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ABSTRACT. In this paper, we will discuss the Weierstrass ( and o-functions and their
connection with the p-function in order to prove ’Abel’s Theorem on the existence of
elliptic functions with prescribed zeros and poles’.

As an alternative construction method for elliptic functions we will present the Jacobi
theta function, which also has numerous other applications in mathematics and physics.

For the whole paper Q2 C C is a lattice:

Definition 0.1. Let V = R", with n > 1. A subset Q2 C V is called a lattice in V if
there exists an R—basis (wy, ..., w,) of V such that

O =Zw; + ...+ Zw,.

We also call (wy, ..., w,) a basis of (.

1. CONVERGENCE OF INFINITE PRODUCTS

In this short chapter, we will introduce some important facts about infinite products,
which we will further need to define the o-function.
Let aq, as,as, ... be a sequence of complex numbers that converges to 0. Then by defini-
tion of convergence, there exists N € N such that |a,| < 1 for every n > N. We define
the infinite product of the sequence (1 4 a,)nen as

H(l +ay,) =1+a) - (1+an) exp< Z log(1 —{—an)>

n=1 n=N-+1

Since we work with complex numbers, it is important to specify that the above definition
uses the principal branch of the logarithm.

We say that the infinite product converges absolutely if Y- ., |a,| converges. In this
case, the remaining sum y 2 +1log(1 4 a,) converges absolutely. Moreover, an infinite
product that converges is equal 0 if and only if there is an n € N with (1 +a,) = 0.

If f1, fo,...1is a sequence of holomorphic functions on some domain D C C, we say that
[12,(1+ fn) converges absolutely and locally uniformly if the series Y, f, converges
absolutely and locally uniformly. In this case, the infinite product [[>" (1 + f,,) defines
a holomorphic function on D.

2. THE THREE WEIERSTRASS FUNCTIONS: o, ( AND 7).

Proposition 2.1 (Weierstrass o-function). For z € C the Weierstrass o-function



converges absolutely and uniformly on every compact subset of C and hence defines an
entire function. It has zeros of order one precisely at the points in Q. Moreover, o(z) is
an odd funciton.

To prove this statement we recall a known Lemma.

Lemma 2.2. Let « € R The series
> lwl™
0#weN)

converges if and only if a > 2.
Now, let us begin the proof of the Proposition 2.1.

Proof of Proposition 2.1. We divide the proof into three parts:

o Convergence: Let K C C be a compact set. We will do a computation using the

Series representation of e* = 3™ | %% which we use in the first equality.

3 2 ©  z 1/2\2\n
w S\ w w w ! n!
< Cklw|™?

where C is a constant that depends only on the compact set, which exists by
the boundedness of K. Moreover, 37, |w|™® is a convergent series by Lemma
2.2, so by the above introduction of infinite products we immediately get that it
converges absolutely and locally uniformly:.

e Jeros of o: The o-function vanishes if and only if 2 = 0 or one of the factors
(1-— %)e%r%(i)z vanishes for some 0 # w € (). This happens only when z = w.
From this reasoning, it directly follows by its definition that ¢ has zeros of order
1 exactly at the lattice points in 2.

e 0 is odd: By replacing z with —z and w with —w in the infinite product we get:

o(—2)=—=z H (1 - :—;) e=w 3 (50’ = —; H (1 — g) euta(@) =

0F£weS 0#we
= —o(2)

From which we can conclude that o is odd.

Proposition 2.3. For z € C\ Q) the Weierstrass (-function is given by:

= TG 1 LS
C(z) = (=9 o(z) P Z (z—w—i_w—'—wz)'

0#weSN

This function converges absolutely and uniformly on every compact subset of C\ Q. It has
poles of first order and residue 1 precisely at the points in Q and it is an odd function.

Proof. Three aspects need to be shown.
e Covergence: Let K C C\ 2. We estimate for z € K:

1 1 z | 22
—+ ==

z—w  w W ’wQ(z—w)
2

< Cklw| ™,




the constant C' only depends on K and exists because of boundedness of K. Then
again by Lemma 2.2 the sum ), |w|™3 converges absolutely and uniformly
on K.

e Poles of (: It is clear from the definition of {, that the poles are exactly at the
lattice points and of order and residue one.

e ( is odd: From Proposition 2.1 it is known that the o-function is an odd function,

from which follows that o/(z) is even. By using the definition ((z) = 2

o) We

have

which ends the proof.
O

It is now beautiful to discover the connection between the (- function and the -
function. First, we need to recall the p-function and some of its properties. Secondly, it
is important to recall the following definition of the Eisenstein series:

Definition 2.4 (Eisentein Series). Let k € N with & > 3, then
Gi = Gi(Q) = Z w* (1)
0#weR

defines the FEisenstein Series.
Theorem 2.5. The Weierstrass - function
1 1 1
= = — —_— eC\Q 2
o(2) = pa(2) = +0£9(<2_w>2 =) zety )

converges absolutely and uniformly in every compact subset of C\ Q2. Moreover, it is an
even elliptic function with respect to €2 and has poles of second order with residue 0 in
every lattice point of Q). The Laurent expansion at 0 has the form:
p(z) =272 +ag2?, . ...
Corollary 2.6. For z € C\ Q we have
('(z) = —p(2)

Proof. To do the comparison let us consider

0#we
Then by direct comparison with o(z) (2), it can be seen that ((z) = —p(z). O
Corollary 2.7. We have the Laurent expansion
1 o0
0)) == Gor (0 2k—1
) =1+ Gl

around z = 0.

Proof. First note that we have



Hence for 0 # w € Q2 we may write

1 1z 1 1 2\ @ 1 =/ 2\" =z
= ==(1- S N ) =
z—w+w+w2 w( 1—§+w) w( mz:()(w) +’w)
1 =/ 2\™ = zm
= — | — — = — <
L2(G) )2 (em) e

and thus we get

Since

() <)

we see from the estimation in (5) that the double series in (4) has to converge absolutely
by Lemma 2.2. Hence, we change the order of the summation and obtain

(@=1-2 (X (o)) = 1o 3 Gunn) -

m=2 MAweS m=2 “AweN

1 o0 1 [o.¢]
> mEQ +1(2)2 > I;:Q ok (€2)2

for 0 < |z| < 7. Recall that G, = 0 for odd k, which gives the stated Laurent expansion.
O

The (-function is not elliptic. However, we have the following result.
Lemma 2.8. For w € ) the Weierstrass n-function
n(w) = n(w; Q) = ((z + w) = ((2)
is independent of the choice of z € C\ Q. In particular, we have
nw + ') = n(w) + n(w), w,u €0
that 1s, n : 0 — C is a group homomorphism.

Proof. We know by Theorem 2.5 that p is an elliptic function, thus we find

(C(z 4+ w) = ((2)) = —p(z + w) + p(z) = 0

by this equality we then see that ((z + w) — ((z) is independent of z. We can now
compute:

n(w+w') =z +w+w)—¢(2) =((z+w) = ((z+w) +((z+w+w)—((2) =
= (C(z+w) = ¢(2) + (C((z + w) + w') = ¢(z + w)) = n(w) + n(w’).
By this last equality, we get that n: 2 — C is a group homomorphism. O

We conclude this chapter by showing a nice property of the n-function, which is called
the Legendre Relation. But before proving it, we would like to recall the definition of a

fundamental parallelogram.
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Definition 2.9. Let Q@ C C be a lattice and let (wq,ws) be a basis pf Q. For u € C we
define the fundamental parallelogram w.r.t (wq,wy) and base point u by

P(u;wl,wg) = {U + 1w + W3y @ (1, Oy € [O, 1)}
For u = 0 we also write P(wy,ws) = P(0; wy, ws)

Proposition 2.10 (Legendre Relation). Let 0 = Zwy + Zws with Im(37t) > 0. Then we
have:

n(wz)wy — n(w)we = 2mi
In particular, for w,w" € Q we have

n(w)w

Proof. Let P = P(u;w;,ws) be a fundamental parallelogram, where the base point u € C
is chosen in a way that 0 is still contained in the interior of P(u;w;,ws). We now analyze
the integral of ((z) over the positively oriented boundary of P and using the residue
theorem we get that

!/

— n(w"w € 2miZ.

((2)dz = 2mi,
oP

since the function {(z) has only one pole of first order and residue 1 in P, which is exactly

at z = 0. At the same time, we can split our integral as follows:
((2)dz = / ((2)dz + / ((2)dz + / ((2)dz + / ((2)dz =
oP u u+tws utwi+wso u+w1

u+wso
:/ (C(z)—C(z+w1))dz+/ (C(2) = (2 4+ ws))dz =

u-+w1

u+wse u+wi+wo u+wi u

= n(w1)wa — n(wz)wy,
where the last equality follows directly by the definition of the n-function. Moreover, we
used that the parallelogram has positive orientation.
To conclude we know that n : 0 — C is a group homomorphism, from which we get that
for each w,w’ € Q
n(w)w — n(w)w € 2miZ
OJ

Remark 1. 1t follows as a consequence of the above-discussed propositions, that for 0 #
A € C it holds:
o(Az; AQ) = Ao (z;Q),

COw: M) = (),

1
n(Aw; AQ) = +n(w; Q).



3. THE TRANSFORMATION LAW FOR o

Recall that o(z;Q) is not an elliptic function since it is entire and non-constant.

Nonetheless, it satisfies an interesting transformation law which associates o(z+w) to o(z) for w €
2 and z € C.

Theorem 3.1. For w € ) and z € C we have

o(z +w) = x(w)e"™CE+2g(2), (6)
where
(1 yreaq
x(w) = {—1 if% ¢ Q.

Proof. Since o vanishes at every point in €2, the above theorem trivially holds in that
case. Let us now assume that z ¢ Q. By the definition of the (-function we have
o'(z) = 0(2)((z). We thus get:

d (a(z + w)) _ o'zt w)o(z) —o(z + w)o'(2)
dz o(z) o(z)?
o0(z +w)((z + w)o(z) — oz + w)o(2)¢(2)

=2

where we used the definition n(w) = ((z + w) — {(z) in the last equality.

Now let us define
oz + W) _yw)e+2)

w(w> = O'(Z) )

which is independent of z. This can be verified easily by computing its derivative w.r.t.
z and checking that it is equal to zero.

If we can show that ¢ (w) = x(w), then we have concluded the proof. Indeed,

if ¥ ¢ Q choose z = —% and use the fact that ¢ is odd. This yields

(%)

o(=%)

Now consider the case where 0 # & ¢ 2. We have for any @ € € that

blw) = 72 = ~1 = x(w)

. o(z+20)o(z + W)
»(2w) = -
o(z+w)o(z)
where we used the fact that n is a homomorphism.
By the discreteness of Q, In > 1 s.t. w' ==2""w € Q and w'/2 = 27" 1% ¢ Q. In our
case w' = w where w'/2 ¢ Q. We have seen in the previous case, that we then have
Y(w') = —1.

We obtain from equation (7)
vw) = p() = () = ()7 =1

since n > 1. This shows that 1) = y and thus concludes the proof. O
6
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Corollary 3.2. Let a,b € C, for z € C such that z ¢ b+ Q we define f(z) = % For

w € Q we then obtain with above transformation law (6)
flz4w) = en(w)(b—a)f(z)'
Proof. Indeed,

w)(szJr%)O.(Z _ b)

en(w)(b—a)f(z)‘

4. ABEL’S THEOREM ON THE EXISTENCE OF ELLIPTIC FUNCTIONS

Recall Abel’s relation which states the following: Let f be a (non-constant) elliptic
function for a given lattice  with fundamental parallelogram P. If we list the zeros
ai,...,a, and poles by,...,b. of f in P (with repetitions for the respective order), then
we have

ar+...+a, =by+...+ b, (mod Q).

The following existence theorem can be considered as the converse of Abel’s relation
and is the culmination of this chapter. Its proof makes use of nearly all tools developed
up until now in this paper.

Theorem 4.1. Let ay,...,a, and by, ..., b, be two finite sequences in C, such that {a; +
Q.0+ QF and {by +Q,...,b. + Q} are disjoint and such that

wo=b1+...+b)— (a1 +...+a,) €.

Then
f(Z) — efn(wo)zo-(z — (11) h U(Z — aT)
o(z—=0by)---0(z—b)
1s an elliptic function that has zeros precisely at the points ay + €2, ..., a, + €2 and poles
precisely at the points by + Q, ..., b. + Q (with order at such a point given by its number
of repetitions in the respective sequence). Moreover, every elliptic function with zeros
ai,...,a, and poles at by, ..., b, is a constant multiple of f.

This means that we know how to construct any possible elliptic function up to a
constant factor given its zeros and poles (which have to satisfy Abel’s relation!). Now let
us turn our attention to the proof of this existence theorem.

Proof. Let us define
o(z—a)

fusle) = Ty

then we can rewrite f(z) as

f(Z) _ e—ﬁ(wo)z H fa]-,bj (Z)

7



From above corollary (3.2), it follows that

Fe ) = 0 TT £ (2 0)

j=1

— e~ n(wo)(z+w) H enWbi=ai) g\ (2)
aj.b;
j=1
— o Mwo)(z+w) gn(w) 35, (bj—a;) Hf b (2)
a;.b;
j=1

— en(w)wo—n(wo)w ,—n(wo)z | | fa:n:(2)
aj,0;5
Jj=1

= f(2).

We have used that n(w)wy — n(wy)w € 2miZ by the Legendre relation.

Since o(z) has zeros of order 1 at the lattice points it follows immediately that o(z — b;)
has zeros of order 1 at b; for all i € {1,...,r}. From this is follows that f(z) has poles of
order exactly one at the points {b; + ,..., b, + Q}.

The last statement of the theorem follows from a fact seen during the course. Any two
elliptic functions with the same zeros and poles only differ by a constant factor. This
concludes the proof. O

5. JACOBI’S THETA FUNCTION

Definition 5.1. The Jacobi theta function for the lattice Q2 = Z7+7Z for 7 € H is defined

by
f:CxH—C
(Z, 7_) — 9(2,’7_) — Z e7rin2'r+27rinz
neE”L

Lemma 5.2. The Jacobi theta function converges absolutely and locally uniformly on
C x H. For every fized T € H it defines an entire function 0(-|T) in z. It has zeros (at
least) at the points = + ().

Moreover, it satisfies the transformation laws

0(z 4+ 1|7) = 0(z|7) and 0(z + 7|7) = e ™7 2"*0(2|7)

Remark 2. Since 6(z|T) is entire and non-constant in z it cannot be doubly periodic in
z. Nonetheless we get to relate 6(z + 7|7) to 6(z|7). Therefore and because 0(z|7) also
has period 1 in z, the #-function is sometimes called a quasiperiodic function.

Proof. We prove the three points separately:

e Convergence: Let K C C x H be compact. Then there exists € > 0 such that
[Im(z)] < % and I'm(7r) > ¢ for all (z,7) € K. Let now (z,7) € K be arbitrary,
then

oo 0o
.2 . _ 2 _ _ 2 2mn
§ ’eﬂ"m 7'+27rmz’ — E e~ Im(r)—2mnIm(z) <142 E e TTEH T
n=1

neZ n=1
We see that there must exist a constant C' > 0 such that the right hand side of
the calculation can be estimated by > >~ eO"* which is a convergent series as
a subseries of a convergent series. Moreover, (z;7) defines an entire function in
z and a holomorphic in 7.
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e Transformation laws:
1. It holds that 0(z + 1;7) = 6(z; 7), since

L ) L ) .
9(2{ + 1’ 7_) _ E emin TH2min(z+1) _ E emin TH2minz+2min _

nez neL
. . (%) g .
— E emin T+27rznz€27rzn .’ E emin T42minz — Q(Z, 7_).
nez neL

In (*) we used the fact that for any n € Z it holds e?™" = 1.

2. We now prove that 6(z + 7;7) = 0(z; 7).

. _ win?T+2min(z+71) _ _ —miT—2miz mi(n+1)27+2mi(n+1)z __
Oz+1;1)=) e =e e =
nez nez

7771'772771',20(

=e Z;T).

e Zeros at TT“ + Q: We directly compute

1 . .
G(T; ;r) =) (—1remnr T = N S(—q) T lemiem T

meZ neZ

(3
2

which holds only in the case where Q(TT“; T) = (0. This shows that the zeros of
0(z;7) are at least at the points ZHt + Q.

4

The main purpose of defining the #-function in this paper is to show that there exists
an alternative way of constructing elliptic functions.

Theorem 5.3. Foray,...,a.,by,...,b. € C with (a1 +...4+a,)— (b1 +...+b.) € Q the
function
f(2) = ((99(2 ar|t) - 0(z — a,|7)

(z=by|T) - 0(2 — b.|T)
is an elliptic function for the lattice Q@ = Zt1 + Z. If the sets {a1 + Q,...,a, + Q} and
{b1 +Q,.... b+ Q} are disjoint, then f(z) has zeros at the points z € Z= 4+ a; + Q and
poles at the points z € TTH +b; +Q for 1 < j < r, where the order of the poles is given
by the number of repetitions of a; and b,.

Proof. Uses the Jacobi triple product identity. Can be found in [1]. O

Remark 3. In comparison to Abel’s Existence Theorem the poles and zeros seem to be
shifted by %1, which is due to the fact that the zeros of the f-function are located at
TTH + Q instead of at 0 + Q for the o-function
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