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ABSTRACT. We define cohomology groups f]"(G; M), n € Z, for an arbitrary
group G and G-module M, using the concept of satellites. These cohomology groups
generalize the Farrell-Tate groups for groups of finite virtual cohomological dimension
and form a connected sequence of functors, characterized by a natural universal
property.

The classical Tate cohomology groups of finite groups have been generalized to
larger classes of groups by several authors ([BC|, [F], [GG], [I]). The definition of
Benson and Carlson in [BC] makes sense for an arbitrary group, but no formal
properties are discussed there. We propose here a different definition for Tate
cohomology groups for an arbitrary group G' and G-module M, which takes the
form

H™(G; M) = h_r)nS_jH"Jrj(G; M)
>0

with S™7H"™*J(G;?) denoting the j-th left satellite of the functor H™*7(G;?).
These general Tate groups are shown to agree, if applicable, with the ones obtamed
by the various generalizations mentioned above. The family H®* = {H"(G;?);n €
7.} forms a connected sequence of functors and is as such characterized by a nat-
ural universal property, which identifies it with what we call the completion with
respect to projective modules, or short, the P-completion of ordinary cohomology
(cf. section 3).

In the first section we recall, to fix our terminology and notation, some basic facts
on satellites. Section two is devoted to an axiomatic description of the P-completion
of a cohomological functor, leading to our definition of the general Tate groups. In
section three we compare the definition to various other ones and discuss a few
examples. Section four contains a detailed comparison with the definition proposed
by Benson and Carlson.

We thank Karl Gruenberg for enlightening discussions concerning the concept of
projective completion for connected sequences of functors.
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Section 1 : Satellites

The basic references here are [CE] and [HS]. We will quickly review the facts of
which we make use. Let A be an associative ring with 1 and M a (left) A-module.
We write FM for the free A-module on the underlying set of M, and QM for
the kernel of the obvious map FFM — M. If T denotes an additive functor from
A-modules to abelian groups, then

STIT(M) = ker (T(QM) — T(FM))

defines a new additive functor ST, the left satellite of T. For n > 1 one defines
inductively S™T = S~1(S™"H1T) and Q"M = Q(Q"!M) with the convention
that ST = T and Q°M = M, respectively. Each short exact sequence of A-modules
A" — A — A" gives rise to a connecting homomorphism ST (A4") — S~ 1T (A’),
n > 0, in such a way that in the long sequence

oo STTA - S "TA — ST"TA" - S~ FTA — ... 5 TA",

the composition of any two consecutive homomorphisms is zero. Thus the fam-
ily SSOT = {S~"T;n > 0} forms a connected sequence of functors. Obviously,
S=1T(P) = 0 for all projective modules P, because QP — FP is a split monomor-
phism. As a result, one has for general M and n > k > 0 natural isomorphisms

(1.1) STNTM = S~ TRTQF M.

A connected sequence of functors V<0 = {V=":n > 0} is called of cohomological
type, if the long sequence

s VTPA S VTPA S VA s VA 5 V04

associated with any short exact sequence A’ — A — A", is exact; in the terminology
of [GG] such a V=0 is called a (—o0, 0)-cohomological functor. For instance, if T is
additive and half exact, then S<OT is of cohomological type (cf.[CE]). Any natural
transformation ¢ : U — V of additive functors extends uniquely to a morphism
$<C : SSOU — SOV of connected sequences of functors. More generally, if V<°
is any connected sequence of (additive) functors, then any natural transformation
¢ : VO — VO extends uniquely to VS0 — S<OV: in particular, by taking for 1
the the identity of V°, one obtains a morphism V=% — SS9V which we call the
canonical one. The connected sequence of left satellites of a half exact functor can
be characterized as follows (cf.[CE], II115.2).

Theorem 1.2. Let US? and V=C denote connected sequences of (additive) functors
and ¢°: U° — VO a natural transformation. If V=0 is of cohomological type and
satisfies V="(P) =0 for all n > 0 and all projective P, then the following holds:
(1) ¢° extends uniquely to < : US? — V=0 and ¢=0 factors uniquely through
the canonical morphism U0 — §<07°
(2) if U° is half exact and ¢° is an equivalence then the induced morphism
SO0y 5 V=0 s an equivalence.
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Section 2 : P-complete functors

We will follow the terminology of [GG] and call a connected sequence of additive
functors T* = {T";n € Z} a (—oc, +00)-cohomological functor, if the long sequence

e TPA S TA - TPA” - THIA —

associated with any short exact sequence A’ — A — A” of A-modules is exact. A
typical example is given by ordinary cohomology H*={H"(G;?);n € Z}, with the
convention that H™(G;?) =0 for n < 0.

Definition 2.1. A (—o00, +00)-cohomological functor T* = {T™;n € Z} is called
P-complete, if T"(P) = 0 for every n and every projective module P. A morphism
U* — V* of (—oo,+00)-cohomological functors is called a P-completion, if V*
1s P-complete and if every morphism U®* — W* into a P-complete cohomological
functor W* factors uniquely through U® — V°.

If G is a finite group, then the classical Tate groups H® = {fI”(G; ;n € 7}
form a P-complete cohomological functor and the natural morphism H® — H*
is a P-completion (see also 3.1). More generally, if the (—oo, +00)-cohomological
functor U® admits a “terminal completion” U® — V* in the sense of [GG] then it
follows that U® — V'® is a P-completion (we will discuss this in section 3). Since
not every U® admits a “terminal completion”, one can, in view of the following
theorem, think of the P-completion as a natural generalization of the “terminal
completion” of [GG].

Theorem 2.2. Fvery (—oo, +00)-cohomological functor T®* = {T™;n € 7} admits
a unique P-completion 7 : T®* — T*°.
Proof. For every n € Z we can form the (—oo,n)-cohomological functor S<OT™

which extends to a (—o0, +00)-cohomological functor 7°(n) by putting

. Si—nTn ifj<n
(2.3) Tiny =1 . L
T, if j > n.

The identity transformation T — T™ extends uniquely to T<" — S<0T™ and we
extend it further to 72 : T* — T*(n) by putting 77 = Idp; for j > n. Similarly, for
any m > n the identity 7™ — T™ extends uniquely to a morphism 75, : T*(n) —
T*(m) satisfying TT{m = Idy; for each j > m. We define now

T = h_r)n{T' (n); Thm}-
Because 7, ,,, o 75 = 75, for m > n, we obtain a natural morphism

T‘Zli_ﬂ)lT;:T.—)T..

The exactness of lim implies that 7 is a (—c0, +00)-cohomological functor. By
our definition, we have for any M
TI(M) = lim S~FT7+F (M)
k>0
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so that for P projective T9(P) = 0 for any j, because S~*T71k(P) = 0 for k > 0.
Thus 7 is P-complete. For the universal property of 7® consider T* — V* with
V*® a P-complete (—o00, +00)-cohomological functor. Then each T™ — V™ extends
uniquely to SSOT™ — SS0V™ and SSOV™ = V<0 by (1.2). In this way we obtain
for each n a unique morphism 7*(n) — V* factoring T* — V*® as T* — T*(n) —
V*. As a result, T* — V* factors uniquely through 7°. The uniqueness of the
P-completion is a consequence of its definition.

The following two lemmas are useful for computations.

Lemma 2.4. If T* is a (—o00,+00)-cohomological functor and ny € Z satisfies
T™(P) =0 for all n > n, and all P projective, then 7" (M) : T"(M) — T™(M) is
an isomorphism for all n > ng and T*® is naturally equivalent to T*(n).

Proof. Because T™(P) = 0 for P projective and m > ng we have, similarly as
n (1.1), for all n > ng and all k¥ > 0 natural isomorphisms S—FT"+k (M) =
THE(QFM), and also T"T*(QEM) = T™(M). As a result,

T"(M) = lim S~ (M) 2 T"(M).
k>0

For n > n,, T*(n) is P-complete and thus T® — T*(n) induces T — T*(n), which
is inverse to the natural map T*(n) — T'°.

Lemma 2.5. If¢* : T* — V* is a morphism of (—oo, +00)-cohomological functors
with V* P-complete and if ¢"™ : T™ — V™ is an equivalence for n > n,, then the
induced morphism T® — V'® is an equivalence.

Proof. We apply a “dimension shifting” argument as follows. Since T* and V* are
P-complete, they satisfy for any k& € Z and any M

TF(M) = TFY(QM), VF(M) = VFLH(QM).

Thus it suffices to show that 7% — V¥ is an equivalence for k > ng. As T* (P)=0
for k > ng, we know from (2.4) that T% = T* for k > ng, and the conclusion
follows, since ¢* is an equivalence for k > ng.

Section 3 : Examples

Let G be an arbitrary group and consider the (—oo, +00)-cohomological functor
H* = {H"(G;?);n € Z} given by ordinary cohomology with H"(G;?) = 0 for
n < 0. Tt has a P-completion H®* — H*® and we call the associated groups H"(G; M)
the n-th Tate cohomology groups of G with coefficients in the G-module M. Thus
for any n € Z,

H™(G; M) = lim S~FH*"(G; M),
k>0

and the morphism H® — H* into Tate cohomology is universal with respect to mor-
phisms H® — V* into P-complete (—oo, +00)-cohomological functors V*. These
Tate groups generalize the classical Tate groups for finite groups. More generally,
the following holds.
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Lemma 3.1. Let G denote a group of finite virtual cohomological dimension. Then
the P-completion of H* = {H™(G;?);n € Z} is naturally equivalent to Farrell
cohomology.

Proof. Consider the natural morphism H® — F°® from ordinary cohomology to
Farrell cohomology F*®. Since F'*® is a P-complete (—o0, +00)-cohomological functor
and since H™ — F™ is an equivalence for n > ved(G), we infer from (2.5) that
H* ~ Fe.

If G is a group such that for some integer ny one has H™(G; P) = 0 for for all
n > ng and all P projective, then H®* = {H"(G;?);n € Z} admits a “terminal
completion” T in the sense of [GG] which is given by a morphism H® — T
such that H™(G;?) — T™ is an equivalence for n > ng, and T'® is actually given by
H*(ng) (loc. cit.); since H®*(ng) is P-complete, the natural morphism H*® (ng) — H*
is an equivalence by (2.5), and the “terminal completion” T is therefore naturally
equivalent to the P-completion H®.

It is clear from the definition of the P-completion that for an arbitrary group G
the following two conditions are equivalent:

(i) H*(G;?) — H*(G;?) is an equivalence

(i) H™(G; P) = 0 for all n and all projective P.
There are indeed examples of groups satisfying these conditions. In [BG] a finitely
presented group of type F P, satisfying (ii) is described. It is easy to check that
an infinite free abelian group of countable rank satisfies the condition (ii) too. The
following theorem provides further examples, which might help to understand the
cohomology of GI,,(Q) with [Fp-coefficients, a problem which is closely related to a
conjecture of Friedlander and Milnor [M].

Theorem 3.2. Let K C Q be a subfield of the algebraic closure of the rational
numbers and let 7 > 1. Then the P-completion

H*(Gl;(K); ?) — H*(Gl;(K);?)

1s an equivalence.

Proof. We can write K as a countable union | Og, (K;) with each K; C K a number
field and Og, (K;) C K; the ring of S;-integers, S; a finite set of primes of K;, and
i € N. Without loss of generality we may assume that Og, (K;) C Os,,, (Kit1) for
all . Note that ved(Gl;(Os,(K;)) = n; < oo and lim;_,o,n; = 0o. Let P be a
projective G = Gl;(K)- module. We obtain then a short exact sequence

(3-3) %Iﬂn_l(GZj(OSi (Kq)); P) — H™(G1;(K); P) — %H”(Glj(osi (K4)); P)

By a result of Borel and Serre ([BS]) the groups Gl;(Og,(K;)) are virtual duality
groups of dimension n; = ved(Gl;(Og, (K;)), and therefore

H™(Gl;(0s,(K;)); P) = 0 for m # n;.

Since lim;_,o, n; = oo we infer from (3.3) that H"(Gl;(K); P)=0 for all n, proving
our assertion.
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Section 4 : A comparison with the Benson-Carlson groups.

Let G denote an arbitrary group and M, N be two G-modules. The group of pro-
jective homotopy classes [M, N] is, by definition, the factor group of Homg(M, N)
modulo the subgroup consisting of those G-homomorphisms M — N, which may
be factored through a projective module. The functor 2 induces a homomorphism
[M,N] — [QM,QN] and one can define functors BC™(G;?), n € Z, by putting

BC™(G; M) = lim [Qrtr7, QF M.
k,k+n>0

It was observed in [BC] that for groups G of finite virtual cohomological dimension
one has BC™(G, M) = H™(G; M), which are just the Farrell cohomology groups. To
deal with the case of an arbitrary group G, we first define a natural transformation
H"(G;?) — BC™(G;?). If one uses for the definition of H™(G;?) the projective
resolution

(4.1) s PP Pl . PY 7

with sm(P™ — P"~1) = Q"Z, n > 1, then we see that there is a natural surjective
homomorphism
H"(G; M) — [Q"Z,M], n > 0.

Passing to limits, one obtains a surjective map

(4.2) lim H" R (G;QFM) — lim [Q"T*Z, QF M|
ki) k> in]

which is well-defined for any n € Z. Note that the image of the connecting homo-
morphism H"t*(G; QFM) — H"TrE+1(G; QF+1 M) associated with the short exact
sequence Q¥ M — FQF M — QFM is, by definition, equal to STLH"T*+1(G; QF M)
and, by shifting dimensions, STYH"t*+1(G; QF M) = S~k H"+++1(G; QM) so that

(4.3) lim H™ (G QF M) = BTG QM).
k2|n|

Using the natural isomorphisms H™(G; M) = H"1(G;QM), we see that (4.2)
together with (4.3) gives rise to a surjection, natural in M,

0™(G; M) : H"(G; M) — BC™(G; M),

which is defined for every n € Z.

Theorem 4.4. The natural transformations 0™(G;?) : H™"(G;?) — BC™(G;?) are
equivalences for all n € Z.

Proof. Only the injectivity of §™(G; M) needs still to be checked. Let T € fI"(G; M)
be in the kernel of §™ so that it may be represented by an 7 € H"**(G; QF M) for
some n + k > 0 such that the image of T in [Q"t*Z, Q*M] is zero. Using the
resolution (4.1) we can represent Z by a cocycle = : Pk — QFM | which factors
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through Q*"**7Z c Pntk=1  yielding a representative y : Q"**Z — QFM of the
image of T in [Q"T*Z, QFM]. Consider the commutative diagram

Pn+k+1 ; Qn—}-kz—}-lZ ; Pn—l—k \ Qn—}-kz

g Jos | l»

QktINyf ——— QM — 5 FOFM ——— QFM.

Since by our assumption y factors through a projective module, it may be fac-
tored through FQ¥M — QFM. But this implies that Qy may be extended over
Qntk+lz — Ptk and thus the cocycle z representing 67 € H*HE+1(G; QFF1 M) is
actually a coboundary. Therefore = 0, proving the theorem.

Remark. By transport of structure, one can use the equivalences of (4.4) to define
a (—o0, +00)-cohomological functor BC® = {BC™(G;?);n € Z}, equivalent to the
P-completion of ordinary cohomology. The resulting connecting homomorphisms,
associated with short exact sequences A’ — A — A", correspond then to maps
BC"(G; A") — BC™t1(G; A') induced from the obvious maps [Q"T*Z, QFA"] —
[Qntk+17, Ok A’]) which are defined as soon as n + k and k are both > 0.
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