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BOOSTING FOR HIGH-DIMENSIONAL LINEAR MODELS

BY PETER BUHLMANN

ETH Ziirich

We prove that boosting with the squared error loss, L,Boosting, is con-
sistent for very high-dimensional linear models, where the number of predic-
tor variables is allowed to grow essentially as fast as O(exp(sample size)),
assuming that the true underlying regression function is sparse in terms of
the £1-norm of the regression coefficients. In the language of signal process-
ing, this means consistency for de-noising using a strongly overcomplete dic-
tionary if the underlying signal is sparse in terms of the £{-norm. We also
propose here an AIC-based method for tuning, namely for choosing the num-
ber of boosting iterations. This makes L,Boosting computationally attractive
since it is not required to run the algorithm multiple times for cross-validation
as commonly used so far. We demonstrate L,Boosting for simulated data, in
particular where the predictor dimension is large in comparison to sample
size, and for a difficult tumor-classification problem with gene expression
microarray data.

1. Introduction. Freund and Schapire’s [11] AdaBoost algorithm for classi-
fication has attracted much attention in the machine learning community (cf. [20]
and the references therein) as well as in related areas in statistics [1, 13], mainly
because of its good empirical performance with a variety of datasets. Boosting
methods were originally introduced as multiple prediction schemes, averaging es-
timated predictions from reweighted data. Later, Breiman [1, 2] noted that the
AdaBoost algorithm can be viewed as a gradient descent optimization technique
in function space. This important insight opened a new perspective, namely to
use boosting methods in contexts other than classification. For example, Friedman
[12] developed boosting methods for regression which are implemented as an op-
timization using the squared error loss function: this is what we call L,Boosting.
It is essentially the same as Mallat and Zhang’s [19] matching pursuit algorithm in
signal processing.

Recently, Efron, Hastie, Johnstone and Tibshirani [10] made a connection for
linear models between forward stagewise linear regression (FSLR), which seems
closely related to LyBoosting, and the ¢1-penalized Lasso [22] or basis pursuit [5].
Roughly speaking: under some restrictive assumptions on the design matrix of
a linear model, FSLR approximately yields the set of all Lasso solutions (when
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varying over the penalty parameter). This intriguing insight may be useful to get a
rough picture about L,Boosting via its relatedness to FSLR: it does variable selec-
tion and shrinkage, similar to the Lasso. However, it should be stated clearly that
the methods are not the same; an example showing a distinct difference between
L,Boosting and the Lasso is presented in Section 4.3. Moreover, we point out in
Section 2.1 that FSLR and L;Boosting are different algorithms as well.

As the main result, we prove here that L,Boosting for linear models yields
consistent estimates in the very high-dimensional context, where the number of
predictor variables is allowed to grow essentially as fast as O (exp(sample size)),
assuming that the true underlying regression function is sparse in terms of the
£1-norm of the regression coefficients. This result is, to our knowledge, the first
about boosting in the presence of (fast) growing dimension of the predictor. Some
consistency results for boosting with fixed predictor dimension include [17, 18]
as well as [25]. Except for Jiang’s [17] result, these authors consider versions of
boosting either with £-constraints for the boosting aggregation coefficients or, as
in [25], with a relaxed version of boosting which we found very difficult to use
in practice due to the nonobvious tuning of the relaxation, that is, how fast the
boosting aggregation coefficients should decay. The result by Zhang and Yu [25]
may be generalized without too much effort to a setting with increasing dimension
of the predictor variable, but their theoretical work includes only a rigorous treat-
ment of the classification problem (besides the above mentioned disadvantage of
their relaxed boosting algorithm). We believe that it is mainly for the case of high-
dimensional predictors where boosting, among other methods, has a substantial
advantage over more classical approaches. Some evidence for this will be given
in Section 4.1, and other supporting empirical results have been reported in [3] in
the different context of low- or high-dimensional additive models for comparing
L,Boosting with more traditional methods such as backfitting or MARS (restricted
to additive function estimates). Notably, many real datasets nowadays are of high-
dimensional nature. Besides the well-documented good empirical performance of
boosting, we identify it here as a method which can consistently recover very high-
dimensional, sparse functions.

We may also view our result as a consistency property for de-noising using
L»>Boosting with a strongly overcomplete dictionary. In contrast to a complete
dictionary, for example, Fourier- or wavelet-basis, the strongly overcomplete noisy
case is not well understood. Our result yields at least the basic property of consis-
tency.

Besides the theoretical consistency result, we propose here a computationally
efficient approach for the tuning parameter in boosting, that is, the number of
boosting iterations. We give an easily computable definition of degrees of freedom
for L,Boosting, and we then propose its use in the corrected AIC criterion. Un-
like cross-validation, our A/C-tuning does not require boosting to be run multiple
times. This makes the AIC-type data-driven boosting computationally attractive:
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depending on the data, it is sometimes as fast as the very efficient LARS algorithm
for the Lasso with tuning by its default ten-fold cross-validation [6, 10].

We demonstrate on some simulated examples how our L,Boosting performs
for (low- and) mainly high-dimensional linear models, in comparison to the Lasso,
forward variable selection, ridge regression, ordinary least squares and a method
which has been designed for high-dimensional regression [14]. We also consider
a difficult tumor-classification problem with gene expression microarray data: the
predictive accuracy of LpBoosting is compared with four other, commonly used
classifiers for microarray data, and we briefly indicate the interpretation of the
L»Boosting fit along the lines of a linear model fit.

2. L,Boosting with componentwise linear least squares. To explain boost-
ing for linear models, consider a regression model

p
Yi=Y BiXxP e,  i=1,...n,
j=1
with p predictor variables (the jth component of a p-dimensional vector x is de-
noted by x()) and a random, mean-zero error term . More precise assumptions
for the model are given in Section 3.
We first specify a base procedure: given some input data {(X;, U;);i =

1,...,n}, where Uy, ..., U, denote some (pseudo-)response variables which are
not necessarily the original Y7, ...,Y,, the base procedure yields an estimated
function

g0) =gx,u(),

based on X = [Xi(j)]izl’,.,,n;jzlw,p,U = (Uy, ..., U)T. Here, we will exclu-
sively consider the componentwise linear least squares base procedure:
A R a7
g(X,U)(x):,B/gx(/j)v ﬁj:#9 ,]:157p7
i (x)?
(2.1) =
n
§ = argmin > (Ui - Bin(j))z.
I<j=<p =1

Thus, the componentwise linear least squares base procedure performs a linear
least squares regression against the one selected predictor variable which reduces
the residual sum of squares most.

Boosting using the squared error loss, L;Boosting, has a simple structure.
Boosting algorithms using other loss functions are described in [12].

LoBOOSTING ALGORITHM.
Step 1 (initialization). Given data {(X;, Y;);i =1, ..., n}, apply the base proce-
dure yielding the function estimate

FOO=35(0),
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where ¢ = g(x ) is estimated from the original data. Set m = 1.

Step 2. Compute residuals U; = Y; — I:"(m)(X,-),i =1,...,n, and fit the real-
valued base procedure to the current residuals. The fit is denoted by g"+1(.) =
gx,u)(-) which is an estimate based on the original predictor variables and the
current residuals.

Update

FOED ) = FM () + gm0 ).

Step 3 (iteration). Increase the iteration index m by one and repeat step 2 until
a stopping iteration M is achieved.

FM )(-) is an estimator of the regression function E[Y|X = -]. LoBoosting is
nothing other than repeated least squares fitting of residuals (cf. [3, 12]). With
m = 2 (one boosting step), it has already been proposed by Tukey [23] under the
name “twicing.” In the nonstochastic context, the L,Boosting algorithm is known
as “Matching Pursuit” [19], which is popular in signal processing for fitting over-
complete dictionaries.

It is often better to use small step sizes: we advocate here using the step size v
in the update of Fm+D jp step 2, which then becomes

FOO=vg0),

(2.2) N .
F(m-l-l)(,) — F(m)(-) 4 Ug(m—i—l)(.)’ m>1,0<v <1,

where v is constant during boosting iterations and is small, for example, v = 0.1.
The parameter v can be seen as a shrinkage parameter or alternatively, describ-
ing the step size when updating F*1(.) along the function 2"V (.). Small
step sizes (or shrinkage) make the boosting algorithm slower and require a larger
number M of iterations. However, the computational slow-down often turns out
to be advantageous for better out-of-sample empirical prediction performance;
see [3, 12].

2.1. Forward stagewise linear regression. L,Boosting with componentwise
linear least squares is related to forward stagewise linear regression (FSLR), as
pointed out by Efron, Hastie, Johnstone and Tibshirani [10]. FSLR differs from
L>Boosting with componentwise linear least squares in the update of the new es-
timate ﬁm: instead of using (2.2) which becomes

ﬁ(m-l—l)(x) — ﬁ(m)(x) +V/§j +1_x(’5m+1)’

where s is the least squares estimate when fitting the current residuals against

the best predictor variable x(’g'"“), FSLR updates via

F () = g + vsign(y, | ).
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Note that this description of FSLR is equivalent to the one in [10]. In our lim-
ited experience, FSLR has about the same prediction accuracy as L,Boosting with
componentwise linear least squares. However, we give here two reasons to fa-
vor boosting over FSLR. First, the update in FSLR is not scale-invariant whereas
the boosting update is on the scale of the current residuals via the magnitude of the
least squares estimate ,3 A It implies that FSLR is often more sensitive to the
choice of v than boosting. In particular, in case of an orthogonal linear model,
L,Boosting has a uniform approximation property for the soft-threshold estima-
tor over all values of the threshold parameter, whereas this nice property does not
hold anymore for FSLR [4]. Second, the number of boosting iterations can be rea-
sonably well estimated via degrees of freedom defined as the trace of a boosting
hat-matrix, as to be described in Section 2.2. Defining reasonable degrees of free-
dom which are simple to compute seems not easily possible for FSLR. This has
also been pointed out by Efron, Hastie, Johnstone and Tibshirani ([10], comment
after formula (4.11)), and they suggest the computationally intensive bootstrap to
cope with this problem.

We emphasize that Efron, Hastie, Johnstone and Tibshirani [10] do not advo-
cate using FSLR in practice. They rather focus on the more interesting LARS
algorithm.

2.2. Stopping the boosting iterations. Boosting needs to be stopped at a suit-
able number of iterations, to avoid overfitting. The computationally efficient AIC,
criterion in (2.3) below can be used in our context where the base procedure has
linear components.

Our goal here is to assign degrees of freedom for boosting. Denote by

]f(j)=X(j)(X(j))T/||X(j)H2, j=1,....p,

the n x n hat-matrix for the linear least squares fitting operator using the jth pre-
dictor variable X)) = (X%j), o XINT only; [1x )12 = xTx denotes the Euclidean
norm for a vector x € R". Itis then straightforward to show [3] that the L,Boosting
hat-matrix, when using the step size 0 < v < 1, equals

B =1 — (I —vHO) (I — v g0y (1 —v3e8D),

where 8; € {1, ..., p} denotes the component which is selected in the component-
wise least squares base procedure in the ith boosting iteration.

Using the trace of 8B,, as degrees of freedom, we employ a corrected version
of AIC (cf. [16]) to define a stopping rule for boosting:

1 + trace(By,)/n

_ ~2
AlCe(m) =108 (0™) + 1 e (@) + 20/

(2.3) n
F2=n"Y (Vi = (BaY)), Y=(11,..., ¥

i=1
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An estimate for the number of boosting iterations is then

M= argmin AIC.(m),

1<m <Muypp

where mypp s a large upper bound for the candidate number of boosting iterations.

3. Consistency of L,Boosting in high dimensions. We present here a con-
sistency result for L,Boosting in linear models where the number of predictors is
allowed to grow very fast as the sample size n increases. Consider the model

Yi = fu(Xi) + &, i=1,...,n,

3.1 Dn .
3.1 Fo) =3 Bjax?, x e RP»,
j=1

where X1,..., X, are iid. withE|XW|2=1forall j=1,..., pyand gq,..., ¢,
are i.i.d., independent from {X;;1 < s < n}, with E[¢] = 0. The case with het-
eroscedastic ¢;’s and potential dependence between &; and X; is discussed in Re-
mark 1 below. The number of predictors p,, is allowed to grow with the sample
size n. Therefore, also the predictor X; = X; , and the response Y; = Y; , depend
on n, but we usually ignore this in the notation. The scaling of the predictor vari-
ables E|X()|2 =1 is not necessary for running L,Boosting, but it allows one to
identify the magnitude of the coefficients B; , [see also assumption (A1) below].
We make the following assumptions:

(A1) The dimension of the predictor in model (3.1) satisfies
P
pn = O(exp(Cn'™*)), n— oo, forsome 0 <& < 1,0 < C < oo.

(A2) sup,c X0 1)l < 0o

(A3) supi< iy nen IXP]loo < 00, where [[X|loo = SUp,,cq | X (@)| (2 denotes
the underlying probability space).

(A4) Ele|® < oo for some s > 4/& with & from (A1).

Assumption (A1) allows for a very large predictor dimension relative to the sample
size n. Assumption (A2) is an £1-norm sparseness condition (it could be general-
ized to Zf"zl |Bj,n| — oo sufficiently slowly as n — o0, at the expense of addi-
tional restrictions on p;). Even if p, grows, all predictors may be relevant but most
of them contribute only with small magnitudes (small |8} ,[). Assumption (A2)
holds for regressions where the number of effective predictors is finite and fixed:
that is, the number of B;, # 0 is independent of n and finite. Assumption (A3)
about the boundedness of the predictor variables can be relaxed at the price of more
restrictive growth of p = pj: it suffices that sup;;_, E|X (DS < oo for some
s >4 if p, = O(n*) where o = a(s) > 0 is a number, depending on the number
of existing moments s, which converges monotonically to co as s increases; that is,
any polynomial growth of p,, is allowed if the number of moments s is sufficiently
large.
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THEOREM 1. Consider the model (3.1) satisfying (A1)—(A4). Then, the boost-
ing estimate F my = ﬁn(’")(-) with the componentwise linear base procedure
from (2.1) satisfies: for some sequence (my)neN With m, — 0o (n — o0) suffi-
ciently slowly,

Ex|EM)(X) — fu(X)|* =0p(1),  n— oo,

where X denotes a new predictor variable, independent of and with the same dis-
tribution as the X -component of the data (X;,Y;),i=1,...,n.

A proof is given in Section 6. Theorem 1 says that L,Boosting recovers the true
sparse regression function even if the number of predictor variables is essentially
exponentially increasing with sample size n. Notably, no assumptions are needed
on the correlation structure of the predictor variables.

For the Lasso, a consistency result for high-dimensional regression has been
given by Greenshtein and Ritov [15]. We should keep in mind, though, that the
Lasso is a different estimator than L,Boosting, as will be demonstrated empirically
with an example in Section 4.3.

REMARK 1. Theorem 1 also holds for possibly heteroscedastic errors ¢;
which are potentially dependent on X;, by assuming (X1, Y1), ..., (X, ¥,) i.i.d.
and suitable moment conditions for Y;. For the case with bounded Y;, a proof fol-
lows as for Corollary 1 below.

3.1. Binary classification. The theory of L,Boosting for binary classifica-
tion with ¥; € {0, 1} can be essentially deduced from squared error regression.
Biihlmann and Yu [3] argue why L;Boosting is also a reasonable procedure for
binary classification. We can always write

Yi = fu(X;) + &,

(3.2)
Jn() =E[Y|X =x]=P[Y =1|X =x], ei =Y — fu(Xi),

where the ¢1,...,¢, are independent but heteroscedastic with E[g;] = 0 and
Var(e;) = f,(X;)(1 — fu(X;i)). When using L,Boosting, we get an estimate for
the conditional probability function P[Y = 1|X = x], and the L,Boosting plug-in
classifier (for equal misclassification costs) is given by CA’,(,m)(x) = ]I[ £ (1y=1/2]"
The proof of Theorem 1 essentially goes through and we get the fonllowing:

COROLLARY 1. Consider a binary classification problem with (X1, Y1), ...,
(X5, Yyn) independent and Y; € {0, 1} for alli =1, ..., n. Assume that f,(x) =
P,lY =11 X=x]= Z][.’":l ﬂj,nx(j) and (A1)—(A3) hold. Then, for the LrBoosting
estimate as in Theorem 1: for some sequence (m,)neN With m, — 00 (n — 00)
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sufficiently slowly,
Ex|E™) (X) — fu(X)|* =o0p(1),  n— o0,
Py y[C"(X) # Y1 — Ly Bages =0p(1),  n— o0,

where Ly Bayes denotes the Bayes risk Ex[min{ f,,(X), 1 — f,(X)}] and X, Y de-
note new response and predictor variables, independent of and with the same dis-
tribution as the data (X;,Y;),i=1,...,n.

The proof is given in Section 6.
4. Numerical results.

4.1. Low-dimensional regression surface within low- or high-dimensional pre-
dictor space. We consider the model
X ~Np(0,V), Y=f(X)+e, p € {3, 10, 100},
(4.1) 1 2 3 2
FX) =aW)(1+5XD +2XxP 1 xO) g~ N (0,27,

where a (V) is a scaling factor. The covariance matrix for the predictor variable X
and the factor a (V') are chosen as

4.2) V=1, a(V)=1

for uncorrelated predictors; or for block-correlated predictors,

1 b ¢ 0 ... ... ... 0
b 1 b ¢ 0 .. 0
c b 1 b ¢ 0 0
V= ,
(4.3) 0 ¢ b 1 c :
0o ... ... 0 ¢ b 1

b=0677, ¢=0323, a(V)=0.779.

The constant a(V) is such that the signal-to-noise ratio E| f (X )|2 /%2 is about
the same for both model specifications. The model (4.1) with either specifica-
tion (4.2) or (4.3) has only three effective predictors plus an intercept, all of them
contributing to the regression function with different magnitudes (different coeffi-
cients). The sample size is denoted by n; that is, we generate n i.i.d. realizations
(X;,Y),i =1,...,n, from the model.

We use L,Boosting, using shrinkage factor v = 0.1 [see (2.2)] and the cor-
rected AIC criterion for stopping the boosting iterations [see (2.3)]. We compare
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it with the Lasso using ten-fold cross-validation for selecting the penalty para-
meter (i.e., using the default setting from the lars package in R with ten-fold
cross-validation—CRAN [6]), with forward variable selection for optimizing the
classical AIC criterion, with ordinary least squares (OLS) without variable selec-
tion and with ridge regression using the “oracle” ridge-penalty parameter which
minimizes the squared error loss over the simulations; the last cannot be used in
practice but serves as an optimistic value for the performance of ridge regression.
Table 1 reports in detail the mean squared error MSE = E[( f X)—f(Xx ))?] where
X is a new test observation, independent from but with the same distribution as the
training data. Figure 1 summarizes one of the settings. All results are based on 50
model simulations.

For the high-dimensional (relative to n) settings with p € {10, 100}, L,Boosting
and the Lasso are clearly best for this model with very few effective predictors (see
Table 1). Figure 1 displays the good performance of the corrected AIC criterion
in (2.3) for stopping the boosting iterations. A detailed comparison of the “oracle”-
stopping rule of LoBoosting which stops at the boosting iteration minimizing the
mean squared error (see Table 2) can be made to the results in Table 1. Obviously,
the “oracle” rule can only be applied for simulated data. We also include in Table 2
the performance of the Lasso with the “oracle” penalty parameter minimizing the
mean squared error. LoBoosting and the Lasso perform similarly when using the
“oracle”-tuning parameters (see Table 2), while the differences are somewhat more
pronounced when comparing AI/C.-stopped L,Boosting with Lasso using ten-fold
CV tuning (see Table 1).

TABLE 1
MSE for LyBoosting, Lasso, forward variable selection
(fwd.var.sel.), ridge with “oracle” penalty (ridge*) and
OLS in model (4.1) with (4.2) and (4.3)

Method @42),p=3 (@2),p=10 (4.2), p=100
L,Boost 1.658 (0.192) 2318 (0.238)  8.792 (0.640)
Lasso 1.290 (0.162)  3.112(0.463)  8.080 (0.773)
fwd.varsel.  1.499 (0.215)  3.648 (0.421)  13.551 (1.275)
ridge* 1.079 (0.117)  4.436 (0.392)  25.748 (0.637)
OLS 1.103 (0.127)  5.674 (0.556) —

@3),p=3 (@43),p=10 @.3), p=100
L;Boost 1.054 (0.104)  1.649 (0.181)  4.643 (0.239)
Lasso 1.163 (0.108)  3.007 (0.509)  3.453 (0.403)
fwd.varsel.  1.206 (0.104)  2.893 (0.373)  12.685 (0.911)
ridge* 0.777 (0.079)  2.442 (0.226)  20.799 (0.538)
OLS 1.103 (0.127)  5.674 (0.556) —

Sample size n = 20. Estimated standard errors in parentheses.
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uncorrelated design

(D —
— L2Boost
07 —— Lasso
---- fwd.var.sel.
L
%]
=
| | | | | |
0 100 200 300 400 500
boosting iterations
correlated design
© -
0 — —— L2Boost
—— Lasso
w < == fwd.var.sel.
[ R
2 i oLs
oI [hubun hnbusbosbosbouiouiuubunbusbustusbouiouiuupuubpbusbusbusboubouboupuuppubosbuspuspuuboufuufuupuubunpuspusbuupoupuupuuppn
o
AlC-stopped
| | | | | |
0 100 200 300 400 500

boosting iterations

FI1G. 1. MSE for LyBoosting as a function of boosting iterations (solid line), with AIC.-stopping
(dashed line, AIC-stopped ), Lasso (long-dashed line), forward variable selection (dashed-dotted
line) and OLS (dotted line) in model (4.1) with p = 10 and (4.2) (top panel) and (4.3) (bottom
panel). Sample size n = 20.

We also consider the case when p increases exponentially while n grows only
linearly. We focus on the model (4.1) with (4.2). The results are given in Table 3.
For both L;Boosting and the Lasso, the mean squared error exhibits only a slow
increase as n grows linearly and p grows exponentially; compare also with the
results from Table 1 with fixed n = 20. For this particular example, the Lasso
is better for large p = 300 than L,Boosting (but this does not imply a general
superiority).

4.2. High-dimensional regression surface with £1-coefficients. We consider
here a regression model which fits into the theory of an adaptive estimation pro-
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TABLE 2

MSE for LyBoosting (LyBoost*) and the Lasso
(Lasso™), both with “oracle”-tuning parameter

Model L,Boost* Lasso*

(4.2),p=3 1.103 (0.127)  1.103 (0.127)
4.3),p=3 0.891 (0.100)  1.075(0.117)
4.2),p=10 2.193 (0.230)  2.208 (0.262)
(43), p=10  1.404(0.114) 1378 (0.116)
(4.2), p=100 7.583(0.593) 7.116(0.603)
(4.3), p=100 2.995(0.208) 2.730(0.234)

569

Model (4.1) with (4.2) and (4.3). Sample size
n = 20. Estimated standard errors in parentheses.

cedure for high-dimensional linear regression, presented by Goldenshluger and
Tsybakov [14].

The model is
p
X~N,0,), Y=Y BiXD+e,
4.4) j=1
Bj~ N(0,07), ji=1,....p, e~ N(,1),
where ¢, X and Bi,..., B, are independent of each other. The values 012 are

decreasing as j increases. Thus, absolute values of the regression coefficients
|B;| have a tendency to become small for large j. A precise description of the
model is given in the Appendix. To summarize, the model is such that p = p,
and Bj = Bj,,j =1,..., pu, depend on n, satisfying with high probability
SUp, N Zfil |Bj.n| < oo, which is our assumption (A2) from Section 3. The sam-
ple size is chosen as n = 100 and the resulting dimension of the predictor then
equals p =23.

We use L,Boosting, using shrinkage v = 0.1 [see (2.2)] and with estimated
number of boosting iterations via the corrected AIC criterion as in (2.3), and

TABLE 3
MSE for LyBoosting with AIC-stopping (Lo Boost), with “oracle”-stopping
(LpBoost*), for Lasso with ten-fold CV tuning (Lasso), with
“oracle”-tuning (Lasso*)

(n, p) L,Boost Lasso L,Boost* Lasso*

(20,3) 1.658 (0.192)  1.290 (0.162)  1.103 (0.127)  1.103 (0.127)
(40,30)  2.090 (0.199)  2.504 (0.274)  1.730 (0.169)  1.438 (0.120)
(60,300)  3.652 (0.186)  2.136 (0.143)  2.372(0.135)  1.855 (0.122)

Model (4.1) with (4.2). Estimated standard errors in parentheses.
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TABLE 4
MSE for LyBoosting, Lasso, the method from Goldenshluger and Tsybakov [14] (G&T), forward
variable selection (fwd.var.sel.), ridge (ridge) and OLS in model (4.4)

L,Boost Lasso G&T fwd.var.sel. ridge OLS

0.132 (0.006)  0.135(0.009)  0.195(0.047)  0.279(0.019)  0.116 (0.008)  0.313 (0.017)

Sample size n = 100. Estimated standard errors in parentheses.

we compare it with the Lasso (using the default setting from the lars package
in R with ten-fold cross-validation—CRAN [6]), forward variable selection for
optimizing the classical AIC criterion, with ridge regression using ten-fold cross-
validation for selecting the ridge parameter, with ordinary least squares and with
the procedure from [14]. Table 4 displays the results, which are based on 50 in-
dependent model simulations. The method from [14] produced one outlier with
very large squared error, but the median of the squared errors is still worse than for
L>Boosting, Lasso and ridge, which are performing best for this model.

Moreover, the method from [14] depends on the indexing of the predictor vari-
ables and is tailored for regression problems where the coefficients 8; have a ten-
dency to decay as j increases (e.g., in time series where j indicates the jth lagged
variable). All other methods do not depend on indexing the predictor variables. We
also ran the method from [14] on the same model but with index-reversed regres-
sion coefficients

(4.5) /31,...,,323:523,...,,51, Bj asin(4.4).

The mean squared error (MSE) for the G&T method with (4.5) was then
0.224 (0.025), which shows very clearly the sensitivity of indexing the variables.

4.3. LoBoosting is different from Lasso. Consider a model with predictors as
in (4.1) and (4.3) with p = 100 but with regression function

100
(4.6) f(X)=02+02) xV
j=1

and noise & ~ N (0,0.5%). The sample size is chosen as n = 20. This model is
high-dimensional and nonsparse, and it has a high signal-to-noise ratio.

Since all the predictors contribute equally, we may want to keep many of the
variables in the model and shrink their corresponding coefficient estimates to zero.
However, the Lasso will only allow one to select at most min(n, p + 1) = 20 pre-
dictor variables (including an intercept); see [26]. When generating one realization
of the model (4.6), L,Boosting with the AIC.-stopping rule selected 42 predictor
variables (including the intercept), whereas the corresponding number of selected
variables with Lasso, tuned by ten-fold cross-validation, is only 13. Thus, we have
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here an example which demonstrates a feature of LyBoosting which is qualita-
tively different from the Lasso.
A comparison in terms of the mean squared error yields

LyBoost: 9.468(0.251); Lasso: 12.140(0.346); Ridge: 5.548(0.229).

The methods are described in Section 4.2 (estimated standard errors in parenthe-
ses). It is no surprise that ridge regression (using ten-fold cross-validation for
tuning) performs clearly best. It keeps all variables in the model and shrinks
the corresponding estimates toward zero; this is tailored for the structure of the
model (4.6) where all the variables contribute equally. We also see from the mean
squared error that LyBoosting is quite different (in fact better) than the Lasso. It is
not difficult to modify this example such that ridge regression becomes worse than
L,Boosting.

4.4. Gene expression microarray data. We consider a dataset which moni-
tors p = 7129 gene expressions in 49 breast tumor samples using the Affymetrix
technology; see [24]. After thresholding to a floor of 100 and a ceiling of 16,000
expression units, we applied a base 10 log-transformation and standardized each
experiment to zero mean and unit variance. For each sample, a binary response
variable is available, describing the status of lymph node involvement in breast
cancer. The data are available at mgm.duke.edu/genome/dna_micro/work/.

We use LyBoosting although the data have the structure of a binary classifi-
cation problem; Section 3.1 and Corollary 1 yield justification for this, and, for
example, Zou and Hastie [26] also use a penalized squared error regression for
binary classification with microarray gene expression predictors. The only modifi-
cation is the AIC-stopping criterion: instead of (2.3), we use

AIC(m) = —2 - log-likelihood + 2 - trace(B;,),

with the Bernoulli log-likelihood. Instead of L,Boosting, we could also use the
LogitBoost algorithm [13]: for stopping, the penalty term in the AIC criterion
above then needs some modification since LogitBoost involves an operator other
than 8B,,.

We estimate the classification performance by a cross-validation scheme where
we randomly divide the 49 samples into balanced training- and test-data of sizes
2n/3 and n/3, respectively, and we repeat this 50 times. We compare L,Boosting
with AIC-stopping (as described above) with four other classification methods:
1-nearest neighbor, diagonal linear discriminant analysis, support vector machine
with radial basis kernel (from the R-package 1071 and using its default values)
and a forward selection penalized logistic regression model (using a reasonable
penalty parameter and number of selected genes). For 1-nearest neighbor, diago-
nal linear discriminant analysis and support vector machine, we pre-select the 200
genes which have the best Wilcoxon score in a two-sample problem (estimated
from the training dataset only), which is recommended to improve the classifi-
cation performance; see [9]. Our LyBoosting and the forward variable selection
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TABLE 5
Cross-validated misclassification rates for lymph node breast cancer data

L,Boost FPLR 1-NN DLDA SVM

Misclassifications ~ 30.50%  35.25% 43.25% 36.12% 36.88%

L,Boosting with AIC-stopping (L,Boost), forward variable selection
penalized logistic regression (FPLR), 1-nearest-neighbor rule (1-NN),
diagonal linear discriminant analysis (DLDA) and a support vector ma-
chine (SVM).

penalized regression are run without pre-selection of genes. The results are given
in Table 5. When transforming the response variable to Y € {—1/2, 1/2}, that is,
subtracting the prior class probability 1/2, LoBoosting has a cross-validated mis-
classification rate of 23.13% [4].

For this difficult classification problem, our LyBoosting with componentwise
linear least squares (even without centering the response) performs well. It is also
interesting to note that the minimal cross-validated misclassification rate as a func-
tion of boosting iterations is 29.25%. It shows that the AIC-stopping rule is very
accurate for this example. A method which we found to perform better for this
dataset is the recently proposed Pelora algorithm [7], which does supervised gene
grouping: its misclassification rate is 27.88%.

We also show in Figure 2 the estimated regression coefficients for the 42 genes
which have been selected during the boosting iterations until A/C-stopping; the

sorted regression coefficients AIC statistic

o o _|
1o & N
S ®
o

@]
S . L foge
o
W o
B | o <
S -
! o |
(2]
e
S
|
© o & 108
S | T T | T T | T [
0 10 20 30 40 0 50 100 150 200
selected genes boosting iterations

FIG. 2. Lymph node breast cancer data. Left: scaled regression coefficients ,3 i/ Var(X Dy (in
increasing order) from LyBoosting for the selected 42 genes. Right: AIC statistic as a function of
L, Boosting iterations with minimum at 108.
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AIC curve is also shown in Figure 2. For comparing the influence of different

genes, we display scaled coefficients f;,/Var(X())) which correspond to the es-
timated coefficients when standardizing the genes to unit variance. There is one
gene whose positive expression strongly points toward the class with ¥ = 0 (hav-
ing negative scaled regression coefficient) and there are five genes whose positive
expressions point toward the class with Y = 1. The smallest scaled regression co-
efficient corresponds to a gene which appears as the second best when ranking
all the genes with the score of a two-sample Wilcoxon test; the five largest scaled
coefficients correspond to the Wilcoxon-based ranks 7, 6, 1, 121, 3 among all the
genes. But it should be emphasized that, as usual, our estimated regression model
takes partial correlations between the class variable Y and gene expressions (given
all other remaining genes) into account, which goes well beyond describing the
effects of single genes only.

5. Conclusions. We consider LjBoosting for fitting linear models. The
method does variable selection and shrinkage, a property which is very useful in
practical applications. This indicates that LyBoosting is related to the £1-penalized
Lasso, but the methods are not the same.

As a useful device, we propose a simple estimate for the number of boosting
iterations, which is the tuning parameter of the method, by using a corrected AIC,
criterion. This makes boosting computationally attractive, since we do not have to
run it multiple times in a cross-validation set-up.

We then present some theory for very high-dimensional regression (or for de-
noising with strongly overcomplete dictionaries), saying that if the underlying true
regression function is sparse in terms of the £1-norm of the regression coefficients,
L>Boosting consistently estimates the true regression function, even when the
number of predictor variables grows like p, = O(exp(nl_g )) for some (small)
& > 0. Notably, no assumptions are made on the correlation structure of the pre-
dictors. Thus, we identify L,Boosting as a method which is able, under mild as-
sumptions, to consistently recover very high-dimensional, sparse functions.

6. Proofs. We first consider the regression case where the step-size in (2.2)
equals v = 1. In Section 6.3, we give the argument for arbitrary, fixed 0 < v < 1.
Finally, we present the case for binary classification in Section 6.4.

6.1. A population version. The L,Boosting algorithm has a population ver-
sion which is known as “matching pursuit” [19] or “weak greedy algorithm” [21].
Consider the Hilbert space Ly (P) ={f; ||f||2 =/ f(x)zdP(x) < 00} with in-
ner product (f, g) = [ f(x)g(x)d P (x). Here, the probability measure P is gener-
ating the predictor X in model (3.1). To be precise, the probability measure P = P,
depends on n since the dimensionality of X is growing with n: we are actually
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looking at a sequence of Hilbert spaces L (P,), but we often ignore this notation-
ally [a uniform bound in (6.5) will be a key result to deal with such sequences of
Hilbert spaces].
Denote the components of X by
gj(x):x(j), j=1,..., pn.

Note that by assumption, ||g;|| = 1 for all j. Define the following sequence of
remainder functions, called matching pursuit or weak greedy algorithm:

Rf =71,
R"f=R""'f—(R"'f, g5, )85, m=12,...,

where 4§, would be ideally chosen as

6.1

m—1
$m = argmax [(R™ " f, g;)|.
1<j=<pn
The choice function 4, is sometimes infeasible to realize in practice. A weaker
criterion is: for every m (under consideration), choose any 4, which satisfies

62) |(R™'f gs,)|=b- sup (R"'f g;)| forsomeO<b<1.
1<j=<pn

Of course, the sequence R f = Rm’gf depends on 41, 47, ..., 4,,, how we actu-
ally make the choice in (6.2). Again, we will ignore this notationally.
It easily follows that

m—1
f: Z(ijv g5j+1)g5j+1 + Rmf
j=0
and
(6.3) IR™ F12 = IR £12 = |(R™ £, g3, ).

6.1.1. Temlyakov’s result. Temlyakov [21] gives a uniform bound for the al-
gorithm in (6.1) with (6.2).
If the function f is representable as

(6.4) f@x)=>"Bijgix), Y IBjI<B<oo,
J J
which is true by our assumption (A2), then
(6.5) IR™ £l < B(1 + mb*)~2/22+b), 0<b<1asin(6.2).
By construction, R™ f depends on the selectors 41, ..., 4, in (6.2). The mathe-
matical power of the bound in (6.5) is that it holds for any selectors 4y, ..., 4,

which satisfy (6.2). In particular, the bound also holds for sequences R™ f which
depend on the sample size n (since X ~ P = P, and also the function of interest
f = fn depend on n).
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6.2. Asymptotic analysis as sample size increases. The L,Boosting algorithm
can be represented analogously to (6.1). We introduce the notation

(fo8)m=n""> f(XDg(Xi) and | flg,=n">" f(X)?

i=1 i=1

for functions f, g:RP» — R. Without loss of generality (but simplifying the nota-

tion), we assume in the sequel that ||g;|,) = 1 for all j and n (note that | g;|| =1
holds already); the justification follows from Lemma 1(i) below. As before, we
denote by Y = (Y1, ..., Y,)T the vector of response variables.

Define

R0 pl
R f =1, R, f=Ff—(Y.85)m8&3:
]’éﬁf = Iér’l”—lf_(lél’;’—lf’ gﬁ,n>(n)ggm’ m=2,3,...,

where

/31 = argmax|(Y, gj)(n)
1<j=<pn

’

8y =argmax|(R" ' gV |, m=2,3,....

lfjfpn

By definition, Ié,’f f=f- ﬁ,’l” is the difference of the function f and its
L,Boosting estimate F,". Note that we emphasize here the dependence of R
on n since finite-sample estimates (R,’{“1 /. &j)n) are involved.

6.2.1. A semipopulation version. For analyzing Ié,’? f, we want to use
Temlyakov’s [21] result from (6.5). We will apply it to a semipopulation ver-
sion I?,’f’ f, as defined below [since it seems difficult to establish (6.2) for 1?31 f
directly].

Consider

Ryf = f.
RIF=Ryf— (R figg Jey . m=12...,

where 4,,, is the selector from the sample version above.

The strategy will be as follows. First, we want to establish a finite-sample
analogue of (6.2) for the estimated selectors 8,5 this will then allow us to use
Temlyakov’s [21] result from (6.5) for Ié,’f f. Finally, we need to analyze the dif-
ference Iéff —R™f.
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6.2.2. Uniform laws of large numbers.

LEMMA 1. Under the assumptions (A1)—(A4), with 0 < & < 1 as in (Al):

() supj<jrep, N0 i (XD (X)) — Elgi(X)g(ONl = &y =
Op(n~t/?),

(i) supy<jp, NP0 gj(XD)eil = Lnp = Op(n™5/2),

(i) supy<j<,, In 'YL F(XDgi (X)) — ELf(XNgX0Nl = &s =
Op(n~t/?),

(iv) supy< <, In"' 302 g (XY — Elgj(X)Y ]| =Lna = Op(n5/?).

PROOF. For assertion (i), denote M = sup j llgj(X)loo: see assumption (A3).
Then Bernstein’s inequality yields for every y > 0,

n
P|:n§/2 sup n_IZgj(X,-)gk(Xi)—E[gj(X)gk(X)] >V:|
1<j,k<pn i=1
2,1-¢
< p22 (— y )
== EP T2y M2y )

where ng is an upper bound for Var(g;(X)gx (X)) for all j, k (e.g., ng = M4).

Since pﬁ = O(exp(2C(n'~%))), the right-hand side of the inequality above be-
comes arbitrarily small for n sufficiently large and y > 0O large.

For proving assertion (ii), we have to deal with the unboundedness of the ¢;’s in
order to apply Bernstein’s inequality. Define the truncated variables

w_ | & if || < M,,
L7 | sign(e;) My, if |&;| > M,,.

Then for y > 0,

n
P|:n$/2 sup n_lzgj(xi)??i >V:|
lfjfpn i=1
n
5]?[115/2 sup n_lZgj(Xi)S,t-r—E[gj(X)Str] >J//3:|
1<j<pn i=1
n
+IP’[n5/2 sup [ g (Xi)(ei — &) >V/3}
1<j=<pn i=1
n
+]P’|:n5/2 sup 'Y E[g;(Xi)(ei — )] >)//3i|
1<j<pn i=1

=1+1+1,
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since E[g;(X)e] = E[g;(X)]E[¢] = 0, which we use for III. We can bound I again
by using Bernstein’s inequality:

(y2/9n'=¢ )

6.6 I <p,2 —
(©0) = pa2ese 202 + M2 /3m )

Where ag is an upper bound for Var(g; (X)e") (e.g., sup; [|g; (X) ||<2>OE|8|2). When
using

M, =n®/*,

we can make the right-hand side in (6.6) arbitrarily small since p, =
O(exp(Cnl_E)); thus, for every § > 0,

(6.7) 1<$6 for n sufficiently large, y sufficiently large.

A bound for II can be obtained as follows:

II <P[some |g;| > M,] <nP[le| > M,] <nM, Ele|’
(6.8) . 4
=0m' M =01), n- oo,

since s > 4/& by assumption (A4).
For 111 we use the bound

(6.9) I = Tiper2 qup [Blg; (X) (e—e)11>y /3]
Note that by the independence of ¢ (and &) from g (XD,
Elg;(X)(e — )] =Elg; (X)]E[e — £"].
Hence, an upper bound is
IE[g;(X)(e — )] < M|E[s — &"]].
The latter can be bounded as

Ele — ]| < ' M, — x)dP:
IEle — ]| < /|x|>Mn(“gn(x) x)d Py (x)

< / T =01, (M + [x]) d Py (x)

= MuPle| = Myl + [ 15 T 0,1 P2 ()
< M, Ele|’ + Ele)' > P[le| > M,])'/
=0OM!™)+0M*?) =o(M; %) =0(n~/?)
since s > 4/& >4 (0 < & < 1). Hence, by using (6.9),
=0 for n sufficiently large, y > O sufficiently large,
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and together with (6.7) and (6.8), this proves assertion (ii).
Assertion (iii) follows from (i):

sup
1<j<pn,neN

n'Y " f(X)gi(X) —E[f(X)g; (X)]’

i=1

Pn n
<> 1Brnl sup n‘IZg,(X,-)gk(Xi)—E[g,-(xmk(xn‘
r=1

1<j,k<pu i=1
Pn n
<> 1Brul sup n_lzgj(xi)gk(xi) —E[gj(X)gk(X)]‘
r=1 1<j,k<pn i=1

Pn

<D 1Brnltna = 0p(n /).

r=1

Assertion (iv) follows from (ii) and (iii). [

6.2.3. Recursive analysis of LoBoosting. Denote

é‘n = max{{n,lv g‘n,Z’ {n,?)a gn,4} = OP(nis/z)

which is a bound for all assertions (i)—(iv) in Lemma 1. Also, we denote by w a
realization of all n datapoints.

LEMMA 2. Under the assumptions of Lemma 1, there exists a constant 0 <
Cy < 00, independent of n and m, such that

sup (R f. 850 — (R f. 80 < (5/2)" 6uC
<J=Dn

on the set A, = {w; | (w)| < 1/2}.
Note that Lemma 1 implies that P[A,,] — 1, n — 00. The constant C, depends on
Pn )
SUP; eN Zj:l 1Bj.nl.

PROOF.  We proceed recursively. For m = 0, the statement follows directly
from Lemma 1(iv). Denote A, (m, j) = (R} f, &j)m) — (R} f, &;)- Then, by defi-
nition,

An(m, )= Anm =1, ) = Ry f.85 M85, )y — 185, 85)
(6.10) — (84, &l (RY ' fr85, by — (RY " fr5,)
=A,(m— 1, ]) - In,m(j) - Iln,m(j)-
From Lemma 1(i) we get

(6.11) sup L (DI < IR Fllg5
1<j=pn

En < 1 f 1Sn,
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where we have used the norm-reducing property in (6.3) for Iézi f-
For the second term we proceed recursively:
sup | m(j)| < sup |<g,3 ’gj)(n)| sup |Ap(m — 1, j)|
lfj <Pn 1<] =p

§(1+§n) sup IAn(m—l,J)I.
1<j=<pn

(6.12)

For the last inequality, we have used again Lemma 1(i) and the Cauchy—Schwarz

inequality |(g; . &) < llgg Nlllg;ll=1.
Using the notation B, (m) = SUP|<j<p, |A,(m, j)|, we get the following recur-
sion from (6.10)—(6.12):

Bn(0) < &,
By(m) < By(m — 1) + &ull fII + (1 + £n) Ba(m — 1)
<(/2)B,(m—1)+ & f on the set A,,.
Therefore,

m—1 m—1
Bu(m) < (5/2" ¢+ Gull £11 Y (5/2)7 < (5/2)" ¢ (1 +11) (5/2>f—’">

Jj=0 Jj=0
<(5/2" (1 +sup Z 1B.n] Z(S/z) ")
j 1 k=1
which completes the proof by setting Cyx =1 4 sup, < Zf”zl 1Bjnl > fes (5/2)7.
O

Analyzing 12’31 f. We are now ready to establish a finite-sample analogue
of (6.2) for R} f. We have

(R f, 800 = (R £, 8)) + (R £, 80y — (RI £, 8))).
Hence, by invoking Lemma 2 (and denoting by A, the set as there) we get

(R £ 85, )i | =  Sup (R} £ &)
=J=Pn

> sup [(R™f g;)|—(5/2)"¢,Cx  onthe set A,.
1<j<pn

Therefore, again by Lemma 2 for the first inequality to follow,
(R £, 83 1= (R™ f, 83 Jml — /2" Cx on the set A,

> sup [(R™f,g;) —2(5/2)"¢,C. on the set Aj,.
I<j<pn

(6.13)
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Consider the set B, = {w;sup;<;,, |(1§Z’ frgj)l > 4(5/2)"¢,Cy}. Then,
by (6.13),

(6.14)  |(RI'f.g;5 )| =0.5 sup |(R)'f.g;)|  ontheset A, N By.
" 1<j<pn

Formula (6.14) says that the selectors /fm satisfy the condition (6.2) for RZ’ f on
the set A, N B,,. We can now invoke Temlyakov’s result in (6.5), since the condi-
tion (6.2) holds on the set A, N B,, [as established in (6.14)]. We have

(6.15)  ||R™f| < B(1+m/4)~"%=0o1)  ontheset A, N B,

by choosing m = m, — oo (n — oo) (slow enough), where B =
SUp, N Zfil |Bj.nl < o00; see (6.4) and assumption (A2).

For w € BY = {w:sup;<;<,, (RIf.g;)| < 4(5/2)"¢,C.}, by using for-

mula (5.2) from [21] with b,, as defined there (i.e., b, = b;;,—1 + |(I§Z’*1f, ggm)l,
bo=1),

IR fI* < sup [RIf, g;)bm
lfjfpn

(6.16) < sup (R £, )L +m £1])
<J=Pn

<4(5/2)" ¢, C(1 +m| £ on the set BE.

For bounding the number b,,, we have used the norm-reducing property in (6.3) ap-
plied to R f. Therefore, using (6.15), (6.16) and ¢, = Op(n=%/2) from Lemma 1,
we have for m = m,, - co (n — 00) slow enough [e.g., m,, = o(log(n))],

IR Il < B(L+my /4y~ /10
(6.17) +4(5/2)" ¢, C (1 +m| 1) on the set (A, N B,) U B¢
=op(l),
since P[(A, N B,,) U Bnc] >P[A,,] — 1, n — 00, due to Lemma 1.

Analyzing IQ,T f. By definition and using the triangle inequality,
(6.18) |Ev = I =R FI < IR FI+ IR — Ry £
A recursive analysis can be developed for the second term on the right-hand side:
An(m) = | R f = R} £
By definition,
Anlm) = | RV f = RETLF = (R 85, )y — (R 25, D835,
<Ap(m—1)+ |<1§Zn_1f, 83,,1)(”) - (I?Z’_lf, ggm)| ||ggm ”

< An(m =1+ (/2" ¢, C, on the set A,
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where the last inequality follows from Lemma 2. Therefore, for some constant
C >0,

(6.19) IR"f — R™ £l <3"2,C = o0p(1)

by choosing m = m, — oo sufficiently slowly such that 3"*2¢, = op(1).
By (6.17)—(6.19) we get [e.g., by using the choice m,, — oo, m, = o(log(n))]

Ex|EM™ (X) — f(X)? = [|R™ £ = op(1),

which completes the proof of Theorem 1.

6.3. Arbitrary step-size v. For arbitrary, fixed step-size 0 < v <1 in (2.2), we
need to make a few modifications to the proof.
Temlyakov’s result in (6.5) becomes

IR fll < B(1+v(2— V)mbz)_b/(2(2+b)), 0<b<1asin(6.2).

PROOF. The claim follows as in [21]. Using his notation, we use a, =
IR™ £12, ym = (R £, 85,)] b = bm—1 4 vYm, bo =1 and t,, = b from (6.2).
]

We can then use exactly the same reasoning as in Section 6.2. At some obvious
places, a factor v occurs in addition, and it can be trivially bounded by 1. The
only slightly nontrivial reasoning occurs in (6.16); but using b,, as defined above
(applied now to Ié,’f f instead of R™ f) yields the bound

IRT£II> < sup [(R™f,g;)|bm,
1<j<pn

which then allows us to proceed as in Section 6.2.

6.4. Binary classification. The first assertion of Corollary 1 follows exactly
as in the proof of Theorem 1 by using the representation in (3.2). There is no
crucial place where we make use of homoscedastic errors ¢;: the uniform laws of
large numbers from Lemma 1 look formally a bit different (e.g., for (ii) we need
to subtract a term E[g;(X;)e;] = E[g;(X;)(Y; — f(X;))]), but the i.i.d. structure
of the pairs (X;, Y;) suffices to get through. The moment assumption for &; =
Y; — f(X;) trivially holds since |Y;| <1 and sup, | f(x)| <1.

For the second assertion, it is well known that 2 times the Lj-norm bounds
from above the difference between the generalization error of a plug-in classifier
(expected 0-1 loss error for classifying a new observation) and the Bayes risk ([8],
Theorem 2.3). Furthermore, the L{-norm is upper bounded by the L,-norm.
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APPENDIX
The model (4.4). The model (4.4) is as follows. Define a; = j 051 T et the pa-
rameter « be the solution of the equation o2n~! 721 ajhj =K, where we denote

Aj = (1 —kaj)y.For n =100, the solution is k = 0.199. Determine the predictor
dimension p = max;{a; < x~1} = 23. The variances are ojz = Aj(nxaj)_l, j=
1,...,23, n=100. It can be shown that such regression coefficients belong with
high probability to {(8,.);; X7~ a}ﬁfm < 1} (note that p = p,, depends on n
via the parameter x = k).
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