ON THE YAGITA INVARIANT OF MAPPING CLASS GROUPS

H. H. GLOVER, G. MISLIN AND Y. XIA

March 1993

ABSTRACT. Let I denote a group of finite virtual cohomological dimension and p a
prime. If the cohomology ring H*(I';Fp) has Krull dimension one, the p-period of
I is defined; it measures the periodicity of H*(T;Fp) in degrees above the virtual
cohomological dimension of I'. The Yagita invariant p(T") of I is a natural general-
ization of the p-period to groups with H*(T;Fp) of Krull dimension larger than one.
We compute the Yagita invariant p(I'g) for the mapping class group I'y with respect
to an arbitrary odd regular prime p.

Introduction

The mapping class group I'y is defined to be the group of path components of
the group of orientation preserving diffeomorphisms of an oriented closed surface
S, of genus g. In this paper, we study for a given prime p the Yagita invariant
p(I'g), which is defined as follows (see [Y] for the case of finite groups and [T] for
more general groups).

Let I" be a group of finite virtual cohomological dimension and = C I' any sub-
group of prime order p. It is well known that the image Im(H*(T'; Z) — HF(m;Z))
of the restriction map in cohomology is non-zero for some degree k > 0. Because
the natural map H*(m;Z) — H*(m;F,) maps onto Fp[u] C H*(m;F,) with u a
generator in H?(m;F,), there exists a maximum value m = m(w) such that

Im((H*(I';Z) — H*(m;Fp)) C Fplu™] C H*(m; Fp) .

It is easy to see (cf. Lemma 1.1) that the possible values m(w) are bounded by a
number depending on T" only. The Yagita invariant p(T") of T' with respect to the
prime p is then defined to be the least common multiple of values 2m(w), where
7 ranges over all subgroups of order p of I'. We use the convention that p(I') =1
if ' is p-torsion free. The invariant p(I") agrees with the p-period of a p-periodic
group (i.e., a group with p-periodic Farrell cohomology groups, see [X1] and [X2]
for a discussion of that concept) and, as it is the case for the p-period, the Yagita
invariant p(T') divides 2(p — 1)p*, for some k > 0 (see Section 1).

The interest in p(I') stems from the fact that it provides a lower bound for the
dimension of a complex, which admits a certain type of action of I' (see [Y] for
the case of finite groups). For instance, one checks easily that if I' acts properly
discontinuously on R® x (S™)* and trivially on H*(R" x (S™)*;Z), in a way that
the stabilizer of any point z € R™ x (§™)* is a p-torsion free group, then m +1 is a
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multiple of the Yagita invariant p(I"). We will discuss a variation of this in Section
4.

The mapping class group I'y is never 2-periodic for g > 1. For an odd prime p
and p-periodic I'y we completely determined the p-period in [GMX]. We recall that
for an odd prime p and genus g # 1 mod p, I'y is always p-periodic; thus we will
only need to be concerned with the case ¢ = 1 mod p in the sequel. We have a
complete result in case p is an odd regular prime, and partial results for general
primes (recall that a prime p is called regular if p does not divide the class number
of the cyclotomic field Q(exp(27v/—1/p)); the smallest irregular prime is 37). It is
convenient for what follows to employ the following terminology.

Definition. Let p be a prime. We say that an integer g satisfies the (p)-condition
if and only if g is of the form Ip® + 1 with | prime to p, a > 0, and 2l = p(2h —
2) 4+ k(p — 1) for some integers h > 0, k > 0 with k # 1.

Our main result is the following.

Theorem 1. Let p be an odd regular prime and assume that g = Ilp® + 1 with |
prime to p and a > 0. Then the Yagita invariant p(I'y) is determined as follows.

(i) If g does not satisfy the (p)-condition, then p(Ty) equals 2(p — 1)p*~1.
(ii) If g satisfies the (p)-condition, then p(I'y) equals 2(p — 1)p®.

For the case of a general odd prime, we have the following partial results, which
underline the role of the (p)-condition.

Theorem 2. Let p be an odd prime and g = Ip® + 1 with | prime to p and o > 0.
Then the following holds.
(i) p(Ty) has the form 2(p — 1)p* or 2(p — 1)p*~*.
(ii) If g satisfies the (p)-condition, then p(I'y) = 2(p — 1)p®.
(iii) If1 <2l <p—1 then p(Ty) =2(p — 1)p*~ L.

Remark 1. For a fixed prime p and a > 0 there are obviously only finitely many
genera g of the form [p*+1 with [ prime to p which do not satisfy the (p)-condition.
Thus, we can think of (ii) in Theorem 2 as the generic case.

Remark 2. 1f the Krull dimension of H*(I'y; F,) equals one so that I'y is p-periodic,
and if we assume g of the form Ip® + 1 with  prime to p and « > 0, then the (p)-
condition does not hold for g. This can be seen by comparing the (p)-condition with
the formula for the Krull dimension for I'y as stated in ([B]). Moreover, « is then
necessarily equal to 1 (otherwise the Krull dimension is larger than 1 by [B]), and
we recover the formula p(T'y) = 2(p — 1) of [GMX] for that case. The finite set of
values [ prime to p for which g = Ip+1 gives rise to a p-periodic I'j was determined
in an explicit way in [X3], where it is proved that I'j,41 with | prime to p is p-
periodic if and only if I + 1 is prime to p and the interval [(2/43)/p, (21+2)/(p—1)]
does not contain an integer. The reader can then easily check that the smallest
genus ¢ for which there is an odd prime such that the Yagita invariant is not given
either by [GMX], Theorem 1 or Theorem 2 is g = 1296 = 35 - 37 + 1.

Remark 3. From Lemma 2.2 it will become obvious that the (p)-condition has a
geometric interpretation as follows. If p denotes a prime and g = Ip® + 1 with [
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prime to p and o > 0 then g satisfies the p-condition if and only if I'; contains
a cyclic subgroup C of order p®*! such that C lifts to an action on S, with all
stabilizers of order < p; note also that the C' action on S, cannot be free, since
g — 1 =Ip® is not divisible by p®+!.

The remainder of this paper is organized as follows. In Section 1 we provide
some basic facts about the Yagita invariant and establish rather crude lower and
upper bounds. In Section 2 we recall the definition of the fixed point data of an
element of finite order in the mapping class group I'y and develop a technique of
moves, which requires the prime in question to be regular. The mowves are used
in Section 3 to study representations of subgroups of order p of I'; on the space
of holomorphic differentials of a Riemann surface of genus g. As a result, we will
obtain precise lower bounds for I'y. Using the action of I'; on a suitable submanifold
of the Teichmiiller space of surfaces of genus g we establish in Section 4 an upper
bound for I'j and use it to determine sharp upper bounds in Section 5, completing
the proofs of the Theorems 1 and 2.

We would like to thank R. Swan for providing the proof of Proposition 2.3.

Section 1 : Some basic facts concerning the Yagita invariant
Our first lemma provides an upper bound for the Yagita invariant p(I) .

Lemma 1.1. Let p be a prime and I' a group of finite virtual cohomological di-
mension, which has p-torsion. Let G denote a finite factor group of I' such that
the kernel of the projection I' — G 1is p-torsion free. Then the Yagita invariant
p(T') divides 2(p—1)p*~1, where p* denotes the largest power of p which divides the
order of G.

Proof. We consider the regular representation p : G — Gl g|(C) of the finite group
G. If we restrict p to a subgroup 7 of order p in G, then p|r is of the form sp*~lo
where s is prime to p and o denotes the regular representation of w. Since the
total Chern class c¢(o) in H*(w;Z) has the form 1+ ¢,_1(0) with ¢p,_1(0) # 0, we
see that c(,_1)ps—1(p) restricts to scp_l(a)pk_l, which is non-trivial in the integral
cohomology of . Therefore, the Yagita invariant of the factor group G must divide
2(p—1)p*~1. But every subgroup of order p in I'y injects into G' via the projection,
and therefore viewing p as a representation p of I', its Chern class ¢, _qypr-1 (p) will
restrict non-trivially to any subgroup of order p in I', showing that p(I") divides
2(p — 1)p*~1 too.

7

It is often possible to improve on the power of p in the upper bound of p(I') as
follows.

Lemma 1.2. Let p be a prime, I' a group of finite virtual cohomological dimension,
and assume that p : T — Glg(C) is a representation of degree d such that p does
not have any element of order p in the kernel.

(i) Ifd < p™ then p(T') divides 2(p — 1)p™".

(ii) If p(I) € G13(Q) and d < (p — 1)p™ then p(') divides 2(p — 1)p™ 1.

Proof. We know already that p(I') divides 2(p — 1)p™ for some n. If we were not
able to choose n = m — 1, then there would exist a subgroup = C I' such that
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the restriction map H*(I'; Z) — H*(m;Z) is zero for 0 < x < 2p™. But, assuming
d < p™, one would infer for the total Chern class c(p|m) equals 1. This is a
contradiction, since p is faithful when restricted to = . In case p(I') C Gl4(Q) , all
non-zero Chern classes of p|7 lie in degrees of the form 2(p — 1)p, see ([EM]), and
thus it suffices to assume d < (p — 1)p™ to conclude that some Chern class of p|m
is non-zero in the range 0 < x < 2p™.

Applying this to the case of the mapping class group I'y we obtain the following
upper bound for the Yagita invariant.

Lemma 1.3. Let p be an arbitrary prime and 0 < 2g < (p — 1)p™. Then p(Ty)
divides 2(p — 1)p™~1.

Proof. We consider the natural action of I'y on H(S,; Q) which defines a represen-
tation p : I'y = Glag(Q) with torsion-free kernel. The result then follows from (ii)
of Lemma 1.2.

It is plain from the definition that the Yagita invariant for a subgroup of T’
divides p(I'). We can therefore find lower bounds for p(I') by looking at suitable
subgroups of I'. This leads to the following useful lemma.

Lemma 1.4. Let w be a cyclic subgroup of p-power order of I, with p an odd prime.
If we denote by C(m) (respectively N(m)) the centralizer (respectively normalizer)
of m in T' then p(T'y) is a multiple of 2[N(r) : C(m)].

Proof. Let W be the cyclic group N(m)/C(7). The image of the restriction map in
cohomology H*(I';Z) — H*(m;7Z) maps into the subring of W-invariant elements,
which is of the form Z[z™]/(p¥x™), where € H?(m;Z) denotes a generator, m =
|W| the order of W, and p* the order of 7. The result then follows readily.

As an application of Lemma 1.4, we deduce the lower bound (i) of Theorem 2 of
the introduction.

Lemma 1.5. Let p be an odd prime and assume that g is of the form lp® + 1 with
I prime to p and o > 0. Then p(Ty) equals 2(p — 1)p? for some B> o — 1.

Proof. We know from Lemma 1.1 that p(I'y) divides 2(p — 1)p™ for some n > 0.
If g = Ip® + 1 with [ prime to p, the surface S, is a p*-fold regular (unbranched)
covering space of S, where h = [ + 1, with cyclic covering transformation group
generated by a map f: S, — S,. Since f acts freely, it is conjugate in Diﬁeo+(5’g)
to f7 for any j prime to p ([N], see also Lemma 2.1 below). The subgroup A C T,
generated by the image of f in I'y has order p® and N(A)/C(A) is isomorphic to
the full automorphism group of A = Z/p® which has order (p — 1)p®*~1 (see also
Lemma 2.1 below). Therefore, using Lemma 1.1 and Lemma 1.4, the result follows.

Comparing the lower and upper bounds for the Yagita invariant of the mapping
class group, we obtain part (iii) of Theorem 2 of the Introduction.

Corollary 1.6. Let p be an odd prime and g = Ip® +1 with 1 < 2l < p—1 and
a > 0. Then the Yagita invariant p(T'y) equals 2(p — 1)p®~1.

Proof. Since 2g = 2lp® +2 < (p—2)p* + 2 < (p — 1)p® we infer from Lemma 1.3
that p(I'y) divides 2(p — 1)p®*~*. On the other hand Lemma 1.5 shows that p(Ty)
is a multiple of 2(p — 1)p®~1.
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Section 2 : Fixed point data and moves

A basic invariant of an orientation preserving diffeomorphism f of S, of period
n > 1 is its fixed point data. It is defined as follows. Since f preserves orientation,
the singular set of f is necessarily discrete in S,. Let {z;} be a set of representatives
of the singular orbits of f and write ; for the order of stabs(x;), the stabilizer of f
at z; € Sg. Then e generates stabs(z;) and, with respect to a fixed Riemannian
structure, the differential of f™/® acts faithfully by rotation on the tangent space
at ;. Let §; be an integer such that f%"/® acts by rotation through 27 /a;. The
number 3; is well defined modulo «a;, and (; is prime to «;. The fixed point data
of f, denoted 0(f), is then the collection

(S(f) =< g,n\ﬂl/al,...,ﬂq/aq >

where g is the genus of the surface Sy, n the order of f, and ¢ the number of singular
orbits of the f-action; the numbers 1/, ..., B;/®, are unique up to order, if we
consider them as elements in Q/Z.

A classical theorem of Nielsen [N] states that two diffeomorphisms of finite order
are conjugate in Diﬂeo+(Sg) if and only if they have the same fixed point data.
Symonds [Sy] proved that the fixed point data of a diffeomorphism of finite order
depends only upon its isotopy class, and thus is well defined for an element of finite
order of the mapping class group I'y; we will thus write () for the fixed point data
of an element of finite order x € I'y. He also shows that the Nielsen Theorem is
still true for the mapping class group I'y, that is, two elements of finite order in I,
are conjugate if and only if they have the same fixed point data. As an immediate
consequence, one can deduce the following.

Lemma 2.1. Suppose that f € Diﬁeo+(Sg) has finite order n and acts freely on Sg.
Denote by x the image of f in T'y. Then the index [N (x) : C(z)] of the centralizer
of x in its normalizer equals ¢p(n), ¢ the Euler function.

Proof. Indeed, all the generators of the cyclic group < z > generated by z have the
same fixed point data § =< g,n| > and are therefore conjugate in I'y. Thus N(x)
maps onto the automorphism group of < x >, with kernel C(z), and the result
follows.

The well-known techniques on realizing fixed point data lead to the following
result, of which we sketch the proof for the convenience of the reader.

Lemma 2.2. Let p be a prime and B, ..., B, integers prime to p. Then the col-
lection

< g,p"| B1/p", ..., By/P" >

can be realized as the fized point data of an element of order p* in Ty if and only if
the following three conditions are satisfied.

(i) 3 B;/p% is an integer .
(ii) The Riemann-Hurwitz formula 2g — 2 = pt(2h — 2) +p* >_ (1 — 1/p’) holds
for some h > 0.
(iii) If h =0 in (ii), then t = max(t1,...,1q).
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Proof. Suppose the given collection is the fixed point data of some z € Ty, repre-
sented by the diffeomorphism f of Sy of order p*. Then there is a branched covering
Sy — Sp with set of branch points {y1,...,y,} C Sp and group Z/p’, giving rise
to a regular covering

Sg\ﬂ-_l{yla-'qu} — Sh\{yla"'ayq}a

which induces a short exact sequence

(S \ 7 Hyts s ygd) = 1Sk \ (1,5 0a)) 2< f > L/

Note that
h
T (S \{y1, .-, ¥q}) =< a1,b1,...,ap,bp, 21, ..., 24| H[ai,bi]xl...xq =1>
=1

and d(z;) = fPP" " for 1 < i < q. Therefore (i) is true since the map 8 preserves
the relation H?Zl[ai,bi]xl ...zq = 1. By calculating the Euler characteristics of
Sy \ ™ Hy1,.-.,yqt and Sp \ {y1,...,y,} one gets (ii), and (iii) follows from the
surjectivity of the map 0. Conversely, given (i), (ii) and (iii) we begin by construct-
ing a surjective homomorphism

0 :mi(Sp\{y1s---,9q}) = Z/p"

such that d(x;) is a suitable element of order p*i for 1 <7 < ¢. This can be done, if
h > 0, by putting 0(a1) = 0(b1) =1, d(a;) = 0(b;) =0 for 2 < ¢ < h, and O(z;) =
Bipt~t for 1 < j < ¢q. In case h = 0, we still put 9(z;) = B;pt~% for 1 < j < gq.
The condition (iii) then guarantees that the map 0 is surjective. The kernel of J
defines a p’-sheeted regular covering S, \ {z1,...,2:} — Su \ {v1, ..., yq}, giving
rise to a branched covering S, — Sy, with covering transformation group generated
by a diffeomorphism with the desired fixed point data.

Note that given an element z € I'j of order p’, one can determine the fixed point
data §(x*) from §(z) =< g,pt|B1/p",...B1/pt* > as follows. When k is prime to
p then

5(z%) =< g,p" [1B81/p", ..., 1Bg /P >

where [ is a multiplicative inverse of £ mod pt . When k is a multiple of p, say
k = mp®, with m prime to p, the subgroup generated by k in Z/pt is naturally
isomorphic to Z/p'~% by mapping k = mp® to m in Z/p*~*. If we write n for a
multiplicative inverse of m mod pt~*% then
5($mps) =< gapt_s‘Al,l,---aAl,mu'"?A(Ll"“’A‘Lmq > 1 S i S q’l SJ S mi,
where the A; ; correspond to f3; in §(z), m; = p™n(&t=t) and A; ; = ng;/pmin(t—s:ti)
for 1 < j <m,.

For example, if

§(x) =< 183,81 |11/81,14/81,1/27,1/9,1/3 >
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then
(5(:641) =< 183,81(22/81,28/81,2/27,2/9,2/3 >

§5(x%) =< 183,27|11/27,14/27,1/27,1/27,1/27,1/9,1/9,1/9,1/3,1/3,1/3 >
§(z°) =< 183,912/9,5/9,1/9,1/9,1/9,1/9,1/9,1/9,1/9,
1/9,1/9,1/9,1/9,1/9,1/3,1/3,1/3,1/3,1/3,1/3,1/3,1/3,1/3 >

and so on.

The following proposition, which will be used repeatedly later on, was suggested
to us by an explicit computation with the help of a computer program. The actual
proof as presented below was communicated to us by R. Swan ([Sw]). For an integer
n and a fixed prime number p we will use the notation n to denote the unique integer
satisfying 0 < n < p and n =n mod p. We will also write < r > for the fractional
part of a number r € Q, so that » = [r]+ < r >, with [r] the integral part of r.
Note that for any n € Z one has 7 = p < n/p >=n — p[n/p].

Proposition 2.3. Let p be an odd prime and consider the integral (p—1)/2 x (p —
1)/2 matrix A = (a;;) whose (i,j) entry a;; is defined to be p if i =1, and ij if
2 <i<(p—1)/2. Then the matrix A is non-singular. Moreover, the entries of
the matriz pA~' are rational numbers which have, in reduced form, no p in the

denominators if and only if p is a reqular prime.

Proof[Sw]. For p < 5 the claim is easily checked directly. If p > 5 we proceed as
follows. By subtracting each column of A from the next one we get a matrix B
which, after subtracting the second column of B from the first one, takes the form

P 0 0 0
0 2 2 e 2
c=10 3
Qi — Q51
0 (p—1)/2
Now a;; —a;j—1 =tj —plij/p] —i(j — 1) + pli(j — 1)/p] = i — pe, j, where
eij =[tj/pl -G -1/pl, 3<i,j<(p—1)/2

are the entries of a (p —5)/2 x (p — 5)/2 matrix E. Subtracting the second column
of C from the rest reduces C' to

P 0 0 ... O
0 2 0O ... O
D=120 3
—pE
0 (p—1)/2
with
(p_l 0 0 O\
0 2-1 0 0
. 0 f3,2

D™ = 0 faz

. . Lipa

K 0 fop-1)/2,2 ! /
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The last (p — 5)/2 entries of the second column of D™! are given by

f3,2 3
fa2 R
: 2p :
f(p—l)/2,2 (p—1)/2

and pD~! has no p in the denominators if and only if det E is prime to p. By [CO],
det E = £h;, where h; is the first factor of the class number of Q(exp 2mv/—1/p).
But Kummer showed p is regular if and only if p does not divide h;.

The following lemma is immediate and we state it without proof.

Lemma 2.4. Suppose we are given a prime p and an integral linear system
(L) Az =1

such that

(i) A € M,(Z) has non-zero determinant,
(ii) b=0 mod p?,
(iii) pA™Y in reduced form has the property that the matriz entries have no p in
their denominators.

If x denotes an integral solution of (L), then z =0 mod p.

As a consequence we will prove the following proposition, which plays a crucial
role in the sequel.

Proposition 2.5. Let p be a reqular prime and suppose we are given an integer
n > 0 diwisible by p and n integers B; with 0 < 3; < p, where 1 <1 < n. Write o
for the number of 3;’s which equal j for 1 < j < p. If the fractional parts < jB;/p >
satisfy

(1) Z<j,3i/p>50 mod p, 1<j<p

then o; = ap_; mod p for all j.

Proof. The case p = 2 is trivial, so we will assume p > 3. One can then rewrite
each sum in (1) in terms of the a;’s as follows:

61=Z<ﬁi/p>=2ai<i/p>50 mod p

= Z < 2B;i/p >= Zai <2i/p>=0 modp

ep— 1—Z< p—1)Bi/p>= Zaz (p—1)i/p>=0 modp.
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For (p+1)/2 <i<p-1wehave 2 < i/p > — < 2i/p >=1, and the first two
equations yield
p—1

g oa; = 2e1 —esg.

i=(p+1)/2

Noting that Zf:_ll a; = n = kp, we obtain an equation which we consider as the
first equation of a linear system (L) of the type Az = b considered in Lemma 2.4,
with the transpose of x the vector

(T1,..., m(p—l)/Z) = (a1 — Op—1,.-.,p_1)/2 — a(p+1)/2)

namely the equation
Py + pra + -+ prp-1)/2 = p(n — de1 + 2e3) .

Observe that the right hand side is 0 mod p?. By using the fact that < (p —
j)i/p >= 1— < ji/p >, we obtain (p — 3)/2 additional equations for our system
(L), which take the form

p—1
P<2/p>a1+p<4/p>ar--+p<(p-1)/p>zp1p=plea— >
i=(p11)/2

p—1
p<3/p>x1+p<6/p>mwat---+p<3(p—1)/2p > x(_1)/2 = p(e3— Z ;)
i=(p+1)/2
p—1
p<(@—-1)/2p>z1+--+p<(p—1)*/4p> T(p—1)/2 = Plep—1)/2 — Z ;)
i=(p+1)/2

It is easy to see that the right hand sides of all equations are 0 mod p? since by
assumption all e;’s are 0 mod p and, as we have seen, Zf:_(lp +1y2 Qi = 0 mod p.
Observing that for any integer k one has k = p < k/p > mod p, we see that the
matrix A of the linear system (L) is precisely the matrix A of Proposition 2.3. Thus,
by applying Lemma 2.4, we infer that a; —a,—; =0 modp for 1 < j <p-—1,
completing the proof.

The following theorem can be viewed as a purely algebraic version of our “moves”
concerning fixed point data as considered in the next section.

Theorem 2.6. Suppose p is an odd reqular prime and n > 0 an integer which is
divisible by p. Suppose the system of p — 1 equations

n
Y <jzi/p>=0 modp, 1<j<p-1

=1

has an integral solution © = (z1,...,%,) with 0 < x; < p for all i. Then it
also has an integral solution z = (z1,...,2,) with 0 < z; < p for all i such that
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for any given integer j the number of z;’s which equal j is divisible by p, and
Yo <jxi/p>=>, < jzi/p> forallj.

Proof. Let x = (21, ..., %y,) be asolution as above, and denote by o;(z) the number
of z;’s which are equal to j, where 0 < 7 < p. Then we can rewrite our system of
equations as

p—1
Zai(x)<ji/p>50 mod p, 1<j<p-1
i=1

so that for all j one has a(x) = ap_j(z) mod p by Proposition 2.5. We can now
alter the solution z = (z1,...,2,) to y = (y1,...,Yn) by applying a move of type
(s,t), where 1 < s,t < p—1 and s # t, by which we mean the following :
(i) replace as(x) by as(y) = as(z) +1

(ii) replace ap—s(x) by ap_s(y) = ap_s(z) +1

(iii) replace ay(x) by ai(y) = ag(z) — 1

(iv) replace ap_i(z) by ap_i(y) = ap_¢(x) — 1.
Note that for such a move to be possible we need to have a ¢ such that a;(z) > 0.
If we alter z accordingly into y, we obtain a new system of equations satisfying

p—1 p—1
D aily) <ij/p>=) ai(z) <ij/p>
=1 i=1

for 0 < j < p, because < ij/p > + < (p—14)j/p >= 1. Suppose now that not all
a;(z)’s are already divisible by p. Then, using Proposition 2.5 and writing n as kp,
we have

p—1 (p=1)/2
n:kp:Zai(a:)EQ Z ai(z) =0 mod p,
=1 =1

and we conclude that there must exist a pair (s,¢) with 1 < s, < (p —1)/2 and
s # t such that as(z) and a4(z) are both not divisible by p. Performing a move
of type (s,t) will provide a new solution y. If a,(y) and a;(y) are both still not
divisible by p, we repeat the move of type (s,t), and eventually o, or a; will be
a multiple of p. By continuing in this manner, we will end up with the required
solution z.

Section 3 : Chern classes of representations on holomorphic
differentials

The action of I'j on the symplectic space Hi(Sg;R) with its intersection pairing
gives rise to a representation p : I'y; — Sp(2g,R), which we call the canonical
representation of I'y in the sequel. Recall that

H*(BSp(29,R);Z) = Z[dy, . .., dg]

where the d;’s are such that they restrict to the universal Chern classes of a maximal
compact subgroup U(g) C Sp(2g,R). The images of the d;’s under the induced map

p* + H*(BSp(29,R); Z) — H*(I'g; Z)
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gives rise to symplectic characteristic classes
di(p) == p*(d;) € H*(T,; Z), 0<i<yg.

We are going to study the behavior of the restriction of these symplectic charac-
teristic classes to cyclic subgroups A of order p™ in I'y. Note that p|A factors, up
to conjugation, through U(g) C Sp(2g,R) and we can view the classes d;(p|A) as
the Chern classes ¢;(p) of a representation p: A — U(g). This representation can
be thought of in the following way. One chooses a lift of a generator of A to an
element of order p” in Diffeo’ (S,) and chooses a complex structure on S, compat-
ible with the orientation of S, such that f acts by a holomorphic automorphism.
Then f acts on the associated space of holomorphic differentials, which is a com-
plex vector space of complex dimension g. This action defines a representation of
A, whose dual is equivalent to the representation p: A — U(g) introduced above.
We will sometimes, by abuse of language, refer to p as the representation of A on
holomorphic differentials of S.

We will make use of the following basic property of Chern classes of representa-
tions.

Lemma 3.1. Let p: Z/p™ — U(g) be a representation of Z/p™, p a fized prime.
Assume that p can be decomposed as @fialniwi where w denotes a faithful one
dimensional representation and where n; = n; for all (i, j) which satisfy 0 <1i,j <
p" and i =j # 0 mod p. Then the following are equivalent.
(i) The Chern classes c;(p) € H*(Z/p";Z) are all 0 mod p for1 <i<p"—1,
(ii) n; =0 mod p for 0 < i < p.

Proof. We first prove that (i) implies (ii). It is convenient for this proof to assume
that p satisfies in addition ng = n, = - - - = npn_,; this will not change the mod p
Chern classes of p. Consider the ring homomorphism

¢ : H*(Z/p"™; Z) — (Z/p")|x]
given by mapping c;(w) € H?(Z/p™;Z) to z. Let f(x) € (Z/p™)[x] be defined by
f:al(l +ix)™ and F(z) € (Z/p)[z] by Hf;ol (11 + ix)™. Notice th?t o(c(p)) =
f(x). We then have f(z) = Hi;(l)(l + kx)™P" T = Hz;(l)(l + kzP" )™ mod p,
thus f(z) = F(2*"') mod p. Now, the assumption that c;(p) = 0 mod(p) for
1 <i < p" — 1 implies that f(z) = 1 + pg(x) mod zP", and therefore, F(z) = 1
mod zP. So, by Lemma 4.1 of [GMX], we conclude that ny =0 mod p for all k
satisfying 1 < k < p—1. It remains to check that (ii) implies (i). If (ii) holds, we can
write p in the form pko + 7, where o denotes the reduced regular representation
of Z/p™, and T a representation which factors through Z/p"~! so that c¢(7) = 1
mod p. Since c¢(0) =1+ ¢p—1)pn-1(0) We see that
c(p) = c(a)P* - ¢(1) = (1 + C(p_l)pn—1(o)p)k mod p,
so that ¢;(p) =0 mod p for 0 < i < (p—1)p™.
Our theorem on algebraic moves leads to the following result, obtained by a
geometric version of “moves” of fixed point data. It will provide a proof of case
(i) of Theorem 2 of the introduction (see Corollary 3.3), and it will also provide us

with an improved lower bound for I'y, needed for the proof of case (ii) of Theorem
2.
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Proposition 3.2. Let p denote an odd regular prime and p the canonical repre-
sentation of T'g in Sp(2g,R). Assume g = lp® + 1 with | prime to p and o > 0,
and suppose g does not satisfy the (p)-condition. Then for every subgroup m C T
of order p, at least one characteristic class d;(p|w) € H*(r;Z) is non-zero in the
range 1 <1 < p%* — 1.

Proof. Suppose there is a subgroup m of order p in I'y such that d;(p|7) = 0 for
1 <4 < p*—1. We will show that this leads to a cyclic subgroup of Iy of order petl,
which acts on S, with stabilizers of order < p. The Riemann-Hurwitz equation
associated with this action yields then an equation contradicting the assumtion
concerning the (p)-condition. The construction of such a subgroup is by induction
on its order. First, we begin by modifying 7 slightly, not changing the Chern classes,
using our technique of “moves” as follows. Let p: m — U(g) be the representation
of m on the space of holomorphic differentials on S, (with respect to a suitable
complex structure) and write p as @f;ol n;w', w a faithful irreducible one dimensional
representation of . Thus we have d;(p|7) = ¢;(p) =0 for 1 < i < p— 1. Applying
Lemma 3.1, we infer n; =0 mod p for 1 <7 < p—1. Let x € 7w be a generator and
denote by < g,p|B1/p; ..., Bn/p > the fixed point data of x, normalized such that
0 < B; < p. As we discussed in Proposition (4.3) of [GMX], see also [FK], one has
then

(2) nj=h-1ld+n->» <jBi/p>, 0<j<p,
=1

where h denotes the genus of S,/m. Note that the Riemann-Hurwitz equation
29 — 2 =p(2h — 2) + n(p — 1) shows that n =0 mod p and, as argued in [GMX],
by considering n; —n,_; = 2) . < jf;i/p > +n it follows, because for 0 < j < p
each n; is divisible by p, that

Z<j,8i/p>50 mod p, 0<j<p.

=1

Equation (2) then implies that hA—1 =0 mod p, which in particular shows that the
orbit genus h is greater than 0. By applying Theorem 2.6 and Lemma 2.2, there are
n integers «y; with 0 < 7; < p, forming the fixed point data < g,p|y1/p,--.,Yn/pP >
of a generator of a subgroup 7 of order p in I'y, which gives rise to a representation
7 — U(g) with multiplicities n; of the one dimensional components still given by
(2), but such that the number of v;’s equal to a fixed j is always divisible by p. By
reordering the 4’s, we may assume that v; < v, for s < ¢, and we can then consider

(3) 0 =< gap2h/1/p7 ’Yp+1/p7"'77(k—1)11+1/p >

where n = kp. Note that

k—1 n
> Vpr1/p=) Bi/p* € L.
=0 =1
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Also, with h — 1 = p(s — 1) and n = pk, we get

(4) 29— 2=p2h—2)+n(p—1) =p*(2s - 2) + kp(p - 1)

so that ¢ is the fixed point data of an element of order p? in I'j by Lemma 2.2.
Furthermore, s > 0 since h > 0, and k # 1, because Zf;ol Yip+1/P is an integer.
Thus, if « = 1 equation (4) implies that g satisfies the (p)-condition, a contradiction,
and we are done. If @ > 2, we repeat our construction in the following manner. Let
7(2) denote the subgroup of I'y generated by an element whose fixed point data is
given by equation (3). By construction, the associated representation p(2) : 7(2) —
U(g) on holomorphic differentials (with, perhaps, a different complex structure on
59)2’ is such that again ¢;(p(2)) = 0 mod p for 0 < i < p*. Decomposing p(2) as
@fzalniw’, with w faithful one dimensional, yields equations of the form

k(2)

(5) my=h(2)-1+k(?2)-) <jBi(2)/p>=0 modp, 1<j<p,
=1

with h(2) the genus of Sg/7(2), Bi(2) = Yi-1)p+1, and k(2) = k as before. Also
(see [FK])), one has nj = nj, if 0 < j < j + p < p? and j prime to p, so that by
Lemma 3.1 n; =0 mod p for 0 < ¢ < p. The Riemann-Hurwitz equation for the
7(2) action is 29 —2 = p?(2h(2) —2) + k(2)p(p—1) and, as « > 2, k(2) =0 mod p;
in particular, k(2) # 1. Again, by considering n; — n,_; = 22?31) < jiB:i(2)/p >
+k(2) =0 mod p, we see that

k(2)

Z<jﬁi(2)/p>50 mod p, 0<j<p,

i=1
and thus ~A(2) =1 mod p from equation (5). This permits us to find £(2)/p = k(3)
integers d1,...,0x3), 1 < d; < p, so that

k(3) k(2)
Zéz-/p = Z&-(?)/p? €7

as well as - -

(6) 29 —2=p*2s(2) —2) + k3)p*(p— 1)

As h(2) # 0 we have s(2) > 0, and k(3) # 1 because fo’l) di/p € Z. If a =2,
equation (6) shows that g must satisfy the (p)-condition, a contradiction. If o > 2
we continue our construction. If g does not satisfies the (p)-condition, we will
eventually arrive at a contradiction, finishing the proof. But we also note that if g
satisfies the (p)-condition, we end up with a cyclic subgroup 7(a+1) C I'y of order
p®T1, which is generated by an element with fixed point data

< g, p* e1/p, ..., €w/D >
and associated Riemann-Hurwitz equation of the form
29 — 2= p*T(2s(a) - 2) + k(a + 1)p*(p - 1)
with the property that on p®m(a + 1), the subgroup of order p of m(a + 1), the

characteristic classes d;(p|p®m(« + 1)) agree with those associated with the original
group m; in particular, they vanish in the range 0 < 7 < p®.

As an application, we can now prove part (i) of Theorem 1.
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Corollary 3.3. Let p be an odd regular prime and assume g = lp® +1 with | prime
to p and a > 0. If g does not satisfy the (p)-condition then p(T'y) = 2(p — 1)p*~ 1.

Proof. We know from Lemma 1.5 that p(T'y) has the form 2(p — 1)p? for some
B > o — 1. By Proposition 3.2. we can find for every subgroup m C I'y of order p a
non-zero element d; € H* (r;Z) for some i > 0 of the form mp” with m prime to
p and v < «, which lies in the image of the restriction map H*(I'g; Z) — H*(m; Z).
Thus the largest power of p dividing p(I'y) must be less than o and the result
follows.

This proof of Proposition 3.2 reveals, as a by-product, the following.

Corollary 3.4. Let p be an odd reqular prime and g = Ip® 4+ 1 with | prime to p
and o > 0. If 'y contains a subgroup m order p with d;(p|m) =0 for 0 < i < p®
and if g satisfies the (p)-condition, then T, contains a cyclic subgroup of order p**+?
with associated action on S, having stabilizers of order < p.

The converse of that Corollary is also true, by a simple construction; it does not
need any regularity condition on the prime involved.

Corollary 3.5. Let p be an arbitrary odd prime and assume g = Ip® + 1 with [
prime to p and a > 0. If g satisfies the (p)-condition then Iy contains a cyclic
subgroup w(a+ 1) of order p®>*1 generated by an element with fized point data of
the form

< g7pa+1‘/81/p7 .- 7/3k/p >

Moreover, the subgroup m = p*m(a+ 1) of order p satisfies d;(p|m) =0 for 0 < i <

.

Proof. If g satisfies the (p)-condition, we have integers h > 0 and k > 0 with £ # 1
satisfying 2g — 2 = p**1(2h — 2) + p®k(p — 1). Therefore, by Lemma 2.2, S, admits
a diffeomorphism of order p®*! with exactly k singular orbits, and fixed point data

< g7pa+1‘/81/p7 .. ?IBk/p >

where the (3;’s satisfy 0 < 3; < p and are chosen in such a way that >, 3;/p is an
integer; this is possible since k # 1. If 7(a+ 1) denotes the corresponding subgroup
in 'y then its action on holomorphic 1-forms will be given by a representation of
the form

@fzgl_lniwi ,
with w one dimensional and faithful, such that n; = n;y, for any ¢ prime to p such
that 0 < i < i+p < p®*1; this follows easily from the general formula concerning the
n;’s, as presented for instance in [FK]|, by noting that the only nontrivial stabilizer
occurring for the action on S, is of order p. We can now apply Lemma 3.1 to the
classes d;(p|m(a + 1)) and infer that d;(p|m) = 0 for 0 < i < p°.

This Corollary leads to the following lower bound for p(I'y), which will be used
in the proof of (ii) of Theorems 1 and 2, presented in Section 5.
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Corollary 3.6. Let p be an odd prime and suppose g = Ip® + 1 with | prime to p
and o > 0. If g satisfies the (p)-condition then p(Ty) is a multiple of 2(p — 1)p®.

Proof. By Corollary 3.5 we can find a cyclic subgroup m(a+1) in Iy of order p***
given by an element x with fixed point data

§(z) =< g,p*"\B1/p, -, B/ >

for some 3; with 0 < B; < p. From our discussion on fixed point data we see
that §(z7) = 6(z) if = 1 mod p. But this implies that p® divides [N(z) : C(z)].
Applying Lemma 1.4 we see that p(I'y) is a multiple of p® and, using Lemma 1.5,
it follows that p(I'y) is actually a multiple of 2(p — 1)p®.

Section 4 : The action on Teichmiiller space

Let Sy be a closed oriented surface of genus g > 1. It is classical that the
Teichmiiller space T, of S, is homeomorphic to R69-6 and T, admits a complex
structure such that I'y acts on T, properly discontinuously by holomorphic auto-
morphisms. For a fixed subgroup m C I'y of order p, let {m;}ics be the set of
all order p subgroups which are conjugate to 7 in I'y. This is a countable set (in
general infinite) so that we may assume 0 € J C N with mp = m. The fixed point
sets F; = (Ty)™ C T, are closed submanifolds homeomorphic to R®*~6+2" where h
denotes the genus of the surface S,/m and n the number of fixed points of the 7-
action on S, see Proposition 2.1 of [GMX] (strictly speaking, it is not = which acts
on Sy, but some lift of 7 to Diffeo™(S,)). We may choose a triangulation of Ty, by
triangulating the algebraic variety T, /T'g, such that I'y acts simplicially. Thus each
F; is a subcomplex of T,;. We now choose a subset I C J containing 0 such that for
i,j € I with ¢ # j one has F; # F;. Put X; = Ty \ F; and X, = (X, = XoN X>o,
where X0 = [);5o Xi- Note that F' = [ F; is closed in T}, since it is a subcomplex,
and X is therefore a (connected) open submanifold of T, on which I'y acts, with
stabilizers not containing any subgroup conjugate to w. One checks easily using
the Riemann-Hurwitz equation that the only case for which F' =T, (and thus X
an empty space) is the case of 7 being generated by the hyperelliptic involution,
acting on a genus 2 surface; in our applications we are only interested in actions
of groups of odd order and thus X, will not be empty. We will keep the notation
introduced here through the entire section.

Lemma 4.1. Let 7 C I'y be a subgoup of prime order p and F = |JF; C T, the
subspace of points fixed by some conjugate of w. In case g = 2 assume that ™ is
not generated by the hyperelliptic involution. Denote by h be the genus of Sy/m and
n the number of fized points of the m-action on Sy. Then the singular cohomology
with compact supports of F' satisfies

Hgy ST (FZ) = ®ier Z,

and H ,(F;7) = 0 for k > 6h — 6 + 2n.

Proof. Consider the natural map 6 : [[F; — F. Since the action of I'y on Ty is
proper, no f € F' lies in infinitely many Fj;’s, and therefore the map 6 is proper
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and induces a map in cohomology with compact supports. Let Sing(F) C F be
the subcomplex of points which lie in more than one F;. Since for 7 # j in I the
complex submanifold F; N F; is empty or has at least (real) codimension 2 in Fj,
Sing(F) is empty, or is a subcomplex of F' of codimension at least 2, and it follows
that 0 is a H_-isomorphism for * > 6h — 6 + 2n = dim(F). Since each F; is
homeomorphic to R#=6+27 the result follows.

Lemma 4.2. Let F C Ty be as in Lemma 4.1 and put Xoo =Ty \ F. Then X is

a connected manifold of dimension 6g — 6 with singular cohomology satisfying

Hﬁ(g h)—2n— 1 Xoan HZ
el

and H*¥(Xo0;Z) = 0 for 0 < k < 6(g — h) — 2n — 1. Furthermore, the natural map
v: X — Xo X X5 tnduces an isomorphism

H¥(Xo x Xs0;Z) — H*(Xo0; Z)
for0 <k <6(g—h)—2n-—1.
Proof. Since F' is closed in T, we get by Alexander Duality

Hy(Xoo; Z) = Hyt =97 (T, F; 2)

and, since T, = R%~° and using Lemma 4.1, HJ%, °~ M(T,, F;Z) =0 for 0 < k <

6(g — h) — 2n — 1. Moreover, for k = 6(g — h) — 2n — 1 we have

He(g—ny—2n—1(Xoo; Z) 2 HIW -T2 YT Fi 7)) 2 HIVOT2™(F Z) = @i/ Z.

cpt cpt

Noting that by the universal coefficient theorem
H¥(Xoo;Z) = Hom(Hy,(Xoo; Z))

for 0 < k < 6(9—h)—2n—1, the result on the cohomology of X, follows. For the
map v : Xo — X X X5 one observes that the same type of argument applied to
Xo and X+ shows that they are homologically 6(g — h) — 2n — 2 connected too,
and satisfy

He(g—ny—2n-1(Xo0;Z) =2 Z,and Hg(g_py—2n—1(X>0;Z) = @i>0%Z.

Using the Kiinneth Formula and the universal coeflicient theorem the isomorphism
result follows readily.

Proposition 4.3. Let g > 1 and p an odd prime. Let m be a subgroup of or-
der p, with associated Riemann-Hurwitz formula 29 — 2 = p(2h — 2) + n(p — 1).
Then there exists a cohomology element e € H(9—h)—2n (T'y; Z) whose restriction to
H9=h)=2n (7. 7)) is non-trivial.

Proof. Since p is odd, 6(g — h) —2n > 0 (it is the codimension of Fy in Ty) so that,
in the notation used above, Xoo = Ty \ F' is non-empty. We first study the Serre
spectral sequences with Z-coeflicients, associated with the fibrations

(A) Xoo = ETy X1, Xoo — BT,
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and

(B) Xoo @ Emm X Xoo — B

Let us put w = 6(9g — h) — 2n — 1. Then, in the obvious notation, one has
Ey°(A) 2 HY(Xo; Z)s =< a >2 7,

since I'y acts on H”(Xoo;Z) = [[;c; Z by permuting the factors transitively (the
action is induced by the action on the set I). Because H*(X;Z) = 0for 0 < k < w,
one has

A
B§O(A) = B2°(4) < B3 1(4) = HUP (T3 7).

We will show that d(a) € HY+1(T'y; Z) restricts non-trivially to H“*+1(r; Z). For
this it suffices to show that the element a considered as an element in E¥°(B) =
HY(Xo0;Z)™ satisfies dB(a) # 0 in H*T!(m;Z). We will analyze dZ(a) using the
m-map Xo — Xp X X5 considered in Lemma 4.2. and the spectral sequences
associated with

(C) X() X X>0 — FEr X (XO X X>0) — Brm
(D) Xo — Em xz Xg = Br

and

(E) X>O—)E7r X X>O—)B7r.

Since the m-action on Xy is free, Em X X is homotopy equivalent to X /7, a finite
dimensional complex, so that all of

EY°(D) = HY(X(; Z)™ = H*(Xo; Z)

is mapped isomorphically by d? onto E%«+(D) = H@“*l(r;Z); otherwise, as
H*(Xy;Z) = H*(S¥;Z), one would get a contradiction to the finite dimension-
ality of Xo/m. The fibration (E) has a section, because the m-action on Xsq
has a fixed point; this follows from the fact that Fy N (U;soF;) is either empty
or a subcomplex of Fy codimension < 2, and Fj is non-empty. Consequently,
all elements in Ey*t(E) = EO“tY(E) = H¥t'(r;Z) are permanent d®-cycles.
But this implies that dZ : E©°(E) — ES«*l(E) is the zero map. The 7-map
v: Xy — Xo X X5g induces a map of spectral sequences Ex™*(C) = E;"(B). As
v¥ 1 H*(Xog x X50;Z) - H*(X;Z) is an isomorphism for 0 < * < w, and also
HY(Xo x Xs0;Z) =2 H¥(Xo;Z) x HY(X>0;Z), we see that for ¢ = (x9,250) €
H“ (X x Xs0;7Z)™ one has

dg (z) = dJ (v* (x)) = d (x0) € H**(m; Z).
Thus, if we decompose the generator

a € H(Xoo; Z)'s € H*(X0;Z) x H*(X>0;Z)"
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as a = (ap,asp), we have
resy (djy(a)) = d,; (a0) € H*Y(m; Z),

and we need only show that ag € H*(Xy;Z) is non-zero, to ensure that d2 (ag) #
0. For this we view a as a I'y invariant function on H, (Xoo;Z) = H,(X0;Z) ®
H,(Xs0;7Z) But every I'j-invariant function on H,(X;Z), which is constant on
H,(Xo;Z) = Z, must be trivial, because H, (X;Z) is isomorphic to @;csZ, with
I'y acting by permuting transitively the summands of @;c7Z. It follows that ag # 0
and we are done.

Corollary 4.4. Let p be an odd prime and g = lp®+1 with | prime to p and o > 0.
If © denotes a subgroup of order p of I'y such that the Riemann-Hurwitz equation
of ™ has the form

20-2=p(2h-2)+n(p—1)

with h —1=p*(s —1) and n = (kp + i)p® where 0 < i < p, then 2l has necessarily
the form mp — i, and the restriction map

H[(3m+k)p—3(m+k)—2i]p“ (Fg; Z) N H[(3m+k)p—3(m+k)—2i]p°‘ (71'; Z)

18 non-trivial.

Proof. Since 2g — 2 = 2[p®, the Riemann-Hurwitz equation shows that 2l = —i
mod p so that we can write 2/ in the form mp — ¢ for a unique m > 0. Thus
29 —2= (mp—1)p* and 2h — 2 =[m — k(p — 1) — i]p® so that

6(g—h)—2n=[Bm+k)p—3(m+ k) — 2i]p~.
Our claim then follows from Proposition 4.3.

Section 5 : The sharp upper bounds for I’y

We have already established that if g = [p®*+1 with [ prime to p and o > 0, then,
p(Tg) =2(p — 1)pP for some 8 > o — 1, see Lemma 1.5. To show that necessarily
B < o, we need only verify that for every subgroup @ C I'; there exists a number
j(m) prime to p such that the restriction map

(7) H2i(m)p® (T Z) — H(™P (. 7)

is non-trivial. This will be established in the next theorem, which proves (i) of
Theorem 2 of the introduction.

Theorem 5.1. Let p be an odd prime and g = Ip® +1 with | prime to p and o > 0.
Then the Yagita invariant T equals 2(p — 1)p® or 2(p — 1)p*~ L.

Proof. As explained above, we need to study restriction maps of the type (7). Let
m be a subgroup of I'y of order p and consider the associated Riemann-Hurwitz
equation

29—-2=p(2h—2)+n(p-1),
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n > 0 denotes the number of fixed points of the 7 action on S,. Write
— GL9g(C) for the representation given by the action of I'y on H;(Sg;C).

Note that 6 factors through Glpy(Q) so that 8|m = a7 + bo, with 7 the trivial
one-dimensional representation and o the reduced regular one of 7. Thus

dimcH(S¢;C) =29 =a+ (p—1)b=2lp* +2

and, for a generator ¢ of the m-action on H;(Sg; C),

trace(¢p : H1(Sq;C) = Hi1(Sg;C)) =a—-b=2—n.

Thus pb =29 —a+b =29 — 2+ n = 2lp® + n so that the following possibilities

arise.

(a)

(b)

n %0 mod p®. Then b = byp” with v < a — 1 and by prime to p. But then
the Chern class c(,_1)» (0]7) = bocp—1(0)?” is non-zero, providing a j()
for which the restriction map (7) is non-zero.

n = (kp+1)p* with 0 < i < p. Since then pb = 2lp®*+n = (2l+kp+1i)p®, we
see that in case 2l 4+ ¢ % 0 mod p, b is not zero mod p®, so that the same
argument as before shows that c(,_1)p«-1(0) has a non-trivial restriction
under the map (7). It remains to consider the case where 2/ +¢ = mp. This
yields pb = (m+k)p®T! and we find again two sub-cases. Firstly, if m+k is
prime to p, then we conclude again that the restriction map (7) is non-zero,
with j(m) = p — 1. Secondly, if m + k = 0 mod p, we observe that in the
notation above 2h = a = 2g — (p — 1)b, which implies that 2h — 2 is divisible
by p®. Also, we cannot have 7 = 0 in that case, because otherwise 2g — 2
were divisible by p®*!. Thus 0 < ¢ < p and we are precisely in the situation
of Corollary 4.4, which shows that the restriction map (7) is non-trivial if
one chooses

2j(m) =[(3m + k)p — 3(m + k) — 21],

and j(m) Z 0 mod p since we assume that m + k is divisible by p.

This completes the proof of the theorem.

As a corollary, we obtain part (ii) of Theorem 2, by combining Theorem 5.1 with
Corollary 3.6. Of course, this also implies (ii) of Theorem 1, and therefore we have
completed all proofs of the theorems stated in the introduction.
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