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This remarkable conjecture relates the behaviour of a function L, at a point it is not a
present know to be defined, to the order of a group Sha that is not know to be finite.

John Tate on the Birch and Swinnerton-Dyer conjecture

1 Elliptic curves

To probably talk about elliptic curves we need the most basic algebraic geometry. This is introduced
in the following, which can easily be skipped. A good reference is [Gat23] or [Har77].

1.1 Crash course in algebraic geometry

Let us fix a field K, an algebraic closure K of K and an integer n.

Definition 1.1: Affine n-space over K is the set

An = An
(
K
)
= {P = (x1, . . . , xn) : xi ∈ K}.

Similarly any algebraic extension L/K the set of L-rational points of An is the set

An
(
L
)
= {P = (x1, . . . , xn) ∈ An : xi ∈ L}.

In other words the set of L-rational points is just the set of points with coordinates in L.

Let K[X] be the polynomial ring K[x1, . . . , xn]. For an ideal I in K[X] we set

V (I) = {P ∈ An | f(P ) = 0,∀f ∈ I},

for vanishing locus of the ideal I.

Definition 1.2: An affine variety is any set of the form V (I) for some I.

Notice that we do not require the ideal I to be part of the data of the affine variety. We, however,
can always recover an ideal which has the set as vanishing locus.

Proposition 1.3

Let V be an affine variety. Then the set

I(V ) = {f ∈ K[X] | f(P ) = 0, ∀p ∈ V },

is an ideal in K[X] and V (I(V )) = V .

Proof. See [Gat23, Proposition 1.10].
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We call the set I(V ) for the ideal of V . Notice that by Hilberts basis theorem I(V ) is finitely
generated.

Definition 1.4: Let V be an affine variety. We say that V is defined over K if I(V ) can be
generated by polynomials with coefficients in K and denote this by V/K. If V is defined over K
and L/K is an algebraic extension then the set of L-rational points on V is the set

V (L) = V ∩ An (L)

.

In arithmetical geometry one is particarly interested in understanding the sets V (K) for affine
varietys V defined over Q and for number fields K. Having defined affine varietys we are almost
in the position to actually work with elliptic curves over arbitrary fields. The only problem is that
these affine varietys, lack certain completeness properties. To fix this we will take the projective
closure of them.

Definition 1.5: Projective n-space over K is the set

Pn = Pn
(
K
)
= An+1 \ {(0, 0, . . . , 0)}/ ∼,

where the equivalence relation ∼ identifies two points P ∼ Q if and only if there exists t ∈ K
∗
,

such that tP = Q. For a point P = (x0, x1 . . . xn) ∈ An+1 \ {(0, 0, . . . , 0)} we denote its equivalence
class in Pn as [x0 : x1 : . . . . : xn].

One should think of Pn
(
K
)
as the set of all lines through the origin in An+1. Like in the case

of affine space it is also possible to define subsets cut out by polynomials. We however need to be
careful, as we want the zero sets of these polynomials to be independent of choice of representative
of the projective point. This leads us to the following definition.

Definition 1.6: A polynomial f ∈ K[x0, . . . xn] is homogeneous of degree d if for all t ∈ K and
(x0, x1, . . . , xn) ∈ An we have that

f(tx0, tx1, . . . , txn) = tdf(x0, . . . , xn).

An ideal I ∈ K[x0, . . . xn] is homogeneous if it can be generated by homogeneous polynomials and
is nonzero.

Notice that it makes sense to ask for a point P ∈ Pn and a homogeneous polynomial f if f(p) = 0.
Therefore, we are in a position to define projective varietys

Definition 1.7: Let I be a homogeneous ideal in K[x0, . . . xn]. Then the projective vanishing
locus of I is the set

V (I) = {P ∈ Pn | f(P ) = 0 for all f ∈ I homogeneous}.

A projective variety is a set of the form V (I) for some homogeneous ideal I. If V is a projective
variety, the homogeneous ideal of V , I(V ) is the ideal of K[x0, . . . xn] defined by the homogeneous
polynomials vanishing at V . Such a V is defined over K if the ideal I(V ) can be generated by
homogeneous polynomials defined over K.

Example 1.8

Let I = (a0x0 + . . .+ anxn) be the ideal generated by the homogeneous ideal of degree 1,
a0x0 + . . . + anxn for some a0, . . . , an ∈ K not all zero. We call V (I) a hyperplane and
furthermore if n = 2 we call it a line. One can check that in the case n = 2 all lines intersect
in precisely one point.

We now want to study how affine space and projective space interact. Notice that for any
0 ≤ 1 ≤ n we have a map

Φ : An → Pn,
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given by
(x1, . . . xn) 7→ [x0 : . . . : xi−1 : 1 : xi+1 : . . . : xn].

If we let H = V (xi) ⊂ Pn be the hyperplane where xi = 0 and Ui = Pn \Hi we see that Φ induces
a bijection between An and Ui. Indeed an inverse to Φ on Ui is the map given by

[x0 : x1 : . . . : xn] 7→
(
x0
xi

, . . .
xn
xi

)
,

where we omit the xi variable.
Having chosen an index i we will canonically identify An ≃ Ui ⊂ Pn as a subset of projective

space. If V is a projective variety then the set V ∩An as variety. Indeed it is the zero locus of the
ideal

{f (x0, . . . , xi−1, 1, xi+1, . . . , xn) | f ∈ I(V )}.

Notice that the sets U0, . . . , Un cover all of Pn, so to understand a projective variety V it is enough
to look at the sets U0 ∩ V, . . . , Un ∩ V . We want to reverse this process and get a projective variety
from an affine variety that restricts to the given one.
Let f ∈ K[x0, . . . , xi−1, xi+1 . . . , xn] be a polynomial of degree d. The homogenization of f with

respect to the variable xi is the homogeneous polynomial of degree d

f (x0, . . . , xn) = xdi f

(
x0
xi

, . . . ,
xi−1

xi
,
xi+1

xi
, . . .

xn
xi

)
.

Definition 1.9: Let V be a affine variety and regard An ≃ Ui ⊂ Pn. The projective closure of V
denoted by V is the zero locus of the homogeneous ideal I generated by f∗ for f ∈ I(V ).

Proposition 1.10 i) If V is an affine variety then V is projective variety.

ii) If V is a projective variety then V ∩An is an affine variety and either V ∩An is empty or

V ∩ An = V .

iii) If a plane algebraic variety V is defined over K if and only if V is defined over K.

Proof. See [Har77, Corallary I 2.3].

We therefore have a one-one correspondence between affine varieties and projective varieties given
by taking the projective closure and restricting to affine n-space. We will in particular be interested
in the following kinds of varieties.

Definition 1.11: A affine variety V defined over K is called plane algebraic curve if there exists
f ∈ K[x, y], s.t I(V ) = (f). We will say V is defined by f or is the zero locus of f . A projective
variety V is called a plane projective curve if there exists a homogenous polynomial f ∈ K[x, y, z],
st. V ((f)) = V .

Notice that the projective closure of a plane algebraic curve is a plane projective curve We will
impose a single niceness condition on our projective varieties. Namely we will want them to be
smooth. The condition is a bit technical so we will only give it in the case of plane projective
curves.

Definition 1.12: A plane algebraic curve V defined by f is smooth at a point p ∈ V , if the
Jacobian of f is nonvanishing. Furthermore a projective plane curve X is called smooth if U1 ∩X,
U2 ∩X and U3 ∩X are smooth at all their points.
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1.2 Definition of elliptic curves

We are now finally in a position to give the definition for elliptic curves over general fields.

Definition 1.13: An elliptic curve E over a field K is a projective plane curve homogeneous
polynomial f(x, y) ∈ K[x, y] of third degree with E(K) ̸= ∅.

It turns out one can (projectively) transform the curve to get a simpler equation.

Proposition 1.14

Let E/K be an elliptic curve. Then there exists a1, . . . , a6 ∈ K, s.t. E is given as the
(projective) solution set of

Y 2X + a1XY Z + a3Y Z2 = X3 + a2X
2Z + a4XZ2 + a6Z

3.

Such a representation is called a Weierstrass equation and we say that E is given by a Weier-
strass equation. Furthermore if the characteristic of K is not 2 or 3 there exists a, b ∈ K, s.t
E is given as the projective solution set of

Y 2Z = X3 + aXZ2 + bZ3.

In this case we say that E is given by a reduced Weierstrass equation.

Proof. See [Sil09, p. III.1].

Oftentimes, we will not give the homogenized Weierstrass equation but just give the equation
unhomogenized to the x, y variable. Notice that in both cases P2 \ (E ∩ U1) consists of a single
point, namely [0 : 1 : 0]. We notate this point as O and call it the point at infinity of the elliptic
curve.
Suppose that E is given by a reduced Weierstrass equation Y 2Z = X3 + aXZ2 + bZ3. The

condition that E is smooth corresponds to the cubic x3 + ax + b not having any multiply roots
which is equivalent to the discriminant ∆ = 4a3 + 27b2 ̸= 0.
Recall that earlier in this seminar we saw elliptic curves over the complex numbers corresponds

to tori ([Dav24, Prop 1 and 2]). This is true over all fields and makes it possible to extend the
definition of elliptic functions to be defined over all rings and more generally schemes. To formulate
this one has to give the definition of genus of a projective curve, which is quite technical. However,
if the field the curve is defined over is a subfield of the complex numbers then the genus is the same
as the topological genus of the complex points of the curve. Therefore, the next theorem greatly
generalizes the complex case.

Theorem 1.15

The smooth projective curves of genus 1 over a field K with a distinguished point defined over
K are precisely elliptic curves.

Proof. For a proof see [CH22, Proposition 15.10].

2 Group structure

Let E/K be an elliptic curve. The geometric group structure defined in [Dav24] carries over to
the case over a general field. One can explicitly give the addition formula and check that this
defines a group on E(L) for every field extension L of K (See [Sil09, p. III.2]). One can also work
more geometrically and prove that E is isomorphic to its Jacobian, which naturally carry a group
structure.
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Theorem 2.1 (Mordell’s theorem)

Let E/Q be an elliptic curve over Q. Then the group E(Q) is finitely generated.

All known proofs of this theorem is structured in 2 steps. A cohomological step often called the
’weak’ Mordell’s theorem and a descent step.

Lemma 2.2 (Weak Mordell’s theorem)

If E/Q is an elliptic curve over Q and n > 1 an integer, then the group

E(Q)/nE(Q)

is finite.

Proof. For a proof see [HS13, p. C].

Proof of Mordell’s theorem. By the theory of heights (see [HS13, B.5] or [Sil09, VIII §5]) the Tate-
canonical height of an elliptic curve ĥ : E(Q) → R is a non-negative quadratic form1 such that for
all C > 0 the set

{x ∈ E(Q) | ĥ(x) ≤ C}

is finite. The following lemma together with the Weak Mordell’s theorem proves Mordell’s theorem.

Lemma 2.3 (Descent procedure)

Let Γ be an abelian group equipped with a non-negative quadratic form q : Γ → R, such that
for all N ∈ N, the set

{x ∈ Γ | q(x) ≤ N}

is finite. Assume further that Γ/mΓ is finite for an integer m ≥ 2. Then Γ is finitely generated.

Proof. Notice that for m ∈ Z and x ∈ Γ that q(mx) = m2q(x) and therefore the torsion subgroup
is finite, since it is contained in the set of elements x ∈ Γ satisfying q(x) ≤ 0.

The following sequence is exact by properties of the tensor product

0 Γtor Γ Γ⊗Z R.

Therefore it is enough to prove that Γ⊗Z R is finitely generated. Indeed since Z is noetherian the
image of Γ under the map Γ → Γ⊗Z R is finitely generated and now we get a short exact sequence
with the first and last term being finitely generated and therefore the middle term is also finitely
generated.
We can therefore promote Γ to a R vector space equipped with a non-negative quadratic form

q : Γ → R and prove it in this case.
Let a1, . . . an ∈ Γ be a set of representatives for Γ/mΓ. Since q(x) is non-negative, we may define

|x| =
√

q(x), c = max{a1, . . . , an}, S = {x ∈ Γ | |x| ≤ c} .

Notice that |·| satisfy the triangle inequality. We will prove that the finite set S generates Γ.
Let x0 ∈ Γ. If x0 ∈ S we are done. Otherwise |x0| > c. Let ai be the representative of the coset

of x0 in Γ/mΓ. Then we may write x0 = ai +mx1 for some x1 ∈ Γ and derive

m|x1| = |x0 − ai|
≤ |x0|+ |ai|
< 2|x0|.

1This means there exists a symmetric bilinear map b : E(Q)× E(Q) → R such that b(x, x) = ĥ(x) for all x ∈ E(Q)
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Therefore |x0| > |x1|. If x1 ∈ S, x0 = ai +mx1 is in the subgroup generated by S. If not, we can
continue in this fashion and obtain a sequence of elements |x0| > |x1| > |x2| > ... > |xn| > . . ., such
that x0 is in the subgroup generated by S and xt for every t. Since Γ only contains finitely many
elements of bounded size, the sequence eventually terminates with an element in S. And so x0 lies
in the subgroup generated by S as desired.

The structure theorem of finitely generated abelian groups now gives us the following corollary.

Corollary 2.4

There exists an integer r such that

E(Q) ≃ Zr ⊕ E(Q)tor

and furthermore the group E(Q)tor is finite.

Definition 2.5: Let E/Q be an elliptic curve over Q. The integer r in corallary 2.4 is called the
rank of the elliptic curve.

3 Congruent numbers

We will now show how this general theory relates to solving the congruent number problem.

Definition 3.1: A natural number n is congruent iff there exits a right triangle with rational sides
that has area n.

Notice that if n is congruent then s2n is congruent for every rational number s, such that s2n
is a natural number, simply by scaling. We are therefore only interested in squarefree congruent
numbers. As of now there does not exists an algorithm to determine if a natural number n is
congruent.

Example 3.2

The number 157 is congruent since there exists a triangle with the following side lengths.

Furthermore this is the simplest triangle witness 157 as a congruent number in the sense the
side lengths has the smallest denominators.

One can easily reframe the condition of n being congruent. Namely a natural number n is
congruent if and only if there exists positive rational numbers a, b, c, that solves the following
system of equations

a2 + b2 = c2 (1)

ab = 2n. (2)
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We define En to be the projective curve defined by the Weierstrass equation y2 = x3−n2x. Notice
that this is an elliptic curve over Q since the discriminant equals 4n6, which is non-zero.

Theorem 3.3

The squarefree number n is congruent if and only if the elliptic curve En has rank greater than
zero.

To prove this we first need to understand the torsion group if En.

Lemma 3.4

The group (En)tor consists of the four points O, (0, 0) and (±n, 0) all of order 2.

Proof. For a proof see [Kob93, Proposition 17].

Proof of 3.3. We will first prove that if n is congruent then the elliptic curve En has rank greater
than zero. Suppose that a, b and c are positive rational solutions to the system of equations

a2 + b2 = c2 (3)

ab = 2n. (4)

Set x = n(a+c)
b and y = 2n2(a+c)

b2
. Then we have that

y2 − x3 + n2x =

(
2n2(a+ c)

b2

)2

−
(
n(a+ c)

b

)3

+ n2

(
n(a+ c)

b

)
=

n3(a+ c)

b4

(
4n(a+ c)− b (a+ c)2 + b3

)
=

n3(a+ c)

b4
(
2ab (a+ c)− b(a2 + c2)− 2abc+ b3

)
=

n3(a+ c)

b4
(
2a2b+ 2abc− b(2a2 + b2)− 2abc+ b3

)
= 0

Therefore the point (x, y) belongs to the elliptic curve En. If (x, y) is a torsion point then a+c
b = 1

by the positivity of a, b and c and lemma 3.4. Hence we would have that a + c = b, but this is
clearly absurd as a2 + b2 = c2. Therefore (x, y) is a point of infinite order on En and hence the
rank of En is greater than zero.

Suppose now that there exists a point P of infinite order on En. As the point has infinite order
the point 2P ̸= O and hence can be written as 2P = (x, y) for some rational numbers x, y. By
using the explicit addition law of points on elliptic curves it can be proven that x is the square of
a non-zero rational number and hence positive (See [Kob93, Problem 7.2]). We can furthermore
assume y > 0, since all points with y = 0 has order 2. The equation y2 = x

(
x2 − n2

)
gives that

x2 − n2 ≥ 0. We can therefore set

a =
x2 − n2

y

b =
2nx

y

c =
x2 + y2

y
.
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These numbers satisfy that

a2 + b2 =

(
x2 − n2

y

)2

+

(
2nx

y

)2

=
1

y2

(
(x2 − n2)2 + (2nx)2

)
=

1

y2
(
x2 + y2

)2
= c2

ab =
x2 − n2

y

2nx

y

= 2n
x3 − n2x

y2

= 2n

and hence n is congruent as realized by a, b and c.

We would therefore like to understand the rank of an elliptic curve better. One intuition is that
if the rank of an elliptic curve is higher then one would expect more points on the curve. However,
if the rank is greater than 1, there is no difference in the cardinality of the set of rational points.
One thing we can do is to reduce the curve modulo different primes p and look at how the number
of points in Fpn grow as n grows.

4 Reduction of elliptic curves

Given an elliptic curve E/Q defined by a Weierstrass equation of the from y2 = x3 + ax+ b we can
make the change of variables y′ = u−3y and x′ = u−2x and obtain a Weierstrass equation of the
form

y′2 = x′3 + u4ax′ + u6b

still defining the same curve E. By choosing u we can therefore clear denominators and suppose E
is given by a Weierstrass equation y2 = x3 + ax+ b for integers a and b.

Definition 4.1: Let E/Q be an elliptic defined by a Weierstrass equation y2 = x3 + ax+ b with
a and b integers and a prime p the reduced curve Ep is the projective plane curve given by the
projective closure of the zero set of

y2 = x3 + ax+ b, ,

where a, b ∈ Fp are the residues of a and b.

Notice that Ep is an elliptic curve if and only if p ̸= ∆. It turns out one can choose a change
of variables such that the reduced curve Ep is smooth for the maximal amount of primes p. For a
more precise statement and proof See [Sil09, p. VIII.8.3].
The first formulation of the Birch and Swinnerton-Dyer conjecture is that∏

p prime less than x

|Ep(Fp)|
p

grows roughly as log(x)r. Birch and Swinnerton-Dyer conjectured this in 1965 based on numerical
evidence.
Already this makes the idea, that the number of points on the reduced elliptic curve is related to

the rank, precise. However, the modern day formulation is quite different from this one. To state
it, we have to introduce the notion of L-functions of elliptic curves.
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Figure 1: The function
∏

p prime less than x
|Ep(Fp)|

p in blue for the elliptic curve y2 = x3 − 5x drawn
on a log(log) to log scale. So the conjecture states that the function should tend to a line
with slope 1 drawn in red.

We now want to collect the information of the number of points in Ep (Fpn) for all natural
numbers n and primes p in a more sophisticated way than above. In general it is a good idea to
use a generating function to do this. We will do the same but be as we are doing number theory
we will use a ζ-function.

Definition 4.2: Let E/ Q be an elliptic curve. The ζ-function of E is the function

ζ(E, s) =
∏

p prime

exp

( ∞∑
k=1

|Ep(Fpk)|
k

p−ks

)
,

which is the product of the local ζ-functions:

ζp(Ep, s) = exp

( ∞∑
k=1

|Ep(Fpk)|
k

p−ks

)
.

Later we will discuss convergence properties of this function. It turns out the product converges
to an analytic function for ℜ(s) > 3

2 .
On the outset this does not look like a normal ζ-function. However the following computation

shows the similarities. Namely for s ∈ C with ℜ(s) > 1.

∏
p prime

exp

( ∞∑
k=1

1

k
p−ks

)
=

∏
p prime

exp

(
ln

(
1

1− p−s

))
=

∏
p prime

1

1− p−s

=
∞∑
n=1

1

ns

= ζ(s).

Likewise more general ζ-functions can be realized the same way. For a fuller discussion see
[BD23].
The expected size of |Ep(Fpk)| is pk + 1. It therefore natural to introduce the correction factors

c(p, k) ∈ Z defined as

c(p, k) = |Ep(Fpk)| −
(
pk + 1

)
.
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Now we can rewrite the ζ-function of the elliptic curve in terms of these factors

ζ(E, s) =
∏

p prime

exp

( ∞∑
k=1

|Ep(Fpk)|
k

p−ks

)
(5)

=
∏

p prime

exp

( ∞∑
k=1

pk + 1 + c(p, k)

k
p−ks

)
(6)

=
∏

p prime

exp

( ∞∑
k=1

1

k
p−k(s−1)

)
exp

( ∞∑
k=1

1

k
p−ks

)
exp

( ∞∑
k=1

c(p, k)

k
p−ks

)
(7)

= ζ(s− 1)ζ(s)
∏

p prime

exp

( ∞∑
k=1

c(p, k)

k
p−ks

)
(8)

(9)

The interesting factors we will call the local L-functions.

Definition 4.3: Let E/Q be an elliptic curve and p a prime. The local L-function is defined as

Lp (Ep, s) = exp

( ∞∑
k=1

c(p, k)

k
p−ks

)
.

It is possible to give a more precise description of these local L-functions depending on 3 cases.
We will explain these in the next 3 sections.

4.1 Good reduction

We say the elliptic curve has good reduction at the prime p if the reduced curve is smooth and
therefore remains an elliptic curve. Notice that most primes are primes of good reduction since
only finitely many primes divide the discriminant. As an example lets look at the elliptic curve
y2 + y = x3 + x over the finite field F2. If we look for solutions in F2n we get the following table
(From [Bae24]):

n q = 2n |Ep(Fq)|
1 2 5
2 4 5
3 8 5
4 16 25
5 32 25
6 64 65
7 128 145

It turns out that
|Ep(F2n)| = 2n + 1− (−1 + i)n − (−1− i)n

. Weil conjectures implies this is the behaviour for all smooth varieties over finite fields. The case
of elliptic curves was proved by Hasse.

Theorem 4.4 (Hasse)

Let E/Q be an elliptic curve and p a prime of good reduction. Then there exists a complex
number α of norm

√
p, such that

|Ep(Fpk)| = pk + 1− (αn + αn) .

Proof. See [Sil09, Theorem V.2.1.3].
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This implies that the correction factor c(p, k) = −αk − αk. Therefore the local L-function is
given as

Lp(Ep, s) = exp

( ∞∑
k=1

c(p, k)

k
p−ks

)

= exp

(
−

∞∑
k=1

αk + αk

k
p−ks

)

= exp

(
−

∞∑
k=1

αk

k
p−ks

)
exp

(
−

∞∑
k=1

αk

k
p−ks

)
= exp (ln (1− αps)) exp (ln (1− αps))

=
(
1− αp−s

) (
1− αp−s

)
= 1−

(
α+ αp−s + p1−2s

)
= 1− app

−s + p1−2s,

where ap = α+ α = −c(p, 1) = p+ 1− |Ep(Fp)|.

4.2 Additive reduction

An elliptic curve has additive reduction at a prime p, if the reduced curve has a cusp.

More precisely this means, that if the elliptic curve is given by a Weierstrass equation of the form
y2 = x3+ax2+ b, it has additive reduction modulo p if and only if p|a and p|b. Notice that implies
that the reduced curve is not smooth.
For example the elliptic curve given by the Weierstrass equation y2 = x3 + 2x has additive

reduction modulo 2.
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n q = 2n |Ep(Fq)|
1 2 5
2 4 5
3 8 5
4 16 25
5 32 25
6 64 65
7 128 145

Here the system is quite clear and it holds more generally.

Theorem 4.5

Let E/Q be an elliptic curve with additive reduction modulo a prime p. Then

|Ep(Fpn)| = pn + 1,

for all integers n.

Proof sketch. Let P = (0, 0) ∈ Ep be the cusp of the elliptic curve. A Fpn rational line through
P in P2 (Fpn), that is not the line y = 0 intersects Ep (Fpn), in exactly one other point, as it
has multiplicity 2 at P . This therefore establishes a bijection between P2 (Fpn) \ {[0, 1, 0]} and
Ep (Fpn) \ {P} and therefore |Ep(Fpn)| = pn + 1.
For another proof see [Sil09, Exercise 3.5], where it is also established that Ep (Fpn) \ {P} is

isomorphic as a group to the additive group of Fpn , which explains the name of additive reduction.

Therefore we have that the correction factor in the case of additive reduction is c(p, k) = 0 and
therefore Lp(s) = exp(0) = 1 in this case.

4.3 Multiplicative reduction

An elliptic curve has multiplicative reduction at a prime p, if the reduced curve has a node.
More precisely we say an elliptic curve has multiplicative reduction at a prime p if it does not

have smooth or additive reduction modulo p. It can be shown that this exactly implies that it is has
a node. Indeed if the elliptic curve is given by a Weierstrass equation of the form y2 = x3 + ax+ b,
it is true that it has good or additive reduction at p if and only if the cubic x3 + ax + b has 3
or 1 root modulo p respectively. Therefore having multiplicative reduction implies that the cubic
x3 + ax+ b has a double root and this is exactly the node of the elliptic curve. At the node it can
be proven there is two tangents. These exists as lines in P2

(
Fp

)
. Let them be denoted l1 and l2.

We will distinuges between two cases based on the slope of these lines. Namely we say the elliptic
curve has split multiplicative reduction modulo p if the slope of l1 is in Fp, and non-split otherwise.

12
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Theorem 4.6

Let E/Q be an elliptic curve with split multiplicative reduction modulo a prime p. Then

|Ep(Fpn)| = pn,

for all integers n, and if it has non-split multiplicative reduction then

|Ep(Fpn)| = pn + 1− (−1)n ,

for all integers n.

Proof sketch. Let P ∈ Ep be the node of the elliptic curve and suppose we have split multiplicative
reduction. A Fpn rational line that isn’t l1 or l2, through P in P2 (Fpn), intersects Ep (Fpn), in
exactly one other point, as it has multiplicity 2 at P . This therefore establishes a bijection between
P2 (Fpn) \ {l1, l2} and Ep (Fpn) \ {P} and therefore |Ep(Fpn)| = pn in the case of split multiplicative
reduction.
The case of non-split multiplicative reduction is harder to visualize geometrically. For a proof

see [Sil09, Exercise 3.5] where it is also proven that Ep(Fp)\{P} is isomorphic to the multiplicative
group of Fp in both cases, which explains the name of multiplicative reduction.

In the case of split multiplicative reduction we have the correction factor c(p, k) = −1 and

13
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therefore in this case the local L-function is given as

Lp(Ep, s) = exp

( ∞∑
k=1

c(p, k)

k
p−ks

)

= exp

( ∞∑
k=1

−1

k
p−ks

)
= exp

(
ln
(
1− p−s

))
= 1− p−s

Likewise we have in the case of non-split multiplicative reduction the correction factor c(p, k) =
− (−1)k and therefore in this case the local L-function is given as

Lp(Ep, s) = exp

( ∞∑
k=1

c(p, k)

k
p−ks

)

= exp

( ∞∑
k=1

−(−1)k

k
p−ks

)
= exp

(
ln
(
1− (−1)p−s

))
= 1 + p−s

Notice that if we set ap = p+ 1− |Ep(Fp)| like in the case of good reduction we in both cases have
a local L-function of the form

Lp(s) = 1− app
−s.

All in all we have that the local L-functions is given by the following.

Theorem 4.7

Let E/Q be an elliptic curve. Then

Lp(Ep, s) =


1− app

−s + p1−2s if the elliptic curve has good reduction at p

1− app
−s if the elliptic curve has multiplicative reduction at p

1 if the elliptic curve has additive reduction at p

.

Proof. See discussion above.

5 L-functions of elliptic curves

Now we have gathered local information at all primes we want to collect it into global information.
As a number theorist does best we multiply the local information to get global information.

Proposition 5.1

Let E/Q be an elliptic curve. The infinite product

L(E, s) :=
∏

p prime

Lp (Ep, s)
−1 ,

converges absolutely to an analytic function for s ∈ C, with ℜ(s) > 3
2 . This function is called

the L-function of the elliptic curve.

14
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Proof. Notice that by theorem 4.7 we can write the L-function as

L(E, s) =
∏
p|∆

1

1− app−s

∏
p∤∆

1

1− app−s + p1−2s

=
∏
p|∆

1

1− app−s

∏
p∤∆

1

1− αpp−s

1

1− αpp−s
,

where αp are the complex numbers of norm
√
p from theorem 4.4. It is therefore enough to prove

that the product ∏
p∤∆

1

1− bpp−s
.

converges for positive real numbers bp s.t bp ≤ √
p and s ∈ R, s.t s > 3

2 . For a natural number n
with prime factorization n = pe11 . . . pekk , define

bn = be1p1 . . . b
ek
pk
,

and notice that bn ≤
√
n. We therefore have that for all natural numbers N , that∏

p∤∆,p≤N

1

1− bpp−s
≤

∏
p prime≤N

1

1− bpp−s

≤
∞∑
k=1

bn
n−s

≤
∞∑
k=1

√
n

n−s

=
∞∑
k=1

1

n−(s− 1
2)
,

Since s− 1
2 > 1 the last term is finite by convergence of the Riemann ζ-function and we therefore

have that the product converges absolutely.

Theorem 5.2

Let E/Q be an elliptic curve. Then there exists a functional equation relating s and 2 − s,
that makes it possible to analytically continue the L-function of E to a meromorphic function
on the whole complex plane.

This theorem is due to Eichler and Shimura that proved it for modular elliptic curves. Later
Wiles and others showed that all elliptic curves were modular.
Now after all this work we are finally in a position to state the Birch and Swinnerton-Dyer

conjecture. This precisely formulates the idea that the L-function should contain information
about the rank of the elliptic curve. A modern day formulation is the following.

Conjecture (Birch and Swinnerton-Dyer)

Let E/Q be an elliptic curve. Then the order of vanishing of the L(E, s) at s = 1 is equal to
the rank of the elliptic curve.

It is furthermore refined to also give a precise shape of the first non-zero Taylor coefficient for
L(E, s) at s = 1.
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Conjecture (Refined Birch and Swinnerton-Dyer)

Let E/Q be an elliptic curve over Q of rank r. Then the L-function of the elliptic curve have
a zero of order r at s = 1 . Furthermore the r′th Taylor coefficient of the L-function is given
by

L(r)(E, 1)

r!
=

#Sha(E)ΩERE
∏

p|N cp

(#Etor)2
.

Results of Gross-Zagier (1986) and Kolyvagin (1989) has proved the following cases of the conjec-
ture.

L(E, 1) ̸= 0 =⇒ rank of E is 0.

L(E, 1) = 0 and L′(E, 1) ̸= 0 =⇒ rank of E is 1.

5.1 Importance for congruent number problem

The importance of the Birch and Swinnerton-Dyer conjecture can not be overstated. For example
Tunnel managed to closely examine the L-function of the elliptic curves En to prove the following
remarkable theorem.

Theorem 5.3 (Tunnel 1983)

Let n be a square-free natural number. Consider the following values

An := #{(x, y, z) ∈ Z3 |n = 2x2 + y2 + 32z2}
Bn := #{(x, y, z) ∈ Z3 |n = 2x2 + y2 + 8z2}
Cn := #{(x, y, z) ∈ Z3 |n = 2x2 + y2 + 64z2}
Dn := #{(x, y, z) ∈ Z3 |n = 2x2 + y2 + 16z2}

1. If n is an odd congruent number, then 2An = Bn.

2. If n is an even congruent number, then 2Cn = Dn.

Moreover if the Birch-Swinnerton and Dyer conjecture is true then these are sufficient.

This is significant as it gives an efficient algorithm to check whether a given number n is congruent.
Therefore, a proof of the Birch and Swinnerton-Dyer conjecture would give a satisfactory solution
to the congruent number problem.
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