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We show that the sum of a Brownian motion and a non-trivial multiple of an indepen-
dent fractional Brownian motion with Hurst parameter H € (0, 1] is not a semimartin-
gale if H € (0, %) U (%, %], that it is equivalent to a multiple of Brownian motion if
H= % and equivalent to Brownian motion if H € (%, 1]. As an application we discuss
the price of a European call option on an asset driven by a linear combination of a

Brownian motion and an independent fractional Brownian motion.
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1 Introduction
Let (€2, A, P) be a probability space.

Definition 1.1 A fractional Brownian motion (BtH)teIR with Hurst parameter

H € (0,1} is an a.s. continuous, centered Gaussian process with

1
Cov (Bf, Bf) =— (|t|2H + s — |t — s|2H) . t,selR. (1.1)
2
These processes were first studied by Kolmogorov (1940) within a Hilbert space
framework. For H € (0, 1), Mandelbrot and Van Ness (1968) defined fractional
Brownian motion more constructively as

_1 _1
B — CH/R [Liocry (t = )% — 1ppcy (—) 3] aW, t € R, (1.2)

where (W), g is a two-sided Brownian motion and cy a normalizing constant.
For H = 1, fractional Brownian motion can be constructed by setting

Bl =t te R, (1.3)

where ¢ is a standard normal random variable. It can be deduced from (1.1) that
fractional Brownian motions divide into three different families. B? is a two-
sided Brownian motion. For H € (%, 1] the covariance between two increments
over non-overlapping time-intervals is positive, and for H € (0, %) it is negative.
From the representations (1.2) and (1.3) it can be seen that fractional Brownian



motion has stationary increments. Furthermore, it can easily be checked that for
all a > 0,
(w57)

has the same distribution as (BtH ) .
a / telR telR

This property is called self-similarity.

By mixed fractional Brownian motion we mean a linear combination of dif-
ferent fractional Brownian motions. In this paper we examine whether a mixed
fractional Brownian motion is a semimartingale when it is of the special form

M™"* .= B+ aB",

where B is a Brownian motion, B¥ an independent fractional Brownian motion
and o € R\ {0} .

To avoid localization arguments we consider (MtH’a)tE[O 7 for T' < oco. It follows

from self-similarity of fractional Brownian motion that the process

(Bt - aBZH)te[O,T]

has the same distribution as

(T%B% +aTHpBH

) — T3 (BL + OéTHf%BLH
T/ t€[0,T] T

T ) te0,7]

This shows that there is no loss of generality in assuming 7' = 1.

Definition 1.2 A filtration IF = (.E)te[m] is said to fulfil the usual assumptions
if it is right-continuous, Fi is complete and Fo contains all null sets of F.
For an arbitrary filtration IF = (.E)te[m] we denote by IF = <“7:t)te[o ] the smallest

filtration that contains IF and satisfies the usual assumptions. 7

The classical notion of a semimartingale stands at the end of a chain of gen-
eralizations of Brownian motion, each of which extended the class of stochastic
processes that can play the role of the integrator in stochastic integration in
the Ito-sense (see It6 (1944) for It6’s construction of the stochastic integral).
It reached its final form in Doléans-Dade and Meyer (1970). In their paper a
stochastic process (X;) that is adapted to a filtration I = (F;) satisfying the
usual assumptions is called an [F-semimartingale if it admits a decomposition of
the form

X, =Xo+ M, + A, (1.4)

where X is an Fy-measurable random variable, My = Ay = 0, M is an a.s. right-
continuous local martingale with respect to IFF and A an a.s. right-continuous,
IF-adapted finite variation process. Later it was found that if a filtration IF =
<f>t€[0,1} satisfies the usual assumptions, an a.s. right-continuous, F-adapted
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stochastic process (X¢) o ) is of the form (1.4) if and only if X fulfils the following
condition:

Ix (B (IF)) is bounded in LY, (1.5)
where
n—1
ﬁ(lF) = {ijl(tj,t”lHnE]N, 0<ty<...<t, <1,
=0
Vj, fj is Fi,-measurable and |f;| <1 a.s. } (1.6)
and

n—1 n—1
Ix(0) = > £ (Xoypy = X)) for 9 =3 filg,0,,, € BUF) .
j=0 j=0

This result is usually referred to as the Bichteler-Dellacherie theorem (see e.g.
VIII.4 of Dellacherie and Meyer (1980) for a proof). For our purposes it is more
convenient to work with condition (1.5) than with the decomposition property
(1.4). If one does not require the process to be a.s. right-continuous and the
filtration to satisfy the usual assumptions, one obtains a weaker form of the
semimartingale property than the classical one.

Definition 1.3 A stochastic process (Xt)te[o,l] is a weak semimartingale with
respect to a filtration IF' = (F),c0q) of X is F-adapted and satisfies (1.5).

Let (Xt)cq01) be a stochastic process. If F' = ("Ttl)te[o,l] and IF* = (ff)te[m]
are two filtrations with F! C F? for all ¢ € [0,1], then 3 (1F1> Ccp (IFQ> Hence,
L°-boundedness of Ix (ﬁ (IFQ)) implies L°-boundedness of Ix (ﬁ (IF 1)) This

shows that if X is not a weak semimartingale with respect to the filtration gen-
erated by X, then it is not a weak semimartingale with respect to any other
filtration. Therefore it is natural to introduce the following definition.

Definition 1.4 Let (X)) be a stochastic process. We define the filtration

F* = (ftx>te[0,1} by

X
Fi =0 ((XS)ogsgt) ,t€[0,1].
We call X a weak semimartingale if it is a weak semimartingale with respect to

F*. We call X a semimartingale if it is a semimartingale with respect to o

Example 1.5 It is easy to see that the deterministic process

0 fortel0,4]
Xt_{l for t € (3,1] °

is a weak semimartingale. But it is not a semimartingale because it is not a.s.
right-continuous.



However, it follows from Lemma 2.4 below that for every filtration IF' = (Ft)te[o,l}a

an a.s right-continuous IF-weak semimartingale is also an [F-semimartingale.
The problem of determining whether M is a semimartingale is easiest when
H e {%, 1}. It is clear that
1

V1+a?

1
. . . . .. — M2 . . 1
is a Brownian motion. In particular, it is an s -semimartingale. Hence, Mz
is a semimartingale. M1 can be represented as

M3

M} = B, + até, t € [0,1],

where B is a Brownian motion and ¢ an independent standard normal ran-
dom variable. This shows that M La is a semimartingale with respect to IF =

(.7'}>t6[071], where

Fi=o0 (ga (Bs)ogsgt) ,t€10,1].

With the help of Girsanov’s theorem we can show even more. Unlike M %’O‘, M=
is not a multiple of a Brownian motion under the measure P. But it is a Brownian
motion under an equivalent measure (). It can be deduced from Fubini’s theorem
that

E [exp (—oszl — % (af)Z)] =1.
Therefore,
A T

is a probability measure that is equivalent to P and it follows from Girsanov’s
theorem that M is a Brownian motion under (). Hence, M is equivalent to
Brownian motion in the sense of the following definition.

Definition 1.6 Let (C|0, 1], B) be the space of continuous functions with the o-
algebra generated by the cylinder sets. ]f(Xt)te[o,l} s an a.s. continuous stochastic
process, we denote by Px the measure induced by X on (C[0,1],B). We call two
a.s. continuous stochastic processes (Xt>t€[0,1] and (K)te[(),l] equivalent if Px and
Py are equivalent.

It can be seen from Definition 1.3 that the weak semimartingale property is
invariant under a change of the probability measure within the same equivalence
class. The same is true for the semimartingale property. Hence, all processes
that are equivalent to Brownian motion are semimartingales.

We express the main results of this paper in the following theorem.
Theorem 1.7 (MH’O‘)te[OJ} is not a weak semimartingale if H € (0,3) U (3, 3],

it is equivalent to \/1 4 a2 times Brownian motion if H = % and equivalent to
Brownian motion if H € (3,1].



For H € {%, 1}, we have already proved Theorem 1.7. For (0, %) U (%, 1) it
has been shown by several authors (e.g Lipster and Shiryaev (1989), Lin (1995),

Rogers (1997)) that fractional Brownian motion B cannot be a semimartingale.

Since 2" does not satisfy the usual assumptions, the statement that B is
not a weak semimartingale is slightly stronger. We will prove it in Section 2.
Nothing in this proof is essentially new. We give it to make clear which parts of
it can also be used to deal with M#* and when new methods are needed. For
H ¢ (O, %) the proof is based on the fact that the quadratic variation of B
is infinite. The same argument can be used to show that M is not a weak
semimartingale for H € (0, %) because, as we will show in Section 3, in this

case M has also infinite quadratic variation. For H € (%, 1), B is not a
weak semimartingale because it is a stochastic process with vanishing quadratic
variation and a.s. paths of infinite variation. This reasoning cannot be applied to
treat M for H € (%, 1) because then M has the same quadratic variation
as Brownian motion. In this case we need more refined methods to see whether

M*"< is a semimartingale. Surprisingly, M is not a weak semimartingale if

H € (3,2] and it is equivalent to Brownian motion if H € (3,1]. In Section
4 we prove Theorem 1.7 for H € (3,3]. The proof depends on a theorem of

Stricker (1984) on Gaussian processes. In Section 5 we prove Theorem 1.7 for
H € (2,1]. In this case we use the concept of relative entropy and the fact that
two Gaussian measures are either equivalent or singular. In Section 6 we discuss
the price of a European call option on a stock that is modelled as an exponential
mixed fractional Brownian motion with drift.

2 B! is not a weak semimartingale if H € <O, %) U
1
(5:1)

From now on we use the following notation. For a stochastic process (X¢):cjo1
and n € IN, we set for j =1,...n, ATX =X, — X;1.

That B is not a weak semimartingale for H € (0, %) U (%, 1), can be derived
from the fact that in this case B does not have the 'right’ variation. The fol-
lowing facts about the p-variation of fractional Brownian motion are well known.

Lemma 2.1 Let p,q > 0. Then



o) -ty |AnpH|" TS (n2og) E[|BH|] in L!
b) nPH-ImaE ‘A”BH‘p %) 0 i LY
P (n

¢) nPHIHOTE ‘A”BH’
i.e. for all L > 0 there exists an ng such that
P [an—Hq Sy ‘A?BH}p < L} < 1 for alln > ny.

o) oo in probability,

Proof. To show a) we recall that the sequence

(50— 50

Jj=1

is stationary. Since it is Gaussian and

Cov (B — B, B — B! ) "=% 0,

J

it is also mixing. Hence, the Ergodic Theorem implies
L &K pa H [P (n—o0) HP] . 1
5'21\3]. - Bl E(|BI] i Lt (2.1)
]:
On the other hand, it follows from the self-similarity of B¥ that for all n € IN,

n
Z‘ J p in law.

Jj=1

n
_ p 1
nPH 12‘9231&1‘ _ =
e n

This together with (2.1) proves a).

b) follows from a).
To prove ¢) we choose L > 0. It follows from a) that

nPH—1 Zn: ‘A?BH‘p o) g HB{{W in probability.
j=1

In particular, there exists an n; € IN, such that

B[|BI[] -t IZ\A”BH\ > 35|52

for all n > n;. This implies that for all n > n,

1
P -

S st < L ]
j=1




or, equivalently,

1
P < —.
L

AP 1403 arpi| < nq%E BT
j=1

This shows that there exists an nyg € IN, such that

1
P <Z for all n > ng,

n
— p
ey A < L
j=1

J=

and c) is proved. O

It follows from Lemma 2.1 c) that for H € (O, %), B" has infinite quadratic

variation. The next proposition shows that this implies that BY cannot be a
weak semimartingale if H € (O, %)

Proposition 2.2 Let (Xt)te[o,l} be an a.s. cadlag process and denote by T the set
of all finite partitions
O=to<ti <...<t,=1

of [0,1]. If
{S:(Xﬁﬂ-—xg)ﬂ(QJM.”,m)67}

=0
is unbounded in L°, then X is not a weak semimartingale.

Proof. To simplify calculations we define Y; = X; — Xo, ¢ € [0,1]. Then (Y3),co

is an ¥ -adapted, a.s. cadlag process with Yy = 0. It is clear that Iy = Ix and

nf (Y;‘/Hl - Y;fj)Q - nf (th+1 - th)2
j=0 J=0

for all partitions
(to,tl,...,tn) €T.

To prove the lemma we must show that Iy (ﬁ (lFX )) is unbounded in LY. The
key ingredient in our derivation of this from the L°-unboundedness of

¢

1

0

(Ve — Ytj)2 | (to,t1, ... t,) € r}

is the equality

nf (Y;‘/Hl - Kfj)2 =Yy - QTSY;%' (Y;Hl - Kfj) ) (2.2)
j=0 j=1



which holds for all partitions
(to,tl,...,tn) cT.
That

{2 <}/t]+1 - t]-)2 | (to,tl, . ,tn) c T}

is unbounded in L° means that

- 2
Lhi{.losgp ;( ti — tj) > Ll >0. (2.3)
We will deduce from this that
Jim sup Pl ()] > L] = 7, (2.4)

196,3(1FX

which implies L°-unboundedness of Iy (5 (IFX )) To do this we choose L > 0.

Since Y is a.s. cadlag, sup,¢(o 1) |Yi| < oo almost surely. Therefore there exists an
N > 0 such that

P lsup Vi > N
te€[0,1]

c

< —. 2.5
‘ (25)

It follows from (2.3) that there exists a partition

(to,tl,...,tn) €T

with
n—1 9
P> (Yo, —Y,) >2LN 4 N? (2.6)
7=0
(2.5) and (2.6) show that
- 2
P {sup |Y:| >N} U {Z( b — tj) §2LN+N2H
te[0,1] -0
n—1 9 c
< P|sup [Y}| > N| + (Y = Ye) S2LN 4+ N?| <1- .
t€[0,1] j=0 4
Hence,
n—1 9 ) c
P|$sup Vi < NendS (Vi —Y,) > 20N+ N?p| > - (2.7)
t€[0,1] =0 ’ 4




It is clear that
n—1 )/t]-
I SRT.

is in (IFX), and it can be seen from (2.2) that on the event

t€[0,1]

n—1
{ sup Y[ < N} a {Z (Ytﬁrl _Ytj>2 = 2LN+N2}
j=0

we have

1 n—1
Iy (9) = IN (Z (Y;J"H - Yt]’)2 o )/12)
j=0

>%(2LN+N2 NQ) ~ L.

Together with (2.7), this implies that

Plly (9) > L] >

»lklm

Since L was chosen arbitrarily, this shows (2.4) and the proposition is proved. O

Corollary 2.3 (Bf) s not a weak semimartingale if H € (O, %)

te[0,1]

Proof. Tt follows from Lemma 2.1 ¢) that

Z (A”BH> 72%) 6 in probability.

J=1

This implies that
v 2
{Z (AYB")" n e ]N}
j=1
is unbounded in L°. Since B is a.s. continuous, the corollary follows from

Proposition 2.2. O

For H € (%, 1) a direct proof of the fact that B is not a weak semimartingale
seems to be difficult. We go a roundabout way that permits us to use already
existing results on semimartingales.

Lemma 2.4 Let IF' = (F),cpoq be a fillration. Then every stochastically right-
continuous IF-weak semimartingale (Xt)te[o ) 18 also an [F-weak semimartingale.
In particular, if X is a.s. right-continuous, it is an IF-semimartingale.



Proof. Define IF° = (fzfo)te[o,u as follows: Let F? be the completion of Fy, A the
null sets of F} and set

F =0(FUN),tel0,1].
Let t € [0,1] and f € L°(F?) such that |f] < 1 almost surely. We set
A={f>E[f|A]} and B={f<E[f|[A]}.

Since

F)={G c Q|3F € F, such that GAF € N'} ,
there exist A, B € F, with AAA, BAB € N. The equalities

/Af—E[f\]—"t]dP:/Af—E[f\]-"t]dP:O

and
| F=BlfIF)P = [ f~E[f|IF]dP =0
imply P [A] = P[B] = 0. Hence,
f=E[f|F] almost surely. (2.8)

Let (Xt),c01) Pe an F-weak semimartingale. It follows from (2.8) that for every
vep (lFO) there exists a v € 3 (IF) with Ix () = Ix (1) almost surely. Therefore

Iy (B (IF)) = Ix (6 (F°)) i L.

This shows that X is also an [F'-weak semimartingale.
Let

n—1
Y= Z filt ) €8 (IF> :
=0
For all t € [0, 1],

Fo=[)Fon-
s>t
Therefore,
n—1
V=3 filyqen, isin B (IF°) (2.9)
j=0

for all € with 0 < & < min; ({;41 — ;). If (Xi),epy) is stochastically right-
continuous, then
li{% Ix (¢°) = Ix (¢) in probability.

This, together with (2.9) and the fact that Ix (ﬁ (IFO)) is bounded in L°, implies

that Iy (ﬁ (lF )) is also bounded in L°, and therefore X is an [F-weak semimartin-
gale. O

10



Proposition 2.5 Let (Xt)te[o 1 be an a.s. right-continuous process such that

P {(Xt)te[o,l} has finite vam‘ation} <1 (2.10)
and, for all € > 0, there exists a partition

O=tg<ti <...<t,=1

with
max (tj+1 — t]) <e (211)
J
and
n—1 9
PIY (X, —X,,) >e| <c. (2.12)
§=0

Then X is not a weak semimartingale.

Proof. Suppose X is a weak semimartingale. By Lemma 2.4 X is also an -
semimartingale. Hence, X is of the form

Xt:X0+Mt+At,

where X is an Fy-measurable random variable, My = Ay = 0, M is an a.s. right-
continuous local martingale with respect to IF and A an a.s. right-continuous,
[F-adapted finite variation process. It follows from (2.11), (2.12) and Theorem
I1.22 of Protter (1990) that

(X, X], = Xo,t€0,1].

Hence,
(M, M],=0,te][0,1].

Therefore Theorem I1.27 of Protter (1990) implies M; = 0, ¢ € [0,1]. Hence, X
is a finite variation process. This contradicts (2.10). Therefore X cannot be a
weak semimartingale. O

Corollary 2.6 (B{{)te[o " 1s not a weak semimartingale if H € (%, 1).
Proof. 1t follows from Lemma 2.1 ¢) that

‘A"BH ‘ o) oo in probability.
]7

Therefore there exists a sequence (ny),, such that

Nk

A”’“BH ‘ %) 50 almost surely.
J=1

11



Hence,
P (BH ) has finite variation| = 0.
t Jtefo,1]

On the other hand, Lemma 2.1 b) shows that

3 (AarB")* =X g in L1,
j=1

Hence, B satisfies the assumptions of Proposition 2.5. Therefore it is not a
weak semimartingale. O

Remark 2.7 Let H € (0,2) U (1,1) and define the filtration IF = (F; by
2 2 t€[0,1]

Fi=0 <(Bs)0§s§t’ (Bf)ogng e [07 1] :

Since B is an IF-Brownian motion and therefore also an IF-weak semimartin-
gale and B is not an IF-weak semimartingale, M7 = B + aB cannot be
an IF-weak semimartingale. This does not imply that M# is not a weak semi-
martingale. However, in the next section we show that for H € (O, %), Mt has
infinite quadratic variation. Therefore M cannot be a weak semimartingale
by Proposition 2.2.

3 Proof of Theorem 1.7 for H € (O, %)

Like B, MH"> cannot be a weak semimartingale for H € (0, %) because it has
infinite quadratic variation. To show this we write for n € IN,

n n

anl (Apmfe)’ =3~ (A7B)" +20 S ATBATBY +a?y” (ArpH)?
p

It is known that

znj (A;UB)2 (n=o0) 1 ip 12

=1

(see e.g. Theorem 1.28 of Protter (1990)). From

2
E (Z A"B A;BH) = Y E|ATBA'B" ABALB"|

j=1 jk=1

22 CRILCIIEHON

= n\n

12



it follows that N
STAPBAMB "X 0 in 17
j=1

On the other hand, it follows from Lemma 2.1 ¢) that

Enj (ARBH) "= % in probability.

Hence,

Z (A?MH’O‘)Q "% % in probability .
j=1

In particular,

{i (ApM") | € ]N}

=1

is unbounded in L° and M is not a weak semimartingale by Proposition 2'2|j

4 Proof of Theorem 1.7 for H € (3, 2]

For H € (3,3], the key in the proof of Theorem 1.7 is Lemma 4.2 below. It

is based on Theorem 1 of Stricker (1984). Before we can formulate Lemma
4.2, we must specify our notion of a quasimartingale. As we did in the case of
weak semimartingale, we call a stochastic process X a quasimartingale if it is a
quasimartingale with respect to IF~.

Definition 4.1 A stochastic process (Xt)te[o ) 8 a quasimartingale if
X, e L' forallt€[0,1], and
n—1
X
sup » HE {Xtﬁl — Xt].|]-"t], } Hl < 00,
T =0
where T is the set of all finite partitions
O=to<tr<...<t,=1 of [0,1].
Lemma 4.2 If M"% is not a quasimartingale, it is not a weak semimartingale.

Proof. Let us assume that M7 is a Weaéi semimartingale. Then Theorem 1 of
Stricker (1984) implies that Iym.(B(IF™ ")) is bounded in L?. Therefore it is
also bounded in L!. For any partition

0:t0<t1,...<tn:1,

13



n—1

> sen (B M5 — M|7])1

tit1

is in ﬁ(lFMH’a) ,

(tj.t+1]
j=0

and

Tygie (Zl sgn (B [M5 = My 7)) 1<t]»t.f+ﬂ)

J=0

1

>E
j=0

n—1
Iyoa (Z sgn (E {Mﬁﬁ ij’ﬂft]]w]’a}) 1(t].7t].+1])]

- nf B [Mfls — aaflo| 7]
j=0

tit1

1

It follows that MH< is a quasimartingale. Hence, if M7 is not a quasimartin-
gale, it cannot be a weak semimartingale. O

It remains to prove that M is not a quasimartingale if H € (%, %] We do
this in the next two lemmas.

Lemma 4.3 If H € (%, %), M s not a quasimartingale.

Proof. Since conditional expectation is a contraction with respect to the L'-norm,
we have foralln € Nand all j=1,....,.n—1

Y

ol

MHO:‘FMHC':|

J+1

= [ [agarmape]
Moreover,
o [azrmeiagarne] | = 2 e [agaarteiaprne]], o

because E {A;‘HM e A M H’O‘} is a centered Gaussian random variable. Using
(4.1) and (4.2) we obtain

n—1
5oz = T e s
Cov (An, MHe, Anpfite)

2 n—1
S A
\/;]z:l Cov (A?MH@, A?MH@) ’

\/5"1 Cov (A;LHMH’O‘, A?MH’Q)
T i=1 \/COV A?MH@,A?MH@)

2

14



n—1 o2n—2H 22H -1 2H n—1 —2H
f T 2 (2——1)2”7
—+oz2n 2H T 2 = /%—Foﬂ%
\/5 92H 2
BE (7 >ﬁ+&zz

2 22H 2
—( —1) c (n—1)n7 " — 00, asn — 0o

T\ 2 V1+a?

This proves the lemma. O

Lemma 4.4 M1 s not a quasimartingale.

Proof. In this case the estimate (4.1) is not good enough. Now we need that for
allmeNandall j=1,...,n—1,

J+1 _]+1 )

HE

et | > B Ay, abeiazarte, . ararie]|

1

which follows, like (4.1) from the fact that conditional expectation is a contraction
with respect to the L!'-norm. Since

E [A"

§,a n §,a n §,a
P MU ATM Y, ATM

is centered Gaussian,

|B Ay Maearaie, L ArMe]||

= 2l [apartagite, . agrie]|
Hence,
n—1

D

J=0

E

I 2 ZS Ielnrtoisgarte, . st

n 3 a M4
AjJrlM‘l ‘.,F%

and the lemma is proved if we can show that
n—1 3
S |E[Ap Miejararie L ATMER]| - 00, as - oo (4.3)
j=1

Forn € N and j € {1,...,n— 1},

(45

7+1

3 3 3
Mo APME .,A’;Mw)

15



is a Gaussian vector. Therefore

J
E [A?HM%’%A?M%’O‘, o A?M%va} = 3 b ATMEe (4.4)
k=1
where the vector b = (by, ..., b;)" solves the system of linear equations
m = Ab, (4.5)

where m is a j-vector whose k-th component my, is
Cov (A7, M3 ARMT)

and A is the covariance matrix of the Gaussian vector
(ApMEe, . ATMEe)

3

Note that A is symmetric and, since the random variables A} M %’a, o AT M

are linearly independent, also positive definite. It follows from (4.4) and (4.5)
that , , . o
|E Ay Maejararee, A | (4.6)

=bTAb=mT A7 \m > |m|2 A7,
where X is the largest eigenvalue of the matrix A. Since
1. 9
A=—-id+a*C,
n
where C'is the covariance matrix of the increments of fractional Brownian motion
(AB3,... ATBY)

we have 1
A= — +Oé2/‘La
n

where p is the largest eigenvalue of C'. As

1 3 3 3 .
Ckl:n‘%§((|k:—l|+1)3—2|k:—l|3+||k—l|—1|3), ki=1,....7.

it follows from the Gershgorin Circle Theorem (see e.g. Golub and Van Loan
(1989)) and the special form of C' that

J J
p< max Do ICu <23 |Cy]

""" J =1 =1
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3l 3 3 3 3
= 2n 2§l0((l+1)2—2l2+|l—1|2):n (1442 = (- 1))
Furthermore
n (1452 = (- 1) 1,300
J J = 83“7
1 33 1 1 33 1 1
=—+4+nz2-j2<—+n2-n2 <3—.
n 2 n 2 n
Hence,
)\<—+a23—:(1+3a2>—
n n
and n
A > 4.7

On the other hand,

Il = 3 (Cov (8, 3, A1) = 0t 5 (o (5., 1, )
k=1 P

—_

wleo
_|_
—~
5
|
—_
~—
ol
N—
no

J
= 044171’3 > ((k + 1)% — 2k
43

Since the function z — 22 is analytic on {z € € |Rez > 0},

3 3 3 s 1 0™ s 1 o™
1) — 2k3 + (k- 1)% = — k(-1 ks
(k1) =22 + (k=) mz:l<m!8km D e )
0% s 3 1
> k2=-k"2, k=2
= K2 PR e
That 3
(k+1)% — 2k% + (k—1)2 > Zk—%

also holds for & = 1, can be checked directly. It follows that
1,9 1 9 49
2>aton =N 2>t dx = “logj. 4.8
il 2 o 7n 16,;/2:—0‘64" 1x$ oo logd (4.8)
Putting (4.6), (4.7) and (4.8) together, we obtain

n—1
5 e agaarteiagarte,agart]

3 042 1n1
> lo — 00 asn — o0o.
7 SV sarn 2 VIO

Hence, (4.3) holds and the lemma is proved. O
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5 Proof of Theorem 1.7 for H € (3, 1]

To show that for H € (2, 1], M** is equivalent to Brownian motion we use the
concept of relative entropy. The following definition and all results on relative
entropy that we need in this section can be found in Chapter 6 of Hida and

Hitsuda (1976).

Definition 5.1 Let Q1 and Qs be probability measures on a measurable space
(Q, &) and denote by P all finite partitions,

Q=|JE;, where E;€& and E;NE,=01ifj+#k,

of Q. The entropy of Q)1 relative to Qs is given by

H (Q1]Q2) = sup > 1o @ﬁﬁ

J=1

) Q/lE],

where we assume % =0log0 = 0.

For all n € IN, we define Y, : C[0,1] — IR" by

1= (1) o0(2) (1) s -s (25

and B,, = o(Y,,). Note that \/7°, B, is equal to the o-algebra B generated by the
cylinder sets. We denote by Qm.« the measure induced by M on (C[0, 1], B)
and by Quw Wiener measure on (C0, 1], B). Further, we let for all n € IN, Q% 1.0
and Q) be the restrictions of Qyr.. and Qw to B, respectively.

To show that M™“ is equivalent to Brownian motion, we make use of the
following lemma.

Lemma 5.2 [f
sup H(Q'yr.0|Qp) < 00, (5.1)

then Qyrm.o and Qw are equivalent.

Proof. From (5.1) it follows by Lemma 6.3 of Hida and Hitsuda (1976) that
Qpr#.e is absolutely continuous with respect to Q. But two Gaussian measures
on (C0,1],B) can only be equivalent or singular (see e.g. Theorem 6.1 of Hida
and Hitsuda (1976)). Therefore Q,se.n and Qu must be equivalent. O

In the following lemma we show that (5.1) holds.

Lemma 5.3
sup H Q| Q) < 00
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Proof. For all n € IN, Y,, is a centered Gaussian vector under both measures
Q4o and Q. The covariance matrices of Y, under Q%,n.. and Q7 are

1
T _ 1. 2
B, [Ya¥i] = ~id+0?C,,
where (), is the covariance matrix of the increments of fractional Brownian motion
(A?BH, o AZBH)

and 1

By, [YaY,| = ~id.
Since C,, is symmetric, there exists an orthogonal n x n-matrix U, such that
U,C,UT is a diagonal matrix D,, = diag(A?,...\"). X,, = /nU,Y, is still a
centered Gaussian vector under both measures Q%,x#.. and Q7. The covariance
matrices of X,, under these two measures are

Egn [ XX =id+na’D,

MH,«

and

gy, [Xa X7 | =id.

Through X,,, Q. and Q3 induce measures R}y . and Ry, on IR". It can
easily be seen from Definition 5.1 that

H (Qypna|Qyy) = H (Rypmal|Ryy) -

Since both measures R}, ;. and Ry, are non-degenerate Gaussian measures on
IR", they are equivalent. We denote by ¢, the Radon-Nikodym derivative of
R? 4. with respect to Ryj,. Lemma 6.1 of Hida and Hitsuda (1976) and a calcu-
lation show that

H (Rl Byy) = Egn  [log ¢n] = % zn: (na”X} = log (1+naA7)) .

Jj=1

For all x > 0, we have

x—log(l—i—x):/o 1

1
du</ udu = —x2 .
+u 2

Therefore,

H (Ryn.o|Ryy) < n oz4z (A”)
Hence, the lemma is proved if we can show that

sup n’ zn: ()\?)2 <00, (5.2)
n j=1
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where A7,..., A\ are the eigenvalues of the covariance matrix of the increments
of fractional Brownian motion

1 H, A vy .
(A”B A”BH)

Since orthogonal transformation leaves the Hilbert-Schmidt norm of a matrix
invariant,

Jj=1

n 2 n 2

> (M) =X Cov(A7B", ApBY)".
k=1

As fractional Brownian motion has stationary increments,

S Cov (a7B", ApB")" < 2n 3 Cov (ApB", AYBM)
k=1

J,k=1

22H 2 n
= 2nn~ " (1 + <7 - 1) ) +2n Y Cov (AZBH, A’fBH)2 .

k=3
Since for H € (3, 1],

22H 2
n?2nn -4 1+<7—1> — 0, asn— oo,

it is enough to show

supn® > Cov (AZBH, A?BH)Q < 00 (5.3)
" k=3

to prove (5.2). For all & > 3, we have

—_

Cov (ApBY, AFBY) = =2~ (k2 — 2 (k — 17 + (k — 2)*")

(\V]

—2H1 Q 2H_g o2H | —2H (12H-1 _ (1. o\2H-1
< Mo Sk = o (k=2 ) = Hn (k (k —2)"")

< Hn2H28% (k—2)"""=2H 2H —1)n 2" (k —2)*"* |

Using this, we obtain

n n—2
Y Cov (ARB", AYB")" < 4H? (2H — 1)*n® 1 Y 414

k=3 k=1

n—2 AH? (2H —1)°
<4H?(2H — 1)2 n3’4H/ ey = ( ) n3H (n — 2)4H_3

0 4H — 3
AH? (2H — 1)
- 4H — 3
Hence, (5.3) holds and the lemma is proved. O

20



Remark 5.4 In this section we have shown that for H € (%, 1], Qe and Qu
are equivalent. But our method of proof has not given us the Radon-Nikodym
derivative, nor have we found the semimartingale decomposition of M. These
problems will be addressed in future work.

6 Mixed fractional Brownian motion and option
pricing

Theorem 1.7 enables us to present an example that calls in question a current
practice in mathematical finance.

Let us consider a market that consists of a bank account and a stock that pays
no dividends. There are no transaction costs. Borrowing and short-selling are
allowed. The borrowing and the lending rate are both equal to a constant r and
the discounted stock price follows a stochastic process (St)c(q ;-

We are interested in the time zero price Cy of a European call option on S with
strike price K and maturity 7" = 1. Its discounted pay-off is (S; — e "K )+. To
exclude trivial arbitrage strategies, Cy must be in the interval

((50 - e’"K)+,so) .

Samuelson (1965) proposed modelling the discounted stock price as follows:
Sy = Spexp (vt+0By),te0,1],

where v, o are constants and B is a Brownian motion. In this model Black and
Scholes (1973) derived an explicit formula for Cy. For given Sy, r, K and maturity
T =1, the Black-Scholes price BS of a European call option depends only on the
volatility ¢ and not on v. As a function of ¢, BS is continuous, increasing and
bijective from (0, 00) to ((SO — Ke)", SO).

The Samuelson model has several deficiencies and up to now there have been
many efforts to build better models, including several attempts to remedy some
shortcomings of the Samuelson model with the help of fractional Brownian motion
(for a discussion see Cutland et al. (1995)).

For our example let us assume that empirical data suggests that the discounted
price of the stock should be modelled as

Sy = Sy exp (I/t + aBg{) ,t€[0,1], (6.1)

for constants v, o and a fractional Brownian motion B#. In Cheridito (2000) it
is shown that for H € (O, %) U (%, 1) such a model admits arbitrage. However,
it H € (%, 1), we can exclude all arbitrage strategies by regularizing fractional
Brownian motion in the following way:
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If (By)tejo,) is a Brownian motion independent of BH Theorem 1.7 implies
that for all € > 0,

(€Bt + BtH is equivalent to (5Bt)te[0,1] :

)tE[O,l]

We observe that

Cov (&‘Bt—l-Bf,estLBsH) :52(t/\s)—|—Cov(BtH,Bf) ,t,s€10,1].

Hence, <5Bt + B ) is an a.s. continuous centered Gaussian process that

te[0,1]
has up to €2 the same covariance structure as (BtH >te[0 A This shows that if the
model (6.1) fits empirical data, then so does
Si=Soexp{vt+o (B, +B')}, te[0,1], (6.2)

for € > 0 small enough. But in contrast to (6.1), and like the Samuelson model,
(6.2) has a unique equivalent martingale measure )°. This implies that the model
(6.2) is arbitrage-free and complete. According to current practice in mathemat-
ical finance, in such a framework options are priced by taking the expected value
under the equivalent martingale measure of the option’s discounted pay-off. In
the model (6.2) this leads to the following option price:

Co(e) = Eq- [(SO exp {l/ +o (831 + BlH)} - e_rK)T = BS(eo). (6.3)

By the above mentioned properties of the function BS, Cy(g) in (6.3) is close to
(So —e"K)" when £ > 0 is small. The deeper reason why Cy(¢) is so low in this
situation, is that (6.3) gives the initial capital necessary to replicate the pay-off of
the call option with a predictable trading strategy satisfying certain admissibility
conditions, and this strategy seems to exploit small movements of the stochastic
process (6.2) over very short time intervals.

In reality a seller of the option can only carry out finitely many transactions to
hedge the option. Moreover he cannot buy and sell within nanoseconds. Therefore
he will demand a higher price than BS(eo) ~ (Sy — e "K)™.

To find a reasonable option price, one should introduce a waiting time h > 0
and restrict trading strategies to the class ©" (IFS ) of strategies that can buy

and sell at [F°-stopping times but after each transaction there must be a waiting
period of minimal length A before the next. For small € > 0, the discounted gain
process of such a strategy is similar in both models (6.1) and (6.2), as should be
the case. Moreover, it is shown in Cheridito (2000) that the model (6.1) has no
arbitrage in ©" (IFS ) Hence, if we confine the strategies to the class ©" (IFS ), we
can return to the model (6.1) to value the option. Since (6.1) with the strategies
er (Fg ) is an incomplete model, one has to decide in which sense the pay-off of
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the option should be approximated and then search for an optimal strategy. It
is not clear whether the regularization (6.2) is of any use in such a procedure.
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