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1. Introduction

Consider a stochastic process S = (S;):>0 on a filtered probability space (2, F, IF, P). Assume
S is arbitrage-free in the sense that there exists an equivalent martingale measure (EMM) R
for S, i.e. a probability measure R equivalent to P such that S is a (local or maybe o-)mar-
tingale under R. Let @ be another probability measure which is (maybe locally) equivalent
to P and think of () as an alternative reference model. We ask the following two questions:

1) Knowing only that S admits an EMM R, can we find another EMM R’ whose density

‘fl—}g has some additional integrability Z(P) under P? (This question does not need the
introduction of Q.)

2) Suppose S admits an EMM R’ whose density Z—Jg with respect to P has the integra-
bility Z(P) under P. Can we then also find an EMM R’ whose density % with respect to
() has the (same) integrability Z(Q) under Q7

It is well known from the classic Dalang-Morton-Willinger (DMW) theorem that the
answer to both questions is positive in finite discrete time — we can even find an EMM with
a bounded density. In contrast, both questions in the above form have negative answers in

continuous time, as the following simple example illustrates.

Example 1.1. Let N = (IV;):>0 be a standard Poisson process with intensity 1 and IF' the
P-augmentation of the filtration generated by N. Consider the process

St:Nt—f(t):Nt—t+j(1—f(5))d8, tZO,
0

for a deterministic function f. Since the Poisson martingale M; = N; — ¢, t > 0, has the
predictable representation property in IF', there is at most one candidate for an EMM R for S,
and it can be formally obtained via the Girsanov transformation removing the instantaneous
drift 1— f from S. But if f lacks sufficient integrability, the density % of that single candidate
will fail to have any good integrability, so that 1) has a negative answer. Moreover, if we
take as new reference measure the EMM @ = R, then R” = (Q has a density % = 1 with

arbitrary integrability Z(Q), while the only possible choice R’ = @ gives ‘fi—lg without nice

integrability if f is bad. So also 2) (with P and @ interchanged) has a negative answer. 0O

One key insight from our results in this paper is that in some sense (made precise below),
Example 1.1 already contains the ingredients for everything that can go wrong in continuous
time. To explain this rigorously, we need to introduce some concepts. A crucial point for
these is that we formulate all our results locally, i.e. by means of localisation, as follows.

We now start properly with a probability space (2, F, P) with a right-continuous filtra-

tion IFO = (FQ);>0 and F2 = \/ F?, and an IR%valued adapted RCLL process S = (S;)¢>0-
>0
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For any probability R on (€2, F), we write as usual R~ P if R|r, is equivalent to P|z, for
any ¢ > 0, where IF' = F® = (F})o<1< is the augmentation of IF* with respect to 3(R+ P).

For ng P, we introduce the set
De (S, R) := {local R-martingales Z > 0 with Zy =1 | ZS is an R-o-martingale}

of R-o-martingale densities for S. We recall that an IR%-valued o-martingale Y is a stochastic
process of the form Y = [ dM = +-M with an IR%-valued local martingale M and a one-
dimensional predictable M-integrable process v > 0. Equivalently, there exists a bounded
one-dimensional predictable process ¢ > 0 such that ¢-Y is an JR%-valued local martingale.
IfY =785 and Z > 0 is a local martingale, then ¢-Y = ¢-(ZS) is a local martingale if and
only if Z(p-S) is, and this property then extends to all one-dimensional bounded predictable
@ > 0; see Lemma 2.9 below. Basic references for notations and results from stochastic
calculus are Dellacherie/Meyer (1982) and Jacod/Shiryaev (2003), DM and JS from now on.

If S describes the discounted prices of d risky assets in a financial market containing
also a bank account with constant discounted price 1, the set D, (5, R) appears naturally
via arbitrage considerations from mathematical finance; see for instance Stricker/Yan (1998).
Indeed, if S is a P-semimartingale and satisfies the classic no-arbitrage condition NFLVR, the
fundamental theorem of asset pricing (FTAP) states that there exists a probability P* equiv-
alent to P with P* = P on Fy such that S is a P*-o-martingale; see Delbaen/Schachermayer
(1998) or Chapter 14 of Delbaen/Schachermayer (2006). By the Bayes rule, the density
process Z* with respect to P of this equivalent o-martingale measure P* for S is then in
De (S, P); see Proposition 5.1 of Kallsen (2004). Note that if De (S, R) # 0, then S is an
R-semimartingale; this follows by applying It6’s formula to S = (Z5)/Z with Z € D (S, R).

Because the condition NFLVR is formulated only in terms of semimartingales and the
spaces LY, L°, it is invariant under an equivalent change of measure. The same holds for
the condition D, (S, P) # 0: If @ is locally equivalent to P, then D, (S, P) # 0 holds
iff Deo(S,Q) # 0. The proof is straightforward: If D@ is the density process of Q with
respect to P and Z is in D, (S, P) so that Z7S is a P-o-martingale, the Bayes rule directly
yields that Z? := ZPD(?P/DQ?P is in De (5, Q). The converse is symmetric. Moreover, the
condition D, , (S, P) # 0 is also equivalent to saying that S satisfies the condition NUPBR
(which is strictly weaker than NFLVR); see for instance Kardaras (2012) for d = 1 or Takaoka/
Schweizer (2014).

Our first main result is

Theorem 1.2. Let S = (S;);>0 be an IR%-valued adapted RCLL process and assume that
De.» (S, P) # (). Then there exist Z¥ € D, (S, P) and Z) with the following property: For
any one-dimensional bounded predictable ¢ > 0 such that Z¥ (¢-S) is a local P-martingale,

we have a decomposition
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such that ZW) is a locally bounded P-o-martingale density for XV, and such that X©

admits a P-o-martingale density, is quasi-left-continuous and has the form

(1.1) XO = 33 (B + 47, AXE g ol) = Bt 30 00, AXE i,

n=1

where B and each B" = V) — -B™ are continuous and of finite variation and (Tn)nemn Is

a sequence of stopping times with 1, / co P-a.s. Note that Z(1) does not depend on .

A more detailed version of Theorem 1.2 is given below in Theorem 8.1, but the above
version is sufficient to convey the first main message. If a process S admits a P-o-martingale
density, then at least one of its integrals (+S with ¢ > 0 bounded predictable admits a local
P-martingale Z > 0 such that Z(-S) is also a local P-martingale. As pointed out above,
the same is then true for all such integrals ¢+S. According to Theorem 1.2, any such integral
©+S has one part X(1) which admits a locally bounded P-o-martingale density Z(!) — which
can even be chosen to work simultaneously for all ¢ —, and a second part X(?) which is an
at most countable sum of quasi-left-continuous single-jump processes each with a continuous
drift part. This shows that for question 1), at least in localised form, the only possible
difficulties come from those parts of S that have the same basic structure as Example 1.1.

Our second main result deals with the part X(©) from Theorem 1.2. To explain this, we
need to look ahead a bit. In (4.3) in Section 4, we decompose S — Sy = S + S*, where S° is

quasi-left-continuous, and the precise version (in Theorem 8.1) of Theorem 1.2 shows that

so that X(©) is quasi-left-continuous like S* and comes from S* only.

Theorem 1.3. In the setting of Theorem 1.2, suppose that the quasi-left-continuous process
X©) has as in (1.1) the form

(1.2) XO = 5 (B + ¢r, AXO I, o) = (9b)- A + (% p©),

n=1

where 1% is the jump measure of X, v (dt, dx) = Ft(o)(dx) dA; its compensator and A

controls the characteristics of S. Define, with ¢(x) = § f'x‘ on IR, the predictable process
- —2Th)~
1.3 RO =~ FO. (=2 .
43 Gy T T e@) PO ()
R4

(This is well defined, as remarked below in Sections 6 and 8, and argued in detail in Section 9.)
Recall that X(©) admits a P-o-martingale density and let ® : [0,00) — IR with ®(0) = 0 be

strictly convex, in C*, of at least linear growth, and uniformly bounded from below. If
T —~

(1.4) th(O)(Rd)|<I>(a(t)R§O)) |dAy < oo P-as. for each T € (0, 00)
0
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for a measurable function « : [0,00) — IR which is uniformly strictly positive on compact in-

tervals, then X(*) admits a P-o-martingale density Z in L _(P), i.e. with sup Z; € L®(P)
0<t<T,

for each n, for a sequence (T,)ne of stopping times with T,, /" oo P-a.s.

Again, a more detailed version is given below in Theorem 8.3, and again the current
version is enough to convey the key message of the result. If we have (a @-integral of) a
single-jump process with a continuous drift part (or even a countable sum of such processes)
and if that process admits a P-o-martingale density, then we can find another P-o-martin-
gale density with local integrability in L® if we have a local control in L® on the drift-to-
Jump ratio of the process, as measured by the quantity RO in (1.3), where the control is
quantified by (1.4). (We believe that this result is essentially sharp, in view of Example 1.1
and Theorem 10.1 below. But we do not investigate this in detail here, for reasons of space.)

In combination, Theorems 1.2 and 1.3 show clearly what can be said about nicely in-
tegrable o-martingale densities in continuous time. Always assuming that the basic process
S admits at least one P-o-martingale density, one can split any integral ¢-S into an un-
problematic part X = -5 + X1 (which even admits a locally bounded P-o-martingale
density) and a part X(9) consisting of single jumps with continuous drifts. The drift-to-jump
behaviour of X9 then completely determines, in a very precise quantitative sense, how much

(local) integrability we can expect for a P-o-martingale density for X or .

Remark 1.4. If we assume instead of (1.4) that R(?) is locally bounded, then X admits
a P-o-martingale density Z which is even locally bounded. For more details, we refer to
Remark 8.5 below. o

Remark 1.5. If S is continuous, the whole situation is much simpler: If D, (S, P) # 0,
then S even admits a P-o-martingale density which is locally bounded away from 0 and oo.
We can actually give two different arguments. For the first, in terms of the present paper,
we start with some Z = £(N) in D, (S, P) and use the Jacod decomposition in Theorem 2.4
below to write N = 3-S5 + N’ with some S-integrable predictable process 3 and some local
P-martingale N’ null at 0 with [S, N'] = 0. Then the product rule readily shows that also
7 = &(3-9) is in De.+ (S, P), and locally bounded away from 0 and oo, as it is continuous.
Using different terminology, we can alternatively argue as follows. If S is continuous
and admits a P-o-martingale density, it is well known that S satisfies the structure condition
(SC) under P, and so the P-minimal martingale density Z(P) exists. Since this is continuous
like S, we obtain the same conclusion as above. For more details on the above results and

terminologies, we refer to Hulley/Schweizer (2010). o

To the best of our knowledge, the existing literature has no general results similar to

Theorems 1.2 or 1.3. At best, we are aware of some remotely related work. Under additional
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integrability or continuity assumptions, Stricker (1990) has given necessary and sufficient
arbitrage-type conditions on S such that there exists an equivalent martingale measure R for
S with 2% € LP(P). In finite discrete time, the classic result of Dalang/Morton/Willinger
(1990) shows that absence of arbitrage for S is equivalent to the existence of an EMM R for S
with % € L*°. Also in finite discrete time, Rokhlin (2010) has given a necessary and sufficient
condition for the existence of an EMM R for S with g—g bounded below by some given random
variable f > 0; an abstract variant of this result can be found in Rokhlin/Schachermayer
(2006). Résonyi (2001) (for finite discrete time) and Kabanov/Stricker (2001) have shown
that the set of equivalent (o-)martingale measures R for S with bounded density g—g € L™
is dense, for the total variation norm, in the set of all E(c)MMs for S. (Earlier uses of this
result without complete proofs appear in Jacka (1992) and Kramkov (1996).) The paper of
Kabanov/Stricker (2001) also has a variant of the last denseness result with boundedness
replaced by some integrability. However, almost all these papers either have extra conditions
on S or work in and exploit a setting of finite discrete time. In addition, they also study
different questions than we do here and mostly use quite different techniques.

Another distantly related result can be found in Theorem 1.4 of Prokaj/Résonyi (2011);
see also Theorem 2.2.2 of Kabanov/Safarian (2010). It shows that for a process S in discrete
time, one can find martingale measures for S arbitrarily close (in the total variation norm)
to the original measure P and such that they also make integrable an arbitrary (but a priori
given) process. One referee has pointed out that some of our proofs and the above result
have in common that they are based on the same idea as the key step in the proof of the
DMW theorem: They exploit the one-step characterisation of absence of arbitrage to obtain
a martingale measure with bounded density. However, neither Prokaj/Rasonyi (2011) nor
Kabanov/Safarian (2010) give any continuous-time version of that result. Moreover, one key
aspect of our paper is that we must go substantially beyond a DMW framework since our
single-jump processes have an additional nonzero drift. As discussed in detail in Section 9,
this seemingly small difference is at the root of many technical and conceptual difficulties we
encounter.

Apart from the two main theorems presented above, our paper involves several major
and innovative contributions. One is Theorem 7.1 which shows a continuous-time analogue
of the classic DMW theorem: If S is a process consisting of at most countably many jumps at
predictable times, then S admits a P-o-martingale density if and only if it admits a locally
bounded P-o-martingale density. This can be viewed as a generalisation of Theorem 5 in
Stricker (1990). The proof uses with Theorem 2.1 from Choulli/Schweizer (2015) a result of
independent interest — we extend a theorem of Borwein/Lewis (1991) on integral functionals
subject to linear equality constraints from finitely to (maybe uncountably) infinitely many
constraints. Next, the key step for the proof of Theorem 1.3 or 8.3, given in Theorem 9.2,
uses novel ideas and techniques. To construct a nicely integrable P-o-martingale density for
a single-jump process X (9 with continuous drift, we first provide an infinite-dimensional

extension of a key lemma in Kabanov/Stricker (2001). In addition, we construct the desired
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P-o-martingale density Z(?) by solving an optimisation problem (whose objective functional
is linked to the function ® specifying the desired integrability) under constraints (given by the
o-martingale condition for the product Z(® X(9). This innovative construction is crucial in
helping us to circumvent issues of measurable selection which otherwise become quite delicate.

The paper is structured as follows. Section 2 presents a classic decomposition, going back
to Grigelionis (1973) and Jacod (1979), to describe any local P-martingale null at 0 in terms
of four stochastic processes (called Jacod parameters) computed with respect to some given
semimartingale (here, usually S). It also contains other auxiliary results of general interest.
Section 3 recalls concepts like L® and proves corresponding results on local integrability of
exponential local martingales. Section 4 prepares the ground by showing how one can break
up our general process S into simpler pieces with extra properties. One decomposition splits
S as S — 8y = S*+ 5% into an accessible part S and a quasi-left-continuous part S?. Another

is to simply write

(1.5) S—5y=5-5= 5 (5" =8 ) = X I, 518

for a sequence (7, )nemn of stopping times with 7o := 0 and 7,, /" 0o P-a.s.

The work on S starts in earnest in Section 5. For a predictable bounded ¢ > 0 such that
X := -5 has a P-local martingale density, we study X7 — X7 = Ij5,71+ X, as representative
for X™ — X™ -1 and we show how to split off from this a single-jump process X(© with
continuous drift such that the remaining part of X — X7 admits a locally bounded P-o-mar-
tingale density; see Theorem 5.1. Moreover, all ingredients “live” only on ]o, 7] so that we can
later piece things together for X via (1.5). Section 6 shows how to construct a P-o-martingale
density in L2 for X7 — X7 if S is quasi-left-continuous and if we have an L®-control on X OF
this is done for X(® via Theorem 6.1 which is formulated, but not yet proved there. Section 7
constructs in Theorem 7.1 a locally bounded P-o-martingale density for the accessible part
S% of S. In Section 8, we combine the previous work to establish in Theorems 8.1 and 8.3
the general versions of the main results presented in Theorems 1.2 and 1.3. Sections 9 and 10
contain the proof of Theorem 6.1 (which is restated with more details in Theorem 9.2). As
already mentioned, this part contains two major conceptual innovations, discussed in detail
after Theorem 9.2.

2. Positive local martingales and the Jacod decomposition

Let X = (X;);>0 be an IR%valued semimartingale on a filtered probability space (Q, F, IF, P)
with the usual conditions. Our goal here is to describe all local P-martingales N = (N¢);>0 in
terms of certain parameters relative to X, and to make explicit what this entails if Z = E(N)

is strictly positive and ZX is a o-martingale. Many of the results presented in this section
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can be found in the literature; but they are less well known than they deserve to be, and the
proofs one can find are not always very detailed. Since our arguments rely heavily on these
techniques, we have therefore opted for a largely self-contained exposition.

We first fix notations, following JS. The jump measure of X is denoted by p = pX, and

its P-compensator by v = v¥. The characteristics of X with respect to a fixed truncation

function h are B=b-A = [bdA, C = c-A, vP(dt,dz) = FF (dz) dA;, where the dominating
process A is null at 0, increasing, predictable and RCLL (hence locally bounded); B, b are
IR%-valued, C,c are d x d-matrix-valued processes, and each F} is a random measure on
(IR, B(IRY)) with FF ({0}) = 0. For a product-measurable function W > 0 on 2x[0, co) x IR?,

t
we need the processes W« p; := [ [ W(z) p(ds,dx), t > 0, and
0 R

(2.1) W= [ Wi(z)vP({t},dz), t>0,
Bd

with values in [0, +0c]; see JS, IL.1.24. If W is measurable with respect to P = P ® B(IRY),
then W is by JS, Lemma I1.1.25, predictable and given by

(2.2) W =P (W(AX){axs0}):
where PY is the predictable projection of the process Y. In particular, for W = 1, we have
(2.3) ar =1y = vP({t}, RY) = ®(I{axzoy),,  t>0.

We also need the measure M/If = P®uon Qx[0,00) x IR given by deMf = E[W * pioo].

Other unexplained notations can be found in JS.

Lemma 2.1. We have, up to an evanescent predictable set,
(2.4) {a =1} C{AX #0}.

If 1% p is P-a.s. finite-valued (which means that for P-almost all w, X (w) has on any compact
interval at most finitely many jumps), then the (predictable) process
1

(2.5) ml{ad} =(1- a)_ll{a<1} is locally bounded,

~

and therefore also (1 — a + f) 1I{a<1} is locally bounded for any measurable f > 0 on
Q x [0,00) x IRY. More generally, for any P-measurable function W such that |W| % v*

is P-a.s. finite-valued, the predictable process (1 — /W)*ll

(<1 is well defined and locally

bounded. In particular, this is true for any P-measurable and finite-valued function W if

1% p is P-a.s. finite-valued.



Proof. This partly follows the proof of Theorem 11.14 in He/Wang/Yan (1992). By (2.3),
we have 0 < a < 1 and the process a is thin. For any predictable stopping time 7' with
[T] € {a =1}, (2.3) yields

Elu([T] x RY)) = ElIiax,z0 l{T<00}] = Elarlir<ooy] = P[T < o]

so that we get u([T] x IR?) = 1 P-a.s. on {T < oo}. Since T was arbitrary and a is thin, this
implies (2.4). For (2.5), we first note that for any ¢ € (0,1),

(1—a) ae1y S (1 =8 La<sy + (1 — @) " 5ca<1y-

If the process 1 * u is P-a.s. finite-valued, then so is its compensator V := 1 x v¥ and V is
RCLL. For any ¢ > 0, the set {s <t | AV > 40} is therefore finite P-a.s. for each fixed ¢. But
AV, = vP({s}, R?) = a, by (2.3), and so for P-almost all w, any compact interval contains

at most finitely many s with as(w) > §. Therefore the process

sup (1 —as) " ig,<1y < (1=08)"" 4 sup (1 —ay) I5ca,<1y, 20,
0<s<t 0<s<t

is increasing and P-a.s. finite-valued, because the last supremum is actually a maximum over
those finitely many s. So (1 —a)~'I {a<1} 18 prelocally bounded, and since it is predictable
like a, it is therefore locally bounded; see DM, VIII.11. This proves (2.5). The argument for
W is analogous; we simply replace the process 1 * v by W x v’ which has finite variation
by assumption, and we use (2.1) instead of (2.3). In particular, if 1% u is P-a.s. finite-valued,

then so is |W| * u and hence also [W| * vF. q.e.d.
The next result is classic.

Proposition 2.2. [Jacod (1979), Théoréme 3.75] Recall that the IR%-valued semimartin-

gale X is fixed. Every (real-valued) local P-martingale N null at 0 can be written as
N=Wxp—-vl)+g*xu+N.

More explicitly, with
U:=MFP(AN|P),

we have that
(2.6) g:=AN —U isin H. (n)

(which means that g : Q x [0,00) x IR? — IR is measurable, the signed measure g.M}" is
P-o-finite, MP (g P) =0, and (g% * p)'/2 is locally integrable), that

U o
(2.7) W:=U+ ml{a<1} is in Gioo (1),

8



which means that W is P-measurable and

o\ 1/2
( > (We(AXo)Iiax. 201 — Ws)2> is locally integrable,
0

<s<-
and that
(2.8) N is a local P-martingale null at 0 with {AN # 0} C {AX = 0}.
Moreover, we can and do choose a version of U with
(2.9) {U#£0}C{a<1}, sothatU=0on{a=1}.
If we know that AN > —1, then also U > —1 Mf-a.e., and setting
(2.10) f=U+1>0

then gives by (2.3)

f—a
(211) W:f—1+ml{a<1}

The next result collects some additional properties that we need later.

Lemma 2.3. In the setting of Proposition 2.2, the process U is locally bounded and the
processes sup |fs(AX)|Iiax, 20y and sup |gs(AXs)[I{ax, -0y are locally integrable. If
0<s< 0<s<:

1 % p is finite-valued P-a.s., then also W is locally bounded.

Proof. In view of (2.7), (2.1), (2.3) and (2.9), we have

~

N ~ 1

(212) W = U + aml{a<1} = Um[{a<1}

and therefore
(2.13) W(AX)(axz0y — W = U(AX ) axz0) — Wiiax—o}-

Due to (2.5) in Lemma 2.1, the last assertion follows if we prove that U is locally bounded.
Set V; := Up(AX;)I{ax,20y; then U = PY by (2.2) and hence |U| = [PY| < P|Y| by Jensen’s
inequality. Moreover, (2.13) gives for any s < t that

5 1/2
(2.14) Vi< (X (0AX) Tiax,p0y) = (U2 )2

o<r<t

= < Z (WT(AXT) - Wf)zl{AXﬁéO})l/z

0<r<t

o\ 1/2
S( > (WT(AXr)I{AXﬁéO}—Wr)) = Vi

0<r<t



By Proposition 2.2, the increasing process V' is locally integrable because W is in G (). As
f = U+1, this gives the first half of the second assertion, and moreover V' has a compensator
V. Because |Y| <V, we get [U] <P|Y| <PV =V_ +P(AV) =V_ + AV < V_ 4+ V, where
the second equality uses DM, Theorem VI.76. But V_ is locally bounded, and so is V since

it is predictable and RCLL. Hence U is locally bounded as well. Finally, the assertion about
g is proved in exactly the same way as that for f, exploiting instead of W € G (u) that g is
in HL (1) so that (g% * u)/? is locally integrable. q.e.d.

Now apply the Kunita—Watanabe decomposition under P to N and the continuous local
martingale part X¢ of X to write N = 3-X¢ 4+ N’, where 3 is a (predictable) X “-integrable
process and N’ a local P-martingale null at 0 and strongly P-orthogonal to X€¢. By the
continuity of X ¢, this means that (X¢ N’) = 0; so also [X, N'] = (X, N") + > AXAN' =
because AN’ = AN vanishes on {AX # 0} by (2.8). In summary, we have proved

Theorem 2.4. (Jacod decomposition) Recall that the IR%-valued semimartingale X is

fixed. Every local P-martingale N null at 0 can be written as
(2.15) N=3X+Wx(u—-vh)+g*p+N,

where 3 is XC¢-integrable, W = U + %I{ad} € Gt (1), g € Hi (1), and N’ is a local
P-martingale null at 0 with

(2.16) (X, N'] = 0.
If AN > —1,then W = f — 1+ %I{a<1}7 where f >0 is ﬁ—measurable, and then

(2.17) f+g>0 M -a.e.

Proof. The only statement left to prove is (2.17). But we have Mi—a.e. that g = AN —U
by (2.6) and f =U 4+ 1 by (2.10),s0 f+g9g=AN +1 > 0. q.e.d.

In the Sequel7 we call (ﬁv W,g,N’) or (67 U?.g?N/)? or (ﬁv fag7N/) for AN > _17 the
Jacod parameters of N (under P, with respect to X).

Remark 2.5. The decomposition (2.15) in Theorem 2.4 has already been given (without de-
tails) in Choulli/Stricker (2006), Theorem 2.1, or in Choulli/Stricker/Li (2007), Theorem 2.1.
Both contain the additional integrability assertion that (for every T' € (0, c0))

T
(2.18) [ [ |Us(z)|vF(ds,dz) < o P-as.,
0 Rr4\{o}
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but do not give a proof for this. Our subsequent results do not need (2.18). o
For later use, we explicitly compute the jumps of N in terms of its Jacod parameters.

Lemma 2.6. If the local P-martingale N null at 0 is given by the Jacod decomposition
(2.15), then its jumps are

(2.19) AN = (f(AX) + g(AX) — 1) Iiaxzo) + (AN = W) Iiax—oy
with f = U 4+ 1. As a consequence, AN > —1 if and only if

f(AX) 4+ g(AX) >0 on {AX # 0},
{1—W+AN’>0 on {AX = 0}.

Proof. The second assertion clearly follows from (2.19). By (2.6), AN =g+U=f+g—1
Mf—a.e. On the other hand, (2.15) gives

(2.20) AN = W(AX) I axz0p — W+ g(AX) [ ax 20y + AN’
= (W(AX) = W + g(AX)) I{ax 0y + (AN = W) I{ax—0},

because AXAN' = A[X, N'] =0 by (2.16) and hence AN’ =0 on {AX # 0}. But we have
seen in (2.7) and (2.12) that W — W=U=f-1 MP-a.e., and so (2.19) follows.  q.e.d.

Our next result tells us how information about £(N) gives us information about the
Jacod parameters of N. We say that a measurable function ¥ :  x [0,00) x IR? — IR is
p-locally bounded if there exist stopping times (7}, )nev increasing to +o0o P-a.s. such that
for each n, WIjo 7,7 is bounded (uniformly in (w,t,z)) p-almost everywhere P-a.s. (Mf—a.e.,
in other words). If ¥ does not depend on x € IR?, this reduces to the usual notion of local

boundedness; the point here is that the stopping times 7}, do not depend on =x.

Proposition 2.7. Suppose that the local P-martingale N null at 0 is given by the Jacod
decomposition (2.15) and f = U + 1.
1) IfE(N) > 0, then

— AN’
(2.21) 1-W>0 and 1+ T > 0, both on {AX = 0}.

2) If §(N) > 0, then f > 0 and f +g > 0, Ml-a.e. If AN > —1+6 > —1 with a
constant §, we even have f +¢g > 6 >0 and f > 6 > 0, le—a.e. IfE(N) > 0 is even locally
bounded, then N is locally bounded, and f and f + g are both u-locally bounded.

11



Proof. 1) This is similar to the argument for (2.4) in Lemma 2.1. Since £(IN) > 0 implies
AN > —1, we get 1 — W +AN’ > 0 on {AX =0} or, since AN’ = 0 on {AX # 0} by (2.16),

—~

(2.22) (1= W)Iiax—o; + AN’ > 0.

Taking predictable projections and using (2.3) and the fact that N’ is a local P-martingale

(so that PAN" = 0) gives (1 — W)(1 —a) > 0. Because a < 1 on {AX = 0} by Lemma 2.1,

we get 1— W > 0 on {AX = 0}. Now I AN’ = I Iiax=pAN' = 0 by (2.16) and

(2.22), and since P(I AN') =1 PAN’ = 0, we must have W < 1 on {AN’" # 0}

{(W=1} {(W=1}
up to an evanescent predictable set. So AN’ =0 on {/W = 1}, and since 1 — W+ AN >0
on {AX =0}, we must have 1 — W >0 on {AX = 0} to avoid a contradiction. Dividing by
1 — W then yields (2.21).

2) Clearly N = ﬁ-é’(]\f) is locally bounded if £(N) > 0 is. Then AN is locally
bounded as well, and we can by localisation assume that 1+ AN < C P-a.s. for some constant
C' < co. Using only E(N) > 0 to get AN > —1 then yields by (2.19) that 0 < f+¢g < C
P-a.s. on {AX # 0}, i.e. M[-a.e., with even a uniform lower bound § > 0 if 1 + AN > 4.

Because f is P-measurable and M 5 (9] ﬁ) = 0 since g € H{,.(u), we also get by “conditioning

on P under le "that 0 < f < C le-a.e., again with a uniform lower bound § > 0 if
1+ AN > 4. Finally, the proof makes it clear that the lower bounds on f and f + g do not
need local boundedness of £(N). q.e.d.

We next refine the proof technique from Lemma 2.3 to improve a part of Lemma 2.1.

Note that U is just an abstract function not related to X or N.

Lemma 2.8. 1) Let U be a P-measurable function on Q x [0, 00) x IR% such that U <1 and
_ ) /2
(2.23) V= ( > (T.(AX,)) I{AX#O}) = (U2 % 41)V/? is locally integrable.
0<s<

Then the predictable process

~

- 1
(2.24) 1-0)"1= = is locally bounded.
1-U

2) Let N be any local P-martingale null at 0 with £(N) > 0. For the Jacod parameters
(B, f,g9,N") of N, we then have that

(2.25) the process (1 —a + f)_l is locally bounded.

3) Suppose that 1 % p is finite-valued P-a.s. and f > 0 is any P-measurable function
which is p-locally bounded. Then

(2.26) the process (1 —a + f)_l is locally bounded.

12



Proof. 2) We know from Theorem 2.4 and Proposition 2.7 that f is P-measurable and f>0
le—a.e. SoU:=—-f+1<1 Mf—a.e. and therefore U = —f+ a < a < 1. Moreover, (2.7)
and (2.12) give W — W=U=f-1=-U MJ-a.e. so that we get (2.23) with the same
estimate as in (2.14). Hence (2.25) follows from (2.24).

3) We again choose U := —f + 1 and write || f||..0o for the essential supremum of f with
respect to the variable x. Then we get U?* 1 < (14| f|l2.00)? % 1, and 1% p is RCLL, adapted,
finite-valued by assumption and has bounded jumps. So it is locally bounded, and the same
is true for (1 + ||f]
(2.23) from this U is even locally bounded, and we can again use part 1) to get (2.26).

z.00)? % pu because f is p-locally bounded. So the process V resulting in

1) For § € (0,1), define an increasing sequence (7, )ne v of stopping times by 7 := 0 and

Tn4+1 = inf {t > Ty

PO = Y (O0AX) Tiax. 0y > %}

Tn<s<t

Moreover, define processes V", n € Ny, by

_ _ 9 1/2
Vit = (U2 % )y = ( S (T.(AXL)) I{AX#O}) <V
Tn<s<t
By definition, each V" is adapted, RCLL, increasing, and finite-valued due to (2.23). There-
fore VI > 62 on {7,141 < oo}, and so we must have 7, / co P-a.s., again due to (2.23),

o0
because V; > Zo V. =400 on {ng% Tn < t}. From the definitions, we also have V;> < §
n= n

P-a.s. for t < 7p,41.

Now fix € (0,1) and write (1-U)"! = (1-U)"I +(1-U)"11,- The

{(U>1-n} {U<1-n}

~

second summand is bounded by 1/7n so that we focus on ¥ := (1 — U>_1[{l?21—n}‘ Because

Y is predictable, it will by DM, VIII.11 be locally bounded if we show that it is prelocally

bounded, which is equivalent to

(2.27) sup Yy < 0o P-a.s. for all t > 0.
0<s<t

Because 7,, /" oo P-a.s., (2.27) will follow if we show that

(2.28) sup Y, < o0 P-a.s. on {t > 7,}.
Tn <8<tATn41

Denoting by V7 the compensator of V™ which exists thanks to (2.23) since V" < V, we

obtain as in the proof of Lemma 2.3 that 55 < |5S| <V +PAV"), =V + A@ for
Tn < 8 < Tpa1. This implies that

{5€ (i tnr] | Do 2 1=} € {5 € (] [ AT 2 1= 9= V')
g {SE (TnaTn—Fl]‘A‘};ﬁ Z ]_—77_6} = Fn
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But each set T, N [0,¢] is P-a.s. finite since V™ is ROLL, and so (2.28) holds because

_ U _
Tn<S:91§7)'n+1 YS N Tn<r£l§a§n+1(1 Us) I{Uszlfn} <0 P-as.
Thus Y is locally bounded and therefore (1 — [7)*1 is so, too. q.e.d.

Much of our work below depends on describing when a product YE(N) is a o-martingale.
For ease of reference, we formulate this as a lemma. Note that the equivalence of 1) and 3)

is just the definition of a o-martingale.

Lemma 2.9 Let Y = (Y;);>0 be an IR%-valued semimartingale and Z = £(N) > 0, where
N is a local martingale null at 0 with AN > —1. Then the following are equivalent:
1) YZ =YE(N) is a o-martingale.
2) Y + [Y, N]| is a o-martingale.
3) There is a bounded predictable process ¢ > 0 such that ¢+ (Y Z) is a local martingale.
4) There is a bounded predictable process ¢ > 0 such that (p-Y)Z is a local martingale.
5) ¢+ (Y Z) is a o-martingale for every bounded predictable process 1 > 0.
6) (¢-Y)Z is a o-martingale for every bounded predictable process 1 > 0.

Proof. First of all, 1) is equivalent to 3) by the definition of a o-martingale. Next, the
product rule and Z =E(N) =1+ Z_-N give

(2.29) YZ=YEN)=Y_-Z+Z_Y+Z_-IN,Y]=Y_-Z+ Z_-(Y +[Y,N]).

Since Y_-Z is like Z a local martingale and Z_,1/Z_ are both predictable, > 0 and locally
bounded, we see that 1) and 2) are equivalent. Moreover, 1) implies 5) by Proposition
I11.6.42 in JS, and of course 5) implies 1). In the same way, 2) is equivalent to saying that
V(Y +[Y,N]) = ¢-Y + [¢-Y, N] is a o-martingale for every bounded predictable process
Y > 0, which is in turn equivalent to 6) by using the equivalence of 1) and 2) with ¢-Y
instead of Y. Finally, the same computation as in (2.29) yields

o (YZ) = (pY)Z = (pY_ ) Z + (pZ-)Y + o[V, Z] = (p*Y )+ Z — (Z_p)Y — @]V, Z].

Because this is a local martingale like Z, we see that 3) and 4) are equivalent. q.e.d.

To characterise the properties in Lemma 2.9 further via Jacod parameters, we choose
A such that it dominates the characteristics of both X and Y and write pY,v¥:*, bY, FY:P
etc. to distinguish quantities for Y from those for X. We first need an explicit expression for
Y + [Y, N]. To formulate that, we recall from Theorem I1.2.34 in JS the canonical represen-

tation of Y as
(2.30) Y=Yy +Y+hx(py —v¥P)+(x—h)xp¥ +BY
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with BY = Y+ A, and introduce the d x d-matrix-valued process ¥ via (Y¢, X¢) = c¥'X - A,

The typical example for Y in the next result is Y = I+ X for some predictable set I'.

Lemma 2.10. Recall that the IR%-valued semimartingale X is fixed and consider a local
P-martingale N null at 0 given by the Jacod decomposition (2. 15) Suppose that p¥ < p, so
the IR%-valued semimartingale Y can only jump if X does, that % € {0,1} on {AX # 0},
and that (N')¢ from (2.15) is strongly P-orthogonal to Y°. If we set f=U++1, then

(231) Y +[V,N] = Yo+ Y+l (1 —o"P)+ (07 4 XB)- A+ (a(f +g) — h) «

Proof. By assumption, we have AX = AY # 0 on {AY # 0}. Hence (2.19) and (2.15) give

(2.32) [Y,N] = (Y¢,N¢) + SSAYAN
= (Y, 8-X°) + 3 (f(AX) + g(AX) = 1) AY Tiax 20y
= ("B A+ (x(f+g—1) xp”,

and adding (2.30) and (2.32) yields (2.31). q.e.d.

The next result is a slight variation of Lemma 2.4 in Choulli/Stricker/Li (2007). It deals
with o-martingales instead of local martingales. In the arguments below and also later, we
use several times the following simple fact: For any product-measurable W > 0, the process
C := W % ¥ is locally integrable if and only if C’ := Mfy (W |P) xv¥"P is, and €' = CP is

then the compensator of C.

Lemma 2.11. Recall that the IR%-valued semimartingale X is fixed. Suppose that the local
P-martingale N null at 0 is given by the Jacod decomposition (2.15) with f = U + 1 and
that Z = £(N) > 0. Let Y be an IR%-valued semimartingale with u¥ ,b¥,c¥"X, F¥'F and
suppose that p¥ < p, that &% € {0,1} on {AX # 0}, and that (N')¢ from (2.15) is strongly
P-orthogonal to Y. Then ZY is a P-c-martingale if and only if for P ® A-almost all (w,t),

we have one of the three equivalent properties

(2.33) v, f |z (fi(x) + ME (9| P)(t,2)) — h(x)|FF (dx) < oo
(2.34) vy ::“ [ } [ (fe(w) + ME (g | P)(t, ) FF (dx) < oo
(2.35) V@ .= [ Mfy(|x(f+g — h| ‘77) (t,2)FVT (dz) < oo,
Re
as well as
(2.36) Vel o [ (o(@) + Mg P)(E0) — hw) ) (o) = 0
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Proof. By definition, ZY is a P-o-martingale iff there is a bounded predictable ¢ > 0 such
that ¢+(ZY) is a local P-martingale. Using Z = 1+ Z_-N and comparing the expressions

0 (2Y) = (oY) Z 4+ (Z_9)'Y + ¢ [2,Y],
Z(pY)= (oY) Z+(Z-p)Y +¢:[Z,Y] = (oY) Z+ Z_+(¢pY + ¢:[N,Y])

shows that
©+(ZY) is a local P-martingale iff Z(¢-Y') or, equivalently, ¢-Y + [N, p-Y] is.

By Lemma 2.10 and its proof, oY + [N, Y] = ¢+ (Y¢ + h* (u¥ — v¥'F)) + D? with
(2.37) D? = (p(b" +c¥B))-A+ (go(m(f+g)—h)> w1 = - ((x—h)*p¥ +BY +[Y,N]),

and so ZY is a P-o-martingale iff D¥ is a local P-martingale for some bounded predictable
¢ > 0. Note in (2.37) that in the first representation, the first summand in D¥ is predictable
and locally P-integrable, and that both summands are of finite variation due to the second
representation. We also point out that the property g € Hlloc (u) and the assumptions on p¥
and 2% imply that g.M/fY is P-o-finite so that M/fy (g|P) is well defined.

1) Suppose first that ZY is a P-o-martingale and take some ¢ as above. Then D¥ is
a local P-martingale and D := (p(z(f + g) — h)) * ¥ is a P-special semimartingale and of
finite variation, hence of locally P-integrable variation D’ := |D|var = (¢|z(f +g) — h|) * u¥ .

Therefore its P-compensator exists, is also of locally P-integrable variation, and is given by
DP = MY (p(@(f +g) = h) | P) # ™"
= p(eM (f +9|P) = h) s 077

=[e [ (.TM/fy (f+9] 7,5)(7573”) - h(x))FtKP(dx) dAy.
Rd
Note above that Mfy (f +g|P) is well defined in [0, +o00] since f 4+ g > 0 MF-a.e., hence
also M II; v-a.e. Next, the compensator of D’ exists as well and is of locally integrable vari-
ation, which implies (2.35) because ¢ > 0. Finally, (2.36) follows by noting that the pro-
cess (p(bY + c¥X3))- A+ DP = D¥ — (D — DP) is predictable, of finite variation and a local
P-martingale, hence constant. We also use for (2.36) that f is ﬁ—measurable, and we point
out that Mfy (9| P) need not vanish though MFP(g] P) does.

2) Conversely, (2.35) implies that the bounded predictable process ¢ > 0 given by

Vr =140 |+ et ¥ Bl + [ ME (|2(f +9) = bl | P)(¢t,2)F;" (dx)
R4

is well defined, and (pbY)- A, (pc¥X3)- A, (goMfy(kl:(f +g) — h||P)) * v¥*F all have locally

P-integrable variation since their variations are bounded above by A. As a consequence, also
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D = p(x(f+g)—h)*uY haslocally P-integrable variation and D— DP is a local P-martingale.
Since D — DP = D¥ by (2.37) and (2.36), this shows that ZY is a P-o-martingale.

3) It remains to prove that (2.33)—(2.35) are all equivalent. To that end, we first note
that h(z) = 2, <1y together with positivity of f and f + g yields that

(2.38) VO =vOh 4 g fu@) + M (9| P) (¢, 2) = 10 (de)
{Jai<1}
<V [ ML (If +g—1]|P)(t,2) " (dx)
{Jei<1}

= (1) 4 y(22)
=V,

This already shows the implications “(2.35) = (2.33) = (2.34)” since all V-expressions

above are nonnegative. But in view of (2.19) and our assumption on ﬁ—}f(, we also have

Ci=la(f +9 = Dlga<y |+ 1"
= > |AY[|AN|Ijay <1y
< (SAYPIyavian) 7 (SAND)
< (Igavicny V) 2 (Z(aN)?) 2,

1/2

On the right-hand side above, the first factor is locally bounded since it is a finite-valued
increasing adapted process with bounded jumps, and the second factor is locally P-integrable
because N is a local P-martingale; see JS, Corollary 1.4.55. So C' is locally P-integrable, and
hence so is its compensator CP, which then equals V(22 A. Therefore we have V(??) < oo
for P ® A-almost all (w,t), and hence we also have the implication “(2.34) = (2.35)” due
to (2.38). This completes the proof. q.e.d.

If Y has a simpler structure, we also obtain a simpler description for the o-martingale

property of YE(N). We spell this out here since it will be used later.

Corollary 2.12. Let X be an IR%-valued semimartingale and Y of the form
(2.39) Y =Yy +axji+b-A,

where i < p~ and ﬁ—}; € {0,1} and A < A is continuous. Suppose that the P-compensator
v of i has the form v¥ (dt,dx) = FF (dx)dA;. Let N be a local P-martingale null at 0 with
Jacod parameters (3, f,0,0) with respect to X and suppose that Z = E(N) > 0. Then ZY

is a P-o-martingale if and only if we have for P ® A-almost all (w,t)

(2.40) J 1zl fe(@) F (dx) < oo
Rd
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and the zero-drift condition

(2.41) b+ [ zfi(x)FF(dx) = 0.

R4
Proof. As in the proof of Lemma 2.10, but using Y¢ = 0, g = 0 and (2.39) instead of (2.30),
we get first [V, N] = Y AYAN = Y AY(f(AX) — 1)Ijaxz0y = (#(f — 1)) * fi and then
Y +[Y,N] =Yy +b-A+ (xf) * ji. Now we argue analogously as in the proof of Lemma 2.11
to get the result. q.e.d.

By choosing Y = X in Lemma 2.11, we obtain in particular a criterion, in terms of the

Jacod parameters of NV, for Z = £(N) to be a P-o-martingale density for X.

Corollary 2.13. Let X be an IR-valued semimartingale with characteristics (b, c, F'*') with
respect to A and N a local P-martingale null at 0 with Jacod parameters ((3, f,g, N') with
respect to X. Suppose also that Z = E(N) > 0. Then ZX is a P-o-martingale if and only if
we have for P ® A-almost all (w,t)

(2.42) Rfd |z fi(x) — h(z)|FF (dr) < oo

and the zero-drift condition

(2.43) b+ e+ [ (zfi(z) — h(z))Ff (dz) = 0.
Bd

Proof. Because M 5 (9] ﬁ) = 0 by Proposition 2.2, this follows immediately from Lemma 2.11
for Y = X, using (2.33). q.e.d.

A closer look at Corollary 2.13 shows that the o-martingale property of ZX is not
influenced by g or N’. The simplest way to construct a P-o-martingale density is therefore

to set these two parameters to 0. More formally, we have

Corollary 2.14. For an IR%-valued adapted RCLL process X, the following are equivalent:
1) De (X, P) # 0, i.e. there exists a P-o-martingale density Z = E(N) for X.
2) There exists a P-o-martingale density Z¥ = £(NT) for X such that N¥ has Jacod
parameters (87, f£,0,0) with respect to X.

3) X is a semimartingale (with characteristics (b,c, F¥') with respect to A) and there
exist a predictable X “-integrable process (3 and a P-measurable function f>0M ;f -a.e. sat-
isfying W= f — 1+ 1221, 1, € G} (1) and 1 — W > 0 on {AX = 0} and such that we
have for P ® A-almost all (w,t)

(2.42) H{i |z fi(x) — h(z)|FF (dr) < oo
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and the zero-drift condition

Rd
Proof. Clearly 2) gives 1). Conversely, if 1) holds, take N with Jacod parameters (3, f, g, N’)
and set 7 := 3, fF = f, g* =0 (which is in H{ (1)), N'¥ =0 and as in (2.15)

(2.44) NP =P X4 WP s (u—vD)+ g s« p+ NP =3-X+ W s (u— "),

where . := X is the jump measure of X and W¥ :=W = f — 1+ %I{a<1} as in (2.11).

Since Z > 0, we have AN > —1 and hence f > 0 le—a.e. and 1 — W >0 on {AX =0} by
Lemma 2.6. Moreover, ZX is a P-o-martingale because Z is in De (X, P). By Lemma 2.6
again, we have ANT > —1 and hence Z¥ := £(NT) > 0, and so Corollary 2.13 directly
implies that also ZF' X is a P-o-martingale, by the construction of N¥. So we get 2).

If we have 2), then D, ,(X, P) # 0 implies that X is a semimartingale. If we then take
B = BF, f = fP, we get the first three claimed properties in 3) from Theorem 2.4 and
Lemma 2.6, and the last two from Corollary 2.13. So 2) implies 3). Conversely, defining N*
as in (2.44), with 8 = B and ff = f, gives a local P-martingale N with Jacod parameters

(BT, f£,0,0) and ZF = E(NF) > 0 because ANY > —1dueto f >0 M/f—a.e. and 1—TW > 0
on {AX =0}, by Lemma 2.6. By Corollary 2.13, (2.42) and (2.43) then imply that ZF X is
a P-o-martingale, and so 3) implies 2). This ends the proof. q.e.d.

Remark 2.15. If X is quasi-left-continuous, then ~ = 0 and hence a = 1 = 0. The condition
1—W >0on {AX = 0} is then always satisfied, and W simplifies to W = f — 1. o

3. Integrability issues

One of our main goals is to study suitably integrable o-martingale densities for a given
process. In this section, we recall some concepts and prove some results on local integrability
of exponential local martingales. Like Section 2, these are of independent interest.

We start with an IR%-valued semimartingale X = (X;);>0 on a filtered probability space
(Q, F, IF, P) with the usual conditions and recall the jump measure u = p~ of X and the
corresponding measure M 5 = P®@u on 2x[0,00) x IRY. We fix throughout a convex function
® : [0,00) — IR with ®(0) = 0. So @ is finite and hence continuous on [0, 00).

Definition 3.1. A random variable Y isin L? := L®(P) if E[|®(a]Y])|] < oo for some o > 0.

An RCLL stochastic process Y = (Y;);>0 is in L? if the random variable Y} := sup |Y;] is in
>0

L®. We say that Y = (Y;);>0 is locally in L*, written as Y € L or Y € L2 _(P), if there

loc loc
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are stopping times T}, /* oo P-a.s. such that for each n € IN, the stopped process Y= is in
L®. This means that there are constants a,, > 0 such that E[|® (e, Y7, )|] < oo for all n € IN.
A product-measurable function W on © x [0,00) x R% is in L*(M>) if

E[Tfo [ |®(cW(w,t,2)])| u(w,dt,d:z:)} < 00 for some a > 0.
0 Rd

We say that W is locally in L® (M), written as W e L (M), if there are stopping times
T, / oo P-as. such that for each n € IN, the process |W|Ijo 1, jxge is in L®(M]); this

means that there are constants «,, > 0 such that

(3.1) [

O%gﬂ

| (W (w, t, 2)])| ,u(w,dt,d:v)} = E[|®(an|W|)| * p1,] < oc0.
Rd

Remark 3.2. W € L*(M[) is not equivalent to [W|* o € L®, nor does W e L (M[)
mean that the process [W] s p is in Ly . Note also that the definition of L7 (M) uses that
®(0) = 0. o

Now let N = (Ny):>0 be a local P-martingale null at 0 and such that Z = £(N) > 0. In
most of our applications, Z will be a P-o-martingale density for some process, but we do not

need this here. Our goal is to characterise the property Z € L? in terms of ®-integrability

loc

properties of the Jacod parameters (3, f, g, N') of N with respect to X.

We start with a simple but useful estimate for ®. On the one hand, convexity of ® gives
for 0 <z <y < zthat ®(y) < AP(x) + (1 — N)P(z) < |®(z)] + |P(2)] for some A € [0,1]. On
the other hand, we can always minorise the convex function ® by an affine function ¢ with
0(1) = ®(1), say; so for any y > 0, we have ®(y) > a(l)y + b(1) > —|a(1)|y — |b(1)| with
constants a(1),b(1); see Ekeland/Témam (1999), Proposition 1.3.1. Hence we obtain that

(3-2) [2(y)| < [@(@)|+[2(2)] + la(D]y + [b(1)]  forall0 <z <y <z

For later use, we first give some extra properties of L® under an extra condition on ®.

Lemma 3.3. Suppose that ® grows at least linearly for large x, i.e., there is some constant
D > 0 such that |®(z)| > Dz for x > xg. Then L* C L' := L*(P) and LY is solid, meaning
that 0 < X <Y withY € L® implies that X € L® as well.

Proof. Take 0 < x < y and use the linear growth assumption to write, for a > 0,
(3.3) ar < ay < xol{ay<zoy + Yl {ay>zoy < To + [P(ay)|/D.
Combine this with (3.2), for 0 < az < ay, to get

(3.4) B(aw)] < [8(0)] + [ @(ay)] + la(L)]az + [b(1)]
< |9(0)] + |® ()| (1 + |a(1)|/D) + [b(1)] + la(1)zo.
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Soif Y > 0 and ®(aY) € L, then (3.4) implies that also ®(aX) € L1 if 0 < X <Y, giving
solidity of LY. Moreover, applying (3.3) to y = |Y| gives a|Y| < zo + |®(a|Y])|/D, and this
readily shows that Y € L® yields Y € L. q.e.d.

Lemma 3.4. Let N be a local P-martingale null at 0 with Z = £(N) > 0. Then Z is in L

if and only if there are constants «,, > 0, n € IN, and stopping times T,, / oo P-a.s. such
that each ®(o, Z) is a semimartingale with (®(a,Z)); € L.

Proof. By definition, Z € L _ is equivalent to the existence of constants a, > 0 and
stopping times 7, /" oo P-a.s. such that @(anZ;/L) € L! for all n; so we have a control
on ®(a, Z*). On the other hand, by Theorem VII.25 of DM, the semimartingale ®(«a,,2) is
special if and only if (®(a,,Z))* is locally integrable. To relate the two running suprema,
define g, := inf{t > 0| Z; > n}, note that Z* < n + Z, for s < p,, because Z > 0, and take
stopping times S,, /" oo P-a.s. with Z§ € L' for all n, using that every local P-martingale
is locally in H!. Because Zy = 1, we have 1 < Z* < Z; for s <t and hence from (3.2)

(3.5) (2] < 1@V +[@(Z)] + |a(D)[Z7 + [b(1)]  for s < 2.

Now if Z € LE_, we define the stopping times T, := T, A S, / oo P-a.s. and apply

loc?

(3.2), for 0 < anZs < an 27, for s <T,, <min(7},S5,), and (3.5) to obtain
sup [®(anZs)| < [2(0)] + |D(an 7, )| + |a(1)|on 27, 4 [b(1)]
0<s<Thn
< [2(0)] + |2 ()| + [R(an 27, )| + 2]a(L)|anZs, +2]b(1)].
Because the right-hand side is in L! by assumption, we have the “only if” part.
Conversely, if (®(20,Z))5. € L' for all n, set T}, := on A Sy AT, / o0 P-a.s. and use
an < anZi < apntanZrr = %(2ann+2anZT7xl) together with (3.2) applied twice to obtain

| @(anZry)| < |@(am)| + [@(ann + anZr; )| + [a(1)]Z5, + [b(1)]
)

< |P(an)| + [P (2ann)| 4 [P (200, Z77 )| + |a(1)[(nn 4 an Z7: ) 4 [b(1)]
+ la(1)[Zg, + [b(1)]
< |®(an)| + |P(2ann)| + (@(ZanZ))

*
Ty

+ annla(l)| + (an + 1)]a(1)|Z5, + 2[b(1)].

P
loc*

By assumption, the right-hand side is in L'; so each ZTn isin L2, giving Z € L q.e.d.

Lemma 3.5. Fix a > 0 and a local P-martingale N null at 0 with Z = £(N) > 0. Then
®(aZ) is a P-special semimartingale if and only if there are constants 3, > 0, n € IN, and

b > 0 and stopping times T,, / oo P-a.s. such that

sup ’CI)(ﬁn(l + ANS)) ’I{1+AN5>b} is in L', for eachn € IN.
0<s<T,
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Proof. By Theorem VII.25 of DM, the semimartingale ®(«Z) is special if and only if the

process J! := sup |A®(aZ),| is locally integrable. Because Z = E£(N) gives AZ = Z_AN
0<s<>-

and hence Z = Z_(1+ AN), we have
Ad(aZ) = D(aZ) — ®(aZ_) = P(aZ_(1+ AN)) — ®(aZ_).

Due to Z > 0, the process aZ_ is locally bounded away from 0 and oco; so ®(aZ_) is locally
bounded. Since 1 + AN > 0 and ®(0) = 0 is finite, the process ®(aZ_ (14 AN))I{14an<s)
for any b > 0 is also locally bounded. Thus J! is locally integrable if and only if

J?:= sup |®(aZ;—(1+ AN,))|I{1+an,>p) is locally integrable.
0<s<

Note that b does not depend on « in any way.
Now recall again that aZ_ is locally bounded away from 0 and oo and that N as a local

P-martingale is locally in H!. So for stopping times T}, / oo P-a.s., we have
0<ép<aZ_- < '<oo on [0, T%]
and Nj, € L'. This implies
opb < 0k(1+AN) <aZ_ (1+AN) <5, '(1+AN)  on[0,Tx] N {1+ AN > b},

and applying (3.2) therefore yields

* *

<<I>(5k(1 + AN))I{1+AN>b}> < [®(dxb)| + (‘I’(O‘Z—(l + A]\7))1{1+A1\7>b}>

Tk Tk

+ |a(1)[6x (1 +2N7, ) + [b(1)]

as well as

* *

(<I>(aZ—(1 + AN))I{1+AN>b}) < |®(0xd)| + (q>(5£1(1 + A—7\7))1{1+AN>b}>

Ty Tk

+[a(1)[6;, (1 + 2N7, ) + [b(1)].
So we see that

<(I>(ozZ,(1 + AN))I{1+AN>5}>*T eL? if and only if

(@(&(1 + AN))I{1+AN>;)})T eL! for some S € (0, 00).
k
Note that the Bx depend on «. The assertion of Lemma 3.5 follows. q.e.d.
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Proposition 3.6. Suppose that N is a local P-martingale null at 0 with Z = E(N) > 0
and having Jacod parameters (3, f, g, N') with respect to X. Recall from (2.11) the quantity

W=f-1+ {T_;‘I{ad}. Then Z is in L if and only if we have both

(3.6) (f + 9 (p4g>v) € L (MF) for some b > 0,
(3.7) there are stopping times T,, /" oo P-a.s. and constants (3, > 0 such that

E[ S |@(Ba(1 = W+ AND)|T

]<oo for all n € IN.
0<s<T,

{1-W.+AN’>b, AX,=0}
Proof. Combining Lemmas 3.4 and 3.5 with a diagonal procedure shows that Z € L _ is

equivalent to  sup |®(8,(1+ AN;))|[{14an,>p} being in L' for each n € IN, for constants
0<s<T/,

Brn >0, n € IN,and b > 0. By Theorem VII.25 of DM, the last property holds if and only
if J" =3 |®(Bu(1+ AN))I{14an>py has J} € L' for each n € IN, with stopping times
T, / oo P-a.s. Lemma 2.6 gives

1+AN = (f(AX) —I—g(AX))I{AX?gO} + (1 - /W + AN’)I{AXZO},
and so

T = |0 (Bu(f +9)) [ Lprgm * 1+ 20 | 2(Ba(l — W+ AN")) ’1{17W+AN/>1;, AX=0}

= Jvl 4 g2,

By using ®(0) = 0, we can write J™' = |®(8,(f + 9)I{f1g>5})| * t, and this has J%’Ll e Lt
if and only if E[|®(8n(f + g)I{f+g>b3)] * pr,] < 0o for stopping times T;, /* oo P-a.s. Since
the latter is equivalent to (f + g)I{s1g>p} € Lir (le), the claim follows. q.e.d.

loc

For our subsequent applications, we only need a special case of Proposition 3.6, namely

Lemma 3.7. Suppose that N is a local P-martingale null at 0 with Z = E(N) > 0 and
having Jacod parameters ([3, f,0,0) with respect to X. Suppose also that X is quasi-left-

continuous. Then Z is in Ly} if and only if fI{;~yy € Lyt (M) for some b > 1.

loc

Proof. Because X is quasi-left-continuous, =~ = 0. Moreover, N’ = 0 by assumption, and
so the sum in (3.7) is always 0 for b > 1. Because also g = 0 by assumption, (3.6) reduces to

Jlipsp € L{I;C(M:LD), and so the assertion follows from Proposition 3.6. q.e.d.

4. Some preliminary steps for simplification

Before we start working on our problem, we reduce its complexity by some preliminary work.

One idea is to split a general process S into parts each having extra properties, and to deal
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with these parts separately. A second idea is to chop up S into pieces concentrated on suitable
pairwise disjoint stochastic intervals and to work on each piece separately. The present section
makes this more precise.

For the first idea and decomposition, we start with an IR%valued adapted RCLL process
S = (St)i>0. We exhaust the jumps of S by a sequence of stopping times (as in JS, Propo-
sition 1.1.32), split each of these into an accessible and a totally inaccessible part (see JS,
Theorem 1.2.22), and cover the graph of each accessible time with pairwise disjoint graphs
of predictable times. Renumbering then yields a sequence (R;,),cn of predictable stopping
times with pairwise disjoint graphs such that AStIip.oy = 0 P-a.s. for each predictable
stopping time T satisfying P[T' = R,, < oo] =0 for all n € IN. If we set

D = fjl[[Rn]] e P,

the above condition on 7" simply means that [7] N D is evanescent. Setting
(4.1) S = IS = fl Ijn.q-S,

(4.2) St i=Ipe:S =8~ 85— 8%

we then obtain

(4.3) S —Sy=8"+5",

and by construction, {AS? # 0} N [T] = {AS # 0} N D¢ N [T] is evanescent for every
predictable stopping time 7" so that ASy = 0 P-a.s. on {T' < oo} for every predictable T, i.e.

St is quasi-left-continuous.

(This is the same construction as in Delbaen/Schachermayer (2006) in the proof of their main
Theorem 14.1.1, pages 302/303.)

Since all our results assume that De (S, P) # (), we can assume (as mentioned in Sec-
tion 1) that S is a semimartingale, and then so are S and S*. In view of (4.1) and (4.2), the

following simple result therefore allows us to treat S® and S* separately.

Lemma 4.1. Suppose that XV and X are semimartingales of the form X = Ip-X,
X®) = Ip.-X for some semimartingale X and some predictable set D. Then X admits
a o-martingale density Z = E(N) if and only if X1 X2 admit o-martingale densities
ZW = gNW), Z?) = £(N®), and we can even choose these to satisfy NV = Ip-N,
N® = TIpe-N so that N = NO 4+ N@ and [N® N®)] =0 as well as [N, XK = 0 for
i # k. In particular, we can always arrange that Z = Z(1) Z(2),

Proof. We first start with a o-martingale density Z = £(V) for X and recall from Lemma 2.9
that ZX is a o-martingale if and only if X +[X, N] is. Setting N := Ip-N, N®) := Ip.-N
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then gives [N(), N®)] =0 and so ZW 2?2 = gINOENP) = (ND + N?)) = E(N) = Z
by Yor’s formula. Moreover, X1 4+ [X() NW] = Ip+(X + [X, N]) is a o-martingale like
X +[X, N]; so ZM is a o-martingale density for X(*) and of the claimed form. The argument
for X(? and Z®) is analogous, and it is clear by construction that [N, X(*)] = 0 for i # k.

Conversely, let Z() = £(N®) be a o-martingale density for X ) so that X ) +[X ) N()]
is a o-martingale by Lemma 2.9 . Then so is Ip+(XM +[ XM ND])) = xO [ XD 1. ND]
because Ip- XM = XM and thus Z0) = EIND) with NO := I5-N® is by Lemma 2.9
a o-martingale density for X(). In the same way, Z(? = £(N®) with N?) := Ip.-N®?)
is a o-martingale density for X(®) and [N®, X(®)] = 0 for i # k by construction. Setting
N :=NO + N@ we thus get Z = £(N) = Z(1) Z2) by Yor’s formula, since [N N()] = 0,
and X +[X,N] = XM + X@ 1 [XO ND] 4 [ XA N is like X + [XO NO] a g-mar-
tingale, so that Z is a o-martingale density for X. This completes the proof. q.e.d.

For later use, we also provide the following simple result. Its proof is almost identical to

the second half of the preceding argument for the converse part and therefore omitted.

Lemma 4.2. Suppose that Z() = £(NW) is a o-martingale density for the (IR%-valued
adapted RCLL) process X) for i = 1,2. Suppose also that we have [N®) N®)] = 0 and
[NO, XH®] =0 fori#k. Then Z := ZM 72 = &(N) with N := NV + N@ is a g-martin-
gale density for X := X1 4+ X2

From Lemma 4.1, it is clear that finding a o-martingale density for S is equivalent to
finding separately o-martingale densities for S¢ and S* and then simply taking their product.
Moreover, we can exploit as extra properties that S¢ is intuitively a process that consists
only of jumps at predictable stopping times, and that S? is quasi-left-continuous. One crucial

consequence of the latter fact is that the process dominating the characteristics of S* (under P

or any () 1% P, or both at the same time) can be chosen continuous; see JS, Proposition I1.2.9.
We thus get in (2.1) for S that W =0 for any W > 0 and hence in (2.3) also that a = 0; see
JS, Corollary I1.1.19. This allows to simplify many of the general expressions from Section 2.

The second idea and decomposition is very simple. Since we can view S — Sy as a process

on (0,00), we take a sequence (7, )nen of stopping times with 7, /' oo P-a.s. and write

Q x (0,00) = U]]Tn_l,Tn]] (with 79 := 0)
n=1
and
S—5 =5- S0 = Z (STn - STn_l) = Z I]]Tn—1,7'nﬂ'S'
n=1 n=1

We study S on each interval |7,,—1, 7,] by looking at S™ — S™-1_and piece things together

with the subsequent minor extension of Lemma 4.2. Typical examples are D,, :=]7,-1, 7]
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for 7o := 0 and a sequence (7,,)nen of stopping times with 7, / oo P-a.s., or D,, := [R,]
for a sequence (R, )nev of predictable stopping times with pairwise disjoint graphs. In the
former case, the absence of accumulation points required in Lemma 4.3 is clearly satisfied; in

the latter, it imposes an extra condition on the sequence (R,,).

Lemma 4.3. Let (D,)nen be a sequence of pairwise disjoint predictable sets. For each
n € IN, let X™ be an IR%-valued adapted RCLL process with X™ = Ip -X", and suppose
that Z™ = E(N") is a o-martingale density for X™ with N™ = Ip_-N™. Suppose also that

the sequence (D,,) has P-a.s. no accumulation point. Then
(4.4) Z:=1] 2" = ] EN") = 5( S Nn> —: &(N)
n=1 n=1 n=1

oo
is a o-martingale density for X := > X™.
n=1

Proof. First of all, N:= > N® = )" Ip -N" is well defined because the D,, are pairwise
n=1

n=1
disjoint and have no accumulation point. The same applies to X. Moreover, the assumptions
and Lemma 2.9 imply that X™ 4+ [X™, N"] is a o-martingale for each n, and [N, N"] =0
and [X™, N™] = 0 for m # n because the D,, are pairwise disjoint. So the third equality in
(4.4) follows from Yor’s formula, and X + [X,N] = Y (X" + [X™, N"]) is a o-martingale,

n=1

which proves the assertion again via Lemma 2.9 . q.e.d.

In the sequel, we want to work with o-martingale densities for S, and it will be useful
and important to do this in a simple way that also matches up well with the stopping times

(Tn)nemw from above. In more detail, this goes as follows.

Assume that D, (S, P) # 0 (and of course this could be done under some Ql%: P as
well). By Corollary 2.14, we can then choose a P-o-martingale density Z¥ = £(NT) for S
such that N* has Jacod parameters (37, f¥,0,0) with respect to S. Since the 7,, above will

be constructed recursively, we can do this in a way that ensures that
T <inf {t > 7,4 ’ INF|> 2},
Then we clearly get [N¥| < % on ]7,_1,7,[ and therefore
IANP| <n on [rn_1, Tn[.

So we can always find a o-martingale density Z¥ for S and a sequence (7,,)nev of stopping
times 7, /' 0o P-a.s. such that the stochastic logarithm N of ZF has bounded jumps on
each open stochastic interval |7,,—1, 7, [, and this will be exploited later. Note, however, that

we cannot control the jumps of N¥' at the stopping times 7,.
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Remark 4.4. If we start above not with S, but with S* = Ip-S, then S* has clearly no
continuous local martingale part. As a consequence, the zero-drift conditions (2.42), (2.43)
in Corollary 2.14 simplify to (2.40), (2.41) in Corollary 2.12 because ¢ = 0; so we do not need
the Jacod parameter 37 and can even choose a P-o-martingale density Z¥ = £(NT) with
an N which has Jacod parameters (0, f,0,0) with respect to S°. o

5. Reducing a stopped process to a single-jump process

In view of Lemma 4.3, it is natural to analyse .S on a stochastic interval Jo, 7] with o < 7, and
we do this in this section by looking separately at ]o, 7[ and [7]. Starting with an IR%-valued
adapted RCLL process S and stopping times o < 7, we write

(5.1) I]]UJ]]'S =5"-587=58" -5+ ASTI[[T,OO[[ = 8T - 87+ g = [}]077.[['5 + I[[.,-]]'S.

In (5.1), ST~ denotes the process S pre-stopped at 7, and J (7) is clearly a single-jump process.
Our main result in this section shows that under a suitable condition on 7, the pre-stopped

process S™~ — 57 can be controlled fairly well. More precisely, we have

Theorem 5.1. Suppose S is an IR%-valued adapted RCLL process and D, , (S, P) # 0.
Let ZF = E(NT) be a P-o-martingale density for S with N having Jacod parameters
(B, fF,0,0) with respect to S. Let o < T be stopping times such that ANT is bounded by
a constant on |o,7[. Using Lemma 2.9, choose and fix a bounded predictable process ¢ > 0
such that ZF (¢+S) is a local P-martingale, and define X := I}, so1*(*S). Then there exist

an IR%-valued predictable RCLL process B of finite variation and null on [0, 0], an IR%-valued
semimartingale M null on [0,0] and a strictly positive local P-martingale Z(1) = £(N(M)
with Z(()l) =1 such that Z(M) is locally bounded and the pre-stopped process X7~ satisfies
1) X"~ =X"" -X°=M+B=M"+B" =Ij,,1-M + I}, ;] B.
2) Both (ZP)y"X™ = (ZP)" (X7 — X°) and ZWM = (ZW)™(M™ — M°) are local

P-martingales.

Moreover, we can also assume or impose that
NO — I]]a,r]]'N(l)-

If S is quasi-left-continuous, then we have in addition that

3) B is continuous.
4) (ZPY"M = (ZP)"(MT™ — M?) is also a local P-martingale.

Before we start proving Theorem 5.1, let us explain its use. Recall that a local P-mar-

tingale Z > 0 with Zy = 1 is a P-o-martingale density for Y if ZY is a P-o-martingale. We
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call Z a P-local martingale density for Y if ZY is a local P-martingale. In view of 1) and

since AX,; = A(¢+S); = ¢, AS;, we can write

52) X=X — X' =X — X+ AX, Iy, o,
[o.7] [r00l
= M-i— (E —+ AXTI[[T,OO[[) = M-ﬁ- (E + (,OTASTI[[T,OO[[),

and (ZF)™ is by 2) a P-local martingale density for the left-hand side of (5.2). If S is quasi-
left-continuous, then (Z¥)7 is by 4) also a P-local martingale density for the first term on
the right-hand side and therefore also for the second summand on the right-hand side, which

is a single-jump process whose “drift part” B is continuous by 3).

Remark 5.2. 1) In our later applications of Theorem 5.1, the process S will be quasi-left-
continuous. However, some of the techniques used to prove Theorem 5.1 for general S will
also appear in other arguments below. For this reason, we state and prove Theorem 5.1 for
general, not necessarily quasi-left-continuous S.

2) The basic object of our analysis is the process S, and we want to formulate our main
results and especially our conditions in terms of S. So we also have to keep track of how the

results in Theorem 5.1 depend on the choice of . o

For ease of notation, we prove Theorem 5.1 for the case o = 0; the argument for general
o < 7 is completely analogous. So in (5.1), we look at I} ,1*S = S™ — Sp, and we first study
the process ST~ — Sp. This is a semimartingale, and we denote the associated quantities by
pi, v, B, Ct, Al using for ST~ the same truncation function as for S. In particular, we
have dpy = Ijg-ydu. We also denote by p the jump measure of the single-jump process
J( = AS 17 oo, sO that we get ST7 — Sy = ST — Sp — J = Io,-p*S — = * po and
dpo + dpy = I 7 dp. Note that our subsequent results from Lemma 5.5 to Corollary 5.6 all

assume that the conditions of Theorem 5.1 are satisfied with o = 0.

Lemma 5.3. The process Al dominating the characteristics of ST~ — Sy under P (and also

1
under some @) x5 P, if that is needed) can be chosen such that A < A. In particular, if A is

continuous, then so is A'.

Proof. As seen above, ST7 = 57 — x % pg. The characteristics of S™ under P (as well as @,
if needed) can be dominated by A, and since py < p implies v < v¥, the same is true for
the characteristics of = * g, so that A < A. The same arguments apply under . q.e.d.

By the assumption in Theorem 5.1, ZFS is a P-o-martingale. So Lemma 2.9 implies
that whenever we choose a bounded predictable process ¢ > 0 and set X := ¢-S5, the
product Z¥X is a local P-martingale, and so is then (ZF)”X7. For later use, we note that
combining S = S7~ + J() and AX, = A(p+S), = p;AS; = A((p-J(T))T implies that
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@ (S77) = (¢:5)7" = X"7; thus
(5.3) {AXT £0} = {AST £ 0} =]0,7[N{AS % 0}.

Recalling that the characteristics of S™~ are denoted by a sub- or superscript 1, we now

define the process
(5.4) NW = (BP-5°+ WD x (uy — )" = (N =Ijg .- NW
(which is a local P-martingale as argued in Proposition 5.4 below), with

(55 wo.=fi-l._ S fi 1

PV Ty - T8 do) + T S () v ({1}, da)’

1

compare (2.1) and note the superscripts 1 on = ' and a' here since we work with p; and vf.

Note that W) is well defined since a! < 1 and f¥ > 0, hence ]/”\31 > 0 on {a' > 0}. We also
point out that the main difference between N from (5.4) and N¥ from (2.44) is that N(*)

“does not involve the jump of S at 7”7 since we work with u; instead of p.

Proposition 5.4. The process Z(1) := £(N(M) is a strictly positive local P-martingale with
Z(()l) = 1. It is locally bounded, the product ZW) X7~ is a special P-semimartingale, and

(5.6) X"~ =M + B,

where ZM M is a local P-martingale and B is predictable and of finite variation. Moreover,
we have Y = Y7 = Ijg-1+Y for Y € {NW, M, B} and (ZV)7 = Z(1).

If Z(M were a uniformly integrable true P-martingale, we could use it as a density process
to define a probability Q) equivalent to P. Then Proposition 5.4 would say that X7~ is
a special Q()-semimartingale with Q(!)-canonical decomposition (5.6). In general, we have

these properties only “locally”. This is the content of Proposition 5.4.

Proof of Proposition 5.4. 1) First of all, part 2) of Lemma 2.8 for the process S”~ yields
that 1/DM) is locally bounded. More precisely, we prove (2.23) for U := —fF + 1 via (2.14)
by estimating from above with S, using (5.3). Moreover, N¥ = 3F-8¢ + W¥ x (u — v¥) has
Jacod parameters (87, fF,0,0) with respect to S; so (2.19) in Lemma 2.6 and (2.20) yield

(5.7) AN = (fF(AS) = 1)Iasz0r — WFPIias—oy = WY (AS) [(asz0y — WP

Because WF is in G} _(p) for P, the process ( > (WEF(ASs)Iias. 201 — V[//z’)2)1/2 is locally

0<s<

P-integrable. This is by (5.7) equivalent to saying that both ( ) (W//STD)QI{ASSZO})U2 and
0<s<-
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(> (fP(AS,) = 1)%Iias,201)"? = ((fF = 1)% % p)'/? are locally P-integrable, and hence
0<s<

in particular finite-valued.
2) To show that N (1) is well defined and a local P-martingale, we need to argue that

WM is in GL _(u1) for P. So we first compute with the help of (5.5) that

— Ty SRS -1 /7 —al
(68)  WO(AST ) ase—p0y = WO = == a—Tasm20) = —p57

Using (a — b)? < 2a% + 2b2 and (5.3), we thus obtain

J+ - J?

(@OE " T (Dpm)

— 1 9
Ki= 5 (WS gy~ W) <

0<s<
with

Th= 5 (FR(AS,) = 1) Las.zo o = (fF =12 %1 < (fF —1)2+ p,

0<s<

Ji= 5 (FF —ab)
0<s<-
We claim that J! and J? are both locally bounded. Because also 1/ D is locally bounded,
this will imply that K is locally bounded, which of course implies that K /2 is locally P-in-
tegrable. The latter precisely means that W) is in Gt () for P.
Clearly, J! and J? are adapted and RCLL where they are finite. Moreover, J! is finite-
valued due to Step 1), because W¥ is in GL (u) for P, and (5.7) yields

2
AJE = (F7(AS) = 1) Tiaszo1 D071 = (ANT)*Iias 20y ljo,r1-

But this is bounded because ANT is bounded on ]0, 7[ by assumption; so J* has bounded
jumps and is therefore also locally bounded.

For J2, we first estimate by Jensen’s inequality that

(77— aby = ( [ (@) =) vl (1), dw))

Rd

Z/P x 2
= (] (7@ 1))

R4
< (a})® [ (ftp(m)_l)%f%%},dw)
R4
=a} [ (fF(@)=1)" vl ({1}, do).

(If af = vP({t}, IR?) = 0, then the left-hand side is also zero.) Since 0 < a' < 1, we thus get
—1 2
GF' = ab)? < [ (1) = D) vl (1)) = (AT = A7),
R

30



by (2.2), the definition of J! and Theorem VI.76 of DM, and so J? < > A((J})P) < (J1)P.
Because J! is locally bounded, so is its compensator (J!)P and hence also J2. This completes
the argument for Step 2).

3) In analogy to (5.7), we can now compute the jumps of N(M) as

—_—1

(5.9) AN — WO (AS™ VI asr 2oy — WD
fr(As) -1 fl\Dl_al
- TQAS?&O}I]]O,T[[ T DM
fr(AS) 1
- (W - 1)1{“#0}[11077[[ + (W a I)I{AST—zo},

using (5.3) and (5.8). As f¥ and D) are both strictly positive, we see that ANM > —1,

and so Z(W) = £(NM) is a strictly positive local P-martingale with Zél) = 1. Moreover, (5.9)
together with (5.7) and (5.3) yields

ANF
D)

1
Iiaszoro,r] + ( 1)

(1) — _
(5.10) ANY = D)

and together with N¥ = (N*)7 on ]0, 7[ also

11) (14+AND)T _[1a9), Tiort = —(1+ A(NP))I
(5.11) (1+ Max—z0} = D Laszoyfiorr = m( + ANO) ) I axe—20}-
But AN? is bounded on [0, 7[ by assumption and 1/D™) is locally bounded; so (5.11) shows
that N has locally bounded jumps, and so Z() is locally bounded.

4) For the final assertion, recall first that (Z X)7 is a local P-martingale. By the product
rule, so is then (X +[NT, X])7. So sup |A(Xinr +[NT, X]inr)| = sup |[AX]T(1+A(ND)T)]

0<t<- 0<t<:
is locally P-integrable, and hence so is sup |AX] (14+A(NP)T)|. Using (5.11) and the fact
o<t

that 1/DW) is locally bounded thus shows that sup |[AX] (1 + ANt(l))\ is locally P-inte-
0<t<-

grable as well. By Theorem VII.25 of DM, the semimartingale X’ := X7~ 4+ [N, X7 ] is
therefore P-special, and then so is Z() X7~ by the product rule again.

To obtain (5.6), we start with the P-canonical decomposition
(5.12) X4+ [NY X" |=X'=M +B

and set B := B/, M := X"~ — B'. So we have to show that Z1) (X"~ — B') is a local
P-martingale or equivalently that X7~ — B’ + [N(), X7~ — B'] is a local P-martingale. But
by (5.12), this process equals M’ — [N, B’], and this is a local P-martingale by Yoeurp’s
lemma since B’ is predictable and of finite variation; see Theorem VII.36 of DM. The last
assertion is clear from the definitions and the fact that (X7 7)" = X7~ = Ijo ;- X" ~. q.e.d.
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To obtain the properties claimed in Theorem 5.1, we next take a closer look at B from

Proposition 5.4. Recall that A! is the process dominating the characteristics of S7~.

Lemma 5.5. The process B from Proposition 5.4 has the form B = (b)- A for an IR%-valued

predictable process b which does not depend on . In particular, if A is continuous, so is B.

Proof. The second assertion is clear from the first one. To prove the first, we recall from the
proof of Proposition 5.4 that B = B’ is the predictable FV part of X’ = X7~ + [ND X7
see (5.12). As in Lemma 2.10, we compute from (5.4) and X7~ = ¢-(S7~) that

X/ — X7 + [N(1)7XT—]
=@ (STT) 4 (oh) * (1 — 1) + (0" + ' B7)) - A + (p(xfN) — b)) = pa,

where f(1 is associated to W) as in (2.11). (We could write out the formula for f(),
but it is not needed here.) Now the first three summands on the right-hand side are all
locally P-integrable, and so is X’ since it is P-special. Thus the p-integral process on the
right-hand side is also locally P-integrable and therefore admits a P-compensator, which is
(p(zfD — h)) « vF. Therefore B = (o(b! + ') Al + (p(zf® — h)) = P, and since
vi (dt,dx) = Fl,(dz) dA} and A' < A by Lemma 5.3, the process

bi= (b +87) + [ (2fD (@)~ b)) FF (dx) )a?
le
with dA' = o' dA gives one representation of B as desired.

It remains to show that although B depends on the choice of ¢, the process b does
not. So start with @ instead of ¢ to get X = -S and go through the above arguments
again. Instead of (5.12), we then obtain X’ = X7~ + [N X7~ = M’ + B’, and we have
X7~ = %87 and X"~ = ¢-S7~. Because ¢ and ¢ are both S™-integrable, we obtain
from Theorem 4.7 in Cherny/Shiryaev (2002) that the ratio ¢/¢ is first X7~ -integrable and

then also X’-integrable, and since X’ is P-special with P-canonical decomposition (5.12),
Lemma 4.2 of Cherny/Shiryaev (2002) implies that X' = (¢/p)- X' = (¢/¢)M' + (p/p)-B’

is the P-canonical decomposition of X’. So we obtain from B’ = B = (pb)- A that
B' = (p/¢)B' = (p/¢)-B = (#b)4,

with the same process b that we have explicitly constructed above. q.e.d.
With the above preparations, we are now ready for the

Proof of Theorem 5.1. Recall that (ZF)™ X7 is a local P-martingale from the choice of ¢
and that X7 = (p+S9)™ = ¢+S7. If we write X"~ = M + B as in (5.6), then M™ = M and
B™ = E, and Z(W M is a local P-martingale, all by Proposition 5.4; so we have 1) and 2).
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If in addition S is quasi-left-continuous, then A can be chosen continuous (see JS, Propo-

sition I1.2.9) so that B is continuous by Lemma 5.5. From (5.6), we thus obtain
(5.13) {AM #0} = {AX"~ #£0}.

Moreover, Al is also continuous by Lemma 5.3, and so ="' = 0 by JS, Proposition 11.2.9.
Thus we get D) =1 via (5.5), and combining this with (5.13) and (5.11) therefore yields

AN = ANDYT

{AM#£0} {AM#0}

So AMAN® = AMA(NF)7, and clearly (N1)¢ = (NP)7)¢ by (2.44) and (5.4). There-
fore M + [M,(NP)T] = M + [M,N®] is a local P-martingale, because Z()M is one by
Proposition 5.4, and this implies by the product rule that (Z )71\7 is a local P-martingale.
This ends the proof. q.e.d.

For later use, we record a result already proved above.

Corollary 5.6. 1) With W) from (5.5) and
(5.14) N =1, 4+ (8-S + WD s (uy — o)) = Ijy - N,

the process ZW) = & (N (1)) is a locally bounded P-local martingale density for the process

M=M= I}, - M.
2) If S is quasi-left-continuous, then the process (Z¥)" = E(Ijo,*N¥) is a P-local
martingale density for B+ AS 7 oo

Moreover, Z) does not depend on the choice of ¢ in Theorem 5.1.

Proof. Part 1) is contained in Proposition 5.4; we just need to adjust (5.4) from o =0 to a

general o < 7. For part 2), we use (5.2) to write
(ZP) (B + AX I o)) = (Z7) (X7 - X°) — (27 M

and note that both terms on the right-hand side are local P-martingales by Theorem 5.1.
Finally, N(") in (5.14) clearly does not depend on ¢, and so neither does Z(1) = £(N().
q.e.d.

6. The key construction for the quasi-left-continuous part of S

In Section 5 in (5.2), we have, for a fixed bounded predictable process ¢ > 0, decomposed
the process X7 — X7 = (¢-9)" — (¢*5)7 = ¢+(S™ — 57) into two summands, and we have
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constructed in Corollary 5.6 a local martingale density for M , the first of these. The second

summand is the process
(6.1) X:=p+ AAXTI[[T,OO[[ - I]]J,Tﬂ 'X(O)a

and if S is quasi-left-continuous, X(® is continuous on o, 7] except for at most one single
jump at 7, by Theorem 5.1. This section’s goal is to construct for X(® a local martin-
gale density Z(©) with good local integrability properties. This is more than we get from
Theorem 5.1 — all we know about (ZF)™ from there is that it is locally in H! like every local
martingale.

In view of (4.3) and because we shall deal with S separately later, we assume throughout
this section that S is quasi-left-continuous.

To formulate our results, we need a bit of notation. We denote again by p the jump

measure of the single-jump process J(™) := AS, I [r00[> DY 1/(1)3 its P-compensator, and write

W= [ Wie) vl ({t}, da)
Rd

as in (2.1). For a probability @ S P, we also use 1/82 and ﬁ\/tO’Q. (We explain in Remark 6.4
at the end of this section why we work here with @) and not only P.) Recall that A dominates
the characteristics of S under both P and Q. Note that dug + duy; = I} ) dpe implies for
R € {P,Q} that vt + vf¥ = v on the predictable set ]o, 7] and therefore

(6.2) Wf”%:ﬂfifd Wt(x)ug%({t},dx)zﬂfd Wi(z) vR({t},dz) =W, =0  on]o,7]

because S is quasi-left-continuous. Finally, the definition (6.1) of X AX, = ¢, AS, and

Lemma 5.5 give
(6.3) X = (pb)- A+ o+ (z * o),

and we know from parts 2) and 4) of Theorem 5.1 that (ZF)7 € D, (X®, P) # . In fact,

(ZP)7 is even a P-local martingale density for X (%),

Now take @) lgicP so that also DGJ(X(O), Q) # 0. We denote the Q-compensator of 1y by
I/OQ and write as usual 1/82 (dt,dx) = Fg’?t(dx) dA;. Define a bijection 9 from IR? to the open

unit ball Uy (0, IR?) in IR? by ¥(x) := and introduce the auxiliary predictable process

_z
14|z

~ (—2Tb)"
. R =1~  esssu ;
(6 4) (Q) {b;ﬁO} zede ﬂ%fd (szb(a:))* FOQ(d:B)

where the essential supremum for R;(Q)(w) is taken with respect to the (random) measure
F(f?t(w, ) on IR?. (We argue in Section 9, at the end of Step 1, that the ratio in (6.4) is
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well defined, with the convention 0/0 := 0.) We introduce on (2 x [0,00) x IR%,P) and
(€ x [0,00),P) the probability measures

mg(dw, dt, dz) == CoFy(w, dr) dAy(w) Q(dw),
(6.5) m(dw, dt) := CqFy,(w, RY) dA(w) Q(dw),

where Cg is a normalising constant. (It will be part of the proof in Section 9 below that
mgq,m are null or well defined and that Cg € (0,00) if mg # 0.) We point out that all the
above quantities depend only on S, but not on the choice of ¢, due to Lemma 5.5.

Finally let ® : [0,00) — IR be a function satisfying the following properties:

(6.6) @ is strictly convex and in C', and ®(0) = 0.
(6.7) @ grows at least linearly for large z, i.e., there is some constant D > 0 such that
|®(x)| > Dx for = > xo.

(6.8) @ is bounded from below by a constant, i.e., ®(x) > const. for all z > 0.

For the definition of the spaces L® and L®

loes We refer to Section 3. In particular, Lemma 3.3

shows that LT is a cone due to the linear growth condition (6.7) on ®.

The main result of this section is then

Theorem 6.1. Suppose that S is quasi-left-continuous and the process X () in (6.1) satisfies

loc

De o (X P)#£ 0. If Q = P and if

(6.9) R(Q) € Lige(m, P),

then we can find for X(©) a Q-o-martingale density Z(©) with Z(®) € L? (Q).

Remark 6.2. If we assume instead of (6.9) that R(Q) is locally bounded, then we can find
for X(©) a Q-o-martingale density Z(®) which is also locally bounded. For more details, we

refer to Remark 9.3 below. o

We postpone the proof of Theorem 6.1 to Sections 9 and 10 and proceed directly with
our main line of argument. A look at (9.53) in Step 12 of the proof in Section 9, with 0 there
replaced by o, shows that Z(©) is given by Z(®) = £(N(©) with

(6.10) NO =W x (fig — 79) = [jo.r* N,

where WQ = fQ — 1 for a process fQ constructed in the proof of Theorem 6.1, jig is the
jump measure of X .= ﬁ-X ) for a finite-valued predictable process H > 0 (which

1

T H dyg') is the Q-compensator

is also constructed in the course of the proof), and dﬁé’g =

35



of 7ig. We next apply Corollary 5.6 under () instead of P to obtain the Q-local martin-
gale density Z(H) = E(ND) for M = X7 — X° — X© | due to (5.2). Recall from (5.14) in
Corollary 5.6 (applied with @) that N (1) is explicitly constructed and given by

(6.11) NO =1, 1 (698 + WPk (11 — ) = [y NO.

Proposition 6.3. Suppose that S is quasi-left-continuous. For Z() = £(NM) with N as
in (6.11), the process

(6.12) Z:=7970 =g(NO - NO) = g(N)

is a Q-o-martingale density for ST — S° = Ij5 ;1*S, and N = I}, .1*N. Moreover, if T is
chosen such that Z(") is locally bounded, then the process Z is in LY (Q).

loc

Proof. Because X™ — X7 = ¢+(S7 — §9), it is by Lemma 2.9 enough to show that Z()
is a Q-o-martingale density for X — X?. For symmetry, set X(1) := M so that we have
X" —Xo=XxM 4 x0©),

1) We shall argue below that

(6.13) INO N®]=0  fori#k,

(6.14) INO Xx®) =0 fori#k,

and we already know that

(6.15) ZW = £(NW) is a Q-o-martingale density for X ®),

and N = Iy, 1-N@ fori=0,1.

The equality in (6.12) then follows from Yor’s formula and (6.13), and we claim that also the
middle assertion then holds. (This repeats a small part of the proof of Lemma 4.1.) In fact,
to argue that Z(9 Z() is a Q-o-martingale density for X := X(© + X it is by Lemma 2.9
equivalent to show that X + [X, N(© 4+ N] is a Q-o-martingale. But (6.14) yields

X +[X, NGO N(l)] = XxO 4 [X(O),N(O)] +x@ 4 [X(l),N(l)],

and this is a Q-o-martingale due to (6.15). That N = I}, ,j-N is also clear from (6.15).

2) To obtain (6.13), note first that (N(®)¢ = 0 by (6.10) so that ((N(©)c (NM)e) =0
and therefore [N(© NW] = SSANOAND . But by (6.11), NM can jump at most on
supp p1 = (supp )N Jo, 7[ by the definition of pq in Section 5 (for general o < 7, not for
o =0), and (6.10) implies that N(©) can only jump on suppfig C [7], by the definition of fig.
Thus N and N have no common jumps and so [N(®), N(1)] = 0. This yields (6.13).

3) Next we prove (6.14). By its definition, X(©) is of finite variation with at most one

jump at 7 by Theorem 5.1, and N at most jumps on Jo, 7] as just seen in Step 2) so
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that [X(© NM] = STAXOAND = 0. On the other hand, X1 = M = X"~ — B can only
jump on o, 7[ since B is continuous by Theorem 5.1. So exactly like in Step 2), we obtain
(XM NO] = (XxD)e (NOY) -5 AXDANO = 0 because both summands vanish. This
gives (6.14).

4) Finally, suppose that Z (1) is locally bounded (which can indeed be achieved for a
suitable choice of 7 by Theorem 5.1). We know that Z(®) is in L{_(Q) by Theorem 6.1, and

this means that for a localising sequence (0,,),c of stopping times, each random variable

ZOy: = sup 7 isin L2(Q). As the latter is a cone, the product Z()Z(© is therefore
On t =+
0<t<o,

also in L _(Q). This ends the proof. q.e.d.

loc

Remark 6.4. 1) In Section 9 below, we actually prove a more detailed version of Theo-

rem 6.1. We have kept the formulation here deliberately short for ease of reading.

2) Let us return to questions 1) and 2) from Section 1, rephrased in localised form. If we
take () = P, Theorem 6.1 provides sufficient conditions on the jumpy part of S for question
1) to have a positive answer. As mentioned in Section 1 after Theorem 1.3, we believe these
conditions are essentially sharp, i.e. more or less also necessary. For question 2), we can thus
expect to have as given some property like (6.9) for P. If we now apply Theorem 6.1 with
@, it remains to check how we can also verify the condition (6.9) for (). We can either try
to study this directly under @, after working out the structure of S under ); or we can start
from (6.9) under P and try to derive (6.9) under @, by using the structure of the density

process D@F of ) with respect to P. However, we do not embark on that here. o

7. Handling the accessible part of S

In Section 4, we have seen how S — Sy can be decomposed as S + S?, and the results in
Section 6 will allow us to deal with the quasi-left-continuous part S*. In this section, we show
that if S admits a P-o-martingale density, then its “accessible part” S even admits a locally
bounded P-o-martingale density. This can be viewed as a generalisation of Theorem 5 in

Stricker (1990). We actually prove a more general result, namely

Theorem 7.1. Suppose S is an IR%valued adapted RCLL process, (R, )nenw is a sequence
o

of predictable stopping times with pairwise disjoint graphs and D := |J [R,]. Then the
n=1

following are equivalent:

1) Dey(Ip-S, P) # 0, i.e. Ip+S admits a P-o-martingale density.
2) Deo(Ip-S, P)N{locally bounded processes} # 0, i.e. Ip+S admits a P-o-martingale
density which is locally bounded.

37



3) For any Q = P, Ip-S admits a QQ-o-martingale density which is locally bounded.
The o-martingale density Z = E(N) for Ip+S can then be chosen such that N = Ip-N.

Proof. Clearly, 2) implies 1) and 3) implies 2). Moreover, as already pointed out in Section 1,

1) is equivalent to De ,(Ip-S, Q) # 0 for any ng P, and so 1) will imply 3) as soon as we
show that it implies 2). Proving the latter is quite difficult, even if the basic idea looks
simple. We start with a P-o-martingale density ZF = £(IN?) for S = Ip-S and write the
P-c-martingale property of ZP'S as in (2.41) in Corollary 2.12 as the statement that the
Jacod parameter f¥ of N satisfies a zero-drift equation (ZDE for short). So the ZDE has
a positive solution f¥, and we should like to show that it then even has a positive and
(locally) bounded solution fP . Using this as Jacod parameter for a new local P-martingale
NP, we get that N¥ is locally bounded, and hence so is then Z¥ = S(NP). But Z* is also
a P-o-martingale density for S because fp satisfies the ZDE, and so we get 2).

The problem with the above argument is that things do not exactly work like this for
technical reasons. The ZDE can be seen as stating that a linear operator attains a value (here
zero) in a positive function, and we essentially want to deduce that the operator then attains
that value also in a positive and bounded function. Such a result can be found in Theorem 2.9
of Borwein/Lewis (1991) for the case where the range of the operator is finite-dimensional
(in fact, IR™). We need here an extension to a range in an infinite-dimensional space, and so
we need some extra properties of the operator. For our setting, these can be achieved partly
by localisation and partly by imposing some integrability properties on S or S. The latter
can be achieved by means of a measure change, and so we must first work under a different
measure Q™) for each m, and then go back to P. Let us now make this more precise.

a) Because S := Ip+S is a semimartingale since D, , (S, P) # ), the increasing processes

S*:= sup |Ss| and V := > [S"] are finite-valued adapted RCLL processes. For each m € IN,
0<s<> i=1

we can therefore define a probability measure Q™ ~ P by

dQ(m) Q*
P = const.(m) exp(—S.

m

— Vin)-

The density process DR of QU™ with respect to P is bounded, and both S and its
optional quadratic variation [S] have on [0, m] all Q(™-moments (for each coordinate of S or
each entry of the matrix [S]). The assumption D, , (S, P) # § also yields D. (S, Q™) # )
since QU™ ~ P, and so Corollary 2.14 allows us to choose for S a Q("™)-g-martingale density
7" = 5(NQ(m>) where N?"" has Jacod parameters (6Q(m) ) fQ<m) ,0,0) with respect to S.

b) Denote by uS and 9" the jump measure of S and its Q(")-compensator. As in

m (m) (m)
Section 2, we can write /@' )(dt, dxr) = FtQ (dx) dA? , but we exploit here the structure

_ o0
of S = Ip-S to choose a better version for this decomposition. In fact, because D = |J [R,]
n=1
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is predictable like the R,,, we have @™ = Ip dv?"™ from d,ug =1Ip dug, and so
Q" (dt,d I Sr, (dt) Q™ (Y, dx) = F™ (dx) dA™
V2t da) = 3 T, <o, (@) 2" ({8}, da) = FE™ (d) A

with
(7.1) FtQ(m) (dzx) := VQ(m)({t} dx),

dA™ = z IR, <00}Or, (dt).

Because S = Ip*S = x * ,uS, we then obtain by Corollary 2.12 for the Q™)-g-martingale
density Z@"™ from Step a) that

(7.2) f 1279 () FR ™ (dx) <00 QUM @ At™)_ae.,

(7.3) [ af@" @) FL™ (dr) =0 QUM @ AW ac.
Bd
c) At this point, it looks tempting to prove directly with a DMW argument that we

can find a bounded positive solution f@ to (7.2), (7.3); it could seem that a proof like for
example in Step 2 or Step 10 in the proof of Theorem 9.2 below might work. However, this is

not possible because the measure Q™ @ A(™) FQ"™ is not finite in general and therefore
cannot be normalised to a probability measure. So we have to split .S into a pre-stopped part

and a single-jump part and deal with these two separately.

For technical reasons, we need some additional properties of N Q" and fQ(m) that we
d —.
can achieve by suitable stopping. First of all, note that V = > [S?] is Q(™)-integrable on
i=1
[0, m] by the definition of Q"™ so that it has a Q("™)-compensator V on [0, m]. Because 1%
is predictable and RCLL, it is locally bounded on [0, m], and we have

AV = A(VP) = P(AV) = P( i(ASiP) =P(|AS]2)  on [0,m]

by DM, Theorem VI.76, where PC' denotes here the Q™) -predictable projection and CP the
QU™ -compensator of C. By Jensen’s inequality, (P(]AS]))? < P(JAS|?), and so we obtain
that P(|JAS]) is locally bounded on [0, m]. But as in Section 2,

P(AS)), = [ e ({t},da) = [ [«|FR™ (dx)
R4 R4

by (2.2), (2.1) and (7.1), and so

(7.4) the process [ |m|FtQ(m) (dz), t > 0, is locally bounded on [0, m].
R4
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We next look at S + [S, NQ(m)]. This is a Q(™)-g-martingale by Lemma 2.9 because ZQ™

is a QU™ -g-martingale density for S, and as in the proof of Corollary 2.12, we have

S+ S, N = (2fQ"y x 1S,
As in the proof of Lemma 2.11, the predictable process ¢("™) > 0 defined by

m (m) — ~(m)
/o™ =1+ [ |2|f2" (@)F2 " (dz),  t>0,
]Rd

is well defined due to (7.2) and bounded, and by construction,

(7.5) the process gogm) f ]az\ftQ(m) (x)FtQ(m) (dz), t > 0, is bounded.
IR

Moreover, again as in the proof of Lemma 2.11, the zero-drift condition (7.3) implies that
(go(m)fo<m)) % 1S = p(m) -(S+1S, NQ<m)]) is a local Q")-martingale.

Now fix m, take a localising sequence (@,(Cm)) ke for the processes in (7.4), (7.5) and set

g,gm) = @,gm) A inf {t > 0‘ |NtQ<M)| > %}

(m)
k

We then choose k,, large enough so that P[p < m] < 27™. This is possible since for each

m, Qim) /00 Q™-a.s. as k — oo, hence also P-a.s. and in L°(P). In addition, we choose

k., recursively in m in such a way that the sequence (Q,(C?)me N is increasing, and we set

Om 1= ng) A m.

Then > Ploy, < m] = > P[Q,EZ) < m] < oo and therefore o,,, /" oo P-a.s. by Borel-
m=1

m=1

Cantelli. Moreover, we also have by construction that
(7.6) |ANQ(m>| is bounded by a constant on [0, oy, [.
d) For each m € IN, we now look at the stopped process S and write this as
Som — §om— 4 j(m)

like in (5.1). We denote by plm) ,ugm) and ,uém) the jump measures of 7=, §%»~ and J("™),

respectively, so that obviously dugm) +d,uém) =du™ =1 [0,0m] d,ug . The QU™ -compensators

(m) (m)
1 0

are denoted by v("™) v and v, , can be written like in Step b) as

V(™ (dt, dz) = F}" (dz) dA{™
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with

(7.7) F(de) = v™ ({t}, dx),

and satisfy dufm) + du(gm) =dv(™ = I10,6,.1 dv?™ and

(7.8) F 4 B = I 4 F™ = ™.

For each m € IN, we then define a measure (™ (w,t,dz) on IR by

(7.9) £ "(w,1,d) = Ipnpo.e, (@ D)ot @) 5™ (. {1}, dx).
This is P-measurable like D, ¢(™) and V(()m). Moreover, the measure
(7.10) 7 (dw, dt, dz) = ™ (w, t, dz) dA"™ (w) Q™ (dw)

on Q x [0,00) x IR? is finite, because ©(™) is bounded and

Egm [f”o ({t}, R?) dA(m)} = Equm [(1%7™)od]

= Egom [(1# p§™) o0

:Q<m>[U{R < 00,ASk, #0,R, = opn}| < 00,

n=1

The marginal 7™ of 7(™ on Q := Q x [0,00) is also finite and obviously equivalent to
Q™ @ A™) by the definition (7.10) of 7("™). Thus (7.9), (7.7) and (7.8), (7.4) give

= (Q ® A™)-esssup [ |z|x(™)(dx)
R

< N ™ Mg ooy ooy S IeAES™ ()| <00,
R4 Lo (7(m))

7.11 H x| k(™) (dx H
@) | e,

and in the same way, (7.5) yields that

12) | [ 1l @ )

‘L"O(ﬂ'(m))

= (Q™ & A™)-ess sup (Ip o, 0™ [ |2l (@) F{™ (da)) < oc.
R4

Moreover, the P-measurable function fQ(m) on Q x [0,00) x IR% is > 0 7(™)-a.e. and satisfies

(7.13) [ 2fQ" (@)™ (dz) = b0 = —Ipage.e, 0™ [ 2f2 (@) F™ (dx)
R R4
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by (7.9), (7.7), (7.8) and the zero-drift property (7.3). Moreover, by (7.8) and (7.5), the
process b(™) is bounded by some constant. Note that (7.11)—(7.13) correspond precisely to
the conditions (2.2), (2.3) and (2.5) in Choulli/Schweizer (2015). By Theorem 2.1 in Choulli/

Schweizer (2015), there hence exists a P-measurable function fém) on Q x [0,00) x IR? which

is strictly positive 7(™-a.e., bounded by a constant ¢, (say) 7(M)_a.e. and which satisfies

(7.14) i 2 fS™ ()™ (de) = b QUM ® AM-ae.
R4

Because ¢(™ > 0 and

—b(m) + IDm[[o,om]]SD(m) 1l ZCfQ(M) (x)F(gm)(d-f) =0
Bd

due to (7.8) and the zero-drift condition (7.3), we can rewrite (7.14) as

(7.15) [ afS™ (@) F™ (dz) = [ 2fQ" ()™ (dz)  #™-a.e. (on DN [0, 0m]).
Re R4

Moreover, because |fém)| < ¢y m™-ace., we also get from (7.4) that

(7.16) [ |z|fS™ (@) F{™ (dx) < [ |2]FR™ (dz) < 0o #(™-ae. (on D N[0, op]).
R4 R4

So essentially, we have started with a positive solution fQ(m) to the zero-drift condition in
(7.2), (7.3) and have been able to find in (7.15), (7.16) for the single-jump part J(™ of §om

even a positive and bounded solution fém).

e) Now define the P-measurable functions W ™1 and Wm0 by

(m) (m)
wimt . — [ -1 = e _/1\ T
D(l) 1 o al + fQ(TYL)
. D(O) %)0 Y
1—a®+ fy
where a := TZ and 7" are taken here with respect to Q™) and for the measures Vi(m),

i =0,1. We also define

— 1 N/\O
Di=1—a+f" +f™ =DV 4+ DO _1

As in the proof of Proposition 5.4 (with S replaced by S, 7 by o, and P by Q(™)), we
then first argue that 1/D™) is locally bounded and W (™! is in Qlloc(,ugm)) for Q™). As a

consequence, the process
N(m),l — W(m),l % (Mgm) . V{m))

42



is well defined and a local Q™ -martingale null at 0. In analogy to (5.9), its jumps are

Q™ (AS 1
ma _ (£7(A5) -
(7.17) AN = ( o i, + <D<1> 1)y
where T'y := {AS9"~ # 0} is the support of the measure ugm). Moreover, recalling that
N®@™ has Jacod parameters ﬁQ(m) Q" 0,0), we get
p 9 b ) ) g

(m) m) & f@\m) —a

Now let us consider W(™:%. By part 3) of Lemma 2.8, 1/D© is locally bounded.
Moreover, with Ty := {AJ(™) = 0} = supp u(()m) C]0,0.,], we have

F(m) (A G ——0

A -1 1
S (M a1t pa (6

2
CRIE

_ — 0 2
> (WO(AS) [ p gy oy — Wm0

_GO))Q

IN

(fs™(AS) —1) I,

2z

X popEh” - a)’,

using that J™) is a single-jump process. But the first term on the right-hand side is locally
bounded like 1/D® because fém) is bounded, and the second can be estimated from above
by the compensator of the first term, exactly as in the proof of Proposition 5.4, Step 2). Thus
we obtain that W (™0 is in Qlloc(uém)) for Q™) so that the process

N0 . 7 (m),0 (Mém) _ Vém))
is well defined and a local Q™) -martingale null at 0. Its jumps, in analogy to (7.17), are

myo _ (fo (AS) _ 1
(7.19) AN _( o — 1) Iro + (5 — 1) I
Finally, we need to argue that 1/D is also locally bounded. This is done as in the

proof of Lemma 2.8 with minor modifications, as follows. We first replace everywhere
S (O(AX)PLiax.0p = U by (fO =)™ + (g™ = 1)2 5 g™ = VO VO

0<s<

The latter sum is locally Q(")-integrable; this is argued separately for the two summands,

exactly as in the proof of Proposition 5.4. Then we replace all the terms U by the sum

~1) =0 — 1 =0
U +U = (fe" —al)+ (fém) —a") = D—1, and we apply the estimates from the proof
~(1) =~(0)

of Lemma 2.3 separately for U , U  and for V() V™) constructed like in the proof of
Lemma 2.8. Then everything goes through and the local boundedness of 1/D follows.
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f) In view of the results in Step e), the process

D(0)

DY D Nmo

(7.20) N = N

is well defined and a local Q(")-martingale null at 0. Indeed, D(® is bounded since fém) is
bounded, and due to (7.18),

0< DM =14 (2" =1 =14+ ((f2"(A8) = ) (asm—poy) = 1+ P(AN" I1,)

is also bounded because of I'1 C]0,0,,[ and (7.6). Now note that I'g, I'; and I'§ N I'{ are
pairwise disjoint with union € x (0, 00), and that I'y C I'{ and I'; C I'§. Combining this with
(7.20), (7.17) and (7.19) yields the jumps of N(™) as

(721) AN — (f Qo (AS) D(l)) . <1 D(1)> .

p D DD
(B By (22
%( Q" (AS) = DD 41— DO) Iy,
+ 5 (f7(88) =D +1- D),
+ %(1 —DW 41— DO)Ipeqre
_ (% _ 1>[F1 n (w . 1)Ip0 + (% - 1)Irgmr;,

where we have used that 1 — D) — D) = —_D. Because fQ(m), ~ém) and D are all > 0,
(7.21) shows that AN > —1 so that Z(™ := £(N(™) is a local Q(™-martingale and
> 0, with Zém) = 1. Next, AN ig locally bounded like 1/D, because fém) is bounded and
Ir,(1+ AN™)D = I (1 + ANQ(m)) by (7.18) is bounded due to I'y C]0, 0., [ and (7.6). So
Z(m) = £(N(™) is also locally bounded. Moreover, 'y UT'y € D N[0, o,,] implies that

ICCOT Y TN )
Finally, using S%m = x % (™) and (7.21) gives
5o 87, KO = 2w ) 4 STASTR AR = 2 (@ fO™ ) o ™ 4 (5™ ™).
Due to (7.8), (7.5), (7.4) and boundedness of fém), the process
52 (] 1alre ™ @ F ) + ]l )
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is locally bounded, hence locally Q(")-integrable, on [0,0.,]. In view of (7.7), the process
@(m).(gam + [S’U'm’ﬁ(m)]) — L(m) — IDﬂ[[O ]].L(m)

therefore has a compensator which equals

g0(m)< f fQ<m) )F(m) dm _|_ f T (m) )Fo(m)(dl’)) =0 on Dﬂ[[(),o‘m]]

D Rd

thanks to (7.15), (7.8) and (7.3). So L™ is a local Q(™)-martingale, which means that
Som 4 [§7m N(™)] is a Q(™)-g-martingale, and Lemma 2.9 thus shows that Z(™) = &(N (™)
is a Q™ -g-martingale density for S and locally bounded.

g) Now we can finally go back to P. For each m, we have a Q™) -g-martingale density
Z(m) for §om , and we recall that the density process of Q™ with respect to P is DR3P and
bounded. By the Bayes rule, Z(™) := Z 7(m) PRSP is therefore a P-o-martingale density for
S and locally bounded like Z(™ and DR™P. Write Z(m) = E(N(), Because Z(™) §om

and (Z(™) §7m)om-1 are both P-o-martingales, so is
Z(m)(gom _ Som,l) _ Z(m)gom _ (Z(m)gom)am,l . Svom,l (Z(m) _ (Z(m))am,l)'

So Z(m) = £(N(™) is a P-o-martingale density for S7m —§om-1 = Nov o] (87 —=57m-1),
and thus also Z(™ := E(N™) with N(™) := I, . 1-N(™ is a P-o-martingale density for
Som — §om-1_ But now Lemma 4.3 with D,, replaced by ]o,,_1, 0,,] implies that

is a P-o-martingale density for > (§7m — §7m-1) = S, and because all the Z(™) are locally

m=1

bounded like Z("™) so is Z; this uses N(") = N1 om] -N(m)_ Hence we have 2). q.e.d.
For our purposes, the following corollary of Theorem 7.1 is sufficient.

Corollary 7.2. Suppose that S is an IR%-valued adapted RCLL process and decompose
S =Sp+ 5%+ S asin (4.1), (4.2). If De (S, P) # 0, then there exists a P-o-martingale
density Z* = E(N®) for S* such that Z° is locally bounded. Moreover, N* can be chosen
such that N = Ip-N°.

Proof. Because Lemma 4.1 implies that also D. (5%, P) # ), the assertion follows immedi-
ately from (4.1) and Theorem 7.1. q.e.d.

As explained in Lemma 4.1, we can construct o-martingale densities Z% and Z* separately
for S and S?, and their product will be a o-martingale density for S. Since Z¢ can be

constructed to be locally bounded, it will be enough to obtain local integrabilities for Z*.
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8. Putting everything together

We now have everything in place for formulating and proving our main results. We do this
in two steps having both their own intrinsic interest. The first step decomposes an integral
-5 of a general process S admitting some o-martingale density into a sum of two parts; the
first summand there is so “nice” that it even admits a o-martingale density which is locally
bounded. The second summand is an at most countable sum of single-jump processes each
having a continuous drift term; one could say that this part of ¢-S collects and in some way
compensates the “bad” jumps of S. In a second step, we then show that if the drifts of the
single-jump terms are not too extreme in comparison to the jump behaviour, also this second
part of ¢-S admits a “nice” o-martingale density. More precisely, there exists a o-martingale
density with integrability properties directly related to the quantitative control available on
the drift-to-jump ratio.

We begin with the first step of the above scheme. In view of possible extensions later,

we prove a bit more than we actually need here, and we comment on that after the result.

Theorem 8.1. Let S = (S;)¢>0 be an IR?-valued adapted RCLL process and (0, )nen an
increasing sequence of stopping times with o, /" oo P-a.s. Recall from (4.2) the quasi-left-
continuous part S* = S — Sy — S® of S, and assume that D, ,(S, P) # (. Then there exist
ZP € D, (S, P) # 0, a predictable set D and two locally bounded local P-martingales
7% = E(N®) and Z) = &(NM) with the following property: For any one-dimensional
bounded predictable process ¢ > 0 such that ZF (p+S?) is a local P-martingale, we can write

(8.1) e S=X=XxM4 x©
with
XM =504 XM = Ip-(¢-S%) + Ipe- XM

and with X of the form

(8.2) XO = Ipe- XO = S (B + ¢, ASE Tjy. o) = ) y(n0),

n=1

where (T, )nen IS an increasing sequence of stopping times satisfying 1, ,/ oo P-a.s. and
Tn, < min(n, g,) for all n, and each B" = Ije el -B" is continuous and of finite variation.

In particular, X(©) is quasi-left-continuous like S*. The process X (1) admits a P-c-martingale
density Z() = £(NM)) which is locally bounded and has N of the form

NO =I5 N+ Ipe-ND,

and Z® and ZW) are locally bounded P-o-martingale densities for S and XV, respectively.
The P-c-martingale density Z¥ = E(NT) for S has N¥ with Jacod parameters (37, f¥,0,0)
with respect to S* and N¥ = Ip.-N¥, and Z¥ is also a P-o-martingale density for X
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1 .
Moreover, if @) =~ P has the density process D?F = D(C;?’P E(N), then the sequence

(Tn)nemw can be chosen such that for some § > 0 not depending on n,
(8.3) AN > —-1+96 on |1,_1, [, for all n,
(8.4) |AN| <n on |1,—1, [, for all n.

Remark 8.2. Neither the sequence (g, )nen nor (8.3), (8.4) is needed below in our appli-
cation of Theorem 8.1; so let us explain why we include them. If we want to prove results
via localisation or want to work under local assumptions, it may be useful or necessary to
localise a number of quantities before using Theorem 8.1. This can be done via the sequence

(0r). Next, it may also be of interest to study what happens if we change from the original

measure P to another reference measure Ql%c P. Because De (S, P) # () is equivalent to
De»(S,Q) # 0, we can use Theorem 8.1 under @ as well and then also obtain for the corre-
sponding (Q-dependent) X1 a Q-o-martingale density which is locally bounded. However,
the o-martingale density for the part X(? is harder to control, and its properties may depend
on whether we work under P or (). To relate them under P and under @, it is important to
have a good control on the density process D@ of @ with respect to P, or more precisely on
the jumps of its stochastic logarithm N. This is what we achieve, at least locally, with (8.3)
and (8.4). To be fair, however, we should point out that we do not get a control over AN on

the graphs [7,,] — and it is exactly there that things usually become most complicated. ©

Proof of Theorem 8.1. 1) Decompose first S = Sy + S + 5S¢ as in (4.1), (4.2) and use
Lemma 4.1 and Corollary 7.2 to obtain P-o-martingale densities Z% = £(N*) for S = Ip-S
and Z' = £(N?) for S* = Ipc+S such that N = I+ N® and N* = Ip.-N*. Moreover, Z% can
be chosen to be locally bounded, and we use Corollary 2.14 to choose for S* a P-o-martingale
density ZF = £(NT) with N¥ having Jacod parameters (37, f¥',0,0) with respect to S°.
Moreover, we can and do also choose N¥ to have N = Ip.-N¥, by Lemma 4.1. Note that
@ does not appear up to here.

2) Now choose and fix ¢. We next want to decompose X' := ¢-S° along a sequence
(T )nemnw and apply Theorem 5.1 to each resulting piece. At the same time, we want to keep
control over AN. So starting from the given sequence (9,)nemw, we fix 6 > 0 and define

To := 0 and recursively
(8.5) T :=inf {t > 71 |AN; < =1+ 8 or [Ng| > 2 or |[NF'| > 2} Aon An for n € IN.
Clearly 7,, < min(n, 0,). Because N is P-a.s. RCLL, we know for P-almost all w that for

each fixed ¢ > 0, there can be at most finitely many s < t with ANg(w) < —1 4 4, and so
(Tn)nemn increases to +0o P-a.s. like (g5, )nemnv. Moreover, (8.5) yields for each n € IN that

(8.6) AN > —-14+6  on [|7,—1,7n[,
(8.7) JAN| <n  on 7,1, 7],
(88) |ANP| <n on ]]Tn—laTn[[a
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which gives (8.3) and (8.4). Note that (8.8) is analogous to the condition |[AN¥| < const. on
Jo, 7] that we imposed in Theorem 5.1.

3) Now write Y := X := -S? for brevity and observe that Z*Y is a local P-martingale
by Lemma 2.9 since Z¥ € D, ,(S*, P). Note also that Y is quasi-left-continuous like S*. For

each n, we consider the process

0 on [0, 7,-1],
(89) Y™ — Yl = Y™ — an_l on ]]Tn—la Tn]]»

Y. =Y. . on]r, o
Like Z¥Y, both (ZFY)™ and (ZFY)™-1 are local P-martingales, and thus so is
(ZP)TR(YTTL . YTn_l) — (ZPY)T” . (ZPY)T"_l Y Tn-1 ((ZP)Tn . (ZP)Tn_l).

So (ZP)™ is a P-local martingale density for Y7 — Y7»—1 and we can apply Theorem 5.1
to Y™ — Y™-1 (which is quasi-left-continuous like V') instead of X7 — X7, with |7,,—1, 74.]

instead of ]o, 7], to write
(8.10) YT YTt = M™ 4 (B + AY;, Iy, o) = YV 4 Y (0,

where B"™ is continuous. By Corollary 5.6, we then get for each n a P-local martingale
density Z(»D = £(N™D) for Y1 where Z(™1) does not depend on ¢, and we also have

(8.11) NOD =N,

As Y = ¢-S" = ¢+(Ipe+S) = IpeY, we can choose to have NV = [p..N(™1 by
Lemma 4.1. Moreover, since |[ANT| < n on |7,_1,7.[ by (8.8), Corollary 5.6 (for |7,,_1, 7]
instead of Jo,7]) also shows that Z(™1) is locally bounded. Finally, by Theorem 5.1 and
Corollary 5.6, Z(m) = E(JV(”)) with N .= T -N* is a P-local martingale density for
Y (0 for all n. Of course, each P-local martingale density is also a P-o-martingale density.

4) The next step is a standard argument of “piecing things together”. First, Lemma 4.3
with X" :=Y ™1 D, =]rn—1,m], N* := N®D = 15 N1 implies that Z(1) = 5(]\7(1))

with N .= > N = [5.. N is a P-o-martingale density for X1 := S YD, In

n=1 n=1
the same way, but with X" := Y (™0 N7 .= Nm = I]]rn,l,rn]]‘pr we get that ZF = £(NT)
is a P-o-martingale density for X(© := 3= V(9 and since Yy = (p-S%)o = 0, we have
n=1
(8.12) S =Y = (YT -y => vy 4 Yy 0 = x4 x(O),
n=1 n=1 n=1

Moreover, each Z(™1) = 5(]\7("’1)) is locally bounded; so each N(»1) has locally bounded
jumps, and in view of (8.11), so has then their sum N(). This implies that Z(!) is locally
bounded. Finally, like each Z("™1) also Z() does not depend on .
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5) Now recall (8.12) and S = Sy + S* + S? and define
XW s gy xO x5O

to get (8.1) as well as (8.2), due to (8.12) and (8.10). We have already seen in Step 4) that
ZP = E(NP) is a P-o-martingale density for X(© = X(©)  Moreover, the construction in
(8.10) of Y(™0) from Y = ¢+S* = Ip-Y shows via (8.12) that also X(© = X©) = 5. X (0),

It only remains to look at
(8.13) XU =89+ XB = 15+ (+8) + Ipe- XV,

where the second equality is due to (8.12) and the construction of Y (™1) in (8.10) again. But
by Corollary 7.2 and Step 4), S® and X(!) each admit P-o-martingale densities Z% = £(N®)
and Z(W = £(NM) respectively which are locally bounded. Moreover, Lemma 4.1 and (8.13)
allow us to have N* = Ip-N® and NV = Ipe- N, Again using Lemma 4.1 shows that
ZW = 7070 = g(N* + NO) = £(NW) is a P-o-martingale density for X(; it is locally

bounded and does not depend on ¢, like Z% and Z™), and this completes the proof. q.e.d.

For the first step in Theorem 8.1 of our programme, we did not need any extra assump-
tions apart from D, (S, P) # 0. This is different for the second step. We formulate this for

Q = P like Theorem 6.1, and refer to Remark 6.4 for an explanation why this is useful.

Theorem 8.3. Under the assumptions of Theorem 8.1, fix () 1%(: P. Apply Theorem 8.1 under

Q and write the resulting quasi-left-continuous process X(©) from (8.2) as
(8.14) XO =B+ Y 07, ASE Tr, oop = (9) A + ¢+ (w5 1),
n=1

where 19 denotes the jump measure of X(© and v(©:Q(dt, dz) = F V"% (dz) dA, its Q-com-

pensator, and where the IR*-valued predictable process b does not depend on the choice of

¢. Define, with 1(z) = 1 ﬁwl as in Section 6, the predictable process

— (-2T8)
(8.15) ROQ) = I3 eji;}lp [ (zTy(x))~ FOQ(dz)’

R4

where the ess sup is with respect to Ft(o)’Q(w, -). (We explain below why this ratio is well
defined.) Let ® : [0,00) — IR satisfy the properties (6.6)—(6.8). Finally, suppose there exists
a measurable function « : [0,00) — IR which is uniformly strictly positive on each compact

interval and such that

(8.16) th(O)’Q(ZRd)|<I>(a(t)7€£0)(Q)) | dA; < o0 Q-a.s. for each T € (0, 00).
0
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Then there exists a Q-o-martingale density Z = £(N) for S with Z € L} (Q).

Proof. The (fairly obvious) idea is to start from (8.12), apply the results of Sections 5 and
6 to each summand Y™ — Y™~ from (8.9), and piece things together. The main work will
be to verify the assumption (6.9) of Theorem 6.1.

1) We first go back to the proof of Theorem 8.1 and write S — Sy = S + S% as in

(4.3). Since QI%CP gives D ,(5,Q) # 0, we can and do work in the sequel under @ in-
stead of P. As in Step 1) of the above proof, we get a locally bounded Q-o-martingale
density Z¢ = £(N?) for §¢ with N® = Ip-N%, and a Q-o-martingale density Z9 = £(N?)
for S? where N? = Ip.-N® has Jacod parameters (3%, f<,0,0). We construct the stopping
times (7,)nemw as in (8.5) and obtain as in Step 3) of the above proof for each n € IN a
Q-o-martingale density Z(™1) = £(N™D) for YD with NV = (Ipedy,, , ,.1)-N™D

and such that Z(™1 is locally bounded. Moreover, for each process
(817) y (o) = I]]Tn_1,7'nﬂ Y0 = En + SOTnASj-nI[[Tn,oo[[y

we have D, , (Y ("0 Q) # (), again from Step 3) of that proof.
2) For each n € IN, Theorem 5.1 and Lemma 5.5 show that we can write (8.17) as

(8.18) Y0 = (@) A+ o+ (a5 i),
where Mgn) is the jump measure of the single-jump process J(™) := ASﬁnI [7n,00] @nd b s

IR%valued, predictable and does not depend on . As usual, the Q-compensator of uén) is

written as VéQ’n)(dt,dm) = Fé?’n)(dm) dA;. Because X(© = X = Y y(0) comparing

n=1

(8.18) and (8.14) and writing ) for a pairwise disjoint union yields
(8.19) b= S b = Sy ad (5200 = [0 20,

n= n= n=1
(8:20) AP = 3 dFS" = 50 fyr o dFT
In analogy to (6.4) and (8.15), define

- (=75
(8.22) R™(Q) =17, ., €esssup )

W emt [ (2T ()~ By (de)
Rd

with the ess sup taken with respect to F()(Q’n). Note that (8.22) is well defined, as pointed
out in Section 6 and argued in Section 9. But {6 # 0} C |71, 7] and 6" = b on [7_1, 7]
by (8.19), and comparing (8.22), (8.15) therefore shows that

(3.23) ROQ) = & R"(Qyr, -
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In particular, also (8.15) is well defined.
3) Now fix n € IN and look at Y (0 We want to apply Theorem 6.1 to Y™ on
[7n_1,Tn], instead of X on Jo, 7] there, and so we need to check instead of (6.9) that

(8.24) R™MQ) € Ligo(m™, P),

where m(™) is defined in analogy to m from (6.5). By looking at the definition (3.1) in

Section 3, we see that (8.24) is equivalent to showing that
Ok —~

(8.25) Bo [ B3 (R0 (00 kRY(Q))] dAy| < o0
0

for constants o, > 0 and a sequence of stopping times o3, /" oo @Q-a.s. as k — oco. But

as 7, < n, we have a(t) > «a, = Oirtli a(t) > 0 for t < 7, and hence, due to (8.23),
Stsn

0 < apRMQ) < a(t)ﬁgo)(Q) on |7n—1,7n]. Therefore (8.20) and (8.23) allow us to obtain

FSO™(RY|®(nREQ))| = ey 7y Fo ™ (R D (0 R (Q))]

< B3 (1Y) (| @R (@) |C1 + C)

with finite constants Cy, Co; the last inequality comes from (3.4) and uses the properties (6.6)
and (6.7) of ®. So again using (8.20) for the term with C7, we get

J B (R @ (0, R(Q))] dA < €y [ FOR(RY)|@ (o -)RO(Q))] dA
+Cy [ F™(RY) dA.

)

But the second summand on the right-hand side is @)-integrable because FéQ’n comes from a
single-jump process; see (9.15) in the proof of Theorem 9.2. Moreover, the first summand on
the right-hand side is predictable and finite-valued by the assumption (8.16); so it is prelocally
bounded and hence even locally bounded by VIII.11 in DM. So the left-hand side is locally
(Q-integrable, and this is exactly what we need for (8.25).

4) Thanks to (8.24), we can now apply Theorem 6.1 to Y (™% on |r,_1,7,], instead of
X on Jo, 7] there, and obtain a Q-o-martingale density Z(™0) = £(N ™) for V("0 with
Zm0) e L? (Q) and

n0) _ ) n,0) _ . n,0).
NOO = Ip g N = (Ipelyr, y 7g) N,

the last equality uses again that Y ("9 = [p.-Y (9 which holds because Y (™9 comes from
Y = ¢-S*. Combining this with Step 1) and Proposition 6.3 shows that the product

Z(n,O) = Z(?’L,l)Z(n,O) — S(N(nvl) _|_ N(n,O)) = S(N(nvo))
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is a Q-o-martingale density for the sum Y™ 4 Y (0 — Y™ _ y7™-1 that we also have
N®O = (Ipely,, | 7.7) N9, and that Z(™% € L (Q). As in Step 4) of the proof of

Theorem 8.1, we obtain from Lemma 4.3 that Z° := £(N?) with N* = 3 N9 = [p..N?

n=1

is a Q-o-martingale density for the sum > (Y™ — Y1) =Y = ¢-S% and Z' € L _(Q).

loc
n=1
By Lemma 2.9, Z* is then also a Q-o-martingale density for S*. Lemma 4.1 thus yields that
Z:=27%7" = E(N® + N') =: £(N) is a Q-c-martingale density for S¢ +S* = S — Sy, hence
also for S, and Z is like Z in LY (Q) as Z® is locally bounded. This ends the proof. q.e.d.

Remark 8.4. Theorem 8.3 answers the localised versions of both questions 1) and 2) from
Section 1. It provides a sufficient condition on the drift-to-jump ratio of the “tricky” part

X©) of -8 for S itself to admit a locally ®-integrable o-martingale density. For Q = P, we

1
get an answer for question 1), for @ =~ P to question 2). As remarked earlier, we believe that
this condition is essentially also necessary; Example 1.1 at least illustrates that things can

and do go wrong in general. o

Remark 8.5. If we assume instead of (8.16) that R(9(Q) is locally bounded, then there
exists a (Q-o-martingale density Z = (V) for S such that Z is even locally bounded. To see
this, note first from (8.23) that instead of (8.24), we get in the proof of Theorem 8.3 that
ﬁ”(@) is locally bounded for each n. Using then Remark 6.2 instead of Theorem 6.1 in Step
4) of that proof, we get Z (7.0) which is locally bounded, and then also Z(™9  Z¢ and finally
Z are locally bounded. o

At this point, we have established the main results on the existence of nicely integrable
o-martingale densities. It remains to prove two auxiliary results, and both these results and

the techniques used for their proofs are of independent interest.

9. The key result for the single-jump case

This section contains the most difficult result of our paper, despite the fact that it only deals
with a process with one single jump. Let us first explain the setup we consider here.

On a filtered probability space (2, F, IF, P) with IF' = (Fi)i>0, let S = (S¢)i>0 be an
IR%-valued adapted RCLL process. We assume that D, (S, P) # () so that S is a semimartin-
gale, and we decompose S = Sy + S + S? as in (4.3), where S is quasi-left-continuous. Fix

a stopping time 7 and consider as in (5.2), (6.1) and (6.3) a process of the form

(9.1) XO =B+ J7 = B+ @ AS | cof = (9b)- A+ @+ (z % o)
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obtained from S° as in Theorem 5.1, where B=DB = I]]U,T]}'E is continuous and null on
[0,0], A dominates the characteristics of S, and po denotes the jump measure for the single-
jump process J(7) = ASET [r,00[- Because we ensure in our applications that we are in the
framework of Theorem 5.1, we can and do also assume D, , (X P) # (. In (9.1), we
also have a bounded predictable process ¢ > 0 as in Theorem 5.1, and as pointed out in

Theorem 5.1 as well as in Lemma 5.5, what we do does not depend on the choice of ¢.

Remark 9.1. For ease of notation, we take o = 0 and hence work below on the stochastic
interval 0, 7]; so our starting point is the process X™ — X = X7 — X0 with X := ¢-S. The
arguments for X — X7 and ]o, 7] are completely analogous. In the applications, we start

instead with X™ — X7 -1 and then use the corresponding results on |7,—1, 7, ]. o

Now take Q S P so that also Deﬁ(X(O), Q) # . We denote the Q-compensator of 1y by
I/OQ and write as usual 1/8’2 (dt,dz) = Fg’?t (dr) dA;. Define a bijection ¢ from IR? to the open

unit ball Uy (0, IR?) in IR by v(x) := 1777 and introduce the set

(9.2) I:={F2(RY) >0} € P.

Then we define the auxiliary predictable process

~ —_ TN -
(9.3) R(Q):= I{?;éo} ess sup (=2 b)

cert [ (2Ty(x)” Fy (da)
Rd

, with {b#£0} CT C Q x [0, 0);

the essential supremum for R;(Q)(w) is taken with respect to the (random) measure F, Oc?t(w, -)
on IRY. To be precise, we set 0/0 := 0, and we argue at the end of Step 1 below that
ﬁ(Q) is well defined and the first inclusion above is justified. We introduce on the spaces
(2 % [0,00) x IR%,P) and (2 x [0, 00), P) the probability measures

(9.4) mq(dw, dt, dz) = CoFy(w, dz) dA:(w) Q(dw),
(9.5) m(dw, dt) := CqFy,(w, RY) dA(w) Q(dw),
where C is a normalising constant. (It will also be part of the proof below that mq,m are

null or well defined and that Cg € (0,00) if m¢g # 0.)
Finally let @ : [0,00) — IR be a function satisfying the following properties:

(9.6) @ is strictly convex and in C!, and ®(0) = 0.
(9.7) @ grows at least linearly for large z, i.e., there is some constant D > 0 such that
|®(x)| > Dx for = > xo.

(9.8) @ is bounded from below by a constant, i.e., ®(x) > const. for all z > 0.
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Of course, (9.6)—(9.8) are the same conditions as (6.6)—(6.8) in Section 6.

The main result of this section is then

Theorem 9.2. Suppose that X(©) in (9.1) satisfies Do (X, P) # 0. Ileng and

(9.9) R(Q) € LE (m,P),

loc

then there exist a probability measure m¢g ~ mg and a P-measurable function fQ on
Q x [0,00) x R with O >0Q® A® Fl-a.e.,

(9.10) @ e L? (mg,P)

and

(9.11) zz%f 2| fR(2)F2(dz) < 00 Q® A-ace.,
(9.12) b+ J,‘L cfRz)FE(dx) =0 Q® A-ae.

As a consequence, we can find for X(©) a Q-o-martingale density Z(©) with Z(©) ¢ L{I(’)C(Q).

The proof of Theorem 9.2 is long and goes over several steps. Before embarking on it,

we give a short overview as well as some comments on related work and ideas.

Remark 9.3. If we assume instead of (9.9) that R(Q) is locally bounded, then also f@ can
be constructed to be locally bounded (in the sense that there exist stopping times Ty " 0o
Q-a.s. as k — o0, and not depending on = € IR?, such that

179w, t,z)| < const.(n) Q& A® F2-ae. on [0,T;] x IR

for all k € IN). The resulting Q-o-martingale density Z(® for X(© is then also locally

bounded. We explain how to get this alternative result in Section 9.7. o
9.1. Proof overview

Our ultimate goal is to find for X(©) a Q-o-martingale density Z(© in L? (Q). From Corol-
lary 2.12, we see that finding a Q-o-martingale density for X(©) boils down to finding a
strictly positive solution to the @Q-zero drift equation (9.12), (9.11). Lemma 3.7 then shows

that we need (for that solution fQ, say) essentially also (9.10) if the resulting Q-c-martingale
density should be in L _(Q). By assumption and since Ql%c P, we have D, (X Q) # 0

loc

and hence at least one strictly positive solution to (9.12), (9.11). So the challenge, and the
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contents of the subsequent proof, is to argue that there is another solution with the extra
property (9.10).

At a conceptual level, Theorem 9.2 is similar to the classic DMW theorem from Dalang/
Morton/Willinger (1990). The latter states that for a one-period model, absence of arbitrage
is equivalent to the existence of an equivalent martingale measure, and that this even implies
that there exists an equivalent martingale measure with a bounded density. The setting
in Theorem 9.2 looks similar to a one-period model because it deals with a process having
one single jump, at a random (stopping) time. However, in contrast to the DMW setup,
there is in addition a drift term b in the process X (). (If we embed the DMW setup into
continuous time, we have a process which is piecewise constant and hence has drift 0 between
jumps.) This apparently small difference makes matters much more complicated. In fact, it
is the presence of the (in general unavoidable) drift b that causes most of the mathematical

difficulties and in particular makes it necessary to add the condition (9.9) that R(Q) is in
qugc (m,P). Example 1.1 has already illustrated this issue and the resulting problems.

Let us now outline the main steps and ideas of the proof. We first distinguish the cases
b=0and b # 0. On the set {E = 0}, we are essentially in a DMW setup, and we can use
the classic DMW theorem to obtain a solution f@ to (9.12), (9.11) which is even bounded
(uniformly in (w,t,x)). At the level of Q-o-martingale densities, this means that we can find
“on {5 = 0}” a Q-o-martingale density which is locally bounded, and this can be viewed as
a continuous-time version of the DMW result.

On {b # 0}, things are more difficult. We could again start with the DMW theorem.
But there we must first normalise b to some b, and the subsequent (w,t)-dependent un-nor-
malisation back to b leaves us with a solution Yy to (9.12), (9.11) which is bounded in z, but
not uniformly so in (w,t); see (9.23) below. To obtain a solution controlled in (w,t,x), we
therefore use a technique inspired from the proof of the key Lemma 4.1 in Kabanov/Stricker
(2001). Their idea is to write an equation like (9.12) as the statement that a suitable linear
functional ¥ has a zero, and then prove via a Hahn—Banach separation argument that the
existence of some zero for ¥, which we get from either D, , (X ), Q) # 0 or the above DMW

argument, implies the existence of even a zero with better properties (like (9.10), in our case).

However, there are still two major extra steps to take, and this is where our main
innovations come in. First, we cannot use the Kabanov—Stricker result (or a straightforward
extension of it) since they argue for fixed (w, t), whereas we need to produce a quantity which
is controlled simultaneously in w, t and x. For the same reason, we have not been able to
combine the Kabanov—Stricker idea directly with a measurable selection argument since we
could not manage to get the required control over (w,t) in a sufficiently good form. (We can
get an upper bound, as explained below in Remark 9.4, but only at the cost of relaxing the
lower bound from strict positivity to nonnegativity.) We therefore extend the approach from
Kabanov/Stricker (2001) to the case where the linear functional ¥ takes values in an infinite-

dimensional Banach space (instead of IR™), and this in turn leads us to use corresponding
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separation results and notions of interior for convex sets. This idea is of independent interest
and may turn out to be fruitful in other aspects of arbitrage theory as well.

A second major innovation is related to our use of a separation argument connected to
the mapping ¥. This is also where the assumption (9.9) that R(Q) € L2 _(m,P) comes into

play. For using the separation argument, we need to make sure that U(L? (mq, 75)) contains
0, or, put differently, that (9.12), (9.11) do have a nonnegative solution also satisfying (9.10).
This (seemingly only small) point was inadvertently overlooked in an earlier version of this
paper, and fixing the issue has prompted us to add the above extra assumption and has
also required us to prove some new results. Again, we believe that these are of independent
interest; let us explain in more detail what they are.

The assumption D, , (X Q) # () guarantees the existence of a (strictly positive) solu-
tion to (9.12), (9.11), but tells us not much more about the properties of that solution. A
classic idea from optimisation theory is then to look for a solution which in addition optimises
some functional. If that is feasible, the optimiser comes from a problem that includes (9.12)
as a constraint. Hence it can be described more explicitly via the first order conditions for
optimality, and this can be used to find bounds on that solution to (9.12). We have taken
this idea and the basic approach for implementing it from a paper by Cole/Goodrich (1993),
of course adjusting and extending it to our situation at hand. More precisely, we use this line
of argument (with a functional given from our convex function ®) with respect to x for fixed
(w,t), and then use a measurable selection argument to obtain a solution to (9.12), (9.11)
controlled from above by ﬁ(Q) To the best of our knowledge, such ideas for constructing

“good martingale measures” have not been used before.

Remark 9.4. The Cole-Goodrich argument outlined above gives us a solution to (9.12),
(9.11) which is bounded above by R(Q) and nonnegative. If R(Q) € LEI;OC) (m,P), we readily

obtain for that solution that it is in L‘(Iioc)(ﬁ%Q,P); see the proof of part 1) of Lemma 9.9
below. However, we are not able to guarantee from the Cole—Goodrich approach also a
strictly positive lower bound on the (pointwise in (w,t)) solution. This is the reason why we

subsequently have to use the separation argument for the mapping V. o

The above outline explains the main ideas and steps of the proof. To actually implement

this, we follow a slightly different logical order.
9.2. Preparations

Proof of Theorem 9.2. As announced, this goes over several steps. We first assume that

(9.13) R(Q) € L®(m, P)
and relax this to (9.9) via localisation at the end in Step 11.
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Step 1: Similarly as in part b) of the proof of Theorem 7.1, we first deduce from the
assumption De » (X (), Q) # 0 in Theorem 9.2 a certain equation, namely (9.12) and (9.11).
For that, we need to deal with some technical issues. First of all, we use Corollaries 2.12
and 2.14 to choose for X(9) a Q-o-martingale density Z¢ = £(N®) such that N9 has Jacod
parameters (0, f©,0,0) with respect to S*. This uses that X has no continuous local

martingale part, so that the parameter 3 is not needed. By Lemma 2.3, sup f¢(AS?) is
0<s<

locally Q-integrable, and so we get for a localising sequence (7 )ren that

Bo [ | 12 RRdr)aa] = Bol(s® + 1)

= EQ[(fQ * 0) . )

< EQ[ sup fP(AS! )IASz;éO}] < 0.

0<s<T7g

Because [0, 7] increases to € x [0, 00) as k — oo, we conclude that

(9.14) GE(IRY) = [ fP(2)Fg(dr) <oo  Q® A-a.e. on Qx [0,00).
R4
Analogously, the measure Foc?t is Q ® A-a.e. finite since X is a single-jump process; in fact,
(9.15) [f F(RY) dA,| = Eq[(1%1Q)s] = Eql(1% 10)oe] = Q[ < 00, ASE # 0] < 00
0

The same computation as in (9.15) also shows that we can assume without loss of generality
that Q[r < 00, AS? # 0] > 0 and therefore that the set I' = {F?(IR%) > 0} € P from (9.2)
has Q ® A-measure > 0. Indeed, since AS? = 0 on ', we must by (9.1) also have b=0onT*
because Z?(Ir.- X () is a Q-o-martingale, and of course FOQ =0onI* Soif (QA)() =0,
we can take any positive constant for fQ and then have (9.11), (9.12) Q® A-a.e.; in fact, these

hold trivially on I'® because F(? and b vanish there, and I' is by assumption a QQ ® A-nullset.
(Note that m¢g and m in (9.4), (9.5) then degenerate to the zero measure.) So that case is
easily solved, and we therefore focus on the case where (Q ® A)(I') > 0. This implies that

(9.16) : [ [ F&(R) dAt] 0,

so that the constant Cg defined by (9.16) is in (0,00) by (9.15), and both m¢g and m from

(9.4), (9.5) are probability measures. Moreover, we have

FQ
onI

9.17 m =m®FQ with F¥ .=

)
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and m¢g and m are equivalent to Q ® A ® FOQ and Q ® A, respectively. Finally, by replacing
A; with tanh(A; + ), we can also assume that A is bounded and strictly increasing.

Now Z9X() is a Q-o-martingale, where Z9 = E(N¥) and N@ has Jacod parameters
(0, £9,0,0) with respect to S?. Therefore (9.1), Corollary 2.12 and the strict positivity of the
predictable process ¢ imply that we have

(9.18) f 2| fR(2)F2(dz) < 00 Q® A-ae.,

(9.19) b+ [ 2fQ@)Fl(dz)=0 Q® A-ae.
R4
This means that £ satisfies (9.12), (9.11); but we want a solution with additional properties.
Before we continue, we argue that (9.3) is well defined. First we note that (9.19) implies
b =0 on the set I'® = {FOQ(Rd) = 0} so that {b# 0} C T. This justifies the first inclusion in
(9.3). Next, using ¢(z) = 1+m|x|’ (9.19) can be rewritten as

b= [ (2)F&(dr) Q@ A-ae.
R4

with f9(x) := (1 + |z]) f9(z) > 0 satisfying [ fO(z FQ(dx) < oo due to (9.14) and (9.18).
Bd

Now on {b # 0} C I, if the denominator in (9.3) becomes 0, we must have (zT¢(z))~ =
FOQ(dx)—a.e., hence also

J (Te(@) fx)” Fy(de) = 0

Rd
and therefore

= (J #To@ @ FL () = (=2Th)".
R4
This means that the numerator in (9.3) also vanishes, and so R(Q) is well defined.

Step 2: To get from (9.19), (9.18) a better solution on {b = 0} to (9.12), (9.11), we use a
DMW argument. On the probability space (€2 x [0, 00) x IR?, P, mg), consider the one-period
model with filtration G, := P, Gy := P @ {0, R%} and X, := ¢, X := —b with

- b b

b= Ir = Ir
Gc?(-’Rd)Jrﬂg; ] f () Fy? (dz) de(1+ ) fQ(2)Fy’ (d)

Note that b is predictable, hence Gyp-measurable, and well defined in view of (9.18) and
(9.14). We claim that the above model is arbitrage-free in the sense that it satisfies NA. To
see this, take some H € L>°(m, P; IR?) (which can be identified with a bounded IR?-valued

Go-measurable random variable) and suppose that H T (X; — Xj) > 0 mg-a.e. or, written out,
H' (¢(x)+b) >0 mq-a.e.
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We multiply this inequality by (1 + |z|)f%(x) > 0 and integrate with respect to Fé’? , using
Y(z)(1+ |z|) = =, to obtain

HT(]Rfd fo(g;)Fg?(dx)+z§ﬂ4;(1+|x|)fQ(g;)F§?(dx)) >0 Qo Aae

But the second summand inside the brackets is EII‘ =b by the definition of b, and so the sum
in brackets is 0 by (9.19). As a consequence, the nonnegative original integrand of FOQ must

vanish, which means that we must have
H' (¢(x) +b) =0 mq-a.e.

or H' (X1 — Xo) = 0 mg-a.e. This proves NA.

Because we have an arbitrage-free one-period model, the classic DMW theorem (see
Theorem 2.4 in Dalang/Morton/Willinger (1990)) now implies the existence of a P-measur-
able function ¥ > 0 which is bounded in (w,t,z) and such that

XO = EmQ [Xl? | QO] mg-a.c.

In view of (9.17), this can be rewritten as —b = [ ¢(z )Y (@ VEL (dr) Q ® A-a.e. or
R

(9.20) [ i FR (o) + BEP(RY) =0 Q® A-ace.

Note that since Y is bounded and F&(IR%) < 00, we also have

(9.21) f K Y (2) FQ(dx) <oo Q®Aae.

We could multiply (9.20) with the denominator of b and divide by F<(IR%) to write (9.20) as

(9.22) fw (2)FE(dz)+b=0 Q A-ae.

with

(9.23) Vo(r) == orles [ (1+ |a]) (@) F (do) e + Ire,
Fo IR

but this is not really needed.

Step 3: We later want to view (9.22) as the statement that a certain mapping ¥ on functions
Y has a zero in a certain function Yy. To obtain good properties and a clear definition for

that mapping, we need to deal with some further technical issues.
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First of all, for proving Theorem 9.2, we can assume without loss of generality that
{b + 0} is not evanescent. Indeed, on the set {b = 0}, we have b =0 so that (9.20) yields

(9.24) 0= Iy (b+ [ 21 {BFF () Qe Aac
le

So we can take

Y(z)

(9.25) fR(z) = T+ 1]

on {b=0};

this is like Y strictly positive and bounded uniformly in (w,t,x), and it satisfies (9.12) and
(9.11) on {b = 0} due to (9.20) and (9.21). So we assume that {b # 0} is not a Q @ A-nullset,
and since Fé"?(]Rd) >0onT D {b+#0} by Step 1, we then also have

(9.26) Eo [ ;[OI{Et Lo FE(RY dA,| > 0.

With

(9.27) Yo(z) := (1 + [2]) f9(x) >0,

we moreover obtain from (9.18) and (9.19) as well as ¢(z) = 7777 that
(9.28) H =T 0 lRf 1)(z)|[Yo(z)FE(de) < 00 Q® A-ae.,
(9.29) I (’5+ Rf b (x)Yo(z)FO (d:c)) =0 Q®Aae

(We could also obtain this for Yy from (9.23) instead of Yp.)
9.3. An auxiliary mapping V¥

Step 4: We now introduce the announced mapping ¥; then (9.29) becomes the statement
that U has a zero in Yj given in (9.27). First of all, recalling the definition of H in (9.28), we

introduce on the measurable spaces (Q x [0,00) x IR%, P) and (2 x [0, 00), P) the probability

measures mg and m via

1
@)#0} ] + H(w,t)

= CQI, w0y Fis(w, dz) dAs (w) Q(dw),

1
{be(0)#0} 7 1 H(w, 1)

= Colg, w) 750}?(%((,0, R dA (w) Q(dw),

(9.30) Mg (dw, dt, dz) = Col, F@(w, dz) dA,(w) Q(dw)

(9.31) i (dw, dt) := Col

Fg’(w, R*) dA(w) Q(dw)
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where

~ 1
and the normalising constant given by
(Co)t = [Off{ oy T Fou (RY) dAt] = EQ[..OII{I;t;ﬁO}Fg?t(Rd)dAt

is in (0,00). To see the latter, note that C/’Zg < 0o due to (9.26) and (9.28), and C/'Zg > 0 by
(9.15). From the definitions, recalling that FOQ = FOQ/FOQ(Rd) on I D {b # 0}, it is clear
that mg = m ® F? and that m is the marginal on Q x [0, 00) of M. Moreover, both mq
from (9.4) and m¢ are equivalent to Q ® A ® FO("2 on {b # 0}, and we obviously have

(9.33) Comg = Co(1+ H)ing, Com=Cqo(l+H)m  on{b#0}.

In particular, (9.33) implies that dm = const. dm so that m < m with a bounded

1+H {b;éO}
density. In consequence, we have

(9.34) L*(m,P) C L*(m, P).

Recalling X(© from (9.1) and H > 0 (which is predictable) from (9.28), we now define

N 1 1 = o, AS ~
9.35 X0 .= _— _.xO— B+ = (pb)- A+ @ (z % i
where b := HLH and [l is the jump measure of the single-jump process ﬁ—SHiI [roo[- The

(QQ-compensator of iy is called ﬁgg, and with ﬁ(? from (9.32), it is clearly given by

1

(9.36) D5 (w, dt, dx) = 1+ H(w,t) 0 7w,

dt,dz) = F,(w, dz)d A, (w).

Remark 9.5. Recall that the measure Mffo = Q ® Jip on 2 x [0,00) x IR? is given by

deMl?o = EQ[f i W(w,t,x)ﬁo(w,dt,dx)]
0 Re

for product-measurable functions W > 0. If W > 0 is even ﬁ—measurable, we can use the

()-compensator /V\gg of fip and (9.36), (9.30) to obtain from the above equality that

S Wi oy dME = EQ[bf‘ [ W(w.t.0)g, oy 20y iy (w, dr) d Ay (w )] —(Co) [ W ding.
R
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We use this in Step 12 to relate integrabilities for mg and M L?o to each other. o

We now introduce the spaces

Up == L2 (g, P), UG :=L% (ing,P)

and recall from Lemma 3.3 that L® C L! since ® satisfies (9.7). Because || is bounded
(by 1), the IR%valued function )Y on Q x [0,00) x IR is therefore in L'(ig, P; IRY) for
every Y € Upy. The next result shows that we also have this property for the function Yj

constructed in Step 3.

Lemma 9.6. For Yy from (9.27), the function 1Yy on Q x [0, 00) x IR? is in L (g, P; IRY).

Proof. We know that Yy > 0 is ﬁ—measurable, and since z — 57 < 1 on [0,00) and A has
been chosen bounded, using (9.30) and (9.28) yields
By, 1Y) = CoEo| [ Iy iy | |0(@)[Yo(e)Fy (dr) dA
R

This proves the result. q.e.d.

Continuing with Step 4, we now define the mapping ¥ on P-measurable functions Y
with Y € L(fg, P; RY) by

(9.37) W(Y) = I E{d (@) (Y (x) - Yo(z)) F2 (dx).

Because mg factorises as mg = m® EZ | the quantity ¥(Y) can be viewed as (a nice version
of) the conditional expectation E%Q [V()(Y = Yy) | P ® {0, R?}]. For ease of notation, we

write simply ES, [ | Pe{0, R} =: ES, [-| P] in the sequel. Thanks to Lemma 9.6, ¥ is well
defined by Fubini’s theorem and maps Uy into L!(m, P; IR?), again because fig = m ® FOQ .

Moreover, dominated convergence for FOQ and mg easily yields again by Lemma 9.6 that

(9.38) U(YoAn) — U(Yy) =0 both fm-a.e. and in L!(m).

9.4. Getting the first part of Theorem 9.2 from a positive zero of ¥
Step 5: We claim that the first assertion of Theorem 9.2 follows as soon as we show that
(9.39) W(US) = ¥ (L2 (g, P)) contains 0.
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To see this, suppose \11(370) = 0 for a strictly positive P-measurable Y, € L® (Mg, ﬁ) Then
- 1 ~
fO(x) := Ire + Ir——— T+ (Yo(z @) 50y Y (%)L 5_0)

is ﬁ—measurable, still in L?® (th,ﬁ), and strictly positive Q ® A ® F(?-a.e. Moreover, the
definition of f@ and (9.29) show that

- - _ Iio . .
0= ¥(%) = Loy [ ¥(&)(Fole) = Yo(e)) F’ (de) = % ( S 2l @)FS o) + b)

so that the above equality and the definition of f@ together with (9.24), (9.25) yield

In (b + [ 2 (2)F2(d2)) = Io 2010 + Trngimo) S Y (a)FQ(dx) = 0.
R
Moreover, we have Q ® A-a.e. that z — ¥ (z)Y,(z) is in LY(F; IR?) by Fubini’s theorem and
since Yy € L® (Mg, P) C LY (g, P). Combining this with (9.21) shows that

Ipf|a:|fQ VFE(dr) < oo Q® A-ae.

On the set I'¢, we have FOQ =0 as well as b = 0, as already discussed in Step 1. So we also
have (9.12) and (9.11) on I'® and hence in summary obtain the first part of the assertion of
Theorem 9.2. Note that while we do have Yy > 0 and U(Y;) = 0, this is not yet enough to
get (9.39) since we do not know whether Y is in L® (g, P).

Step 6: Our goal is now to show the result (9.39) that \II(L$+(77A”LQ,73)) = WU (Ug) contains
0. Conceptually, our proof follows the argument of Kabanov/Stricker (2001) for their (key)
Lemma 4.1; so we assume that 0 ¢ U(Ug§) and work towards a contradiction. To that end, we
want to separate 0 from a set in the space L!(m, P; IR?) where U takes its values. This is a
very significant difference to Kabanov/Stricker (2001) who worked in IR™ — since our space
is infinite-dimensional, we must be careful to use appropriate notions of the “interior” of a
set and a corresponding separation theorem. Our basic reference is Borwein/Lewis (1992).
Let X, later taken as L!(m, P; IR?), be a Banach space with (topological) dual X*. For

a convex subset C' C X, the quasi-relative interior is defined as
qriC := {93 eC ‘ cone (C' — z) is a linear subspace of X} cC,

where cone (C' — z) is the closure in X of the cone generated by C' — z. It is shown in

Proposition 2.8 of Borwein/Lewis (1992) that x € C is in qri C if and only if the normal cone
Ne(z) ={¢e X" |{{,y—x) <Oforally € C}
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is a linear subspace of X*. Moreover, we have the following separation result.

Theorem 9.7. [Daniele/Giuffre/Idone/Maugeri (2007), Theorem 1] Let C' C X be
convex and xg € C \ qriC. Then there exists a nontrivial £ € X* such that ({,x) < (£, x0)
for all x € C.

To apply this result, we take X := L' (m, P; IRY) so that X* = L>°(m, P; IR?) and set
C := conv(¥(Ug) U {0}).
Then C is convex, a subset of L! (i, P; IR?) and contains 0. Moreover, we claim that we have

Lemma 9.8. With ¥, Uy, Uy, C defined as above, we have
1) qri (¥(Uy)) = ¥(Uy).
2) cone (C') = cone (¥ (Up)).

Proof. 1) This is proved at the end of this section in Steps 9 and 10 so as not to interrupt
the overall flow of the argument; the inclusion “2” is easy, but “C” requires some work.
2) For the inclusion “C”, note that Y,, := Yy An is in Uy and we have seen in (9.38) that

U(Y,) — 0in L' (m, P; RY). So we have 0 € U(Up) and hence ¥ (US) U {0} C ¥ (Uy), giving

C C conv(¥(Up)) C conv (cone (\IJ(UO))> = cone (¥(Up)).

This implies “C”. For the converse, start with Y € Uy and note that Y,, := Y+% is a sequence
in U§ converging to Y. So ¥(Y,,) € ¥(US) C C C cone (C), and since ¥ (which is up to a
translation by a fixed vector just a conditional expectation) is continuous on Uy C L (g, 75),
we have U(Y;) — ¥(Y) in L'(m, P; IR?). But this implies that ¥(Y) € cone (C), hence
U (Up) C cone (C), and so “D” follows. q.e.d.

Lemma 9.9. With ¥, Uy, Uy, C defined as above, we have
1) W(Uy) contains 0. (This uses the assumption (9.13) that R(Q) € L®(m,P).)
2) If0 ¢ U(US), then 0 € C'\ qriC.

Proof. 1) Due to (9.13) and (9.34), we have R(Q) € L®(7,P). Theorem 10.2 below thus
yields a P-measurable function Y* > 0 on x [0, 00) x IR? satisfying the Q-zero drift equations
(10.2), (10.3), which are simply (9.28), (9.29) for Y* instead of Y. So ¥(Y™*) = 0 by (9.37)
and (9.29), used for both Y* and Y. Moreover, from Theorem 10.1 below, the construction

of Y* is such that ||Y*||LOO(FQ) = esssupY*(-, -, x) is in L®(m, P), due to (9.13), and we
0 x€IR4

have g = m ® F2. So Y* is in Lf(fﬁQ,ﬁ) = Uy, and hence ¥(Uy) contains 0.
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Proving Theorems 10.1 and 10.2 still needs substantial work; as outlined at the beginning
of this section, we need to construct a solution to the QQ-zero drift equations which is controlled
by 7%(@) The detailed argument is given in Section 10 below.

2) By the definition of C, we have 0 € C. In addition, part 1) tells us that 0 € ¥ (Up).
If 0 ¢ U(US), then part 1) of Lemma 9.8 yields that 0 ¢ qri (¥ (Uy)), which means by the
definition and because 0 € ¥(Up) that cone (¥(Up)) is not a linear subspace of L (7, P; IRY).
By part 2) of Lemma 9.8, also m is then not a linear subspace, which means in turn,
because 0 € C, that 0 & qriC. q.e.d.

As announced, suppose now that 0 ¢ W(Ug). Then 0 € C'\ qriC by Lemma 9.9, and
hence there exists by Theorem 9.7 a nontrivial £ € X* = L>°(m, P; IR?) such that

(9.40) E~[ETU(Y)] = (£, ¥(Y)) <0  forall Y € U§,
since C' O Y(US). But (9.40) easily extends from UJ to Uy because as in the proof of

Lemma 9.8, we have U(Y + 1) — ¥(Y) in L' (m, P; R?), for any Y € Up. So we also get

(9.41) E~[ETU(Y)] = (£ ¥(Y)) <0  forall Y € Up.

Step 7: Starting from (9.41), we now want to derive a contradiction to the assumption that
0 & U(US). Define Y;, :== Yy A n and, for appropriately chosen D € P and P-measurable v,
Y, = Y, (14 Ipsigny). Then both Y,, and Y, are in L (mq, 73) C Uy, and the definition of
U in (9.37) gives

U(T2) = W) + Lpopsiony [ oY@ o(0)EL(dr) = W) +signyEg, [W¥alo | P

We know from (9.38) that ¥(Y;,) — 0 in L'(m, P; IR?), and we also have E;LKT\I/(?”)] <0
for all n by (9.41). Moreover, 0 <Y,, /Y, and hence ES, WY, Ip|P] ES, [YYolp | P

by monotone integration. Multiplying by ¢ " and taking the expectation under m thus yields
0> E~ [(SigHV)fTE;lQ [YoIp | P]] = E- HEWQQ (€T vYolp | PY|],

if we choose v := fTE?ﬁQ [¢¥(z)YoIp | P] and note that £ is P-measurable and bounded. This
means by the definition of m and m¢ in (9.30), (9.31) that Q ® A-a.e., we have

(9.42) f T (@)Yo(2)Ip () F (dx) = f §Ta B Ip () Fg(dz) =0 on {b#0}.

We choose the set D := {(w,t,2) € Q x [0,00) x IR% |z € supp F’(f?t(w, -)} which is in P; see
Delbaen/Schachermayer (2006), p.289, before Lemma 14.3.4. But then (9.42) implies that
T =0 for all z € suppF’é?t(w, ), Q@ ® A-a.e. on {37& 0},
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and because £ is nontrivial, this is a contradiction — at least if F’O("?t (w, -) has full support on
R? for Q ® A-almost all (w, ).

Step 8: To deal with the fact that FOQ need not have full support, we proceed as follows.
We consider for each (w,t) € 2x [0, 00) the linear subspace L, ; := lin (supp F’O%(w, ) € R4
generated by the support of the probability measure F’g?t (w, -) on IR% and define

X = {z € L' (m, P; R) | Z(w,t) € Ly, for Q ® A-almost all (w,?)}.

Then X is a linear subspace of L! (m, P; IR?) = X and closed in X, since each L, ; is closed in
IR?. Moreover, the definition of ¥ in (9.37) implies that we actually have ¥(Uy) € X C X. So
we can apply the separation argument in Step 6 with X replaced by X and get a nontrivial
continuous linear functional £ € (X)* with (£, ¥(Y)) < 0 for all Y € Ug, like in (9.40).
But by the Hahn-Banach theorem, E admits an extension to a continuous linear functional
€ € X* = L>(m, P; IR?) such that the restriction of ¢ to X coincides with £. Hence we get

EA[eTU(Y)] = (€ W(Y)) = (€ U(Y) <0 forall Y €U,
and the argument in Step 7 then yields again

ETe=0 for all x € suppF’g?t(w, ), Q@ ® A-a.e. on {57& 0}.

But this means that {(w,t) € L}, for Q ® A-almost all (w,t) € {b # 0} and therefore, in
view of the definition of X , that

<5~75>:<f;5>=E%[§T§5} =0 for all 7 € X.

Because 5 is nontrivial on X , this is the desired contradiction. So we have indeed the result
(9.39) that 0 € ¥(Uy), and Step 5 produces the desired 7.

9.5. Proof of part 1) in Lemma 9.8

Step 9: We now return to the assertion 1) in Lemma 9.8 that qri (V(Up)) = ¥ (US). We first
prove an auxiliary result, recalling that Uy = L% (Mg, P) and US = LY, (Mg, P). A very
similar result is given as an example in Daniele/Giuffre/Idone/Maugeri (2007). Recall also

that L® C L! by Lemma 3.3 since ® satisfies (9.7); this allows us below to work in L!.

Lemma 9.10. For a probability measure m on some measurable space, define for brevity
Ey := L% (r) and E§ := LT (7). If we view Ey and E§ as subsets of L'(r), we have

(9.43) qri By = E,
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where the quasi-relative interior is with respect to L'(7).

Proof. We first claim that for any y € Ey, we have

(9.44) Ng,(y) :i={p e L®(n)| [y —y)dr <0 forally € Ey}
={p e L>(m)|p =0 mae on {y>0}}.

Indeed, the inclusion “2” holds since [ p(y' —y) dr = [ oy’ dr— [ pyl;y~oy dn = [y’ dr <0
because y > 0, ¢ < 0 by assumption and y' > 0. For “C”, taking y' := y + Ij,>0} € Ep
gives 0 > fgol{wzo} dm because ¢ € Ng,(y), so that we get ¢ < 0 m-a.e., and choosing
Y :=y(1+ Ipysoysignp) € Eg gives 0 > [ |o|ylgy~o} dm so that also ¢ = 0 on {y > 0} 7-a.e.

Having (9.44), the proof is now easy. If y > 0 m-a.e., then Ng,(y) = {0}, by (9.44), is
trivially a linear subspace of L*°(7); and if 7({y = 0}) > 0, then —Iy,_g} is in Ng,(y), but
+1I;y—o} is not, again by (9.44), so that Ng,(y) is not a linear subspace. Therefore y € qri Ey
if and only if both y € Ey and y > 0 m-a.e., i.e. y € E§. This proves (9.43). q.e.d.

To prove part 1) of Lemma 9.8, we first note that writing for Y € L (mg, P)

(945)  W(Y)=E5 [0()Y -Yo)[P] = E; WY |P] - E

mQ

(VYo [Pl =T(Y) — yo

ma

gives by Lemma 9.6 a continuous linear map 7" : L' (g, 75) — L'(m, P; IR%) and an element
Yo € L*(m, P; IR?). Next, Lemma 9.10 and Theorem 3.4 of Borwein/Goebel (2003) yield

(9.46) T(US) = T(qriUp) C qri (T(Vy)),

so that C’ := T(Uy) has qriC’ # (. Proposition 3 of Daniele/Giuffre/Idone/Maugeri
(2007) applied to C” therefore implies that qri (¥(Up)) = qri (T'(Up) —yo) = ari (T'(Us)) — yo-
So if we show that

(9.47) qri (T(Uo)) = T(Ug),

we get qri (¥(Uy)) = T(US) —yo = ¥(Ug) and hence part 1) of Lemma 9.8. We have already
shown in (9.46) the inclusion “2” for (9.47), and the converse is argued below in Step 10.

Step 10: To finish the proof of Lemma 9.8, we now show that

(9.48) ari (T(Uo)) € T(Ug),

recalling from (9.45) and g = m ® F<° that

(9.49) T(Y) = E; WY | Pl = L 1,:[ ()Y (2)FE (dx).
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So take ¢ € qri (T'(Up)) C T'(Up) and some Y € Uy with ¢ = T(Y). Because Uy C L (my, P),
Fubini’s theorem implies that z — Y () is in Ll(FOQ ) for m-almost all (w,t). Moreover,
x — P(x) = %m is bounded, and the functions 1 and v(z), i = 1,...,d, are linearly
independent on IR?. This allows us to use Theorem 2.9 of Borwein/Lewis (1991) and obtain
for m-almost all (w,t) a function x — y(w,t,x) € LOO(FOQ) with ¥ > §(w, t) > 0 such that

(9.50) [ §(x)F2(dx) f Y(z)F2(dz)  m-ae.,
R4

(9.51) f () (x)FE (dx) f W)Y (2)F2(dx) =q  m-ae.,

by (9.49). Note that x — y(w,t,x) is Borel-measurable for m-almost all (w,t), but we have
no information on joint measurability in (w,t,z). However, this is fortunately not needed.

Now because ¢ = T(Y) is predictable, the set A := {b £ 0} N {g # 0} is in P. On the
probability space (2 x [0,00) x IR?, P, mgq), consider the one-period model with G; := P,
Go :=P ® {0, R}, X, := It and

Ing

Xo = Ing = - }
O AT ) FS (de)

As in Step 2, we claim that this model is arbitrage-free. Indeed, if H € L*(m, P; IR?) is
such that H'(X; — Xo) > 0 Mmg-a.e., using mg = M ® FOQ implies that m-a.e., we have
INHT (W(z) —¢') >0 FOQ—a.e. Multiplying with y > 0, integrating and using (9.51) and the

definition of ¢’ gives m-a.e.

0< [ InHT (¥(x)—q)5(z) F(dx) —IAHT< [ U 2)FR (dz) — ¢’ f () FR( d:z:)z().
Rd

Thus § > 0 implies that H' (X1 —Xo) = IanH " (¥(2)—¢') = 0 Mg-a.e., and so we have indeed
the no-arbitrage property NA. By the DMW theorem, we can therefore find a P-measurable
bounded function Y; > 0 on Q x [0, 00) x IR such that X, = ES, [X1Y1 | P] m-a.e. or, using

again the analogue mg = m ® FOQ of (9.17),

Ing=1Ia [ ¥(z)V; ( [ i 2)FQ (dx) )FQ(da:) = INT(Yy)  i-ae.,
Bd

where, using (9.50),
Yo () f J(x)FE (dx) f Y(z)F2(dz)  m-ae.

Like Y7 and y, Y is strictly positive mg-a.e., and the second representation also shows that

Y, is P-measurable (even if we have no information on the joint measurability of ).
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Finally, Y7 is bounded by a constant C, say, so that

(9.52) Yo(z) <C [ Y(@)FE(dx)  mo-ae.
Rd

Since Y € Uy = L2 (g, P) and g = m ® F, we have [ |®(aY (z))|F2(dx) € L' (7, P)
R4
for some v > 0. But due to (9.8), ® is bounded below, say by —b with a constant b > 0, so

that |®(z)| < ®(z) + 2b, and so convexity of ® gives by Jensen’s inequality

‘@(a Ii Y(x)Ff(dx))’ <%+ [ ®(a¥(x))FS(dx)
R4 R4

<20+ [ |®(aY(z))| F§*(dz) € L' (7, P).
Rd

So the right-hand side of (9.52) is in L% (M, P) and constant in z; hence it is in LT (Mg, P)
as well, and so is then Y, because Lf is solid by Lemma 3.3. In summary, we have found
Y, € Uy such that

IAT(Y) = IAq = IAT(E/Q) m-a.e.

Having dealt with ¢ # 0, we now consider the predictable set A’ := {b # 0} N {¢g = 0}.
We look at Xg := Ia/q' = 0, X1 := a1 with Gy, Gq as before, and claim that this one-period
model is also arbitrage-free. To argue this, we now have to exploit that ¢ € qri (T'(Up)). We
again take any H € L°(m, P; IR?) with H (X1 — X) > 0 fmg-a.e. and note that this implies

IA/HTz/J(:L‘) >0 and IA,HTq =0 ffLQ-a.e.

For any y = T'(g) = I 20y i w(x)g(x)FoQ(dx) in T'(Uy) with g € Uy, we thus obtain
le

~InH (y—q)=— [ IA/HTw(I)g(w)F(?(dx) +IanHTqg<0 m-a.e.
R4

and therefore (—IanH,y —q) = E~[—InH ' (y—q)] <0 for all y € T(Up), which means that
—IaH is in Npy,)(q). But the latter is a linear subspace because ¢ € qri (T (Up)); so we
also have +Ian/H € Np(y,)(q), and this means that

By [TaH ) = By [Iy [ H (@)g(a) P ()| = Bo[+IaH (g~ q)] <0
Bd

for all y =T(g) € T(Uy), i.e., for all g € Uy 2 L (Mg, P). So we obtain that

InH"(x) =0 andstill InH'g=0  mg-ae.
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which implies that H ' (X; — X) = 0 img-a.e. So this model indeed satisfies NA, and hence

the DMW theorem again yields the existence of a P-measurable bounded function Y5 > 0 on
Q x [0,00) x R? with Xy = ES. [X1Y3 | P] m-a.e. or, from the definitions of Xy and X;,

0=1Irnqg=1In [ P(x)Vs(z)EL(dz) = InT(Ys).
Rd

So Y3 € L, (Mg, P) C Ug and thus Y* := IaYs + Ia/Y3 is in Uj (because we already know
that Yo € U§) and T(Y™) = Ianq+ Ian0 = g m-a.e. But this means that ¢ € T'(U§) and since
q € qri(T(Uy)) was arbitrary, we have (9.48). This completes the proof of Lemma 9.8. g.e.d.

9.6. Finishing the proof of Theorem 9.2

Step 11: So far, we have worked under the global assumption that R(Q) is in L®(m, P).
If we only have ﬁ(Q) € LY (m,P), there are stopping times T} " oo Q-a.s. such that
ﬁ(Q)I[[okaﬂ € L®(m,P) C L®(m,P) for each k € IN, due to (9.34). Our arguments above
then still give us via Theorem 10.2 a solution Y* > 0 to (9.28), (9.29) on Q x [0,00) x IRY,
as in the proof of part 1) of Lemma 9.9. By Theorem 10.1, we also get Y *Ijo 1, € L® (7, P)
for each k, as in the same proof. So we then argue for fixed k throughout on [0, 7] only and
obtain in Step 5 a function f@* > 0 defined on [0, T3.] x IR?, simply by multiplying throughout
by Ijo,1,]- Moreover, this yields fQk e L® (m,P). The desired £Q is then obtained by piecing
things together via fQ := f@F on |Tk—1,Tx] x IR?; this function is clearly in L (M, P) by

construction, it is >0 Q ® A® FOQ -a.e. since that measure has no mass on [0] x IR¢, and it
satisfies (9.11), (9.12) since we have (9.28), (9.29) for f@F on each [0, Ty ]-

Up to this point, with the exception of Theorem 10.1, we have proved the first part of
Theorem 9.2. Tt only remains to construct the claimed Q-o-martingale density Z(® for X (©)
with Z(©) € L (Q). This is done in

Step 12: Recall from (9.35) the process X (©) = ﬁ-X(O). Take f@ constructed in the first
part of Theorem 9.2, set we .= J?Q — 1 and then define

(9.53) NO =W« (fig — 7§) = [jo.q-N©.

We first claim that N(©) is well defined and a local @-martingale null at 0. For that, it
is enough to argue that W is in GL _(fig) for Q; see the lines following (2.7). But fig is

the jump measure of the single-jump process X© and =% = 0 by (6.2), or since X ig
quasi-left-continuous like S and X(©). So we e G (fio) for Q reduces to showing that the

single term ]WN/Q(AX(O))U{A)?(O)#O} is locally Q-integrable. Now |[W®| < f@ +1 and f@ is
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in LY (Mg, P) by the first part of Theorem 9.2. By Remark 9.5, this is equivalent to saying

that f@ is P-measurable and in L2 (Mffo), so fQ e L} (Ml?o) due to (9.7) and Lemma 3.3,

loc loc
and hence f@ € G (fio) for @, again in view of Remark 9.5. Thus we e GL . (fio) for Q and
the claim follows.
Because the first part of Theorem 9.2 gives fQ > 0, we get AN > —1 by Lemma 2.6.
So Z(0 .= £(N©) is a local Q-martingale > 0 with Zéo) =1, and Z© is in LY _(Q) by

Lemma 3.7 because fQ € L2 (Ml?o) Finally, ¢ f@ satisfies (9.11), (9.12), and Corollary 2.12

loc
therefore implies in view of (9.1) that Z(9X©) is a Q-o-martingale. Thus Z(©) gives our
desired Q-o-martingale density for X(©), and the proof is complete. q.e.d.

9.7. The case where R(Q) is locally bounded

Suppose in Theorem 9.2 that instead of (9.9), we assume that ﬁ(Q) is locally bounded. We
claim that we then can find fQ > 0 with (9.11), (9.12) which instead of satisfying (9.10)
is even locally bounded, and that the resulting Q-c-martingale density Z(© for X(©) is also
locally bounded. To see this, we argue as follows.

First of all, if R(Q) is locally bounded, it also satisfies (9.9), and if R(Q) € L (m,P),
then also ﬁ(Q) € L®?(m,P). So we can again use all the arguments from the L®-case, and
we only need to examine where we can get extra results from the L°°-condition.

We start with Lemma 9.9. If we replace the assumption (9.13) that R(Q) € L*®(m,P)

by R(Q) € L>(m,P), the arguments from Theorems 10.1 and 10.2 give us a Y* > 0 which

is not only in L®(fmg,P), but even in L>(fMig,P). This ultimately rests on Theorem 10.2
where we construct an h* > 0 which is controlled above by R(Q). So in part 1) of Lemma 9.9,

we even get that
U (Up) contains 0 for Uy := L>=(mg, ﬁ),

and we can and do continue our reasoning with Uy instead of Uy = L® (g, P).
In Steps 6-10, we prove the assertion (9.39) that W(Ug§) contains 0. But the only dif-
ference between L> and L® is in part 1) of Lemma 9.9 which we have discussed and settled

just before, and so the same proof also works to show that
(9.39) U(US) contains 0.

In Step 5, we construct va from the zero Yy of ¥. From Step 2, Y is bounded; so
if we have (9.39") instead of (9.39), then Yy € U = Ler(fﬁQ,ﬁ), and then the explicitly

constructed fQ is also in U. In particular, fQ is bounded.

Steps 1-4 are not affected at all by the issue L® or L>; so if we start with

(9.13) R(Q) € L= (m,P),
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we end up after Step 10 with fQ € LY, (mq, 73). If ﬁ(Q) is locally bounded, the localisation

in Step 11 thus yields an f@ > 0 which satisfies (9.11), (9.12) and is locally bounded.
Finally, in Step 12, if fQ is locally bounded instead of in Lfic(ﬁlQ,ﬁ), then N is

still well defined. Moreover, N(© is then locally bounded since its jumps are all > —1 and

controlled above by fQ. As a consequence, Z(0) = £ (N (0)) is also locally bounded, and this

completes the argument for Remark 9.3.

10. Constructing nicely integrable o-martingale densities

In this section, we present a novel approach to the construction of o-martingale densities with
extra (local) integrability properties. We do this for a single-jump process with continuous
FV (drift) part; in view of Corollary 7.2 and Theorem 5.1, this is enough to handle the case of
a general semimartingale as well. We stay within the framework of Section 9 and in particular
keep in force all the assumptions of Theorem 9.2.

Since we want to work with the measures mg,m from (9.30), (9.31), we start directly

with the single-jump process

- 1
KO = 72 X0 = (9h)- A + - (o)

from (9.35), where the jump measure fip has the Q-compensator 7% (dt, dz) = F\(?t(dx)dAt

We recall from below (9.35) and (9.32) that b = (1 + H)b and FQ (1+ H)FOQ7 and we

introduce the function hg := Yy 09! (note that z — (x) = 3777 18 a bijection) and the

measure 0 defined by
(10.1) 0:=Floy .

The key difference between p and ﬁOQ is that o has a compact support as all its mass lies in
U1(0, IR?). After division by 1+ H, we can then rewrite (9.28) and (9.29) as

(10.2) J @Yol VE (dw) = [ lylho(y)a(dy) < oo f-ace.,
R4
(10.3) b+ f P(@)Yo(x)FE(dz) =b+ [ yho(y)oldy) =0  m-ae.
R4

Note that m and Q ® A are equivalent on {Z # 0} and that m has all its mass on that set; so
the indicator functions from (9.28), (9.29) are not needed here. Recalling R(Q) from (9.3),
we point out that this can be equivalently written as

~ T T

(10.4) R(Q) = ess sup (=2 b) = ess sup (-2 b) m

ceri [ (zTp(x))” F(de)  zems [ (2Ty)” oldy)
Rd R4
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As seen in Section 9 at the end of Step 3, we have at this point a (even strictly positive)
solution Yy or hg to (10.2), (10.3). However, we want a solution which is in addition controlled

by 7%(@) In this regard, we prove the following two results.

Theorem 10.1. With the preceding notations, the following are equivalent:

1) R(Q) € L., (7, P).

2) There exists a P-measurable function Y* > 0 on Q x [0,00) x IR which satisfies
(10.2), (10.3) (viewed as a condition for Y and formulated via ﬁOQ) and which is such that

”Y*HLOO(FQ) =esssupY*(-, -, x) € L(loc)(m, P); the ess sup is taken with respect to FOQ.
0 zeIR4

3) There exists a P-measurable function h* > 0 on Q x [0,00) x IR? which satisfies
(10.2), (10.3) (viewed as a condition for h and formulated via ¢) and which is such that

||| Loe (5) := esssuph* (-, -,y) € L(IOC)(m P); the ess sup is taken with respect to .
ye R4

(The brackets around loc mean that we either put or omit loc in all three statements; both

cases give a valid theorem.)

Theorem 10.2. With the preceding notations, suppose that ﬁ(Q) < oo me-a.e. and take
e > 0. Then there exists an IR%-valued predictable process A = (S\t)tzo such that

(10.5) h*(w, t,) := min (ﬁt(@(w) + &, max (o, (@) (= A) (w)y)))
is a P-measurable function > 0 on  x [0, 00) x IR% which satisfies
(10.6) S lylh*(yeldy) < oo m-ae.,
R4
(10.7) b+ [ yh*(y)o(dy) =0  m-a.e.
R4

The proof of Theorem 10.2 is more involved; so we first show how Theorem 10.2 quickly

implies Theorem 10.1.

Proof of Theorem 10.1. Both (10.2), (10.3) only impose conditions on suppm C {b # 0};
so we can set h* or Y* to zero on {5 = 0}, and then the ess sup is the same for ]*A}JQ and for
F'OQ. Next, 2) and 3) are obviously equivalent via (10.1) and Y* := h* ot and h* := Y*o¢p™ 1,
exploiting that 1 is a bijection. Moreover, Theorem 10.2 gives us a solution h* > 0 to (10.2),
(10.3) with h* < R(Q) + &, a bound which does not depend on y. So if R(Q) € L(lOC (m,P),
then also [|h*|pe(5) < R(Q) + ¢ is in L(IOC) (m,P). This shows that 1) implies 3). For the
converse, note that (10.3) for h* implies that

—2Tb= [ (zTyh*(W)oldy) = — [ (zTy)"|h*|| = (o) O(dy)
R4 R?
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so that
(=278)" = max (0. =(=2T0)) < " lz=(a) J (=Ty)" 2ldy).
R

In view of (10.4), this gives R(Q) < ||h* | o< (5), and if the latter is in LEI{OC) (m,P), so is then

ﬁ(Q) So 3) implies 1) and the proof is complete. q.e.d.

The proof of Theorem 10.2 is more involved; so we first give a short overview. We want
to look at functions h on IR? that satisfy (10.7) and (10.6), omitting “/-a.e.”. We introduce
an optimisation criterion over functions h and view the “zero drift equation” (10.7) as a
constraint on h. In a first step, we show the existence of a solution h to that constrained
optimisation problem, exploiting that there exists by (10.3) a solution to (10.7). We then
characterise the optimiser h via the first order conditions, using the Kuhn-Tucker theorem.
This almost leads to the explicit representation in (10.5), except for one point. All the above
is done for functions of y only, with fixed (w,?); so in a last step, we show that the result in
(10.5) can also be obtained in a measurable way, exploiting that the expression in (10.5) is

sufficiently nice.

Remark 10.3. 1) One subtlety of the above line of argument is that by working with
fixed (w,t), we get nice properties in y for the functions h as well as for the optimiser A,
e.g. boundedness or some integrability with respect to y. However, we have no control at
all on how those properties depend on (w,t), and hence we must take care to avoid making
statements simultaneously with respect to (w,t,y).

2) A positive aspect of part 1) is that our arguments for Theorem 10.2 do not yield,
but also do not need global properties with respect to (w,t,y). For proving Theorem 10.1, it

therefore makes no difference whether we formulate that result with L2  or with L®. o

loc

So let us start with (10.7), where b and 9 both depend on (w,t). From now on until

further notice, we fix (w,t) from a suitable set of full m-measure and write for brevity still b

for gt(w) and 0 = o(-) for oi(w, -). This will make most quantities appearing in the sequel
become implicitly dependent on (w,t), even if we usually do not show this explicitly.

Our approach below to proving Theorem 10.2 is inspired from Cole/Goodrich (1993);

so we use similar notations to facilitate references and comparisons. Define X := supp o;

this is compact because ¢ by construction has no mass outside of Uy (0, IR?). For any Borel-

measurable function B : X — [0, 00), we define

(10.8) Hp :=Hp(w,t) :={h: X — IR|h is Borel-measurable and 0 < h(y) < B(y)
for py(w, dy)-almost all y},
Rp = Rp(w,t) = {z € R*| 2 = [yh(y)or(w, dy) for some h € Hp = Hp(w,t)}.
X
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Both Hp and Rp are clearly convex. For some fixed € > 0 not depending on (w,t), we set

B. := B.(w,t) = R(Q)(w) + ¢

and view this as a constant function of y. Note that B. is finite by our assumption that

R(Q) < oo m-a.e. We first collect some properties for later use.

Lemma 10.4. For all ¢ € IR and w € IR?, w # 0, we have —w'b > ¢ whenever one of the

following two equivalent properties holds:

(10.9) fwTyBE o(dy) > ¢  forall E € B(X).
(10.10) w’ fyh o(dy) > for allh € Hp,.

Proof. For the equivalence of (10.9) and (10.10), note on the one hand that (10.9) is just
(10.10) for the particular choice h := B.Ig. Conversely, (10.10) follows from (10.9) by
standard measure-theoretic induction.

Now suppose that (10.9) holds. Choosing first E = () yields ¢ < 0. Next, the definition
of 7%(@) in (10.4) gives for p-almost every w € IRY that

. (—wTd)~  (~w'b)”
Rl@) 2 Rfd(wTy)‘ o(dy) )J;(wTy)‘ o(dy)

With E_ = {y € X|w 'y < 0}, we therefore get

(—w'b)” <R(Q) ){(wm— o(dy) < B. ){wﬁw— Ef wTyB. 8(dy),

and because B. = R(Q) + ¢, the middle inequality is strict if [(w"y)~ o(dy) # 0, ie. if
X
0(E_) > 0. Soif g(E_) > 0, (10.9) gives —w b > —(—w b)~ > + [ wTyB. oldy) > ¢, as
E_

desired. On the other hand, if 9(E_) = 0, then y — w 'y > 0 g-a.e. But we know from (10.3)
that (for m-almost all (w,t), to be accurate) b+ [ yho(y)o(dy) = 0, and so the fact that
R4

w'y > 0 p-a.e. and the definition of X imply that

—w'b= [ wTyhe(y)aldy) = [ w yho(y) w0y Bldy).
R4 X

But y — w 'y cannot be identically 0 g-a.e. on X = suppo. So o({w 'y > 0}) > 0, the last

integral is > 0 since hg > 0 p-a.e., and so —wh>0 > c. This completes the proof. q.e.d.

The next result follows from Lemma 2.6 of Cole/Goodrich (1993), but for completeness,

we give a proof.
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Lemma 10.5. —b is in the interior of Rp., shortly —beint (Rp.).

Proof. We argue in a first step that —bis in Rp_, using Lemma 10.4. To that end, we
first show that Rp_ is closed. Indeed, if (z,) is a sequence in Rp_ converging to some z,

then z, = [yh,(y)o(dy) for a sequence (hy,) in Hp.. Take h, € conv(hp,hpi1,...) with
X

(hy,) converging to some h g-a.e.; then also h € Hp_, and dominated convergence due to

compactness of X therefore implies that z, = [ yh,(y)o(dy) — [yh(y)o(dy) =: z which
X X

is in Rp_. But since z, € conv(zy, zp+1,...), the sequence (Z,) has the same limit as the

convergent sequence (z,), and so z = z is in Rp_, proving that Rp,_ is closed. Because Rp_

is also convex, assuming that —b is not in Rp_ allows us to separate —b strictly from Rp,

by a hyperplane. So there exist then ¢ € IR and w € R?, w # 0, with —w'h < ¢ and

w' [yh(y)o(dy) > c for all h € Hp,_. But this contradicts Lemma 10.4, and so —bis in Rp._.
X

Now consider again Lemma 10.4. This states that whenever Rp_ lies on one side of a
hyperplane determined by w and ¢ (which is what (10.10) expresses), the point —b lies strictly
on the same side of that hyperplane. Because we already know that —be Rp_, this implies

that we must even have —b € int (Rp.). q.e.d.

The following consequence of Lemma 10.5 will be used in our subsequent application of
the Kuhn—Tucker theorem.

Lemma 10.6. There exists a Borel-measurable h : X — IR satjsfyingg+ [ yh(y)o(dy) =0
R4

and 0 < 0 < h(y) < B —0 p-a.e. for some 6 > 0. In other words, we have —b= [ yh(y)o(dy)
R4
for some h € int (Hp_), where the interior is with respect to the L°(p)-norm.

Proof. This is similar to the proof of Theorem 2.1 of Cole/Goodrich (1993), but we give
a direct argument as our setting is slightly different. Because Hp. C L3°(0) is convex with
int (Hp,) # 0 due to B. > ¢ > 0, Corollary 2.14 in Borwein/Lewis (1992) implies that
int (Hp,) = qri(Hp.). The mapping A : Hp, — IR given by A(h) := [ yh(y)o(dy) is well
Bd
defined since p has compact support and Hp_ C L3°(0), and is continuous and linear. More-
over, Rg. = A(Hp.) C IR is convex and finite-dimensional. Since qri(Hp,) = int (Hp.) # 0
and int (Rp.) # 0 due to Lemma 10.5, Propositions 2.10, 2.4 and 2.14 in Borwein/Lewis
(1992) imply that A(qri(Hp.)) = ri(A(HpB.)) = ari(A(Hp.)) = int (A(HpB.)) = int (Rp,).
By using again Lemma 10.5, the assertion follows. q.e.d.
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To formulate our optimisation problem over functions, we recall Hp from (10.8). So

Rp, ={z= [ yh(y)oldy) |h € Hp, } = {2 = [yh(y)e(dy) | h € Hp. },
R4 X
and we now consider the problem to find

(10.11) 1= inf { [ ®(h(y)2ldy) ] h € M, and [ yh(y)aldy) = 5},

Because —b € Rp_, we are taking the infimum over a nonempty set; and as each h € Hp_ is
bounded, we also have I < oo since @ is continuous, hence bounded on [0, B.]. A standard

argument shows that (10.11) has an optimiser h, which is unique by strict convexity of ®.

Indeed, the set of functions h € Hp, with [ yh(y)o(dy) = —b is convex and each such A is
Bd
nonnegative. Take a sequence (h,,) in that set with I,, := [ ®(h,(y))o(dy) decreasing to I,
X

and then take h, € conv(hy,,hni1,...) converging p-a.e. to some function h. Then h is in

Hp., and |yh,| < |y|B. plus compactness of X allows us to get via dominated convergence

[yh(y)o(dy) = lim [yh,(y)o(dy) = —b. Finally, ® is continuous and bounded on [0, B.]
X nmeex

and h,, < B, for all n; so dominated convergence, convexity of ® and I,, \, I yield

J ®(h(y))e(dy) = lim / ©(hn(y))e(dy) < lim sup [ @ (hi(y))e(dy) = lim I, = 1.

n—oo anX

This shows that h attains I. In particular, h satisfies the constraint (10.7) as well as (10.6),
due to compactness of X, and of course both without “m-a.e.” since we have fixed (w, ).

Our next result now describes h via the first order conditions for optimality.
Proposition 10.7. The solution h to (10.11) can be written, for some A € IR?, as

(10.12) h(y) = min (Bg,max (0, (@’)_1(—/\Ty))).

Proof. We follow the arguments in the proof of Theorem 3.1 of Cole/Goodrich (1993), CG
for short. This needs some changes because CG have the LP-norm as their functional for
optimisation, while we use a general convex P.

Almost as in CG [note their typo in the sign of G], define G : L>(p) — L*°(p) x L*>(p)
by h — G(h) := (h,B: — h). Then (10.11) is the problem to

minimise [ ®(h(y))o(dy) over h € L°(p), subject to G(h) >0 and [ yh(y)o(dy) = —b.
X X

By the preceding argument, there exists a solution h; and Lemmas 10.5 and 10.6 show that
—b € int (Rp.) and there exists some h € L*°(p) with G(h) € int (L (o) x L°(p)) and
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satisfying the constraint [ yh(y)o(dy) = ~b. Asin CG, the Kuhn—Tucker theorem thus gives
X

the existence of some nonzero zj = (27, z3) in bay (X') x bay (X), the dual of L5°(0) x L (0),

with (G(h), 28) = (h, 2}) + (B. — h, 23) = 0. Because h > 0 and B. — h > 0, this gives

(h,27) =0 and (B: — h,2z5) = 0.

Next, h minimises h — [ ®(h(y))o(dy) + (G(h), z;) over all h satisfying [ yh(y)o(dy) = —b.
X X

Using Lagrange multipliers therefore gives a vector A € IR? such that the mapping

e () 5= [ ®(h(y)8(dy) + (Gh), 25) + AT (b-+ [ wh(y)aldy))

is stationary at h. So for any h € L>(p) and any n > 0, we have

41, - _
0 < liminf — (J(h + nh) — J(h
< lim in jE77( (h+nh) — J(h))

= liminf & [ 3 (®(R(y) £ 1h(y) — 2(h(v)) )aldy) = (=) F (h,25) £ AT [ yh()aldy).
n X X

By Taylor’s theorem, we have ﬁ(@(ﬁ(y) +nh(y)) —®(h(y))) = @ (h(y))h(y) with h(y) lying

between h(y) and h(y) + nh(y). As n \, 0, we have h(y) — h(y) and everything remains
bounded by C':= ||h| o (g) + ||| (g)- So ®'(h(y)) tends to ®’(h(y)) as n \, 0 and remains
bounded by the maximum of the continuous function ®’ on the compact interval [—C, C].
Therefore we can use dominated convergence, the lim inf above is actually a limit, and since
+ that limit is > 0, we get for all h € L*°(p) that

0= [ (& (h(w) +\Ty) bw)aldy) + (h,25) = (. 25).

This is the generalisation to the ® case of the equation (7) in CG.
From here on, we follow CG rather closely and hence give fewer details. We first obtain
like there before (8) that

' (h(y)) +A'y=0  pae on{0<h<B.}
which gives
(10.13) h(y) = (®)"1(=\Ty)  p-a.e. on {0 < h < B.}.
Next we argue as in CG before (9) [the signs in CG are correct here] that
(10.14) '0)+A"y>0  gae on {h=0};
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note that the function Q in CG appears after (7) there and corresponds to our ATy, and that
we have an extra term ®'(0) which does not appear in the CG case of ®(y) = yP. Finally,

again as in CG, before (10) [where the signs are also correct], we get
(10.15) ' (h(y))+ ATy <0  pae on{h=DB}
But @’ is increasing since ¢ is convex, and so we can rewrite (10.13)—(10.15) as

o-a.e. on {0 < h < B.},

—
0
>
_|
<
~

(y) = (

y) = ()"
0> () H(=ATy) o-a.e. on {h =0},
y) < (&)

h
h ) o-a.e. on {h = B.}.

—
0
>
_‘
<
~

(

<(

By looking at the various cases and using that 0 < h < B, and B. > 0, we finally obtain
h(y) = min <BE, max (0, ((ID’)_I(—)\Ty))> o-a.e.

for some \ € IRY, which is (10.12). q.e.d.

Now we reinstate (w,t). Up to here, we have proved that for m-a.e. (w,t), there is a

solution % to the Q-zero drift equation b+ [ yh(y)o(dy) = 0 with h of the form (10.12) for
R4

some A € IR?, which depends on (w,t), as does h. To finish the proof of Theorem 10.2, it
remains to show that A as a function of (w,t) can be chosen in a P-measurable way.

In order to apply a suitable measurable selection result, we introduce the mapping
(10.16) o(w,t,)\,y) := min (ﬁt(Q)(u)) + e, max (0, (qy)_l(_my)))

on 2 x [0, 00) x IR x IR, equipped with the o-field P@B(IRY)@B(IR?) = PRB(IRY). Since the
right-hand side of (10.16) is clearly continuous in the three variables R;(Q)(w), A, y and since
ﬁ(Q) is predictable, i.e. P-measurable, we see that ¢ is product-measurable, with respect to
P @ B(IRY), and bounded in y by R:(Q)(w) 4+ e. By Fubini’s theorem and compactness of
X (w,t) = supp 0t (w, - ), the function

X(@, 1, A) = b(w) + [ yplw, t, A, y)o (w, dy)
Rd

is therefore well defined for m-a.a. (w,t) and all A, and ﬁ—measurable, i.e. product-measurable

on Q x [0,00) x IR? with respect to P ® B(IRY); this uses that b is also predictable.
Now define a (singleton-valued) correspondence F from ) x [0, 00) x IR? to IR? by

Fw,t,A) == {\+ x(w,t,\)}
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and note that A\ € F(w,t, \) means that x(w,t, \) = 0. For m-a.a. (w,t), the set

(1017)  {Ae RYXe Flw,t,\)} = {r € R |by(w) + [ yo(w,t, A\, y)os(w,dy) =0}
R4

is therefore nonempty due to Proposition 10.7 and the definition of ¢ in (10.16). Moreover,
the mapping (w,t, A, z) — A+ x(w,t,\) — 2z is clearly product-measurable with respect to
P ® B(R?) = P ® B(IR%) ® B(IR%) = P ® B(IR* x IR?). So the graph of F,

Graph F = {(w,t, A, 2) | 2 € F(w, £, \)} = {(w, £, A 2) | A+ x(w, £, A) — 2 = 0}

is in P@B(IRY x IR?). By suitably defining y and hence F on an m-nullset, we can achieve that
the set in (10.17) is nonempty for all (w,t) € Q x [0, 00). This allows us to apply Theorem 7
in Tarafdar/Watson/Yuan (1997) and obtain a P-measurable function f : Q x [0, 00) — IR?
such that f(w,t) € F(w,t, f(w,t)) for m-a.a. (w,t). Using the definitions of F) x, ¢ and calling

the function f now ), we thus have an IR%valued predictable process A = (j\t)tzo such that

(10.18) h*(w,t,y) == go(w,t,j\t(w),y)

is given by the right-hand side of (10.5) and satisfies, as in (10.17),

0= x(w,t, (W) =b(w) + [ yp(w,t, \e(w),y)Be(w,dy)  -ae.
R4
This is exactly (10.7) in view of (10.16), (10.18). Finally, (10.6) also holds since A* is bounded
in y by ﬁ(Q) +¢e and X = supp ¢ is compact. The proof of Theorem 10.2 is complete. q.e.d.
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