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Summary

Let p be a prime number, and let ¢ be a power of p. Let F' be a finitely generated
field of transcendence degree 1 over the finite field IF, of ¢ elements, and let K be a
finitely generated extension of IF,. Fix a place oo of F|, and denote by A the ring of
all elements of I’ which are integral outside oco.

In this thesis we study the images of Galois representations associated to Drinfeld
modules.

To present the two main results, let ¢ : A — K{7} be a Drinfeld A-module
over K of rank r. For every prime p of A we have a continuous Galois representation

pp: Gr — Auty, (Tp(gp))

on the p-adic Tate module of ¢ where Gg denotes the absolute Galois group of K.
By reduction modulo p we get the residual representation

pp - G — Auty, (@[p](K°7))

where k, denotes the residue field at p. The natural question is to ask how large the
image of this representation is. Our first main result shows that the image of p, is
typically quite large.

Theorem. Let ¢ be a Drinfeld A-module over K. Assume that Endg(p) = A. Then
the residual representation is absolutely irreducible for almost all primes p of A.

Next, if ¢ is of generic characteristic, we consider the adelic representation
Pad : Gk — GLT(A@

where A? denotes the ring of finite adeles of F. The natural question again is to
ask how large the image of this representation is. It has been conjectured that the
image of this representation is open under suitable hypotheses, i.e., it is essentially
as large as possible.

Our second main result proves this conjecture.
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Theorem. Let ¢ be a Drinfeld A-module over K of generic characteristic. Assume
that Endg (¢) = A. Then the image of the adelic representation is open.
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Zusammenfassung

Sei p eine Primzahl, und sei q eine Potenz von p. Sei F ein endlich erzeugter Korper
vom Transzendenzgrad 1 iiber dem endlichen Korper F, mit ¢ Elementen, und sei K
eine endlich erzeugte Erweiterung von F,. Fixiere eine Stelle oo von F, und bezeichne
mit A den Ring aller Elemente von F, welche ausserhalb oo ganz sind.

In dieser Arbeit studieren wir die Bilder von Galois Darstellungen, welche zu
Drinfeld Moduln gehéren.

Um die beiden Hauptresultate zu prasentieren, sei ¢ : A — K{7} ein Drinfeld
A-Modul tiiber K vom Rang r. Fiir jedes Primideal p von A haben wir eine stetige
Galois Darstellung

pp 1 Gk — Auty, (To(y))
auf dem p-adischen Tate Modul von ¢, wobei Gy die absolute Galois Gruppe von
K bezeichnet. Durch Reduktion modulo p erhalten wir die residuelle Darstellung

By : G — Auty, (olp) (K°7)),

wobei k, den Restklassenkorper bei p bezeichnet. Es drangt sich die Frage auf, wie
gross das Bild dieser Darstellung ist. Unser erstes Hauptresultat zeigt, dass das Bild
von p, typischerweise ziemlich gross ist.

Theorem. Sei ¢ ein Drinfeld A-Modul iber K. Nehme an, dass Endg(p) = A
ist. Dann ist die residuelle Darstellung absolut irreduzibel fir fast alle Primideale p
von A.

Dann betrachten wir fiir ¢ von generischer Charakteristik die adelische Dartsel-

lung
pad : G — GL,(A]),

wobei Aﬁ den Ring der endlichen Adelen von F' bezeichnet. Die natiirliche Frage
ist wieder die nach der Grosse des Bildes der Darstellung. Es wurde vermutet, dass
das Bild dieser Darstellung unter geeigneten Bedingungen offen ist, i.e., es ist im
Wesentlichen so gross wie moglich.

Unser zweites Hauptresultat beweist dies.
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Theorem. Sei ¢ ein Drinfeld A-Modul iber K wvon generischer Charakteristik.
Nehme an, dass Endg (@) = A ist. Dann ist das Bild der adelischen Darstellung

offen.



Introduction

Notation

The following notation will be used throughout the whole thesis.

For any commutative ring R and any natural number n, we denote by M, (R) the
ring of n X nm-matrices with entries in R.

For any field L, we denote by L a fixed algebraic closure of L and by L*®P the
separable closure of L in L. By Gy, := Gal(L*®?/L) we denote the absolute Galois
group of L.

Let p be a prime number, and let ¢ be a power of p. Let F' be a finitely generated field
of transcendence degree 1 over the finite field F,, and let K be a finitely generated
extension of IF,.

Fix a place oo of I, and denote by A the ring of all elements of F' which are integral
outside oo.

If K has transcendence degree 1 over its prime field, we denote by P, Q, ..., places
of K.

By p,q,..., we denote primes of A.

For any prime p of A, we denote the residue field at p by x,, and for any place P of
K, we denote the residue field at B by kg.

We assume that K is an A-field, i.e., it is endowed with a ring homomorphism
t:A— K.

The kernel of ¢ is called the characteristic of K. The field K is said to have generic
characteristic if ¢ is injective, and special characteristic if py := ker(¢) is a nonzero
prime of A. We denote by

D :Endg(G,) = K{r} — K

the derivative at 0, e, if f =" a7 € K{r}, the derivative of f is given by
Df = ay. By ¢ we will always denote a Drinfeld A-module over K of rank r. The
characteristic of K is also called the characteristic of .
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Outline of the thesis

In this thesis, we study the Galois representations associated to Drinfeld modules.
The aim is to describe their images qualitatively. If one regards Drinfeld modules
as function field analogues of elliptic curves, it is not surprising that our main
theorems hold. Serre proved the adelic openness for elliptic curves without complex
multiplication in [29]. We will proceed along his lines. Actually, elliptic curves can
best be compared with Drinfeld modules of rank 2. Since we want to prove our
results for Drinfeld modules of arbitrary rank, we can not exactly take the same
route as Serre did because some results he uses simply do not hold for higher rank.
The residual representation will play a major role throughout the text.

The thesis is divided into three chapters. The first chapter presents some background
material, the subsequent chapters each present one of the two main results.

Chapter 1. We assume that the reader is familiar with the basic notions of Drin-
feld modules. In Section 1.1 we collect several results on the Galois representations
pp : Gk — GL.(Ay) and p, : Gg — GL,.(kp). One of the most important
ingredients from Chapter 1 is the openness of the image of the Galois representation
for a finite set of primes of A. This result due to Pink can be found in [20].

In Section 1.2 we analyze the action of inertia groups on torsion points. The
first result can be found in Pink and Traulsen [23] and states that the restriction of
pp to the inertia group at any place not lying above p is unipotent. It then remains
to consider the action of the inertia group at a place 8 on the p-torsion module
@[p] for P above p. To analyze it, we follow Serre [29]. We introduce the notion
of fundamental characters, which will play a very important role. Using these, the
action of inertia can be described. This is a major step for proving the absolute
irreducibility.

Section 1.3 contains a class field theoretical result. Again, we follow Serre’s
approach. We introduce certain algebraic groups, for which we state and prove a
result on interpolation of some characters.

Chapter 2. The second chapter contains the first main result of this thesis, the
absolute irreducibility of the residual representation.

Theorem. Let ¢ be a Drinfeld A-module over K. Assume that Endg(p) = A. Then
the residual representation
P 1 Gg — GL,(ky)

1s absolutely irreducible for almost all primes p of A.

The proof of this result is divided into three sections. In Section 2.1 we prove it



in the case where the endomorphisms of ¢ over K are scalar and where K is a finite
extension of F. Pink and Traulsen proved the analogous result for Drinfeld modules
of special characteristic in [23, Theorem 3.1]. Therefore we assume that ¢ has
generic characteristic. We will give an indirect proof, assuming that the residual
representation is not absolutely irreducible for infinitely many primes. First, we
consider the determinant of the residual representation and describe its ramification.
For this we can use the results from Chapter 1. Translating the situation into
class field theoretical terms allows us to compare our character to characters of
some algebraic groups. Using this we are able to construct an algebraic relation
contradicting one of Pink’s results.

In Section 2.2 we still assume that ¢ has generic characteristic, but we allow
the Drinfeld module to have arbitrary endomorphism ring. Of course, the residual
representation will no longer be absolutely irreducible. The best possible result is
to give a description of the image of the group ring under the Galois representation.
We will give this description without proving the details, since one can use exactly
the same argument as Pink and Traulsen did in [23].

In Section 2.3 we present the proof of the general case. We do this by proving the
general case of the result on the image of the group ring. The absolute irreducibility
then is an immediate consequence. The proof will be given by reduction to the case
where K is a finite extension F. This will be done using a similar argument as Pink

did in [20]

Chapter 3. The third chapter deals with the adelic openness in generic charac-
teristic. Section 3.1 gives some preparatory results on subgroups of matrix groups
and on algebraic groups which will be important in the subsequent sections.

In Section 3.2 we show that the residual representation is surjective for almost all
primes p of A. The major steps are as follows. First, by our result from Chapter 1,
we know that the image of the tame inertia group under the residual representation
is quite big. Using this together with the absolute irreducibility from Chapter 2, we
will show that all conjugates of the image of the tame inertia group generate GL, (ky).
Finally, by using a result from Section 3.1, we can show that the residual represen-
tation is surjective for almost all primes p of A.

Section 3.3 contains the proof of the adelic openness in generic characteristic for
the case that K is a finite extension of F. We deduce the result from the surjectivity
of the residual representation for almost all primes of A. The argument is very
similar to the one in Gardeyn [10]. By Pink’s result [20], we can discard a finite
set of primes of A. For the remaining primes, we first prove a result on subgroups
of GL, (k). Together with a statement on the size of a certain ramification index,
we can then show that GL,(A4,), as a factor of GLT(Aﬁ), is contained in the image
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of the adelic representation. This implies that the image of the adelic representation
is open.

In Section 3.4 we give a specialisation result whose proof is based on an argument
from Pink [18] and uses a result from Pink [20].

Finally, Section 3.5 contains the second main result of this thesis.

Theorem. Let ¢ be a Drinfeld A-module over K with generic characteristic.
Assume that Endg(¢) = A. Then the image of the adelic representation

pad : Gx — GLT(A£>
1S open.

The proof is a reduction to the case of a finite extension using the specialisation
result from Section 3.4.

The adelic openness means that the image of the adelic representation is as big as
possible up to commensurability. This is the best result possible and gives a complete
answer to the qualitative question what the image of the Galois representation looks
like.



Chapter 1

General Results

In this chapter, we introduce some general results on Drinfeld modules which will
be used in the following chapters. We assume that the reader is familiar with the
basic notions of Drinfeld modules. These can be found for example in Drinfeld [6],
Deligne and Huseméller [5], Hayes [12] or Goss [11, Chapter 4].

In the first section, we list some important results concerning Galois representa-
tions on Tate modules. These are due to Pink [20], [21], Taguchi [32], [33], [35] and
Tamagawa [37].

In the second section, some results on the action of inertia groups on torsion
points of Drinfeld modules are stated. The first is due to Pink and Traulsen [23].
The second we develop here. Following Serre’s results from [29] for elliptic curves,
we introduce the notion of fundamental characters and prove some results for these.

In Section 1.3, two algebraic groups are constructed in the same way as Serre
did in [27] and [29]. Then we state a result which will allow us in the next chapter
to compare certain characters.

1.1 Galois Representations associated to Drinfeld
modules

Consider a Drinfeld A-module ¢ : A — K{7}, a+ ¢, over K of rank r and (any)
characteristic pg. For any ideal a of A, denote by

pla] == ﬂ Ker(¢q : Gox — Go k),

aca

which is an intersection of closed subschemes of G, i, and by

pla](K*P) :={x € K*% | Va € a: ¢,(x) =0}

5



the module of a-torsion of . If a does not divide the characteristic of ¢, by Lang’s
theorem, this is a free A/a-module of rank r. For any prime p of A different from
the characteristic of ¢, the p-adic Tate module

To(p) := lim @[p"]| (K*)

of ¢ is a free A,-module of rank r where A, denotes the completion of A at p. We
denote by Vi(p) := Tp(p) ®a, Fy the rational Tate module of .
For all p # pg, there is a continuous Galois representation on the Tate module

pp 1 Gk — Auty, (Tp(p)) = GL,(A,).

By definition, the reduction modulo p is a continuous Galois representation on the
module of p-torsion

Py - G — Aut,, (p[p](K°P)) = GL,(kp)

over the residue field x, := A/p. We call it the residual representation.
Our first stated result is the semisimplicity conjecture.

Theorem 1.1.1 (Semisimplicity conjecture). Let ¢ be a Drinfeld A-module over K
and p a prime of A different from the characteristic of ¢. Then the F,[Gk|-module
Va(p) is semisimple.

Proof. For the case where K is of transcendence degree 1 over F,, see Taguchi
[32, Theorem 0.1] in special characteristic and Taguchi [33, Theorem 0.1] in generic
characteristic. For the general case, see Pink [20, Theorem 1.4]. O

The next result has been proven independently by Taguchi and Tamagawa.

Theorem 1.1.2 (Tate conjecture for Drinfeld modules). Let ¢ and ps be two
Drinfeld A-modules over K of the same characteristic. Then for all primes p of A
different from the characteristic of K, the natural map

Homp (01, 02) ®a Ay — Homy, ) (Ta(1), Tp(g2))
18 an isomorphism.
Proof. See Taguchi [36] or Tamagawa [37]. O

Combining these two theorems, on gets another important result which parallels
one we are going to prove in the next chapter.
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Theorem 1.1.3. Let ¢ be a Drinfeld A-module over K, and assume that
Endg(p) = A. Then the representation

Gr — Autya, (Vo(p))
is absolutely irreducible for all primes p of A different from the characteristic of .
Proof. Combine Theorem 1.1.1 and Theorem 1.1.2. n

We are now coming to a result which will be very useful later on. It is about the
size of the image of the Galois group under the representation on the Tate module.
Serre proved that for an elliptic curve without complex multiplication, the image of
the Galois group is as big as possible.

Pink studied the analogous problem for Drinfeld modules.

Theorem 1.1.4. Let ¢ be a Drinfeld A-module over K of generic characteristic
and assume that Endg(p) = A. Then for any finite set A of primes of A the image
of the homomorphism
Gix — [[ GL.(F))
AEA
1S open.

Proof. See Pink [20]. O

Theorem 1.1.5. Let ¢ be a Drinfeld A-module over K of special characteristic and
assume that Endg () = A. Then the image of p, is Zariski dense in GL,p, for all
primes p of A different from the characteristic of .

Proof. See Pink [21]. O

Theorem 1.1.6 (Isogeny conjecture for Drinfeld modules). Let ¢ be a Drinfeld
A-module over K. Assume that K is of transcendence degree 1. Then up to K-
isomorphism, there are only finitely many Drinfeld A-modules ¢ over K for which
there exists a K-isogeny o — ¢’ of degree not divisible by po.

Proof. See Taguchi [32] in special characteristic and Taguchi [35] in generic charac-
teristic. O

In [23], Pink and Traulsen reformulated Theorem 1.1.6 into a result on Galois
invariant submodules.

Proposition 1.1.7. Let ¢ be a Drinfeld A-module over K. Assume that K is
of transcendence degree 1. Then for almost all primes p of A and all natural
numbers n > 0, every Gg-invariant A/p™-submodule of o[p™|(K*?) has the form
a(p[p"|(K*°P)) for some a € Endg ().



Proof. See [23, Proposition 2.3]. O

Corollary 1.1.8. Let ¢ be a Drinfeld A-module over K. Assume that K is of trans-
cendence degree 1 and that Endg () = A. Then the representation py is irreducible
for almost all primes p of A.

Proof. Set n =1 in Proposition 1.1.7. [



1.2 Action of inertia groups on torsion points

In this section we give three results which will be useful in the next chapter. The
first result gives us some information on the characteristic polynomial of certain
Frobenius elements. It is for Drinfeld modules of both generic and special charac-
teristic. Throughout the section we assume that K is of transcendence degree 1.

Proposition 1.2.1. Let ¢ be a Drinfeld A-module over K of arbitrary characteris-
tic, and let P be a place of K where @ has good reduction. Then for every prime p of
A different from the characteristic of ¢ and not lying below B, the representation py
is unramified at B, and the characteristic polynomial of py(Frobg) has coefficients
in A and is independent of p.

Proof. See Goss [11, Theorem 4.12.12 (2)]. O

For the remainder of this section, we assume that ¢ is of generic characteristic.
The next result has been proven by Pink and Traulsen in [23] for Drinfeld modules in
special characteristic. The proof also works in generic characteristic and is omitted
here.

Proposition 1.2.2. Let ¢ be a Drinfeld A-module over K of generic characteristic.
After replacing K by a suitable finite extension, for all primes p of A and all places
B of K not lying above p, the restriction of p, to the inertia group at B is unipotent.

Proof. See Pink and Traulsen [23, Proposition 2.7]. O

Our next result will give us information on the action of the inertia group of a
place B of K on ¢[p] if p lies below PB. To achieve this goal, we need to introduce
fundamental characters. We then can prove a result very similar to one of Serre’s
in [29, §1].

Remark. On the next pages we will have to analyze the restriction of characters to
inertia groups of K. If 8 is a place of K we have to choose a place P of K above B
in order to talk about an inertia group. If we took another place above 3 then the
different inertia groups are conjugated. Since our characters have abelian image, it
does not matter which place above 8 we choose. We therefore fix one and write
Iy and I}fp for the inertia group and the tame inertia group of K at the place ‘B,
respectively.

Fundamental characters. Fix a place B of K, a place B of K, and denote
by vy be the according normalized valuation on the completion Kg as well as its
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extension to l_(i;. Denote the respective residue fields by kg and kg. The field kg
is an algebraic closure of kg. Denote by Kg" the maximal unramified extension of
Ky inside Kg, and by K}i3 the maximal tamely ramified extension of Ky inside K.
The tame inertia group Iy is Gal(Kj/K§). Let m be a uniformizer at B. Let A be
a finite extension of kg inside kg, and let 7y be any nonzero solution in K}S3 of the
equation XM — 71X = 0.

Definition. The fundamental character of A is the homomorphism
Gl — A o= o(my)/my mod 7.

Remark. For any other uniformizer 7’ and any nonzero solution 7} of the equation
XW—7'X =0, the elements 7, and 7 have the same valuation and therefore differ
by a unit u € K;%. The value ()(0) then changes by o(u)/u, which is congruent to 1
modulo P because o acts trivially on the residue field. Therefore () is independent
of the choices of 7w and 7. Moreover, it factors through the tame inertia group 133
because 7y € K%.

The fundamental characters form a projective system with respect to the norm
maps, i.e., if \' is a finite extension of A inside kg, then we have the following equality

Cx = Ny oy

where Ny /5 : A — X is the Norm map. Fundamental characters will be important
in analyzing the action of the inertia group at a place 3 of K on ¢[p] for a prime p
of A lying below ‘3.

Fix a place p of F, a place P of K above p, a place p of F above p and a place
B of K above . Let g, denote the cardinality of k,, the residue field of F at the
place p. For any power m of p denote by k,, be the subfield of kg with m elements.

Assume that ¢ has good reduction at 3, and let hg be the height of the reduced
Drinfeld module. The connected-étale decomposition of ¢[p] gives an exact sequence
of group schemes over Spec O,

¢ — 0,

0 — ¢[p]” — ¢[p] — ¢[p]

The set p[p]°(K*) is an hg-dimensional x, vector space. The following result is an
analogue of Proposition 9 in Serre’s paper [29]. The analogue of Corollary 1.2.4 for
T-sheaves has been proven by Gardeyn in [10]. Abbreviate qph‘B by n.

10



Proposition 1.2.3. Assume that the extension K/ F, is unramified and that ¢ has
good reduction at P. Then the following properties hold.

(i) The inertia group Iy acts trivially on o[p]®(K*P).
(ii) The action of the wild inertia group at P on @[p|°(K*P) is trivial.
(iii) The ky vector space structure of @[p]®(K*%P) extends uniquely to a one dimen-
sional k, wvector space structure such that the action of Ifn on [p|®(K*P) is

gwen by the fundamental character (x, .

Proof. Assertion (i) follows immediately from the definition of an etale group scheme.
To prove (ii), define

a = 1/(n—-1),

U, = {x€ Ky" | vp(x) > a},

u, = {r € Ky"|vp(r)>a}, and
Vo = ug/ul,.

Let m, be a nonzero solution of the equation X" — 71X = 0. The set V, is a one
dimensional kg vector space and isomorphic as Gg-module to m,kg. By definition
of the fundamental character (j,, the action of Iy on V, factors through 1}33, and the
wild inertia group at P acts trivially.

We claim that for every non-zero element s € ¢[p]'(K*®) we have
vyp(s) = . This can be done by considering an appropriate Newton polygon. For
this, let a € A be a function with a zero of order one at p. Then (a) = pZ for an
ideal Z of A which is prime to p. Then we have

vla] = ¢lp] ® p[7].
Since ¢[Z] is étale, we get
pla)” = ¢[p]”

as group schemes over Spec Ok,,. The polynomial ¢, is given by

7 deg(p)

Pa = Z SOa,iTi-

1=0

11



The Drinfeld module ¢ has good reduction at 3. For the valuations of the coeffi-
cients, we thus get, with iy := hyg deg(p),

vp(Pa0) = ng(a(a)) =1,

vp(pai) > 1 for 0 <i < i,
U‘ﬁ(@a,io) - O’
vp(pai) > 0 fori > .

The fact that p[p]°(K*%?) is an hg-dimensional k, vector space and the above
observations imply that (1,1) and (g,"#,0) are vertices of the Newton polygon
of pg(x) = 0. Therefore every non-zero element s € ¢[p]°(K*P) satisfies

vgp(s) = a,

whence s € u,. Because ¢[p]°(K*%P) is a group under addition, the natural projection
Uy — V, thus induces an injective Gg-equivariant homomorphism

Pl (K*F) = V.

Let V be its image. Since the above homomorphism is G g-equivariant, the wild iner-
tia group at P acts trivially on V, and the action of the tame inertia group at 8 and is
given by (j,. Therefore V' is invariant under multiplication by k. From |V| = |k,|,
we deduce that V' is a one dimensional k, vector space and ¢[p|°(K*%P) = V, as
kp|Gk|-modules. This implies (ii).

It remains to show that this vector space structure is an extension of the previous-
ly given r, vector space structure on o[p]®(K*°). For this, let b € k,, and let b be
an element of A whose residue class in s, is equal to b. Then the action of b on
x € p[p|°(K*P) is given by

b ().
The element b induces the element +(b) mod P € ky and thus acts in a second way
on z through «(b)x mod vg(.) > a. We have to show that these two actions coincide
on ¢[p]°(K*?). By definition of V,, this is equivalent to showing that

v (pp(z) — L(b)z) > .
Since ¢ is a Drinfeld A-module over K, we have @y(z) = t(b)x + S 7980 ppd’.

=1
Therefore we get
rdeg(b)

op(r) — L(b)x = Z biz? .

12



Since ¢ has good reduction at B, we know that vg(b;) > 0 for ¢ = 1,... 7 deg(b).
By definition of V,, we have vgp(z) = a > 0. We thus get vp(bz?) = vg(bi)
q'vp(zr) > o, fori=1,...,7deg(b), and therefore vy (py(z) — 1(b)z) > a.

The £, vector space structure on ¢[p]°(K*“?) therefore extends uniquely to a one
dimensional k,, vector space structure, which shows that the action of Ifn on V is
given by the fundamental character (y,,. O

Consider @[p]°(K*?) @y, kg. This is an hg-dimensional kg vector space. The
action of the tame inertia group Ifn on it can be brought into diagonal form and is
therefore given by a set of hgq characters

wizlgg—w:%, i=1,..., hy.
Define ¥y, := Homy,, (kn, kg).

Corollary 1.2.4. Assume that Kg/F, is unramified. Then the set of characters
{Wi}i is given by {7 o G, }EEEhm-

Proof. By Proposition 1.2.3, the representation of I}fp over kg is given by (j,. By the
representation theory of finite groups, the representation (, @k, kg is given by

P 7o,

EEth

as desired. O
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1.3 An interpolation result from class field theory

In this section, we introduce two algebraic groups in the same way as Serre did in
[27, Chapter II] and [29, §3]. Then we analyze their character groups and indicate
how to construct a system of p-adic representations out of a character of S.

Remark. Serre’s construction is somewhat more general. He uses the notion of
modulus of support or, equivalently, conductors. Our construction will only give
us strictly compatible systems with trivial conductor. This is sufficient for the
application in the next chapter.

Define
U=]]0%x [[ K& c Ak,
Proo

0o’ |oco

and

C:=Ay/K"U.

Then C' is a finite abelian group and sits in the exact sequence
1 — K*/(K'NU) — A, /U — C — 1.

Consider the Weil restriction Res® (G, x) of the multiplicative group over K to F.
By definition, its points over a [-algebra B are given by

Resk (Gox)(B) := (B®p K)*.
Let K* N'U be the Zariski closure of K*NU in Resf (G,, x ) and consider the quotient
T := Resy (Gr)/K*NU.
Let S be the push-out of T and A% /U over K*/(K* N U). This is an algebraic
group with the universal property that, for any algebraic group S’ over F' together

with homomorphisms T — S’ and A%, /U — S'(F') such that the following diagram

K*J(K* N U) — Al JU

J |

T(F)—S/(F)

commutes, there exists a unique homomorphism S — §' through which the maps
T — §" and A}, /U — S'(F) factor. A more explicit construction of the algebraic
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group S can be found in Serre [27, Chapter II]. The definitions of T and S give us a
commutative diagram

1— K*/(K*NU) —— A} JU —C——1

!

11— T(F) S(F) C 1.

Denote by 7 : Aj — S(F') the compositie of 7" with A7 — A% /U. Let p be any
prime of A, and fix a place p of F' above p. Define

vr= J[ 0nx [[ K& c Ak,

Of{p, oo} oo’|oo
Ky =[] Ky,
Blp
and
Blp

The composite of v with S(F') — S(F}) is the continuous homomorphism
Yo o A — S(Fy).

We know that
Resy (G ) (Fp) = (F @ K)* = K.

We thus can consider Resp (G, k) (F}) as a direct factor of A% Taking the projection
onto this factor we get a continuous homomorphism

0y 1 A — K = Resh (G i) (Fy) — T(F,) — S(Fy).

It follows from the commutativity of the above diagram that -, K+

Therefore the continuous homomorphism

K*:5p

Wy Af — S(F)

is trivial on K*. Since both +y, and 6, are trivial on U?, the continuous homomorphism
VpOp ! factors through a continuous homomorphism

ep + A/ K*UP — S(Fy),

where K*U? is the closure of K*U? in AJ.
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Characters of T and S. Define ¥ := Homy(K, F). Every o € ¥ extends to a
homomorphism F ®r K — F and thus gives a character [o] : Resp (G i) — G,
of Res® (G, k). These [o] form a Z-basis of the character group X(Resh (G, x)).
Since T = Resy (G, x)/K* N U, the character group of T is given by

X(T) = {H o

ceEX

Ha(m)””zlfor alleK*ﬂU}.

[

For the character groups of C, T, and S we have the exact sequence
1 —X(C) — X)) — X(T) — 1

where X(C') is the finite group Hom(C, F*). Any character u of T can be extended
to a character 6 of S in |C| ways.

Let a character 6 of the algebraic group S be given. It induces a continuous
homomorphism S(£},) — Fg‘. Its composite with ¢, is a continuous homomorphism

O+ AY/K*UP — Fg.

Since Aj./K*U? is compact, the image of 6; lies in O}ﬁ. Therefore we can reduce it
mod p and get

Op : Ao /K UP — k5.

The Artin reciprocity map of global class field theory induces a continuous iso-
morphism
w: Ay /K*UP — Gal(K™"/K)

where K is the maximal abelian extension of K which splits completely at primes
oo’ above oo and is unramified at places not lying above p. If we compose the
homomorphisms 05 and 6; with the inverse of w we obtain continuous representations

05 : Gal(K®?/K) — 138

k=1

and B
0
By Serre [27, Chapter 1I], the §; form a system of strictly compatible p-adic repre-
sentations.

: Gal(K™*/K) — &,

=1l

Interpolation of characters. We will now see how to construct a character of
S out of a certain system of p-adic characters.
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For this, let S be an infinite set of primes of A. For any p € S, fix a place p of F
above p and consider a continuous homomorphism

np - Gal(K*P/K) — k.

Every o € ¥ extends uniquely to a homomorphism
O—P . K; — Fg,

and this homomorphism is equal to 1 on all factors K3 of K except the one for
which B = o~ 1(p).

Proposition 1.3.1. Assume that there exist integers n(o,p)yex pes whose absolute
values are bounded and such that for allp € S and all x € Op we have

ns(z) = <H oy " (271 mod ﬁ) .

oceY

Then there exist 0 € X (S) and an infinite subset S” of S such that for all p € S’ we
have
O0p = 1p-
Proof. Since the values of the n(o,p) are bounded and ¥ is finite, there exists an
infinite subset S” of S such that for all p € S” the value n(o,p) is independent of p.
Denote this value by n,. Define a := ] .y, 0. This is a character of Resp (G k).
Take any x € K* N U. We know that nz(z) = 1 and, by assumption, that
ns(z) = a(z™) mod p. Therefore we have a(z) =1 mod p for all p € S”. Since
S” is infinite, we get the equality a(x) = 1. This implies that o € X(T).
Abbreviate n := |C|. Extend « to a character §" € X(S). Then for any p € 5",
the character

b= T}fje_/gl . A}}/K*—UP — HE

factors through C'. Therefore it takes values in the group of n-th roots of unity us .
of ky. Let p,, be the group of n-th roots of unity of F. Then, for any prime p € S”,
the reduction map g, — 5, is an isomorphism. Therefore we can consider 35 as
homomorphism into p, and thus as an element of X(C'). The character group X(C)
of C'is finite. So there exist 5 € X(C') and an infinite subset S’ of S” such that for
all p € S” we have 3; = (3. Define 6 as the product of #" and the image of § in X(S).
For all p € S" we then have 05 = 7. [
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Chapter 2

Absolute Irreducibility of the
Residual Representation

In this chapter we prove the absolute irreducibility of the residual representation.
We are doing this in three steps, each of them being a section.

In Section 2.1 we assume that ¢ is of generic characteristic, that the extension
K/F is finite and that the endomorphism ring of ¢ over K is A. We give an indirect
proof. If the residual representation p, is irreducible, but not absolutely irreducible,
it can be considered as a representation of some smaller dimension over an exten-
sion of the residue field x, at p. Its determinant over that extension is an abelian
character ,. We can extend it to a character X with values in x5. We then consider
the restriction of this character to the inertia group of any place of K lying above p.
Using Proposition 1.2.3 we can show that this restriction is equal to a certain fun-
damental character. Next, we translate our setting into a class field theoretical one
using the result from Section 1.3. Having done this, we consider characteristic poly-
nomials of Frobenius elements and show that a certain resultant vanishes mod p
for any prime p of A where the residual representation is not absolutely irreducible.
If this happens for infinitely many primes p of A, the congruence relations give an
equality which yields an algebraic relation for p,(Gg). By Theorem 1.1.4 we know
that this image is Zariski dense in GL, g, which allows us to construct the desired
contradiction.

Section 2.2 deals with the case of a larger endomorphism ring. We can no longer
expect the residual representation to be absolutely irreducible. Instead, we describe
the image of the group ring A,[Gg| in the endomorphism ring of the Tate module
for almost all primes p of A. The section will be quite short since the results are the
same as in the paper by Pink and Traulsen [23, Section 4]. All arguments also work
in generic characteristic.
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Finally, in Section 2.3, we prove the general case, i.e., we do not make any
assumptions on the characteristic of ¢, and the field K is finitely generated over F,.
We prove this by reduction to the case of transcendence degree 1 which is already
proven in Section 2.2. The argument is very similar to the one in Pink [20, Theorem
1.4].

2.1 The case Endg(¢) = A and [K : F] <

The aim of this section is to prove the following result.

Theorem 2.1.1. Let ¢ be a Drinfeld A-module over K of generic characteristic.
Assume that Endg(¢) = A and that K is a finite extension of F. Then the residual
representation

P 1 Gxg — GL,(ky)

1s absolutely irreducible for almost all primes p of A.

Remarks. 1. The analogous result for Drinfeld A-modules of special characteristic
was proven by Pink and Traulsen in [23, Theorem 3.1].

2. We need the assumption Endz(¢) = A because we use Theorem 1.1.4 at the
end of this section.

By Corollary 1.1.8 we know that p, is irreducible for almost all primes p of A.
By the Lemma of Schur, for these primes the ring End,, (p;) is a finite dimensional
division algebra over ,. Since k, is finite, every finite dimensional division algebra
over Ky is a commutative field. The ring End,, (p,) is thus a finite field extension
of the residue field x, of some degree s,. Denote this field extension by A,. Since
r = dim,, (py) = dimy, (5p)[Ap : Kp] = dim,, (pp)sy, the integer s, must divide the
rank 7 of ¢. Setting ¢, := r/s, we see that the residual representation p, factors
through GL, (\;) C GL, (k).

To prove Theorem 2.1.1 we have to show that s, = 1 for almost all p. If not,
some value of s, > 1 must occur infinitely often. To give an indirect proof, we make
the following assumption.

Assumption 2.1.2. There exist integers s > 1 and t with st = r and an infinite
set S of primes of A such that for all p € S the residual representation p, factors
through GL¢(\y) where A, is a field extension of Ky, of degree s.

For p € S we can consider p, as a homomorphism Gx — GLi(),). If we
compose p, with the determinant

dety, : GLi(Ap) — Ay,
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we get a character
Xp := dety, opp : Gk — Ay,

Remarks. 1. Since S is infinite, we can remove finitely many primes, and S’ is still
infinite. We remove those primes of S where ¢ has bad reduction and those which
are ramified in K. Then

e ¢ has good reduction at all places of K lying above places in S, and

e allp e S are unramified in K.

2. It is enough to prove Theorem 2.1.1 for an open subgroup of G . This allows
us to replace K by a finite extension. We replace K by a finite extension such that
the restriction of p, to any inertia group of a place not lying above p is unipotent,
which is possible by Proposition 1.2.2. Next, enlarge K such that the lattices at the
places above oo become K-rational. Again, only a finite extension is needed. Then
the following two properties hold:

e forallp €S and for all places P of K not lying above p we have X,
e for all places oo’ of K lying above oo we have X,|p_, = 1.

3. By replacing K by a finite extension as above, we only have to deal with

characters whose prime to p conductor is 1 and which totally decompose above co.

i, = 1, and

Let p be any prime in S. Fix a place p of F' above p. The residue field x5 at p is

an algebraic closure of k,. Denote by KLS] the extension of x, of degree s inside xj.

Choose an embedding [, : A, — k. Composing ,, with [, gives a character

Xp:=OpoXy: Gk — Ky

Define ¥ := Homp (K, F). Let B be any place of K above p. Then the set Yq :=
{o €X|P=0"1p)} is non-empty. Any o € Xy induces an embedding kg — Kp.
Let kg, be the field with g, elements inside k.

Lemma 2.1.3. Let p be any prime in S and B a place of K above p. Then the
following properties hold.

(i) We have s | [kg : Ky], and so any o € S induces an embedding 7 : kgs — K.

(ii) There exists an element o € X such that
Yﬁh‘p =00 qug .

Proof. Let B be any place of K above p. The Drinfeld module ¢ has good reduction
at P. We thus have an exact sequence of k, vector spaces

0 — @[p]* (K) — @[p](K7) — p[p] (K*T) — 0.
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Let hg denote the height of the reduced Drinfeld module and abbreviate ¢, := |k,|
and n = q;m. By Proposition 1.2.3, the group Iy acts tri-vially on ¢[p]®(K*%P)
and, because of the above remarks, it has no coinvariants on o[p]°(K*%?). Thus
the group of Ip-coinvariants of ¢[p](K*P) is ¢[p](K*P). Since the representation
factors through GL;()\,), it follows that the above exact sequence is a sequence of
Ap vector spaces. Thus s must divide hg.

Moreover, the determinant over A, of the representation p_ph:p is equal to the
determinant of the subrepresentation on ¢[p|®(K*?). By Proposition 1.2.3 (ii) we
know that the r, vector space structure of p[p]°(K*“) extends to a one dimensional
k., vector space structure such that the action of Iz on it is given by the fundamental
character (i, : Iy — k. The action of A, induces an embedding A\, — £, and
therefore an identification A\, = kg over ,. Via this identification, the determinant
over )\, of an element x € kj is the norm Ny, /,(z) € A;. It thus follows that
dety, op_p|lqB is the fundamental character qus g — X;.

Therefore qug extends to an abelian character of Gi. The fundamental character
is equivariant under conjugation by Gp,,. Since it is also surjective, we get that G,
acts trivially on Aj. Therefore A, is contained in the residue field kg, and so s divides

/5, proving (1)
To prove (ii), note that the embedding 3, induces an isomorphism

Bp,s 1 Ap = HLS].
Every o € Xy induces a ¢ and therefore an isomorphism

_ ~ 18]

Ot kgys & Ky

Take the o € X such that the following diagram commutes

Xp )\; By, s KLS}*

t
Iy

t qp s
Iqj ap° "f;[as}*
For this o we get Xply, = 70 (.- =

Translation into a class field theoretical setting. To get more information
on the ramification of the character y; we use some elements of class field theory.
We will get a new character and some information on the ramification of it. We use
the same notation as in Section 1.3.
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Since the characters ,, and X3 are abelian, unramified at places not lying above
p, and trivial if restricted to the decomposition group at any place oo’ of K lying
above oo, they factor through Gal(K®P?/K). Therefore we can compose them with
the Artin reciprocity map

w: A /K*UP — Gal(K/K)

and get new characters

Ep = Xpow A /K*UP — A,

and

Uy i=Xpow: Al /K UP — k.

Lemma 2.1.4. For any p € S there exist n(o,p) € {0,1} such that for any x € O,
() = (H oy ™ (z7")  mod ﬁ) .
oex

Proof. Let p be any prime in S and B a place of K lying above p. Then for any
0 € Yy as in Lemma 2.1.3 (ii), we get

Xply =00 qus =00 ngp/kqg OCys -

Since the norm is the product of all Galois conjugates, and P is unramified over p,
the latter is equal to
H 5'I o Ckm

o’'ed,

P
s -

If we compose the fundamental character (y, with the inverse of the local norm
residue symbol, wy : Ky — Gy, we get

where X, := {0’ € X : O',‘kqg =0

Chy 0w 1 O — ki, T z~' mod P.

Therefore the above equality is equivalent to



for all z € Og. Set n(o’,p) := 1 whenever o’ € i for some P above p, and 0
otherwise. Because of Op = ][y, O3, we then have for all z = (zg) € O}

=11 1I ¢ mod p

Plp o EZ’

= [Lowl .

oceEY

O

Comparison of characters. We can now use Lemma 2.1.4 to construct a char-
acter of S such that the induced p-adic representation reduced mod p will coincide

with Eﬁ.

Lemma 2.1.5. There exist 0 € X(S) and an infinite subset S” of S such that for all
p € 5" we have

Proof. By Lemma 2.1.4 we know that for all p € S there exist n(o,p) € {0,1} such

that
;3 (H a?"” mod ﬁ) for all z € O;.

oey

The exponents are bounded by 1. This implies that the characters Ep for p € S
satisfy the assumptions of Proposition 1.3.1. Therefore there exist § € X (S) and an
infinite subset S’ of S such that for all p € S” we have 0 = wp O

If we compose the homomorphisms 65 and 9_,3 with the Artin reciprocity map
w: Al /K*U? — Gal(K®*/K) we can consider them as continuous representations

0p : Gal(K“*/K) — Fy,

and
0 : Gal(K**/K) — K-

Replace S by S’. For all p € S we then get by Lemma 2.1.5 the equality
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Construction of an algebraic relation. Let n be an integer, and let
f(T) = [T — ;) = Y7, 3T" be any monic polynomial of degree n. For
any integer m < n define

1) =T] (T - Haz)

I el

where the outer product ranges over all subsets I of {1,...,n} of cardinality m.
The coefficients of f™(T) are symmetric polynomials in the a; and are therefore
polynomials in [y, ..., 3, with coefficients in Z. The above construction can thus
be applied to any monic polynomial with coefficients in any commutative ring. If f
is the characteristic polynomial of a linear map M, then f™ is the characteristic
polynomial of A" M. We have f(™(a) = 0 if and only if f has m zeros with
product «.

Fix a place Q of K where ¢ has good reduction. Let p be any prime of A not
lying below Q. Denote by fq the characteristic polynomial of p,(Frobg). By 1.2.1
it has coefficients in A and is independent of p.

Denote by fa, the characteristic polynomial of py(Frobg) € GL,(k,), and by ga,
the characteristic polynomial of p,(Frobg) € GL;(A,). We have

fap=fa modp,
and B
f{),p - N)\p/np gD,p-
The fact that the 05 form a system of strictly compatible p-adic representations

means that ug := 6;(Frobg) lies in F* and is independent of p. It is integral outside
oo and the places lying below Q.

Lemma 2.1.6. For all places Q of K where ¢ has good reduction we have

F8(ug) =0.

Proof. Fix a place Q of K where ¢ has good reduction. Let p € S be a prime not
lying below . By Lemma 2.1.5 we have

X;s(Frobg) = 5(Frobg).

This implies that the product of the ¢ zeros of gq , is equal to éﬁ(Fron), which shows
that fg?p (ég(Fron)) = 0. Since fg?p = fg) mod p and 5(Frobg) = ugq mod p, we
get fg)<UQ) = 0 mod p. This happens for infinitely many p € S. Therefore we

(t) =0 ]
get fQ (ugq) .
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Conclusion. We can now prove Theorem 2.1.1 using the above results.

Proof of Theorem 2.1.1. Fix a prime p of A. Consider the representation
Pp X 9;, :Gg — GLT,FE X GLl,F,;
and denote by I'y its image. Consider the morphism

v:GL, x GL; — A", (g,h) — det(A'g — h1< ))

s
t

By Lemma 2.1.6 we know that v(p,(Frobg), 5(Frobg)) = 0 for all places Q of K
with 9 t p, Q 1 0o, and where ¢ has good reduction. Since these Frobg form a dense
subset, we get

V|1‘*p = 0.

Let F‘ger be the commutator subgroup of I',. Then we have
Iy C SLy f, x1.
By [23, Lemma 3.7] we know that the commutator morphism
-, ]:GL. x GL, — SL,

is dominant. Together with Theorem 1.1.4 we see that the projection of Fger to the
first factor lies Zariski dense in SL,.r, . Note that in order to use Theorem 1.1.4, we
need Endjz(¢) = A. This was assumed at the beginning of this section. Since v is
an algebraic morphism, it follows that v vanishes on SL,. p, x1.

But we have

a—r+1

We assumed that s > 1, which implies ¢ < r. Therefore the restriction of v to
SL,.r, X1 is non-constant. This is a contradiction, and so Assumption 2.1.2 is false,
as desired. O]
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2.2 The image of the group ring in the case
K : F] <o

In this section, we assume that ¢ is a Drinfeld A-module over K of generic char-
acteristic and arbitrary endomorphism ring E := Endg(y). Let B, be the image of
the natural homomorphism

For all primes p of A the natural homomorphism
E,:=E®4 A, — Endy, (Tp(gp))

is injective by Pink and Traulsen [23, Proposition 4.1], and by Theorem 1.1.2 its
image is equal to the commutant of B,. Denote by c the rank of £ as A-module,
and define d := r/c. Since ¢ has generic characteristic, the ring E is commutative,
and the number d is an integer. Define E, := E ®4 A,.

We can now state the result on the image of the group ring. It is analogous to
Theorem B in Pink and Traulsen [23]. The only difference in our case is that the
endomorphism ring F is always commutative since ¢ has generic characteristic.

Theorem 2.2.1. For almost all primes p of A we have By, = My(Ey).

Proof. Since E is commutative, its center is E as well. All arguments of the proof
by Pink and Traulsen also work in generic characteristic with the center Z of F
replaced by E. The only missing part is the absolute irreducibility of the residual
representation in the case where End () = A which has been proven in the previous
section. [
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2.3 The general case

In this section we prove the absolute irreducibility of the residual representation
for a Drinfeld module of arbitrary characteristic over a general finitely generated
field K over IF,. We will first generalise Theorem 2.2.1. For this, denote the center
of E = Endg(p) by Z. Define ¢ := [Z : A], € := [E : Z], and d := r/ce. The
number d is an integer. Define Z, := Z ®4 A,. If ¢ has generic characteristic,

then ' = Z and e = 1. As in the previous section, let B, denote the image of
Ap|Gg] — Endy, (Tp(gp)), and define E, := E ®4 A,.

Theorem 2.3.1. Let ¢ be a Drinfeld A-module over K. Then for almost all primes
p of A we have E, = M.(Z,) and By, = My(Z,).

We will prove Theorem 2.3.1 by reducing it to the case of transcendence degree 1.
We use a similar argument as Pink did in [20]. Let X be a model of K of finite type
over Spec(IF,) such that ¢ defines a family of Drinfeld A-modules of rank r over X
and such that Endg () acts on the whole family of Drinfeld A-modules over X. For
any point z € X, we then get a Drinfeld A-module ¢, of rank r over the residue field
k. at x. Its characteristic is the image A\, of z under the morphism X — Spec(A).

Let ¥ be a geometric point of X over x such that k; = k. The morphisms
Spec(K) — X « x induce homomorphisms of the étale fundamental groups

Gg — (X, Z) « (2, Z) = Gy, .
For any prime p # A, of A, the specialisation map induces an isomorphism

V() — Volz)-

This isomorphism is equivariant under the above étale fundamental groups. More-
over, since Endg () acts faithfully on the Tate module V,,(¢,), we obtain a natural
embedding Endg (p) — Endyg, (p,). Let py denote the characteristic of ¢.

Proposition 2.3.2. Assume that K/F, has transcendence degree at least 1. Then
there exists a point x € X such that the following properties hold.

(1) ky has transcendence degree 1 over F,,.
(ii) x lies over po.

(11i) Endk (@) has finite index in Endy, (o).
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Proof. Let p be any prime of A different from py. Denote by I'y, the image of G
under the representation p, : Gk — GL,(A;). By Pink [20, Lemma 1.5], there exists
an open normal subgroup I'y C I'y, such that for any subgroup A C I', with AI'y =T,
we have F,A = F,I', as subalgebras of M, (F},). Let K’ be the corresponding finite
Galois extension of K, and let X’ be the normalization of X in K’. Denote by 7 the
morphism X' — X.

By Pink [20, Lemma 1.6], there exists a point x € X satisfying (i) and (ii), and
such that 7~ '(z) C X’ is irreducible. Denote by A, the image of Gy, in the repre-
sentation on V(p,). Since p # \,, we have V,(p,) = V,(¢), turning A, into a sub-
group of I',. From the irreducibility of 771 (z) we get Gal(ky-1(,)/k,) = Gal(K'/K),
and so A 'y = I'y, and therefore F,A, = F,I', by the above explanation. There-
fore the images of the two natural homomorphisms F,[Gy,] — Endg, (Va(g,)) =
Endp, (Vo(¢)) and Fy[Gg] — Endp, (Vi()) coincide and thus also their commu-
tants, which by Theorem 1.1.2 means that Endg (@) ®4 F}, = Endy, (¢,) ®4 F,. The
structure theorem for finitely generated modules over Dedekind rings implies that

Endg (¢) has finite index in Endg, (¢.). O

Proof of Theorem 2.3.1. Let x be a point of X as in Proposition 2.3.2. Denote the
center of ' := Endy,(¢,) by Z'. By Proposition 2.3.2 we know that E has finite
index in E'. Therefore we have E, = Ey, and Z, = Z, for almost all primes p of A,
and the invariants ¢, d, and e are the same for both tuples F, Z and E’, Z'. Let &
be a geometric point of X over x such that k; = k).

Let By, denote the image of the natural homomorphism

Ap[G,] — Endyg, (Tp(gpx)).

Since ¢, is a Drinfeld A-module over a finitely generated field of transcendence
degree 1 over F,,, Theorem 2.2.1 in generic characteristic and Theorem B of [23] in
special characteristic imply that

B, My(Z)) and E, = M,(Z})
for almost all primes p of A. Since E, = E| and Z, = Z for almost all p, we get
Ey = Me(Zp)

for almost all primes p of A.

We have T,(p,) = Ty(¢p) for all primes p of A different from \,, and this iso-
morphism is equivariant under the above étale fundamental groups. Thus the image
of

Ayl (X, )] — Endy, (Ty(¢)
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is equal to My4(Z,) for almost all primes p of A. Since the action of Gx on Ty(¢)
factors through 7' (X, z), we have

By = My(Zy)
for almost all primes p of A. O

We can now prove the general case of the absolute irreducibility of the residual
representation for a Drinfeld module with arbitrary characteristic over a finitely
generated field K.

Theorem 2.3.3 (Absolute irreducibility of the residual representation). Let ¢ be a
Drinfeld A-module over K. Assume that Endg(p) = A. Then the residual represen-
tation

P 1 Gxk — GL,(ky)

1s absolutely irreducible for almost all primes p of A.

Proof. By definition, we get p, from p, by reduction mod p. According to Bourbaki
[2, §13, Proposition 5], it is therefore enough if we prove that the natural homomor-
phism

Ap|Gr] — Enda, (Tp(v))

is surjective for almost all primes p of A. This follows from Theorem 2.3.1 by
setting £ = A. O]
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Chapter 3

Adelic Openness in generic
characteristic

In this chapter, we prove that the image of the adelic representation associated to
@ is open if ¢ is of generic characteristic.

In Section 3.1 we prove some general results for matrix groups and algebraic
groups. These will be important in the subsequent sections.

In Section 3.2 we show that the residual representation is surjective for almost
all primes of A if Endgz(¢) = A and ¢ is of generic characteristic and K is a
finite extension of F. There we will need the absolute irreducibility of the residual
representation from Chapter 2 and the results on the image of the inertia group from
Chapter 1. Since the image of the tame inertia group is a torus and the residual
representation is absolutely irreducible, the image of the residual representation is
already quite large.

We show in Section 3.3 that the image of the adelic representation is open if K
is a finite extension of F. We will show that this follows from the surjectivity of the
residual representation for almost all primes of A. The argument is very similar to
the one in Gardeyn [10, Chapter 3.

In Section 3.4 we prove a specialisation result. The proof is based on an argument
from Pink [18] and uses a result from Pink [20].

Finally, in Section 3.5, we prove the adelic openness in generic characteristic in
the general case, i.e., where K is a finitely generated extension of F. This will be
done by reduction to the case of a finite extension of F. For doing this, we will use
the specialisation result from Section 3.4.

Throughout this Chapter we assume that ¢ is a Drinfeld A-module over K with
generic characteristic. As usual, we denote the rank of ¢ by r.
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3.1 Preparatory results

In this section we prove some results on matrix groups and on algebraic groups. The
first is on additive subgroups of the matrix group M, (k).

Proposition 3.1.1. Let n be any natural number, let k be a field with |k| > 4,
and let H be an additive subgroup of M, (k). Assume that H is invariant under
conjugation by GL, (k). Then either H is contained in the set of scalar matrices or
H contains the set of matrices with trace 0.

Proof. Let T' = G}!, denote the full diagonal torus. Its character group is given
by X(T') = Z". Let e;,1 = 1,...,n, be the standard basis of Z". The torus T" acts
on gl,, by conjugation, and thus we consider gl,, as representation of 7T'. Its weights
are given by e; —e;, % # j, with multiplicity 1 and 0 with multiplicity n. The weight
space W, of weight 0 is the group of diagonal matrices. The weight space W; ; of
weight e; — e; is the group of matrices with only zero entries except, possibly, for
the position (4, 7). We thus can decompose M, (k) as

Mn(k’) - WO @@j Wi,j-

Since |k| > 4, we have |k*| > 3. Thus any two distinct weights of the form e; —e;
remain distinct on restriction to 7'(k). Therefore we can decompose H as

H=(HNWy)®EPHNW,).

1,J

Each W, ; is a k-vector space of dimension 1, and T'(k) acts on it through a surjective
homomorphism 7T'(k) — k*. Therefore H N W;; is either 0 or equal to W; ;. The
permutation group S, is a subgroup of GL, (k) and permutes the weights e; — e,
transitively. Since H is invariant under conjugation by GL,(k), we find that either
all HNW;; =0or all HNW,; = W, ;. In other words either H is contained in the
set of diagonal matrices or H contains all W; ;, which is the set of matrices with 0
on the diagonal.

If H is contained in the set of diagonal matrices, we take an element h of H.
Denote its diagonal entries by hy,...,h,. Let i # j. Denote by u € GL, (k) the
matrix with entry 1 on the diagonal and in the (i, j)-entry and 0 elsewhere. Then
the matrix whu™" has entry h; — h; at the position (i, j). But this entry has to be 0
because uhu~' € H. We then get that h; = hj. This can be done for any pair (i, j),
which shows that H is contained in the set of scalar matrices.

If H contains the set of matrices with 0 on the diagonal, we consider the trace
form. It is given by (A, B) := tr(AB). Denote by H* the orthogonal complement

32



of H with respect to the trace form. The inclusion for orthogonal complements
is reversed. Therefore H+ is contained in the orthogonal complement of the set
of matrices with 0 on the diagonal. This orthogonal complement is the group of
diagonal matrices. By the above observation and the assumptions of the Proposition,
we get that H' is contained in the set of scalar matrices. Therefore H contains
the orthogonal complement of the scalar matrices, which are the matrices with
trace 0. O

The next two results are on subgroups of GL, (k).

Proposition 3.1.2. Let n be any natural number, let k a finite field, and let H be
a normal subgroup of GL, (k) containing a non scalar matriz. Assume that (n, |k|)
is different from (2,2) and (2,3). Then we have

SL,(k) C H.

Proof. For any non-scalar element h € GL, (k), there exists an element g € GL, (k)
such that the commutator ghg='h~! is again non-scalar. Thus H contains a non-
scalar element of SL, (k). In particular, we have n > 2, and H does not lie in
the center Z(SL,(k)) of SL,(k). By Huppert [14], the group SL,(k)/Z (SL,(k)) is
simple, except for the cases where (n, |k|) = (2,2) or (n,|k|) = (2, 3). By assumption,
we are not in any of these two cases. Therefore we get that HZ (SL,(k)) = SL; (k).
Since SL, (k) is perfect by Bass, Milnor and Serre [1, Corollary 4.3] or Rose [26], we
get that SL, (k) C H. O

The next result is on subgroups of SL,, (k).

Proposition 3.1.3. Let n be any natural number, let ¢ a constant, let k a finite
field, and let H be a subgroup of SL, (k) of index c. Assume that (n, |k|) is different
from (2,2) and (2,3) and that c!n < |SL,(k)|. Then

H = SL, (k).

Proof. Denote SL, (k) by G. The subgroup Ng(H) of G has index at most ¢ in G.
Consider the group

N = ﬂ gHg ' = ﬂ vHr ™.
geq 2€G /NG (H)

The group H acts on X := {gH| g € G} through multiplication on the left. This
corresponds to a homomorphism from G to the symmetric group Sx on X which, by
assumption, is isomorphic to a subgroup of the symmetric group S. on ¢ elements.
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The kernel of this homomorphism is N. Therefore NV has index at most ¢! in G. Only
those scalar matrices with n-th roots of unity as diagonal entries lie in G. Therefore
there are at most n scalar matrices in G. Since cln < |SL,(k)|, the group N thus
contains a non scalar element. Moreover, it is normal in GL, (k). By Proposition
3.1.2, we therefore get N = GG and thus H = G. [

The next two results are on fibers of morphisms.

Proposition 3.1.4. Let X be an irreducible algebraic variety over a field L, let G be
an irreducible algebraic group over L, and let f : X — G be a dominant morphism.
Define f" : X" — G by (v1,...,2,) — f(x1) ... f(x,), and denote by d and
e the dimensions of G and X, respectively. Then for n > d the fibers of f™ have
dimension at most ne — d.

Proof. Since f is dominant, there exists an open dense subset U of X such that
all fibers of f|y have dimension e — d. We first consider the restriction of f" to
X1 x U x X" for any 1 <1i <n. We can write this restriction as the composite
of morphisms

Xl Ux Xm0 2 Xl Gx X" 2 Xl gx X' 25 @

where
Od(.’l'l,...,l'n) = (l’l,...,.fi,l,f(xi),l'prl,...,LEn),
ﬁ(xla--~7mi—1ag7$i+17"'7$n) -
($1;-~,$z‘—1, f(x1>"‘f(xi—l)gf(xi—l-l)---f(xn)a Iz’+17-~7$n);
Y(T1y e i1, Gy Tt 1y ) = G

Here o has fiber dimension e — d, the morphism ([ is an isomorphism, and ~ has
fiber dimension (n — 1)e. Thus all fibers of f"|xiyxyxxn-i-1 have dimension at
most e — d + (n — 1)e = ne — d. Varying 4, we get that all fibers of f"|xn\(x\vy
have dimension at most ne — d.

On the other hand, all fibers of f"|x\y)» have dimension at most
dim ((X \ U)") < n(e—1). Since n > d, this is at most ne — d.

We have

n—1

X=X\ JX' xUx X",
i=0
Therefore all fibers of f™ have dimension at most ne — d. O

34



Proposition 3.1.5. Let X and Y be affine schemes of finite type over Spec Z, and
let f: X — Y be a morphism of finite type. Then there exists a constant c,
depending only on X,Y and f, such that for any finite field k and anyy € Y

F 7 )R] < elk| 0D,

Proof. We induct on dim(Y"). Since X and Y both have only finitely many irreducible
components, we can assume that both X and Y are irreducible.

For points y ¢ f(X) of Y, there is nothing to prove. Therefore we can replace Y’
by the Zariski closure of f(X) in Y, and assume that the morphism f is dominant.

If dim(Y) = 0, we have Y = {5} and f~!(n) = X. Since X is affine we can use
Noether normalisation to get a finite morphism X — A", where n is the dimension
of X. Let dy be its degree. Then we have |f~(n)(k)| < do|k|™. Thus the proposition
is true for dim(Y’) = 0 with constant dy.

Assume that the proposition is true for dim(Y) < e with constant ¢. Assume
dim(Y’) = e, and let n be the generic point of Y. By Noether normalisation there
exists a finite morphism f~1(n) — A%im(f T of degree, say, d. This finite
morphism extends to an open neighbourhood V of n in Y. We thus get a quasifinite
morphism f~}(V) — A?}m(f_l(")) of degree at most d where dim(f~!(n)) is the
constant fiber dimension of f|;-1(yy. For all y € V, we thus get

M @) (k)] < mlk| O,

Therefore the proposition is true for all y € V with constant d. Let Y’ be the
complement of V. It is closed and therefore we have dim(Y’) < e. By assumption
the proposition is true for all y € Y’ with constant ¢. Define ¢ := max{c,d}. Then
the proposition is true for all y € Y with constant c. O
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3.2 Surjectivity of the residual representation

Throughout this section, we assume that K is a finite extension of F. We prove the
following result.

Proposition 3.2.1. Let ¢ be a Drinfeld A-module over K of generic characteristic.
Assume that Endg(¢) = A and that K is a finite extension of F. Then the residual
representation

P 1 Gk — GL,(ky)

1s surjective for almost all primes p of A.

Remark. Later in this section we have to show that a certain representation is
unramified. For doing this, we need that ¢ has semistable reduction. Therefore we
already now replace K by a finite extension such that ¢ has semistable reduction
everywhere. Next, we replace K by a finite extension such that the decomposition
group at a place of bad reduction acts trivially on the lattice at that place. Finally,
we replace K by a finite extension such that the lattices at places above oo become
K-rational.

By Theorem 2.3.3 the residual representation is absolutely irreducible for almost
all primes of A. We have to show that the residual representation is surjective for
almost all primes of A. We can therefore restrict ourselves to primes p of A
e where the residual representation is absolutely irreducible,

e which lie below places where ¢ has good reduction, and
e for which we have |k, > 4.

Consider such a prime p of A, a place P of K above p, a place p of F' above p

and a place P of K above B. Denote by T, the image of the residual representation

Do 1 Gk — GL,(kyp).

Denote by g, the cardinality of x,. By assumption ¢ has good reduction at . Denote
by hg the height of the reduced Drinfeld module. Define n := q;“’p, and denote by
kn the subfield of kg with n elements. For the inertia group Iy at P we have an
exact sequence
1%IQ3—>L1;—>I€B—>1

where Ipq3 and 133 denote the wild inertia group and tame inertia group, respectively.
Fix a section pr — Iy . By Proposition 1.2.3 we know that the image under p, of
the inertia group at P is up to conjugation given by

kro|
(0 l)crp,
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and the image of Ifn thus is

k|0
(9 e

Since g, > 4, its centraliser in GL, ,, looks like

( Ty | 0 )
0 ‘GL(T_hEB)v’%

for a torus Ty over k, with Tis(k,) = k. The torus Ty is the Weil restriction
Resi: Gk, and thus of dimension hsg.

Let H, be the algebraic subgroup of GL, ., generated by I'y and Ty for all P | p.
Since Iy acts absolutely irreducibly on xy, so does Hy,. Let H be the algebraic group
generated by {vTypy™' | P | p and v € F p}. Then H is contained in the identity
component Hy of Hy. In fact, since H, =T’ oH,, the quotient H,/ H, = T,/(T,NH,)

is finite, and thus H, = ]:Ip.

Lemma 3.2.2. There exist a natural number sy, elements v1,...,7,, € I'p, and an
Hy . -irreducible vector space W C ky" such that

=nWa...0,W.

Proof. Abbreviate V' := kj. Let W be a nontrivial H,, -invariant subspace of V
of minimal dimension. Slnce H, . is normalised by Fp, the vector space YW is
also H, . -invariant for all v € F The vector space Zver YW is I'p-invariant and
therefore by the irreducibility of V', equal to V. Since each YW is 1rreduc1ble over
Hy ., we can choose 71, ...,7,, € I'p such that

Porp

’YlW@@’YSpW:V
[

We fix a decomposition of g as in Lemma 3.2.2. Then the subgroup of GL; ;
which acts on each summand separately is isomorphic to GL;? o5 where , denotes
the dimension of W. The subgroup of GL, ., which maps each summand to some,

possibly other, summand, is then isomorphic to GLt sy X9, -

Lemma 3.2.3. We have

Hyyy C GLY . xS,

tp Kp P
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Proof. Define W; := ~;W for ¢ = 1,..., s5. We then have

tp,Kp °

Sp
T o__ ; o Sp
kp=EPW;, and Hy, C GL
=1

There exists a basis of k-

p With respect to which

_ ~ rrhy
Porg — 1 - Gm,feﬁ

1

where the upper left block consists of diagonal hq X hg-matrices. Define

t
M1 : Gm,ﬂﬁ E— T‘B,Hg? t—

1

This is a cocharacter of Ty ; which on the given representation has weight 1 with
multiplicity 1 and weight 0 with multiplicity » — 1. Without loss of generality we
can assume that p; has its nontrivial weight on W; and weight zero on all other
W;. Since Ty .y C Hg}nﬁ, it follows that, as an Hgynﬁ—representation, the space W,
is not isomorphic to W; for any i # 1. By conjugation, we get that any two of the
W; are non-isomorphic H;Hﬁ—representations. This shows that the decomposition
Ky = | W, is the isotypical decomposition under H ;”Hﬁ. Therefore it is normalised
by Hy ., and we have

S
Hy .y C GLy o XS,

Define «, as the composition of the following homomorphisms
Grg — Hpw; C GL; . xS, — S, .

tp,Kp

Lemma 3.2.4. The homomorphism oy, is unramified at all places of K lying above p.
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Proof. Fix a place P of K lying above p. By assumption, the Drinfeld module ¢
has good reduction at B. Therefore the image under the residual representation of
the inertia group Iy at P looks like

(k(:);; p_p(fp))szp)x(é p—p<11p>)‘

Therefore the image under ay, of the tame inertia group at ‘B is trivial. The restric-
tion of oy to the wild inertia group at 8 thus factors through the coinvariants of
pp(15;) under the image of the tame inertia group. Since |k,| = qp > gy > 4, these
coinvariants are trivial, as can be seen from the above semidirect product. There-
fore the image under o, of I% is trivial, and the homomorphism ¢, is unramified

at P. O

Lemma 3.2.5. For almost all primes p of A, the homomorphism «, is unramified
at all places of K where ¢ has bad reduction.

Proof. Fix a place Q of K where ¢ has bad reduction. At the beginning of this
section we replaced K by a finite extension such that ¢ has semistable reduction
everywhere. Let (1), Aq) be the Tate uniformisation of ¢ at . Then, ® is a Drinfeld
A-module over Ky of some rank ' < r, and Ag is, via 1), an A-lattice in KJ" of
rank r —7r’.

For any prime p of A with p {£Q we have an exact sequence

0 — ¢[p](K*?) — @[p](K*7) — Aq/pAq — 0.

The inertia group Iq acts trivially on the first and the third term by hypothesis
on K. Therefore its image under p, lies in

(H%) =~ Hom (Aa/pAa, ¢[p](K°*7)).

The group ap(lg) is normalised by a,(Frobg). Since the order of ay(Frobg)
divides s,!, and hence also r!l, the homomorphism Iq — «a,(lg) factors through

\/

HOHI AQ/}JAQ, Ksep

FrobT' '

The action of Frobg on Aq/pAq is trivial. Therefore we have

Hom (AD/pAQ7 w[p] (Ksep))probg =0
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if and only if ¢ [p] (K)o = 0.

Denote by fq the characteristic polynomial of Frobg on the Tate module of v
at p. It is independent of p, and its coefficients lie in A. By purity, every eigenvalue
of Frobg has valuation < 0 at co. Thus 1 is not an eigenvalue of Frobg, and
so fa(1) € A\{0}. If p1 fq(1), then no eigenvalue is congruent to 1 modulo a prime
lying above p, and so

Hom (AQ/FAQ, ¢[P] (Ksep))FrObg =0.

We thus get Hom (Ag/pAq, ¥[p] (K Sep))Fmbg = 0 for almost all primes p of A. There-

fore, for these primes, the image under «, of Iq is trivial. There are only finitely
many places Q of K where ¢ has bad reduction. Therefore, there are only finitely
many possibilities for the characteristic polynomial of the r!-th power of Frobenius at
these places. Thus, for almost all primes p of A, the homomorphism «,, is unramified
at all places of K where ¢ has bad reduction.

[

Corollary 3.2.6. For almost all primes p of A, the homomorphism o, is unramified
everywhere and totally split at places oo’ above co.

Proof. At the beginning of this section, we replaced K by a finite extension such
that the action of the decomposition group at any place lying above oo is trivial.
In particular, it is unramified at all places lying above co. The action of the inertia
group at all places not lying above oo and where ¢ has good reduction is trivial.
Therefore, for all primes p of A, the homomorphism c,, is unramified at these places.
Moreover, by Lemma 3.2.4, it is unramified at all places lying above p. By Lemma
3.2.5, for almost all primes p of A, it is unramified at all places where ¢ has bad
reduction. For these primes, the homomorphism «,, is unramified everywhere. [

Lemma 3.2.7. For almost all primes p of A, we have s, = 1.

Proof. Let p a prime of A such that «, is unramified everywhere, and let K® the
field fixed by the kernel of the homomorphism «,. By Corollary 3.2.6 it is unramified
over K. Moreover, its degree [K® : K] < sp! < r!is bounded independently of p.
By Goss [11, Theorem 8.23.5], a function field analogue of the Hermite-Minkowski
Theorem about unramified extensions, there are only finitely many possibilities
for K®). Therefore their compositum K’ is a finite extension of K. The homo-
morphism
ap: Ggr — 5,

is trivial for almost all primes p of A.

40



Let p be any such prime of A. If s, > 1, then the residual representation p, for
the Drinfeld module ¢ considered as Drinfeld A-module over K’ is not absolutely
irreducible since the commutant of its image is too big. By Theorem 2.3.3 this can
only happen for finitely many primes. Therefore we get s, = 1 for almost all primes
p of A where a, is unramified everywhere, which, by Corollary 3.2.6, are almost all
primes p of A. O

Proposition 3.2.8. For almost all primes p of A, we have
H;KP = Hyp, = GL,, .

Proof. Lemma 3.2.7 implies that H, wy Acts irreducibly on x3". Moreover, as has
been explained in the proof of Lemma 3.2.3, it has a cocharacter with weight 1 with
multiplicity 1 and weight 0 with multiplicity » — 1. By Pink [20, Proposition A.3]
we get

p,.;— = GL’I‘Hp7

and thus
HS = GLMP

p,kp

because Hs,,{p is an algebraic subgroup of GL,,, . Since HS’KP C Hp., C GL,4,,
both inclusions are equalities. Il

The following result will be needed in the subsequent one to assert that a certain
constant is independent of p.

Lemma 3.2.9. There exists a scheme Z of finite type over Spec(Z) and a closed
subscheme T C GL, XZ over Z, such that for almost all primes p of A, any place
B | p of K, and any element v € T'y, there ezists a point z € Z(ky) such that

T. =Tyy!
Proof. Define

Z = GL,x(A")"! and
7 = {(t,9,v1,...,0._1)| tg = gt and Vi : tv; = v;} C GL, xZ.

Then Z is a scheme of finite type over Spec(Z), and 7 is a closed subscheme of
GL, xZ. Let p be a prime of A which is unramified in K and such that | k, [> 4
and such that ¢ has good reduction at all places of K lying above p. Take any P | p
and v € I'p. Let t be a generator of Tip(ky) = Ky, and let wy, ..., w,y € K} be
generators of the space of invariants of Ti. Then

Ty |0
CthGLnnp (t) = < O‘B )

*
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and

Ty | O
StabGLT-,mp (w)N...N S’anb(;,LT.,Np (wr—1) = ( *‘«]3 1 ) )

and their intersection is Ti. Conjugating by v we deduce that the fiber 7, of 7
above z = (yty ™1, yws, ..., yw,—1) is YTyt O

Lemma 3.2.10. There exists a constant ¢ depending only on r such that for almost
all primes p of A
(GL,(kp) : Tp] <ec.

Proof. Let any prime p as in Proposition 3.2.8. Then GL,,, is generated by the
connected algebraic subgroups yTyyy™! for all P | p and v € I',. By Humphreys [13,
Proposition 7.5] it follows that the morphism

fp : XIJ = >< rlemzfy;l B— GL’I‘,I{p) (tla"'vtm> — tl"'tm
=1

is dominant for a suitable choice of m and *; | p and ; € I'y. Since dim(GL,.,, ) = r?,
we can obtain this with m = 72. In particular, we can assume that m is independent
of p.

By Proposition 3.1.4 the fibers of

2

Xy — GLyg,, (1, 202) = fo(@1) - fo(2r2)

have dimension at most dim(Xf) — dim(GL,,). We replace X, by Xf and m by
mr?, which is still independent of p. Then with e, := dim(X,) all fibers of f, have
dimension at most e, — 2.

Let Z and 7 C GL, XxZ be as in Lemma 3.2.9. Then for every 1 < i < m we
can choose a point z; € Z(k,) such that 7, = v, T, 7; !, Denote the two projections

bye: T — GL, and 7 : 7 — Z and consider the morphism

fiT™— GL, xZ™, (t1,... tm) — (e(t1) ... e(tm), (1), ..o, 7(tm)).
The construction implies that f induces the morphism f, in the fiber above the point
(21,..., 2m) € Z™(kp). Denote the cardinality of k, by ¢,. Since f is independent

of p, by Proposition 3.1.5 there exists a constant ¢; independent of p such that for
all g € GL,(k,) we have

— dim f71 ep—12
| fo H(9) (Kp)] < crgy U < o gor=,
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On the other hand, we have |Ti, (kp)| = qgmi — 1, and hence

T g T by,
[ Xp(rp)| = H((Ipml -1) = H%mel
i=1 i=1
_ 2—mqu:hil3i _ 2—mq;p‘

Since f,(Xp(kp)) C Iy, we get

2

Xp(rp)| o 27"gy 4
Tl > [fo(Xplp)) | > =205 > =2 = S0
C14p C14p 1

It follows that

r—1/ r o 7"*1 ro_ 1
[GL,(ky) : Ty] = M < chlw < 2.
|FP’ Qp
Thus the lemma holds with ¢ := 2™¢;. O

Lemma 3.2.11. For almost all primes p of A we have

Proof. By Lemma 3.2.10 there exists a constant ¢ such that [GL,(k,) : I'y] < ¢ for
almost all primes p of A. It is therefore enough if we consider only these primes. We
have

[SL,(kp) : [y N SL,(ky)] < ¢

for these primes. The constant ¢ is independent of p and we have |SL,(ky)| > clr
for almost all of these primes. By Proposition 3.1.3 we get I'y N SL,(k,) = SL, (k)
for almost all primes p of A.

Since Tip(kp) C Ty and det : Top(ky) = k; — ky is the norm map, which
is surjective, the determinant map det : I'y — &y is surjective. We thus get

I'y = GL,(kyp) for almost all primes p of A. O

Lemma 3.2.11 proves Proposition 3.2.1.
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3.3 The case [K : F|] <

Throughout this section we assume that K is a finite extension of F. Let A? be the
ring of finite adeles of F. Consider the adelic representation

Pad : Gg — H GL.(A4,) C GL,(AL).
poo

Denote its image by I'. The aim of this section is to prove the following result.

Theorem 3.3.1. Let ¢ be a Drinfeld A-module over K with generic characteristic.
Assume that Endz(¢) = A and that K is a finite extension of F. Then the image
of the adelic representation

Pad - G — GLT(Ag)
1S open.

We show that Theorem 3.3.1 follows from Proposition 3.2.1, the surjectivity of
the residual representation for almost all primes of A. Using Proposition 3.1.1, we
will first prove a result on subgroups of GL,(A,). For this, we need to consider the
congruence filtration defined below. We then have to consider all factors in order
to get a description of the adelic image. We prove that for almost primes p of A,
the factor corresponding to GL,(A,) is contained in I'. We again use the images of
inertia groups.

Congruence filtration of GL,(A,). Fix a place p of A, and let 7 be a uni-
formizer at p. Define

Gy = GL.(4) x [[{1} € GL.(A}), and
a7
G, = 1+ M (4).

The i-th subquotient of the congruence filtration is given by
Gy =Gl /G,
Note that we have an isomorphism
vy : GL,(kp) — GLO],
and for any ¢ > 1 an isomorphism

vt My(kp) — Gy = 147y mod Gy
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For any subgroup H of GL,(A,), we define

H = HﬂGfJ, and

HY = H/H™
Proposition 3.3.2. Let H be a closed subgroup of GL,(Ay). Assume that |k,| > 4,
det(H) = GLy(A,), HOY = GL,(k,), and that HY contains a non scalar matriz.

Then we have
H = GL,(4,).

Proof. For ¢ > 1, the conjugation actions
GLy (kp) X My (r5p) — M,(kp), (g.h) = g~ 'hg, and
Gy x G — &) (9.9) 9

fit into the commutative diagram

GL(kp) X My (Kp) —— M, (ryp)

%lvo Xv; glvi

Gy x GY) ——— Gy

Via v; we can identify Hl with a subgroup of M,.(k,). Since the conjugation action of
H on H factors through H% = GL,(ky), the group H [ is closed under conjugation
by GL, (ky).

By assumption we know that H! contains a non scalar matrix. By Proposition
3.1.1 we therefore get that H! contains the matrices with trace 0. Consider the
following commutative diagram with exact rows

0——— H'/H> ——— H/H?> —— GL,(ky) —— 0

b

0—— (1 +7A,/7%)* —— (A4,/p%)* Fop 0.

The right vertical map is surjective with kernel equal to SL,(k,). By assumption,
the middle vertical map is surjective as well. By the snake lemma, we thus get a
surjective homomorphism from SL,(k,) onto the cokernel of the left vertical map.
This cokernel is abelian. On the other hand, since |x,| > 4, the group SL, (k) is
perfect, and thus has no nontrivial such quotient. This implies that the determinant
of H'/H? is surjective. In other words the composite trace map

I M, () 5,
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is surjective. We thus get
HY = M, (k,) = GHL.

Since det(H) = GL;(A,), in order to prove the proposition, it is enough to show
that the commutator subgroup H' of H is SL,(A;). Therefore it suffices to show
that H'l = SL,.(A,)l! = sl,(k,) for all i > 0.

For i = 0 this follows from H''! = (HIY = GL,(k,) = sl.(xp). For i = 1,
consider the commutator map

Hx H' — H,
(9.h) = ghg™'h™".

Under vy and vy, it induces the map

HO x gt — gl
(9,h) — ghg™' —h

Since H = GL,(k,) and H = M, (k,), we get
HW = 50 (,).
Assume now that H'll = sl,(k,) for some i > 1. The maps

M, (kp) X M, (kp) — M, (kp), (h,h")— [h, k'] :=hh" — KW'k, and
Gl x gl — it (9,9)— 99'g7'g"

fit into the commutative diagram

M, (kp) x My (kp) —— M, (kp)

J/?U XV; lvzﬁrl

Gy x Gl ——— g,

By Pink [19, Proposition 1.2, the group generated by [M,(ky), sl (k)] is all of
sl.(kp). We thus get H'HY = sl (k,). O

Let A be the set of primes p of A which satisfy any of the conditions below:
e p lies below a place of K where ¢ has bad reduction,
o |ky| < 4,
e p is ramified in K,
® D, 1s not surjective,
e det(I") does not contain GL1(Ap) X [],,{1}-
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The first three of these subsets are finite. By Proposition 3.2.1, the fourth one
is finite. By Goss [11, Theorem 7.7.1] or Hayes [12], the last one is finite as well.
Therefore A is a finite set.

Proposition 3.3.3. For allp ¢ A and all places P of K lying above p, the ramifi-
cation index of the extension Ko (p[p?](K*P))/Kq(@lp](K*F)) is at least |ry|"*.

Proof. Denote by vy the normalized valuation of Kg and by g, the cardinality
of ky. Take any element s € @[p](K*?P) with vgp(s) > 0. Let a € A be a function

with a zero of order 1 at p. We have shown in the proof of Proposition 1.2.3 that
vgp(s) = a = 1/((];“”3 — 1) and that

as group schemes over Spec Ok, . The polynomial ¢, is given by

rdeg(p

)
Pa= D PaiT
1=0

For the valuations of the coefficients, we get, with i := hg deg(p),

Uiﬁ(ﬂpa,ﬂ) = 17

vp(@ai) > 1 for 0 <i < i,
vp(Paiy) = 0, and

Vp(@ai) = 0 fori > .

This implies that (0,«) and (qgm,O) are vertices of the Newton polygon of the
polynomial ¢,(x) — s. We thus can fix a zero s’ of this polynomial with valuation

h
vgp(s’) = a/qy* > 0.

Since
“° = plap]” = olp’]°
we get s’ € p[p?](K*P)\[p](K*P). Moreover, the ramification index of Kgy(s, s')/Kq(s)

. h
is gy .

pla
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Abbreviate

The extension L§/L is Galois. Via the action of A via ¢, the element s’ generates

L3, and we get

Ly = LS.

Therefore the extension L;/L is Galois as well. For any conjugate o(s') of s we

have

a(0(5) = ') = 0 (pa(s) — @als’) =0,

and hence o(s') — s’ € @[p]°(K*?). We thus get o(s') — s’ € Ly = LS. Therefore the
extension L,/LS is Galois. Since [Ly : Ly] = qg"p and Ly/L, is totally ramified, in
order to prove the proposition, it is enough to show that the extensions L§/L$ and

Ly/LY are linearly disjoint, which is asserted by the following Lemma.

]

Lemma 3.3.4. The extensions L3/LS and Li/LS are linearly disjoint.

Proof. Consider the bilinear map

Gal(L3/L7) x [p?)°(K*T) /[p]*(K*T) —  @[p]*(K*7),

(o,t) +— (o—1).
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It induces an injective group homomorphism
Gal(L3/L3) < Homa (¢[p?]°(K°7)/lp]* (K*T), [p](K*T)).
Similarly, we have an injective group homomorphism

Gal(Ly /L) = Homy (plp] (K°) /plp]” (K*7), lp]” (K*7)).

These two homomorphisms are equivariant under Gal(Ls/L), which acts through
the tame inertia group Iifp. The linear disjointness of the field extensions will follow
as soon as we know that the two groups of homomorphisms have no nontrivial
isomorphic subquotients as Ifn—representations.

We give an explicit description of the action of If;n on the two groups of ho-
momorphisms. Denote by k,, the extension of x, of degree q{;m inside a fixed al-
gebraic closure. The fundamental character (i, maps I}fp surjectively to k. Both
o[p]°(K*P) and [p?|°(K*P)/p[p]°(K*P) are k, vector spaces of dimension 1, and
the group Ifn acts on them through (, and scalar multiplication by £ . The quotient
o[p] () [@[p]°(K*P) is equal to ¢[p]”(K*P), and thus Iy acts trivially on it.
Therefore we get the following identifications of Ifn—representations

Hom (0[p*]°(K*) /lp]* (K*7), lp](K*T)) = kn @y, k), and

r—hg

Hom s ([p] (K°7) /plo]* (K°7), olp]* (K°)) = €D b,

where £,/ denotes the dual of k,. Therefore we must show that k, ®,, k and k,
have no nontrivial isomorphic subquotients as representations of £ over F,, where
p denotes the characteristic of .

Denote by ¢ the cardinality of k. On k,, the action of ¢ € £, is given by multi-
plication by ¢. Thus the representation k, ®r, k,, over k, consists of the irreducible
characters

kY —— k5t 7"

for all m € Z. We can identify k, ®,, k, as k’-representation with @?flkn, where

the action of ¢ € k;, on the i-th summand is given by multiplication by 14", Thus
the representation k, ®, kY ®pF, ky over k, consists of the irreducible characters

ke B s (00w
for all j € Z.
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We must show that no two such characters of the respective kinds are equal.
They are equal if and only if
=0 — " for all ¢ € kF

This is equivalent to
(1—¢")p —p™ =0 mod ¢"* — 1.
Since p is invertible modulo ¢"® — 1, the congruence relation is equivalent to
¢ —1=—p™7 mod g™ —1.

Since ¢ — 1 divides both ¢ — 1 and ¢"* — 1, it also divides their greatest common
divisor. But ¢ — 1 = |kp| —1 > 1 by the choice of A, and ¢ — 1 is relatively prime to
p, which implies that the congruence relation cannot hold. O]

Lemma 3.3.5. For all p ¢ A we have

GL,(4y) x [[{1} cT.

p'#p

Proof. Fix a prime p ¢ A. Identify G, := GL,(4,) with GL,(4,) x [],,{1}, and
define
H, :=TnNGaG,.

We have to show that
Hp — Gp.

If r =1, we have GL1(A4,) x [],,,{1} C T for all p ¢ A by the choice of A, and
the result follows.

For r > 2, we need to verify the assumptions of Proposition 3.3.2. The choice
of A implies |k,| > 4. The Tate module of the maximal exterior power of ¢ is
isomorphic to the Tate module of a Drinfeld module of rank 1. This implies that
det(H,) = GL;(A,).

Next, we need to show that H,[,O] = GL,(ky). Let B be a place of K lying above p.
The image of the inertia group at ‘P8 under the adelic representation is trivial in any
factor except the one at p. Hence it lies in H,. By the choice of A, the Drinfeld
module ¢ has good reduction at 3. Let hgq be the height of the reduced Drinfeld
module. The connected-étale decomposition of [p] gives an exact sequence
]O

0 — ¢[p]” — p[p] — ¢[p]* — 0.

20



The set ¢[p]°(K*?) is an hgp-dimensional k, vector space. The inertia group
at P acts trivially on p[p]*(K*?). By Proposition 1.2.3 we know that the wild
inertia group at B acts trivially on ¢[p]°(K*?) and that the action of pr is given
by the fundamental character. Thus, if hy < 7, any diagonal matrix b’ € GLy,, ()
different from the identity matrix gives a non scalar element

(W] 0]

If hyg =7, any h € ky \ Ky is a non scalar element of H, o]
On the other hand the group I" acts through ConJugatlon on H,. The projection

of I' on the factor GL, (k) is surjective by Proposition 3.2.1, Wthh implies that the
group H,EO] is closed under conjugation by GL, (k). Since it contains the non scalar
element h, we get SL,(kp) C H,LO] by Proposition 3.1.2. From det (p(Iy)) = #p*,

we get det(H,gO]) = kyp", which implies H," = GL,(k,) = G[O]

In order to apply Proposition 3.3.2, it remains to show that H,El] contains a non
scalar matrix. We will find such a matrix in the subgroup

(1]
(pp(Ip)) " C Hy' € M, ().

By Proposition 3.3.3, it has at least |k,|"® elements. If hyg > 1, it thus contains
a non scalar matrix. If hy = 1 < r then, for an appropriate basis, the subgroup
consists of block matrices of the form

k| ok
0j0 /)’
where the upper left entry lies in ;. All these matrices are non scalar.

Thus, H,[al] contains a non scalar matrix in any case. Now we can apply Propo-
sition 3.3.2 and get H, = G,. [

We can now prove the adelic openness in generic characteristic for the case where
K is a finite extension of F.

Proof of Theorem 3.3.1. Lemma 3.3.5 implies that

[[cr.(4,) cr

pEA

Therefore I' is the inverse image of its image under the projection

[TGL.(4,) — J] GL.(4))
p

peEA

ol



By Theorem 1.1.4, the image of

Gix — | ] GL.(F)

peA

is open. Therefore we get that I' is open in [[, GL,(4,).
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3.4 Specialisation

In this section, we prove the following result which will be used in the next section.
We use the same notation as in Section 2.3.

Proposition 3.4.1. Let ¢ be a Drinfeld A-module over K of generic characteristic.
Assume that End g () = A. Then there exists a point x € X such that k, is a finite
extension of F' and

Endy, () = A.

To prove Proposition 3.4.1, we first need to prove some other results. Fix a prime
p of A. Define

C, = {yeGL.(4,)]y=1 mod p"}, and
C! = C,NSL.(4,).

For any two natural numbers n and [ with n > [, we have the following natural
group isomorphism

log,,; : Cpn/Cry1 — gl (p"/p" ™),
L+p"M modp™ — p"M mod p".

As explained in Pink [18], this can be considered as a logarithm truncated after
the first order term. In the same way, the inverse isomorphism is an exponential
map truncated after the first order term. We call it exp,, ;.

Lemma 3.4.2. For any natural numbers n,n’ > 1 > 1, the following properties hold.

(i) The commutator C,, x C,, — Ch,, (a,b) — aba™'b~! induces a bimultiplicative
map

{ 3 }7 . Cn/CnJrl X Cn//Cn/Jrl E— Cn+n’/cn+n’+l>
(@.h) — abaThT.

(i) The Lie bracket gl,(p™Ay) x gl (p"A,) — gl.(p™Ay) induces a bilinear map

[ 07 =gl (p"Ap) /gl (" /™) x gl (07 /0" ) — gl (p" T T,

(a,0) +— wv—ou.

(111) We have ) B
10gn+n’,l ({dv b}_) = [logn,l(a’)7 logn’,l(b)]_‘
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Proof. Let a =14 u € C,, and let b = 1+ v € C,,. Then, their inverses are given
by the geometric series

a! = 1l—u+u*—+.., and
bl o= 1—v+0*—+....
We have
aba ' =aat +avat = (1 +v) + (uww —vu) + T,

where 7' is an expression of degree at least 2 in v and degree at least 1 in v. We thus
have T' € p?"™ A, C p"+A,. We get

aba b7t = (14+v)A+0)" + (ww —vu)(1+0) "+ T(1+0v)7!
1+ (wv —ovu) + T +T(1+v),

where T is an expression of degree at least 2 in v and degree at least 1 in u. We
then get
aba'b™' =1+ (uv —vu) mod p" T,

Assertion (i) follows.
Assertion (ii) is obvious. Assertion (iii) follows by the above computation, since
we have
aba bt =14 (uwv —vu) = 1+ [u,v] mod p™ '+,

Next consider a closed subgroup A of GL, (Ay). Define

A, = ANC,, and
Ai = AﬂC’rll.

Lemma 3.4.3. Let n,n’, and | be natural numbers with n > 1,n’ > 1. Assume that
A /A = CL/Chyy and that C,ll,/C}L/H C Ay /Ay Then we have

Aqlz+n’/Arlz+n’+l - C:L—I—n’/crlz—l-n’—i-l‘
Proof. By Lemma 3.4.2, we have the following commutative diagram

{.}
Cof o x CL[CL Lt gCE,

| |

gl (p"/p" ) X sl (p™ /p™H) —— sl (pn /pr ),
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where the lower horizontal arrow is given by [, |~. As explained above, the vertical
arrows are isomorphisms.
By Pink [19, Proposition 1.2], we have

gL, sl,] = s,

which means that the subgroup of sl, generated by [gl,, sl,] is equal to sl,.. Therefore
we get that the group generated by

CXPpin/41 ([lognH Cn/0n+la 10gn’+l 0711'/07%'44])

is equal to C} . /Ch. ).

By assumption, we have that A,/A,,, = C,/C,y and that C,,/C}_,
C Ay /Ay Since A, is a group for any natural number m and thus closed under
the multiplicative commutator map, we get A, /AL ., =CL ., /C}, ... O

n+n n

Proposition 3.4.4. Assume that there exists a natural number ng > 0 such that
Ny /Aoy = Chy/Cony. Then we have

Cp C Apy.

Proof. We have to show that C)) = A] . Since A is a closed subgroup of GL,(A,),
it is enough to show that Ay, /Apit1)ne = Cing/Clit1)n, for every i > 1, because we
then can pass to the limit.

We do induction on i. By assumption we have A,,/Aq,, = Cp,/Cap,, and thus
Al AL, = Ch /C3,.. . proving the desired equality in the case ¢ = 1. Assume that

the equality holds for all ¢+ < 7g. By Lemma 3.4.3 it then also holds for ¢ = ig + 1,
which proves the induction step. Il

Proof of Proposition 3.4.1. If K is of transcendence degree 1 over F,, there is
nothing to prove.

Assume that the transcendence degree of K over [, is at least 2. Denote by
I' the image of G in the representation on the Tate module of ¢ at p. Since I'
is an open subgroup of GL,(A,) by Theorem 1.1.4, there exists a natural number
no > 0 such that C,, C I'. Let K’ be the finite Galois extension of K such that
Gal(K'/K) =T'/Cs,,, and let X’ be the normalization of X in K’. Denote by 7 the
morphism X' — X.

By Pink [20, Lemma 1.6], there exists a point x € X such that k, is a finite
extension of F' and 7~ !(z) C X’ is irreducible. Denote by A the image of Gy, in the
representation on the Tate module of ¢, at p. This is a closed subgroup of GL, (A,).
Since ¢, does not have characteristic p, the specialisation map identifies the Tate
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modules of ¢ and ¢, turning A into a subgroup of I'. Since 771 () is irreducible, we
get Gal(kr-1(p)/k,) = Gal(K'/K), and so ACs,, = I', and therefore Ay Copy = Chy.
Therefore we have

Ano/A?no - no/C2n0'

Proposition 3.4.4 implies
Cr C Ay

This shows that A contains an open subgroup of SL,(A,). By Goss [11, Theorem
7.7.1], the image of A under the determinant is open in GL;(A,). This then implies
that A is an open subgroup of GL,(A4,).

All endomorphisms of the Drinfeld module ¢, are defined over some finite sep-
arable extension k!, of k,. This extension corresponds to an open subgroup of Ay,
which by the above is again open in GL,(A4,). By the Tate conjecture, it follows
that Endg, (¢,) = Endy (¢,) = A. O
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3.5 The general case

We now prove the adelic openness in generic characteristic in the general case, i.e.,
where K is a finitely generated extension of F.

Theorem 3.5.1 (Adelic openness in generic characteristic). Let ¢ be a Drinfeld
A-module over K of generic characteristic. Assume that Endg(p) = A. Then the
image of the adelic representation

Pad : G — GLT(AQ)
1S open.
We will prove Theorem 3.5.1 by reducing it to the case of a finite extension of F.

Proof. If K is of transcendence degree 1 over [y, the result follows from Theorem
3.3.1.

Assume that the transcendence degree of K over F, is at least 2. Let x be a
point of X as in Proposition 3.4.1. We can apply Theorem 3.3.1 to the Drinfeld
module ¢, to get that the image of the adelic representation associated to ¢, is
open in GLT(A{;). Since the Tate modules of ¢ and ¢, are isomorphic, this image
is a subgroup of the image of the adelic representation associated to ¢. Thus the
latter is open in GL,(AL) as well. O

If the endomorphism ring of ¢ is bigger than A, we can no longer expect the
image of the adelic representation to be open in GL, (A?) Since the endomorphism
ring of ¢ acts on the Tate module and commutes with the p-adic representation, the
image of Gy lies in the centraliser Center,, (4,) (Endg(¢)). We get that the image
of the adelic representation is open in the product of the centralisers.

Theorem 3.5.2. Let ¢ be a Drinfeld A-module over K of generic characteristic.
Assume that Endg (@) = Endg (). Then the image of the homomorphism

Pad : Gg — H Centar, (4,) (EndK(SDD
p

1S open.

Proof. The result can be deduced from Theorem 3.5.1. The argument is exactly the
same as in Pink [20]. O
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