GROUPS ACTING ON FINITE DIMENSIONAL
SPACES
WITH FINITE STABILIZERS

PETER H. KROPHOLLER AND GUIDO MISLIN

ABSTRACT. It is shown that every H§-group G of type FP,, ad-
mits a finite dimensional G-CW-complex X with finite stabiliz-
ers and with the additional property that for each finite subgroup
H, the fixed point subspace X is contractible. This establishes
conjecture (5.1.2) of [9]. The construction of X involves joining
a family of spaces parametrized by the poset of non-trivial finite
subgroups of G and ultimately relies on the theorem of Cornick
and Kropholler that if M is a ZG-module which is projective as
a ZH-module for all finite H < G then M has finite projective
dimension.

1. INTRODUCTION

It is well known that a discrete group G has finite cohomological
dimension if and only if there is a finite dimensional Eilenberg-Mac
Lane space, K(G, 1), or equivalently, a finite dimensional contractible
G-CW-complex EG on which G acts freely. Groups of finite coho-
mological dimension are necessarily torsion-free, so that for groups
with torsion the advantages of a finite dimensional Eilenberg-Mac Lane
space are lost. For this reason it is often convenient to allow G-CW-
complexes on which G is not required to act freely, but where there can
be non-trivial finite isotropy groups. Associated to any group G there
is a G-CW-complex EG with the following properties.

e Every cell stabilizer is finite; and
e for each finite subgroup H of G, the fixed point subcomplex EG*
is contractible.

Moreover, it is not hard to show that any two models of an EG are
G-homotopy equivalent. Our interest in EG lies in the fact that for
many non-torsion-free groups G there is nevertheless a finite dimen-
sional model for EG: for example this applies to all arithmetic groups
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and all polycyclic-by-finite groups. We refer the reader to Brown’s book
[4] for general information about cohomological dimension. Spaces akin
to our EG have been considered for compact transformation groups,
see [7] for example, but we include here a brief self-contained explana-
tion for discrete groups.

If a group G has an EG of finite dimension D then there are a number
of homological consequences, for example it can be shown that such a
group has rational cohomological dimension at most D and that the
integral homology groups H,,(G) are torsion for n > D. Therefore it is
natural to ask

Question 1.1. Is there a simple algebraic characterization of those
groups G which admit a finite dimensional EG?

Here, we have been motivated by the conjectures in Section 5.1 of [9]
which concern properties of the class HF of hierarchically decomposable
groups, and to set the stage, we begin by reviewing this class. First,
given any class X of groups, we write H; X for the class of groups G
which admit a finite dimensional contractible G-CW-complex X with
cell stabilizers in X, and we write HX for the smallest H;-closed class
containing X. In other words, HX is the smallest class ) containing
X such that H;Q) = ). Let § denote the class of finite groups. Then
it is clear that every group G possessing a finite dimensional EG be-
longs to H;§, and it is conceivable that every G in H;§ admits a finite
dimensional EG but we do not know this. Results concerning HF are
often proved by transfinite induction: for each ordinal «, one can define
classes H,§ by setting Ho§ = §, HoF = H(Hy_1F) if « is a successor,
and H,§ = Up<oHgF if o is a limit ordinal. A group belongs to HF if
and only if it belongs to H,§ for some «.

A similar class of groups can be defined in which we include the
additional hypothesis that all groups act cocompactly. We write K; X
for the class of groups G which admit a finite dimensional contractible
cocompact G-CW-complex with stabilizers in X, and we write KX for
the smallest K;-closed class containing X. The strongest conjecture
(5.1.1) of [9] asserted that every HF-group of type FP, belongs to K;F,
but this is now known to be false on account of the beautiful examples
[2] of Bestvina and Brady of groups of type FP which are not finitely
presented: all groups of type FP belong to H;§ and a fortior:i have
type FP,, while all K;§-groups and indeed all K§-groups are finitely
presented. Here we settle conjecture (5.1.2) of [9] affirmatively, namely
that every HF-group of type FP,, belongs to H;§. More precisely, we
prove
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Theorem A . Let G be an H§-group of type FP. Then there is a
finite dimensional model for EG.

It should be noted that the hypothesis that G belongs to HF can-
not be dropped here: the discovery [5] of Brown and Geoghegan that
Thompson’s group

(To,71,72,..., | %‘_1%'%' =Zj41, (1 < J))

is of type FP, confirms it as an example of an infinite dimensional
torsion-free FP, group which therefore cannot possess a finite dimen-
sional EG.

2. NOTATION AND STRATEGY

Throughout, we write A(G) for the poset of non-trivial finite sub-
groups of a group G. The G-simplicial complex |A(G)| determined
by this poset will be our basic building block for models of EG. An
n-simplex in |[A(G)| is determined by each strictly increasing chain

Hy<H <---<H,

of n+1 non-trivial finite subgroups. The action of G by conjugation on
the set of finite subgroups induces an action of G on |A(G)| so that the
stabilizer of a simplex is an intersection of normalizers: in the case of
the simplex determined by the chain of subgroups above the stabilizer
is

ﬂmﬁm

In view of theorem 3.4.1 of [9], the results here provide no new in-
formation in the torsion-free case, but they make a dramatic improve-
ment in understanding the non-torsion-free case. The poset A(G) is the
crucial new ingredient which does not appear in the earlier algebraic
studies of HF-groups of type FP,, and the remarkable but simple fact
which makes A(G) so useful in this context is as follows:

Lemma 2.1. For any group G and any non-trivial finite subgroup H
of G, the fized point complex |A(G)|¥ is contractible.

Proof. Tt suffices to prove that the poset A(G)# is conically contractible
in Quillen’s sense (see section 1.5 of [12]). Note that if K € A(G)?
then K is normalized by H and HK is a finite subgroup of G. Let
[ AMG)" — A(G)" be the function defined by f(K) = HK. Then,
for all K € A(G)", we have

K< f(K) =4,
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so that A(G)¥ is conically contractible. As Quillen points out, this
implies that the self-map of |A(G)#| = |A(G)|* induced by f is homo-
topic both to the constant map with value H and to the identity map.
The lemma follows. 0

Happily, in view of our goal to construct a finite dimensional EG,
we may state the following lemma proved in [8].

Lemma 2.2. If G is an HF-group of type FP, then there is a bound
on the orders of the finite subgroups of G and in particular |A(G)| is
finite dimensional.

Our proof of Theorem A uses induction on dim |A(G)|, taking advan-
tage of the obvious fact that if H is a non-trivial finite subgroup of G
then dim |A(Ng(H)/H)| < dim|A(G)|. However, it is not known that
the FP,, property is inherited by normalizers of finite subgroups, and so
in order to make the inductive step of the proof work, we shall weaken
the inductive hypothesis and make use of a subgroup closed property.
This is most conveniently expressed in terms of the G-operator ring
B(G, Z) of bounded functions from G to Z. This ring was first applied
in [10] where it was shown to be free as a ZH-module for each finite
subgroup of G. The following is a result of Cornick and Kropholler [6].

Proposition 2.3. If G is an HF-group of type FP, then B(G,Z) has
finite projective dimension.

The property proj.dimy,; B(G,Z) < oo is easily seen to be inherited
by subgroups, and we shall make considerable use of this fact.

Theorem A is proved by showing that if G is any HF-group such that
d = dim |A(G)| < oo and m = proj. dimy; B(G,Z) < oo then there is
an FG with finite dimension bounded by a function of d and m alone.
Our argument leads to an explicit formula bounding the dimension of
EG and the induction is easier to describe if we make this bound clear
at the outset.

Definition 2.4. Let N~ denote the set of integers d > —1. We write
D = D(d, m) for the function D : N~ x N — N defined as follows:

D(d,0) =0 for all d > —1;

D(d, )—1foralld>—1

D(-1,2) =

D(d, 2)_2d 7—1foralld20;
D(d,m)=2"""(m+1)—1foralld > —1 and m > 3.

Theorem B . If G is an HF-group such that both d = dim |A(G)| and
m = proj.dimy, B(G,Z) are finite then there is a model for EG of
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dimension < D(d,m). (Here we use the convention that dim |A(G)| =
—1 means G is torsion-free.)

In view of Lemma 2.2 and Proposition 2.3, Theorem A is an imme-
diate consequence of Theorem B. In addition we also have

Corollary B . If G is an Hi§-group such that |A(G)| is finite dimen-
stonal then there is a finite dimensional EG.

Proof. Let X be a finite dimensional contractible G-CW-complex with
finite isotropy. Recall that B(G,Z) is free as a ZH-module for all fi-
nite subgroups H of G (see [10]). Therefore, tensoring the augmented
cellular chain complex C,(X) — Z over Z with B(G,Z) yields a pro-
jective resolution B(G,Z) ® C.(X) - B(G,Z) of length equal to the
dimension of X. Thus the hypotheses of Theorem B are satisfied. [

Note that all groups of finite virtual cohomological dimension be-
long to H;§ and obviously have finite dimensional A, so the Corollary
includes this classical case.

However, there are also many groups in H;§, and indeed groups with
finite dimensional £ for which A is infinite dimensional. For example
it can be shown that the wreath product of a non-trivial finite group
by an infinite cyclic group has a 3-dimensional E even though it has an
infinite locally finite subgroup. Examples of these kinds suggest that
some new ideas are required to address Question 1.1.

The remainder of the paper is devoted to proving Theorem B. The
theorem demands the construction of a certain CW-complex, and there
are three methods of construction which we use. First we use the
standard procedure where cells are added to a space to kill homology
by appealing to the Hurewicz Theorem. Secondly we use the simplicial
complex naturally associated to a poset and thirdly we use the join
construction. In Section 8 we introduce a general method for joining
a family of spaces parametrized by a poset: on the one hand, this
reduces to the standard join of spaces when the poset is finite and
totally ordered, and on the other hand it specializes to the ordinary
simplicial realization of the poset in case the space associated to each
poset element is a point.

3. G-CW-COMPLEXES FOR DISCRETE GROUPS GG

Let G be a discrete group. A G-CW-complex consists of a Hausdorff
space X together with an action of G' by self-homeomorphisms and a
filtration X° C X! C X? C --- C X by G-subspaces such that the
following axioms hold:

1. Each X" is closed in X.
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2. UX“:X.

neN
3. XY is a discrete subspace of X.

4. For each n > 1 there is a discrej\:e G-set, A, together with G-maps
f:8"1xA, - X" !and f: B" x A, — X" such that the
following diagram is a pushout diagram:

Sl x A, — Xt
1 1
B x A, L xm
5. A subspace Y of X is closed if and only if Y N X" is closed for
each n > 0.

Here, we write S"~! and B" for the standard unit sphere and unit ball in
Euclidean n-space, and the vertical maps in the diagram are inclusions.
It is useful to adopt the conventions X ! = () and Ay = X°. Then for
all n > 0, the nth cellular chain group C,(X) can be defined to be the
nth singular homology of the pair X™, X"~!, and it follows from the
Eilenberg-Steenrod Axioms that this is isomorphic as a G-module to
the permutation module ZA,, determined by A,. In effect, C,,(X) is
the free abelian group on the G-set of n-cells in X.

A G-CW-complex X is said to be finite dimensional if and only if
X™ = X for some n, in which case the dimension is the least n > —1
for which this happens. For the finite dimensional case, Axiom 5 is
redundant.

4. JOINS

The most important construction we shall need is that of join. For
convenience we include a definition here. Further discussion can be
found in [7], chapter I, section 6. For each n > 0 let o™ denote the
standard n-simplex in R™?*!:

onz{(to,...,tn) ‘ Y=t tizo}.

Given CW-complexes Xy, ..., X, the join Xy % --- % X, is defined to
be the identification space

(0" x Xog x -+ x X))/ ~

where

(toy -+ st Ty e vy Tn) ~ (B e v e s b3 Thyy e v o5 Th)

Y ¥n) 1*Yn

if and only if for each i, either (¢;,x;) = (¢, %) or t; = t; = 0. Note that

1771

if X; has dimension d; then the join has dimension n+>_ d;. Moreover,
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if G is a group and the X; are G-CW-complexes then the join inherits
a G-CW-structure.

Now suppose that X and Y are models for EG. The join construc-
tion provides one way of establishing that X and Y are G-homotopy
equivalent. To see this we shall appeal to the following fundamental
result (proposition II 2.7 of [7]):

Proposition 4.1. Let f : X — Y be a G-map between G-CW-com-
plexes such that for all subgroups H of G, the induced map f# : X —
Y between the H-fized point subspaces is a homotopy equivalence.
Then f is a G-homotopy equivalence.

From this it is immediate that any G-map between models of EG
must be a G-homotopy equivalence. Now if X and Y are arbitrary
models of EG then it is easy to verify that X x Y is again a model
for EG, and that the natural maps X - X xY and Y — X %Y are
G-homotopy equivalences. Alternatively, one could observe that the
product X x Y is an EG and that the projections X x Y — X and
X xY — Y are G-homotopy equivalences. Either way, it follows that
X and Y are G-homotopy equivalent.

One of the simplest ways of taking advantage of joins is to form the
join of X with the discrete G-space G itself. This device makes a space
more highly connected while at the same time adjoins only free orbits
of cells of dimensions no more than one greater than those in X.

Lemma 4.2. Let X be a G-CW-complex. If X has dimension n <
oo then X * G has dimension n + 1. If X is acyclic then X x G 1s
contractible. If X s n-connected, for some n > —1 then X x G 1is
(n + 1)-connected.

Remark 4.5. This lemma has the useful consequence that the definition
of the operation H; is unaffected whether it is stated in terms of acyclic
spaces or contractible spaces. If X is a finite dimensional acyclic G-
CW-complex with stabilizers in some class X which contains the trivial
group then X % (G is a contractible space, still finite dimensional, and
the stabilizers again belong to X.

Lemma 4.4. LetY be a G-CW-complex of dimension at mostn < oo.
Then Y can be embedded into an n-dimensional G-CW-complexr Y

which is (n — 1)-connected in such a way that G acts freely outside
Y.

Proof. We can take Y to be the n-skeleton of Y * G # - - - *+ G. Lemma

n

4.2 shows that this has the desired properties. O
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5. ADDING CELLS USING THE HUREWICZ THEOREM

Proposition 5.1. Let X be an (n — 1)-connected n-dimensional G-
CW-complex, where n > 2. Let ¢ : F — H,(X) be a surjective ZG-
module map from a free ZG-module F to the nth homology of X. Then
X can be embedded into an n-connected (n + 1)-dimensional G-CW-
complex X' so that G acts freely outside X and there is a short exact
sequence

0= Hpp (X') = FSH,(X) — 0.

Proof. We briefly sketch the proof. Fix one choice e of generator for
the nth homology H,(S™) of the n-sphere. Given a map f : S™ — X,
there is an induced map f, in homology, and hence we obtain a class
f«(e) € H,(X) which depends only on the homotopy class of f. Thus
there is a well defined G-map

[S", X] = H,(X)

from the set of free homotopy classes of maps S™ — X to the nth
homology of X. It follows from the Hurewicz theorem that this map
is a bijection. Now let B be a basis of F' as a ZG-module. For each
b € B, choose a map b: S®™ — X so that b,(e) = ¢b. Let A denote the
G-set spanned by B. Thus A is a basis of F' as free abelian group and
F' is isomorphic to the permutation module ZA. Since G acts freely
(i.e. semi-regularly) on A, we can define a G-map f: S" x A — X by
f(z,bg) := (bz)g. The space X' is now defined to be the pushout:

S™ x A i) X

{ {

Bl x A — X'
]

Corollary 5.2. Let X be as above. If H,(X) has projective dimension
m < oo over ZG then X can be embedded into a contractible G-CW-
complez of dimension n+m+1 in such a way that G acts freely outside
X.

Proof. Choose a free resolution F, - H,(X) of length m. The result
follows by induction on m using Lemma 5.1 at the inductive step. [J

6. HOMOLOGICAL MATTERS

Groups and modules of type FP,, have been studied in a series of
papers by Cornick and Kropholler, and a number of algebraic results
have been established. Here we need the following variation on one of
these results:
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Proposition 6.1. Let G be an HF-group and let M be a ZG-module.
If M is projective as a Z.H-module for all finite subgroups H of G then
proj. dimy; M < proj.dimy,; B(G,Z).

Proof. This is a special case of a result of Cornick and Kropholler which
has been recorded as theorem 5.7 of [1]. O

This result will enable us to build a contractible G-CW-complex from
some more basic G-CW-complex.

Proposition 6.2. Let G be any group, and let Y be a n-dimensional
G-CW-complex which is (n — 1)-connected, (n > 0). Suppose that Y¥
is contractible for all non-trivial finite subgroups H of G. Then the
nth reduced homology group H,(Y) is projective as a Z.H-module for
all finite subgroups H of G.

Proof. Let H be a non-trivial finite subgroup of G. Let Y’ be the
subcomplex of Y comprising those cells which are fixed by a non-trivial
element of H. Then Y’ can be expressed as the union

Ure
K

where K runs through the non-trivial subgroups of H. Since the family
of YK is closed under intersections and comprises contractible spaces,
it follows that Y’ is contractible. The inclusion of Y’ in Y induces a
short exact sequence

0—C, (Y")=C,(Y)=C, (Y, Y") =0

of chain complexes of ZH-modules. (Here, the notation C is used to in-
dicate the augmented cellular chain complex.) Since Y” is contractible,
we have H;(Y) 2 H;(Y,Y") for each i, where H denotes reduced homol-
ogy, and hence H,(Y,Y"’) is the only non-zero relative homology group

and we have an exact sequence
0— H,(V,Y') = C (YY) = - = Cop(V,Y') — 0.
Now H acts freely outside Y’, and this implies that each relative chain

group C;(Y,Y") is free as a ZH-module. Therefore the above sequence
splits and we conclude that

H,Y,YYeC,..(V,YNe..2C, (YY) Co(Y, Y. ..
so that H,(Y) = H,(Y,Y") is projective over ZH as required. O

In practice, the assumption that Y is (n—1)-connected in this Propo-
sition is not too restrictive, because we can build highly connected
spaces from others by using the join construction, as in Lemma 4.4.
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7. GROUP THEORETIC PROPERTIES WHICH ARE INHERITED
BY WEYL GROUPS

Fix any group G, and let H be a finite subgroup. Here we gather
three results concerning properties of G which are inherited by the
“Weyl group” W := Ng(H)/H. The first two are needed later, while
the third is included for comparison.

Lemma 7.1. If G is an HF-group then so is W.

Proof. Since HJ is a subgroup closed class we may assume without loss
of generality that H is normal in G. There is nothing to prove if G
is finite, so we may assume that G belongs to H,§ for some ordinal
a > 0 and that the result is true for groups in any Hg§ with 8 < a.
Let X be a finite dimensional contractible G-CW-complex in which
each cell stabilizer G, belongs to HgF for some § < a. Now X/H is
acyclic, by theorem III 5.4 of [3] and may be regarded as a G/H-CW-
complex. Moreover, each cell stabilizer in this action is of the form
G.H/H = G,/G, N H for some cell z of X, and hence by induction
(and Remark 4.3), each stabilizer belongs to HF. Therefore so does
G/H. O

For the second result, we need the following preparatory Lemma.

Lemma 7.2. Let P be a projective ZG-module. Then P is a projec-
tive ZW -module.

Proof. Let h = > hem h- Then the map ZGH — Z[H\G] defined by

7Lg — Hg is a bijective ZIWW-map and this establishes the result when
P is equal to ZG. The general case clearly follows. O

Lemma 7.3. proj.dimyy, B(W,Z) < proj.dimy,, B(G,Z).

Proof. Let m = proj.dimy,B(G,Z) and let N = Ng(H).The ZN-
module inclusion of B(N, Z) in B(G,Z) defined by extending functions
to be zero on the complement of N is split by the restriction map
B(G,Z) — B(N,Z). Therefore B(N,Z) has projective dimension at
most m over ZN. Let

0—PF,—--—>P—B(NZ)—0

be a projective resolution. Since B(N,Z) is free as a ZH-module, [10],
this sequence splits over ZH. Therefore taking H-fixed points preserves
exactness of the sequence and produces a resolution of B(N,Z)# =
B(W,Z) of the same length. Lemma 7.2 shows that this is a ZW-
projective resolution as required. O
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Lemma 7.4. If there exists a finite dimensional EG then there is a
finite dimensional EW .

Proof. Let X be a finite dimensional model for EG. Then the H-fixed
point subcomplex X# is a model for EW . O

8. A GENERAL CONSTRUCTION

Suppose given a map f : X — A where A is a discrete poset and X
is a CW-complex. For each A in A, let X (\) denote the preimage of
A. We describe here a general procedure for joining the spaces X (\)
together to make a new space |f|. In effect |f| is similar to the usual
simplicial realization of A except that each face of |A| is replaced by
the join of the spaces X (\) associated to the vertices of that face. In
this way we shall be able to arrange, in the case where there is a group
acting, that |f| has much smaller isotropy groups than |A].

Let A™ denote the set of strictly increasing sequences A := Ay <
-+ < A\, of elements of A, and let X(A) = X (XAg) x --- x X(A,). For
0 < i < n, let d; denote the standard face map from o”~! to o™. For
A e A", let A? denote the sequence in A" ! obtained by omitting the
ith term of A and let m; denote the natural projection from X () to
X(AD). We define |f| to be the quotient space

[T xx ]/~

neN A eA™

where, for each n € N, A € A", v € 0" and z € X ()) we make the
identifications

(div,z) ~ (v, mz)
for 0 <i < n.

Example 8.1. If X = A and f: X — A is the identity map then |f|
is simply the usual simplicial realization |A| of the poset A.

Example 8.2. If A is the set {0, 1,...,n} with the usual ordering then
|f| is the join X (0) * - - - % X (n).

Lemma 8.3. Given two maps f : X — A and f' : X' — A and a map
h:X — X' so that f'oh = f, there is an induced map h, : |f| — |f'|.

Proof. For each A, h induces a map X(A) — X'(A) compatible with
identifications and yielding h., : |f| — [ f'|- O

Corollary 8.4. Given f : X — A, there is always a natural map | f| —
|A| and if each X(\) is non-empty then there exists a map |A| — |f]
and |A| is a retract of | f|.
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Proof. First apply the Lemma with X' being A, f’ being the identity
map and with A = f. If each X()) is non-empty, then we can choose
amap h: A — X so that A()\) € X(A), and the second part of the
Corollary follows by applying the Lemma to this A. O

Lemma 8.5. Suppose given a homotopy H : X x I — X' between
two maps hg,hy and maps f : X — A and f' : X' — A such that
forallt € I and x € X, f'(H(x,t)) = f(z). Then the induced maps
(hO)*a (hl)* : |f‘ - |f,| are homOtopic-

Proof. Let iy and %; denote the inclusions X — X x [ given by z
(z,0) and z — (z,1) respectively, and let f : X x I — A denote the
composition of the projection X x I — X with f. Our construction
is functorial, so that (hg). = H, o (i9)« and (h1), = H, o (i1)., and so
it suffices to prove that (ig), and (1), are homotopic maps from |f| to
|f|. Let jo and 5; denote the inclusions of | f| into | f| x I given by x
(z,0) and = +— (z,1) respectively. By construction each (X x I)(}) is
naturally homeomorphic to X (A) x I"*! and the diagonal map I — ™!
therefore induces a map A, : |f| x I — |f| and we have (i), = A, o jo
and (i1). = A, 07;. Since jo and j; are obviously homotopic, the result
follows. O

The following consequence is immediate:

Corollary 8.6. If each X () is contractible then the natural map |f| —
|A| is a homotopy equivalence.

Our construction is natural, and so behaves well in the presence of
a group action:

Lemma 8.7. If a group G acts on A and X in such a way that f :
X — A is a G-map, then |f| is a G-CW-complex and the natural
map |f| — |A] is a G-map. Moreover, for any subgroup H of G, the
H-fized point space |f|* may be naturally identified with |f¥|, where
fH . X" — A" is the map on H-fized point subspaces induced by f.

Proof. For any subgroup H of G there is clearly a natural inclusion
|fH| — |f|" and it is enough to observe that this is surjective. Given
any element u € |f|¥, there is a least n such that it is represented by
some (v, z) in one of the contributions ¢ x X (). Either n = 0 or v
belongs to the interior of 6™ and in either case it is clear that z must
be fixed by H. O

In practice we shall take advantage of the equivariant form of this
construction in the following way. Let G be a group. If N is a subgroup
of G and X is an N-CW-complex, then we can form the induced space
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X X G. This is a quotient space obtained from the Cartesian product
X X G by making the identifications (zn, g) ~ (z,ng) for z € X,n €
N, g € G. We shall write  x g for the element of X x G represented
by (z,g).

Now let A be a G-poset, and let Ay be a set of G-orbit representatives
for A. Suppose given a G-CW-complex X () for each A € Ay. Define
X to be the disjoint union:

X=X xa,G,
A€EAQ
and let f : X — A be defined by f(z x g) = Ag for z € X(A) and
g € G. Our construction then yields a G-map |f| — |A|.

9. THE PROOF OF THEOREM B
Let G be an HF-group such that both
d = dim |A(G)|
and
m = proj.dimy; B(G,7Z)

are finite. We construct an EG of dimension < D(d, m) where D is
the function introduced in Definition 2.4. For m > 2 the proof is an
induction on d, although the case m = 2 has to be treated in a slightly
different way from the cases m > 3. For m < 1 there are direct proofs.
The base of the induction when d = —1 can be treated uniformly and
we begin with this.

Lemma 9.1. If d = —1 then G has an Filenberg-Mac Lane space
K(G,1) of dimension < D(—1,m).

Proof. When d = —1, G is torsion free and so it follows by applying
Proposition 6.1 to the trivial module Z that G' has finite cohomolog-
ical dimension < m. Hence there is an Eilenberg-Mac Lane space of
dimension m if m # 2 and of dimension 2 or 3 if m = 2. This proves
the Lemma, since by definition, D(—1,m) = m except when m = 2
when D(—1,m) = 3. O

Of course, if G has a finite dimensional Eilenberg-Mac Lane space
then its universal cover serves as an EG of the same dimension, and
hence this Lemma deals with the case d = —1 of Theorem B for arbi-
trary m.

We next consider the cases in which m is large: fix an m > 3.
Assume that d > 0 and that by induction the conclusion holds for
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groups with smaller d. Let Ag be a set of conjugacy class represen-
tatives for the non-trivial finite subgroups of G. For each H € Aq it
is clear that dim |[A(Ng(H)/H)| < d. Moreover Ng(H)/H belongs to
HF by Lemma 7.1 and m' := proj. dimy,y )/ u B(Na(H)/H,Z) is at
most m by Lemma 7.3. Hence by induction we can choose a model
X(H) of E(Ng(H)/H) of dimension < D(dim |[A(Ng(H)/H)|,m') <
D(dim [A(Ng(H)/H)|,m). We can view X(H) as an Ng(H)-CW-
complex with H acting trivially. Following the procedure indicated
at the end of Section 8, we define a space X and a map f: X — A by
taking X to be the disjoint union

H X(H) XNeH) G

HEAO

and defining f by

flzxg)=H
forx € X(H) and g € G. Let Y be the geometric realization | f| of f as

defined in Section 8. Each totally ordered chain Hy < --- < H,, of non-

trivial finite subgroups of G gives rise to a contribution to |f| which is
in effect the join X (Hp) * ---* X(H,). It is clear that dim X (H;) <
D(d—1—1,m) for each 1, and hence, the join X(HO) % X (H,) has

dlmensmnatmostn—i-ZD —1—14,m) <d+ZD —1—i,m)=
1=0 1=0

d+Y (27 (m+1)—1) = 2" —1)(m+1)—1 = D(d,m) — (m+1).
The;(%ore
dimY < D(d,m) — (m+1).

Moreover, the natural map Y — |A(G)| is a homotopy equivalence by
Corollary 8.6. More crucially, for each non-trivial finite subgroup H of
G we have Y = |f#]| ~ |A\(G)?| = |A(G)|¥ by Lemma 8.7, and now
Corollary 8.6 together with Lemma 2.1 show that Y7 is contractible.
Also, G acts on Y with finite isotropy. Applying Proposition 4.4 with
n = max{dimY, 2}, Y is embedded into a G-CW-complex Y in such
a way that G acts freely outside Y and so that Y is n-dimensional
and (n — 1)-connected. The choice of n guarantees that Y is at least
simply connected. Note that for any d > 0, D(d,m) — (m + 1) >
D(0,m) — (m+1) =m >3, and so dimY = n < D(d,m) — (m + 1).
Moreover, since Y and Y have the same singular part, it follows that
Y inherits the property that the fixed point sets of non-trivial finite
subgroups are contractible. Therefore, by Proposition 6.2, H,(Y) is
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projective as a ZH-module for all finite subgroups H of G, and hence
by Proposition 6.1, it has projective dimension < m. Using Proposition
5.2, we can add free orbits of cells to Y so that it is embedded into an
EG of dimension dimY +m + 1 < D(d, m), as required.

The proof is essentially the same when m = 2, save that by allowing
for the possibility that there are groups of cohomological dimension
2 which do not have 2-dimensional Eilenberg-Mac Lane spaces, the
formula for the bound D(d, m) is slightly different. We leave the reader
to check that each step of the above argument carries through with the
new bound as with the old.

This leaves only the cases m = 0 and m = 1. If m = 0 then B(G, Z)
is projective: but it also contains a copy of the trivial module (as the
constant functions) and therefore G is finite, in which case we take EG
to be a one point space. The case m = 1 is much more interesting. In
this case, Talelli has proved [11] that G is the fundamental group of a
graph of finite groups by using the Dicks-Dunwoody Almost Stability
Theorem. Hence G acts on a tree with finite vertex and edge stabilizers,
and this tree serves as a 1-dimensional EG.
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