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Abstract The classical stationary Ornstein-Uhlenbeck process can be obtained in two different
ways. On the one hand, it is a stationary solution of the Langevin equation with Brownian
motion noise. On the other hand, it can be obtained from Brownian motion by the so called
Lamperti transformation. We show that the Langevin equation with fractional Brownian mo-
tion noise also has a stationary solution and that the decay of its auto-covariance function is
like that of a power function. Contrary to that, the stationary process obtained from fractional
Brownian motion by the Lamperti transformation has an auto-covariance function that decays
exponentially.
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1 Introduction
Let (2, F, P) be a probability space.

Definition 1.1 A fractional Brownian motion with Hurst parameter H € (0, 1], is an almost
surely continuous, centered Gaussian process (Bf!)ier with

1
Cov (B!, BI) = 3 (WH Fs2H - s|2H) t,sER. (1.1)
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For an in-depth introduction to fractional Brownian motions we refer the reader to Section 7.2

of Samorodnitsky and Taqqu (1994) or Chapter 4 of Embrechts and Maejima (2002). It is clear

that for all H € (0,1], B = 0 almost surely. Moreover, it can be deduced from (1.1) that

for all H € (0,1], (B )scr has stationary increments and is H-selfsimilar, that is, for every

c¢>0, (BH)er 4 (c® BI)cg, where £ denotes equality of all finite-dimensional distributions.
1

(B?)ier is a two-sided Brownian motion. In particular, it has independent increments. For
H e (0,1)U(3,1), (Bff)i>0 is not a semimartingale and it can be derived from (1.1) that for
allheRand 0 < t < s,

Cov (Bi?—&-t - Bf, B}Iz{+s+t - Bf—i—s) = Cov (BtH’ ngt - Bf)

— " <2ﬁ1 2H -2
= (2H — k) | s*7 7",
|
n:1(2n)' k=0
in particular, for every N =1,2,... ,forall h € R and t > 0,

Cov (BfIL{th - Bflja BFILLIJrsHE - BfIL{+S)

2n—1
( H (2H — k‘)) =2 L O(s272N=2) "as 5 — 0. (1.2)

This shows that for H € (

DO
—_
st

oo
Z Cov (BﬁaBng)t — Bﬁ) =0,
n=0
a phenomenon referred to as long-range dependence or long memory of the increments process

(ngrl)t - Bﬁ)

[eS)
n=0 '

The classical Ornstein-Uhlenbeck process with parameters A > 0 and o > 0 starting at
x € R, is the unique strong solution of the Langevin equation with Brownian motion noise

t 1
thg—)\/ X¢ds+oB2, t>0, (1.3)
0

with initial condition £ = z. It is given by the almost surely continuous Gaussian Markov
process

1 t 1
Yf’x P — <x—|—a/ eA“dBIf) , t>0.
0
The unique strong solution of (1.3) with initial condition
0 1
E=0 / MdB2 |
—00

is given by the restriction to non-negative t’s of the stationary, almost surely continuous,
centered Gaussian Markov process

1 t 1
Y2 = a/ e M-WgBZ | teR.

— 00



It can easily be checked that
11 o2 N
Cov (Y;Q,Y;_?H) = ﬁe_ sl t,seR.

1
This implies that (Y,?):cr is ergodic. Moreover, for all z € R,

1

1. 3 1
-Y,? =M Y?—2)] —0, ast — o0,

N

Y,

almost surely. From this it can be derived that if (Y;):>0 is a stationary process that solves
1

(1.3) with any initial condition & € L°(€2), then (V3):>0 < (Y,2)>o0-
Now let a > 0. Then,

1 1
2 . —Ap32
Z} =eMB2,,, teR,

is also a stationary, almost surely continuous, centered Gaussian process, and
11 Al
2 2 —AlS
Cov | Z2,Z2 ) = ae , t,seR.

1 d 1
Hence, for a = 3, (Y;® )ter = (Z/ )ter-

It is shown in Lamperti (1962) that for every H > 0, a stochastic process (X;);>o is H-
selfsimilar if and only if for all A, a > 0, the process

2
)

)?t = e—AtXanp(%t) , teR, (1.4)

is stationary. We call (1.4) the Lamperti transformation from selfsimilar processes to stationary
processes and (X;);er the Lamperti transform of (X3)¢>o.
For H =1, fractional Brownian motion can be represented as follows:

Bl =tn, teR,

where 7 is a standard normal random variable. For every initial condition & € L%(€Q), the
equation,

t
thg—A/ X.ds+0B}, t>0, (1.5)
0
can path-wise be reduced to the ordinary differential equations,
X{(w) = -2AXi(w) + on(w), weQ,

with initial conditions

which have the unique solutions
VW) = e {e(w) = Tn)  + Snw), 120, weQ.
Equation (1.5) has only a stationary solution for the initial condition { = $7. It is given by

v} :Z%n, t>0,

3



which, for all ¢ > 0, equals the Lamperti transform

ifa=%.

Thig leads us to the question whether for H € (0, %) U (%, 1), the Langevin equation with
noise process (0 Bf!);>0 has a stationary solution, if its distribution is unique and if it is equal
in some sense to the Lamperti transform

zH .= e_MBfeXp(%t) , teR,
for an appropriately chosen a > 0.

The structure of the paper is as follows. In Section 2 we show that for all H € (0,1],
the Langevin equation with fractional Brownian motion noise has for all initial conditions
¢ € L°(), a unique strong solution (YtH,£)t20_ Moreover, there exists a stationary, almost
surely continuous, centered Gaussian process (Y;/);cr such that (Y;#)i>o solves the Langevin
equation with fractional Brownian motion noise, and every other stationary solution is equal
to (Y;)i>0 in distribution. The decay of the auto-covariance function of (Y7);cr is for all
H € (0,3) U (3,1) similar to that of the increments of (Bff);cg (see (1.2)). In particular,
(Y7)ier is ergodic, and for H € (%, 1], it exhibits long-range dependence. In Section 3 we
show that for all H € (0,1) the auto-covariance function of (Zf!);cr decays exponentially,
which implies that for H € (0,3) U (3,1), (Y,')ier cannot have the same distribution as
(Z{)ter-

2 Fractional Ornstein-Uhlenbeck processes

Let A\, 0 > 0 and & € L°(Q). Since the Langevin equation,
t
thf—)\/ Xsds+ Ny, t>0,
0

only involves an integral with respect to ¢, it can be solved path-wise for much more general
noise processes (IVi)¢>0 than Brownian motion. For example, it follows from Proposition A.1
that for each H € (0,1] and for every a € [—00,00),

t
/ e)‘“dBf, t>a,
a
exists as a path-wise Riemann-Stieltjes integral, which is almost surely continuous in ¢, and
i t
Y, L= e <§+0/ eA“dBf) , t>0,
0

is the unique almost surely continuous process that solves the equation,

t
Xt—g—/\/ Xids+oBf, t>0. (2.1)
0



In particular, the restriction to positive t’s of the almost surely continuous process
t
v = a/ e MWIBH e R,
— 0o

solves (2.1) with initial condition & = Y{. It is clear that (Y,/);cg is a Gaussian process, and
it follows immediately from the stationarity of the increments of fractional Brownian motion
that it is stationary. Furthermore, as in the Brownian motion case, for every £ € L°(€),

Y;H — YltH’5 =M (YOH - 5) — 0, ast — oo, almost surely,

which implies that every stationary solution of (2.1) has the same distribution as (Y;);>o. We
call (YtH’f)tzo a fractional Ornstein-Uhlenbeck process with initial condition & and (Y7 )icr a
stationary fractional Ornstein-Uhlenbeck process.

In Pipiras and Taqqu (2000) it is shown that for H € (3,1) and two real-valued measurable

functions
f,ge{ // W1 (v Hu—vFH—Zdudwoo},

the two integrals [ f(u) (u)dBH, I g(u)dBY can in a consistent way be defined as limits of
integrals of elementary functions, and

E[/_Zf(u)dBf/_Zg(u)dBﬂ :H(2H—1)/_2/_Zf(u)g(v)|u—v|2H_2dudv.

For H € (0, 3), the kernel |u — v* 72 cannot be integrated over the diagonal. However, if f
and g are regular enough and the intersection of their supports is of Lebesgue measure zero,
the same holds true. We will only need this result for the case where f and g are given by
f(u) = g(u) = e* and their supports are disjoint intervals. However, the following lemma can
easily be generalized.

Lemma 2.1 LetHe(O,%)U(%,l},)\>Oand—oo§a<b§c<d<oo. Then

b d b d
E U e)‘“dBf/ eMdBf] = H(2H — 1)/ e (/ e (v — u)2H2dv> du .
Proof. We first assume b = 0 = c¢. By Proposition A.1 a) we get
0 d
E [ / eMdBH / e’\“dBﬂ
a 0
0 d
= E |:<—€>\an —)\/ e/\“deu> <e)‘dBf —)\/ e’\”dev>]
a 0

— 1 )\aeAd [(*CL)2H + d2H _ (d* a)ZH]

d
+=Xe A“/ N [(—a)? +v*H — (v —a)*] dv
0

2
1
2
0
;A /\d/ e/\u [(—U)2H + d2H . (d . 'LL)2H:| du
da 0
—1-2)\2/ e (/ et [(—u)*" + v — (v —u)?M] du> dv .
0 a

5



After partial integration with respect to wu, this becomes

0
_He)\d/ A [(_u)2H—1 —(d- u)QH—l] du

a

+HA /0 e < / N [(—a)HT (= )2H1] du> dv.,

which, by partial integration with respect to v, is equal to

H(2H —1) /ao e (/Od (v — u)2H_2dv> du.

Now we assume b = 0 < c. It follows from above that

0 d 0 d 0 c
E [ / eMdBH / eMdB{,f] =B [ / eMdBH / eMdBH — / eMdBH / eMdB{,f]
a c a 0 a 0
0 d 0 c
= H(2H-1) [/ e </ e (v — u)2H2dv> du —/ e </ e (v — u)QHQdfu> du]
a 0 a 0

0 d
= H(2H - 1)/ M </ e (v — u)QH_QdU> du .
H

For general —co < a < b < ¢ < d < o0, the process fEtH = B, — B,f[,t € R, is again a
fractional Brownian motion. Therefore,

d—b

b d 0
E[ [ evanit | e’\”dBf] :E[ | ewmany [ e““b)déf]
a c a—b c—b

0 d—b
= H(2H — 1)/ eMwtb) </ AN (g — w)2H_2dx> dw

a—b —b

b d
= H(2H - 1)/ e (/ e (v — u)QH_QdU> du,

and the proof is complete. O

Lemma 2.2 Let 3 < 0. Then for each N =0,1,2,...,

oo N
ex/ e*yyﬁdy =27+ Z
X

n=1

n—1
(H(ﬁ - k)) 2P 0PN as 2 — o0,

k=0
and

a? N n—1
e_m/l eYyPdy = 2P + Z(fl)" <H(ﬂ - k:)) 27 0PN as 2 — o0,

n=1 k=0

where 3°°_ | means 0.



Proof. We have

o0
ex/ e YyPdy
x
oo
= e (exxﬁ—l—ﬂ/ eyyﬂldy> =
x

= 2P+ BB —1)2P 2+ +B(B—-1)...(B—=N+1) 2PN
FEBE 1) (9= N) [ et Ny,

and
(o) o0
e‘r/ e Yyl N=lqy < ex/ e VP N-1qy = = N-1
xX

xT

which proves the first assertion. On the other hand,

X
e_x/ eYyPdy
1
T
= e * (exxﬁ —e —ﬁ/ eyyﬁ_ldy> =
1

= 2P — g+ (-D)VBB-1)...(B=N+1zN
—eTe{l—-B+...+(-D)VB(B-1)...(B-N+1)}

e -1 (- N " eryp Ny,
1

and

x 5 x B—N-1 © B—N-1
/ PNy < e < /26%+ / o (2) dy> <oty (2P
1 1 z

This proves the second part of the lemma.

Theorem 2.3 Let H € (0, %) U (%, 1] and N =1,2,... . Then for firedt € R and s — o,

2n—1

N
1
Cov (V.Y ) = 502 ) A~ (H (2H — k:)) g2H= | O (2H-2N=2y
n=1 k=0

Proof. By Lemma 2.1,

Cov (Y, Y,) = Cov (Y1, Y]

0 s
= E{a / MdBH o / eMH)dBf]
1

0 1
= ¢ ME|o / MudBH 5 / Y evgpH
—00 —00
0 s
+02H(2H—1)e_)‘5/ e / (v —u)*2dv | du
1
oo 1




(by the change of variables: w = Au, x = A\v)

2 0 As
e? (/ e (x — w)QH_de) dw + O(e™*)
1

o
(by the change of variables: y =2 —w, z = x + w)

= arH(2H - 1)(“/
0_2 Y As 3 Y B
= 2)\2]{[-[(2H—1)e>‘{/ y2H2</ edz)dy
1 2—y

00 2As—y
+ / y2 =2 </ ezdz> dy} +0(e™)
As 2—y

0.2

— WH(QH - 1)67>\s

As ) [e's)
» {/ enyH—Zdy+/)\ 62,\s—yy2H—2dy_/ eQ—nyH—Qdy} +O(€—>\S)
1 s 1

0.2

As 9]
= 2)\WH@H -1) {eAS/l eYy?H=2dy 4 //\s eyy2H2dy} + 0(e™).
The proof can now be concluded by applying Lemma 2.2. O
Theorem 2.3 shows that for H € (0, 3) U (3, 1], the decay of

Cov (}QH,SQES) , for s — o0,
is very similar to the decay of
Cov (Bﬁrt — BE,B,?HH — B}ﬁ_s) , for s — o0

see (1.2)). In particular, (Y;).cr is ergodic, and for H € (3, 1], it exhibits long-range depen-
t 2
dence.

Remark 2.4 Let s € R. For all H € (0,1), the functions f(z) = ly,<pe™ and g(z) =

1 {mgs}eM belong to the inner product space Ay defined on page 289 of Pipiras and Taqqu
2000). Hence, for all t,s € R, Cov (Y7, Y,fl) is equal to
t t+s

,T(2H + 1) sin(nH) /00 I

isx

27 R

a2e s (f, NDi, =0 dz . (2.2)

Therefore, the expression given in the the statement of Theorem 2.3 is an asymptotic expansion

of the right hand side in (2.2) as s — 0.

The next corollary shows that for the solution (Y;");>0 of (2.1) with deterministic initial value
YvOH,z —re R,

Cov (Y;Hx, 1@5;) , for s — o0,
decays like a power function of the order 2H — 2 as well.

Corollary 2.5 Let H € (0,%) U (%,1], r€Rand N =1,2,... . Then for firted t > 0 and
s — 00,

H7 H7
Cov (v, v7)

N 2n—1
1
_ 502 Z)\—Qn ( H (2H — k:)) {SZH—Qn _ e—,\t(t + S)ZH—Qn} + O(s2H2N-2)
n=1 k=0



Proof.
Cov (v, V1Y)

r t t+s
= E O'/ e_)‘(t_")dBfa/ e_)‘(t+s_v)dBf]
0 0

r t t+s 0
= E 0'/ ef)‘(tfu)dBfU </ efA(HS*”)dBf - e)‘s/ e)‘(t”)dBf>}
L 0 —00 —00

r t 0 t+s
= E|o ( / e ANmIgB — e / eA“dBf> < / e_’\(tJ“S_”)dBf)]
L —0 . 0 —0 — 00
—eME [a / e MW pH 5 / eW”)dBf]
0 —oo

= Cov (Y, VH,) — e MCov (Y, VL) +0(e™).

Now, the corollary follows from Theorem 2.3. 0

3 The Lamperti transform of fractional Brownian motion

Let A > 0 and « > 0. For each H € (0, 1], we set

H._ —XpH
Zt =€ Baexp(%t)’ tGR
Theorem 3.1 Let H € (0,1] and t,s € R. Then
O£2H _ > _ 2H N _
Cov (21", 2H,) = =5~ { e A"S'Jrnzl(—l)" 1( N )e ME=1il b (3.1)
Proof. Without loss of generality we can assume that s > 0. Then,
H 7H P [ o) 22 A A ) 2
Cov (Zt aZt+s) — e te— (lf-‘y-s)T {6 (t+s) +e t (6ﬁ(t+$) _ eﬁt) }
2H 2H
= 7042 et {1 e s (1 - ef%s) }
2H 0
2H n
_ Ck2 6)\8{14‘8_2)\8—2(”)(_6_25) }
n=0
ot s > 2H n
= 53¢ —1)nt “A(F-1)s
S G E) () ,

which proves the theorem. O

It follows from Theorem 3.1 that for every N = 1,2,..., for each H € (0,1) and all t € R,

H H o —Als| - no1(2H “A(-1)]s] A1) s
Cov (2", Zy,) = 5 1€ —i—Z(—l) L Je —i—O(e H ) ,
n=1



as s — 0o. This shows that for all H € (0, 1), the auto-covariance function of (Z{!);cr decays
exponentially. It follows that for H € (0, %) U( %, 1), (ZH)ier cannot have the same distribution
as (Y)er. For H € (0, 3), the leading term in (3.1) for s — oo, is

a2H

eiAls‘ ,

whereas for H € (1,1), it is
2H e M —1)lsl

Note that for H € (0, %), the leading term of Cov (ZtH, Zﬁrs) for s — oo, is positive, whereas
the leading term of Cov (Y7, Y/, for s — oo, is negative (see Theorem 2.3).

Appendix: The Langevin equation

Langevin (1908) pioneered the following approach to the movement of a free particle im-
mersed in a liquid: He described the particle’s velocity v by the equation of motion
do(t) _ f

7 t 7
dt mv( )+ m

(A.1)

where m > 0 is the mass of the particle, f > 0 a friction coefficient and F'(¢) a fluctuating force
resulting from impacts of the molecules of the surrounding medium. Uhlenbeck and Ornstein
(1930) imposed probability hypotheses on F'(t) and then derived that for v(0) = z € R, v(¢t) is
normally distributed with mean ze~* and variance % (1 — 6*2)"‘/), for A = % and 02 = 27{52T,
where k is the Boltzmann constant and 7" the temperature. Doob (1942) noticed that if v(0) is

a random variable which is independent of (F(t)):>0 and normally distributed with mean zero

and variance %, then the solution (v(t))i>0 of (A.1) is stationary and

1 1
2 — >
1{t>0}t2v<2/\lnt> , t>0,

is a Brownian motion, from which he concluded that every solution of (A.1) has almost surely
continuous paths which are nowhere differentiable. To avoid the “embarrassing situation” that
the equation (A.1) involves the derivative of v but leads to solutions v that do not have a
derivative, he gave a rigorous meaning to stochastic differential equations of the form

dX, = —AXydt + dNy (A.2)

for the case that N is a Lévy process and showed that for all z € R, the equation (A.2) with
initial condition Xy = z € R, has the unique solution

t
XF =M <:C+/ e’\“dNu>, t>0.
0

In the modern theory of stochastic differential equations (see e.g. Protter (1990)) the equation
(A.2) with initial condition Xy = & € L%(Q) is understood as the integral equation

t
thg—A/ XSdS+Nt, tZO, (A3)
0

10



and it can be shown that the unique strong solution of (A.3) is given by

t
Xf = e M <§+/ e’\“dNu> , t>0,
0

whenever (IV;);>o is a semimartingale with respect to the filtration generated by (N¢);>0 and

¢.

Proposition A.1 Let (B );cr be a fractional Brownian motion with Hurst parameter H €
(0,1] and € € LY(R). Let —oo < a < oo and A\, o > 0. Then for almost all w € €, we have the
following:

a) For allt > a,

t
/ eMdBH (w)

a

exists as a Riemann-Stieltjes integral and is equal to

t
eMBH (w) — e BH (w) — )\/ BH(w)eMdu .

b) The function
t
/ eMdBH(w), t>a,

a

18 continuous in t.
c¢) The unique continuous function y that solves the equation,

y(t) = £(w) — )\/0 y(s)ds + 0B (), t>0. (A4)

is given by

y(t) = e {f(w) + a/t e’\“dBf(w)} , t>0. (A.5)

0

In particular, the unique continuous solution of the equation,
0 t
o(t) =0 [ Bl - [ yeds+oBfiw), t20,
—0o0 0
is given by

¢
y(t) = O’/ e M=WaBH (W), t>0.

Proof. Tt can easily be checked that

B = 1{s<0}(_8)2HBi{ + 1{S>0}82HB?7 seR,

s

is again a fractional Brownian motion. It follows from the Kolmogorov-Centsov theorem (see
e.g. Theorem 2.2.8 of Karatzas and Shreve (1991)) that there exists a measurable null set

11



N C Q, such that for every w € Q\ N, B¥(w) and B (w) are continuous in s, and for all
< H, .
Bi(w) _

This implies that for all v > H,

Hence, for all t > a,

t
/ BH(w)eMdu

a

exists as a Riemann integral, which, by Theorem 2.21 of Wheeden and Zygmund (1977), implies
that the Riemann-Stieltjes integral

t
/ eMdBH (w)

a

exists too and is equal to

t
eMBH (w) — e BH (w) — )\/ BH (w)eMdu .

a

This proves a).
b) follows from a) and the fact that the function

¢
eMBH (w) — )\/ BH(w)eMdu, t>a,

a

is continuous in ¢.
A continuous function y solves (A.4) if and only if the function

solves the linear differential equation:
2(t) = —Az(t) + &(w) + oBf (w), 2(0)=0. (A.6)
Since the unique solution of (A.6) is given by
t
2(t) = e_)‘t/ e (§(w) + an(w)) du, t>0,
0
the unique continuous function y that solves (A.4) is given by
t
—)\e_/\t/ e (¢(w) + 0B (w)) du+ &(w) + oBf! (w), t>0,
0

which, by a), is equal to (A.5). This shows c). O

12



Remark A.2 Equation (A.3) can be solved path-wise for all stochastic processes (IV¢)¢>o that
have almost all paths in

¢
L (Ry) = {h :Ry — R : his measurable and V¢ > 0, / |h(s)|ds < oo} ,
0
and even when the constant ) is replaced by a stochastic process with almost all paths in

L (Ry) = {g Ry — R : g is measurable and Vt > 0, sup |g(s)| < oo} .
0<s<t

Indeed, if h € £ (R;) and g € £LX (R, ), then it can easily be checked that the function

loc loc
t t
f(t) = h(t) + / g(s)els 0 p(s)ds, ¢ >0, (A7)
0

is in £ (R;) and solves the integral equation

f@zAg®NMHh@,tZU (A.8)

On the other hand, if f € £ (R, ) is a solution of (A.8), then

loc

1= 70 = [ o) [0~ F] s, ¢>0.

and it follows from a variant of Gronwall’s lemma that

JO) - F&)=0, t>0.

Hence, (A.7) is the only function in £. (Ry) that solves (A.8).

loc

If the functions g and h are both in £{° (Ry) and continuous on Ry \ C, where C is of
Lebesgue measure zero, then it can be deduced from Theorems 5.54 and 2.21 of Wheeden and

Zygmund (1977) that f can be written as follows:

t t s
f(t) = elo 9twdu <h(0) +/ e Jo 9(“)d“dh(s)> . t>0,

0

where [) e~ Jo 9dugps) is a Riemann-Stieltjes integral.
Note that almost all paths of a semimartingale are right-continuous and have left limits, in
particular, they are in £7° (R4 ) and have at most countably many discontinuities.
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