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Introduction

The main goal is to understand when an elliptic curve has complex multipli-
cation. To do this one needs to understand the behavior of the maps between
two complex tori, when they are isogenies and when they are isomorphisms.
Following that, one will observe the endomorphism rings of a complex elliptic
curve to see that they are orders in imaginary quadratic fields. Thus leading to
the definition of the elliptic curve having complex multiplication.

1 Isogenies

Recall that a complex elliptic curve, EL corresponds to a lattice L = Z + τZ in
C for some τ ∈ H = {τ ∈ C|Im(τ) > 0} such that

EL ' C/L

which is constructed using the Weierstrass ℘-function:

EL : y2 = 4x3 − g2(L)x− g3(L).

With this one wants to understand what the corresponding maps between com-
plex elliptic curves are.

Lemma. Let L be a lattice in C. For each analytic homomorphism φ : C −→
C/L, there exists a unique linear map λ : C −→ C which makes the following
diagram commute such that φ = πL ◦ λ, where πL is a covering map.

C C

C/L

λ

φ
πL

Remark. A covering map is a surjective open map f : X −→ Y that is locally
homeomorphic.
In our case: πL : C −→ C/L, for L a lattice in C is a covering map; which is the
universal covering of any torus. Since, C/L is a complex torus.

Proof. claim: πL(λx) = φ(x) everywhere. πL(0) = 0 and πL is continuous in 0.
Thus locally injective in a neighbourhood U of 0. Since πL is a covering map
this implies that

πL|U : U −→ V
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is bijective for U ⊂ C and V ⊂ C/L open sets.
Let f := (πL|U )−1 ◦ φ, which is also analytic and respects addition in the

neighbourhood W of 0, for x, y, x+ y ∈W and where W ⊂ C open set.
Since each homomorphism is given by some multiplication with λ, for some

λ, one thus wants to take the derivative, to see that the derivative is constant.
Hence, taking the derivative with respect to y gives f ′(x+y) = f ′(y), and letting
y = 0 yields f ′(x) = f ′(0) = λ. Since, f(0) = 0 it follows that f(x) = λx.

Finally, πL(λx) = φ(x) locally. Then since the function πL(λx) − φ(x)
vanishes and is analytic in a neighbourhood of 0. It follows that πL(λx) = φ(x)
everywhere.

Lemma. Let L,M be two lattices in C. Let f : C/L −→ C/M be an analytic ho-
momorphism between two complex tori. Then for each analytic homomorphism
φ : C −→ C/M , there exists a unique linear map such that the following diagram
commutes.

C C

C/L C/M

λ

πL πM

f

Proof. Follows from the previous lemma. One has φ = f ◦ πL and φ = πM ◦ λ
where this map from C to C/M factors through a λ ∈ C. Hence, πM ◦λ = f ◦πL
by the previous lemma.

Next, we would like to define the maps between two complex tori.

Definition. An analytic map f : C/L → C/M for two lattices L and M in C
is called an isogeny if it has finite kernel.

Theorem. Let L and M be two lattices in C.

1. If f : C/L → C/M is an isogeny, then there exists a λ ∈ C such that
f(z) = λz and λL ⊂M .

2. Every λ ∈ C satisfying λL ⊂M gives rise to an isogeny C/L→ C/M .

Proof. Part one follows from the previous lemma, and part two is clear, since
any λ of this form induces an isogeny.
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Definition. Two complex tori, C/L and C/M are isogenous if there exists a
non-zero isogeny between them. That is:

1. If λL ⊂ M for λ ∈ C×, then f(x+ L) = λx+M defines an isogeny from
C/L to C/M .

2. By properties of lattices, one also has a µ ∈ C× such that µM ⊂ L induces
an isogeny from C/M to C/L.

Definition. One defines the degree of an isogeny f : C/L→ C/M as follows:

1. For f a non-zero isogeny

deg(f) = #ker(f)

2. For f a zero isogeny
deg(f) = 0

2 Isomorphisms

The next step is to understand what happens when the map between two com-
plex tori is an isomorphism. Then with this see how the isomorphism classes of
the elliptic curves are characterized by the j-ivariant.

Definition. C/L is isomorphic to C/M , for two lattices L and M in C, if there
exists an invertible isogeny between them. That is, there exists the map

f−1 : C/M → C/L

which factors through z 7→ λ−1z and has the property that λ−1M ⊂ L.

Remark. Every lattice L = ω1Z + ω2Z can be written in the form

L = ω1(Z + τZ),

where τ ∈ H and τ = ω2

ω1
.

Definition. The j-invariant is a map

j : H −→ C

defined by
j(τ) := j(Z + τZ) = j(L)

Similarly, it can be defined as the function:

j(L) =
1728g3

2(L)

∆(L)

Where
∆(L) := g3

2(L)− 27g2
3(L) (1)
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g2(L) = 60G4(L) = 60
∑
ω∈Lx

ω−4 (2)

g3(L) = 140G6(L) = 140
∑
ω∈Lx

ω−6. (3)

Theorem. The j-function is analytic on H.

Proof. Assuming g2(τ) and g3(τ) are analytic on H it follows that the discrim-
inant is also analytic on H. Since ∆(τ) 6= 0, ∀τ ∈ H, j(τ) is thus also analytic
on H.

Theorem. Let L and M be two lattices in C. The elliptic curves EL and EM
are isomorphic if and only if their j-function agree, i.e. j(L) = j(M).

To prove this theorem, we will use that there is a correspondence between elliptic
curves over C and their lattices.

Definition. Lattices L and M are said to be isomorphic if M = λL for some
λ ∈ C×.

Lemma. M = λL, for some λ if and only if j(L) = j(M).

Proof. Suppose L and M are isomorphic with λL = M . Using Definition 2.2
above, one has

g2(M) = 60
∑
ω∈M×

ω−4 = λ−4g2(L).

Similarly, g3(M) = λ−6g3(L).

Hence, j(M) = 1728 (λ−4g2(L))3

(λ−4g2(L))3−27(λ−6g3(L))2 = 1728
g32(L)
∆(L) = j(L).

For the other direction, we assume j(L) = j(M). From Remark 2 we can
thus assume j(τ1) = j(τ2) and claim that this is true if and only if τ1 = γτ2 for
γ ∈ SL2(Z).

For one direction of the claim, recall from the previous talk that τ1 = γτ2
for γ ∈ SL2(Z) corresponds to the corresponding lattices being multiples. Thus
the lattice M corresponds to τ2 and so lattice λM corresponds to τ1. Hence,
λM = L and by definition the lattices are isomorphic.

For the other direction of the claim, the idea is to show that the j-invariant
is a bijection. To do this we use the fact that it is a modular form and is defined
on H, but is invariant under the action of SL2(Z). This means the j-invariant
is a function that can be viewed on the quotient going to C,

j : SL2(Z)/H→ C.

It follows that this is a bijection, since saying j(τ1) = j(τ2) is equivalent to
saying τ1 ≡ τ2 mod SL2(Z).
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Finally, the correspondence between isomorphism classes of lattices and isomor-
phism classes of elliptic curves in combination with Lemma 2.3 proves Theorem
2.2.

3 Endomorphisms

As we have seen in the previous sections, with L = M the endomorphisms of
the elliptic curve E := C/L correspond to λ ∈ C such that λL ⊆ L.

Proposition. Let λL ⊆ L. Then:
i) λ is either an integer or an algebraic integer in an imaginary quadratic number
field.
ii) ℘L(λz) is a rational function of ℘L(z).

Proof. i) If λL ⊆ L = ω1Z + ω2Z, we get the equations:

λω1 = aω1 + bω2 (4)

λω2 = cω1 + dω2 (5)

with a,b,c,d ∈ Z. Define τ := ω1

ω2
and we get

τ =
aτ + b

cτ + d
(6)

so cτ2 + (d− a)τ − b = 0. Note from eq. 2 that if λ is not an integer, then
c 6= 0, whereby τ is a quadratic imaginary number. Finally, since λ = cτ+d, we
get the equation λ2 − (a+ d)λ+ ad− bc = 0, and conclude that λ is an integer
in Q(τ).
ii)Proof idea:

• Construct an elliptic function f(z) for the lattice L which is a rational
function of ℘L(z).

• Show that f(z) = c · ℘L(λz) for some c ∈ C.

We denote R(τ) := End(E) = {λ ∈ Q(τ) : λL ⊆ L}.

Definition. An order O of a ring R is a subring such that:

1. R is a finite-dimensional Q-algebra

2. O spans R over Q

3. O is a Z-lattice in R
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.

We have shown that End(E) is either Z or isomorphic to an order of a
quadratic imaginary field Q(τ). In the latter case we say that E is an elliptic
curve with complex multiplication.

Remark. If Q(τ) is an imaginary quadratic field, every order O of Q(τ) has a
corresponding elliptic curve E such that End(E) = O. E = C/O is one such
curve.

Example. Let’s consider automorphisms of E, e.g. λ such that λL = L.

• If E doesn’t have complex multiplication, λ = ±1 are the only options.

• Let K = Q(τ) and O denote the maximal order in K. If End(E) = O, then
the automorphisms of E correspond to the units of O. By Dirichlet’s unit
theorem the units in O are the roots of unity contained in K. There are
only two cases where the group of roots of unity in K is not {±1}:
1) If K = Q(i), then ±i are also elements of the group.
2) If K = Q(ρ), ρ = e2πi/3, then ±ρ and ±ρ2 are also elements of the
group.

4 The Ideal Class Group

Definition. Let O be an order in an imaginary quadratic field and let L be an
ideal of O. If the endomorphism ring of the elliptic curve defined by L is O, we
say that L is a proper O-ideal.

We can define an equivalence relation on the set of O-ideals, by saying that
two O-ideals I and J are equivalent if there exist δ, γ ∈ O such that γI = δJ .

Definition. Let O be an order of an imaginary quadratic field K. The ideal
class group cl(O) is the multiplicative group of equivalence classes of proper
O-ideals.
With OK the ring of integers of K, we define the class number of K to be the
cardinality of cl(O) and denote it by h or hK . In the same vein, for an order O
of K we define h(O) := |cl(O)|.

Remark. End(E) = OK if and only if E = C/J where J is an OK-ideal. We
see from the above definition that two OK-ideals are equivalent if and only if
their corresponding curves are isomorphic. We conclude that there are h elliptic
curves E with End(E) = OK up to isomorphism.

Proposition. The j-invariant of an order O in an imaginary quadratic field K
is an algebraic integer of degree h(O).

Example. The number eπ
√

163 is a lot closer to being an integer than one might
think, as confirmed by the decimal expansion:

eπ
√

163 = 262537412640768743.9999999999992...
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We will show why this is so using the q-expansion of the j-function and the
results we have seen here. Set τ = 1

2 (1 + i
√

163) and note that since Q(
√
−163)

has class number 1, j(τ) is an integer. We define q := e2iπτ = −e−π
√

163. The
q-expansion now yields

j(τ) =
1

q
+ 744 + 196884q + 21493760q2 + ... (7)

In particular |j(τ) − 1
q + 744| ≤ 196884q, and since |q| ≤ 1

210−17, we see that

the distance of −e−π
√

163 from the integer j(τ)− 744 is smaller than 10−12.

5 The Fundamental Theorem of Complex Mul-
tiplication

By the Kronecker-Weber Theorem, every finite abelian extension of Q is a sub-
field of a cyclotomic field. In fact, we have an isomorphism GQab/Q ∼=

∏
p Z∗p.

There have been many attempts to generalize this result, namely, for an arbi-
trary number field K to find abelian extensions of K by adding certain algebraic
numbers. While the most general case remains an open problem, considering el-
liptic curves with complex multiplication has yielded a similar result in the case
where K is an imaginary quadratic field. This result is known as Kronecker’s
Jugendtraum, as Leopold Kronecker described the issue as the ”dearest dream
of his youth”.

Remark. Let L/K be a field extension. Consider the ring of integers OK of K
and a prime ideal P of OK . The ideal POL of OL is not necessarily prime, but
if [L : K] is finite, it has a factorization into prime ideals: POL = Pe1

1 ...Pen
n .

If ei = 1 for all i, we say that L is unramified.

Theorem. (The fundamental theorem) Let K be an imaginary quadratic field,
C1, ..., Ch the ideal classes corresponding to the h non-isomorphic elliptic curves
Ei such that End(Ei) = OK . Then the following claims are true:

1. H := K(j(Ci)) is independent of i; the values j(Ci) are conjugated over
K. Furthermore, H is the maximal unramified abelian extension of K, and
it has degree [H:K] = hK .

2. The ideal class group cl(OK) of K is isomorphic to Gal(H/K) by J 7→ σJ ,
where σJ(j(Ci)) = j([J ]−1Ci).

3. j(J) is real if and only if J has order dividing 2 in cl(OK). In particular,
j(OK) is real, and [Q(j(OK)) : Q] = hK

Remark. To top it all off, the maximal abelian extension of K can be given
explicitly by adjoining to K all elements of the following form:
ν
n (aω1 + bω2), a,b ∈ Z, n ∈ N.
ν is a function of j which we shall not explore any further here. (See for example
[3])
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