique of size almost 2/2(") then the family itself is an involution clique.

Lemma 3.20. There exists a constant ¢ > 0 such that the following holds for sufficiently large n. Let
G be a difference-isomorphic family of graphs on n vertices. Let G' C G be a mazximum-size involution

clique in G, and suppose that |G'| > (1 - n_c\/ﬁ> 220 Then, G = G'.

Proof. Let 1) € S, be an involution such that G’ is a 1-clique. Let ¢’ be the constant given by
Lemma 3.8. We will show that ¢ = 500¢ suffices. Suppose for contradiction that there exists
Go € G\ G'. Recall the definition of C; := C1(¢)) and Cy := Ca(1)) (see Definition 2.3). According to
Lemma 2.5, all graphs in G’ agree on the edges in Cy, and for every {e, f} € Ca there is a. 5 € {0,1,2}
such that all graphs in G’ contain exactly ac s of the edges e, f. Hence, letting S = {{e, f} : ac s =
1} C Co, we have |¢'| < 2/, By Lemma 2.4, |S| < |Co| < fo(n). Hence, it must hold that
|S| = |Ca| = fa(n), as otherwise, |G'| < 2/2(M~1  contradicting our assumption on the size of G’ (when
n is sufficiently large). Namely, for every {e, f} € Co, each graph in G’ contains exactly one of e, f.
Since Gy € G\ @', the relation Gy % G does not hold for any G € G', because otherwise G’ U{Gy}
is a 1-clique by Lemma 2.5, in contradiction to the maximality of G’. Hence, by Lemma 2.5, Gy
disagrees with the graphs in G’ on one of the edges in Cy, or there is {e, f} € C2 such that G contains
both e, f or none of them. To reduce the number of possibilities to consider, we use Lemma 2.8,
which states that {G° : G € G} is also difference-isomorphic. So by taking the complements of the
graphs in G (if necessary), we may assume without loss of generality that one of the following holds:

(a) There is e € Cy such that e € Gy and e ¢ G for all G € G';
(b) Gy agrees with all G € G on all edges in Cy, and there is a pair {e, f} € Cy such that e, f € Gp.

Since G is difference isomorphic, we have G’ C |J g, (No(Go) N G'). We will obtain a contradiction

by upper-bounding |\ g, Np(Go) NG'| (recall that |G'| > (1 — n~V")2/2(") " As explained above,
we have Ny (Go) NG = (. Setting A := 36v2nInn, partition S, \ {1} into three sets P; U P, U P3,
as follows:
P ={p e S, \{¢}: ¢ and 9 share fewer than (g — A) 2-cycles},
Py ={p € S\ P : ey(Ny(Gp)) < 22200 e7/10} - Py = 5, \ (LU P, U{0}).
First, for the contribution of permutations ¢ € P; U P, we will use the fact that [N, (Go) NG’ ? <

ey(Ny(Go)), which holds because Ng(G) NG C G is a ¢-clique. For ¢ € P, Lemma 3.6 with
§ = 2nlnn gives ey (N, (Go)) < 22200 . =27 and so [N, (Go) NG| < 272(M) . p=" Therefore,

D ING(Go) NG| < nl- 2P0 pmn < of2(n) . gm0, (15)
pEP

For ¢ € Py, we have e, (N, (Gp)) < 2272(0).e=7/100 by the definition of Py. Therefore, [N, (Go) N G'| <
2/2(n) . ¢=n/200 Note that |Py| < n?4 = 2°") by Lemma 3.10 with ¢y = 1. Therefore,

Z ’Nso(GO) N g/‘ < 90(n) . 9f2(n) | =1/200 £ of2(n) =)
pEP
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By combining this with Eq. (15), we get

U Ve(Go)n @) | 2G| = D [Ne(Go)n G|

pEPs pEPIUP, (16)
> (1 _ n—cﬁ) of2(n) _ of2(n) | ,~Q(n) <, (1 _ n—c\/ﬁ/2) 9/2(n)

provided n is sufficiently large.

For the rest of the proof, we will get a contradiction to (16) by upper bounding | ¢ p, (Nyp(Go) N G').
We note that here we can no longer achieve this by bounding each term |N,(Go) N G’| and summing
these terms over ¢ € Ps, because it may be that |[N,(Go) NG| = Q(2/2(") for p € P3 (see the
construction in the proof of Proposition A.1). Instead, we will bound U ¢p, (Np(Go) NG') directly
by finding specific choices for the pairs in Co which the graphs in Uch p, (Ny(Go) N G') cannot satisfy.
More precisely, we will find a set of pairs P C Cs (of size |P| = O(y/nlogn)) such that the graphs in
Ugep, (No(Go) NG’) have only 2IPl — 1 choices on the pairs in P (instead of 2/F1).

By Lemma 3.14, if ¢ € P5 then (p,1)) is exceptional, and for every 2-cycle xy of ¢, if p(z) =y
and ¢(y) # z, then dg,(x) > dg,(y). In particular, ¢ shares at least (% — ¢/\/n) 2-cycles with ¢ (see
Definition 3.13). Hence, | P3| < n?“V™ by Lemma 3.10 with g = ¢ and A = ¢/\/n.

Let ujvy, . . ., upve be all the 2-cycles of 1. Then w;v; € C; for every i € [¢]. Write U := {uq,...,us},
V :={v1,...,v}, and note that every point in [n] \ (U U V) is a fixed point of ¢). Without loss of
generality, assume dg,(u;) > dg,(v;) for all 1 < i < 2. As (p,) is exceptional, we know that ¢
and 1 share all 1-cycles. Observe also that ¢(u;) = v; for all i € {1,...,¢}, because by Item 3
in Definition 3.13 we have p(u;) = v; or ¢(v;) = w;, and it is impossible to have ¢(v;) = u; and
o(u;) # v;, since dg,(u;) > dg,(vi). Define the following set, which depends only on the graph Gy
but not on any particular ¢ € Ps, by

[4
I:= {(i,j) € <[2]> tuivg, vy € Go or uvj, viuj ¢ GO} .
Claim 3.21. |I| < §y/nlnn.

Proof. Fix any ¢ € P3. Let m be the number of choosable pairs of (G, ¢) and my be the number of
good choosable pairs of (Gy, ¢, ). By Item 2 in Definition 3.13, there are at least (% — c’\/ﬁ) indices
i € [¢] such that u;v; is a 2-cycle of . Note that for such i, we have p(u;v;) = w;v;, and thus w;v; is
not contained in any choosable pair of (G, ¢) (see Definition 2.1). Hence, 2m < () — 2 + ¢//n. In
addition, for every 1 <i < j < ¢, we have ¢(u;v;) = viu; and ¢ (vyuj) = u;v;. Therefore, if one of the
edges u;vj, v;u; belongs to some good choosable pair of (G, ¢, ), then this pair must be {u;v;, viu;}
(see Definition 3.1). Now, if (4, j) € I, then G contains both or none of the edges u;v;, v;uj, meaning
that {u;vj, v;u;} cannot be a choosable pair (see Definition 2.1). Hence, for every (i, j) € I, the edges
u;v; and v;u; are not contained in any good choosable pair. Therefore, 2m, < (g) —5+dvn—21I|.

By Eq. (4) with x = (§ — ¢v/n)/2 and y = (§ — ¢/\/n)/2 + |I], it holds that

e (No(G)) < 2)=3+eV . o=l11/40 < 92fatn)+e' Vi o=I11/40,

where we used 2fa(n) > (3) — 2 (see Eq. (1)). Therefore, |Ny,(Go) NG| < 2f2(M+e'vn/2 . o=II11/50,
Now, if |I| > £y/nlnn = 250c/y/n1nn, then, using |P3| < n?vV™, we get:

U (N@(G(]) A g/) < Z }Ngo(GO) A gl‘ < p2VI L ofa(mtd Vi 2 —11/80 2f2(n)/27
pEPs pEPs
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when n is sufficiently large. This contradicts Eq. (16), so |I| < 250¢/v/nInn. [ ]

As explained in the beginning, we may assume that (a) or (b) above holds. We now consider these
two cases.

Case 1: (a) holds. Namely, there exists e € C; with e € Gp and e ¢ G for all G € G'. We have
Y(e) = e (because e € Cy), so either e connects two fixed points of ¢, or e = w;v; for some 1 < i < /.
We first rule out the former case. Indeed, fix any ¢ € P3 with N,(Go) NG’ # 0; such a ¢ exists by
Eq. (16). By Definition 3.13, ¢ and v share all fixed points. Thus, if e connects two fixed points of
1, then p(e) = e. However, taking any G € N,(Go) NG, we get that e € Gy \ G (by the choice of ¢)
and hence e = p(e) € G\ Gy (as Gg & G), a contradiction. Therefore, e = u;v; for some 1 < i < £.
Note that e is not dependent on any particular choice of ¢ € P;. We may, without loss of generality,
assume that e = ujv1. Now, let

J:{1<i§£:u1v¢,vlui§éGo}, f:{Geg/:HjEJ.Ulu]'EG}.

By Claim 3.21, |J| < |I| £ §y/nlnn, since (1,5) € I for every j € J. Recall that for every pair
of edges {e, f} € Ca, every graph in G’ contains exactly one of e, f. In particular, this holds for
{e, f} = {wvj,viu;} € Cy for every j € J. Then, when restricting to the edges in {ujv;,viu; :
j € J}, the graphs G € F have at most ol7l — 1 choices, because the choice ujv; € G (and hence
viuj ¢ G) for every j € J is impossible. Hence, using that |Co| < fa(n) (see Lemma 2.4), we get that
|F| < (Q\JI —1) 9lC2l=1] < (1- 2*|J\) . 2f2(n)

Now, it suffices to show |, ¢ p,(Ny(Go) NG’) C F. Indeed, using |J| < 5/nInn, this would imply

U (Na(Go) NG| < 1FI < (1= 2771) - 2200 < (1 pmev//2) 2ol

pEPs

contradicting Eq. (16).

To show that |J ¢ p, (Ny(Go)NG') C F, fix any ¢ € P3 and suppose, for the sake of contradiction,
that there exists some G € N,(Go) NG with G ¢ F. Let S be the cycle of ¢ containing u;. Recall
that o(u;) =v; € V for all i € {1,...,¢}, and that every a € [n] is a fixed point of ¢ if and only if
a ¢ UUYV. Since ¢ and v share all fixed points, the same is true for ¢, i.e., a is a fixed point of ¢
if and only if a € U U V. It follows that ¢(V) = U, because p(U) = V. So S alternates between U
and V. To ease notation, let us assume without loss of generality that S = (uy,v1,ug,va,. .., ug, vg)
for some k, where o(v;—1) = u; for i € {2,...,k} and ¢(v;) = u;. We will show by induction that
uiv; € Go \ G for every i € {1,...,k}. The base case i = 1 holds by the assumption of Case 1.
Suppose now that wjv;—1 € Gp \ G for some 2 < i < k. Then, viu; = ¢(uivi—1) € G\ Go, as
Go 5 G. Recall that G contains exactly one of the edges uiv;, v1u;, as G € G’ and {ugv;, viu;} € Ca.
Hence, uiv; ¢ G. Now, if uyv; ¢ Gy, then i € J, implying that G € F because viu; € G. This is a
contradiction, as we assumed G ¢ F. This means ujv; must be in Gy, so ujv; € Gg \ G, establishing
the induction step. Taking i = k, we have ujvp € Go \ G. So, wqv1 = @(ujvg) € G\ Go, which is
impossible as u1v1 = e € Go by the assumption of Case 1. This proves J ¢ p,(Ny(Go) NG') C F and
completes the proof of Case 1.

Case 2: (b) holds. Namely, G agrees with the graphs in G on all edges in Cq, and there is a pair
{e, f} € Cy such that e, f € Gy. Recall that pairs {e, f} € Cy satisfy y(e) = f, ¥(f) = e and e # f.
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A pair of edges e, f satisfying this has to be of one of the following three types: (i) {e, f} = {au;, av;}
for some fixed point a of ¢ and some i € {1,...,¢}; (ii) {e, f} = {wuj,viv;} for some 1 <i < j <4
and (iii) {e, f} = {w;vj,viu;} for some 1 < i < j < ¢. We now consider two subcases.

Case 2.1. {e, f} is of type (i) or (ii). Without loss of generality, let us assume that if {e, f}
is of type (i) then e = au;, f = av;, and if {e, f} is of type (ii) then e = u;uj, f = v;vj. Observe
that in both cases, we have p(e) = f for every ¢ € P, because p(u;) = v; and ¢, 1) share all fixed
points. We claim that e € G for every ¢ € P3 and G € N,(Gy). Indeed, if e ¢ G then e € Gy \ G
and hence f = p(e) € G\ Gy (as Gy > G), contradicting f € Go. In particular, this means
that all graphs in (J,cp, (Np(Go) N G') must contain e but not f. Recall also that the graphs in
G’ have at most two choices for every pair in Ca, and |Ca| < fao(n) (by Lemma 2.4). It follows that

Upep, (Np(Go) NG| < 27201 = 22 /2, contradicting Eq. (16).

Case 2.2. {e, f} is of type (iii). In this case {e, f} = {u;vj,v;u;} for some 1 < i < j < £. Note
that e, f are not dependent on any particular choice of ¢ € Ps. Without loss of generality, let us
assume that i = 1,5 = 2 and e = ujve, f = viug. Define

J:{(Z,]) 1< <2<y Sﬁ,uivj,viuj ¢ Go}, .F:{GE Q’ : H(i,j) e J ViU GG}

We proceed similarly to Case 1. First, note that J C I, so |J| < |I| < §y/nInn by Claim 3.21. As in
Case 1, the graphs in F have at most 21/l — 1 choices on the edges in the set {u;v;,viu; : (i,5) € J},
because the choice that v;u; ¢ G for all (4, ) € J is impossible. Hence, |F| < (2"]' -1)- 2lC2l=11 =
(1 —2711) . 2#2(") Now, it suffices to show that Upep, (Np(Go) NG') C F, because this would imply
‘U¢EP3(N¢(G0) NG| < |F|l < (1 —n~-v™2). 2 contradicting Eq. (16).

So let us assume, for the sake of contradiction, that there exists ¢ € P3 and G € N,(Go) NG’
such that G ¢ F. We know that every graph in G’ contains exactly one of the edges e = ujvy and
f = viug. Assume that vius € G and ujve ¢ G; the other case is similar by swapping the roles
of 1,2 and of e, f. As in Case 1, the cycle in ¢ containing us alternates between U and V. Let us
denote this cycle by (u;,vi,, ..., ui,,vi, ), where u;, = us and v;, = @(ug) = vy (that is, iy = 2).
Note that we do not make any assumption of whether w; is in this cycle or not. We now show by
induction that u1v;; € Go\ G for every 1 < j < k. The base case j = 1 holds by our assumptions that
uv;;, = ugve = e € Gy and ujve ¢ G. Suppose now that we proved that uvi;_, € Go \ G for some

2 <j < k. Then, viu;; = p(u1vi,_,) € G\ Go, because Gy A G. As {v1ui;, urvy, } € Ca, every graph
in G contains exactly one of the edges viu;;,u1v;;. In particular, uyv;, ¢ G. Observe that i; # 2
(because i1 = 2 and j # 1). Also, i; # 1, because otherwise we would have viu; = viu;; € G\ Go, in
contradiction to the assumption that G and G agree on all edges in C;. Soi; > 2. Now, if uqv;; ¢ Go,
then (1,7;) € J and hence G € F (as viu;; € G), and this contradicts our assumption G' ¢ F. This
means that u1v;; € Go must hold, and therefore ujv;; € Go \ G, completing the induction step. Now,
taking j = k, we get u1v;, € Go\ G. Therefore, f = viug = viu;, = p(uiv;,) € G\ Go, contradicting
our assumption that f € Gy. This proves that indeed U(pEPg, (Ny(Go)NG') C F, completing the proof
in Case 2 and hence the entire proof of the lemma. |

Proof of Theorem 2.7 for r = 2. Let G’ C G be a largest involution clique in G. By assumption,
G is not an involution clique, hence G # G’. We consider the following three cases depending on the
size of G’. Let ¢; and cs be the constants from Lemmas 3.19 and 3.20, respectively. Without loss of
generality, we may assume that ¢; < flo.
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Case 1: |G| > (1 — n_02ﬁ> 2/2(n)  Then, by Lemma 3.20, G = G, contradicting our assumption.

Case 2: 2/2(") . c—an < |G| < <1 — n*”\/ﬁ) 2/2(") By Lemma 3.19, |G \ G'| < 2/2(") . e=¢1" When

n is sufficiently large, the desired inequality holds as

1= +16)\ G| < (1—n=e2Vi 4 emam) 2200 < (1 — =2V} (),

Case 3: |G'| < 22 . ¢~ Then Lemma 3.11 with § = ¢;n < 355 implies |G| < 2/2(n) . ¢=0n) | a5
desired.

4 Concluding remarks

We showed that if n > ng(r), then 2/7(n) ig the largest size of a difference-isomorphic r-graph family
on [n]. It would be interesting to determine how large ng(r) should be. Let us observe that for
n =r + 1, our result does not hold. Indeed, let G be the family consisting of all r-graphs on [r + 1]
with exactly |(r+1)/2]| edges. We claim that G is difference isomorphic. To this end, for every
G € G, we consider the set S(G) :={i: [r + 1]\ {i} € E(G)}, i.e., S(G) is the set of complements
of edges in G, which are singletons. Then S(G) is a subset of [r + 1] of size [(r + 1)/2]. For every
G1,Gy € G, put S1 = S(Gy), S2 = S(G2), and take a permutation ¢ € S(r41) with ©(S1\S2) = S2\ 51
(we know that [S1 \ So| = |S2 \ S1| because |S1| = |S2]). Now, let e € G1\ G2, so e = [r+1]\{i} where
i€ 51\ S2. Then j := (i) € 52\ 51,50 p(e) = [r+1]\¢(i) = [r+1]\{j} € G2\ G1. This shows that
©(G1\ G2) € G2\ G1. Using that |G1\ G2| = |G2\ G1], it holds that ¢(G1\ G2) = G2\ G1. So we see
that G is a difference-isomorphic family of size (L(rr{)l/zj)' It is easy to check that (L(TT++1)1/2J) > 2/r(r+1)
for all » > 2, so Theorem 1.2 does not hold when n = r + 1.

The argument from the previous paragraph, of considering the complements of edges, is more
general; it shows that if G is a difference-isomorphic family of r-uniform hypergraphs on [n], then
{{[n]\e:e € G}: G e G} is a difference isomorphic family of (n — r)-uniform hypergraphs on [n].
Hence, letting F,.(n) denote the size of the largest difference-isomorphic family of r-graphs on [n], we
have that F,.(n) = F,,_.(n). Note that F}(n) = (Ln72j) (“l-uniform" hypergraphs are simply subsets,
and two subsets and difference isomorphic if and only if they have the same size), and this recovers
the fact that F.(r +1) = Fi(r +1) = (\_(rfi)l/ZJ) from the previous paragraph. Moreover, one can

check from Eq. (1) that f.(n) = fu,—,(n). Hence, whenever we have F,(n) = 2/7(") we also have
Fp_p(n) = 2/n=7(") Therefore, by Theorem 1.2, we have F(r42) = Fy(r42) = 2/20+2) = 2/+(r+2) for
sufficiently large r. It would be interesting to understand in general for which values of n (depending
on r) it holds that F,(n) = 2/(").
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Tightness for the stability result

Proposition A.1. Let r > 2 and n be sufficiently large in terms of r. Then, there exists a difference-

isomorphic family G of r-graphs on [n] such that G is not an involution clique, and |G| = 2"~

O(n’"’Q)'

Proof. Let 1) € S, be the involution such that ¢(2i — 1) = 2i,v(2i) = 2i — 1 for all 1 <7 < |25 ],
and that (i) = i for 2 L”T_lj < ¢ < n. Let a be the number of fixed points of ). We know a = 1 if
n is odd while a = 2 if n is even. By Eq. (2),

Ci(¥)| = E‘i«%ﬁ 2 (j) <((7:- - ?))//2‘2 )
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A similar computation as in Lemma 2.4 shows that [C1(1))| = (LLZ//SJJ) if n is odd; |C1(¥)| = 2("@;)

if n is even and 7 is odd; |C1(¥)| = ("42/;1) + (:;22:11) if n and r are even. Hence, |C2())| = fo(n) if
r=2and |C2(¢)| = fr(n) — O(nl"/2) if r > 3.

Let ¢ € S,, be a permutation such that ¢(1) = 2,¢(2) = 3,9(3) =4, ¢(4) = 1 and (i) = (7) for
all 5 < i < n. Define ¢y = {3,4,...,r+ 2} if r is even and ey = {3,4,...,r + 1,n} if r is odd. By
definition, ey € C1(v). Let fo = @(eg). Then, fo N {1,2,3,4} = {1,4} and fp is contained in some
2-cycle of 1. Pick any r-graph G on [n] with the following properties.

e For every {e, f} € Ca(¢p) with e C {5,...,n} (so f C {5,...,n}), Gy contains one between
them;

o for every {e, f} € Ca(¢)) with |en{1,...,4}| =1 (so |fN{L,...,4}] = 1), Gy contains e if
eN{1,3} # () while Gy contains f if f N {1,3} # 0 (clearly, Gy contains one of them);

e Among all edges incident to at least 2 vertices in {1,2,3,4}, only ey € Go;
e G contains no edges in C1(¢) \ {eo}-
Consider a family G’ of r-graphs on [n], including all r-graphs G such that
o for every {e, f} € Ca(¢p) with e C {5,...,n} (so f C {5,...,n}), G contains one between them;

o for every {e, f} € Ca(¢)) with len{1,...,4}| =1 (so |fN{L,...,4}] = 1), Gy contains e if
eN{1,3} # () while G contains f if fN{1,3} # 0;

e Among all edges incident to at least 2 vertices in {1,2,3,4}, only fy € G;
e G contains no edges in C1(¢))

It is easy to see that every G € G’ contains the same number of edges in every 2-cycle {e, f} € Ca(v))
and contains none of the edges in C1(v), so Lemma 2.5 implies G’ forms a v-clique. In addition, the
number of 2-cycles that G € G’ has a choice is at least Ca(1)) — (;1) (,"y). Ifr=2,|¢"> 2/2(n)=6,
itr >3, g/ > 22@-()(12) = ofm-0@l/2)-0m™=2) _ 9f(m)=0m") g4 |g/| > 2fr(m)=O("~2)
holds unconditionally.

Now, consider G := G’ U {Go}. We will complete the proof by showing that G := G' U {Gy} is
a difference-isomorphic graph family of size 2/r(M)=0(n""*) quch that G is not an involution clique.
First, we claim that G is difference-isomorphic. It suffices to show that Gy 2 G for all G € g
Indeed, (e, f) € ([:f]) X ([’;}) is a choosable pair for (G, ) if and only if one of the following holds:
{e,f} € Ca(v) and e C {5,...,n}; {e, f} € Ca(¢p) and e N {1,2,3,4} = {1} or {3}; e = ep. It is
casy to check that (i)(ii) (of Lemma 2.2) are satisfied for all G € G’. Hence, Gy - G, meaning G is
difference-isomorphic.

Second, we show that G is not an involution clique. Suppose for contradiction that G is a 1/'-clique
some involution 9'. We have ey (Ny (Go)) > ey(G') > 92fr(n)—0(n"7?) 5, 92fr(n) .e*(rL)/lOO, when
n is sufficiently large in terms of . Then, Lemma 3.8 implies that ¢ = ¢'. But since ey € C1 (),
Lemma 2.5 implies that all graphs in G’ must also contain ey, which is impossible. So, G is indeed
not an involution clique. |
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