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Abstract

In this paper, we initiate the study of discrepancy questions for spanning subgraphs of
k-uniform hypergraphs. Our main result is that any 2-colouring of the edges of a k-uniform
n-vertex hypergraph G with minimum (k — 1)-degree §(G) > (1/2 4 o(1))n contains a tight
Hamilton cycle with high discrepancy, that is, with at least n/2 + Q(n) edges of one colour.
The minimum degree condition is asymptotically best possible and our theorem also implies a
corresponding result for perfect matchings. Our tools combine various structural techniques
such as Turan-type problems and hypergraph shadows with probabilistic techniques such as
random walks and the nibble method. We also propose several intriguing problems for future
research.

1 Introduction

In discrepancy theory, the basic question is whether a structure can be partitioned in a balanced
way, or if there is always some “discrepancy” no matter how the partition is made. Formally,
let H be a hypergraph and let f : V(H) — {red, blue} be a 2-coloring of its vertices. For an
edge e € F(H) and a color ¢, let c(e) := {z € e : f(z) = ¢}. The discrepancy of e is defined
as D¢(e) := Hred(e)| — ]blue(e)H = 2 MAXce fred, blue} (\c(e)\ — %), the larger Dy (e) is, the less
balanced is the coloring of e. The discrepancy of H is then defined as min; max, Ds(e). In
other words, the discrepancy measures the maximum unbalance that is guaranteed to occur in
every 2-coloring of V' (#). Discrepancy of hypergraphs is a classical topic in combinatorics; we
refer the reader to [2, Chapter 13] for an introduction. The notion of discrepancy naturally
generalizes to more than 2 colours: For a hypergraph H, an r-colouring f : V(#H) — [r] and an
edge e € E(H), define the discrepancy of e as Dy(e) 1= r - max.¢| <|c(e)| - @) This coincides
with the above definition of Dy(e) for the case r = 2. The r-colour discrepancy of H is then
defined as miny max. D¢(e).

There are many works studying discrepancy problems for hypergraphs arising from graphs,
namely, when V() is the edge set of a graph G and E(H) is a family of subgraphs of G. Two
early results of this type are the theorem of Erdés and Spencer [11] on the discrepancy of cliques
in the complete graph, and the work of Erdés, Fiiredi, Loebl and Sés [10] on the discrepancy of
copies of a given spanning tree in the complete graph. In recent years there has been a lot of
interest in discrepancy problems in general graphs, and there are by now many works studying
conditions which guarantee the existence of high-discrepancy subgraphs of various types, such
as perfect matchings and Hamilton cycles [3, 13, 15, 16], spanning trees [16], H-factors [4, 6] and
powers of Hamilton cycles [5]. See also [14, 17] for an oriented analogue. Many of the results
study minimum degree thresholds for linear discrepancy, namely, they determine how large the
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minimum degree of G should (asymptotically) be so that G is guaranteed to contain a subgraph
of a certain type with discrepancy Q(n). For example, in [3, 13, 16], it is shown that for every
€ > 0, every r-colouring of an n-vertex graph with minimum degree (% + ¢)n has a Hamilton
cycle and a perfect matching with linear discrepancy, and the constant % is best possible. We
will often say high discrepancy to mean linear discrepancy, i.e., discrepancy Q(n).

In this work, we initiate the study of discrepancy problems in k-uniform hypergraphs (short:
k-graphs), in analogy to the aforementioned works for graphs. In this context, it is worth men-

tioning the seminal result of Alon, Frankl and Lovész [1] in which they proved, using topological

methods, the following conjecture of Erdés: If the edges of the complete n-vertex k-graph Kr(bk)
are coloured with r colours, and n > (r — 1)(s — 1) + sk, then there exists a monochromatic
matching of size s. This generalizes Kneser’s conjecture which corresponds to the case k = 2
and was resolved by Lovasz [22]. The Alon—Frankl-Lovasz result implies in particular that

any 2-edge-colouring of Ky(f) contains a monochromatic matching of size at least LkLHJ and,
by arbitrarily adding edges, this can be extended to a perfect matching with high discrepancy
(assuming k | n of course).

Our main result is the determination of the minimum (k — 1)-degree threshold for the dis-
crepancy of perfect matchings and tight Hamilton cycles in k-graphs, thereby establishing a
discrepancy version of the celebrated theorem of R6dl, Rucinski and Szemerédi [24]. Recall
that a tight Hamilton cycle of a k-graph G is a cyclic ordering vq,...,v, of the vertices of G
such that v;vj+1...v;45_1 is an edge for every 1 < i < n, with indices taken modulo n. Before
stating our main result, let us give some background on perfect matchings and Hamilton cycles
in hypergraphs of large minimum degree. For a k-graph G and a set S C V(G), we say that the
degree of S in G, denoted by dg(S), is the number of edges containing S. We use §(G) to denote
the minimum (k — 1)-degree, which is the minimum of dg(S) over all (k — 1)-sets S C V(G). In
their seminal paper which introduced the absorbing method systematically, Rodl, Ruciriski and
Szemerédi [24] showed that for every € > 0, any n-vertex k-graph G with 6(G) > (1/2 + ¢)n
contains a tight Hamilton cycle. Moreover, this is best possible, i.e., there are k-graphs G with
0(G) = n/2 — O(1) which do not have a tight Hamilton cycle (or even a perfect matching,
see [21, 25]).

Our main theorem shows that for uniformity &£ > 3 and any (fixed) number of colours r > 2,
minimum (k —1)-degree (1/2+¢)n guarantees the existence of a tight Hamilton cycle with linear
discrepancy. Hence, for k > 3, the threshold for the discrepancy of Hamilton cycles is the same
as the existence threshold, and does not depend on the number of colours r. This is in contrast
to the graph case, where the discrepancy threshold is strictly larger than the existence threshold
and decreases as r increases (see [3, 13, 16]).

Theorem 1.1. For all k,v € N with k > 3 and v > 2, and all € > 0, there exists u > 0
such that the following holds for all sufficiently large n. Let G be an n-vertex k-graph with
0(G) > (1/2 + e)n whose edges are r-coloured. Then there exists a tight Hamilton cycle in G
which contains at least (1 + )% edges of the same colour.

Note that if n is divisible by k, then a tight Hamilton cycle decomposes into k perfect
matchings. So by using Theorem 1.1 and averaging, we obtain the following corollary.

Corollary 1.2. For all k,r € N with k > 3 and r > 2, and all € > 0, there exists p > 0 such
that the following holds for all sufficiently large n divisible by k. Let G be an n-vertex k-graph
with §(G) > (1/2 4 €)n whose edges are r-coloured. Then there exists a perfect matching in G
which contains at least (1 + p)-3 edges of the same colour.

As mentioned above, the constant % in Corollary 1.2 is tight, as there exist n-vertex k-graphs
with minimum degree § — O(1) and no perfect matching.

Similarly, Theorem 1.1 also implies an upper bound of 1/2 for the discrepancy threshold of
Hamilton /-cycles, where, for 1 < ¢ < k —1 and for n divisible by k — ¢, a Hamilton £-cycle on n



vertices is a cyclic order vy, ..., v, of the vertices such that v;v;+; ... v;1r—1 is an edge for every
i divisible by k& — ¢ (so any two such consecutive edges intersect in exactly ¢ vertices). Note that
the case £ = k — 1 corresponds to a tight Hamilton cycle. Observe indeed that if n is divisible
by k — £, then a tight Hamilton cycle on n vertices decomposes into k — £ Hamilton ¢-cycles.
Thus, by using Theorem 1.1 and averaging, we get that in every r-colouring of a k-graph G on
n vertices, with n divisible by k — ¢ and 6(G) > (1/2 + €)n, there is a Hamilton ¢-cycle with at
least (1 + u)ﬁ edges of the same colour. Unlike Theorem 1.1 and Corollary 1.2, here we do
not know whether the constant % is tight, i.e., whether minimum degree 5 is necessary. See the
concluding remarks for more on this.

Organization of the paper. In Section 2, we provide an overview of the key steps of
our proof. In Section 3, we collect some known tools. Section 4 contains our key structural
lemma which is already sufficient to prove the case of perfect matchings, i.e., Corollary 1.2. In
Sections 5—7, we use additional methods to deal with Hamilton cycles. In the final section, we
collect various other problems concerning discrepancy of spanning structures in hypergraphs
which seem very interesting for further research.

Notation. For a set V and a natural number m, we write (7‘7/1) to denote the set of all
m-subsets of V. We write (V),, to denote the set of all ordered m-tuples of distinct elements

of V. We use capital letters with arrows above to denote ordered tuples ? € (V)m. We

shall subsequently drop the arrow to denote the unordered version of this m-tuple, so that if
= (v1,v2,...,Vy), then S denotes the set {vi,...,v,}. Moreover, we write S to denote the

ordered m-tuple obtained by reversing the ordering of ?, so that <§ = (U, Um—1, -+ -, U1)-

For v € V(G) and a (k —1)-set S C V(G), we say that v is a neighbour of S in G if SU {v}
is an edge in G, and we denote the set of neighbours of S in G by Ng(S). For a k-graph G, its
shadow is the (k — 1)-graph on V(G) whose edges are the (k — 1)-sets which are contained in at
least one edge of G.

Given a tight path P = vivs...vp on £ > k — 1 vertices in a k-graph, we say that P connects
the ordered (k —1)-sets (v1,va,...,vk—1) and (vg, vg—1, ..., Vs_k+2), which we call the ends of P.
The choice of taking (vg, vg—1,...,v¢—g+2) rather than (v¢—g42, Ve—k+3,...,v¢) as an end of P is
intentional and due to the fact that P is an undirected path. We call ¢ the order of P.

Given a 2-edge-colouring of G where we allow edges to receive multiple colours, we call the
edges receiving both colours double-coloured.

For a, b, c € (0,1], we write a < b < ¢ in our statements to mean that there are increasing
functions f, g : (0,1] — (0,1] such that whenever a < f(b) and b < g(c), then the subsequent
result holds. Moreover, when using the Landau symbols O(-), £2(+), subscripts denote variables
that the implicit constant may depend on.

We say that an event holds with high probability (w.h.p.) if the probability that it holds
tends to 1 as the number of vertices n tends to infinity.

2 Proof overview

Throughout this section, we let G be an r-edge-coloured n-vertex k-graph with 6(G) > (1/2+¢)n.
We will first sketch a proof that G contains a perfect matching with high discrepancy. Sub-
sequently we will discuss what more needs to be done in order to find a tight Hamilton cycle
with high discrepancy.

Perfect matchings. We start by assuming that r = 2; we will handle the case of an
arbitrary number of colours later on.

We aim to find an (edge-coloured) “gadget” in G with the property that it contains a
perfect matching where the majority colour is red and a perfect matching where the majority
colour is blue. Such a gadget can then be used to “push” the majority colour. A natural



candidate is the alternating k-grid, which is defined as follows. A k-grid is the k-graph on vertices
{x;j : 1 <4,j <k} and with edges ;1 - - - 2, for each i € [k] (which we will call horizontal edges)
and x1;---xy; for each j € [k] (which we will call vertical edges). An alternating k-grid is a
2-edge-coloured k-grid with all horizontal edges red and all vertical edges blue (cf. Figure 1).
Observe that the horizontal edges form a red perfect matching and the vertical edges form a blue
perfect matching. If we can find linearly many such vertex-disjoint gadgets, say en/2k? many,
then, after removing them, the resulting k-graph G’ still has 6(G’) > (1/2 + ¢/2)|V(G")| and
hence has a perfect matching M’ (cf. [21, 25]). Without loss of generality, assume that at least
half of the edges of M’ are red. Then, for each of the gadgets, take the red perfect matching. The
union of all such matchings gives a perfect matching of G with at least (1—5)g5:4+5zn = (1+5) 55
red edges, thus providing a perfect matching with high discrepancy.

r11 T12 13
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21 22 23
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Figure 1: An alternating 2-grid on vertices {x11,z12, Z21, Z22} and a near-alternating 3-
b ) b

grid on vertices {$117x127 T13, 221, L22, 23, L31, 32, x33}. The grey edges stand for edges

whose colour is arbitrary.

Unfortunately, an alternating k-grid does not necessarily exist in G, not even if G is complete
and has many edges of both colours. (For instance, if we choose a subset A C V(G) and colour all
edges which intersect A blue and all edges which do not intersect A red, then it is easily verified
that there is no alternating k-grid.) However, our key lemma says that, unless the colouring is
almost monochromatic, we can guarantee a near-alternating k-grid, namely, a 2-edge-coloured
k-grid such that all horizontal edges but (at most) one are red, and all vertical edges but (at
most) one are blue (cf. Figure 1).

(L1) If 6(G) > (1/2 + ¢)n, then either G contains a near-alternating k-grid, or G is almost
monochromatic.

The formal statement of (L1) is offered by Lemma 4.1. We defer a proof sketch of this
result to Section 4. Applying (L1) repeatedly gives that either G contains linearly many vertex-
disjoint near-alternating k-grids, or its colouring is almost monochromatic. In the first case, one
can apply the same argument as above, with alternating k-grids replaced by near-alternating
k-grids: this still works since, for each gadget, we can decide to cover its k? vertices with a
perfect matching containing more red edges or more blue edges (as k > 3). In the second case,
when almost all edges of G have the same colour, one can use standard methods to show that
G contains an almost-monochromatic perfect matching. We remark this here for the benefit of
the reader, but will actually not implement these steps since the result for perfect matchings
will follow from the more general theorem about tight Hamilton cycles.

The case of an arbitrary number r of colours can be handled by identifying the first r — 1
colours into one colour (say “blue”) and applying the 2-colour argument outlined above. The key
point is that it suffices to find a perfect matching of G’ that either has at least -7 +€2(n) edges in
the rth colour or at least (r;;)n + Q(n) edges in blue, because in the latter case, averaging gives
that one of the first 7 — 1 colours appears at least -7 + €2(n) times. Such a perfect matching
can be found using the same strategy as above, consisting of first removing near-alternating
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grids and then covering the rest with a perfect matching M’, and by applying a “biased” case
distinction for M’. Namely, in M’, either a (1 — %)—fraction of edges is blue or a i-fraction
has the rth colour, and whichever case holds, we can use the gadgets to “push” the relevant
colour(s).

Tight Hamilton cycles. We now discuss how to find a tight Hamilton cycle with high
discrepancy. For hypergraphs with minimum degree above 1/2 (to which we refer informally as
Dirac hypergraphs), there are well-known tools which allow one to connect a given set of disjoint
tight paths into a tight Hamilton cycle (see Section 3.1). Therefore, if these paths are of high
discrepancy and only “miss” a small number of edges to close a Hamilton cycle, then we are
done as, no matter which colours are used in the completion, the discrepancy cannot be ruined
anymore. A crucial step of our argument is to find such paths (the formal statement is offered
by Lemma 6.1).

(L2) If 6(G) > (1/2 + €)n, then G contains a collection of vertex-disjoint tight paths, whose
union contains (1 — o(1))n edges and has high discrepancy.

In order to show the above, we proceed as follows. We use our key lemma to find a perfect
fractional matching x such that x is “normal”, i.e. each edge has weight ©(n~**1), and such
that x has high discrepancy, in the sense that the total weight received by some colour class (say
“red”) is significantly above the average, i.e. larger than n/(rk) + Q(n) (see Lemma 5.2, and
see Section 3.1 for the definition of a perfect fractional matching). We then use x to define a
random walk ) on V(G), such that a path of order ¢ sampled according to the first ¢ vertices of
(conditioning on being self avoiding) has the following properties: Every vertex is approximately
equally likely to be contained in the path and the probability of an edge e appearing in the path
is roughly proportional to x(e) (see Lemma 5.3).

We sample N paths of order ¢ independently, where ¢ is a sufficiently large constant and
N :=n!"1/2. Finally, we define an auxiliary t-uniform hypergraph # with vertex set V(G) and
edges corresponding to the vertex-sets of the sampled paths. (The choice of N ensures that this
hypergraph is rather dense, but still we do not expect too many parallel edges.) Owing to the first
property of Y mentioned above, the t-graph H is almost-regular and, obviously, its maximum 2-
degree is at most n'~2. By a fundamental theorem of Frankl, Rodl [12] and Pippenger (see [23]),
we can then establish that H contains an almost-perfect matching, which corresponds to a
collection of vertex-disjoint tight paths of order ¢ covering almost all the vertices. However,
our goal is to find such a collection with high discrepancy. Owing to the second property of Y
mentioned above and the fact that the weight of red edges is significantly above the average, the
paths in G which correspond to the edges in ‘H are likely to contain many red edges. A result
concerning finding hypergraph matchings with pseudorandom properties due to Ehard, Glock
and Joos [8] (see Theorem 3.5) then allows us to find an almost-perfect matching in A such that
the corresponding collection of vertex-disjoint paths indeed has high discrepancy. This proves
(L2) and establishes Theorem 1.1.

3 Preliminaries

In this section, we collect some preliminary results.

3.1 Dirac hypergraphs

In this subsection we state three results concerning hypergraphs with minimum (k — 1)-degree
above n/2. The first is the so-called “Connecting Lemma” which allows to connect any two
disjoint ordered (k — 1)-tuples of vertices by a tight path of bounded length.



Lemma 3.1 (Lemma 2.4 in [24]). Let 1/n < e < 1/k withk € N and k > 2. Let G be a k-graph
on n vertices with §(G) > (1/2 + e)n. Then for every two disjoint ordered (k — 1)-subsets of
vertices of G, there is a tight path in G of order at most 2k/e? which connects them.

The second result was proved in [18] and can be deduced from [24]. It allows to connect any
two disjoint ordered (k — 1)-tuples of vertices into a tight path covering all the vertices of the
hypergraph.

Lemma 3.2 (Lemma 3.7 in [18]). Let 1/n < ¢,1/k, with k € N and k > 2. Let G be a k-graph
on n wvertices with 6(G) > (1/2 + e)n. Then for every two disjoint ordered (k — 1)-subsets of
vertices of G, there is a tight path of G which connects them and covers all the vertices of G.

The third result concerns the existence of “balanced” perfect fractional matchings. Let us
introduce the relevant definitions. Let GG be an n-vertex k-graph. A perfect fractional matching of
G is a function x: E(G) — [0, 1] such that, for every vertex v € V(G), we have ) 5 x(e) = 1.
Observe that this implies that }°.c g x(e) = n/k, which we will use throughout without
mention. For p € (0,1], a perfect fractional matching x is said to be p-normal if pn=F+1 <
x(e) < p~'n~FF! for all e € E(G). The following result states that Dirac hypergraphs have
normal perfect fractional matchings.

Lemma 3.3 (Lemma 4.2 in [18]). Let 1/n < p < ¢,1/k with k € N and k > 2. Let G be an
n-vertex k-graph with 6(G) > (1/2+ e)n. Then G has a p-normal perfect fractional matching.

3.2 Probabilistic tools

We will often apply the following standard Chernoff-type concentration inequality (see [7, The-
orem 1.1]).

Lemma 3.4 (Chernoff’s inequality). Let Xi,..., Xy be independent random variables taking
values in [0,1], and let X = leil X;. Then for every 0 < 8 < 1,

P[1x - Ex)) > ELY]] < 20w (- B1X))

As explained at the end of Section 2, our proof will use a hypergraph matching argument
and will need the matching to look random-like with respect to some properties. In order to
achieve that, we use a nibble-type result due to Ehard, Glock and Joos [8]. For a hypergraph H,
define A(H) := max,cy(y) dp({v}) and A%(H) = max,syey(x) dp({u,v}). We will consider
edge weight functions w: E(H) — R>¢ and, for a set A C E(H), we use the notation w(A) :=

ZeeA w(e)

Theorem 3.5 (Theorem 1.2 in [8]). Suppose § € (0,1) andt € N witht > 2, and sety := &§/50¢>.
Then there exists Ag such that for all A > Ag, the following holds. Let H be a t-uniform
hypergraph satisfying A(H) < A, A°(H) < A7 and e(H) < exp(AW2). Let W be a set of at
most exp(AT’) weight functions on E(H) such that w(E(H)) > maXc gy w(e) A0 for every
w € W. Then there exists a matching M in H such that w(M) = (1 £ A" w(E(H))/A for
every w € W.

4 Key lemma

In this section, we state and prove our key structural lemma. Recall from Section 2 that a k-grid
is the k-graph on vertices {z;; : 1 <14,j < k} and with edges z;1 - - - z;;, for each i € [k] (which we
will call horizontal edges) and 1, - - - o, for each j € [k] (which we will call vertical edges). An
alternating k-grid is a 2-edge-coloured k-grid with all the horizontal edges red and all vertical



edges blue. A near-alternating k-grid is a 2-edge-coloured k-grid such that all horizontal edges
but (at most) one are red, and all vertical edges but (at most) one are blue. Thus, the difference
between a near-alternating k-grid and an alternating k-grid lies in not prescribing the colour of
one horizontal and one vertical edge (cf. Figure 1).

Our key lemma exploits the specific structure of the given colouring and shows that either
it contains a near-alternating k-grid or the colouring is almost monochromatic. While our main
result applies to hypergraphs coloured with any number of colours, it suffices to handle here the
case of only two colours.

Lemma 4.1 (Key lemma). Let 1/n < ( < €,p,1/k with k € N and k > 3. Let G be an
n-vertex k-graph whose edges are 2-coloured. Assume that all but at most (n*=! (k — 1)-subsets
S of V(G) satisfy dg(S) > (1/2 4+ €)n. Then either there exists a near-alternating k-grid, or
one of the colour classes has size at most pn®.

As explained in Section 2, Lemma 4.1 is enough to derive Corollary 1.2. Moreover, it is easy
to see that the lemma also holds for k£ = 2, but then a near-alternating grid is not a suitable
gadget, because such a grid (which is a 4-cycle) might only have perfect matchings with one red
edge and one blue edge, so that no colour appears more often. Hence we ignore this case here.

We now sketch the proof of Lemma 4.1. It is helpful to first guarantee that if a (k —1)-set of
vertices is contained in an edge of a certain colour, then it is actually contained in many edges
of this colour. While this is not true for an arbitrary edge-colouring, we can make sure this is
the case after deleting only few edges. The required cleaning procedure is given by the following
standard tool. We provide the short proof for the convenience of the reader.

Proposition 4.2. Let G be a k-graph on n vertices. Then by removing at most t(kﬁl) edges,
one can ensure that in the resulting subhypergraph, every (k — 1)-set has degree either 0 or at
least t.

Proof. As long as there is a (k — 1)-set S with degree between 1 and ¢, delete all edges contain-
ing S. Obviously, every (k — 1)-set is considered at most once during this process, and when it
is considered, we delete at most t edges. O

Once G has been cleaned (with respect to both colours and to a suitable choice of t), we
obtain a subhypergraph G’ with the desired property for both colours. Observe that, since we
removed only few edges, for most of the (k — 1)-subsets of V(G), their degree in G’ will still be
linearly above n/2.

Let H be the (k — 1)-shadow of G’ and equip H with the following 2-colouring of its edges:
Colour an edge of H with colour ¢ if it is contained in at least one edge of G’ of colour ¢ (and
hence at least t such edges). We note that an edge of H can receive both colours (if it is contained
in an edge of G’ of each of the colours). As we will show, by choosing ¢ appropriately, it suffices
to find an alternating (k — 1)-grid in H in order to obtain a near-alternating k-grid in G (see
Claim 1).

If H contains many double-coloured edges, then we can easily find an alternating (k—1)-grid.
In fact, we can use the following classical result of Erdés [9], which states that the Turdn density
of k-partite k-graphs is 0.

Theorem 4.3 ([9]). Let 1/n < n,1/¢ with £ € N. Let L be any k-partite k-graph with £ vertices.
Then any k-graph with n vertices and at least nn* edges contains L as a subgraph.

Call an edge of H bad if it is double-coloured or has small degree in G’. Then by Theorem 4.3
and what we observed above, we can assume that only few edges of H are bad. We would like to
argue that all the edges of H which are not bad are then coloured with the same unique colour,
which in turn will imply that G itself is almost-monochromatic.

We proceed as follows: Let ?1 and 1_“; be arbitrary orderings of any two edges 11,T» € E(H)
which are not bad. The key observation we use is the following: Suppose there is a tight walk in
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G’ connecting ?1 and 172} such that any (k—1) consecutive vertices of the walk give an edge of H
which is not bad. The power of the cleaning procedure then comes in handy, as we can claim that
each (k — 1)-set along the walk is contained in edges of G’ of the same unique colour. Therefore
the colour information propagates from 77 to 75 and the tight walk must be monochromatic,
implying that 77 and 7> must have the same colour.

To utilize the above observation, we want to be able to connect every (or almost every) pair

of ordered edges ’ﬁ,ﬁ, as above. The standard tool to obtain this connection is Lemma 3.1.

However, we cannot apply this lemma directly, as the required minimum degree does not hold in

G'. Nevertheless, by randomly sampling a small set of vertices, we can avoid all the bad (k—1)-

sets (as these are few) and thus apply Lemma 3.1 within the sample. To make this work, we

perform another cleaning step which removes (k — 1)-sets that intersect with too many bad sets.
We are now ready to prove the key lemma.

Proof of Lemma 4.1. Let k € N with £ > 3 and ¢, p > 0 be given, and observe that we can
assume € to be small enough for Lemma 3.1 to hold. Let

I/ng(<gn<Ke,p,1/k.

Let G be a 2-edge-coloured (with red and blue) n-vertex k-graph on V such that all but at
most (n*~! of the (k — 1)-subsets of V satisfy dg(S) > (1/2 + &)n. We apply Proposition 4.2
with parameter t := nen twice, once to the subhypergraph induced by the red edges and once
to the subhypergraph induced by the blue edges. This gives a subhypergraph G’ of G with
e(G") > e(G) — 2nen® such that each (k — 1)-set S satisfies the following condition for each of
the colours: either S is not contained in any edge of G’ of this colour, or it is contained in at
least nen edges of G’ of this colour.

Let H be the (k — 1)-uniform shadow of G’, equipped with the following 2-colouring of its
edges: Colour an edge of H red (resp. blue) if it is contained in at least one red (resp. blue)
edge of G’ (and hence at least nen such edges), noting that we allow edges of H to receive both
colours. For the purpose of finding coloured structures in H, an edge that has both colours can
be used either way.

Claim 1. If H contains an alternating (k — 1)-grid, then G contains a near-alternating k-grid.

Proof of Claim 1. Suppose H contains an alternating (k — 1)-grid. Then there exists W :=
{xij : 1 < 4,5 < k—1} C V such that Ti1 - Ti—1y is a red edge of H for each i € [k — 1]
and x1; -+ z(,_1); is a blue edge of H for each j € [k — 1]. Let R be the set of ordered tuples
(T1k> T2k - - -, T(g—1)k) Such that T1g, Tog, ..., 21 € V \ W are pairwise distinct, {zi1 - - -z}
is a red edge of G for each i € [k — 1], and dg({Z1x, Tk, - - s T—1)x}) = (1/2 + €)n. Owing
to the fact that a red edge of H can be extended to a red edge of G’ (and hence G) in at
least nen ways and that for all but ¢(n*~! of the (k — 1)-subsets S of V it holds that dg(S) >
(1/2 + €)n, we have |R| > (nen)*1 — n*=2 — (k — 1)! - (nF~! > (nen)*~1/2, where we used
¢ < 1,6,1/k (and the n*=2 term accounts for the choices of Tiy -, T(k—1)r Which are not
pairwise distinct). Similarly, let B be the set of ordered tuples (w41, Zy2, - - -, Tk—1)) such that
Th1, Tk, - - - T(e—1) € V \ W are pairwise distinct, {21;---2y;} is a blue edge of G for each j €
[k—1], and dg({zg1, T2, - - - Tp—1)}) = (1/24€)n. As above for R, we have |B| > (nen)*~!/2.
Therefore, there exist vertex-disjoint R € R and B € B. As dg(R),dg(B) > (1/2+¢)n, we have
ING(R) N Ng(B)| > 2(1/2 + e)n — n = 2en. Hence, there exists zx, € (Ng(R) N Ng(B)) \ W,
i.e. a vertex xx, which forms an edge of G with both R and B (although we have no control of
the colours of these edges). This gives a near-alternating k-grid in G, as desired. (Il

Owing to Claim 1, from now on we can assume that H does not contain an alternating
(k — 1)-grid. We show that then H (and thus G) must be almost monochromatic. A (k — 1)-
subset S of V is called bad if dg/(S) < (1/2 + €/2)n or if, seen as an edge of H, S is coloured
with both colours. We bound the number of bad sets as follows.



Claim 2. There are at most 5knnF~! bad sets.

Proof of Claim 2. We begin by bounding the number of (k—1)-sets S with dg/ (S) < (1/24¢/2)n.
Observe that if dg/(S) < (1/2 4 €/2)n, then either dg(S) < (1/2+ &)n (i.e. S has small degree
already in ), or we removed at least en/2 edges of G containing S during the cleaning process
(i.e. when obtaining G’ from G). The former case holds for at most (nF~! sets S, by assumption.
Let us now bound the number of S in the latter case. Since removing an edge of G decreases
(by one) the degree of precisely k (k — 1)-sets, and as the total number of removed edges is at

k
most 2nen®, the number of such sets S is at most B2 — Akpnk~1,
en/2

Next, we bound the number of double-coloured edges of H. Let H be the subhypergraph
of H on V induced by the double-coloured edges. Then e(H) < nn*~!. Indeed, otherwise H
contains a copy of the (k — 1)-grid by Theorem 4.3, since the (k — 1)-grid is a (k — 1)-partite
(k — 1)-graph (with each vertex class of size k — 1). However, as each edge of H receives both
colours, this gives an alternating (k — 1)-grid, which is a contradiction.

Summarizing, the number of bad sets is at most (¢ + 4kn + n)nF~1 < 5knn*~1, where we

used ¢ < 1. O

Given a (k —1)-subset S of V', we say that S is clean if, for every 0 < j < k — 1, the number
of bad sets T with [SNT| = j is at most 1'/2n*~1=7. We remark that for j = k— 1 the condition
means that S itself is not bad.

Claim 3. All but at most n'/3n*=1 of the (k — 1)-subsets of V are clean.

Proof of Claim 3. For each 0 < j < k — 1, we bound the number of (k — 1)-sets S for which the
number of bad sets T with |S N T| = j is more than n/2pk=1=7_ If j = 0, this cannot happen
by Claim 2, so we can assume 0 < j < k — 1. Given a bad set T, the number of (k — 1)-sets S
intersecting 1" in j vertices is at most (ki.l)nk_l_j. Therefore, using the bound in Claim 2, the
number of (k — 1)-subsets of V' which are not clean is at most

k—1 (kgl)nkflfj - Bknnk-1

1/3, k—1
nl/2pk—1=j st

—1

<

O

Let H' be the (k—1)-subhypergraph of H consisting of the edges which are clean (k—1)-sets.
Observe in particular that each edge of H' has a unique colour (because double-coloured edges
are bad).

Claim 4. All edges of H' have the same colour.

Using Claim 4, we can easily complete the proof of the lemma. Indeed, suppose without loss
of generality that the edges of H' are red. Then for an edge of G to be blue, it has to be either
an edge of G\ G/, or an edge of G’ none of whose (k — 1)-subsets belongs to H’. Using that
e(G) — e(G") < 2nen® and e(H) — e(H') < '/3n*~1 (by Claim 3), we get that the number of
blue edges of G is at most 2nen® +n-5'/3n*~1 < pn*, as wanted. We are left to prove Claim 4.

Proof of Claim 4. Consider two arbitrary edges T1,T5> € E(H’). We will show that they have
the same colour. Fix C,f with n < 1/C < f < ¢,p,1/k. We claim that there exists a set
R C V such that

(i) |R[=C/2;

(ii) for i = 1,2, for every (k — 1)-set S which is contained in R U T; and is not bad, it holds
that |[Ng/(S) N R| > (1/2 + 8/8)|R U TZ‘,



(iii) no (k — 1)-subset contained in R U T} or RU T} is bad.

Let R C V be obtained by independently including each vertex of V' with probability C'/n.
We show that such R satisfies (i), (ii) and (iii) with positive probability.

Since E[|R|] = C and 1/C < 3, an easy application of Chernoff’s inequality (Lemma 3.4)
shows that (1 — 8)C < |R| < (1 + B)C with probability at least 0.9.

Fix i € {1,2}, let S C V be a (k — 1)-set which is not bad, and define the events Ag :=
{S € RUT;} and Bg := {Xs < (1/2+ ¢/4)C}, where Xg := |Ng/(S) N R|. Furthermore, let
j=1Jjs:=1SNT;,s00<j<k—1. We are going to show that with probability at least 0.9,
the event Ag N Bg does not hold for any such S. Note that Ag and Bg are independent, and
PlAg] = (€)1,

n

Since S is not bad, we have E[Xg| = |Ng/(5)] - % > (1/2 4 ¢/2)C and, using Chernoff’s in-
equality (Lemma 3.4), we conclude that P[Bg] < 2exp (—%E[XSD = exp(—Q(C)). There-

fore, P[As N Bg| < (%)kilﬁ -exp(—Q:(C)). By taking the union bound over the at most
2k=Ink=1=7 (k — 1)-sets S C V with js = j, we see that the probability that Ag N Bg holds
for some such S is at most (%)k_l_] cexp(—Q(C)) - 28 Ink=177 < 0.1k~ where we used that
1/C <« e,1/k. The conclusion now follows by taking another union bound over the k choices
for j.

Next, let Y be the random variable counting the number of bad sets contained in RUT;, and
observe that Y = Z;:é Y;, where Yj counts the number of bad sets T C RUT; with |T'NT;| = j.

Since T} is a clean set, the number of bad sets T with [T N T;| = j is at most n'/2nF—1-7.

Therefore, E[Y;] < n'/2nk=1=7. (%)kilﬂ < n'/2C*=1 and hence E[Y] < kn'/2C*=1 < 0.1, using
n < 1/C. By Markov’s inequality, we have that Y = 0 with probability at least 0.9.

Therefore, with positive probability we have that (1 — 5)C < |R| < (1 + 8)C, the event
As N Bg does not hold for any (k — 1)-set which is not bad (for both i = 1,2), and no (k — 1)-
subset contained in RUT) or RUT5 is bad. These in turn imply properties (i)-(iii). Indeed, (i)
and (iii) follow directly from the above, and for (ii) it is enough to observe that if S is not bad
and is contained in RUT; (i.e. Ag holds), then Bg cannot hold and thus Xg > (1/2+¢/4)C >
(1/2 +¢/8)|R U T;|, where the first inequality follows from the definition of Bg, and the second
inequality uses |[R| < (14 8)C, |T;| =k —1,and 1/C, 5 < ¢,1/k.

We conclude that a set R satisfying (i), (ii) and (iii) does indeed exist. Note that (ii)—(iii)
imply that §(G'[RUT;]) > (1/2 +¢/8)|R U T;|. Moreover, by (i), |R| is large enough to apply
Lemma 3.1 to G'|[RU T3] and G'[R U Ty|. Now, fix two arbitrary orderings ?1 and Ty of 11,15,
respectively, and let T be an arbitrary ordering of a (k — 1)-set T C R\ (71 U T3). Using
Lemma 3.1 twice, we find a tight path P; connecting ﬁ and ? in G’[RUT}] and a tight path
P, connecting ?2 and T in G [R U T,]. Owing to (iii), we know that every k — 1 consecutive
vertices in P or P, form a set which is not bad, which means that all edges of G’ containing
this set have the same colour. Therefore the colour information propagates from 77 to 7" and
from T to 15, meaning that 77 and 75 must have the same colour. O

This concludes the proof of Lemma 4.1. O

5 Perfect fractional matchings with high discrepancy

In this section we focus on the random walk which we will use to sample a collection of paths of
high discrepancy. But first, recalling the definition of perfect fractional matchings from Section
3.1, we introduce the following notation: For a perfect fractional matching x: E(G) — [0, 1] of
a k-graph G, and for a set S C V/(G) with [S| < k, define x(5) := 3_.cp(q). sce X(€). Note that
x({v}) =1 for all v € V(G) and x(S) =0 for all S C V(G) with |S| =k and S € E(G).
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We define the following random walk Y = (Y1,Y2,...) on V := V(G). It begins with an
ordered (k — 1)-tuple (Y1,...,Ys_1) € (V)r_1 chosen according to the following initial distribu-
tion m: (V)g_1 — [0,1]. Pick an ordered (k — 1)-set (Y1,...,Yx_1) € (V)t_1 at random with
probability proportional to x(-), that is, for any S € (V)i_1,

Ay x(S)
®: 2wy, X5 oy

Observe that the denominator of (5.1) can be rewritten as

Y ox(S) =k Y x(e)=(k—1)!"n, (5.2)

S e(V)io1 € B(G)

where we used that every edge contains k! ordered (k — 1)-sets. The transition probability will
also be defined according to x. For all ¢ > k — 1, conditional on the outcome of Y;_._oy,..., Y,

we choose the next vertex Y1 as follows: Let Z = (Y;'_(k_Q), ..., Y;) be the ordered set of the
last k — 1 vertices in the sequence and choose Y1 with probability proportional to x(Z; U {-}),
that is, for any v € V'\ Z;,

x(Zi U{v}) _ x(ZiU{v})

PrYiy1 =vlY;_(4-2),-..,Yi] = - ’ '
r{Yipn = vl¥i-2) ] Ywev\z X(Zi U{v'}) x(Zi) o

and for any v € Z; the transition probability is 0. Observe that ) is equivalent to the random

B G . .
walk Z := (Zx_1,Z,...), and we can refer to both. In fact, with (V);_; viewed as the state
space, Z is a Markov chain and it is then easy to check that the distribution 7 defined in (5.1) is
stationary (cf. [18, Proposition 5.5]). The important fact of defining the transition probabilities
in terms of the perfect fractional matching x is that then the random walk behaves uniformly
with respect to the visited vertices, in the sense that the distribution of the vertices for ) to
visit at any step is uniform over V(G) as proved below.

Fact 5.1. For each integer i > 1 and v € V(G), we have that Pr[Y; = v] = 1/n. Moreover, for
each k <1 <t, with e; := {Y;_g41,...,Y:} denoting the (i — k + 1)-st edge of Y, the following
holds: For each e € E(G), we have that Prle; = ¢] = Ex(e).

n

Proof. Let v e V. For 1 <i <k —1, observe that

D x(S) = (k=2 x(S) =(k—1)!-> x(e) = (k—1)!

esv

where the first sum runs over all ? € (V)k_1 such that v is the i-th element of ?, and the
second sum runs over all S € (k‘_/l) with v € S. Together with (5.2), we get Pr[Y; = v] =1/n.

Since 7 as defined in (5.1) is the stationary distribution of Z, it holds that Pr[Z = ?] =
W(?) for each i > k — 1. Let ¢ > k. Then by the law of total probability we have

Pr[Y; =] = Z PI‘[Y}:lei—_i:?].Pr[ﬂ: }

FeW)i
= Z Pr [Y{ZU|ZZ-—,1>:§] ﬂ(ﬁ)
Se(W)i
- ¥ x(SU{v})  xt8] (k=1 3o,x(e) _ 1
?e(v)kf : w (k=1-n (k—1D!-n n’
vgS

11



where we used (5.2), that for an edge e with e 5 v there are (k — 1)! choices for S e =
such that S U {v} = e, and that x is a perfect fractional matching.
For the “morever”-part of Fact 5.1, let k < i <t and e € E(G). Then

Prle, =¢] = Z Pr[ei:e|ﬂ:?]'Pr[Zi_,1>:?]
E)G(V)kfl
_ x(e) x(8] _k
N x(B) (k—1)ln n

-x(e),

Se(V)p_1: SC
where we used (5.2) and that there are k! ways to choose S e (V)k—1 such that S Ce. O

Despite Fact 5.1, for an arbitrary perfect fractional matching x, the behaviour of the random
walk ) can still be quite trivial. For instance, suppose that x is indeed a perfect matching M,
that is x(e) = 1(e € M). Then, once the first ordered (k — 1)-set ﬂ is chosen, the walk
is completely deterministic (and uses the same edge in each step). In order to avoid this in a
robust way, we will assume that x is g-normal for some (small) constant p > 0 (see Section 3.1
for the definition).

Ultimately, we would like to use the random walk ) to sample a collection of tight paths
which cover almost all the vertices of G and have high discrepancy. As proved in Fact 5.1, the
probability that ) sees a certain edge e is proportional to x(e). Therefore, in order to guarantee
that ) sees a substantial number of edges of the same colour, it will be enough that x is a normal
perfect fractional matching with high discrepancy. Recall that the total weight assigned by any
perfect fractional matching is n/k, so, just by averaging, some colour will receive a total weight
of at least n/(rk). By combining Lemma 3.3 with our key lemma (Lemma 4.1), we are able to
boost the discrepancy. Starting with a perfect fractional matching given by Lemma 3.3, if we
can find a near-alternating k-grid (which we refer to as a gadget from now on), then by increasing
the weight of the red matching, say, and decreasing the weight of the blue matching by the same
amount, the total weight of each vertex remains unchanged, but the total weight of the red edges
has increased. Obviously, one gadget will only allow us to perform an insignificant perturbation,
but by applying the key lemma iteratively, we can find many edge-disjoint gadgets and together
they allow us to perturb the initial perfect fractional matching by a significant amount.

Lemma 5.2. Let 1/n < p < e,1/r,1/k with k,r € N, k > 3 and r > 2. Let G be an n-vertex
k-graph with §(G) > (1/2 + €)n whose edges are r-coloured. Then G has a p-normal perfect
fractional matching such that the total weight received by some colour class is at least (14 p)-7r.

Proof. Let
I/n<Kpgn<K(<Kp< g <Le,1/r1/k,

where pg is small enough for Lemma 3.3 to hold on input k& and e, and ¢ is small enough for
Lemma 4.1 to hold on input k,e/2 and p/2. Let x¢ be a pg-normal perfect fractional matching
as given by Lemma 3.3.

Let c1, ..., ¢ be the r colours used in the edge-colouring of G. Since Lemma 4.1 is only stated
for 2-edge-coloured graphs, we will now consider the following 2-edge-colouring of G, obtained
by identifying r — 1 of the colours to a unique colour: Colour by “red” any edge coloured by c1,
and by “blue” every other edge.

We claim that either G contains nn* edge-disjoint gadgets or one of the colour classes of G
has size at most pn¥. This follows by applying Lemma 4.1 iteratively. Suppose indeed that a
maximal collection of edge-disjoint gadgets has size ¢ < nn*, and let G’ be the subhypergraph
of G obtained by removing all the edges of such gadgets. Let S be the collection of the (k —1)-
subsets S of V' with dg/(S) < (1/2 + €/2)n. We now bound the size of S. The total number
of removed edges is 2k¢ < 2knn*. In order to have S € S, we must have removed at least
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en/2 edges containing S, and each removed edge decreases the degree of k (k — 1)-sets by one.

Therefore |S| < 21;2’}’; < ¢n*71, where we used n < (, e for the last inequality. Since the
collection was maximal, invoking Lemma 4.1, we get that one of the colour classes of G’ has size
at most pn¥/2. Therefore one of the colour classes of G has size at most pn*/2 + 2k - £ < pn*,
where we used £ < nn* and 1 < p.

If one of the colour classes of G, say C, has size at most pn*, then, since xq is po-normal,
this colour class gets a total weight of at most >_,..Xo(e) < [Clug 'n™*1 < pg'pn. Then
the other colour class gets a total weight of at least (1/k — p 1,o)n. By averaging, x( assigns
to one 1of the colour classes of the original r-edge-colouring of G a total weight of at least
W > (1 + p)-3, where we used p < pg, 1/7,1/k. In particular, x¢ is already a desired
p-normal perfect fractional matching with high discrepancy.

We are left with the case where there exists a collection £ := {L; : i € [nn*]} of nn* edge-
disjoint gadgets. Now, either the total weight assigned by xg to the red edges is at least TQ, or
the total weight assigned by xg to the blue edges is at least (r%)"

Suppose we are in the first case. We will modify xg on the edges of each gadget in L to
obtain a u-normal perfect fractional matching x with high discrepancy in colour ¢;. For L € L,
let ef,... el (vesp. fE,..., fF) be the horizontal (resp. vertical) edges of L, and recall these
are pairwise distinct. By the definition of a near-alternating k-grid, all edges ef, e ,e£ but at
most one are red, and all edges f{,..., f£ but at most one are blue. Define x: E(G) — [0,1]
as follows: x(eX) = xo(eF) + pon=*+1/2 and x(fF) = xo(f¥) — pon=**1/2 for each i € [k] and
L € L. Moreover, set x(e) = xg(e) for any other edge e € E(G). In other words, x is obtained
from xg by decreasing the weight of each vertical edge by pon %1 /2 and increasing the weight of
each horizontal edge by the same quantity, in each of the gadgets in £. Observe that if a vertex is
contained in a gadget, then it belongs to precisely one horizontal edge and one vertical edge of this
gadget. Therefore for every vertex v € V(G) we have that ) o x(e) = > 5 %o(e) = 1. Also, for
every e € E(G) we have un=F 1 < xq(e) — uon F1/2 < x(e) < xg(e) + pon F+1/2 < p=tn=k+1,
where we used that pon "+ < xq(e) < pg'n ** and p < po. This shows that x is a g-normal
perfect fractional matching. Moreover, for each L € L, the weight given by x to the red edges
in L is bigger by at least uon~**1/2 than the weight given by xq to these edges. This is because
we increased (by pon *t1/2) the weight of at least K — 1 > 2 red edges, and decreased (by
the same amount) the weight of at most one such edge. As the gadgets in £ are edge-disjoint
and |£] = nn*, we conclude that the total weight assigned by x to the red edges is at least
2+ P uon=*t1 /2 > (14 p) 2 using that p < 7, po. Therefore, the total weight assigned by
x to the colour class of ¢; in the original edge-colouring of G is at least (1 + ).

Suppose now that we are in the second case, namely, that the total weight assigned by x¢ to
the blue edges is at least (T;;)n. We then use the same argument as above to find a p-normal
perfect fractional matching x which assigns a total weight of at least (r — 1)(1 4 u); to the
blue edges. Recall that the blue edges are precisely those coloured by co, ..., ¢, in the original
colouring of G, and thus, by averaging, there is 2 < ¢ < 7 such that the total weight assigned

by x to the colour class of ¢; in the original colouring of G is at least (1 + p)-77. O

Ideally, we would like to use the random walk ) and Lemma 5.2 to obtain long tight paths
with high discrepancy. However, one remaining problem is that, if we let the random walk
continue for too many steps, then with high probability, it will not be self-avoiding anymore. It
might be possible to analyse the “self-avoiding” version of this random walk and show that with
high probability, it will cover almost all the vertices and will have high discrepancy. However,
such an analysis might be very intricate. To circumvent this, we prove the following “sampling
lemma” which allows us, using the random walk, to sample from the set of all tight paths in G
of order ¢, where ¢ is a (large) constant, in such a way that every vertex appears in the chosen
path with approximately the same probability, and we expect more edges of one specific colour.
In Section 6, we will then produce a large collection of paths sampled from this distribution,
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and then use a nibble-type argument to select from this collection a large linear forest with high
discrepancy.

Lemma 5.3. Let 1/n < 1/t,n < e,1/k,1/r with k,r,t € N, k > 3 and r > 2. Let G be an
n-vertex k-graph with 6(G) > (1/2+)n whose edges are r-coloured. Let Q be the set of all tight
paths of order t in G. Then, there exists a colour “red” and a probability distribution on €} such
that a randomly chosen element P € Q has the following properties:

(1) for any given tight path Q, we have P[P = Q] < Oy, (n™");
(2) for every v € V(G), we have |P[v € V(P)] — %’ < Oy (n72);

(3) the expected number of red edges in P is at least H'T“ “(t—k+1)—Oppu(nt).

Proof. Let x be a yu-normal perfect fractional matching of G such that the total weight received
by some colour class, say “red”, is at least (1 + p);:. This exists by Lemma 5.2. Let J =
(Y1,Ys,...) be the random walk defined via x, with notation as introduced at the beginning of
this section. (In particular, we use Pr as the probability measure corresponding to the random
walk, whereas P will denote the desired probability measure on 2.) Here, we will only be
interested in the first ¢ vertices of ) and we note that those form a tight walk of order t. Now,
sample elements of {2 according to the first ¢ vertices of ), conditioned on Y being self-avoiding
up to Y;. More precisely, let B be the event that Y7, ...,Y; are pairwise distinct, and denote by
Q@ any tight path of order ¢ and by qi,..., ¢ the vertices of @) (appearing in this order). Then
take the distribution on €2 where a randomly chosen element P € () satisfies

IP’[P:Q]:Pr[{Yl:ql,...,Yt:qt}U{Yl:qt,...,Yt:ql}|B],

where we considered both orders of () since the elements of 2 are unordered. We claim that this
distribution on 2 has the desired properties. Before proving that this is the case, we need some
preliminary observations.

Since x is p-normal, the probability that the walk starts with ? =(q1,---,qx—1) 18

1 k+1

B x(S) n-pTnT
n(S) = S, X SNCES)

k—1

— Ou(n—k—kl) ’

where we used (5.2). By using in addition that 6(G) > (1/2+¢)n, we can show that the transition
probabilities of Y are O, (n™1). Indeed, with Z = (Yi—(k—2)- - -, Yi) being the ordered set of the
last k& — 1 vertices of Y, for v € V(G) \ Z; we have

_ Cx(Zuf)) g
PrYi1 = oY (x-2),....Yi] = (7)) < 1/2-n- %1 Ou(n™),
while for v € Z; we have Pr[Yj11 = v|Y;_(4_9),...,Y:] = 0. Therefore, by applying the chain
rule, Pr[Y1 = q1,...,Y; = ¢;] = O u(n~"). Moreover, the number of walks of order ¢ which are

not self-avoiding is O¢(n'~1) and thus Pr[B] = Oy(n'™1) - Oy, (n™t) = O u(n™1).
Now Item (1) follows easily as we have
PriVi=q,....Yi =@+ PrY1 =q,....Yi = qi]
Pr(5]
where we used that Pr[B] =1— O, ,(n"1) > 1/2.
Fix v € V(G) and 1 < i < t. The number of walks of order ¢ which are not self-avoiding and
whose i-th vertex is v is O¢(n!=2) and thus Pr [{Y; = v} N B = O¢(n?2)- Oy u(n™") = O, (n2).
Therefore,

P[P = Q] < = Opu(n™),

PveV(P)=Pr || J{Yi=v}|B| =) Pr[{yé,j[g]} n&| >tn~t — O u(n™?),

ielt] i€lt]
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where we used that the events {Y; = v} N B with i € [t] are pairwise disjoint, that Pr[{Y; =
v}] = n~! by Fact 5.1, that

Pr[{Y;=v}NB] =Pr[Y;=v] —Pr[{Y;=v}nB] =n"1 =0 u(n?),

and that Pr[B] < 1. Similarly, by using Pr[B] = 1 — Oy ,(n™'), we get that Plv € V(P)] <
tn= + Oy, (n™2). This proves Item (2).

For a given k < i < t, denote by e; := {Y;_g41,...,Y;} the (i — k + 1)-st edge of J. Let
e € E(G). Similarly as above, Pr[{e; = e} N B = Oy, (n"*"!) because there are O(n'~*~1)
tight walks which are not self-avoiding and satisfy e; = e, and each such walk has probability
Ot,u(n™"). Thus,

Prle; =¢] — Pr[{e; = e} N B¢
Pr(5]

Pr[ei:e\B}: >

k e
- -x(e) = O pu(n k 1),

where we used Fact 5.1 and Pr[B] < 1. Let R be the set of edges of G which are coloured red.
Then

k —k—1 1+ p 1
Pr[ei eER| B} > <n (€) = Oru(n )) 22— = Ou(n™),
e€ER
where we used that |R| < n* and >, 5 x(e) > (14 p)Z. Since P is a path of order ¢, it has
t — k+ 1 edges, and thus Item (3) follows by linearity of expectation. O

6 Finding a linear forest with high discrepancy

The goal of this subsection is to prove the following result.

Lemma 6.1. Let 1/n < 1/t € 8 < p < ¢,1/k,1/r with k,r,t € N, k >3, r > 2. Let G
be an n-vertex k-graph with 6(G) > (1/2 4 €)n whose edges are r-coloured. Then G contains a
collection of vertex-disjoint tight paths of order t such that their union covers all but at most fn
vertices of G and there is some colour which appears on at least (1 + )% edges in the paths.

Proof. Let
I/n<il/tg B e 1/k,1/r,

where 2/ is given by Lemma 5.3 on input &, 7, k, and set v := §/(50¢?) and V := V(QG).

Set N := n'~1/2 and let P := {P, : i € [N]} be a collection of N tight paths of order t
independently sampled according to the distribution given by Lemma 5.3. For a given v € V(H),
define X, := {i € [N] : v € V(P;)}. Using Item (2) in Lemma 5.3, we have E[|X,|] = N -tn~!.
[1£ 0., (Y] = tn=%2. [1£0y,(n"Y)]. Therefore, by Chernoff’s inequality (Lemma 3.4)
and a union bound over v € V, w.h.p. we have

|1 Xy| = (14 B/3)tn' %2 (6.1)

for every v € V. For a path P € P, let red(P) be the number of red edges of P, and note

that 0 < red(P) < ¢t —k+1. Let R := Y.V red(P,). By Item (3) of Lemma 5.3, E[R] >

N-|(t—k+1)- % - Ow(n_l)] and by Chernoff’s inequality (Lemma 3.4), we have w.h.p.

that 1492

42 g
T

R>(1-8) (t—k+1)- (6.2)

We now show that we can pass to a large subcollection P’ C P such that no two paths in
P’ have the same vertex set. Let Y be the set of pairs 1 < i < j < N such that V(F;) = V(F;).
We now bound |Y|. Given any ¢-subset S of V', observe that there are t!/2 (unordered) paths
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P with V(P) = S and that, using Item (1) in Lemma 5.3, the probability that P; = P for a
given 1 < i < N is Oy, (n~"). Therefore, the probability that a given pair 4, belongs to Y is
Oy,(n™?), and thus E[|Y|] < N?- Oy u(n™t) = Oy u(n'™1). It follows from Markov’s inequality
that w.h.p. [Y]| < nt=2/3,

We now fix such a collection of paths that satisfies (6.1), (6.2) and |Y| < nt~%/3. Let P’ C P
be obtained from P by deleting P;, P; for every pair {i,j} € Y. Then |[P'| > |P| —2|Y| >
(1 — B/3)n*~1/2. Let H be the auxiliary t-graph on V with edge set {V(P) : P € P'}. By
the definition of P, we have V(P) # V(Q) for each P,Q € P’, and thus e(H) = |P’| (i.e., H
has no multiple edges). We now show that # is suitable for an application of Theorem 3.5,
by establishing bounds on A(H) and A¢(H). Using (6.1), we have dy({v}) < |X,| < (1 +
B/3)tnt=3/2. Setting A := (1 + £/3)tn*~3/2, we have A(H) < A, and it trivially holds that
A°(H) <nf=2 < A0 as § < 1/t

We would like the matching given by Theorem 3.5 to be almost-spanning and with large
discrepancy. To this end, we define two weight functions wi,we: E(H) — R>q as follows:
wy = 1; and for an edge e € F(H) corresponding to a path P € P’ we define ws(e) := red(P).
We claim that w;(E(H)) > max.ecpa) w(e) A for each i = 1,2. For i = 1, this is obvious as

wi(E(H)) = e(H) > (1 — B/3)n! /2 > Al = r%%)wl(ew”,
ec

where the last inequality uses that 6 < 1/t. And for i = 2, we have

wy(BE(H)) = > red(P)=R— Y  red(P)>R—(t—k+1)-2n"2/3
Pep’ PcP\P’

2(1—25)-(t—k+1).ﬂ,nt—1/2’
r

where the first inequality uses |P| — |P'| < 2|Y| < 2n'~2/3 and that each path has at most
t — k 4 1 red edges, while the second inequality uses (6.2). Therefore

wy(E(H)) = Q') > (t —k+ 1A > max wy(e) A1,
e€E(H)
using that A = O(n*=3/2) and § < 1/t.

Let M be the matching in H given by applying Theorem 3.5 with W := {w,ws}. Using
wi(E(H)) =e(H) = |P'| > (1 — /3)n*"'/2 and the guarantees of Theorem 3.5, we have

w _ nt—1/2 n
Similarly, for we we have
—yy ., w2(EH)) (1—-2B) - (t—k+1) 2. pt=1/2
(M) 2 (1-477) —a  ={1-e) (14 B/3)tnt=3/2
— (1-0(1)) 1-28 t—k—|—1‘1+2u‘n

1+8/3 ¢ r
1+2 n
>(1-38) =L n>1+p),

where we used the bound on we(E(#H)) established above, the definition of A, together with
I/t B pu<1/k.

Therefore the matching M corresponds to a collection of vertex-disjoint paths of G of order
t such that their union covers all but at most Sn vertices and the colour red appears on at least
(14 p)% edges in the paths, as desired. O
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7 Proof of the main theorem

We are now ready to prove our main result.

Proof of Theorem 1.1. Let
IIn<lftgpgp<e<1/k1/r,

where we have assumed without loss of generality that e is sufficiently small. Let G be an
n-vertex k-graph with 6(G) > (1/2+¢)n whose edges are r-coloured. Let R be a random subset
of V(G) obtained by including each element with probability u independently. Then w.h.p. it
holds that (u — 8)n < |R| < (u+ B)n and that |[Nq(S) N R| > (1/2+¢/2)|R| for every (k —1)-
subset S C V(G). Indeed, this can be shown by a standard application of Chernoff’s inequality
(Lemma 3.4) and a union bound over S.

Let G’ := G\ R and observe that 6(G’) > 6(G) —|R| > (1/2+¢/2)|V(G’)|, using that u < .
Then, by Lemma 6.1 (with 3u playing the role of 1), G’ contains a collection P := {P; : i € [N]}
of vertex-disjoint tight paths of order ¢ such that their union covers all but at most Sn vertices,
and there is a colour, say red, which appears on at least (1 4 3u)|V(G)|/r > (1 4+ 3u)(1 — p —
B)n/r > (14 p)n/r edges in the paths. Therefore, if we manage to connect the paths in P into
a tight Hamilton cycle then we are done. This connection can be achieved using the standard
tools collected in Section 3.1. The details follow.

Denote by S; and T; the ends of P;. Add the uncovered vertices of G’ to R to get a set R/,
and observe that |R| < |R'| < |R| + fn. Using multiple applications of the connecting lemma
(Lemma 3.1), we can connect the paths in P into an almost-spanning tight path using vertices
in R/, as proved by the following claim.

Claim 5. For each i € [N — 1], there is a tight path Q; of order at most 2k/e* connecting i

and §i+1, such that V(Q;) \ (T; U Si+1) € R'. Moreover, we can choose such paths to be pairwise
vertex-disjoint.

Proof. Suppose we can find vertex-disjoint connecting paths @1, ..., @, as in the statement of
the claim, and let m be as large as possible. If we are not done yet, then m < N — 1. The union
of Q1,...,Qum covers at most m-2k/e? < 2kn/(?t) vertices of R', where we used that N < n/t.
Let R” denote the subset of R’ consisting of the uncovered vertices. Then for every (k—1)-subset
S C V(G) we have |[Ng(S)NR"| > (1/24+¢/2)|R| — |R'\R"| > (1/24+¢/4)|R" U T +1 U Spm+2|,
where we used that |R| > |R/| — fn, |R'\ R"| < 2kn/(e%*t) and 1/t < 8 < ,1/k. Therefore,
we can apply Lemma 3.1 to G[R" U Tp1 U Spq2] to get a tight path of order at most 2k /&2

connecting Tm—i—l and S‘m+2, which is vertex-disjoint from @Q1,...,@.,,. This contradicts the
maximality of m. U

Observe that UiE[N] Pu UiE[N—l] Q; is a tight path with ends STI and Z/T>N Now let W C R/
be the subset of vertices not covered by this path. Note that SN MV(Qi)| < N - 2k/e? <
2kn/(e?t) < Bn, and hence |W| > |R'|— Bn. It follows that R, W differ on at most 23n elements.
Now, for every (k — 1)-subset S C V(G) we have |[Ng(S)NW| > (1/2+¢/2)|R| — |R\ W| >
(1/24+¢/4)[W U S1 UTN|, using that 8 < e,1/k. Applying Lemma 3.2 to G[W U S UTn]|, we
get a tight path () connecting %1 and T and covering precisely the vertices of W U S U Tl .
Therefore, C' := Uie[N] PuU UiE[Nfl} Q; U @ is a tight Hamilton cycle of G and, since each edge
of PLU---U Py is an edge of C' as well, C has at least (1 + p)n/r red edges, as desired. O
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8 Concluding remarks

In this paper, we initiated the study of discrepancy problems for spanning subgraphs of edge-
coloured hypergraphs. Our main result, a discrepancy version of the celebrated result of Rodl,
Ruciniski and Szemerédi [24], determines the minimum (k — 1)-degree threshold for high discrep-
ancy of tight Hamilton cycles and perfect matchings; both of these thresholds equal 1/2, which
is also the existence threshold for these structures. In the following we discuss some natural
open problems for further research.

e A very natural question is to study minimum-degree discrepancy thresholds for the j-
degree! with j < k—1. We remark that for this question, the existence threshold for perfect
matchings (i.e. the minimum j-degree guaranteeing the existence of a perfect matching)
is mostly not known. We wonder if, for k-uniform hypergraphs with £ > 3, there is some
7 such that the j-degree discrepancy threshold is strictly larger than the corresponding
existence threshold (as is the case for graphs).

e Another natural question is to consider other notions of Hamilton cycles. As mentioned in
the introduction, Theorem 1.1 implies that minimum (k — 1)-degree (1/2+ ¢)n guarantees
the existence of Hamilton ¢-cycles of high discrepancy, for every 1 < ¢ < k — 1. However,
unlike in the case of tight Hamilton cycles (namely, ¢ = k — 1), we do not have a matching
lower bound. For example, it is known that the minimum (k — 1)-degree threshold for the
existence of loose Hamilton cycles in k-graphs is ﬁ, see [19, 20]. We wonder if this is
also the discrepancy threshold of loose Hamilton cycles.

e As mentioned in the introduction, 1/2 is the minimum (k — 1)-degree threshold for the
existence of perfect matchings in k-graphs (see [21, 25]), which shows that Corollary 1.2
is tight. However, it is also known [21, 25] that a k-graph with minimum (k — 1)-degree
at least (1 + o(1))% contains a near-perfect matching, i.e. a matching of size 7 — O(1).
For k = 3 and 2 colours, we have the following simple example showing that 1/2 is
the discrepancy threshold of near-perfect matchings (which is larger than the existence
threshold of 1/3). Partition the vertices into two sets A and B of equal size and take G
to be the hypergraph consisting of all edges which intersect both A and B. Colour in red
the edges which intersect A in two vertices, and colour the remaining edges in blue. Every
matching of size n/3 — ¢t must have at least n/6 — 2t edges in each colour, meaning that
there is no near-perfect matching with discrepancy Q(n). It is therefore natural to ask,
for general k > 3 and r > 2, what is the minimum (k — 1)-degree threshold guaranteeing

a near-perfect matching of high discrepancy in every r-edge-colouring.

e It would also be interesting to prove similar results for other spanning structures in hy-
pergraphs, perhaps even of design-type, such as Steiner triple systems. We will return to
this in a future work.

e Instead of studying minimum degree thresholds, one might also consider random hyper-
graphs. In the graph case, Gishboliner, Krivelevich and Michaeli [15] showed that with high
probability, the random graph G(n,p) has the following property: in every r-colouring,

there exists a Hamilton cycle which has at least roughly 13_—"1 edges of the same colour
and hence a perfect matching with at least roughly 75 edges of the same colour. The
respective constants H% and H% are best possible even in the complete graph. This

raises the question of whether the same phenomenon holds in hypergraphs. For example,
as mentioned in the introduction, the result of Alon—Frankl-Lovasz [1] implies that every

!The minimum j-degree of a hypergraph is the minimum of d(S) over all sets S of j vertices.
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2-colouring of quk) has a perfect matching with at least roughly 77 edges of the same col-
our. Is the same true in a random k-graph (say, with edge probability above the existence
threshold (logn)/n*=1)?

Generalizing the previous item, it would be very interesting to prove a general result
relating the threshold for containing a structure (in a random graph/hypergraph) to the
threshold for having high discrepancy for this structure. Namely, for a family F of graphs
(or hypergraphs) on [n], let py be the threshold for the event that G ~ G(n,p) contains
a member from F, and let p; be the threshold for the event that in every 2-coloring of
G ~ G(n,p), there is a member F' € F with high discrepancy, say of order ©(e(F)). Note
that p; is well-defined if (and only if) F has high discrepancy in K,,. Clearly p; > po. Is
there a general upper bound on p; in terms of pg? We wonder if the recent breakthroughs
around the expectation-threshold conjecture are relevant to this question.

Even more generally, one can ask about the discrepancy of random subhypergraphs of
general hypergraphs (not necessarily those arising from graphs). Namely, we return to
the original definition of discrepancy, where H is a hypergraph, and we colour the vertices
of H with two colours. How “robust” is discrepancy? For instance, suppose H has high
discrepancy, and we take a random subset of vertices by including each vertex independ-
ently with probability 1/2. Is the random induced subhypergraph likely to still have high
discrepancy?
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