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1 Introduction

***introduction to be added

2 Preliminaries

In this section, we collect some basic notations and concepts.

2.1 Notations

Let (2, F, P) be a probability space with a filtration F = (F;);>¢ satisfying the usual
conditions of right-continuity and completeness. We set Foo := /oo Fit = 0(U,;5 Ft) and
denote by P the predictable o-field on Q :=  x (0, 00). Standard terminology and results
from stochastic calculus can be found in Dellacherie/Meyer [9, Chapters VI-VIII] and
Jacod /Shiryaev [16, Chapter I]. Identifying as usual processes that are indistinguishable, we
define R° := {all real-valued adapted RCLL processes Z = (Z;);>0}. For any Z € R°, we
set Z} 1= suPgc,<; |Zs| and Zj = supgc,; |Zs| for t > 0, with Z7 = Z _ := sup,s¢ |Z4].
Note that Z* = (Z});>0 is in R, but Z* may take the value +00. We equip R° with the
topology of ucp-convergence (i.e., Z" — Z if (Z" — Z); — 0 in probability for every ¢t > 0).
We also need the Banach space R? := {Z € R : || Z||r2 := || Z% |2 < o0}.

For any nonnegative increasing process A in R? and any (possibly multidimensional)

product-measurable H = (H;)~ on Q, we define the process D(H; A) by
t
Di(H;A) = / |H,|?dA, = / |H,|>dA, € [0, ] for all t > 0.
0 (0,¢]

Note that D(H; A) is always increasing, null at 0 and may take the value +oo; it is in
addition adapted if H is progressively measurable (and in particular if H is predictable).

For any stopping time 7, we define the measure ji, 4 on the product o-field of Q by

—(w)
1 a(C) 1= E[A, Do (I: A)] = E{AT(w) /0 To(w, ) dA, ()

so that

s = B[4 [ 1HP 04| = Bla-D._qi1 )
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Note that both A and D(1; A) = A — Ap are in R°. Therefore the product AD(1; A) is
prelocally bounded, and we can find a localising sequence (/) yen of stopping times such
that i, 4 is a finite measure for each M € N. Note that if / is bounded by a constant C,
say, then D(H; A) < C?A so that any bounded process is in L?*(pi, 1) as soon as A, € L.

2.2 Semimartingales and stochastic integrals

For semimartingales and stochastic integration, we use the approach due to Métivier and
Pellaumail as presented in the textbook by Métivier [21]. First, an R%valued simple

predictable process is of the form

-1
(2'1) H = Z hﬁ]AzX(teﬁul]’

=0
where L € N, 0 < tg <t < - <ty < oo, Ay € F;, and hy is R%valued, bounded and
Fi,-measurable. If the h, are nonrandom, we call H very simple and denote by H the
family of all very simple predictable processes. For any R%valued adapted RCLL process
S = (St)i>0 and H as in (2.1), we define the stochastic integral process H-S = [ HdS by

L-1 L—1
H-Syo=(H-8)i =Y Iah (Sepyine = Stne) = > Iah/(Sf, = SL),  t=>0.
/=0 /=0

It is clear that H-S is in R? and null at 0. A control process is a nonnegative increasing

process V = (V;);>0 in R? such that for any stopping time 7,

t
/ H,.dS,
0

We denote by V(S) the family of all control processes for S. By Métivier [21, Theo-

(2.2) E{ sup

0<t<r

2 —
} < E{VT_/ |H,|? dVr} for any H € H.
0

rem 23.14], S is a semimartingale if and only if it admits a control process, i.e., V(S) # ().
Indeed, with H = R?, the “if” part follows from part (2°) of that theorem, and the “only
if” part follows from part (1°) with G = R?, noting that one can easily extend (2.2) from

very simple to simple predictable processes.



Now suppose S is an R%-valued semimartingale. Using the notations from Section 2.1

and choosing V' € V(S) # ), we can rewrite (2.2) compactly, for any stopping time 7, as
(23) HHSTiHRQ = H(HS)TiuRz < HHHLQ(M—,V) for any HeH.

If 7 is such that V,_ € L? (or, equivalently, u,y is a finite measure), then by [21, Sec-

tions 24.1 and 26.1], any R%valued predictable process H with [|H||z2(,, ) < oo is in-
tegrable with respect to S on [0,7] so that (H-S)™~ is well defined and a real-valued
semimartingale. As S = S7~ on [0, 7], we can also write (H-S)™™ = H-S™~ and view this
equivalently either as the stochastic integral of H with respect to S on [0, 7], or as the
stochastic integral of H with respect to S~ on [0, oo = [0, 00) X 2. From the construction

in [21], we also have, extending (2.3), that (again for V,_ € L?)

(2.4) [ H-S"" |2 < |[H |24, for any R?-valued predictable H € L*(ji,.y ).

To get rid of the stopping time 7, fix a control process V € V(S). Take any R?-valued
predictable process H such that D(H;V) = [|H,|*dV, is finite-valued (i.e., in R?) and
note that both V and D(H; V) are in R and hence prelocally bounded. Choose a localising
sequence (Tar)men with Vi, € L? and H € L*(ur,, v), for each M € N. This allows us
to define the stochastic integral H-S = [ H dS on every stochastic interval [0, 7] and
hence on [0, 0] = [0,00) x Q by pasting together. It is shown in [21, Section 24.1] that
this stochastic integral does not depend on the choice of localising sequence, nor on the

choice of the control process V' € V(5).

2.3 Measure-valued processes

Fix a compact metric space K equipped with its Borel o-field B(K), denote by M := M(K)
the space of signed and finite measures m on B(K) and recall that each m € M can be
written as m = m*™ —m~ for two unique finite measures m* on B(K) with disjoint supports.
The total variation measure of m is |m| = m™+m~. Write C(K) := C(K;R) for the space
of continuous functions f : £ — R with the sup-norm ||f||, and denote the closed unit

ball in C(K) by Uy :={f € C(K) : || fllc < 1}. The integral of f with respect to m is

m(f) ::/fdm = /Kf(z)m(dz) for f € C(K) and m € M.
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The variation norm of m € M (not to be confused with |m|) is then given by

HmHvar = Sup{m(f) : f € Ul} = ‘m’(]c)

We take on M the o-field M generated by the weak* topology, i.e. by all the mappings

m +— m(f) with f € C(K). For d € N and m = (m?);—;._4 € M?, we set

.....

.....

Finally, we denote by bB;(K) the space of all bounded g : K — R of Baire class 1.
Recall that g € bB;(K) if and only if g is a pointwise limit of continuous functions; see
e.g. Kuratowski [19, Theorems II.VIIL.1 and II.VIIL.7].

For ease of reference, we list here some properties used later and give the corresponding
references to the textbook by Aliprantis/Border [2]. Because K is compact and metric, it is
Hausdorff and Polish by [2, Theorem 3.28 and Lemma 3.26], and C'(K) is separable for the
sup-norm by [2, Lemma 3.99]. In turn, separability of C'(KC) implies that the closed unit ball
of its dual space M(K) = M is metrisable for the weak* topology by [2, Theorem 6.30], and
the same also holds for M¢ = ((C(K))?)*. Because K is Polish, every finite (nonnegative)
measure p on B(K) is regular by [2, Theorem 12.7], and therefore C'(K) is dense in LP ()
for every p € [1,00), but not for p = oo; see [2, Theorem 13.9].

We want to use (signed) measure-valued processes as integrands for a stochastic integral.
A process ¢ = (¢1)¢>0 on (9, F, P) with values in M¢ is weak* predictable if the R%-valued
process ©(f) = (p:(f))e>o is predictable for each f € C(K). In view of the definition of
the o-field M, this is equivalent to saying that ¢ : Q — M? is P-M%measurable. We
remark for later use that the R-valued process ||¢]lvar = (||t |lvar)¢>0 is then predictable.
Indeed, by separability of C(K), we can take a countable dense subset u = (uy)gen Of
Uy and obtain sup ey, G(f) = supgey G(ug) for any continuous function G : C(K) — R.
Taking G(f) = ¢i(f)(w) for i = 1,...,d thus yields for each (w,t) € Q that

1€ [[var(@, £) = ([} lvar (w) = sup (£;(f))(w) = sup (" (ux)) (w, t).
fels keN

As each ¢(uy) is predictable, so is then ||¢]|var as a countable supremum.



3 Stochastic integrals

kokosk

In this section, overview to be added

3.1 Simple integrands and integrals

To start our integration theory, let £ be the family of M%valued processes ¢ of the form

L—1 L—1
(31) Y = Z mZIAgX(tg,tg+1} = ZméIDZ
/=0 =0

WithLEN,0§t0<t1<---<tL<oo,eachngMdandeaChAg€]-}esothathEP.

Note that the coefficients m, do not depend on w. For every f € C(K), the process

L—1 L—-1
Qp(f> = Z mf(f)]Dz = Z mf(f)IAZX(tht€+l]
=0 £=0

is then an R%valued very simple predictable process (i.e., in H), which justifies calling
v € £ a very simple M%valued weak® predictable process. Similarly, we call a process
N = (Ny)>0 a weak® semimartingale, or a weak* process in R?, if the real-valued process
N(f) = (Ni(f))i>0 is a semimartingale, respectively in R?, for each f € C(K). Here,
each V;(w) is assumed to be a linear (but not necessarily continuous) functional on C'(K),
hence can be viewed as a (signed and finite) finitely additive measure on B(K), and then
Ni(f) == [ f(2) Ni(dz). Such functionals are sometimes also called finite charges, and we
sometimes call such a process N a charge-valued process.

In order to define a stochastic integral ¢ e S for a fixed R%valued semimartingale and
suitably general M%valued ¢, we start with ¢ € £ and then extend to a larger class of
integrands. Note that while both ¢ and S are d-dimensional, the resulting integral ¢ .S
is one-dimensional, in analogy to the classic vector stochastic integral.

Because the description (2.2) of the semimartingale property is in prelocal form (i.e.,
on a right-open stochastic interval [0, 7[), we also construct the stochastic integral ¢ o S

on [0, 7] and only piece things together globally at the end.



Lemma 3.1. Fiz an R¥*-valued semimartingale S, a control process V for S and a stopping
time T with V,_ € L?. For each ¢ € &, there exists a process p ST~ = (p ® S~ )i>o with
values in Ml which is a weak* semimartingale in R?. This process has the regular weak*

Fubini property

(3.2) (oo SIT)(f)=w(f)-Si~  fort>0and f € C(K).

More precisely, (3.2) states that for each f € C(K), the two processes (p  S™7)(f) and
o(f)-S7" are indistinguishable. Written out in terms of integrals, (3.2) takes the form

/’Cf(z)</0t <pTdS,T>(dz / (/ £(2) o dz)) dS™  fort>0 and f € C(K),

which explains the terminology. In particular, we have for ¢ € £ the inequality

(3.3) (e e ST )(Plir> < Nle(F)llL2(uryy — for f € C(K).

Moreover, ¢ @ S™~ also has the general weak® Fubini property
(3.4) (oS )(g) =¢(g)-S[~ fort >0 and g bounded and B(K)-measurable.
Finally, (3.3) also holds with f € C(K) replaced by g bounded and B(KC)-measurable.

Proof. For p = ZKL;OI melp, = 25;01 Mol A, (t0,4,.1], it 1s clear that we set
oS~ Z[Ae Sim = Sia) me  fort >0,
which clearly takes values in M. Then we get for each f € C'(K) that

(3.5) (poS) ZIAZW (ST — Sin) = / H,dST~

with the process

(3.6) H(w) = ime(f)fm(war) = i/ Lagx(totesa) (W, ) f(2) me(dz)
=0 =0 VK

_ ( [ 1 %ma) () = o (N (w).



Combining (3.5) with (3.6) gives (3.2). Moreover, the predictable process H = ¢(f) is
bounded uniformly in (w,7) by C' := max{||m}||lvar || fllec : 4 =1,...,d, £ =0,...,L—1} and
hence in L?(y,v) as V,_ € L2 Therefore (p @ S77)(f) is well defined as a semimartingale
and in R? by (2.4), which also directly gives (3.3). Finally, all operations in the above
argument only involve finite sums, and so we can replace f € C(K) by any bounded

B(KC)-measurable g and obtain the same results. This completes the proof. [

Remark 3.2. 1) For elementary integrands ¢ € &, the regular weak® Fubini property
(3.2) and the general one in (3.4) are equally easy to obtain. But for an extension to a
larger class of integrands, it is simpler to start with (3.2) because the class C'(K) of test
functions is separable, whereas the class of bounded B(K)-measurable functions is not.

*#%), the above construction and setup as well as

2) As mentioned in the introduction (
the subsequent extension to more general ¢ are strongly inspired by the work of Bjork et
al. [8]. However, there is an important difference. In [8], the goal is to develop stochastic
integration with respect to an integrator (S, say) taking values in C([0,T]); the natural
integrands (@, say) then take values in the dual space C([0,7])* = M([0,7]), and the
resulting integral [ @ dS has values in R. (In the application in [8], S; is the bond price
curve at time ¢t of a term structure model, @; is a portfolio of bonds held at time ¢,
and [ @ dS describes the cumulative gains/losses from trading over time via the dynamic
strategy @ = (¢;).) In contrast, our integrator S is R%-valued, and so using the analogous
elementary M¢-valued integrands ¢ leads to an integral process ¢ e S which (at least for
elementary ¢) is again measure-valued (and charge-valued in general). As a consequence,

the resulting space of integral processes has a more complicated structure, and in particular

completeness, for a natural seminorm, is no longer clear.

3.2 Approximation of general integrands

To extend both ¢ — ¢ @ S and the regular weak* Fubini property (3.2) from ¢ € £ to
more general integrands, we use approximations and hence need appropriate seminorms
on ¢ and on real-valued weak* semimartingales NV in R? like ¢ @ S7~. We start on the side
of the integrands. Throughout this section, we fix an R%valued semimartingale S, a

control process V for S and a stopping time 7 with V,_ € L?, and denote by u = (u)ren



a countable dense subset of the unit ball U; of C'(K) and by v = (7x)ren a sequence in
(0,00) with "7 v, = 1.

Definition 3.3. For any M?valued weak* predictable process ¢ = (¢;)¢>0, we define

00 1/2
By () = (ka||so<uk>||%z(m,v))
k=1

and call LQ(Z, u; T, V) the space of all M%valued weak* predictable ¢ with Qv () < 00
We denote by ®(7,V) the class of all M%-valued weak* predictable ¢ satisfying

o E20ur0)

(3.7) Cy =
7 ey Il

For any ¢ > 0 and with 1 = (1,...,1) € R%, we also define the set ¢ C M? by
U = {m e M |mlar < cl}.

Remark 3.4. 1) Any ¢ € & has values in U? with ¢ < max;—1__ge—01..r-1 ||m|var-
Next, if a weak* predictable ¢ has values in (J ., U<, the process H := ¢(f) is predictable
and Re-valued for any f € C(K) and satisfies |H{| = |0 (f)] < |0 vacll Flloo < €ll.f|loos
1=1,...,d, for some ¢ > 0. This yields

(3.8) I 2ury = IHH N2 ur vy < el flloo pry () = e[Vl 221 fllo

so that ¢ € ®(7,V), with C, < c||V;_| 2. Finally, any ¢ € @(7,V) is clearly in
L (v, u;7, V) with ¢y v () < Cyp. So we have

(3.9) E C{(U.soU)-valued weak* predictable p} C ®(7,V) C L*(y,u;7,V).

2) From (3.7), we see that an Mfvalued weak* predictable process ¢ is in ®(7, V) if
and only if ¢ as a (clearly linear) mapping from C(K) to the space of R%-valued predictable
processes is continuous for || - [|2(,, ), meaning that we have [|o(f)[|z2(u, ) < ¢l f]loo for
all f € C(K), for some ¢ > 0 which can depend on ¢. Clearly, we can take ¢ = C.,.

3) The space L*(y,u;7,V) as well as Gyu;7v obviously depend on v and u as well as

on V and 7. But the above relations in 1) and 2) hold for any fixed choice of v, u and V, 7.
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Lemma 3.5. Under our standing assumptions in this subsection, we have:

1) Gyu;rv 18 a seminorm on L*(y,u;7,V).

2) For each ¢ > 0, the functional q,u.rv is sequentially continuous with respect to the
weak® topology on the space of all weak* predictable @ with values in US: If a sequence
(©")nen of such processes converges ji,y-a.e. for the weak® topology to some M?-valued

weak® predictable @, then also o takes values in US and lim,, o q172;77v(90” —¢) =0.
Proof. 1) Clearly ¢, .- v is positively homogeneous. For the triangle inequality, we write

1/2

00 0 1/2
b () = (me<uk>|@2w) (sz) = izl
k=1 k=1

with . := [l (ur)||L2(, ), and analogously for ¢ with 2. S0 gy v () is just the (2-norm
of the sequence x = (xy)gen for the probability measure on N having weights v, for k£ € N.

But y := [l(ur) + ¢ (ue) | 2, ) < Tk + 2, by the triangle inequality in L*(si1 ), and so

00 1/2
Gy (01 ) = Iyl < (Z el + W) e+ 2llee)
k=1

< ||£||€2(7) + ||L’||e2(7) = ql,g;T,v(QD) + ql,y;T,V<90/)'

This proves the triangle inequality for ¢, .,y on L? (v,u;7, V).
2) Take a sequence (¢"),en of M¢-valued weak* predictable processes with ||¢"||var < c1

for all n and suppose that (¢™),en converges pi,y-a.e. to some ¢ for the weak* topology.

Then ¢"(f) — ¢(f) prv-a.e. for every f € C(K), and thus for i =1,...,d,

(3.10) (Ol = lim | ()] < limsup [lof far [ flloo < cllflloe pry-ace.
n—00 n—00

Hence ¢ also has values in U¢ and is thus in L?(y,u;7,V) by (3.9). Replacing ¢" by
©" — @ and ¢ by 2¢, we can and do assume without loss of generality that ¢ = 0. Then
lim,, 0o @™ (ug) = 0 pirv-a.e. for all k € N, and using ||¢"||var < 2¢1 for all n € N yields as in
(3.10) that sup,e |6 (w)| < 5Dy 19" nelle o < 26[1] € L2(sry) due to Vs € L2
So dominated convergence gives lim,, o, ¢™(ux) = 0 in L*(u,,y ), for each k € N. Finally,

< 42FE[V2]. Now

:u‘r,V) -

(3.8) for " and ux € Uy with c replaced by 2c yields [|o"(u)]|72
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first take K large enough to obtain 4c*E[V2 ]S 7 4 < € and then use " (uz) — 0
in L?(jur,) as n — oo, for each k, to take n large enough to get vel|"™(ur)l|7z(,. ) < €%/ Ko

for k =1,..., Ko. Then the definition of ¢, .-y and the above estimates imply that

ny) 2 - n
(Grair (M) =3 Wl (i) 22, ) < 262
k=1

This proves the assertion. O

The next approximation result is crucial for our construction of stochastic integrals of

measure-valued processes.

Lemma 3.6. Under our standing assumptions in this subsection, the set £ is dense in

LQ(Z,Q;T, V') with respect to the seminorm ¢, .- v

Proof. This is similar to the very concisely written result in Bjork et al. [8, Lemma 2.3], but
for completeness and readability, we give the proof in detail. First of all, £ C L? (v,u;7,V)
as seen in (3.9). If we consider very simple P-measurable ¢ as in (3.1) where we only have
sets D, € P instead of predictable rectangles Dy = Ay X (tg,te41], these ¢ are still in
L?(y,u;7,V) if they are valued in U for some ¢ > 0, again by (3.9).

To prove denseness, we start with ¢ € LQ(I,Q;T, V). Then v C (0, 00) and

00 1/2
Gy () = (Zwk||so<uk>||%zw,v>) < o0
k=1

implies that p(ux) € L*(u,v) for all k € N. For an arbitrary ¢ > 0, the process

0 i = OI{pfe<el) (defined coordinatewise)

is weak* predictable like ¢ because ||¢||var is predictable, and ¢ — ©@ = @I, wset)
(again coordinatewise). This implies that lim. .(¢ — ©@)(f) = 0 p,y-a.e. for every
f € O(K) because ¢ takes values in M? and |(¢ — ©©)(u)| < |o(ur)| € L?(ptry) for
each k. Dominated convergence hence gives (o — () (u;,) — 0 in L3(p,yv) as ¢ — oo,

for each k. Next, ¢,..-v(p) < 0o allows us to again use dominated convergence, for the

measure on N with weights (vx)ren, and obtain ql,gmv(go — @) — 0 as ¢ — oco. Each ¢
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takes values in U? = {m € M? : ||m||yar < 1}, and so it is enough to show that £ is dense
with respect to ¢,y in the set of all weak™ predictable processes ¢ valued in U

Now by the Banach—Alaoglu theorem, each ball ¢ is compact in the weak* topology on
M = ((C(K))%)*, and metrisable because C'(K) is separable; see Section 2.3. Hence U? is
separable for the weak* topology and we can choose a countable weak* dense subset (m;), ey
in U?. Define M,, := {my,ma,...,m,} for all n € N and note that because u = (uy)ren
is dense in Uy, the metric §(m,m’) := Y 72 27F|m(us) — m/(ug)| on U? induces the weak*
topology on any U2 If ¢ is a weak* predictable process valued in U?, §(¢, m) is predictable
for every fixed m € U?, and so is then the process d(p, M,) = minj—;__, (¢, m;). As
(mj)jen is weak* dense in U?, we know that d(p, M,,) \, 0 p,v-a.e. as n — oo, and the

pairwise disjoint sets

C? = {6(p, M) = 6(p, m;) and 5(p, m;) > §(p, m;) for i < j} C Q

J

where the distance of ¢ to M,, is realised for the first time in m; € M,, are in P. The

process U" := Z?Zl mj[C]n is thus a very simple P-measurable U/?-valued process, and
d(p, ™) ZI(]MS w,m;) =0(p, M;) — 0 [r,v-8.€.

shows that W™ — ¢ in the weak™ topology which is metrised by §. This proves that because
the weak® predictable process ¢ takes values in 4%, it is actually strongly P-measurable
in the sense (usual for Banach-valued random processes) that it is an a.e. pointwise limit
of elementary P-measurable processes. As a consequence, Lemma 3.5, 2) implies that
(™) nen converges to ¢ with respect to ¢y ;v

The above sequence (¥") is not yet in £ because the sets C7 are in P, but not necessarily
predictable rectangles of the form A x (s, t] with s <t and Ag € F;. But each U™ has the
form ¥ = Zj( 1 mjler with m; € U? and (7 € P pairwise disjoint. This is a finite linear
combination, and so it is enough to consider ¥ = mIs with m € U, C' € P and show that
this can be approximated with respect to ¢, ;r,v by a sequence (¢")ien in €. For this, note
that the predictable o-field P is generated by the sets of the form D, = A, X (t;, to41] with
A, € F,, so that the real-valued predictable processes of the form H = 25;01 cela,x 1y,

tet]
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with L € N and ¢, € R are dense in LQ(MT,V). (This uses that the measure .y is finite
as V,_ € L) So we can choose a sequence (H");en of such processes with H* — I in
L*(prv), and by passing to a subsequence, still called (H*), we can achieve that H* — I
prv-a.e. Moreover, as the limit I is bounded by 1, we can even modify the H* so that
they are bounded by 1 + ¢, uniformly in w,?,7. If we now set ' := mH®, each ¢ takes

values in Z/{ because m € Z/lcd, and recalling that ¥ = mlc, we get i, y-a.e. that

(1+e¢)
| (ur) — W (up)| = [m(we) | |H' = L] < |[Imlvar| lunlloo H = Io| — 0

simultaneously for all and uniformly in & € N; note that ||ug|/c < 1. Therefore
90 7mIC 22 k’SO uk (uk)’ < ‘HTnHvar|“¥Z - [C’ —0 Hryv-a.€.,

and we have already seen above that § metrises the weak* topology on /¢ (14¢)" So we get
' — mlo pryv-a.e. for the weak* topology as i — oo, and Lemma 3.5, 2) then yields that
Gy (@' —mlc) = 0 as i — oo.

Combining all the above results implies the assertion and completes the proof. O

By Remark 3.4, 2), a weak® predictable process ¢ is in ®(7,V) C L*(y,u;7,V) if and
only if it is continuous as a mapping from C(K) to L?(j,.1/). The next result sharpens the
approximation obtained in Lemma 3.6 — it shows that for ¢ € ®(7, V), one can find an

approximating sequence (¢™),en with the same type of continuity as ¢, uniformly in n.

Corollary 3.7. Under our standing assumptions in this subsection, for every p € ®(1,V),

there exists a sequence (¢")nen C & with limy, o0 ¢y v (" — @) = 0 and

(3.11) sup 1" (N2 ) < cllflle forall f € C(K),
ne

with some constant ¢ € (0, 00).

Proof. We go back to the proof of Lemma 3.6 and examine in more detail how the approx-
imating sequence is constructed there. Start with ¢ € ®(7,V), fix b > 1, take c :=b— 1

and set (9 = OI1{|par<c1y- Approximate, with respect to g, .rv, first 09 by a sequence
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(¥™),en of the form ¥" = ng) mjlcr, and then each U™ by some ¢™ € €. Note (from the

proof of Lemma 3.6) that U" takes values in 4? and " hence in L{cd( ) € U for e < =

1+4¢

because then c(1 +¢) < b. This gives lim, ;00 ¢y u:rv (" — ¢) = 0, and for any f € C(K),

" (N < " (F) = (O 18"(f) = QN+ 1) = o] + o).

Because ¢" has values in U and U™ in U? C UZ, we get ["(f) — U™(f)| < [b1]]|f]lo0, and
in the same way, [U"(f) — @ (f)| < |e1|||fllso < |b1]]|f|loo- Moreover, by the definition of
¢, we have [0 (f) — o(f)] < |e(f)|, and so we obtain from (3.8) and ¢ € ®(7, V) that

1" (L2 ) < 260V llz2 1 flloo + 200 () 22r0) < (20 Ve-]| 22 4 2C)| fle-

As the constant on the right-hand side does not depend on n, this completes the proof. [J

3.3 Limits of measure-valued semimartingales

In the last section, we have constructed a stochastic integral process ¢ @ S™~ for measure-
valued integrands ¢ € £. This yields a measure-valued weak* semimartingale in R?, and we
have also seen that any ¢ € L*(y,u;7, V) can be approximated by a sequence (¢")pen € €.
It seems natural to try and define p ® S7~ for more general ¢ than in £ as a limit, in a
suitable sense, of (¢ ® S77),cn, and so we first need a concept of convergence.

As in Section 3.2, throughout this subsection, we fix an R%valued semimartingale
S, a control process V for S and a stopping time 7 with V,_ € L2 and we denote by
u = (ug)ren a countable dense subset of the unit ball Uy of C(K) and by v = (Vk)ren 2

sequence in (0,00) with > 72 v = 1.

Definition 3.8. For a weak* process N = (N;);>0 in R?, we define

ryu(N) = (é el N () H?zz) "

and call N(v, u) the space of all weak* processes N in R* with 7, ,(N) < oo.

Lemma 3.9. Under our standing assumptions in this subsection, we have:

1) ryy is a seminorm on N?(vy,u).
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2) For any ¢ € &€, we have the inequality

(3.12) TyulpeS™7) < qv,g;‘r,V(@)'

Proof. 1) This is completely analogous to the proof of 1) in Lemma 3.5, just replacing

zr = [|o(ur) | L2(ur. ) bY Tk := [N (ur) || =2
2) The inequality (3.3) in Lemma 3.1 gives |[(p®S77)(ux)|lr2 < [|o(ur)||L2(4, ) for each
¢ € & and all k € N. So (3.12) follows from the definitions of r,, and ¢, u7v- O

The next result is crucial for taking limits in N (7, ).

Lemma 3.10. Under our standing assumptions in this subsection, suppose that the se-

quence (N")nen € N?(7y,u) is a Cauchy sequence for ry,,. If it also satisfies

(3.13) sup IN"(Ilr> < ellflle forall f € C(K)

with a constant ¢ € (0,00) (that can depend on the sequence), then (N™),en converges with

respect to 1+, to some N € N*(vy,u) which also satisfies

(3.14) IN“(Pllrz < ellfllec for all f € C(K).

Proof. From v C (0,00) and the definition of Tyu, We see that the Cauchy property of
(N")nen for 7, implies for each k € N that (N"(uy))nen is a Cauchy sequence in R* and
therefore has a limit N> in R?. We define N> on u C C(K) by

N®(ug) == N forallt >0and k € N

and get that N>°(uy,) = N°F is in R? for each k € N. We now claim that the definition of
N can be extended from u to all of C(K) in a linear way. To see this, take any f € U;

(which is enough by using linearity) and set
(3.15) N(f) = élim N (uy) in R?
— 00

for any sequence (u})seny C u which converges to f in C'(K). Such a sequence exists because
w is dense in Uy, and so it remains to show that the limit in (3.15) exists and does not

depend on the approximating sequence (u})en.
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Because u, — f in C(K), (u})sen is Cauchy in C'(K). Now write
(3.16) N*(uf)— N(u}) = (N*(u) = N"(u) + (V™ (u) = N" () + (V" (u)) = N (1)
and note that the first and third differences converge to 0 in R? as n — oo by the con-
struction of N*°. The second difference can be estimated in R? by

sup [|[N" (ug) — N"™(u})|lre = sup [|[N" (uy — )|z < cfluy — oo
neN neN

thanks to the linearity of each N™ and (3.13), and so (N*°(u}))sen is a Cauchy sequence
in R? and hence convergent in R?. Thus the limit in (3.15) exists, and we claim that it
does not depend on the chosen approximating sequence (u})pen for f. Indeed, if () is

another approximating sequence for f with limit N°°(f) := lim_,.o N> (i), we can write
N*(f) = N®(f) = (N¥(f) = N*(a)) + (N*(ae) = N*(up)) + (N*(up) = N*(f)).

Then the first and third differences converge to 0 in R? as ¢ — oo by the definitions of N
and N°°, respectively, and the second difference converges to 0 in R? as ¢ — oo by the
same argument as for the Cauchy property in (3.16); note that ||, — u)|lcc — 0 as £ — o0
because both (7ig)sen and (u})en converge to f in C(K). So we obtain N°(f) = N°(f).
By the preceding arguments, N> is well defined on all of C'(K), and linear and a weak*
process in R?, both by construction. To show that the sequence (N™),cn converges to N
for 7,4, we first note that N"(ug) — N*(uz) in R? as n — oo, for each k € N. For fixed

e > 0 and each finite K, we thus obtain for large n that

K

K
> WIN™ () = N> (uy) |72 = nlbi_IgOZ%HN"(uk) — N"™(up)|| %2
k=1 k=1

< limsupZ%HN"(uk) — N™(ug)||%>

= lim sup (7“172(]\/% — Nm))2 < €2,

m—o0

independently of K, by the Cauchy property of (N")nen for r,,. This shows by letting
K — oo that r,,(N" — N*°) < ¢ for n large enough. So (N")nen converges to N> with

respect to 7., and N> lies in N?(vy,u).
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Finally, to prove (3.14), we fix f € C'(K) and take a sequence (u})eeny C u converging
to f in C'(K). Then

IN(H)llrz S AN(F) = N> (up)[lr2 + [N (ug) = N (up) [ =2

+sup [[N"(up) — N"(f)[lr2 + sup [[N"(f)[|rz,
neN neN

and the fourth summand is at most ¢||f||o by (3.13). The other summands all converge
to 0 as £ — oo and n — oo — the first by the definition (3.15) of N°°(f), the second as in
(3.16) by the construction of N*°, and the third by (3.13) because uj, — f in C'(K). This
shows (3.14) and completes the proof. O

Remark 3.11. 1) By the construction in the proof of Lemma 3.10, N* : C(K) — R?
is continuous, meaning that f* — f in C(K) implies that N*°(f") — N*(f) in R
However, this is different from continuity of N/°(w) : C(K) — R. In other words, the
proof of Lemma 3.10 does not show (and it is not true in general) that the limit process
N takes values in M. This is the reason why the stochastic integral ¢ ® S we construct
below is not always a measure-valued process, but only charge-valued in general. We give
a counterexample later in Section 7.

2) Because we construct it pointwise on C'(K) as a limit in R?, the process N*° need
not be a weak* semimartingale in general even if the sequence (N™),en consists of weak*
semimartingales. This is because the subspace of semimartingales is not closed in R?. But

%[ check what can be said here] below for some positive results.

see
3) As in Remark 3.4, 3), the space N?(v,u) as well as 7, depend on y and u. But

the above results again hold for any fixed choice of 7 and w.

4 Two new stochastic Fubini theorems

In this section, we combine the preceding results to construct a stochastic integral process
pe.S for fairly general measure-valued integrands ¢, and we use this to prove new stochastic
Fubini theorems. The idea to get ¢ e S is simple. We first prelocalise, approximate ¢ on
a stochastic interval [0, 7[ by a sequence (¢")nen of elementary integrands in £ and define

v ©.S7~ to be the limit of the sequence (¢™ ® S77),cy. While the approximation in £ can
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be done for any ¢ € LQ(l,g;T, V'), the existence of the limit of (™ @ S77),cn needs the
stronger assumption that ¢ € ®(r,V). In the end, we paste things together.
Let S = (S¢)i>0 be a fixed Ri-valued semimartingale and recall from Section 2.2 the

family V(.S) of control processes V for S.

Definition 4.1. We denote by ® the family of all M%valued weak* predictable processes
¢ such that for some control process V € V(S5),

(4.1) D(||@llvar; V) = / ‘ngrnvar}zd‘/; is a finite-valued process (i.e., in R?).
Remark 4.2. As seen at the end of Section 2.2, (4.1) is equivalent to saying that the
predictable Ré-valued process ||¢||var = (||t |lvar)e>0 is integrable with respect to S.

For any ¢ € @, the processes V and D(||¢||var; V) are both in R°. So they are prelocally
bounded and we can find a localising sequence (7as) e of stopping times with V,,, € L?

and D,,,_(||¢]lvar; V) € L? for each M € N. Thus p.,,, v is a finite measure and we have

TM — 9
E|:‘/;'M/0 |”901”Hvar‘ dV, | < oo,

which means that [|¢|lvar € L*(ptr,,.1). The estimate |@.(f)| < || flloolll@r|lvar| for any
f € C(K) then implies that

e 22ur,, v
FeUL\{0} 1/ llo

< llelhacll oy, .y <0

V)

so that ¢ € ®(7, V') for every M € N; see Definition 3.3. In summary, any g, v is a finite
measure and any ¢ € ® is in each ®(7p, V), for a suitable localising sequence (7as)aren-
With these preparations, we are now ready for our first main result. Our first new

stochastic Fubini theorem is called reqular because its test functions f are continuous.

Theorem 4.3. Let S = (S;)i>0 be an R4-valued semimartingale. For every measure-valued
integrand ¢ € O, there exists a stochastic integral process ¢ @ S = (¢ ® S;)i>¢ which is a
weak® process in R® (and hence prelocally in R?). It is a linear and continuous mapping

from C(K) to R® and satisfies the regular weak* Fubini property that for all f € C(K),
(4.2) (poS)(f)=w(f)S up to indistinguishability on Q = Q x (0, 00).
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Written in integral form, this means that

(4.3) /,< f(z)( /0 t%dsr)(dz): /0 t( /;< £(2) gor(dz)) dS,  forallt>0, P-as.

The process ¢ o S is uniquely determined on C(K) by (4.2).

Proof. Fix a countable dense subset u = (uy)gen of the unit ball Uy in C'(K) and a sequence
7 = (Wk)ken in (0,00) with Y77 4% = 1. Take a control process V € V(S) for S and a
localising sequence (7p7)aen of stopping times with V;,, € L? and D, (||¢]lvar; V) € L?
for each M € N. Fix M € N and write 7 := 7 for brevity. Then ¢ € ® is in ®(7,V)
and there exists by Lemma 3.6 a sequence (¢"),eny € &€ converging to ¢ for Qyu;ryv- For
any n € N, the measure-valued stochastic integral ¢™ e S~ is therefore by Lemma 3.1
well defined, a (measure-valued) weak® semimartingale in R*, and in N?(v,u) because
Tyu(@" ©S77) < quurv(e™) by (3.12) in Lemma 3.9. The same inequality shows that
the sequence (N")nen 1= (" @ 577 ),en is Cauchy for 7., because (¢")nen is Cauchy for

Gyu:rv as it converges (to ). Moreover, (3.3) in Lemma 3.1 gives the inequality

(4.4) (" @ ST )(Pllre < ll" (Nllz2,y  forall fre CK).

Because ¢ € ®(1, V), Corollary 3.7 allows us to choose the sequence (¢")nen in such a way
that it satisfies (3.11), i.e., sup,ey " ()l 22(ur) < cllfllo for all f € C(K) with some
constant ¢ € (0,00). Combining this with (4.4) gives

S [N (e < D 6" (Dl 20y < ellf oo or all f € C(K),
ne ne

which allows us to apply Lemma 3.10 and conclude that (N™),en converges with respect

to 7., to some N> € N?(y,u). We set p @ ST := N° and note that this is linear and
continuous as a map from C'(K) to R? by construction; see Remark 3.11, 1). Moreover,

due to (3.14) in Lemma 3.10, we also have

(4.5) (e oS )(f)llrz < el flloe  forall f e C(K).

To prove the regular weak™ Fubini property (4.2), we first note that this holds for each
©" € € due to (3.2) in Lemma 3.1. By linearity, it is enough to consider f € Uj, and then
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we can take a sequence (u})peny C u with limy_,. ), = f in C(K). Now we write
(oo ST)(f) —w(f)-57"
= ((p e S7)(f) = (o ST )(up)) + (0o 577 )(uy) — (" ® ™) (up))
+ (" @ S77)(up) — ¢™(up)-S77)
+ (9" (ug) ST = p(up)-S77) + (p(ug) ST = ¢(f)-S77)

and consider the five differences on the right-hand side one by one. The third vanishes by
the regular weak* Fubini property (3.2) for 9™ € €. Next, ¢" — ¢ for ¢, 4,y implies by the
definition of ¢, 4.,y that ©"(ug) = @(ug) in L*(p, ) for each uy € u. So ¢"(u)) — o(u})
in L*(prv) as n — oo and thus the fourth difference tends to 0 in R? as n — oo by (2.4),
for each £ € N. Next, ¢ € ®(7,V) gives [[p(up) — @(f)l2(u.v) < Collup — flleo (see
Definition 3.3), and uj, — f in C(K) by construction. So ¢(u}) — ¢(f) in L*(u,v), and
the same argument as just above implies that the fifth difference tends to 0 in R? as ¢ — oo.

Now by construction, @ @ S™~ is the limit of the sequence (¢™ @ S™), oy for Tyu, and we
have (p ® S™7)(f) = limy_ (¢ ® S77)(u}) in R? by the definition (3.15) of ¢ @ ST~ = N>
from Lemma 3.10. In consequence, the first difference tends to 0 in R? as ¢ — oco. Finally,
the definition of 7., yields (¢" ®S7")(ux) — (0 ®S77)(ux) in R* as n — oo for each uy, € u,
and so also the second difference tends to 0 in R? as n — oo, for each £ € N. By taking
first ¢ large enough and then n large enough for fixed ¢, this implies that (o @ S™")(f) and
©(f)-S™ are indistinguishable, for each f € C(K), and proves (4.2).

It is clear that ¢ e S7~ is uniquely determined on C(K) by (4.2) when restricting this
to [0,7[, and like the right-hand side of (4.2), ¢ @ S™~ does not depend on the choice
of the control process V' € V(S). Moreover, it is also independent of the choice of u
and 7. To see this, take another countable dense subset u’ of U; and another sequence o/
in (0,00) summing to 1. Denote by u U v’ and 7 U+’ the set and sequence resulting from
interlacing u,u’ and v,7/, respectively, by putting the primed quantities at even and the
unprimed ones at odd indices. Then obviously (7,0, wuw(-))* = (ryu(-))* + (ryw(-))?
and (¢yuy/wowsv (+))* = (Gyuimv (-))* + (@ wiv(-))?, and so an approximation with respect
t0 ¢yuyuuw;v automatically implies one with respect to both ¢,.;rv and ¢y .v. By

uniqueness, the process ¢  S™~ constructed in N? (f_y Uy uUu ) therefore coincides with
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both the processes constructed in N?(vy,u) and N?(v/,u).

Now recall that 7 is shorthand for 7, with a fixed M € N. So ¢ e S™~ is defined
and unique for each M € N, which gives a consistent definition of ¢ e S on each [0, Ta[.
As 7y " 0o, the process ¢ o S is therefore well defined and has the stochastic Fubini
property on all of 2. Moreover, ¢ @ S is a continuous mapping on each [0, ;[ from C(K)
to R? C RY and hence maps C'(K) into R". For fixed t > 0 and f € C(K), combining

((p @ S)(N)i < (@ 5™l t<riy + (¢ ) ()i [zzryy with Markov’s inequality
and (4.5) gives

Pl((pe8)(f)), > 2] < P[((p 0 S™)(f)) >¢] + Plrar <]
1

e2

IN

(o ™)) + Plrar <1
< S + Pl < 1)

As M — oo, the second summand goes to 0 because 75, 7 0o, and so p S : C(K) — R°

is continuous for the ucp-topology. This completes the proof. ]

In some situations, one needs a stochastic Fubini theorem for less regular test functions

than f € C(K). The next result goes in that direction.

Theorem 4.4. Let S = (S;)i>0 be an Re-valued semimartingale. For every measure-valued
integrand @ € ®, the stochastic integral process ¢ .S = (v ® S;)>¢ from Theorem 4.3 also
satisfies the general weak® Fubini property that for all g € bB;(K),

(4.6) (peS)(g) =w(g)S up to indistinguishability on Q = Q x (0, 00).

This implies in particular that (¢ e S)(g) is in R®. Moreover, for every closed subset D of
K, we have (¢ @ S)(D) = ¢(D)-S, i.e.,

(@7) /D < /O " dST> (dz) = /0 t ( /D gor(dz)> S, for allt >0, P-as.

Proof. Because K is compact and Hausdorff, Urysohn’s lemma implies that for every closed

D C K, we can write Ip = lim, . f, pointwise for a sequence (f,)nen in Uy € C(K).
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Hence Ip is in bB;(K) and (4.7) follows from (4.6). Moreover, the right-hand side of (4.6)
is in RV if it is well defined, and so is then the left-hand side.

The proof of (4.6) is similar to the proof of Theorem 4.3 in that we first prelocalise
and argue on stochastic intervals [0, 7[. Fix ¢ € ® and a control process V' for S, and let

(Tar) men be a localising sequence of stopping times such that for every M € N,
(45) Vi €L Doy (¢lhass V) € L2

Fix M € N and write 7 := 7, for brevity. By the proof of Theorem 4.3, ¢ @ S~ is well
defined and a linear mapping from C(K) to R?, and so each ¢ e S{~(w) can be identified
with a finite charge on B(K). As a consequence, (¢  S77)(g) is a well-defined process,
even for any Borel-measurable bounded function g on K.

Now fix g € bB1(K) and write g = lim,,_,~, f,, pointwise for a sequence (f,,)nen € C(K).
As g is bounded by ¢, say, we may assume that || f, |l < 2c¢ for all n, and so the sequence
h, == g — fn, n € N, tends to 0 pointwise on I and is bounded by 4c. We first argue
that ¢(g) is predictable and in L?(u, ), so that ¢(g)-S™ is well defined and in R? due
to (2.4). By (4.8), we have |||¢|var] < 00 piry-a.e., and so dominated convergence yields
o(fn) = ¢(g) prv-a.e. as n — oo. Fatou’s lemma for .y together with ¢ € ®(7,V)
yields via (3.7) that

le(@ 2y < Hmint [lolfa)llezy) < Cosup | falleo < 00,

and so ¢(g) satisfies the required integrability for being in L?(p.,y/). To check predictability
(up to indistinguishability), we note that |p(f.)| < || fullool|l]lvar| leads via (4.8) to

Do (o(f):V) = / e P AV, < [P (el V) <00 Peaus.

so that dominated convergence first gives D, _(¢(fn); V) = D,—_(¢(g); V') P-a.s. Thanks to
(4.8), we can again use dominated convergence to obtain ¢(g) = lim, o ¢(fs) in L*(prv)
and hence also i, y-a.e. along a subsequence. As each ¢(f,,) is predictable, so is ¢(g) (up to
indistinguishability). Thus ¢(g)-S™~ is well defined and in R?, and so is then (o @ S77)(g)

if we can prove (4.6) on [0, 7[.
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To achieve that last point, we write
(0o S )(g) —¢(9)-S™ = ((pe S )(9) — (e S )(f))
+ ((p o S7)(fa) = @(fn)-S77)
+ (@(fa)-S7 = 9(g)-S7).

The second summand on the right-hand side is 0 by the regular Fubini property (4.2).
We have just seen that ¢(f,) — ¢(g) in L*(p,1) so that the third summand converges
to 0 in R? by (2.4). For the first summand, we have h, = g — f,, — 0 pointwise and
|hn| < 4c for all n. As each ¢ @S]~ (w) can be identified with a finite charge on B(K), we
get (0 @ S™7)(fn) — (0 ®S7)(g) for p,y-almost all (w,t) by dominated convergence; see
Bhaskara Rao/Bhaskara Rao [6, Theorem 4.6.14]. This completes the proof. O

Remark 4.5. Apart from being more general then Theorem 4.3, Theorem 4.4 also has the
advantage that it allows us to replace ¢ by Ipy for a closed set D C K and hence obtain
(4.3) with an integral over D instead of over K. This cannot be done by simply replacing
f by Ipf in Theorem 4.3 as Ip f is no longer in C'(K). That extra generality will be used

in Section 6 below.

5 An application to Volterra semimartingales

Let S = (S;)i>0 be an Ri-valued semimartingale. In this section, we study stochastic

processes X = (X;)¢>o of the form
t
(51) Xt - / \Ijt73 dSs, t 2 O,
0

for a two-parameter process ¥ = (U, );>0,0<s<¢ With suitable measurability and integra-
bility properties (made precise later). We look for conditions on ¥ which ensure that X is
again a semimartingale, and we also want to say more about its decomposition in that case.

Processes of the form (5.1) are often called Volterra(-type) processes, and there is a large
and growing body of literature around them. Forward or backward stochastic Volterra inte-
gral equations look for a process X solving (in the forward case, say) an equation of the form

X, = Xo+ [ alt, s, (X,)r<s) ds+ [T b(t, 5, (X,),<s) AW,; see e.g. Herndndez [14] for a recent
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article with many more references. More speciﬁcally, stochastic Volterra equations take the
form X; = xo(t) + fo p(s, Xs)ds + fo s,t)o(s, Xs)dWs, and one then studies
existence, uniqueness and properties of solutlons; see for instance Promel/Scheffels [27]. If
one specifies further to X; = Xo—l—fot K(t—s)pu(Xs) ds+f0t K(t—s)o(X,)dW, with u,o0 "
affine, there is a large literature on such affine Volterra processes; see e.g. Abi Jaber et
al. [1] for an important contribution.

In a different direction, processes of the form X; = fo (t,s)dSs with S a semimartin-
gale, or S = L a Lévy process, or S = W a Brownian motion, have been studied for path
properties, stochastic calculus, support properties and other topics; see e.g. Neuman [26],
Bender et al. [5], Di Nunno et al. [11], Kalinin [17], Baudoin/Nualart [4], to name just a few
(diverse, but not necessarily representative) contributions. A key difference between the
above two directions is whether X is given endogenously as the solution of some equation
or exogenously from given quantities ¥, S not depending on X.

The question whether X in (5.1) is a semimartingale seems to have two main lines of
approach. If X; = fo (t — s)dL,, with a deterministic function g and a Lévy process
L, is a convolution-type integral or moving average process, Basse/Pedersen [3] have given
necessary and sufficient condition, on g and the Lévy triplet of L, for X to be a semimartin-
gale. An extension to X} = fot K?(t,s)dW, with a Brownian motion W and K?(t,s) of
a particular form has recently been presented by El Omari [12]. At the other end of the

scale is the work by Protter [28] who assumes that for all s and w,
(5.2) t+ WUyu(w) = W(t,s,w) is in C* with ¢ — (t, s,w) := LL(t, s,w) locally Lipschitz.

He then writes X as

t t t
(53) Xt = / ‘Ijt,s dSs = / \Ils,s dSs + / (\I]t,s - ‘Ils,s) dSs;
0 0 0

uses (5.2) to get

(5.4) U, s(w) — Uy s(w) = / W(r, s,w)dr

and handles the last term in (5.3) by writing

(5.5) /Ot(\pm— o) dS, _/ (/ ne >dSs:/0t</0Tw(r,s,-)dSs> dr.
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Note that (5.2) implies via (5.4) that all the ¢ — W;, are absolutely continuous with
respect to one fixed (namely Lebesgue) measure, and so the last step in (5.5) follows by a
standard stochastic Fubini theorem. Thus the last term in (5.3) is absolutely continuous
with respect to Lebesgue measure and hence of finite variation and a semimartingale.

As we discuss later in Section 6, the assumption (5.2) or (5.4) means that we are in
the so-called dominated case. Let us now see what we can do if we relax this restrictive
condition. So let ¥ = (¥, ;)i>0,0<s<¢ be an Rvalued two-parameter process such that for
each t > 0, the process (U, )o<s<t is predictable and S-integrable on [0, ¢], and such that

the diagonal (W 4)s>0 is also predictable and S-integrable. Then we can write, as in (5.3),

¢ t t t
(5.6) X = / U, dSs = / U, o dSs + / (U — Uy 5)dSs = / U, o dSs + Y4,
0 0 0

0

and the first d.S-integral on the right-hand side is well defined and a semimartingale. Note
that if S = M is a local martingale, that integral need not be a local martingale unless we
know more about the diagonal (¥, ,)sso; see the classic example due to Emery [13]. We
return to this point in Remark 5.2 below.

Now let us agree, as is natural in view of the problem, that ¥; ; := 0 for s > ¢, and also
assume that for each s > 0, the process (¥, ;)¢ is right-continuous and of finite variation.
This clearly generalises the assumption (5.2) or (5.4) in [28]. To apply our results from
Section 4, we need to work with signed measures on a compact metric space. For each
fixed T' € (0,00), we therefore consider Kr := [0,7] and associate to ¥ for each s > 0 a

“random signed R¥-valued distribution function” ¢, on [0, 00) via
(5.7) t= @s(t)(w) = Ip>gy (\Dm(w) — \I/s,s(w)) for s >0 and ¢t > 0.

Restricted to ¢t € Ky = [0, 7] (and hence also s < T as s < t), the process ") = (@, )o<s<r

then induces an M?(Kr)-valued process o) = (gpgT))ogng which is weak* predictable

because s — W, ; is predictable. In fact,
(58)  @((0,4]) == (1) = Tysy (Ve — Wy))  for 0<t<Tand 0<s <t

so we first get gogT)({O}) =I5 (Wo,s — Wss) = Ls=0} (o0 — Yo,0) = 0 as s > 0, and then

S > <p§T)((O, t]) = @&T)([O,t]) = I>6)(Wys — Uy ) is predictable by our assumptions. By
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measure-theoretic induction, (™) (g) is then predictable for ¢ bounded and measurable on

K7 and in particular for g = f € C(Kr). Note that the variation norm of gpgT) is given by

T
HsOET)’ZHvar:vart(\lf?,sho,ﬂ)=/ i, fori=1,...,d

With these preparations, we obtain the following result.

Theorem 5.1. Suppose for each T € (0,00) and each s € [0,T] that the process t — U, 4 is

of finite variation on [0,T] and its (R%-valued, componentwise) total variation process

T
(5.9) (vary(¥. sljo.11)) ge yeq = (/ |\I/f1t7s|> is S-integrable on [0,T].

0<s<T

Then the process X from (5.1) can be written as

t t t
(5.10) X, = / U, .dS, +Y; = / U, dS, + / (U, — U, ,)dS,
0 0 0
t
= / W, . dS, + (') e Sp)([0,1]), 0<t<T,
0

for the M*(ICr)-valued process ©'7) associated to W. If each process pT) o S is measure-
valued (as opposed to only charge-valued), then X is a semimartingale and Y is predictable

and of finite variation.

Proof. For each T' € (0,00), we prove (5.10) by working with the compact set Kr := [0, 7.
Results on [0, 00) are then obtained by pasting together.

1) Fix T € (0,00) and consider ¢(™) as in (5.8). Using the definition of Y in (5.6) and
U, =0 for s >t as well as (5.8), we can write, for 0 <t < T,

t
(511) Y, = / ]{tZs}(\Ijt,s - qjs,s) dSs = QO(T)(I[OJ})'St
0

T
(5.12) - / 200, 4]) dS, = ¢ (T0.4)-Sr.
0

Thanks to the assumption (5.9), we can now invoke the weak* Fubini property (4.7) in

Theorem 4.4 to obtain with the closed set D := [0,t] C Kr that
(5.13) (0 (L10,9))-Ss = (') @ S)(Ijpy)  for all s € 0,77,

25



giving for s = T via (5.12) that
(5.14) V= (") @ Sp)(Ipyg)  for0<t<T.

This proves (5.10). If ™) e S has values in M(Kr), then Y = (Y;)o<i<r is adapted by
(5.11), and by (5.14) RCLL and of finite variation with respect to ¢, and hence in particular
a semimartingale on [0,77]. So is then X by (5.10) as (Vs 4)s>0 is S-integrable.

2) To show that Y is even predictable, we first note that (5.8) shows that we have
(,O(ST)(I[DJ]) =" (t) = gogT)(][th])]{Kt} and therefore, by (5.11),

t t—
(5.15) Y = / ot (o) sy S5 = / o (Ti0,) dSs = o' (Io.0) - S
0 0

On the other hand, the process U(s,t) := (¢T) 0 S, )(Ijp4) on Ky x Q is well defined,
because t — (1) 0.5;)(Ijp) is by Theorem 4.4 in R° and hence RCLL (with respect to t),
and U is B(K7) ® P-measurable as it is right-continuous in s and left-continuous in ¢ and
adapted to F. Note that right-continuity in s uses that ©(”) @ S is measure-valued. This
implies by a monotone class argument that the diagonal of U is predictable. Finally, (5.15)
and (5.13) also yield that

Vi = o (Ipy)-Sie = (") @ 5, ) (o) = Uk, 1);
so Y is the diagonal of U and therefore predictable. This completes the proof. O

Remark 5.2. The decomposition X; = fg U, ,dSs + Y; in (5.6) also allows us to say
more about the structure and decomposition of the semimartingale X, again under all
the assumptions of Theorem 5.1. We have just seen that Y is predictable and of finite
variation. The first summand in (5.6) is a stochastic integral, with respect to S, of the
predictable S-integrable process (Vs ;)s>0. Thus it is always a semimartingale, and we can
work out its characteristics from the behaviour of ¥ on the diagonal (¥ ,)s>o and from
the characteristics of S itself. If S = M is a local martingale, we can also ask whether
the integral is even a local martingale. (In that case, X; = f; v, sdM,, t > 0, is a special
semimartingale.) This depends on the interaction between the diagonal of ¥ and the jumps
of M; we need to check whether the increasing process (3 ..(¥] AM,)*)"/2 is locally
integrable. (Of course, this is trivially satisfied if M is continuous.) For more details, see

Jacod/Shiryaev [16, Remark I11.6.28].
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6 Connections to the classic case

In this section, we relate our results to some of the classic versions of stochastic Fubini
theorems available in the literature. We do not aim for maximal generality, but rather
explain the main conceptual differences.

We start again with an R%valued semimartingale S = (S;);>o on (2, F,F, P) and a
compact metric space K. We consider a fixed weak* predictable process ¢ = (¢;)i>0 taking

values in M?(K) and write it in the form

(6.1) pir(dz)(w) = ¥e(2)(w) plw, t,d2)

for an Re-valued process 1) on Q x (0,00) x K which is product-measurable and such that
Y(2) is for each z € K an R%valued predictable process on Q. In (6.1), p(w,t,dz) is a
transition kernel from (Q,P) to (K, B(K)), i.e., p(-, -, D) is a predictable process for each
D € B(K) and p(w,t, -) is a finite (nonnegative) measure on B(K) for each (w,t) € Q. This
is not a restriction in generality for ¢ as we can always take p := Zle || and ) = Z—“;.

From (6.1) and using Cauchy—Schwarz, we obtain that ||¢|va; has the coordinates

1/2
(6.2) 16 e = /rwt ) ol dz_(pt /m 2, dz) |

So [|@||var is S-integrable if (and only if) for some control process V for S,

d 2

(6.3) the process /Z (/ [E(2)] pr(dz)) dV, is finite-valued,
i=1 \/K

which is implied by the stronger condition that

(6.4) the process /pT(IC)(/ |¢T(z)|2pr(dz)) dV, is finite-valued.
K

A very special case of (6.1) arises if we assume that p(w,t,dz) = n(dz) for some finite
(nonnegative) measure 1 on B(K). This means that the (w,?)-indexed family of measures

vi(dz)(w) is dominated by one fixed measure and we have

(6.5) pir(dz)(w) = ¥(z)(w) n(d2),
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where 1 is a z-indexed family of predictable processes on Q. Apart from slightly different
conditions on K and 7, this is the framework in which classic stochastic Fubini theorems
are cast. More precisely, Protter [29, Section IV.6] and Veraar [31] both assume that (IC, K)
is a measurable space and 7 is a measure on K| finite in [29] and o-finite in [31]. Next,
S is in both [29, 31] a real-valued semimartingale, assumed continuous in [31], and ¥ is
P @ K-measurable in [29] and Prog ® K-measurable in [31], where Prog is the progressive
o-field on Q. The integrability condition on ¢ in [29] is that

1/2
(6.6) the process </ [ (2) n(dz)) is S-integrable,
K >0

which by finiteness of 1 is equivalent to the sufficient condition (6.4) above. If S is contin-
uous with canonical decomposition S = Sy + M + A, a sufficient condition for our weaker
assumption (6.3) is by Shiryaev/Cherny [30, Definition 3.9 and part (ii) of the subsequent

remark| that

(67)  the processes [ ( / |wr<z>\n<dz>) a4, and [ ( / |wr<z>|n<dz>)2dw1r

are both finite-valued.

The condition (6.7) is slightly different from the assumption in [31, Theorem 2.2, conditions
(2.1) and (2.2)] that

the processes / ( [1nte rdA) ) and / ( JEZCIRY ) n(dz)

are both finite-valued.

In the frameworks of either Protter [29, Section IV.6] or Veraar [31], the classic stochas-

tic Fubini theorem says that in the dominated case (6.5), we have P-a.s. for all £ > 0 that

(63) / ([w@maa)as.- [ (] t¢r<z>dsr) 1(d2).

If we replace ¢ by ¢ Ip for a measurable subset D of K, this can be rewritten as

(6.9) /Ot (D ds_/(/wr dS) (d2).



On the other hand, in our general setting and under (6.3), we obtain from Theorem 4.4

that for every closed D C IC, we get P-a.s. for all t > 0 that

(6.10) /0 (D) dS, = (9 # 5,)(D).

As the left-hand sides of (6.9) and (6.10) agree, so must the right-hand sides, whenever
all the required assumptions are satisfied. Now by construction, the stochastic integral
¢ o S is in general only a charge-valued process; so the right-hand side of (6.10) need not
be a measure in the argument D. On the other hand, the right-hand side of (6.9) can be
expected to be a measure in the argument D, provided that the inner (dS-)integral is an
n-integrable function of z. So we can exploit the connection between (6.9) and (6.10) to
get more information about ¢ e .S. The next result makes these ideas precise. Note that

except for IC, its assumptions are precisely those of Protter [29, Theorem IV.65].

Proposition 6.1. Suppose S = (S¢)i>0 s a real-valued semimartingale and K is a compact
metric space with Borel o-field B(IC). Let ¢ = (¢t)i>0 be a charge-valued process which
satisfies the domination condition (6.5) so that pi(dz)(w) = ¥ (2)(w)n(dz) for a finite
(nonnegative) measure n on B(K). Suppose that 1 is P ® B(K)-measurable and satisfies
(6.6). Then the stochastic integral process p S is well defined and takes values in M. In

other words, our stochastic integral is then not only charge-valued, but measure-valued.

Proof. 1) We first argue that ¢ is M-valued, weak* predictable and in ®. As in (6.2),

2
(6.11) lotlhar = el (K / e Indz_( / e |77dz) |

Thanks to (6.6), the right-hand side has a finite integral with respect to some control
process V for S, and if we choose (as we can) V strictly increasing, the left-hand side of
(6.11) must be finite P-a.s. for all ¢ > 0 like the right-hand side. So ¢ is M-valued, and
|¢]]var is S-integrable again due to (6.6). For each z, the z-section v(z) is predictable
because ¢ is P ® B(K)-measurable, and for any f € C(K),

/ £ 1(d2) < 1]l / () n(dz) < 0o Peas. forall £ >0
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shows that o(f) is well defined and hence a predictable process. So ¢ is also weak*
predictable and therefore in ®.

2) Thanks to 1), Theorem 4.4 tells us that @ e S is well defined and that for every closed
set D C I,

(6.12)  (peS)(D) )-S5 = /<p,, ) ds, —/</Dwr(z)n(dz)) ds

On the other hand, the classic stochastic Fubini theorem in Protter [29, Theorem IV.65]
(applied to ¥Ip) tells us that

(6.13) /(/ e )dS _/D (/%@:) dST) n(dz),

and that [,(z)dS, can be chosen product-measurable on Qx K so that z — [ 4,(2) dS, is
then B(K)-measurable. So the right-hand side of (6.13), and hence by (6.12) also (¢e.S)(D),

is a finite signed measure as a function of D if we can show that

[ /O 4y (2)d5,

3) By the assumption (6.6), the process U := ([ [1'(z)[*n(dz))"/? is S-integrable. By

(6.14) n(dz) < oo  P-as. for each t > 0.

Shiryaev/Cherny [30, Definition 3.9; see also Lemma 4.11], there exists a decomposition
S = Sy + M + A into a local martingale M and an adapted RCLL process A of finite
variation |A|, both null at 0, such that U is in both Ly, (A) and L (M). By the definition

loc

of Lyar(A) in [30], this implies via Fubini-Tonelli and Cauchy—Schwarz that

610 [ (| [ w@aa])a < [ ([oienaa) )
- [ [ nterntan) aial

t
</ (n(K)*U,d|A]l, < 00 P-as.
0

Next, the property U € L (M) means that ([ U?d[M])/? is locally integrable so that
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along a localising sequence (7, )en of stopping times, we have by Fubini—Tonelli that

e[( [ ([ weran)wa) | =s[( [7( [ wera)am)]
:EK/O U2d[M]>1/2}<oo.

By Cauchy—Schwarz,

[/ |wr<z>|2d[M1r)l/2n<dz>_( ) ([ ([ wapann <>)1/2,

and so using Fubini—Tonelli again yields that also

/’CEK/O ¢ (2)]? d[M ]r>1/2] n(dz)—E{/K(/o i (2)? d[M ]r>1/2n(dz)

for each n. By the Burkholder—Davis—Gundy inequality,

e|( [ w<z>dM);}gconst.E[< | wopan ]r)m]

for each z, where the constant does not depend on z, and so

[ / U (2) dM, (dz]<E{/ (/770 dM) dz)}
(o)
<cost. [ &]( [T P 1r)1/2] 1dz) < o0

< 00

for each n. This implies that

J

and so (6.14) follows by combining this with (6.15). This completes the proof.

z)dM,|n(dz) < oo P-a.s. on each [0, 7,],
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If we compare the classic stochastic Fubini theorem to our new result in Theorem 4.4, we
can see several differences. First, the former needs stronger assumptions on the integrand
¢ (or 1) than the latter; this can also be seen in the proof of Proposition 6.1. Second, if
we represent ¢ as in (6.1) as ¢:(dz) = ¥(z) p(w, t,dz), the general weak* Fubini property
(4.7) in Theorem 4.4 for D = K (with the two sides interchanged) takes the form

(6.16) / t ([erm)as = [ ([ e (a5, ) (@),

In comparison to the classic result (6.8), the left-hand side above is the obvious generalisa-
tion where we now mix the integrands 1,(z) with p,(dz) instead of only 1(dz). However,
the right-hand side of (6.16) is more complicated than in (6.8); we really need the stochas-
tic integral with respect to S of the measure-valued process ¥ p, and it is no longer directly
possible to rewrite or construct this explicitly as a mixture (over z) of stochastic integrals
[ %,(2)dS,. This is because in contrast to the fixed measure 7, the kernel p depends on
both w and ¢ in general.

In comparison to the existing literature on stochastic Fubini theorems, our main con-
tribution is twofold. At the technical level, we deal with a parametric family of integrands
that is not dominated, with respect to its parameter, by a single and nonrandom mea-
sure. At the conceptual level, we achieve our results via the idea of viewing integrands as
measure-valued processes and developing and using a corresponding stochastic integration
theory. The latter viewpoint is similar in spirit to the approach of Bichteler and co-authors
[***we need to give a reference here|] and has also been used in [***check that] van Neer-
ven/Veraar [23]; but its implementation must be done here more generally because we do
not have a dominating measure 7, and we also need to develop a concept of stochastic

integration of measure-valued integrands with respect to general semimartingales.

Remark 6.2. It is an interesting question whether our approach allows to obtain the classic
stochastic Fubini theorem as a special case, and maybe even under weaker assumptions.
Purely formally, one could start from (6.16), plug in 7 for p, and then hope that one could
move the deterministic n outside to dz on the right-hand side of (6.16). This would also

imply that in the dominated setting (6.5), our stochastic integral process pe S is dominated
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by the measure n. If ¢ € £ is an elementary integrand, the above results can be proved
easily because all integrals then reduce to finite sums. But in general, one would probably
need a similar approximation as in the key Lemma 3.6, now at the level of densities 1,
and it seems very likely that this would require extra conditions on ¢, maybe similar to
the condition (6.6) in Protter [29, Theorem IV.65]. We leave this issue as an open problem

and refer to Section 7 for a caveat against too much optimism.

7 An illustrative example

XKk

In this section, overview to be added

On the filtered probability space (2, F,F,P), let S = W = (W;);>o be a Brownian
motion. Fix T" € (0,00) and take the compact set K = KCr = [0, T]. For a > 0, define

(7.1) ei(d2) == a(z — )" sy dz = Py(2) dz fort > 0 and 2z € K.

Then each ¢; is a (nonnegative) measure on B(K) with

(7.2) lotllvar = 1(K) = / oz — 1)Lz = (T — 1) < ox,

and so ¢ = ()0 is an M-valued process. Moreover, as it is nonrandom, the process ¢
is clearly weak* predictable. Note that 1;(z) = 0 for z € K = [0,T] and ¢t > T} so it is
enough to look only at (¢¢)o<i<r and (Wy)o<i<r.

If we take for W the control process V; = t, then (7.2) gives

1
var r — )2 dr = —— (T2t _ (7 2oty
Di(llllvar; / [F=] e /( r)**dr 5 1(T ( 2ot 1)

This is finite for any ¢t € [0,7] and a > 0 so that ¢ is in ®. Thus ¢ ¢ W is well defined
(on [0,7]) and we can use the general weak* Fubini property (4.6) from Theorem 4.4. In
particular, taking D = [0, u] and computing ¢, ([0, u]) = (v — r)*[y>ry as in (7.2), we get

(p @ S7)([0,u]) = ([0, u])-ST = /0 Iysry(u—1r)*dS, = /Ou(u —7r)*dW,.

To check whether ¢ S is a measure-valued process, we want to use Proposition 6.1.

From (7.1), it is clear that we are in the dominated case (6.5), with 1 being Lebesgue
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measure on K = [0,7], and ¢ is clearly P ® B(K)-measurable. For the integrability

condition (6.6), we need to look at

(73) [ ([reena)av= [ L dzar

— T — Qafld
2a—1/0( )

a2

- 2a(2a — 1) (T% = (T =),

where the second equality requires 2ae —2 > —1 or o > % to ensure that the inner integral
does not diverge at z = r. For o > 3, the quantity in (7.3) is always finite; so (6.6) is then
satisfied and Proposition 6.1 tells us that ¢ e S is for a > % a measure-valued process.

To get more information about ¢ e S, we now want to use the results on Volterra-type

semimartingales from Section 5. As in (5.7) and (5.4), we look at U given by ¥, , = 0 and

t t
Uiz = Iz 0 ((0,1]) = Lizg / bs(2) dz = Tz / a(z—5)"dz = Iyng(t—5)"
0 s

Clearly t — W, is of finite variation, and it also satisfies (5.9) due to (7.2) and because

© € &. We then obtain as in (5.6) that for any o > 0,

(7.4) Y, = / (Wys — U,.)dS, = / (1 — 5)*dWW,,
0 0

and Theorem 5.1 tells us that Y = (Y,)o<u<r is a semimartingale if ¢ ¢ S is measure-
valued. But the process Y in (7.4) has been studied (even for W replaced by a Lévy
process) in detail in Basse/Pedersen [3], and [3, Theorem 3.1], with o = 1, shows that ¥
is a semimartingale (in the filtration of W) if and only if the function x — f(z) = 2 has

/" locally square-integrable on [0, 0o), which holds as in (7.3) if and only if o > 3.

Remark 7.1. In this very specific example, we see that ¢ S is a measure-valued process
if and only if a Volterra-type process ( fot U, s dSs)i>o with U naturally associated to ¢ is
a semimartingale. It is very tempting to conjecture that such a result could hold more
generally, maybe even beyond the dominated setting (6.5). But even formulating this

precisely, let alone proving it, is beyond the scope of the present paper.
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