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0. Introduction

This paper studies a stochastic control problem arising in the context of ro-
bust utility maximisation, and proves new results via BSDE techniques. A
particular feature is that the problem is formulated and solved for an infi-
nite horizon and that we also obtain new results on a certain infinite-horizon
BSDE with quadratic generator.

In loose terms, the basic problem we should like to tackle has the form

find sup igf U(r,Q),

where U is some utility functional, m runs through a set of investment and
consumption strategies, and @) through a set of models given by probability
measures. In a first step, we focus only on the inner minimisation problem:;
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thus we think of 7 as being fixed and look for a worst-case model @. The
functional U(w, Q) we consider has the form

U(m, Q) = EQ[Uj o + BRY - (Q)],

oo
where Z/lgﬁoo =af S3U ds stands for a discounted utility term (whose de-
0

pendence on the fixed 7 is suppressed) and R§ ,(Q) = [ S2log Z& ds is an
0

entropic penalty term. A precise formulation is given later.

The finite-horizon version of this problem has been studied in Bordigoni/
Matoussi/Schweizer [2], who have characterised the dynamic value process
V = VT of the resulting stochastic control problem as the unique solution
of the BSDE

1
(0.1a) dY, = (6,Y; — alUy) dt + o d(M); + dM,

with a final condition at time 7". We generalise these results here to an infinite-
horizon setting with the terminal condition

(0.1b) lim V; = 0.
t—o0

In an unpublished PhD thesis, G. Bordigoni has already shown that V for the
infinite-horizon problem is a solution of the BSDE (0.1); but uniqueness and
the required integrability (and hence the characterisation of V' by the BSDE)
remained open. We close this gap here.

In contrast to Bordigoni [1], our approach and main results here are on
the side of BSDE theory. Equation (0.1) is a quadratic BSDE in a continuous
filtration and has an unbounded generator (due to the presence of U) and
an infinite horizon. For the finite-horizon case, the classical results of Koby-
lanski [10] on existence and uniqueness of a bounded solution for quadratic
BSDEs in a Brownian filtration have been extended to unbounded solutions
in the Brownian setting by Briand/Hu [5, 6], and to bounded solutions in
a continuous filtration by Morlais [12]. In infinite-horizon settings, Briand/
Hu [4] and later Royer [13] have studied bounded solutions for BSDEs with a
Lipschitz generator, and Briand/Confortola [3] have extended these results to
bounded solutions for a quadratic generator. The methods in all these papers
rely on Girsanov techniques.

Our approach here is quite different. To prove existence of a solution to
(0.1), we have adapted the localisation method from Briand/Hu [5], while
for uniqueness, we have applied the 6-difference method from Briand/Hu [6].
Both these techniques have so far only been used in finite-horizon settings.

Finally, let us also mention two closely related papers from the finance
and economics literature. Schroder/Skiadas [14] study the same BSDE as
we do and obtain existence and uniqueness of unbounded solutions, but
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in a Brownian filtration and with a finite time horizon. Hansen/Sargent/
Turmuhambetova/Williams [9] study robustness aspects for infinite-horizon
utility maximisation problems; their main ideas and problems are similar to
ours, but the approach is rather heuristic, using Hamilton—Jacobi-Bellman
equations and formal manipulations in a Markovian setting. For a more de-
tailed discussion of additional references to the literature, we refer to Section
6 of Bordigoni/Matoussi/Schweizer [2].

The paper is structured as follows. After some preliminaries and notations
in Section 1, we study in Section 2 the BSDE on a finite horizon. This serves
as preparation for the infinite-horizon BSDE studied in Section 3 and gives
to that end fairly precise estimates for the solution Y. Section 3 establishes
existence and uniqueness of a solution (Y, M) for the infinite-horizon BSDE
(0.1) and gives a sufficient condition for 5( — %M) to be a martingale. In
Section 4, we prove by general arguments as in Bordigoni/Matoussi/Schweizer
[2] and Bordigoni [1] the existence of a solution to our stochastic control
problem and show that its value process V satisfies the boundary condition
lim V; = 0. Finally, Section 5 uses the BSDE results to characterise V' as

t—o00
the unique solution, in a suitable space, for the BSDE (0.1), and in particular

establishes that V' has the required good integrability properties.

1. Preliminaries and overview

In this section, we introduce all required notations, the basic BSDEs and the
basic optimisation problems. We start with a probability space (£2, F, P) and
a time horizon T € (0,00]. The filtration IF' = (F;)i>0 satisfies the usual
conditions of right-continuity and P-completeness, Fy is P-trivial, and we set
Foo := \ Fi. The basic ingredients for our optimisation problems are

t>0
— parameters a, &’ € [0,00) and S € (0, 00);
— progressively measurable processes ¢ = (§;);>0 and U = (Up)>0;
— an Fp-measurable random variable U7, with Ul := 0 for T' = oo.

With these, we can formulate the BSDEs studied here. On the one hand, for
a finite horizon T' < oo, we introduce the BSDE

1
(1.1) dY; = (0:Y: — aU) dt + ﬁ d{M); + dM;, Yr = 'Uj.
On the other hand, for an infinite horizon T' = oo, the BSDE is
1
— 00

A solution of (1.1) or (1.2) is a pair (Y, M) satisfying (1.1) or (1.2), respec-
tively, where Y is a P-semimartingale and M is a locally P-square-integrable
local P-martingale null at 0.
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For the optimisation problems, we first define the discounting process
t
Sf::exp(—f(;Sds), t>0,
0

and for T' < co the auxiliary quantities, for 0 <t < T,

S3 , 59,
5 . s
(1.3) U r .—a/S—?US ds + « 55 Ly,
t
T
= /ae‘ JEoedryr, ds + of e S 0rdr gy,
t
5 Ss ZSQ St 27
(1.4) Rir(Q) == [ s 55 1og o ds+ 8’6 log — Q
i

for Q < P on Fr with density process Z9 on [0,7]. We consider the cost
functional

cr(Q) = ug,T + ﬁRg,T(Q),

and the basic stochastic control problem on a finite horizon is to minimise the
functional

Q— I't(Q) := Eqler(Q)]

over a suitable class of probability measures ) < P on Fr. In a classical way,
we can choose an adapted RCLL process V' = (V})o<i<r such that

Vi = ess@infEQ U+ B8R 2(Q)|F],  0<t<T.

For T = oo, we define similarly, for ¢t > 0,

1
for @ <0<C P with density process Z%. We consider the cost functional

coo(Q) = U o + BRY o (Q)

and in principle want to minimise the functional

Q= I'o(Q) = Eglcae(Q)]
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over a suitable class of probability measures @) 1<0<C P. (For the precise formula-
tion, we refer to Section 4.) In a similar manner as for T' < oo, we can choose
an adapted RCLL process V = (V;);>0 which is again called the dynamic
value process of our stochastic control problem. Of course, to be accurate, we
should distinguish in notations between V() and V(>

Our main results in this paper are

a) existence and uniqueness results for the above BSDEs (both with finite
and infinite horizon), and

b) a characterisation of the value process V = V() for the infinite-horizon
setting as the solution of the BSDE (1.2).

2. The BSDE on a finite horizon

The main goal of this section is to prove the existence of a solution to the
finite-horizon BSDE under weak conditions. This slightly extends previous
work and above all serves as preparation for the infinite-horizon case. So we
fix T € (0,00) and view U and § as processes on [0, T].

Hypothesis 2.1. Throughout this section, we impose the standing
assumptions

(2.1a)  IF is a continuous filtration, i.e. all local (P, IF')-martingales are
continuous.
(2.1b) & > 0 is uniformly bounded (by &, say).

Precise assumptions on U, U}, will be specified below. Now we introduce the
quantities

T
B:=a [ SUsds+ o/ S3UL = U&T,

0
T

B_:=a[SU; ds+d'S5(Us)™,
0
T

By =« [ SU} ds + o/ SL(UL)T.
0

The BSDE (1.1) under study is

1
(22)  dYi= (Y, —aUdt+ o d(M)+dMy, Yy = o' Up.

Definition 2.2. A solution of (2.2) is a pair of processes (Y, M) satisfying
(2.2), where Y is a P-semimartingale and M is a locally P-square-integrable
local P-martingale null at 0.
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Due to the standing assumption (2.1a), M and then Y are continuous for
any solution (Y, M) of (2.2). Our proof of existence applies the localisation
method originally developed in a Brownian setting by Briand/Hu [5]. To that
end, we need to establish precise a priori estimates in the bounded case. Note
that 1/9° = 9.

T
Proposition 2.3 (A priori estimates). Suppose that [ |Us|ds and U}, are
0

bounded random variables. Then there exists a unique solution (Y, M) to
(2.2) such that Y is a bounded process. Moreover, we have for 0 <t < T the
estimates

t t
(2.3) St_éxt — /ozefst Srdrpr o ds < Y, < St_‘s?t — /ozefst Srdryy ds,
0 0

where
(2.4) Y, = —fe " logE [e_%eéTB ‘ft} and Y;:= E[B|F].
Proof. Existence and uniqueness of a solution with Y bounded are immediate

from Theorems 2.5 and 2.6 of Morlais [12]. From the definitions of ¥ and Y
and It0’s formula, it is clear that there exist M and M such that

1 _
(2.5) dy, = ﬁe” d(M); +dM,, ~ Y,=B,
(2.6) dY, = dM;, Yr=B.

¢
If we first set Y} := S?Y; and M} = [S%dMjs, then the BSDE (2.2) is
0

transformed to

1
(2.7)  dY} = —aSiU dt + =S d(MY), +dM}, Vi =da'SSUL.

237"
t
If we next put Y2 := Y! + [«S2Usds and M? := M', the BSDE (2.7)
0
becomes
1 T
(2.8) dY? = %5;5 d(M?), +dM?,  YZ=da'S3UL+a[SiUsds = B.
0

Because 0 < S;7% < 97 we deduce by comparison of (2.5), (2.8) and (2.6)
that -
Y, <Y<Y, 0<t<T.
t
Returning to Y by the formula Y; = S[‘SYE - faef; ordryr o ds, we conclude
0
the proof. m]
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We now apply the localisation method to get the following existence result.
Theorem 2.4 (Existence of solution). Let us suppose that
(2.9) E[e3" 5] + B[B] < .

Then the BSDE (2.2) admits a solution (Y, M) which satisfies
¢ ¢
(2.10) St_‘szt — /aefst ordrir ds <Y, < St_é?t — /aefst ordryr  ds
0 0

for 0 <t < T, withY,Y given in (2.4).

Proof. 1) We first assume that U} and U are nonnegative; then Y is also
nonnegative. For each n € IN, we consider U;" := Ut].{ft U, ds<n}’ 0<t<T,
o Us ds<

and U}" := U} An. According to Proposition 2.3, the BSDE
1
dY; = (6:;Y; — aUP") dt + %, d(M)y +dM;,  Yr=dU"

admits a unique solution (Y, M™) such that Y™ is a bounded process, and
by (2.3), extended from Uz" and U™ to U}, and U thanks to nonnegativity,

t
f/ozefst rdrr, ds < Y < S;OE[B|F.
0

Since U}" < U}"H and U™ < U™ the sequence (Y™) is nondecreasing by
a comparison result; this can be obtained similarly as in the proof of Theorem
8 in Mania/Schweizer [11]. For k € IN, define the stopping times

t
T = inf {t €[0,7): [ aeli U, ds + S;OE[B|F)] > k} AT

and note that (7)ken increases to T stationarily. By construction, the
stopped processes Yk = (Y™™ n € IN, are uniformly bounded by k.
Setting M™F := (M™)™, we have

1
28

T T
Y =Y — [ 1garny (0,Y5% — aUP) ds — d(M™Fy, — [ dMmk.
t t

H%H

We now take the supremum over n and apply the monotonic stability theorem
(see e.g. Lemma 3.3 in Morlais [12]) to obtain, for each k, a solution (Y'*, M*)
to the BSDE
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Tk Tk Tk
VP =& — [(0YF —aU)ds — [ 35 d(MF), — [ dM}, with & := sup Y.
t t t nelN

More precisely, that result shows that as n — oo, Mg;k converges to Mk in
L2, so that both M** and (M™*), converge uniformly over ¢ € [0, 7] in prob-
ability to M and (MP*),, respectively. Moreover, 7, < T+1 by construction;
hence Y;;f:l = Y™ and so we have the localisation property

k+1 _ vk k+1 __ k

So if we set 79 := 0 and define the processes Y and M on [0,T] by

Yt = YO1 + Z }/tkl(kalaTk](t) and Mt = ZMtkl(kalv"'k](t)’
=1 k=1

the last BSDE can be rewritten as
Tk Tk

Yi= & — [(0.Ys—all)ds — | g d(M), — [ db,.
t

t t

Finally we observe that P-a.s., 7, = T for k large enough. This allows us to
send & — oo in the previous equation and hence to prove that (Y, M) is a
solution to (2.2). The inequality (2.10) is satisfied by the process Y since it
holds for each Y™ in view of Proposition 2.3.

2) If U}, and U are not necessarily nonnegative, we use a double ap-
proximation by setting U;"? := Ut+1{f0t U lds<n} ~ U; 1{f0t U, ds<p} and
Up™P .= (UR)* An—(Uy)~ Ap. The condition (2.9) is used here to extend (2.3)
from the truncated to the general case and to ensure that Y,Y remain well-
defined. In some more detail, we define 75, (with |U| and |B|) and Y™P* and
M™PF analogously as before. Then Y™P5* is increasing in n and decreasing in

p, and it remains bounded by k. Arguing as before, we set Y* := inf sup Y"™Pik
P n

to get the existence of M* such that lim lim M:A’;kk = MF and (Y*, M¥)

pP—00 N—+00

still solves the BSDE. The rest of the proof is unchanged. O

In connection with the stochastic control problem, it will be important to
know when the stochastic exponential £ ( — %M ) is a true martingale, where
M comes from the solution of the BSDE (2.2).

Theorem 2.5. Suppose that there exists a constant A > 1+ % such that
(2.11) E [eA%SSTBﬂ +E [eA%GSTB*} < o0.

Then the stochastic exponential 5(— %M) is bounded in Llog L(P) and hence
a (uniformly integrable) martingale on [0,T].
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Proof. Since (2.11) clearly implies (2.9), existence of a solution is ensured by
Theorem 2.4. For any stopping time 7 with values in [0, 7], the BSDE (2.2)
gives

1 _ 1 1
— exp <%(YT ~ Y f(ssysds+ansds)> .
0 0
Hence it suffices to prove that there exists a constant A\; > 1 such that

FE {exp ()\1%(}/7 fésYSderoszsds))] <C,
0 0

where C' € (0,00) is a constant which is independent of 7.
From the estimate (2.10), we have

Y, +a [Usds— [6Yidt > S7°Y_ + /a(l —edd MT)US ds
0 0
0

T t

- /515 (5[57,5 - /aefst Ordryy ds) dt.
0 0

T t T

But Fubini’s theorem gives [ ¢, [ aels T ds dt = foz(ef: Ordr _ I)US ds,
0 0 0

and so we deduce that

(2.12) Y, — [6,Ysds +a [Usds > S70YV — [6,87°Y dt.
0 0 0

-1

Now pick p > 1 with X > p > 1+ 571, and set A\, = % > 1. Using (2.12)

and (2.4) and setting L} := sup FE[By|F,], we obtain with (2.1b) that
0<s<t

FE {exp ()\1% (YT - fTésYS ds + « f Us ds))]
0 0
E [exp (A1%(875XT - Ofatst—é?t dt))]
B|eww (Mlog 2[5 | ] exp (w3 Iy [ o577 ar)|
0

< (o[ ]) )

IN

IN

T
edT -1

Finally, we set q := ﬁ andr:= (p—1) > 1 and use Holder’s inequality,

A1p = A, Jensen’s inequality and Doob’s inequality in L" to get
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E |:eXp (—)\1%<YT _ Of&Y ds +aOst ds))}

<E [(E [6%63T37 ‘]:_T})/\lp:| 1/pE [e%(eET_l)L;}l/q
<ClE [e’\%egTB—}

E [e%(ew—l)&} T -0 <o

)

because Alqr(e” — 1) = AT a

3. The BSDE on an infinite horizon

In this section, we use BSDE techniques to prove the existence and uniqueness
of a solution to the infinite-horizon BSDE under suitable conditions.

Hypothesis 3.1. Throughout this section, we impose the standing
assumptions

(3.1a) I is a continuous filtration, i.e. all local (P, IF')-martingales are
continuous.
(3.1b) & > 0 is uniformly bounded (by &, say).

Again, the assumptions on U = (Uy)>0 will be specified later; U/, does not
appear here. The BSDE (1.2) under study is now

(3.2)  dY; = (6:Y: — aU;) dt + % d{M) + dM;, tliglOY} =0 P-as.,
and as before, a solution of (3.2) is a pair (Y, M) satisfying (3.2), where Y is a
P-semimartingale and M is a locally P-square-integrable local P-martingale
null at 0.

The first step in tackling (3.2) is to obtain a priori estimates for the finite-
horizon version with terminal condition Y7 = 0. But in contrast to Section
2, we now need the bounds to be uniform in 7', and so we need stronger
assumptions on U.

Definition 3.2. We say that a random variable X is in D®*P if [e’\|X‘] < 00
for all A > 0. A progressively measurable process U = (Uy)¢>¢ is in D], for

T
T € (0,00], if [ |Us|ds is in D®, and an RCLL process Y = (Y})¢>0 is in D7,
0
for T € (0,00], if Yt := sup |Yi|isin D®*P. (By convention, Y := sup |Y}].)
0<t<T >0

Let us now consider the BSDE



14 Some infinite-horizon BSDE results 11

1

T

Proposition 3.3 (A priori estimates). Suppose that [ |U|ds is a bounded
0

random variable. Then there exists a unique solution (Y, M) to (3.3) such that

Y is a bounded process. Moreover, we have the estimate

(3.4) ;| gﬂlogE[exp (% fa|U5|ds) ’]-‘t}, 0<t<T.
t

Proof. Existence and uniqueness of a solution with Y bounded follow as for
Proposition 2.3 from Theorems 2.5 and 2.6 of Morlais [12]. Applying Tanaka’s
formula then first yields

1
d|Yy| = sign(Y;) dY; +dL; = sign(Y;) ((5tm—aUt) i+ 55 d(M)t+th) +dL,,

where L is the local time at 0 of the continuous semimartingale Y. Next, apply-
t

ing It6’s formula to the bounded process Z; := exp (% (|Yt| + [ a|Us] ds)),
0

we obtain
dz, = —1Z i (Y)(((SY— U)dt—i——l d(M) +dM)
sign Q
t 3 t t t Xt t 2/ t t

1 1
BZt st + BZta|Ut| dt +

1
> BZt sign(Y;) dM,

+ d{M):

1
— 7
252"

in the sense that the difference of the terms on the two sides of the inequality
is an increasing process. So Z is a submartingale, which gives

exp (% (|Yt| +£a|Us|ds)) < E{exp (%{TMUSMS) ‘ft:|

since Yy = 0, and (3.4) follows. O

From this a priori estimate and the localisation method, we obtain the
existence of a solution to the infinite-horizon BSDE (3.2).

Theorem 3.4 (Existence of solution). Let us suppose that
(3.5) E[exp (% Ofoz|U5|ds)} < 00, i.e. exp (% {a|U5| ds) e L

Then the BSDE (3.2) admits a solution (Y, M) which satisfies
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(3.6) Y| < BlogE[eXp (% :I?a|US| ds) ’]—}}, t>0.

If exp (% fa|Us|ds) is in L" for some r > 1, then so is exp (5Y%). If
0
Ue D thenY € DJ2.

1,007 0,00

Proof. 1) We first assume that U is nonnegative and set U}" := Ut]_{ft U,ds<n}
o Usds<
for each n € IN. According to Proposition 3.3, the BSDE

1
on [0,n] admits a unique solution (Y, M™) with Y™ bounded, and by (3.4),
Y| < ﬁlogE{exp (% fa|Us|ds) ‘ft}, t € [0,n].
b

If we set ¥;» = 0 and M = M)} for t > n, then (Y, M™) also satisfies on
[0,n + 1] the BSDE

1
Because U is nonnegative, 1<, Uf* < UMt for t € [0,n + 1], and so the
sequence (Y™) is nondecreasing by the comparison theorem. For each k € IV,
we define the stopping time

T = inf{t >0: ﬁlogE[exp (% ?Q|Us|d8) ‘ft} > k:} ANEk.
i

Introducing the stopped processes Y* := (Y")™ and M™F := (M™)7 we
can argue exactly as in the proof of Theorem 2.4 to construct processes Y and
M, now on [0, 00), satisfying for each T the BSDE

T T T
Y, =Yr - {(651/8 —alUy)ds —[ﬁd(M)s — {dMs.
Since each Y™ satisfies the estimate (3.6) by Proposition 3.3, it follows from
the construction that so does Y, and this implies due to (3.5) that
lim Y; =0 P-a.s.
t—o0
2) In the general case where U need not be nonnegative, we use the dou-
et np . 77+ -
ble approximation U;"? := U, 1{f0t |Us\ds§n}1{t§"} - U; 1{f0t |Us‘dsgp}1{tgp})
t > 0, and denote by (Y™, M™P) the solution to



14 Some infinite-horizon BSDE results 13
1
d}/t == (5t}/t - O[Ut’mp) dt + % d<M>t + th, Yan =0.

Then the proof goes like for Theorem 2.4, using that Y™ P increases in n and
decreases in p.

3) The integrability assertions about Y follow from (3.6) and Doob’s in-
equality. a

To get a uniqueness result for the infinite-horizon BSDE (3.2), we need a
stronger assumption.

Theorem 3.5 (Uniqueness of solution). Suppose that U is in D{*. . Then
the BSDE (3.2) admits a unique solution (Y, M) with Y € D%

Proof. Existence is clear from Theorem 3.4. For uniqueness, let (Y, M) and
(Y’, M’) be two such solutions and note that the martingale part is always
unique by the uniqueness of the canonical decomposition of a special semi-
martingale. Fix 6 € (0,1) and set Y := Y — 0Y” and M := M — 0M’. Then

(B7) V= (5.Y, — a(l — O)U,) dt + — d((M), — 0(M"),) + dI,.

26
Noting that convexity gives
M 1 .

. d{M)y = d{OM’ 1-0)——) <0d{M' —d(M
(38) (M), =d(0M' + (1= )75 ) <OdM)+ 5 d(D)s,
we rewrite (3.7) as
(3.9) dY; = (Mft —a(l - 0)U) dt + dM,

1 A 1 N
—d —O(M"y — ——(M ——— d(M);.
+ 55400 = 00L), = 7500 + gz dla),
Now Tanaka’s formula yields df/t_ = *1{1?,50} dy; + %dﬁt, where L is the

local time at O of the process Y. Applying next Itd’s formula to the process

R t
2= exp (st (30 [t = 001 d5) ) 02 0, we et

N 1 -
dZ, = 1{%§0}dn+§st+a(179)|Ut|dt)

1
s
1 ~
! mz’fl{fagm d(M);

1 N
> _ﬂ(l — 9) Zt]-{{/tgo} tha

where the last inequality uses (3.9) and (3.8). Thus Z is a local submartingale,
and so there exists an increasing sequence of stopping times 7,, * 0o such that
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TATy

I a|Us|ds) ‘ft]

NTn

exp (5 ¥inm, ) < B o0 (g Ve, + 5

Because Y € DJ® U € DY® and Jim Y; = 0, we obtain for n — oo and
’ ’ —00
T — oo that

exp (ﬁff,ﬁ) < E[exp (% jfooz|US| ds) ‘ .7-}},
which is equivalent to
(Y= 0¥))" =¥ < 81— 0)log B exp (3 [ ol ds) | 7]

Letting @ — 1, we deduce that Y¥; > Y/, and since a symmetrical argument
gives the reverse inequality, the proof is complete. a

As in Section 2, we again want to know when the stochastic exponential
& ( — %M ) is a true martingale, where M now comes from the solution of the
BSDE (3.2). However, we only expect to obtain this here on the open interval
[0,00), and the proof below shows why T = co causes a difficulty.

Theorem 3.6. Suppose that U is in Di{; and denote by (Y, M) the solution
to (3.2) from Theorem 3.4. Then for every finite T and every r < oo, the

stochastic exponential (5( - %M)t) is bounded in L™, and so 5(— %M)
0<t<T

is a martingale on [0, 00).

Proof. Fix T € (0,00) and let 7 be a stopping time with values in [0,T]. As
in the proof of Theorem 2.5, the BSDE (3.2) gives

E(—1M)_ =exp (—%(YT Yo [6Yeds+a[Us ds))
0 0
< exp (%YO) exp (%Yj’f(l +0T) + % [ a|Us| ds),
0

and the conclusion follows from Theorem 3.4 because Y & DST;. O

4. The stochastic control problem on an infinite horizon

In this section, we prove existence and uniqueness of a solution to the infinite-
horizon stochastic control problem.

Let us first give a precise formulation. We recall from Section 1 the un-
derlying filtered probability space (2, F,IF,P) with F' = (F;)o<t<co, the
parameters a > 0, 8 > 0 and the processes § = (§;);>0 and U = (Up)i>0. We
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1
denote by Q the set of all probability measures @ <L Pand by Z9 = (ZtQ )t>0
an RCLL version of the density process of () with respect to P. Since Fy is
trivial, we have

{z°1Qe g}
C {all RCLL P-martingales Z = (Z;);>0 with Z > 0 and Zy, =1} =: Z.

Now define for any ¢t > 0 and Z € Z in analogy to (1.3) and (1.4)

and the cost functional
Coo(Z) = U o (Z) + BRY o (2).
The stochastic control problem studied here is to minimise the functional
Z = I'no(Z) := Epltoc(Z)]

over a subset Z; of Z, defined below. Note that by the minimum principle
for supermartingales, Z € Z remains 0 if it ever hits 0; so both summands of
Coo(Z) are well-defined.

Hypothesis 4.1. Throughout this section, we impose the standing
assumptions

(4.1a) There exists some T € (0, 00) such that for all v > 0,

To [e’e)
Ep[exp ('y S/ |Us|ds)] JrEp[f exp(V|Us|)1 (v, 20} ds} < 0.
0 To
(4.1b) 0 <6 <6 <0 < oo, uniformly in (t,w), for constants &, d.

The first condition in (4.1a) says that U is in D{’p; we remark that the
indicator function in the second term fixes an obvious oversight in (4.4) of
Bordigoni [1]. The condition (4.1b) is natural for an infinite-horizon problem.
Note that we do not assume here that IF' is a continuous filtration.

Definition 4.2. Z; denotes the set of all martingales Z € Z satisfying
Ep[R) . (Z)] < .

Our stochastic control problem is slightly more general than the one stud-
ied in Chapter 4 of Bordigoni [1] since we do not insist on working on the
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canonical (Skorohod) path space. The presentation here is linked to Bor-
digoni [1] and to the slightly different formulation in Section 1 as follows.
For any Q with Z© € Zy, we have under (4.1a) for any ¢ > 0

- A 7Q
Ep[R} (29| F] = Ep /5 57 — ZSQ Fi| = Eq [R] (Q)| F],
+ t
- 0055
Ep|Uf (Z°)| F:] = Ep 57 Fi| =Eq U o | 7] ;

this is proved in Lemma 4.6 and Remark 4.10 of Bordigoni [1], essentially by
using Bayes’ rule. In particular, this shows that

I'o(Z9) = Ep[2s0(Z29)] = Eqlese(Q)] = I'o(Q)-
Expressing everything under P and working with martingales Z € Z; turns

loc

out to be a bit more flexible than working with probability measures @ < P.
From now on, all expectations without subscript are under P.

Remark 4.3. Under (4.1b), [,5%ds = S? for every t > 0 and hence also
¢

S6
/5§th

t

E

}“]1 for every t > 0 and any Z € Z.

We start with some auxiliary estimates. These are true for any Z € Z,
with the understanding that we set E[R§ . (Z)] = +oo for Z € Z\ Z5.

Lemma 4.4. For every Z € Z and every T € (0, 00),

1 - -
E|Zrlog Zr] < ge‘?(T“)(E[Rgm(Z)} +e ).

Proof. Since t — E[Z;log Z;] is increasing and zlogz > —e~!, Fubini and
(4.1b) give

T+1
E[Zrlog ZT] < / 8% ‘SS(Z log Zs + e~ )d]

| /\

—65<T+1>E[f5 83(Zlog Z, + ) ds|
) 0

= %65(T+1)(E[7~38700(Z)} + 6_1)

by Remark 4.3. O
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Proposition 4.5. There is a constant C < oo such that for every Z € Z,

(4.2) E[}OS;SZS|US| ds} <C(1+E[R) (2)]) < C(1+ Iwu(2)).
0

Proof. This is a simplified version of the proofs for Lemma 4.9 and Proposition
4.11 in Bordigoni [1]. We use several times below the elementary inequality
zy < e +ylogy for x € R,y > 0, typically applied to zy = 'yz%y. Starting
with éx.(Z), we split I;lgyoo(Z) into an integral from 0 to Ty and another from
To to oo to write first

07 s

E[exp( ?w 1ds)]

E[Z1,(log Z1, + [log7])]-

To
(4.3) E[OfS§Z5|US|ds} < E[ZTU

Next, we have due to S° < 1 and Remark 4.3 that
(4.4) E[/SfZS|Us|ds}
To

<F

< [ AT ds} +E{f 1837, 10g(1S0 Z) 1, 40 ds}
<B|
1

To

67‘U5‘1{U5;£0} ds] + E{f %S,S’g(ZS log Z +e*1)ds}
5 &

%
;|1og'y|E[f 8907 ds}

%) 1 B
= E[ J eV\Us\l{US;éO} ds} + —(E[Rgoo(Z)} +e 4 |10g’y|).
To ) ’

Combining (4.3) with Lemma 4.4 and (4.4) gives the left inequality in (4.2)
in the form

(4.5) E[ :fOSEZSIUSI ds} <C+ E[ﬁgyoo(Z)]%(eg(Toﬂ) +1),

where the constant C' depends on « and also on U via (4.1a). By definition,
then,

faE{fS‘sZ U, |ds} +BE

2)]
R

Y]

0,00(2)]

> —aC + B[R] 1 (2)] (8~ = (14 7THD)),

@
79
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and so the right inequality in (4.2) follows by taking v large enough and
choosing a new constant appropriately. O

The above argument also shows that I'n(Z) < C(1+ E[R . (Z)]) for all
Z € Z, with a suitable constant. Another direct consequence is the following
result that will be used later.

Corollary 4.6. For every T > Ty, every Z € Z and every v > 0,

o0 [o ] 1 -
E[!SﬁZSUS as| < E[!e”'Us'l{wo} ds| 25 (E[Ro oo (2)] e 4] log 1]).

With these preparations, we are ready to prove existence and uniqueness
of a solution to our stochastic control problem.

Theorem 4.7. Under Hypothesis 4.1, there exists a unique Z* € Zy that
minimises the cost functional Z — Ix(Z) over all Z € Zy.

Proof. This again follows closely the arguments in Bordigoni [1]; see there the
proof of Theorem 4.15. Since we optimise over Z instead of @, we need not
work on path space and can simplify some arguments.

First of all, uniqueness is clear because Z +— I'w(Z) is strictly convex like
z +— zlog z. Existence is proved in several steps.

1) Since Z = 1 is in 25 and E[R) (1)] = 0, (4.1a) and Proposition 4.5
imply that —oo < Ziéq;f I'so(Z) < 0. So we can take a sequence (Z"),en in

Z; such that I'no(Z™) decreases to Ziné I's(Z) as n — oo. Combining the
€25

well-known Komlés-type result in Lemma Al.1 in Delbaen/ Schachermayer
[7] with a diagonalisation argument produces a sequence (Z")nen With
Z"™ € conv(Z™, Z"TL . ..) for all n and such that with probability 1,

lim Z =: Z° exists in [0, cc] for all 7 € Q.

n—o0
Since each Z" is like the Z" a martingale > 0 with expectation 1, Fatou’s
lemma yields that each Z° is integrable and (Z2°),cq+ is a supermartingale.
By a standard argument (see Dellacherie/Meyer [8], Theorem VI.2), we can
therefore extend (Z2°),cq+ to a process Z* = (Z})i>0 with RCLL trajectories
and such that Z* is a supermartingale > 0 (now over [0, 00) instead of @T).

In fact, we can take Z; := lim Z.
N, TEQT
2) In order to show that Z* is even a martingale and in Zf, we first use

Lemma 4.4 to obtain for each r € @7 that

_ _ 1 = ~ _

sup o) < —e sup +e ") < oo,
E[Z"log Z" o(r+1) E[R) (2" !

neN 4 n€IN ’

because by Proposition 4.5 and convexity of Z — [ (Z),



14 Some infinite-horizon BSDE results 19

B[R} . (Z™))] (1+ I'w(Z™))

<C
< C(1+ sup Foo(Zm)) <C(1+Tw(Z2Y) < .

m>n
So (Z)nem is uniformly integrable for each r € @%, and this implies

E [Zfo] = nh_}n;OE [Zﬂ =1 forallr € QT,
which means that the supermartingale Z* is a martingale (over @%). Using
Doob’s maximal inequality and the fact that (Z7,),cv converges to Z}, in L
for every m € IN next shows that with probability 1, (Z"),en converges to Z*
uniformly on compact subsets of [0,00), and the same uniform integrability
argument as above then yields that also Z* is a martingale (over [0, oo)),
hence in Z. Finally, Fatou’s lemma, Remark 4.3 and Proposition 4.5 give

E[ﬁg,oo(z*)] = E[/&é‘fz; log Z7 ds}
0

< lim infE[’lig,oo(Z”)] < sup O(1+ I (Z2"™)) < o0
so that Z* is in Zy.
3) To show that Z* is optimal, we want to prove that Z — I (Z) is
lower semicontinuous along the sequence (Z"),cn, because we then get by
convexity

% <1 . —>n <1 . ny _ ]
I'o(Z )_lzni}gffoo(Z )—h,EE,}QfFoo(Z ) Zlélgff'oo(Z)

We have just seen in step 2) that E[ﬁgyoo(Z*)} < lglnl)ior.}f E[fzgm(Z”)] so that

it only remains to prove the analogous inequality for the part with Z;{gyoo(Z ).
Now U € D7, by (4.1a), and so we can use the finite-horizon results in
Bordigoni/Matoussi/Schweizer [2] to obtain

To To
E[b/’sgngs ds} - E[Z;O / SU, ds}

_ Ty To _

<liminf |23, [ S2U,ds| =timinf B| [ 270, ds|:

n— 00 °0 n— 00 0

see step 4) in the proof of Theorem 9 in Bordigoni/Matoussi/Schweizer [2].

We then split the remaining integral from Tj to oo into one integral from T} to

T > Ty and another from T to co. The integral over the finite interval (Tp, T
exp

is again treated as above, using that (4.1a) also gives U € DYt by Jensen’s
inequality. Finally, Corollary 4.6 gives

E[;;"OS;SZQUS ds} < E[;feﬂUs'l{US#O} ds}

1 - _
+ —( sup B[R} (Z™)] +e™ ! + |1og7|)
’Yé nelN ’
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for all ¥ > 0 and all n € IN, and the same estimate holds for Z* instead of Z"
as well. Choosing first v large to make the second summand above small and
then, using (4.1a), T large to get the first summand small as well, we deduce
that

lim sup{E[foZsUsds} :Z=2"or Z =2" for somenElN}:O,
T

T—o0

and so we obtain after putting everything together that
E[fsgngs ds} < hminfE[ngZgUs ds]
0 n—oo 0

This completes the proof. O

As in the finite-horizon case treated in Bordigoni/Matoussi/Schweizer [2],
one can show that the optimal Z* from Theorem 4.7 is strictly positive. If
there exists Q* with density process Z* (e.g. as in Bordigoni [1] if one works on

path space), this translates into saying that Q* = P. The proof of positivity
can be found in Bordigoni [1], Theorem 4.18, and largely parallels that of
Theorem 12 in Bordigoni/Matoussi/Schweizer [2].

Also as in Bordigoni/Matoussi/Schweizer [2], one can show that the mar-
tingale optimality principle holds in our setting; see Proposition 4.19 and
Corollary 4.20 in Bordigoni [1] for details of this standard argument. As a
consequence, the optimal Z* from Theorem 4.7 is also conditionally optimal
at any time t or even stopping time 7. To properly formulate this, we denote
by V = (V4)¢>0 an RCLL version of the process

(4.6) V,:= egseizr;fE[dgoo(Z) + ﬁﬁf,oo(Z) | Fe] = eggizr}f Ji(Z), t>0.
Then conditional optimality says that

Vi = Ji(Z7) P-a.s. for all t > 0,
and we now use this to describe the behaviour of V; as t — oco.

Proposition 4.8. Under Hypothesis 4.1,

lim V; =0 P-a.s.
t—o00

Proof. This is analogous to the proof of Lemma 4.22 in Bordigoni [1]. Since
Z =11isin Zy, S is decreasing and E[RQOO(Z) ’.7-}] > 0, we have

Vi = Ju(Z*) < J,(1) < aE[Z’OIUSIds ‘ ]:t}
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which yields lim sup V; < 0 due to (4.1a). To get a lower bound for V4, we use
t—o0
analogous arguments as in the proof of Proposition 4.5 to first obtain

OOS(S % 0o
B /S—EZ—;Usds Fi gE[{ev\Usu{U#O} ds | 7]
t
1 -
+ %(E[Rfm(Z*) ‘ .7-}} +e 4 |10g’y|).
Hence

‘/t = Jt(Z*) > *OéE|:f GV‘US‘]_{Usio} ds ft:|
t

- -1 o >3 *

5l logal) + (8- 75 ) B[R (27) | 1]

and taking 7y so large that g — % >0, we get from E[?ifﬁoo(Z*) ’ ]-'t} > 0 and
(4.1a) that

. a
hgégfvt > —Wé(e + | logv]) P-a.s.

Since + is arbitrary, we conclude that 1itm inf V; > 0 P-a.s., which completes
—00
the proof. a

All results in this section so far hold for a general filtration. If IF' is contin-
uous, one can in addition show as in Bordigoni/Matoussi/Schweizer [2] that
V obeys the dynamics

for some (continuous) local martingale M; see Theorem 4.27 in Bordigoni [1]
for a detailed proof. Together with Proposition 4.8, this explains where the
infinite-horizon BSDE (1.2) comes from. Since the above derivation uses no
essential new ideas in comparison with Bordigoni/Matoussi/Schweizer [2], we
refrain from giving more details.

5. Solving the stochastic control problem via the BSDE

Our goal in this section is to use the results on the infinite-horizon BSDE (3.2)
for a characterisation of the dynamic value process V for the stochastic control
problem from Section 4. As just mentioned, we could have shown that V solves
(3.2), but this is not enough: The uniqueness result in Theorem 3.5 only holds
for solutions (Y, M) with Y € Dy}, and we do not know at this point how

to argue directly that V' from the control problem is in Dy, . The BSDE
techniques developed so far will enable us to prove this. To that end, we now
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show how one can construct from a (particular) solution to the BSDE (3.2) a
(and actually the, by uniqueness) solution for the infinite-horizon stochastic
control problem.

Hypothesis 5.1. Throughout this section, we impose the standing
assumptions
(5.1a) I is a continuous filtration, i.e. all local (P, IF')-martingales are
continuous.

(5.1b)  0< 6 <4 <6 < oo, uniformly in (¢,w), for constants &, d.
Conditions on U will be specified below, when we successively treat three
cases.

Our arguments rely substantially on the finite-horizon results proved in

Bordigoni/Matoussi/Schweizer [2] so that we very briefly recall these here.
Fix T' < oo and consider on [0,T] the BSDE

1
(2.2) Y, = (6,Y; — aUy) dt + o d(M); +dM;, Yy =d'Uh.

Recall from (1.3) and (1.4) the definitions of Ug o and RE,T, and assume that
U (as a process on [0,T1]) is in D% and U} is in D®P. Then Theorem 17
of Bordigoni/Matoussi/Schweizer [2] states that (2.2) has a unique solution
(Y, M) in DS?‘; X Mo joc(P), that Z = 5( - %M) is a martingale on [0, 7]
with E[ZT log ZT} < o0, and that for any martingale Z > 0 on [0,7] with
Zy =1 and E[Zrlog Zr]| < o0, we have for any stopping time 7 < T that

Z S5 - Z .
Y, =E [Z—TUE,T +BR (Z) ‘ E] <E [Z—Tu;iT +BR p(2) \ E] :
(This reformulates the statement that the dynamic value process of the finite-
horizon stochastic control problem is the unique solution of (2.2).) For 7 =0,

this reduces to

T
(5.2) Yo<E [ZT a [ SU, ds + Zr o/ngﬂ
0

T
+ 5E[ / 8,5° 7, log Zs ds + 8827 log ZT},
0

with equality for Z = Z.

5.1. The bounded case

o0
Let us now first study the case where [ |U|ds is bounded. This is of course
0

a restrictive assumption, but it allows fairly simple arguments and provides a
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basic building block. We shall see that the proofs in more general cases follow
the same scheme.

[e ]
Proposition 5.2. Suppose that [ |Us|ds is a bounded random variable. For

0
any solution (Y, M) to the infinite-horizon BSDE (3.2) with Y bounded, we
then have for any t > 0

: 0 »1J
Y, = egsélzr;fE[Ut,oo(Z) + PR oo(2) | F]-

Proof. Without loss of generality, we prove the result for ¢ = 0.
1) Let us start by arguing that for any Z € Z¢, we have

We first note that the nonnegative function g(s) := E[§:8°(Z,log Z, + e~ 1))
satisfies, by Remark 4.3 and Fubini,

g(s)ds = E[f 8:8%(Zslog Zs + e~ h) ds} = E[ﬁgm(Z)] +e7t < oo
0

This implies that there exists a sequence of deterministic times 7T;, /* oo such
that
lim E[SS (Zrp,log Zz, +e )] < lim $g(T,) =0

n—roo n—,oo =

and therefore also

(5.4) lim B[S}, Zr, log Zr,] = 0,

n—oo

since S5 < e 9T 5 (0. Moreover, because Y is bounded and Z > 0 is a
martmgale we have

(5.5) lim |E[S, Zr, Yr,]

n—oo

< lim e ™|Vl E[Z7,] = 0.
n— o0

Now Y is bounded, hence in Dg’7. , and satisfies the finite-horizon BSDE (2.2)
with final value o/UT =Yr, . Moreover Z € Z; verifies E[Z1, log Z7,] < 00
due to Lemma 4.4, and so the finite-horizon results tell us that

Th
(5.6) Y0<E[ [ 802,U,ds + S3. ZTYT}
0
Tn
[ [6,5% 2,108 Z, ds + S3. Znr, log ZTn]
0

On the right-hand side, the second and the fourth summand tend to 0 as
n — oo by (5.5) and (5.4), respectively. Next, Fatou’s lemma yields
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e’} s
E[ngZs|Us|ds} glinginfE[ZTn i S§|Us|ds}
0 n—oo 0
gliminfE[ZTn i |U5|ds} < 0

since [ |Us|ds is bounded and Z > 0 is a martingale. From dominated
0

convergence, we thus deduce that the first summand in (5.6) converges to

E[a [ 82Z,U, ds} = E[U .(Z)] as n — cc. Finally,
0
T, Tn
[ 6:50Zslog Zsds = [ 6:55(Zslog Zs +e L) ds —e (1 — S%n)
0 0

o0
implies via monotone integration and by using [ §s8%ds = 1 that the third
0

summand in (5.6) converges to BE[fésSng log Z; ds} = BE [7@8,00(2)] as
0
n — oo. Putting everything together gives (5.3).
2) Now define Z := €( — 5 M). Since [ |Us|ds is bounded, U is in DY;
0

1,007

and since (Y, M) solves (3.2), Theorem 3.6 tells us that Z is a martingale on
[0,00) so that Z € Z. We want to prove that Z is even in Z;. To that end,
we apply the finite-horizon results to write

T, -
YO =F [ZTna f SgUS ds + S%TLZTHYTH}
0
TT" — — — —
+ ﬂE[ [ 0:8%Z1og Zs ds + S%nZTn log ZTH} }
0

Using Fatou’s lemma and zlog z > —e ™! therefore gives
BE[RS «(2)]
= BE| [ 8,537, 1og Z, ds|
0
T, B B

< Tim inf BE[ 16,802 10g Z, ds}

n—oo 0

— _ _ Tp _

= lim inf (YO — BE[SS. Zr, log Zr,] — E {ZTnoa | 80U, ds + 83, Zr, YTHD

n o0 0

<tliminf (Yo + e~ 4o [1Us\ds| _B[Zr,] + Vi li=B[Zz,]) < o0
n o0 0 oo

because Y and [ |Us|ds are bounded and Z > 0 is a martingale. Hence Z is
0

indeed in Zy.
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3) Since Z is in Z; by step 2) and satisfies (5.2) with equality, the same
argument as in step 1) shows that the inequality in (5.3) becomes an equality
for Z = Z. Hence Z attains the infimum, and the proof is complete. O

5.2. The positive case

We now turn to the case where U is nonnegative and satisfies some integra-
bility condition. Note that U > 0 is a fairly natural assumption. Indeed, if we
think of a full-fledged robust control problem for utility maximisation, then
U; typically represents the utility U(c;) from consumption at time ¢, where
we still optimise over ¢ in a second step. As a consumption rate, ¢; > 0;
so Uy = U(er) > 0 for any nonnegative utility function U on [0, 00), like
e.g. power utility U(z) = %aﬂ for v € (0,1).

Theorem 5.3. Suppose that U > 0 and U is in DY’},. For the solution (Y, M)
to (3.2) from Theorem 3.4, we then have for any t > 0

: 70 513
Y = egsélzefE[ut,oo(Z) + BRY o (Z) ‘ ft]

Proof. Without loss of generality, we again argue for ¢ = 0. The overall struc-

ture of the proof is like for Proposition 5.2, but we first need to recall the

construction of (Y, M). For each n € IN, set U* := Utl{ItU ds<n} and de-
0 s —

note by (Y, M™) with Y bounded the solution to the BSDE
1

on [0,n]. Extending (Y™, M™) to [0,00) by setting Y;” = 0, M;* = M)} for
t > n, we then get on [0, 00) a solution (Y™, M™) to the BSDE

and Y; =, - lim Y;" for all t > 0. We first prove that for any Z € Z;,
n—oo

Indeed, applying Proposition 5.2 to the process (1{tSn}Utn)t>0 and the solu-

tion to (5.7) gives
Vg < Bl [ $02,1 < Ul ds + B [ 0,507, log Z, ds|,
0 0
and (5.8) follows by monotone integration since U > 0.

Now set Z := 5( — %M) so that Z € Z by Theorem 3.6; this uses the
integrability assumption on U. To prove that Z is even in Z;, we first note
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that by Proposition 5.2 and its proof, we have equality in (5.8) for the choice
Z=7"=&(- %M”) so that

Yy = E{afS;?Zgl{sgn}Ug ds+ B [ 6,8°Z"log Z" ds|.
0 0

But by construction, (Yg*)nev increases to Yo, and (M")ney and ((M™))nen
converge to M and (M) locally uniformly in probability so that also Z" — Z
locally uniformly in probability as n — oo. Hence Fatou’s lemma yields

Yo > E[a / S3Z,Us ds + B / 5,5%Z, log Z, ds} = B[U (Z) + BRE..(Z)],

and so Z € Z; because U > 0. Since (5.8) gives the converse inequality, we
actually have equality in (5.8) for Z = Z, and this completes the proof. O

5.3. The general case

Finally, we study a situation where U can be real-valued. Then we need slightly
stronger integrability assumptions.

Theorem 5.4. Suppose that U is in D}Y and that U also satisfies (4.1a),

1,00

i.e. there exists some Ty € (0, 00) such that for all v > 0,
Tg o
Ep[exp (7 [ U] ds)} +Ep[f exp(Y|Us|) 1{v, 20} ds} < 0.
0 To

For the solution (Y, M) to (3.2) from Theorem 3.4, we then have for any t > 0

. -6 56
Y, = egselzr;fE[L{tm(Z) + BRt,OO(Z) ‘ ]ﬂ.

Proof. As already in the last proof, we argue for ¢ = 0 without loss of gener-
ality and again first recall from the proof of Theorem 3.4 the construction of
(Y, M). For n,p € IN, set

U’ = U;rl{fg walas<n} e<ny = U Loy jas<p Moo
and denote by (Y™P, M™P) with Y"™? bounded the solution to the BSDE

1
dY; = (6,Y; — alUy) dt + 35 d(M); +dMy, Y =0

on [0,n V p]. We extend (Y™P M™P) to [0,00) by setting ¥;"” = 0 and
M;"P = M), for t > nV p to get on [0, 00) a solution to the BSDE

n 1 .
(59) d}/t = (5t}/t - al{tSan}Ut 7p) dt + % d<M>t + th, tllzgo}/t =0.
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Then Y; =7 - lim - lim Y;"* and M; = lim lim M,"?. We proceed on
n— o0 pP—00 n—00 p—00
a familiar path.

1) First we prove that for any Z € Zy,
(5.10) Yo < BUS o(Z) + BRG oo (2)].

Like in Section 5.2, using Proposition 5.2 gives
Vi < Bl [ $22,0(ocpupy UlP ds + B [ 6,507,108 Z, ds),
0 0

and (5.10) follows by letting p — oo and then n — oo, provided we can use
dominated convergence. But this is ensured by the first estimate in Proposition

4.5; indeed, (4.1a) yields E[f S3Z,|U,| ds} < oo for Z € Z.
0
2) Thanks to the first integrability assumption on U, Theorem 3.6 implies

that the process Z := 5( — %M) is in Z. To show it is even in Zf, we use
Proposition 5.2 for Z™P := 5( — %M"*p) to get

(5.11) Y7 = E{a [ S8Z191 o<y UnP ds + B [ 6,50 217 log Z ds].
0 0
But (4.5) in the proof of Proposition 4.5 gives
‘E{a [ S8Z0P1 gy URP ds” < Ela [ 822270, ds|
0 0

- _ 1 -
< Cou B[R (2] S (600 1),
’ Yo
where the constant C,, iy depends on 7 and U via (4.1a), but not on n and p.
Plugging this estimate with a minus sign into (5.11) and taking v big enough
yields

(5.12) sup E[ﬁgm(znm)] < C(l + sup YO"’p) < 00,
n,pelN n,p€IN

because applying the a priori estimate (3.6) from Theorem 3.4 to (5.9) tells
us that

YP| < ﬂlogE{exp (%{(JAUSMS)} < o0

for all n and p, by using the definition of U™P. As n — oo and p — oo, we
have locally uniformly in probability M™? — M and (M™P) — (M), hence
also Z™P — Z, and so Z € Z; because E[ﬁgm(Z)} < 00 by Fatou’s lemma
and (5.12).

3) To prove that we have equality in (5.10) for Z = Z, we start from
the equality in (5.11). As n — oo and p — oo, Y;"" tends to Yy and
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lim inf lim infE[ﬁg OO(ZW))] > E[f%g OO(Z)] by Fatou’s lemma. Because
n—oo0 p—o0 ’ ’

Z E[ﬁgyoo(Z)} is bounded along the sequence (Z”’p)npew by (5.12),
almost the same argument as in step 3) of the proof of Theorem 4.7 gives

n—00  pP—00

lim inf lim inf B o [ S2Z071 (o< UZP ds| > B a / S32,U, ds|
0
0

= E[U .(2)].

Note that this exploits the integrability assumption (4.1a). Therefore (5.11)
implies that Yy > E[U{ . (Z) + BRY o (Z)], and so we must have equality due
to (5.10) since Z € Z;. This completes the proof. O

5.4. Consequences for the stochastic control problem

As in (4.6), denote by V' = (V;)>0 the dynamic value process of the infinite-
horizon stochastic control problem. We already mentioned at the end of Sec-
tion 4 that if JF' is continuous, then V satisfies the infinite-horizon BSDE
(3.2). For the proof, we referred to Bordigoni [1]; let us just note here that the
required assumptions are Hypothesis 4.1 plus continuity of IF', i.e. Hypothesis
5.1 plus (4.1a). Under a slightly stronger condition, we can now even prove a
BSDE characterisation for V.

Theorem 5.5. Assume Hypothesis 5.1 and that U is in DY’% . If in addition
either U > 0 or U satisfies (4.1a), then V is the first component of the unique
solution in Dy’ x Mo 10c(P) to the infinite-horizon BSDE (3.2). In particular,

exp
VeDy -

Proof. By Theorem 3.5, (3.2) has a unique solution (Y, M) with Y € D'l ;

and by the definition of V' in (4.6) and either Theorem 5.3 or Theorem 5.4,
Y coincides with V. ad

Remark 5.6. 1) The second case of Theorem 5.5 is the infinite-horizon ana-
logue to the finite-horizon Theorem 17 in Bordigoni/Matoussi/Schweizer [2],
with assumptions and conclusions almost exactly parallel. The only difference
lies in the conditions on U: In (4.1a), we need U € DY’y , but also an exponen-
tial moment control over U on the infinite time interval [Ty, c0). See Remark
4.28 in Bordigoni [1] for a more detailed comment on this point. The result
for U > 0 has no precedent.

2) Our approach for T' = oo here is different from Bordigoni [1] in that we
show for the solution of the BSDE (3.2) that it satisfies the defining property
(4.6) of the value process V. As a bonus, we are able to deduce that V is

indeed in D'l ; this was conjectured, but not proved in Bordigoni [1].
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3) Again in remarkable analogy to the finite-horizon results in Bordigoni/
Matoussi/Schweizer [2], we obtain existence of a solution to the stochastic
control problem for a general filtration IF. But the integrability property
V € Dg*P is only known for continuous IF, since its proof exploits the BSDE

0,00
results. Like in Bordigoni/Matoussi/Schweizer 2], we do not know if V- € Dg™5)
also holds for general IF. o
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