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Summary

Let IF, be a finite field with ¢ elements and let V' be a vector space over F, of dimension
n > 0. Let {0y be the Drinfeld period domain over IF,. This is an affine scheme of finite
type over F,, and its base change to I, (¢) is the moduli space of Drinfeld F,[¢t]-modules
with level (¢) structure and rank n. In this thesis, we give a new modular interpretation
to Pink and Schieder’s smooth compactification By of )y .

Let V be the set VU {00} for a new symbol co. We define the notion of a V-fern over
an [F -scheme S, which consists of a stable V-marked curve of genus 0 over S endowed
with a certain action of the finite group V' x F ;. Our main result is that the scheme By
represents the functor that associates an F,-scheme S to the set of isomorphism classes
of V-ferns over S. Thus V-ferns over F,(t)-schemes can be regarded as generalizations
of Drinfeld FF,[t]-modules with level () structure and rank n.

To prove this theorem, we construct an explicit universal V-fern over By. We then
show that any V-fern over a scheme S determines a unique morphism S — By, depend-
ing only its isomorphism class, and that the V-fern is isomorphic to the pullback of the
universal V-fern along this morphism.

We also give several functorial constructions involving V-ferns, some of which are
used to prove the main result. These constructions correspond to morphisms between
various modular compactifications of Drinfeld period domains over F,. We describe
these morphisms explicitly.



Zusammenfassung

Seien [, ein endlicher Kérper mit ¢ Elementen und V' ein Vektorraum iiber F, endlicher
Dimension n > 0. Sei 2y der Drinfeld’sche Periodenbereich iiber [F,. Dieser ist ein affines
Schema von endlichem Typ iiber F,, dessen Basis-Wechsel nach F,(t) der Modulraum
von Drinfeld F,[t]-Moduln vom Rang n mit Niveau (f) Struktur ist. In dieser Arbeit
geben wir Pinks und Schieders glatter Kompaktifizierung By von €2y eine neue modulare
Interpretation.

Sei V die Menge V U {oo} fiir ein neues Symbol co. Wir fithren den Begriff eines
V-Farns iiber einem F,-Schema ein. Ein solcher besteht aus einer stabilen V-markierten
Kurve vom Geschlecht 0 iiber S zusammen mit einer gewissen Wirkung der endlichen
Gruppe V' x Fx. Unser Hauptsatz ist, dass das Schema By den Funktor représentiert,
der einem F,-Schema die Menge der Isomorphieklassen von V-Farnen iiber S zuord-
net. Deshalb kénnen V-Farne iiber F,(¢)-Schemen als Verallgemeinerungen von Drinfeld
F,[t]-Moduln vom Rang n mit Niveau (t) Struktur betrachtet werden.

Um diesen Satz zu beweisen, konstruieren wir einen expliziten universellen V-Farn
iitber By. Danach zeigen wir, dass ein beliebiger V-Farn iiber einem Schema S einen
eindeutigen Morphismus S — By bestimmt, der nur von der Isomorphieklasse abhéngt,
derart, dass der V-Farn isomorph zur Zuriickziehung des universellen V-Farns entlang
dieses Morphismus ist.

Wir fithren auch verschiedene funktorielle Konstruktionen mit V-Farnen ein. Einige
davon werden verwendet im Beweis des Hauptsatzes. Diese Konstruktionen entsprechen
Morphismen zwischen unterschiedlichen modularen Kompaktifizierungen von Drin-
feld’schen Periodenbereichen iiber F,, die wir explizit beschreiben.
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0 Introduction

Let IF, be a finite field with ¢ elements. This thesis was motivated by a question in-
volving Drinfeld modules and their moduli spaces. For an overview of the theory, see
Drinfeld [4], Goss [6] and Deligne-Huseméller [2]. More specifically, we are interested in



compactifications of such moduli spaces and will focus on the special case of Drinfeld
[F,[t]-modules of generic characteristic and rank n with level (¢) structure. In this case,
the corresponding fine moduli space is obtained via base change from a Drinfeld period
domain over a finite field v, which is an affine algebraic variety over F, (see below for
more details). In [16], Pink and Schieder construct two projective compactifications of
Qv and give each a modular interpretation: the normal Satake compactification @y, and
a smooth compactification By which dominates (Jy. The aim of this thesis is to give By
a new modular interpretation in terms of geometric objects that we call V-ferns. This
will hopefully aid in future efforts to construct useful compactifications of more general
Drinfeld modular varieties.

0.1 Drinfeld Modular Varieties

Let C' be a smooth projective geometrically irreducible curve over F,. Let co € C
be a closed point and let A := O¢(C \ {o0}). Such an A is called an admissible
coefficient ring. Let F' := Quot(A) and let K be a field extension of F. The ring of
additive polynomials K|7] is the ring of polynomials in 7 over K subject to the relation
Ta = a7 for all @ € K. A Drinfeld A-module (of generic characteristic) over K is a
homomorphism of F,-algebras

v A— K|7], ar—>1/1a,0—|—7,/1a117'+1/)a’27'2+...

such that 1,0 =a for all a € A, and Y(A) ¢ K.

Let ¢ be a Drinfeld A-module over K. There exists an n € Z- such that deg, (¢,) =
ndeg,(a) for all a € A, where deg,(a) := dimp, A/(a). The integer n is called the rank
of 1. Let I C A be a non-zero proper ideal. A level I structure on 1 is an A-module
isomorphism

A (ITTAJA) = (Yker(¢r) =: ¥[I] C K.
iel
Here ker(v);) denotes the set of zeros of 1); (a priori contained in an algebraic closure of
K), and the definition of \ presupposes that [I] C K.

One can generalize these notions and define Drinfeld A-modules of rank n and level
I over an arbitary F-scheme. The corresponding moduli functor is represented by a
smooth irreducible (n — 1)-dimensional affine algebraic variety M} ; over F. It is then
natural to search for meaningful compactifications of M} ;. An example is the Satake

compactification of Pink [15], which he denotes by HZL ;- This is normal integral proper
algebraic variety over F', but is singular when n > 3 (see [15, Theorem 7.8]). It is our
hope that generalizing the theory we describe in this thesis will lead to a “nice” (e.g.
smooth, toroidal...) compactification M} ; C B ; dominating m, 7, in such a way that
B7 1 itself has a meaningful geometric modular interpretation.



0.2 The case A=TF,t] and [ = (¢)

In the special case of Drinfeld F,[t]-modules of rank n and level (¢), the fine moduli
space My F, (1) is obtained via base change to SpecF,(t) from:

Q" = Pﬁ_l ~ UH,
’ H

where H runs over the set of FF -hyperplanes in ]P’” . The scheme 7, often referred to as
the Drinfeld period domain over F,, has been studled by Rapoport [17] Orlik-Rapoport
[14] and Pink-Schieder [16]. As in [16], it will be useful to adopt a coordinate free
formulation in order to describe the compactifications of 2" that we are interested in. Let
V be a finite dimensional vector space over I, of dimension n. Let Py := Proj (Sym V),
and define

QV::PV\U[—L
H

where H runs over the set of F,-hyperplanes in Py. Any basis of V' induces an iso-
morphism Py = IP]’F‘q_l sending Qy to Q. In [16], a smooth compactification By of Qy
is constructed that differs in general from the tautological compactification P,,. The
scheme By is projective and defined as a closed subscheme of [], Lvicy Py, where V'
runs over all non-zero subspaces of V. It is shown that By possesses a natural strati-
fication indexed by the flags of subspaces of V' and that the complement By ~\ €2y is a
divisor with normal crossings. Further properties of By are established by Linden [10].
For further details, see Section 2.

0.3 Smooth V-ferns

We now turn to V-ferns, whose definition we motivate in the following paragraphs.
Keeping in mind the ever-fruitful analogy between Drinfeld modules and elliptic curves,
these V-ferns should correspond to generalizations of Drinfeld modules in the spirit of
the generalized elliptic curves of Deligne-Rapoport [3]. Indeed, the latter are used to
accomplish a task analogous to what one hopes to accomplish for Drinfeld modular
varieties, namely, to construct smooth algebraic compactifications of moduli of elliptic
curves with given level. On the other hand, we rely heavily on the work of Knudsen
[9] concerning the moduli space of stable n-pointed curves of a given genus. We recall
the definition (with a formulation that is more suited to our purposes) in the case of
genus 0:

Definition 0.1. Let K be a field, and let I be a finite set. A stable I-marked curve of
genus 0 over K is a pair (C, \) where

1. C is a geometrically reduced, geometrically connected projective curve of genus 0
over K with at worst nodal singularities, and



2. X I — C™(K), i— N\, where C*™ denotes the smooth locus of C, is an injective
map such that for each irreducible component E C C, the number of marked points
Ai on E plus the number of singular points on E is > 3.

We call the map A an I-marking of C'. Since we never consider curves of higher
genus, we use the phrase “stable [-marked curve” in place of “stable [-marked curve
of genus 0” from now on. We visualize such curves as trees of copies of P};. Stable I-
marked curves and their generalization to arbitrary base schemes are discussed in detail
in Section 1.

Let V := (tiqu[t]/Fq[tDn. A Drinfeld F,[t]-module of rank n and level (¢) over a
field extension K of F,(t) may be viewed as a pair (), A) consisting of a homomorphism

V: Flt] — Endg(G,) = K[r]
a =

along with an injective F,-linear map
AV S ker(¢y)(K) C G (K) = (K, +).

In fact ¢ is determined by );, which is in turn determined by its zeros and the condition
that 1: o = ¢, so the level structure A completely determines .
Let V=V U {o0} for a new symbol co. We add a “point at infinity” via the open
embedding
Gax = P, tr (t: 1),

and obtain a map \: ‘:/ — PL(K) from A by sending oo to (1 :0). The pair (P, \) is
then a smooth stable V-marked curve. One obtains a left action of the group

G::VNF;

on P} via the homomorphism

o G — PCLy(K), (0,€) (g Al)

This leads to the following definition:

Definition 0.2. A smooth V-fern over K is a tuple (C, N\, ) consisting of a smooth
stable V -marked curve (C,\) and a left G-action

0: G = Autg(C), (v,€) = Yo
such that

1. ©pe(Aw) = Aewro for all w € V, and



2. there exists an isomorphism C = P with \g — (0 : 1) and Moo — (1 : 0) under

which ¢ corresponds to (g (1)) € PGLy(K) for all § € F.

The upshot of the preceding discussion is that one can naturally associate a smooth
V-fern over K to a Drinfeld FF,[t]-module of rank n and level (¢) over K. In the above
notation, this is given by (¢, \) — A — (P, A, ©). After passing to isomorphism classes,
the notions are in fact equivalent.

We can generalize to the notion of a smooth V- fern over an arbitrary F,-scheme S.
Roughly speaking, a smooth V- fern over S is a flat family over S of objects of the type
in Definition 0.2. One can show the following with relative ease:!

Proposition 0.3 (see Corollary 7.3). The scheme Qy represents the functor that asso-
ciates to an Fy-scheme S the set of isomorphism classes of smooth V -ferns over S.

Remark. While the notion of a smooth V-fern makes sense over any F,-scheme, Drin-
feld modules of generic characteristic only occur over F,(¢)-schemes. To generalize the
equivalence between smooth V-ferns over K and Drinfeld F,[t]-modules of rank n and
level (t) over K, we must restrict ourselves to base schemes defined over Spec(F,(t)).
However, we only restricted ourselves to Drinfeld modules of generic characteristic for
simplicity. In fact, one may drop the requirement that the Drinfeld module be of generic
characteristic, instead requiring that the characteristic of the Drinfeld module does not
divide (t). One then gets an equivalence for base schemes defined over Spec(F,[t,t™]).
One can go even further and generalize the notion of level structure to that of a Drinfeld
level structure (see, for instance, [2, Definition 6.1]). This allows one to define Drinfeld
modules of rank n and level (t) over arbitrary F,[t]-schemes, though the correspondence
with smooth V-ferns then breaks down.

0.4 General V-ferns

To motivate the general definition of a V-fern, let R be a discrete valuation ring over
[F,, and suppose we are given a smooth V-fern (C, A, ) over the generic point of Spec R.
Knudsen shows in [9] that there is a fine moduli space My, of stable V-marked curves
and that My, is proper. The valuative criterion for properness ([8, §11.4]) then says that
the morphism Spec K — My, corresponding to (C, \) extends uniquely to a morphism
Spec R — M. On other words, the curve (C, \) extends uniquely to a stable V-marked
curve (C, \) over Spec R. By the functoriality of the extension, the G-action ¢ can be
extended uniquely to C'. The corresponding tuple (C A, @) is characterized by certain
conditions generalizing those in Definition 0.2. It is important to note that the special
fiber of C' can be singular, and hence the resulting object is not in general a smooth
V-fern over Spec R.

'Without using Proposition 0.3 as an intermediary, we will prove a more general result directly and
obtain Proposition 0.3 as a corollary.



It is then natural to define a V-fern over a general F-scheme S as a tuple (C, A, ),
where (C, ) is a stable V-marked curve over S and ¢: G — Autg(C) is a left group
action of G on C satisfying certain conditions generalizing those of Definition 0.2 (see
Definition 3.5). Note that we often write C' in place of (C, \, ). A smooth V-fern is
then just a V-fern with smooth fibers. Since this is an open condition, Proposition 0.3
implies that the moduli space of V-ferns, if it exists, contains €2y, as an open subscheme.
The argument that a smooth V-fern over the generic point of Spec R extends uniquely
to a V-fern over Spec R applies just as well in the case of a general V-fern over the
generic point. The moduli space of V-ferns would thus satisfy the valuative criterion for
properness, so the notion of V-ferns points toward a modular compactification of y,.

0.5 Constructions involving V-ferns

We will use several constructions involving V-ferns repeatedly and in combination. For
convenience, we briefly introduce each of them here. Let S be a scheme over F, and let
(C, A, ¢) be a V-fern over S. Consider a subspace 0 # V' C V.

Contraction

Contraction associates a V'-fern (C", X, ¢’) to C, along with a morphism C — C".
Conceptually, one obtains C” from C' by forgetting the (V' ~ V’)-marked points and
contracting irreducible components until the curve is again stable. The contraction C’
inherits a V’-marking from C, and the G-action on C' induces a left (G’ := V' x Fx)-
action on C'. If C is smooth, then (C", N, ¢') = (C, v+, ¢|er), and the contraction
morphism C' — C” is the identity.

Grafting

Let V := V/V'. Grafting yields a V-fern from a given V'-fern (C’, N, ') and V-fern
(C,\,%). Intuitively, one does this by gluing a copy of C’ to each of the V-marked
points of C. The resulting curve possesses a natural V—marking (up to choosing a
decomposition V =V’ @ U) and left G-action.

Contraction to the v-component

This construction associates to C' a pair (C?, \?) consisting of a P'-bundle over S, i.e., a
scheme that is Zariski-locally isomorphic to P§,? along with a map A\?: V= C?(S) and a
morphism C' — C". We call \" a V-markmg and say C" is a (smooth) V -marked curve.
The construction is related to the notion of contraction described above. Intuitively, one
obtains C" from C' fiberwise by contracting all irreducible components not containing
the v-marked point. We will mostly be interested in the case v = oo, but also consider

2Some authors use the term “P!-bundle” more generally to mean étale locally (equivalently flat
locally) trivial.



the case v = 0. When C' is smooth, we obtain C by simply forgetting the G-action
on C.

Line bundles

We also provide constructions associating line bundles with certain extra structure to
(C, A\, ¢). One such construction assigns to C' a pair (L, \) consisting of a line bundle L
over S along with a fiberwise non-zero (see Definition 2.1) F -linear map A\: V' — L(.5).
To obtain L, we take the contraction to the oco-component C'* and define L to be the
complement of the image of the oo-section.

Let V = V ~ {0}. An analogous construction yields a pair (L, p) consisting of
a line bundle L over S and a fiberwise non-zero reciprocal map (see Definition 8.4)
p: vV — I:(S ). This construction differs from the preceding one in that we instead take
the contraction to the 0-component C° and define L to be the complement of the 0-
marked point.

0.6 Main theorem and outline of the proof

Our main result is the following:

Main Theorem (see Theorem 7.1). The scheme By represents the functor that asso-
ciates an [Fy-scheme S to the set of isomorphism classes of V -ferns over S.

We denote the functor referred to in the Main Theorem by

Fern,, : @E —  Set
Isomorphism classes}
S — { of V-ferns over S J°

Roughly speaking, our strategy for proving the theorem is to begin by defining a univer-
sal V-fern (Cy, Av, py) over By. For an arbitrary F,-scheme S and a V-fern (C, A, ¢)
over S, we then show that there exists a unique morphism fo: S — By such that C is
isomorphic to the pullback fiCy. We now give a more detailed outline of the proof.

Step 1: Construct the universal family

Let ¥ := V x (V ~\ {0}) and let P* := [], ,yexP'- We define the universal V-fern
m: Cy — By as the scheme theoretic closure of the image of a certain morphism from
Oy x Al to By x P*.

Recall that a flag F of V is a set {Vp,...,V,,} of subspaces of V with m € Z-
such that Vo = {0} and V,,, = V and V; C Vj for ¢ < j. We say that F is complete
if m = dimV. For each flag F of V, there is an open subscheme Uz of By which
represents a certain subfunctor of the functor in [16] which is represented by By. As F

varies over all (complete) flags of V| the Uz form an open covering of By .



In order to endow Cy with the structure of a V-fern, we separately consider a scheme
Cr, which is a closed subscheme of Ur x P* defined by explicit polynomial equations.
We endow Cr with the structure of a V-fern and then show that Cr = 7= '(Uz). This
allows us to glue the V-fern structures on the various Cr to obtain one on Cy .

Step 2: Reduction to the case of F-ferns

We show that for a V-fern (C, A, ¢) over a scheme S one can associate to each s € S a
flag F, coming from the fiber C. For a fixed flag F, we define an F-fern to be a V-fern
for which F; C F. The locus Sz := {s € S | Fs C F} is open in S and the Sz cover
S as F varies over all (complete) flags of V. We reduce the proof of the Main Theorem
to showing that Ur represents Fern,, where F is a complete flag, with the universal
F-fern is given by Cr.

Step 3: Morphism to Ur representing an F-fern

Let F be a complete flag and let (C, \, ¢) be an F-fern over a scheme S. Using one of
the constructions described above, we associate a pair (L, \) to C' consisting of a line
bundle L over S and an F -linear map A\: V' — L(S) such that the image of V' generates
the sheaf of sections £ of L. Using the well-known description of the functor of points
of projective space ([8, §I1.7]), the isomorphism class of the pair (L, \) corresponds
to a unique morphism S — P,. By repeatedly contracting and applying the same
construction, we obtain morphisms S — Py for each 0 # V' C V, and hence a morphism

fcis—> H Pyi.

0£V'CV

The scheme Uy is a locally closed subscheme of [], Lvicy Py, and we show that fo
factors through Ug.

Step 4: Key lemma for induction
Write F = {Vp,...V,} and F' = {Vp,...V,_1 =: V'}. We prove the following lemma:

Key Lemma (see Lemma 7.13). Let (C, A, ) and (D, p, ) be F-ferns such that the
V'-contractions C" and D" are isomorphic F'-ferns. Suppose further that C* = D* as
V-marked curves. Then C and D are isomorphic.

Step 5: Induction on dimV and the remainder of the proof

We prove the Main Theorem in the dim V' = 1 case. In the general case, the Key Lemma
allows us to use induction on dim V' to show that C' = f:Cr as follows. There is a natural
morphism p: Ur — Uz, and we show that the pullback p*C# is isomorphic to the V’-
contraction (Cr)" of Cx. We consider the V'-contraction C” of C' and the corresponding



morphism fer constructed in the same manner as fo. We show that for = po fo. Using
induction, we obtain a chain of isomorphisms

C"= feCr = (po fo) Cr = fo(0°Cr) = fE(CF).

Using the fact that contraction commutes with pullback, the last scheme is isomorphic
to the V'-contraction of f:Cr. We then show that the contractions to the co-components
C* and (f5Cx)> are isomorphic. The may thus apply the Key Lemma to deduce that
C and fi:Cr are isomorphic.

Finally, we show that the pullbacks of the universal family under two distinct mor-
phisms fromS to By yield non-isomorphic V-ferns over S, concluding the proof of the
main theorem.

0.7 Results on morphisms of moduli spaces

After proving the Main Theorem, we provide some additional results concerning certain
natural morphisms amongst the schemes By and ()y and Py, where V may also vary.
More precisely, we relate them to the various constructions involving V-ferns described
above. Contraction and grafting correspond to morphisms By — By» and By X By —
By respectively, whereas the two line bundle constructions give morphisms By — Py
and By — @Qy. We will show that all of these agree with the natural morphisms between
the same schemes described in [16] (see Propositions 7.15, 8.1, 8.2 and 8.11).

0.8 Outlook for the general case

We conclude the introduction with a short word on the generalization to Drinfeld mod-
ular varieties M} ; for arbitrary A and (0) # I C A. In [15], Pink defines the Satake

compactification of M} ; to be a normal integral proper variety MZ’ ; with an open
embedding M} ; — sz ;> which satisfies a certain universal property. In proving the
existence of such a compactification, he reduces to the case of Drinfeld F,[t]-modules
with level (t), where the Satake compactification is given by the base change of Qy to
SpecF,(t). This reduction is mainly accomplished using the following two observations.
First, if I’ C I C A are proper non-zero ideals, then Ml ; can be realized as a quotient
of m, ;- under the action of a finite group. Second, for certain A C A" and I’ := [ A’ and
n =n'-[F'/F], where F' and I’ are the corresponding quotient fields, there is a finite

injective morphism M7, , — M} ;. Then Mz,7 1 1s the normalization of m’ ; in the
function field of MXQ ;- In proving the existence of the Satake compactification from the

base case, the first observation allows one to increase the level, and the second allows
one to enlarge the admissible coeffecient ring.

One might use similar reasoning to generalize By. First, appropriately generalize
the notion of a V-fern and consider the corresponding moduli functor. Then exploit the
morphisms My, , — M}', and M ’5: a4 — M7} ; to reduce the question of representabiliy



to the case A =TF[t] and I = (¢). It is our hope that the foundations laid here will lead
to the success of such an approach.

Outline

Section 1. We review the notion of stable marked curves of genus 0 and recall the con-
cepts of contraction and stabilization from [9]. We describe a related construction, the
contraction to the i-component, of which the contraction to the v-component mentioned
above is a special case.

Section 2. We recall the construction of By from [16] and gather additional results
from loc. cit. which will be of use to us. In particular, we describe the open subscheme
Uz C By associated to a flag F of V.

Section 3. The concept of V-ferns is formally introduced. We then demonstrate several
of their properties. First, we discuss V-ferns over a field, and show that there is a natural
way to associate a flag of V' to each such fern. As a result, for a V-fern over an arbitrary
F,-scheme S, we can associate a flag Fs of V' to each s € S. We then discuss V-ferns
for dimV =1 and 2. In the first case, we show that there is exactly one V-fern over S
up to (unique) isomorphism. This provides the base case for the induction in our proof
of the Main Theorem.

Section 4. We describe the contraction, grafting and line bundle constructions associ-
ated to V-ferns in detail.

Section 5. Let F be a flag of V. We define the notion of an F-fern. For a scheme S
and V-fern C over S, we also define the locus S C S over which C' is an F-fern. We
show that Sz is open and that the Sz cover S as F varies.

Section 6.We construct the universal family Cy over By,. This constitutes the technical
bulk of the thesis.

Section 7. Here we prove the Main Theorem.

Section 8. We consider the morphisms corresponding the each of the constructions
described in Section 4 between various moduli schemes.
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Notation and conventions

We gather some notation and conventions here for easy reference:

F, a finite field of ¢ elements;

V a finite dimensional vector space over F, of dimension n > 0;
14 the set V' U {oc} for a new symbol occ.

1% the set V'~ {0}.

G the finite group V' x F;
Sy the symmetric algebra of V' over [F,

RSy the localization of Sy obtained by inverting all v € V'~ {0}.
Py the scheme Proj(Sy);

Qv the complement of the union of all IF,-hyperplanes in Py

by the set V x V
P¥  the scheme [, ,yex P'-

For a morphism X — S and s € S, we denote the fiber over s by X,. Given another
morphism f: T — S, we often denote the base change X xg T by f*X. For an open
immersion j: U < S, we will usually write X|y in place of j*X.

We always view the irreducible components of a scheme as closed subschemes en-
dowed with the induced reduced scheme structure.

1 Stable marked curves of genus 0

In this section we collect some useful facts and constructions involving stable marked
curves of genus 0. The main references are [1] and [9]. Let S be an arbitrary scheme,
and let I be a finite set.

1.1 Stable I-marked curves of genus 0

Definition 1.1. An [-marked curve (C, \) of genus 0 over S is a flat and proper scheme
C over S, together with a map

AT — C(S9), i\
such that for every geometric point s of S,

1. the geometric fiber Cs is a reduced and connected curve with at most ordinary
double point singularities,

2. the equality dim H'(Cs, Oc.) = 0 holds.

11



A closed point p € Cs is called marked if p = \;(5) for some i € I. The point p is called
special if it is singular or marked. We say that (C,\) is stable if, in addition to the
above,

3. the curve Cs is smooth at the marked points \;(5),
4. we have X\;(3) # A\;(3) for all i # j,
d. each irreducible component of Cs, contains at least 3 special points.

Remark. Conditions (1) and (2) imply that each geometric fiber is a tree of copies of
P!, We will see later that this already holds on (scheme-theoretic) fibers (Proposition
1.19).

We call the map A: I — C(S) an I-marking on C. From now on, we abbreviate the
expression “I-marked curve of genus 0” by I-marked curve. We will often write C' for
the pair (C, ) if confusion is unlikely.

In [9] a morphism of stable I-marked curves f: (C,\) — (D, u) over a scheme S is
defined to be an isomorphism over S such that fo\; = pu; for all ¢ € I. In the following
paragraphs, we will define a more general notion of morphisms between (not necessarily
stable) I-marked curves that is equivalent to Knudsen’s definition when the curves are
stable. One of the main results in [9], written here in the context of stable I-marked
curves is the following:

Theorem 1.2 ([9], Theorem 2.7). The functor M, associating to a scheme S the set of
isomorphism classes of stable I-marked curves over S is represented by a scheme M,
which s smooth and proper over Spec Z.

Remark. Knudsen’s result in [9] actually states that the Deligne-Mumford moduli stack
M is smooth and proper over SpecZ. For I := {1,...,n} C N, write M,, := M.
Knudsen proves that the universal stable k-pointed curve Zj is isomorphic to My, 1.
Moreover, if M, is representable by a scheme, then so is Z;. To see that the stack M.,
is a scheme, it thus suffices by induction to observe that Mj is representable by Spec Z.

We will often use the following consequence of the existence of a fine moduli scheme:

Corollary 1.3 (Uniqueness of morphisms). For any stable I-marked curves (C,\) and
(D, ) over a scheme S, there exists at most one morphism of stable I-marked curves
between them.

Lemma 1.4. Let X and Y be schemes over S, and let f: X — Y be an S-morphism.
Assume

(a) X is locally of finite presentation over S,
(b) X is flat over S,

12



(c) Y is locally of finite type over S, and
(d) for all s € S, the induced morphism fs: X; — Y on fibers is an isomorphism.
Then f is an isomorphism.

Proof. Conditions (a) and (c) together imply that f is locally of finite presentation ([18,
Tag 02FV]). In particular, the morphism f is locally of finite type, so we may apply
Proposition 17.2.6 in [7], which says that f is a monomorphism if and only if for all
y € Y, the fiber f~!(y) is empty or isomorphic to Spec k(y). Fix y € Y, and let s be the
image of y in S. Since f; is an isomorphism, we have f~!(y) = f;'(y) = Spec k(y), and
thus f is a monomorphism and in fact bijective. We next apply the critére de platitude
par fibre ([18], Tag 039A), which says that if (a)-(c) hold and f; is flat for all s € S,
then f is flat. A flat monomorphism that is locally of finite presentation is an open
immersion ([7, Theorem 17.9.1]). Since a bijective open immersion is an isomorphism,

this concludes the proof. O]

Let (C,\) and (D, ) be I-marked curves over a scheme S, and let f: C' — D be an
S-morphism such that f o \; = y; for all ¢ € I. Consider the set

7 :={d e D |dimf*(d) =1}. (1.1)
For each s € S, we also define
Zy:=1{d € D, | dim f;!(d) = 1}. (1.2)

Proposition 1.5. The set Z is closed in D and finite over S when endowed with the
induced reduced subscheme structure. Moreover, for every s € S, we have Z N Dy, = Zj.

Proof. We first show that Z is a closed subset of D. According to [7, Corollary 13.1.5],
given a proper morphism of schemes g: X — Y, the function ¥ — Z, y — dim X,
is upper semicontinuous. Since C' is proper over S, the morphism f is proper, and we
deduce by upper semicontinuity that the set of points d € D such that dim f~!(d) > 1
is closed. The dimension of f~1(d) is bounded above by 1 for all d € D, so this set is
precisely Z. Hence Z is closed.

Let s € S and let d € D be a point lying over s. Since f;'(d) = f~'(d), we
immediately deduce that Z N D, = Z,. We claim that Z; is a finite set. This follows
easily from the fact that each irreducible component of Cs maps onto an irreducible
closed subset of Dy, i.e., an irreducible component or a closed point of D,. The set Z
consists precisely of the images of irreducible components of Cy mapping to a closed
point. Since C has finitely many irreducible components, the finiteness of Z, follows.

Endow Z with the induced reduced scheme structure inherited from D. Since D
is proper over S, so is Z. Moreover, the fact that each Z, is finite implies that Z is
quasi-finite over S. Since a proper morphism is finite if and only if it is quasi-finite ([5,
Corollary 12.89]), we conclude that Z is finite over S. O
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Lemma 1.6. Let Y < D be a closed subscheme which is finite over S, and suppose that
[ induces an isomorphism C ~ f~Y(Y) = D \Y. Let s € S and let 5 be a geometric
point centered at s. The fiber f='(y) is connected for every y € Ys.

Proof. Suppose y € Yz and that f.'(y) is disconnected. Since Cy is connected, there
exists a unique chain of irreducible components in Cs ~\ fs'(y) connecting any two
connected components of f.'(y). The image of any such chain forms a loop in Ds
(viewed as a graph) at y which contradicts the fact that Ds has genus 0. O

Proposition 1.7. The following are equivalent:

(a) There ezists a closed subscheme Y of D which is finite over S such that f induces
an isomorphism C' . f~1(Y) S D\ Y.

(b) For each s € S, the morphism f, induces an isomorphism Cs\ [T (Zs) = D\ Zs.

(¢) The morphism f induces an isomorphism C . f~4(Z) = D\ Z.

Proof. Since we aim to apply Lemma 1.4, we first show that C' and C’ are S-schemes of
finite presentation. Both C' and C’ are obtained via base change from schemes of finite
type over a noetherian base by Theorem 1.2. Since finite type and finite presentation are
equivalent over a noetherian base, and we conclude by observing that finite presentation
is preserved under base change.

(a)=-(b): Let s € S. The assumption in (a) implies that f; induces an isomorphism
Cy N f7YY,) = Dy N\ Y, hence Z, C Y,. If Z, = Y,, then (b) immediately follows.

~

Suppose Z, C Y,. It suffices to show that f, induces an isomorphism Cs ~\ fi'(Zs) =
Ds N Zs, where 3 is a geometric point centered at s. Let d € Yz~ Zs. Then f.'(d) must
be 0-dimensional by the definition of Z,. By Lemma 1.6, the fiber f-'(d) is connected
and thus consists of a single point. Let Us := Cs ~ fo (Y5 ~ {d}). Since f:'(d) is a
point, by applying [7, Proposition 17.2.6] in the same way as in the proof of Lemma 1.4,
we deduce that the restriction fs|p.: Us — Ds \ (Y5 \ {d}) is a monomorphism. It is
also proper and hence a (bijective) closed immersion ([5, Corollary 12.92]). Since Cs and
Dy are reduced, it follows that fg|p. is an isomorphism. Iterating this process for every
point in Y5 \ Zs, we find that f5 restricts to an isomorphism Cs \ f& 1(Z§) = Ds N Zs,
as desired.

(b)=(c): This follows directly from Lemma 1.4 and the fact that Z;, = Z N D, by
Proposition 1.5.

(¢c)=(a): Endowing Z with the induced reduced subscheme structure inherited from
D, we deduce from Proposition 1.5 that (a) holds with Y := Z . O

Definition 1.8. We call a morphism f: (C,\) — (D, ) satisfying any of the equivalent
properties in Proposition 1.7 a morphism of [-marked curves.

We observe that the identity is a morphism of I-marked curves and that the com-
posite of two morphisms of I-marked curves is again a morphism of I-marked curves.
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Proposition 1.9. Let S be a scheme. The I-marked curves over S and the morphisms
between them form a category.

In order to simplify the proof of the next proposition, we introduce the concept of a
dual graph:

Definition 1.10. Let (C, \) be a stable I-marked curve over an algebraically closed field.
The dual graph I'c of C' is defined to have

1. a vertex for each wrreducible component of C;
2. an edge for each node of C, joining the corresponding vertices;

3. a labeled half edge for each I-marked point, emanating from the corresponding
vertez.

The graph I'¢ is a connected tree and the definition of stability translates to each
vertex having degree > 3. Given a non-empty closed subset & C C such that every
connected component of F is 1-dimensional, we define the subgraph I'p generated by E
to be the subgraph of I'c with vertices corresponding to the irreducible components of
E and whose edges consist of the edges of I'c incident to those vertices. In particular,
the graph I'g has a half edge for each irreducible component of E that intersects an
irreducible component of C'~~ E. We call the half edges in I'g the external edges and
denote the number of external edges in I'y by n&*. We call the remaining edges of
[’ the internal edges, and we call a vertex that has at most one internal edge incident
to it a leaf. A leaf of I'c corresponds to a irreducible component of F' of C' such that

|FFNC N F| < 1. We call such components the tails of C.

Figure 1: A stable {1,2,3,4}-marked curve C' and its dual graph. The closed subset
E and the subgraph I'p generated by it are represented by thick lines.

C
A1

A2
)\3 )\4

/7' o~ E

I'c
)\1 )\3
I'g
)\2 )\4
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Lemma 1.11. For every E, we have n* > 3.

Proof. We proceed by induction on the number of irreducible components m of E. If
m = 1, then the external edges of I'p correspond precisely to the special points on F.
The lemma then follows directly from the definition of a stable I-marked curve. Suppose
m > 1. Let I' C E be an irreducible component. Then I'p = 'y 7 UI'r C I'c. By the
induction hypothesis, both 'z and I'p have at least three external edges. Since all of
the graphs are trees, the graphs I'z— and I'p have at most one shared edge. It follows

that n%* > n‘z‘i =+ n$* — 2 > 4 by induction. O

Proposition 1.12. Let f: (C,\) — (D, ) be a morphism of I-marked curves over S.
If C' and D are both stable, then f is an isomorphism.

Proof. By Lemma 1.4, the morphism f is an isomorphism if and only if f, is an iso-
morphism for all s € S, which in turn holds if and only if f; is an isomorphism for
any geometric point 5 centered on s. We may thus assume without loss of general-
ity that S = Speck for an algebraically closed field k. Suppose Z C D as defined in
(1.1) is non-empty and consider d € Z. Let € be the set of irreducible components in
C ~ f~1(d) which have non-empty intersection with f~!(d). Since f is an isomorphism
over a deleted neighborhood of d, it follows that the elements of £ map isomorphically
onto distinct irreducible components of D which all intersect at the point d. Since D
has at worst nodal singularities and f is non-constant, it follows that 0 < |€| < 2.
Suppose || = 2. Consider the subgraph I'y-1qy C T'c. Each external edge of
I 4-1(4y corresponds either to the intersection of an irreducible component of f~!(d) with
an irreducible component of C'\ f~1(d) or to an I-marked point contained in f~'(d).
Since |€] = 2, there are exactly 2 external edges of the first kind, and it follows from
Lemma 1.11 that f~!(d) contains a marked point. But then the corresponding marked
point of D is the singular point d, which is not allowed. If || = 1, then Lemma 1.11
implies that f~!(d) contains at least two marked points, which again correspond to
d € D. Since the marked points of D are required to be distinct, this is a contradiction.
Finally, if |£] = 0, then f is constant, which is similarly prohibited. Thus Z is empty
and f is an isomorphism, as desired. O

Consider a morphism 7" — S, and let (D, u1) be an I-marked curve over T'. We define
a morphism from (D, ) — (C, ) to be a commutative diagram

D—C

L l (1.3)

T——S
such that the induced morphism D — C X g T is a morphism of I-marked curves.

Corollary 1.13. If (D, u) and (C, \) are both stable, then (1.3) is cartesian.
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Remark. Proposition 1.12 and Corollary 1.13 show that when (D, ) and (C,\) are
both stable then our notion of a morphism of stable I-marked curves is identical to
that of [9], where a morphism is defined to be a cartesian diagram of the form in (1.3)
respecting the I-markings of D and C. Our results also demonstrate that the category
of stable I-marked curves over S forms a full subcategory of the category of I-marked
curves over S.

1.2 Contractions

Note that for stable I-marked curves to exist, we must have |I| > 3. Let (C,\) be a
stable I-marked curve over a scheme S. Consider a subset I’ C I with |I'| > 3.

Definition 1.14. Let (C', \') be an I-marked curve over S, together with a morphism
f:(CoA) — (C',XN). We call C" a contraction of C' with respect to I' if the pair
(C', Npr) is a stable I'-marked curve.

Intuitively, the contraction is obtained by viewing C' as an I’-marked curve and then
(on geometric fibers) contracting irreducible components containing fewer than three
special points until one obtains a stable I’-marked curve. This is indeed the definition
given by Knudsen in [9], where contractions are only explicitly defined when I" = I~ {i}
for some ¢ € I. The following proposition shows that the two definitions are equivalent.

Proposition 1.15. Let S = Spec k for an algebraically closed field k, and let I' :== I~{i}
for a fized i € I. Let (C;\) and (C",X') be I-marked curves, and suppose that (C,\)
and (C', N'|p) are stable. Consider a morphism f: C' — C" of schemes over S satisfying
foXi=X\ forallieI. Then C" is a contraction if and only if

(a) C is stable as an I'-marked curve and f is an isomorphism, or

(b) C is not stable as an I'-marked curve and f sends the irreducible component E;
of C' containing the i-marked point to a point ¢ € C and induces an isomorphism

CNE; = C ~{d}.

Proof. Under our assumptions, the morphism f is a contraction if and only if it satisfies
any of the equivalent conditions in Proposition 1.7. The “if” direction thus follows from
the fact that (a) and (b) both imply condition (b) in Proposition 1.7.

For the converse, suppose f: (C,\) — (C',X) is a contraction. If C' is stable as
an [’-marked curve, then f is an isomorphism by Proposition 1.12, so (i) holds. If C
is not stable, we must show that the closed subset Z C C” as defined in (1.1) consists
exclusively of the point ¢, := M\(S) and that f~!(c}) = E;. Let ¢ € Z and consider
the set & of irreducible components of C'\ f~1(¢’) which have non-empty intersection
with f~1(¢/). By the same reasoning as in the proof of Proposition 1.12, we must have
0< & <2

If |€] = 2, then, by the same reasoning as in the proof of Proposition 1.12, the
stability of C' implies that the fiber f~!(c’) contains an I-marked point. We claim that
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the only marked point in f~(¢/) is the i-marked point. Indeed, in this case ¢ € '
is a nodal singularity in C’". Since C’ is stable, the I’-marked points are smooth by
definition. The fiber f~!(c’) therefore cannot contain an I’-marked point, which yields
the claim. The stability of C' then implies that f~!(c/) is irreducible and hence equal to
E;, as desired.

By similar reasoning, if |£] = 1, the fiber f~1(¢/) must contain precisely two marked
points, and these correspond to i and some ' € I'. The stability of C' again implies that
f71(¢) is irreducible and hence equal to Ej. O

Figure 2: Example of a contraction for I :={1,2,3,4,5} and I' := {1,2,3,5}.

A1 A3
Ao A
A5
A1
A2
)‘37 >\4 )\5

Proposition 1.16. Let (C,\) be a stable I-marked curve, and let I' be a subset of 1
with |I'| = 3. There exists a contraction f: (C,\) — (C', X)) of C with respect to I'.
The tuple (C', N, f) is unique up to unique isomorphism.

Proof. The existence and uniqueness of contractions when I = I \ {i} for some ¢ € [ is
proven in [9, Proposition 2.1]. Iterating this (using that the composite of morphisms of
I-marked curves is again such a morphism) and noting that the result is independent of
the order in which we forget sections [1, Lemma 10.6.10], yields the desired contraction
for general I'. O

Let (C’, X) be the contraction of (C, \) with respect to I’. For each i € I, we denote
the image of the i-marked section by Z; C C’. Since C’ is separated over S, each Z; is
closed in C’. Consider

Z([\]/) = U Zz

1e(INI")

The following property of contractions will be used repeatedly in later sections.
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Proposition 1.17. The contraction morphism f: C — C’ induces an isomorphism
(GN f_l(Z(I\]/)) 50 Z(I\p).

Proof. Let s € S, and let ¢ € C’ be a point with dim f; () = 1. We consider the set
of irreducible components of C, . f; (/) which intersect f;(¢/) and apply the same
argument as in the proof of Proposition 1.15 to deduce that f;*(c’) contains an (I~ I')-
marked point. It follows that Z C C” as defined in (1.1) is contained in Z(; 1y, and the
proposition follows by the definition of a morphism of I-marked curves. O

Irreducible components of stable /-marked curves

The following lemma and proposition give a nice consequence of the existence of con-
tractions. Let (C), )\)_be a stable I-marked curve over Speck, where k is a field, and fix
an algebraic closure k of k.

Lemma 1.18. Ewvery irreducible component of C' is geometrically irreducible.

Proof. We proceed by induction on |I|. If |I| = 3, then it follows directly from the
definition of stability that the base change C; must be isomorphic to IP%; hence C' is
geometrically irreducible. Suppose |I| =n > 3. Let ¢ € I and consider the contraction
C" of C with respect to I' := I ~ {i}. Let Z C C’ be as defined in (1.1). Since
|I'| = n — 1, it follows from the induction hypothesis that every irreducible component
of C" is geometrically irreducible. If Z = @, then the contraction morphism f: C' — '
is an isomorphism by definition, so we deduce the same for the irreducible components
of C. Otherwise, the base change Z; must consist of a single point, whose image
in ¢’ we denote by ¢ (so that Z = {}). Then f~'(¢); is irreducible, so f~(¢)
is geometrically irreducible. By definition, the morphism f induces an isomorphism
C~ f7Hd) = €'~ {c}. The induction hypothesis then implies that every irreducible
component of C'\ f7(¢/) is geometrically irreducible. Since C'=(C'\ f~(¢))Uf~1(¢),
this proves the lemma. O

Proposition 1.19. Let E C C be an irreducible component. Then E = Pj.

Proof. If E contains an I-marked point, then it is isomorphic to P, because any con-
nected smooth projective curve of genus 0 over Spec k possessing a k-rational point is
isomorphic to P{. Suppose E contains no I-marked points. The base change Er is
irreducible by Lemma 1.18 and also contains no /-marked points. It follows that Fp
contains as least three singular points. This implies that C; \ Er has at least three
connected components. Since C' is stable, we can choose a marked point on each of
these components. The chosen points correspond to some I’ := {i,j,k} C I. Let '
denote the contraction of C' with respect to I’. Then C” contains a marked point and is
thus isomorphic to PL. The contraction morphism f: C'— C’ then induces a morphism
E — C'" = P}. This becomes an isomorphism after base change to k and is hence itself
an isomorphism. ]
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Remark. It follows from Proposition 1.19 that we may replace every instance of the
geometric fiber in Definitions 1.1 and 1.14 by the (scheme-theoretic) fiber, and we will
often do so in the remainder of the text.

1.3 Contraction to the i-component

Let (C, ) be a stable I-marked curve over a scheme S, and fix an element i € I. In this
subsection we construct an [-marked curve (C*, \) along with a morphism f: C' — C"
which, on fibers, contracts the irreducible components of C' not meeting the i-marked
point. We first formalize what we mean for a morphism to contract a given set of
irreducible components.

Definition 1.20. Suppose S = Speck, where k is a field. Let & be a set of irreducible
of components of C such that

UEecc

Ee&

Let C' be an I-marked curve over k. We say that a morphism f: C — C' contracts &
if f(E) is a closed point in C" for every E € &, and f induces an isomorphism from

O~ (Upes B) to '\ f(Upes B)-

For a morphism X — S of schemes, a relative effective Cartier divisor is an effective
Cartier divisor on X which is flat over S when regarded as a closed subscheme of X
([12, Definition 3.4]). In what follows, we do not distinguish between an effective Cartier
divisor and the associated closed subscheme.

Lemma 1.21. The closed subscheme D; := X\;(S) of C is a relative effective Cartier
divisor on C'/S.

Proof. The scheme D; is clearly flat over S. By the definition of stable I-marked curves,
for each s € S, the fiber D, corresponds to a smooth point of Cs and is hence an
effective Cartier divisor on Cs. The lemma then follows directly from [12, Proposition
3.8], which says that if X/S is flat and D is a closed subscheme of X that is flat over S
and such that D, is an effective Cartier divisor on the fiber X, for all s € S, then D is
a relative effective Cartier divisor on X/S. O

Suppose S = Spec k, where k is a field.
Lemma 1.22. We have the following:
(a) W(C,0c(D)) =2,
(b) H(C,Oc(D;)) =0,

(c) Oc(D;) is generated by its global sections.
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Proof. For the first statement, let f; denote the closed embedding D; — C', and consider
the short exact sequence

0— Oc = Oc(D;) — (fi)«k — 0. (1.4)

Since H'(C, O¢) = 0 by assumption, the first part of the associated long exact sequence
on cohomology reads

0— H(C, O¢) — HY(C,Oc(Di)) — HO(C, (f).k) —0.

Since H°(C,O¢) and H°(C, (f;).k) = H°(D;, k) are both isomorphic to k, it follows
that h°(C, Oc(D;)) = 2, as desired.
For (b), we observe that the long exact sequence on cohomology induced by (1.4)

also yields
0— H'(C,0c(D;)) = H'(C, (fi)k) — ...

Since HY(C, (fi)«k) = H'(D;, k) and the latter vanishes because D; is zero-dimensional,
we conclude that H'(C, Oc(D;)) = 0.

The third statement follows from the exact sequence (1.4) and the fact that O¢ and
(fi)«k are both generated by their global sections: We have a commutative diagram

0—=0c—0c® O —0Oc—0

7 n 9|

with exact rows and such that f and ¢ are surjective. It follows from the Five Lemma
that h is also surjective; hence O¢(D;) is generated by global sections. O

We now return to the case where S is an arbitrary scheme. Let 7: C' — S denote
the structure morphism.

Lemma 1.23. We have the following:
(a) The sheaf m.Oc(D;) is locally free of rank 2.
(b) The adjunction morphism 7 m.Oc(D;) — Oc(D;) is surjective.

Proof.

Reduction to noetherian base: By Theorem 1.2, the stable I-marked curve C' is isomor-
phic to the base change of the universal stable I-marked curve C; over M;, which is
noetherian. Let D;; denote the effective Cartier divisor on C} corresponding to the
i-marked section. Corollary 1.5 of [9] says that if the base scheme is noetherian, then
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condition (c¢) of Lemma 1.22 implies that the formation of 7.O¢(D;) commutes with
base change. Thus, given the cartesian diagram

-0

Lf ML "

there is a natural isomorphism
[ p:Oc,(Dir) = 79" Oc, (D 1).

Since ¢*O¢,(Dir) = Oc(D;), we deduce that m.Oc(D;) is locally free of rank 2 if
p«Oc,(D; 1) is. We also have a chain of natural isomorphisms

71, O0c(D;) = 719" Oc, (Dy 1) = 7 f*p.Oc, (Dir) = g"p"p«Oc, (Di 1)

The adjunction morphism 7*7.O¢(D;) — Oc(D;) is thus obtained by applying ¢g* to the
adjunction morphism p*p,.Oc¢,(D; 1) — Oc,(D; ). Since g* is right exact, surjectivity
of the latter implies surjectivity of the former. It follows that if the lemma holds for
the universal family C7, then it holds for C' as well. We may thus assume that S is
noetherian.

Proof for noetherian base: Suppose S is noetherian. For any closed point s € S, the
pullback of O¢(D;) to the fiber Cj is equal to Og, (Dm), and D; ; is the effective Cartier
corresponding to the i-marked point on C;. By Lemma 1.22, the following two conditions
hold:

(i) For every closed point s € S, we have

H'(C,,0c,(Dy,5)) = 0.

(ii) For every closed point s € S, the sheaf O, (Di,s) is generated by its global sections.

The discussion in [13, Chp. 085], says that if condition (i) holds, then m,.O¢(D;) is locally
free. The fact that the rank is 2 then follows directly from Lemma 1.22. Corollary 1.5
of [9] says that if both (i) and (ii) hold, then the adjunction morphism 7*7.O¢(D;) —
Oc(D;) is surjective, as desired. O

Let m: C'— S denote the structure morphism, and define
C" := Proj(Sym m,.Oc(D;)).

We say that a scheme over S is a P*-bundle if it is Zariski locally isomorphic over S to
PL. By Lemma 1.23.1, the direct image m,.O¢(D;) is locally free of rank 2; hence C* is
a P-bundle over S. Morphisms C' — C* over S correspond to surjective morphisms of
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sheaves m*m,Oc(D;) — L, where £ is an invertible sheaf on C' ([8, 11.7.12]). Lemma
1.23.2 thus implies that the adjunction homomorphism 7*7,.O¢(D;) — Oc(D;) induces
a natural S-morphism

f0—C
Endowing C? with the I-marking A’ := f? o X\ makes (C?, \?) into an I-marked curve.
Proposition 1.24. We have the following:

(a) for each s € S, the morphism fi: Cy — CU contracts all irreducible components
not meeting D; ¢,

(b) ft is a morphism of [-marked curves.

Proof. For (a), we may assume that S = Speck for a field k. Let i: E — C be an
irreducible component. By [11, Lemma 8.3.29], the image of E under f* is a point if
and only if :*O¢(D;) = Op. This occurs precisely when E does not meet D;. Suppose
E is the unique irreducible component of C' meeting D;. Since f(E) is closed, not a
equal to a point, and C* = Py is irreducible, we must have f/(E) = C*. Thus f* induces
a finite morphism £ — C*. Since D; has degree 1, this is an isomorphism, proving (a).

Statement (a) implies that f! induces an isomorphism C, \ (f1)~1(Z,) = C! \ Z,,
where Z, C C? is as defined in (1.2). Hence (a) implies (b). O

Definition 1.25. We call (C*,\") along with the morphism f': (C,\) — (C*,\") the
contraction to the i-component of (C, \).

We now relate the contraction to the ¢-component to the notion of contraction from
the preceding subsection. For each I' ;= {i, j,k} C I of cardinality 3, define

Spi={s € SN (i) # N(j) # N'(k) # XN (D)} (1.6)

Since the morphism C? — S is separated and Sy is defined to be the locus where finitely
many sections are not equal, it follows that Sy is an open subscheme of S.

Proposition 1.26. The Sy form an open cover of S as I' varies. Moreover, the I-
marked curve C* x g Sy is the contraction of C' x g Sp with respect to I'.

Proof. Let s € S, and let E; denote the irreducible component of C containing the
1-marked point. Since Cj is stable, it satisfies exactly one of the following:

(i) The curve Cy is smooth.

(ii) There are at least two connected components in Cs N\ E;, each containing at least
two marked points.

(iii) The complement of E; is connected, contains at least two marked points, and there
exists a marked point on E; distinct from the i-marked point.
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In case (i), let j,k € I ~ {i} be arbitrary. In case (ii), choose j and k corresponding
to marked points in distinct connected components of C, \. E®. In case (iii), take j # i
corresponding to a marked point on E? and % corresponding to a marked point on any
other irreducible component. In each case, for I’ := {i,j, k}, we have s € Sp. The Sp
thus cover S, as desired. Since the i- and j- and k-marked sections of C% xg Sy are
distinct, it is stable as an I’-marked curve. The second statement in the lemma then
follows directly from the definition of contractions. m

In fact, the contraction to the i-component (C* A\!) is uniquely determined by the
fact that, on fibers, in contracts the irreducible components not meeting D;.

Corollary 1.27. Let f: (C,\) — (C,)) be a morphism of I-marked curves satisfying
property (a) of Proposition 1.24. Then there exists a unique isomorphism (C% \¢) =
(C, X). Moreover, the resulting diagram commutes:

C

X

Proof. By Proposition 1.26, the I-marked curve (C% \) is locally a contraction of C
with respect to {i,7,k} C I for some j,k € I. The exact same argument shows that
the same holds for (C, \). The statement then follows directly from the uniqueness of
contractions (Proposition 1.16). O

Cz‘

For each j € I, we denote the image of \'(j) by Z; C C".
Corollary 1.28. Let Z;c := Ujel\{i} Z;. The morphism f* induces an isomorphism
C~ (fl)_l(ZZc> :> Oz N Zic.
Proof. This follows directly from Propositions 1.17 and 1.26. O

We conclude this subsection by showing that the construction of the contraction to
the i-component commutes with base change. For any morphism ¢: S” — S we consider
the following pullback diagram:

Let D} := (¢')*D;.

Lemma 1.29. The formation of m.O(D;) commutes with base change, i.e., there is a
natural isomorphism (7'),Oc(D}) = ¢*1.0c(D;).
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Proof. We proved the lemma in the case where S is noetherian in the proof of Lemma
1.23. For general S, consider the unique morphisms ¢g: S — M; and ¢': S’ — M; and
h: C — C;and b: C" — () yielding commutative diagrams of the form (1.5). By
uniqueness, we must have ¢’ = go ¢ and K’ = ho¢'. We again use D;; to denote
the image of the i-marked section of C;. Since M; is noetherian, we can apply the
compatibility with base change in the noetherian case to obtain the chain of natural
isomorphisms

().0c(D;) = (7).(h)Oc,(Di 1) =
9"p«Oc;(Di1) = "¢ p.Oc,(Dir) =
@*W*h*OCl(DiJ) = QD*W*OC(DZ)

]

Proposition 1.30 (Compatibility with base change). There is an isomorphism (C")" =
(C) := o*(C?) of I-marked curves over S’ such that the following diagram commutes:

C/

SN 0

()’ (.

~

Proof. The isomorphism of sheaves from Lemma 1.29 yields an isomorphism (C")" =
(C?) over S’. The commutativity of (1.8) is equivalent to the commutativity of the
following diagram:

Ocr (D)
ey @
)

~

()" (7). Ocr (D) (") . Oc (D).

Here (1) is the adjunction homomorphism, and (2) is (¢’)* applied to the adjunction
composed with the natural isomorphism (¢')*Oc(D;) = Oc/(D}). The homomorphism
(3) is from Lemma 1.29, and the diagram commutes by the naturality of (1)-(3). Finally,
we note that the I-markings on (C’)* and (C")" are both induced by the I-marking on
C’; hence (1.8) is a diagram of I-marked curves. This proves the proposition. ]

1.4 Stabilizations

The stabilization construction provides an inverse to the contraction obtained by for-
getting a single section (]9, Corollary 2.6]). Fix an [-marked curve (C, A) and i € I such
that C' is stable as an (I \ {i})-marked curve.

Definition 1.31. A stabilization of (C,\) is a stable I-marked curve (C*,\*) with a
morphism f: C* — C making C a contraction of C* with respect to I ~ {i}.
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Proposition 1.32 ([9], Theorem 2.4). There exists a stabilization of (C,\) and it is
unique up to unique isomorphism.

Note that stabilization does not provide a way to obtain a unique stable /-marked
curve from an I-marked curve that is stable as an I’-marked curve for arbitrary I’ C 1.
The result of iterating the stabilization process depends at each step on how the remain-
ing sections are lifted. See the figure below:

Figure 3: Example for I = {1,...,5}. After stabilizing with respect to A4, a lift of A5
is either distinct from A3 and A4 or equal to one of them. In the first case, the resulting
stabilization is already a stable [-marked curve. In the latter, we must stabilize further
to obtain a stable I-marked curve.

/\1 )\1
)\2 AAAAANAS >\2

A3 A4, As
A3, A4, A5

)\1 >\1 >\4
)\2 )\2 /\5
A3 A4 A5 A3

2 The scheme By and some properties

For the remainder of the text, we work within the category Schy, of schemes over Spec F,.
All tensor products and fiber products will be taken over IF, unless otherwise stated.
Let V' be a finite dimensional F -vector space. In this section we recall the definition of
By and list several of its properties for later use. Most of these facts are collected from
[16], and the corresponding proofs can be found there.

2.1 Preliminaries on Py, and )y

The symmetric algebra Sy = Sym(V') of V' over I, is the quotient of the tensor algebra
T(V) := @2, V® by the ideal generated by all elements of the form v®w—w®v, where
v,w € V. Any choice of ordered basis of V' yields an isomorphism Sy = F [X1, ..., X,].
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Let RSy denote the localization of Sy obtained by inverting all v € V'~ {0}. We then
have
QV = Pl"Oj RSV = SpGC RSVQ,

where RSy, denotes the degree 0 part of RSy .

Definition 2.1. Let S be a scheme and let L be an invertible sheaf on S. Consider a
set I and a map \: I — L(S). If, for all s € S, the composite map

I L(S)— L ®0, k(s)
18
1. non-zero, we call )\ fiberwise non-zero,
2. injective, we call A\ fiberwise injective.

The scheme Py = Proj(Sy) admits a natural fiberwise non-zero [ -linear map
)\V: \%4 :) Opv(l)(Pv)
Proposition 2.2 ([16], Proposition 7.8-7.9).

(a) The scheme Py with the universal family (Op, (1), \y) represents the functor which
associates to a scheme S over F, the set of isomorphism classes of pairs (L, \)
consisting of an invertible sheaf L on S and a fiberwise non-zero Fy-linear map

AV = L(S).

(b) The open subscheme 0y, C Py represents the subfunctor of fiberwise injective linear
maps.

Let S be a scheme. Given a fiberwise non-zero linear map \: V' — L(S), we obtain
a surjection of coherent sheaves

ARid: V®0Os — L,
whose kernel we denote by &y .

Proposition 2.3 ([16], Proposition 10.1). The scheme Py represents the functor which
to an Fy-scheme S associates the set of coherent subsheaves &, C V @ Og such that
(V& Og)/Ey is invertible.
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2.2 The scheme By

Let V' run over all non-zero F,-subspaces of V. The product [], Lvicy Py represents
tuples & = (Eyr)y such that (V' @ Og)/Ev is invertible for each V.

Proposition 2.4 ([16], §10). There exists a unique closed subscheme

By C H Py
0£V/CV

representing the subfunctor of all £, satisfying the closed condition
Eyn C Ey fOT all 0 7é VicVv cV. (2.1)

Slightly abusing notation, we also denote the functor S +— &, from Propositon 2.4
by By. For later use, we give the following alternative interpretation of By,. Let

By: Sch” — Set

be the functor sending an [F,-scheme S to the set of isomorphism classes of tuples
(L, \, 1) where
L= (»CV’)O;éV’CV

is a family of invertible sheaves over S and A := (Ay/)ozvcy is a family of fiberwise
non-zero F -linear maps

Ay Vo— E\ﬂ(S)
and ¢ := (VY )ozvrcyicy is a family of homomorphisms

I/J\‘;///i £V” — ,CV/
such that the following diagram commutes:

Ay

V' Loi(S)
ngf,(S)
)\le
V"2 Lun(S).

Two such tuples (£, A\, %) and (M, i, w) are isomorphic if for all subspaces 0 # V' C V
there are isomorphisms L+ — My~ which are compatible with Ay and py-. The data
of an isomorphism class [(£, A, )] and a tuple &, satisfying (2.1) are equivalent, which
yields the following lemma.

Lemma 2.5. The scheme By represents the functor By, .
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2.3 The open subscheme Ur and the boundary stratum r

Recall that we defined a flag of V' to be a set {Vp,...,V,,} of subspaces of V' such
that Vp = {0} and V,, = V and V; C V; whenever ¢ < j. For each flag F of V, it is
shown in [16, §10] that there exists a unique open subscheme Ur C By representing the
subfunctor satisfying (2.1) and the open condition

V'®@Os=E+ (V'"®0Og) forall0#V"CV'CV such that there

exists no W € F with V" C W and V' ¢ W. (2:2)

Lemma 2.6 ([16], Lemma 10.7). For any two flags F' C F of V, we have Ur C Ug.

Proposition 2.7 ([16], Corollary 10.10). For varying F, the Uz form an open covering
of By. The Ur where F is complete form an open subcovering.

There is also a unique closed subscheme B C By representing the subfunctor of &,
satisfying (2.1) and the closed condition

V"® Og C &y forall 0 # V" C V' C V such that there

exists W € F with V" C W and V' ¢ . (2:3)

Consider the locally closed subscheme Q0 := Ur N Br. For varying F, the Qr
stratify By in the following sense:

Proposition 2.8 ([16], Theorem 10.8, Corollary 10.10). We have the following equalities
of underlying sets:

By = |_|Qf7
f

B]: = U Q]:’a
FCF'

U].“ — |_| Q]:/
F'CF

Proposition 2.9 ([16], Proposition 10.12). For the trivial flag Fy := {0,V'}, we have
Qr, = Ug, and a natural isomorphism

Q]:O = Qv, Ee — 5\/.

We identify Qz, with 2y via this isomorphism. Thus Uz contains )y as an open
subscheme by Lemma 2.6.

2.4 Flag subquotients and some natural isomorphisms

Let F :={Vy,...,Vn} be a flag of V.
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Proposition 2.10 ([16], Proposition 10.18). There is a natural isomorphism

m

B]: = BVl/Vo X ... X BVm/mew Ee (((c;v//a/;‘,l &® OS))V,/VFl)

i=1
where V' runs through all subspaces V;_1 C V' C V.

Proposition 2.11 ([16], Proposition 10.19). The isomorphism from Proposition 2.10
induces an isomorphism

Q]: = QVl/Vo X ... X QVm/Vm717 Ee — (5\/2/(‘/171 ® OS))ZI

For later use (Proposition 8.2), we describe the inverse of the isomorphism in Propo-
sition 2.10 explicitly in the case where F := {0,V’,V}. Let V := V/V'. Let S be a
scheme and consider tuples £, and &, corresponding to S-valued points of By and By
respectively. Define a tuple &, as follows: For each W C V' we set &y := &, For each
W ¢ V' consider the natural surjection

mw: W®0s— (W+V)/V'®Og

and define Ey 1= m;! (E(WWW). By the proof of Proposition 10.18 in [16], the tuple
&, is an S-valued point of By and the induced morphism By X By — By is a closed
embedding with image equal to Br.

2.5 Affine coordinates on Ur

Let F be a flag, and choose a complete flag F = {Vp,...,V,} containing F. Fix
an ordered basis B := (by,...,b,) of V such that for all 1 < j < n we have V; =
Span(bl, ce ,bj).

Definition 2.12. We call B a flag basis associated to F.

Consider an S-valued point &, of Ur. For each 1 < i < n, define U; := F, - b;. The
natural inclusion U; < V; induces an isomorphism U; ® O, = (V; @ Og)/Ey.. It follows
from (2.2) that V; ® Og = &y, @ (U; ® Og). Since V; = V;_; & U;, this shows that &y, is
the graph of a Og-linear homomorphism V; ; ® Og — U; ® Og. This homomorphism
sends b;_1 ® 1 to b; ® t;_q for a unique t; € Og(S). In other words, there is a unique
section t; € Og(S) such that

bi_1®1—b;®t,_1 € F(S, sz) (24)
Varying ¢ = 2,...,n, we thereby obtain a morphism
Ur — Ap ', (2.5)

Ee (tly---;tn—l)-

Proposition 2.13 ([16], Proposition 10.14). This is an open embedding.
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On the other hand, the choice of B also yields the composite morphism
Qy = Py = Py ' = ProjFy[ Xy, ... X,]. (2.6)

This is determined by the global sections by, ..., b, of the invertible sheaf Og,,(1). Since
2y is the complement of the union of all F,-hyperplanes in Py, the image of Qy in P§;1
is contained in the open subscheme defined by X; # 0 for all i.

Lemma 2.14. Identify Qv with its image in ]P’%q’l via (2.6). The composite

2.5)
Oy — Ufé_> AFQ '

is determined by the tuple (Ty,...,T,_1), where T; := Xﬁil e I'(Qy, Oq, ).

Proof. Let & be an S-valued point of Qy C Ur. For each 1 < ¢ < n — 1, the sheaf

&v,., is the kernel of a homomorphism A: Vi1 ® Og — L, for some invertible sheaf £
on S. The composite S — Qp — Aﬁq‘l corresponds to (t1,...,t,) € Os(S)" !, and
(2.4) implies that A(b;) — A(bi31)t; = 0 for each i. Thus t; = )\/(\b(bJr)l) Since /\E\b(b+)1) is the
pullback to S of )?i.il’ this proves the lemma. n
Remark. Let S be an [F-scheme and £ an invertible sheaf on S. Let A\: V — I'(S, £)
be a fiberwise injective linear map corresponding to an S-valued point of €2y,. The open
embedding (2.5) sends A to the tuple (%, e Ab”*l), while the open embedding (2.6)

Non
sends A to the tuple (A\y,,..., \p,).
Write F = {Vj,,..., Vi, } with {0} =V;; CV;, C---CV,, =V.

Lemma 2.15. The image of QF in A]}‘q’l = Spec(F,[T1, ... T,-1]) under the morphism
(2.5) is the locally closed subscheme defined by

(a) T; =0 fori=1i1,...951,

(b) for each 1 < k < m, any non-trivial F -linear combination of the elements

in—1 i1 . ‘
{Hi:ik71+1 Tl&a Hi:ik71+2 T'w cee 77-‘119717 1}
18 NoON-zero.

Proof. Let Qgc denote the locally closed subscheme of A]’qu_l defined by (a) and (b). For
each 1 <k <m, let
Wk = Span(bik_lﬂ, N 7blk)

Let ng := dim(Wj) and define Qy, in analogy to €. The basis {b;,_,+1,...,b;, } of
Qw, determines an immersion Qyy, — Agj_l. Composing with the closed embedding
ARt — AR~! given by
(Tla--';Tnkfl) — (O,...,O,Tl,...,Tnk,l,O,...,O),
—_———

ik_141,...,i—1—components
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we obtain an immersion Qy, — Aﬂq’l. For varying k, these combine to an immersion

Qw.

1

Quy,

to the immersion Qr — Ur — qu‘l determined by B. It follows that (a) holds on the
image of (2r.

X oo X Q= Aﬁfq_l. By Proposition 2.11, we have a natural isomorphism 2z ==
X -+ X Qu, . The resulting composite Qr = Qp, X -+ X Qu,, — qu_l is equal

Let S be a scheme. Fix k and let A\ € Qu, (S). Since Ay is fiberwise injective, for
all s € S the image in k(s) of the set

{M Ae(biy1)
Ae(bi) 7 Aw(biy)

is F-linearly independent. For all 1 < j < ny we have

} C Os(5)

Ne(biy_145) lﬁ Ak(biy_+5)

)\k(bzk) i1t )\k(bik_1+j+1) .

The j-th term on the left-hand side is precisely the j-th coordinate of the open embed-
ding Qu, — Aﬁ’;fl. All together, this implies that the restriction of (2.5) to Qz factors
through Qgr

On the other hand, given a scheme S and a tuple (ti,...,t, 1) € Os(S)" ! satisfying
(a) and (b), i.e., a morphism S — 0%, the map A\y: Wi — Og(S) defined via b; —
H?k_lti for j = i1 + 1,...,4; and extending by linearity is fiberwise injective and

i=j
hence determines a morphism S — Qyy, . Varying k and composing with the isomorphism

O, X -+ x Q. = QF, we obtain a morphism ng — Qz which is clearly inverse to
the restriction of (2.5) to Q. Thus (2.5) induces an isomorphism Qz =5 Q. O

3 V-ferns: definition and properties

Recall that we defined V' to be a finite dimensional vector space over F, and V to be
the set V' U {o0}.

3.1 The group G :=V xF;

We define G to be the finite group V' x Fx. The identity element is given by (0,1) and
for (v,€), (w,v) € G, we have (v,€) - (w,v) = (Ew +v,€v) and (v,€) L = (€ v,€7Y).
The group G has a natural left action on the normal subgroup V' via (v,§) - w = {w +v.
Defining (v, €) - 0o := oo for each (v,£) € G extends this to a left action on V.

3.2 Definition of a V-fern

Let S be a scheme, and let (C, \) be a stable V-marked curve over S. Let s € S and
consider the fiber C.
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Definition 3.1. A chain in C, is a sequence of pairwise distinct irreducible components
Ey,...,E, of Cs such that E;NE; # & if and only if i = j £ 1. The integer m s called
the length of the chain.

Denote by Fygy C C; the irreducible component containing Ag(s) and by Ejsy C Cs
the irreducible component containing A (s). There is a unique chain

é(; = E{O} = El, E2 e ,Ems = E{oo}
connecting Eypy and Fyyy.
Definition 3.2. We call &, the chain from 0 to oo at s.

Note that if two elements of &; have non-empty intersection, then they intersect at
a single closed point of C,.

Definition 3.3. For each 1 < i < myg, consider

o Ao(s) ifi=1, o Aoo(S)  if i = myg,
Ti= E; 1N E; otherwise, ’ Yi = E;NE; .1 otherwise.

We call x; and y; the distinguished special points of E;.
Remark. As points of Cy, we have x; = y;_; for each 2 < i < m.

Proposition 3.4. The natural left action of G on'V induces a right action on the set of
V- markings on the underlying curve C as follows: For each (v,€) € G and V- mark:mg
A, define X - (v,€) to be the V-marking sending w € V to Aw,&)w and 00 10 Ao

Proof. Let (u,n) € G. To verify that this indeed defines a right action, we must check

that
()‘ ’ (v7£)) ) <u777) =\ (('Uvg) : (u7 77))
Let w € V. Then by definition
((A - (v,€)) - (%n))w = (A 0w = Awrlwnrul
= Apowne = (A (@9 @) .

Thus

(- @) - (wm) = (A (.8 (wm))

for all w € V, as desired. O

w

We now define our main objects of study:
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Definition 3.5. A V-fern (C, )\, @) over S is a stable V-marked curve (C,)\) endowed
with a faithful left group action

e G — Autg(0)
('Uvg) = 901%5

such that

1. for each (v,€) € G, the automorphism ¢, ¢ of C' induces an isomorphism of V-
marked curves (C,A) = (C, A (v,§)).

2. for every s € S and E; € &,, there exists an isomorphism F; = P,lc(s) with x; —
(0:1) and y; = (1:0), such that the induced action of F) on ]P’,lc(s) is

= (g ?) € PCLy(k(s)).

For ¢, ¢, we will write ¢, when § = 1 and ¢¢ when v = 0.

Remark. Any two isomorphisms F; — ]P’,lﬂ(s) sending z; to (0 : 1) and y; to (1 : 0)
differ by multiplication by some a € k(s)*. Condition (2) thus implies that F* has the
prescribed action under any such isomorphism.

Figure 4: Example of a V-fern for dim V' = 3 and ¢ = 3. The thick lines represent the
chain from 0 to oo, and the large dots represent the distinguished special points.

=A
El Y1 x1 0
x2
T3 Y3z = Aso
E3 Y2 / / \
Es

A morphism of V -ferns is simply a morphism of the underlying stable V-marked curves.
We say that two V-ferns over S are isomorphic if there exists a morphism between them.

Proposition 3.6. Any morphism of V -ferns is automatically G-equivariant.
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Proof. By the uniqueness of morphisms of stable V-marked curves (Corollary 1.3), we
must have 1, ¢ o7 o gp;é =7 for all (v,§) € G. O

Remark. Proposition 1.9 implies that V-ferns and the morphisms between them form
a category. The forgetful functor (C, A, ¢) = (C, ) identifies the category of V-ferns
over a base scheme S with a full subcategory of the category of stable V-marked curves
over S.

Let (C, A, ¢) be a V-fern over S. We will often simply write C' for the tuple (C, X, p).
Let f: S" — S be a morphism. The fiber product C' x ¢S’ has a natural V-fern structure
(C'xgS" N, ¢, where X := (Ao f) xidge and ¢’ is obtained by pulling automorphisms
of C back to automorphisms of C' xg S’. We call this the pullback of C' to S’. Pulling
back V-ferns preserves isomorphism classes, and we thus obtain a contravariant functor

Fern,, : @Fq — Set

sending a scheme S to the set of isomorphism classes of V-ferns of S. This is a subfunctor
of the functor My, of stable V-marked curves.

3.3 V-Ferns over Spec of a field and the associated flag

Let (C, A\, ) be a V-fern over Spec k, where k is a field, and let & := Ey, ..., E,, be the
chain from 0 to co. The action of V on C obtained from ¢|y induces an action on the
set of irreducible components of C. For each 1 < ¢ < m let V; := Staby (E;). Define
Vo :={0} CV.

Lemma 3.7. For each 1 < i < m the subgroup V; C V' is an F,-subspace.

Proof. Fix 1 < ¢ < m. We already know that V; is a subgroup of V' and hence closed
under addition. It remains to show that V; is closed under scalar multiplication, i.e.,
that @g,(E;) = E; for all v € V; and £ € F,. Fix v € V;. If £ = 0, then ¢, is the
identity, and the assertion is trivial. Suppose { € F. Since @]qu fixes \g and A,
it must stabilize each element of &. It follows that p¢(E;) = @e-1(E;) = E;. Thus
eo(E) = @e 0 0, 0 pe-1(E;) = E; and hence &v € V;, as desired. O

Lemma 3.8. For each 0 < i < m, the subspace V; acts trivially on E; for each j > 1.
If i >0, then V;/V;_1 acts faithfully on E;.

Proof. The statement is trivial for © = 0. Fix 0 < i < 7 < m. Since V; fixes Ay, and
stabilizes Fj;, it also stabilizes the unique chain from E; to E,,. It follows that V; sends
E; to itself and fixes the distinguished special points x; and y;. Choose an isomorphism
E; = P} sending z; to (0 : 1) and y; to (1 : 0). The induced action of V; on Pj. fixes
0 and oo, and so each v € V; acts via a matrix of the form (g“ 3) where (, € k™. Let
p := char(k). Since p-v = 0, we must have ((,)? = 1. It follows that ¢, = 1 and V; acts
trivially on £}, as claimed.
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For the second statement, we observe that the action of V; on FEj; factors through
Vi/Vi_1 by the above argument. Any element v € V; \ V;_; sends the distinguished
special point x; € E; to the intersection of E; and ¢,(E;_ 1) # F;_1 and hence does not
fix z;. The induced action of V;/V;_; is thus faithful. O

Proposition 3.9. For each 0 < i < m, we have V; C V;11. Moreover, the set F =
{Vo, Vi, ..., Vin} is a flag of V.

Proof. The preceding lemma shows that V; C V; whenever ¢ < j. It only remains to
show that V; is a proper subspace of V;,; for each 0 < i < m. For every v € V| we have
©u(Ao) = Aso, Which implies that ¢,(F,,) = E,, and hence V,, = V. Recall that we
defined V; := {0}. If m = 1, we are already done. Suppose m > 1.

Case 1. i = 0: We claim that there exists a v € V ~ {0} such that \, € E;. To see this,
we first recall that we defined a tail of C' to be an irreducible component corresponding
to a leaf in the dual graph I'c. Any tail must contain at least two marked points by
stability. Choose a tail E C C and let v € V with A\, € E. Then ¢_,(F) = E;. Hence
E, is itself a tail. There is thus a w € V ~ {0} with A, € E;. Since m > 1, we must
have w # oo, and It follows that w € V;. Thus Vy C Vi, as desired.

Case 2. 1 > 0: We first observe that F;,; contains no non-oco-marked points. Indeed,
suppose there exists a v € V with A\, € E;y;. Then {E;4,..., E,} is the unique chain
from A\, to As. But ¢,(&) is also a chain from A, to A,. Since these chains have
different lengths, this is a contradiction.

The stability of C' thus implies that F;,; contains a singular point x distinct from
the distinguished special points x; 11 and y; 1. Let C° be the connected component of
C \ FE;; intersecting F;,1 at x. Again by stability, there is a v € V with \, € C°.
Since ¢, (&) is the unique chain from A, to A\, and the latter contains F;,; but not E;
it follows that ¢, (F;) # F; and that ¢,(Fiy1) = Eiy1. Thus v € Vi NV, O

Recall that a closed point on an irreducible component E of C' is called special if it
is marked or singular.

Corollary 3.10. For each 1 < i < m, the special points on E; correspond to the elements
of (Vi/Vie1) U{wi}-

Proof. We first show that V; acts transitively on the set of special points of E; not equal
to y;. Let x € E; be such a point, and choose v € V' corresponding to any marked point
on the connected component of C' \ E; which intersects E; at . The automorphism ¢,
sends & to the unique chain from A, to A, and it follows that ¢, (x;) = .

It remains to show that an element v € V; fixes the distinguished special point x; if
and only if v € V;_;. But any v € V;_; fixes z; by Lemma 3.8, and we showed in the
proof of that lemma that any v € V; \ V;_; does not fix z;. O
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3.4 V-ferns for dimV =1

Proposition 3.11. IfdimV =1, then there is exactly one V -fern over S up to unique
1somorphism.

Proof. Let (C, A\, ) be a V-fern over S. Let s € S and consider the fiber Cy. Since
the elements of &, correspond to distinct non-zero subspaces of V' by Proposition 3.9, it
follows that |&;| = 1; hence C = IP’,IC(S) and C' is a P!-bundle over S. Since C' possesses

three disjoint sections, it is in fact a trivial P'-bundle over S. Let (D, u, ) be another
V-fern. Fix v € V ~ {0}. There is a unique isomorphism 7: C' = D with \g > po and
Ay =y and Ay — fiso. Without loss of generality, we may assume C' and D are both
equal to Pk with 0- and oco-sections given by (0 : 1) and (1 : 0) respectively, and that
Fx acts by scalar multiplication. Then 7: Py = Pg fixes 0 and co and hence commutes
with the action of F . Since each w € V' is equal to § - v for some § € F, it follows that

7 preserves all V-marked sections; hence 7 is an isomorphism of V-ferns. O

3.5 V-ferns for dimV = 2

Suppose dim V' = 2, and let (C, A, ¢) be a V-fern over a field k. The associated flag F
is either trivial or of the form {0, V', V} for some V' C V of codimension 1. In the first
case, we have C' = P!, and in the second C' is singular with V’-marked points lying on
FEoy and the singular points of Er. corresponding to the elements of V/V".

Figure 5: A smooth V-fern for ¢ = 3.

Ao Aso
C /PO/’—‘_.__._H\‘\

Figure 6: A singular V-fern for ¢ = 3, where v, w € V are such that v Z w Z O0mod V.

0!
AO )\’U Aw

Efoo) /
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If C is a V-fern over an arbitrary scheme S, we will see that the locus in S where
the fibers Cy are smooth form an open subscheme of S.

4 Constructions involving V-ferns

4.1 Contractions of V-ferns

Let 0 # V' C V be an F,-linear subspace, and let G’ := V' x F. Let (C, ), ¢) be a
V-fern over a scheme S. Let

v: (CN) = (C')N)
be the contraction with respect to % , as defined in 1.2.

Lemma 4.1. There exists a unique homomorphism

such that for all (v',§) € G', the following diagram commutes:

Pol g

(€, ) ~ (CA- (v, 6))

i P

(O, N) — 225 (X (1, 6)).

~

Proof. We first note that the V’-marking on C’ is given by N = co Alyr. For each
(v, €) € G' and w € V, we have

()\/ (v 5))w = )\/§w+v’ =70 Aewtv = (70 Py g) 0 Ay

The morphism v o @, ¢: (C,A) = (C', X - (v, §)) is therefore also a stable contraction
of (C,\) with respect to V’. By the uniqueness of contractions, there is a unique

~

¢y e € Autg(C”) inducing an isomorphism (C’, \') — (C', X' - (v/,€§)). The resulting
homomorphism ¢": G" — Aut(C’), (v',§) = ¢, . satisfies the conditions in the lemma.
[

Proposition 4.2. The tuple (C, N |y, ¢") is a V'-fern.

Proof. 1t suffices to verify condition (2) of Definition 3.5. Let s € S and let & C C’ be
the chain from 0 to co. Let E' € & and let E be the unique irreducible component of Cj
mapping isomorphically onto £’ under v,. Lemma 4.1 implies that v, is F-equivariant,

and it follows that £ € &,. There is thus an isomorphism £ = IP’}C(S) satisfying condition

(2) of Definition 3.5. Pre-composing with the inverse of the isomorphism E = E’
induced by 7, yields the desired isomorphism E’ = }P’}g(s). O
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To avoid cumbersome notation, we will often refer to (C’, N, ¢') as a V'-fern in place
of (C", Ny, ¢"). We usually view (C”, N, ¢') as a V'-fern endowed with extra sections
corresponding to V ~ V.

Definition 4.3. The V'-fern (C', N, ¢') along with the morphism ~y is called the con-
traction of (C, A, p) with respect to V'.

Remark. The contraction construction on stable V-marked curves is functorial with
respect to morphisms of stable V-marked curves over a fixed base scheme as well as
changing the base scheme. More specifically, for a morphism of stable V-marked curves
(C,\) 5 (D,p) over a scheme S, there is a unique morphism of V-marked curves
(C",N) = (D', 1) over S such that the following diagram commutes

(C,A) ——= (D, p)

L

(CX) — (D', ).

The commutativity with base change means the following: for a morphism f: 7" — S,
there is a unique morphism of V-marked curves ((f*C), (f*\)') = (f*(C"), f*(X)) over
T yielding a commutative diagram

(F*C, f*))

/\

((f ey ( 0 f1 (X))

This implies that contraction corresponds to a natural transformation of moduli functors
My — My, The contraction of V-ferns has the same functorial properties and thus
yields a natural transformation Fern;, — Fern,, .

4.2 Line bundles associated to V-ferns

Let (C, A, ) be a V-fern over S, and consider the contraction to the oo-component
(C>°,\*°) as in Definition 1.25. The image of the co-section of C* is a relative effective
Cartier divisor, whose complement we denote by L. The V-marking on C* induces a
V-marking on L. Slightly abusing notation, we denote the corresponding map by

AV = L(S), v Ay
It follows from Corollary 1.27 that the left action of G on C induces a left action
0> G — Autg(C™).

This action fixes the infinity section, and restricts to and action on L. Again abusing
notation, we denote the corresponding homomorphism by

v: G — Autg(L).
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Proposition 4.4. There exists a natural structure of line bundle on L such that
(a) The zero section is \g.
(b) For each v € V the morphism ¢, acts as translation by \,.
(¢c) For each £ € Fy, the automorphism ¢¢ acts as scalar multiplication by .

Proof. By construction, the curve C* is a P!-bundle with disjoint sections AJ® and A\%.
Suppose first that S = Spec R is affine and connected, that C>* = P}, with 0-section
and oo-section corresponding to (0 : 1) and (1 : 0) respectively. Then L = A}, C C*
is the standard affine chart around (0 : 1). We endow L with the standard line bundle
structure with the usual addition and scalar multiplication. Sections of L correspond
bijectively to elements of R, and we identify each section A, with the associated element
of R. By construction, we have Ay = 0 and (a) holds.

Since the oco-section is fixed by G, the homomorphism ¢*: G — Autg(C™) =
PGLs(R) factors through (G,, x G,)(R), which we identify with the matrices of the
form (g ll’) with a € R* and b € R. Since the action of F fixes the zero section, the
restriction gp°°|]F; has image in G,,(R). Moreover, each wg° has order dividing ¢ — 1, so
that ©g° € jy—1(R), the group of (¢ — 1)-roots of unity in R. Our assumptions imply
that yi,—1(R) = F;. Since p[gx is faithful, it must restrict to an automorphism of Fg.
We have the following cases.

Case 1. (q # 2): In this case, we have [G, G] = V. It follows that p*>°|, C [(; N ’{)] =

(7). Thus V acts through G,(R). For every v € V, we have ¢°((0 : 1)) = (A, : 1),

and it follows that ¢° = (10 ’\1”). Thus ¢, acts via translation by A, on L and (b) holds.

Let s € S. Let E := E,,, C (s be the irreducible component containing the
oo-marked point, and let z := z,,, and y := y,,. be the distinguished special points
on E. The contraction morphism Cy — CF° restricts to a G-equivariant isomorphism
f: B = C® = P} such that f(z) = (0 : 1) and f(y) = (1 : 0). It follows from the
definition of V-ferns that F) acts on L,, and hence L, by scalar multiplication, so (c)
holds.

Case 2. (¢ =2): Pick any v € V such that A\, # 0. Shrinking S if necessary, we may

assume that A, € R*. Write ¢ = (% b). Since p((0: 1)) = (A, : 1), we deduce that

b, = A\,. Moreover, the automorphism ¢{° has order two, so

Ay My 2_ a2 (a,+1)A,\ (1 0

0o 1) \0 1 - \0 1)~
Since A\, € R*, it follows that (a, + 1) = 0; hence a, = 1. For arbitrary w € V, write
P = (a“a ll’”) By the same reasoning as above, we have b,, = \,. Since ¢2° and 5°

commute, we find that A\,a, + Ay = Ay + Ay. Thus a,, = 1 and (b) holds. Also, in this
case (c) holds trivially.
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For general S, let 7*°: ¢ — S and n: L — S be the corresponding structure
morphisms. We may choose an affine open covering S = U,(U, = Spec R,) with
isomorphisms

Vs (7%) N (Ua) = P,

sending the 0- and oo-sections to (0 : 1) and (1 : 0) respectively. These restrict to
isomorphisms

Vo: Lo i =7""(Us) = Af_.

The above argument provides a line bundle structure on each L, with the desired prop-
erties. For each o and 3, let U,g := U, N Us. By construction, the automorphism
Yy © 1/}5_1 of A%]aﬁ extends to an automorphism of IP’}]M and is therefore linear. The line
bundle structures on the L, thus glue to the desired line bundle structure on L. O

Corollary 4.5. The map A\: V — L(S) is F-linear and fiberwise non-zero.

Proof. Let s € S, and choose w € V not contained in the second to last step of Fi.
Then A, (s) # Ao(s) in Lg; hence A is fiberwise non-zero. Since ¢, 00, = @ypiw, it follows
from Proposition 4.4.2 that A\, 4., = A, + A, for all v,w € V. The action of F¥ on L(S)
extends to [F,, and Proposition 4.4.3 implies that A\¢, =& -\, forall { € F, and v € V.
The Fy-linearity follows. [l

Proposition 4.6 (Compatibility with base change). Let f: T — S be a morphism
and let M — T be the line bundle associated to the V -fern f*C' as in Proposition 4.4.
Then there is a unique isomorphism M = f*L such that the following induced diagram
commautes:

V- M(T)

\ jz (4.1)

FL(T).

Proof. By Proposition 1.30, there is an isomorphism (f*C)*® = f*(C*) compatible
with the V—markings. This induces an isomorphism of T-schemes M = f*L such that
(4.1) commutes. Since it is induced by an isomorphism of P!-bundles and preserves the
O-marked section, it is in fact an isomorphism of line bundles. The uniqueness follows

from the fact that the V-marked sections generate M and f*L. ]

4.3 Grafting ferns

Let 0 # V' C V and denote the quotient space V/V’ by V. Let (C', X, ¢') and (C, \, %)
be V'- and V-ferns respectively over a scheme S. We construct a V-fern (C, ), ¢) from
C" and C. On fibers C will be given by attaching a copy of C’ to each V-marked point
of C. We then use the V'~ and V-fern structures on ¢’ and C to define a V-marking
and G-action on C.
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Clutching

In [9] a prestable curve w: X — S is defined to be a flat and proper morphism such
that the geometric fibres of 7 are reduced curves with at most ordinary double points.
Such curves are not assumed to be connected. Let 7: X — S be a prestable curve with
A1, A2: S — X non-crossing sections such that 7 is smooth at the points A;(s) for all
s € S. Knudsen proves the following, which is known as the clutching operation:

Proposition 4.7 ([9],Theorem 3.4). There is a commutative diagram

T | ‘)I,
S:S

such that

(a) po Xy = po Xy and p is universal with respect to this property, i.e., for all S-
morphisms q: X —'Y such that qo Ay = qo Ay, there exists a unique S-morphism
q: X' =Y such that g = ¢ op.

(b) pis a finite morphism.

(c) If 5 is a geometric point of S, the fibre XL is obtained from Xz by identifying A (3)
and Xo(3) in such a way that the image point is an ordinary double point.

(d) As a topological space X' is the quotient of X wunder the equivalence relation
A(s) = Xao(s) forall s € S.

(e) If U' C X' is open and U := p~*(U’), then
LU, Ox) ={f € '(U,0x) [ A1(f) = A3(F)}-

(f) The morphism X' — S is flat; hence X' is again a prestable curve by (c).

Grafting
Let U C V be a subspace such that V = U & V’. We consider the prestable curve

C:=CU (U C”).

uelU

For each u € U, denote corresponding copy of €’ in C by (C"),, with infinity section
denoted by oo,. We define a (u + V’)-marking on (C’), by sending each u 4 v’ to the
v'-marked section of (C"),. Defining the co-section of C' to be the oo-section of C' C C,
we obtain a V—marking

XV = C(9).
Now define a left G-action on C as follows: Let (v,€) € G and write v uniquely as
v =u+v with u € U and v' € V'. Then (v, &) acts on C via
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L. @;¢ on C ¢ C, where T is the image of v in V.
2. mapping (C"), identically to (C')¢ 4. for each r € U and then acting via ¢, ..

This defines a left G-action on C' that is compatible with the V-marking. Denote the
corresponding homomorphism by

¢: G — Autg(C).

By iterating the clutching operation, for each u € U we identify co, and Az, where
u is the image of u in V', and obtain a connected prestable curve ' with a morphism
p: C — C. Moreover, for each (v,£) = (u+v',§) € G and r € U, we have

(p o 9271),5) o 5\7" =po 5\§r+u =P o O¢rtu = (p o @v,f) O OOy

By the universality of p (Proposition 4.7.1), it follows that there exists a unique ¢, ¢ €
Autg(C) making the following diagram commute:

é 3511,.’;'

We thus obtain a faithful left G-action
¢: G — Autg(C).
In addition, the V—marking A induces a V—marking
XV = C(9).
Proposition 4.8. The triple (C, \, @) is a V-fern.

Proof. Tt is clear that C' is a stable V-marked curve. It remains to verify condition (2)
in Definiton 3.5. Let s € S, and let &, be the chain from 0 to oo in C. Let E € &,.
Since the G-action on C' is defined so that p: C — C is G-equivariant, it follows that
the unique irreducible component F C C, mapping isomorphically onto £ is contained
in either & or &, the chains from 0 to oo in (C”)y and C repectively. There thus exists
an isomorphism E = ]P’i(s) satisfying condition (2) in Definiton 3.5. The composite

-1
Ps r- 1
E——F— ]P)k( 5)
provides the desired isomorphism for E. O

Definition 4.9. We refer to the construction of (C, X, p) as grafting and call C' the
graft of C' and C.
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Note that the grafting construction depends on the choice of complementary subspace
U C V with V = U @ V’'. However, the isomorphism class of the resulting V-fern is
independent of this choice. Indeed, let T' C V' be another such subspace. With similar
notation as above let (CY, AV, oY) and (CT, AT, o) be the corresponding grafts of C’
and C. Then we have:

Proposition 4.10. The V-ferns CV and C* are isomorphic.

Proof. For each u € U there exists a unique t € T such that v = t mod V'. Write
u=t+ v with v € V'. Consider the isomorphism

fu: (O CcCY S (), cCT

induced by the action of v on C’. For each v € V| there exist unique v/, v; € V' such
that v = w4 v, =t + v;. Since u = t 4+ v' we have t + (v' + v]) = t + v, and hence
vl = o' 4+ v,. Tt follows that f, o AU = AT for all v € V. We may thus combine the
f. for varying u with the identity on C ¢ CY 5 C < CT to obtain an isomorphism
f : CY — C7T preserving V-marked sections. Using the universality from Proposition
4.7.1 of the morphisms py: CY — CV and pr: CT — C7, this induces the desired
isomorphism f: OV = O7 of stable V-marked curves. [

Remark. The fact that the clutching operation is functorial ([1, §10.8]) implies that
grafting yields a natural transformation Fern,, x Ferny: — Fern,,.

We can generalize the construction in the following way: Let F = {4, ..., V,,} be a flag
and, for each 0 < i < m, let C; be a (V;/V;_;)-fern. By iteratively grafting, one obtains
a V-fern C from the C;.

5 JF-ferns and flag coverings

Let (C, A, ) be a V-fern over S. For each s € S, we obtain a flag F; from the fiber Cj
using Proposition 3.9.

Definition 5.1. We call F, the flag associated to s (or to Cy, in case of ambiguity).

5.1 Contraction and the flags associated to fibers

For any flag F = {Vh,..., V;u} of V, we obtain a flag of V' given by
FnVi={VonV' ... V,NnV'}

Proposition 5.2. Let (C', N, ') be the V'-fern obtained from C by contraction. Let

se S, and let F = Fs ={Vo,...,Viu =V} and F' == F, ={Vy,...,V/ = V'} be the
flags associated to Cy and C”, respectively. Then F' = FNV'.
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Proof. We may assume that S = Spec(k), where k is a field. Let & := {E4,... E,,} and
&' :={F1,...E,} be the chains from 0 to co in C' and C" respectively. Fix 1 < j < £. Let
~v: C — C" denote the contraction map, and let £ be the unique irreducible component

of C such that v(E) = Ej. Since v preserves the 0- and oo-marked sections, we must
have 7(&) = &’. Therefore E = E; for some i. Let v € V; N V'. We have

E; =(E) = v(puEi) = o (E:) = ¢, Ej, (5.1)

where we use the V'-equivariance of v given by Lemma 4.1. Thus v stabilizes E}, and
hence v € V. We conclude that V; NV’ C V/. Conversely, suppose v € V/. Again
using the V'-equivariance, we obtain E} = ¢, v(E;) = v(p,E;). Since Ej is the unique
irreducible component mapping onto E;-, we have ¢, F; = E; and hence v € V; N V'. It
follows that V! = V; N V'; hence ' C FNV".

For the reverse inclusion, fix 1 < i < m. Either V' N'V; = {0} € F’, or there exists
a maximal 1 < k < i such that V' N (Vi N\ Vi_1) # &. In the latter case, one has
ViNnV’' =V, NV’ Consider the subtree T} of C' consisting of the connected component
of C' N\ (Ex_1 U Egy1) containing Fy, where Ey and F,,,; are understood to be empty.
The non-co-marked points on T} are precisely the (Vi \ Vi_1)-marked points. Since
VN (Vi N Vi_1) # @, the contraction morphism v does not contract Ej to a point.
Hence v(Ey) = £’ for some j. As before, we deduce that V/ =V, NV’ =V, NV". Thus
FNV'"cC F'. This completes the proof. m

5.2 Flag covering
For an arbitrary flag F of V', we define

Sr:={seS|FsCF}

Lemma 5.3. Let v € V and let S, C S be the locus of points s € S such that v is not
contained in the second to last step of Fs. Then S, is an open subscheme of S.

Proof. Consider the contraction C* of C' with respect to {0,v,00} and denote the V-

marked sections of C¥ by (A}), - We claim that

Sy ={s eS| A,(s) # A (s) for all w € V}.

Indeed, let s € S and write Fy = {Vp, ..., V,,} with corresponding chain Ey, ..., E,
from 0 to co. Let 1 < ¢ < m be minimal such that v € V;. Then Cy — C? contracts all
irreducible components of C except for E;. Thus v € V,,,_; if and only if the contraction
morphism Cs; — C? contracts all irreducible components of Cy except E,,, which is
equivalent to \? (s) # A% (s) for all w € V, and the claim follows. Since the locus where
two sections are distinct is open and V' is finite, the desired result follows. [

Proposition 5.4. For each flag F of V', the set Sy C S is an open subscheme, and
S - U]_— S]:.
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Proof. We proceed by induction on the length of F. Suppose first that F = {0,V'} is
trivial. For each v € V', let S, be as in Lemma 5.3. Now Sr = mveV\{O} S, is open since
V' is finite.

Now suppose F = {Vo, Vi, ..., Vi } withm > 1. Let V' := V},,_; and denote by C’ the
V'-fern obtained from C by contraction. Consider the flag of V' given by F' := FnV".
Then Sz C S is open by the induction hypothesis. By Proposition 5.2, the open
subscheme Sz is precisely the locus of points s € S such that F, NV’ c F'. If F, C F,
then F,NV’' C F' and therefore S C Sz. The condition that F,NV' C F' is equivalent
to F; is being a subflag of a flag of the form

0=V CViC - CVua=V CWiC - CW=V.

A point s € Sz is thus in S if and only if there does not exist a W € F; such that
V' C W C V. This is equivalent to every v € V' ~. V' not being contained in the second
to last step of F,. We thus have

Sy = ( N sv> NSy,

veV\V/

Again applying Lemma 5.3, it follows that Sz is open. The fact that the Sz cover S is
clear. ]

Definition 5.5. We call a V-fern C' — S an F-fern if S = Sx.

Proposition 5.4 implies that the functor sending a scheme S to the set of isomorphism
classes of F-ferns over S is an open subfunctor of Fern;,. We denote this functor by
Fern .

6 The universal V-fern

In this section we construct a V-fern (Cy, Ay, ¢y ) over By.

6.1 The scheme Cy
Let ¥ :=V x (V< {0}). We define

P> = H P!
(

v,W)EL

Denote the projective coordinates on the copy of P! in the (v,w)-component of P*
by (Xypw : Yow). Let S be scheme. Recall that an element of y(S) corresponds to a
fiberwise injective linear map

AV = L(S), v A,
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Moreover, an element of Ay, (S) corresponds to the choice of some t € I'(S, Og). Fix
vo € V . {0} and define the following morphism:

O./V:Q\/XAl — vapz
At = (N At = Aot Aw)uw)-
To see that ay is well-defined, consider a pair (M, i) in the same isomorphism class as

(L, N), i.e., corresponding to the same element of Qy/(S). This means that there is an
isomorphism 6: £ = M such that the following diagram commutes:

V—2-£(S)
N
M(S).
For v,w € ¥ and t € Og(S), we have
O(Augt = Ao) = fogl — fho;
O Aw) =l

Thus the tuples (£, Ayt — Ay, M) and (M, iyt — fio, f1y) determine the same morphism
S — P!, and ay is well-defined.
Consider the composite

fv vaAl—>Q XPE(—>B‘/XPE. (61)

The projective scheme Cy over By is defined to be the scheme-theoretic closure of Im fy, .

6.2 The scheme C+

Fix a complete flag F := {Vj, ..., V,} of V and an associated flag basis B = {by,...,b,}.
To simplify notation, let T := (17, ...,T,,_1). By Proposition 2.13, the choice of B yields
an open embedding Uz — A{F‘q_l = SpecF,[T]. We identify Uz with its image in qu_l. In
this subsection, we construct a V-fern (Cx, Az, =) over Ux=. We will show (Propositions
6.24 and 6.25) that Cx is isomorphic to Cy N (U x P¥) and that the V-fern structures
for varying F combine to yield the desired structure of V-fern on Cy .

For each 1 < k£ < n and each v € V}, write v = ZZ , ¢ib; with ¢; € Fy, and define

QT ch(HT)EF

Remark. The Q% are F,-linear in V4, ie., for all v,w € V4 and £ € F,, we have
Qf 10 = £Q% + Q% Moreover, for v € Vi, and k < m < n, we have

m—1
Q" (T) = T;. (6.2)
=k
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We define C= C Uz x P* to be the closed subscheme determined by the following
equations:
QZ(I)Xvw}/v’w’ + Qf}—fu’ (I)Yvw}/v’w’ - Qﬁ/ (I)Xv’w’vaa (63>
where 1 < k < n and w,w’ € Vj ~ {0} and (v —v) € V}.
Let m#: C# — Uz denote the natural projection. For each subflag F C F, the
scheme Ur is an open subscheme of Uz, and hence inherits the affine coordinates T'

from the latter. Let Cr := W%I(U 7). It is precisely the closed subscheme of Uz x P*
defined by (6.3). We denote the restriction of 7= to Cr by 7.

Lemma 6.1. The image of fv is contained in Cr for each F C F.

Proof. Let S be a scheme. The morphism f; maps a point (A, t) € (Qy x A')(S) to the
point

(A gt = Ao 2 Aw)ows) € (Qv x PP)(S).

Recall that A is an [F-linear map from V' to the global sections of an invertible sheaf
L over S. Define x,, := Ayt — A\, and ¥,y := Ay, so that the morphism from S to the
(v, w)-component of P* is determined by the tuple (Zyy : Yow). We compute

AwTowYow + Ao YowYow =

Aw Moot = X)) Awr) + Apv Ay =
Awdwr (Aot — Ay + Apwr) =

Awdw (Mgt — Ay) =

)\w’mv’w’va .
Thus for all pairs (v, w), (v, w') € 3, we have
Awl’vav’w’ + Av—v’vayv’w’ = )\w"xv’w’va (64)

in T'(S, £#%). Our choice of flag basis B = {by,...,b,} induces projective coordinates
X = (X; : ... X,) on Py, hence an open embedding j: Qy — IF’]?Q_I. For each
v=> 1", ¢b inV, define

Py(X) = Zn:cixi e F,[X].

Then P,(X) € [(Pg ", O(1)) and j*P,(X) = v € T(Qy,0(1)). Tt follows that under
the composite

S0t P,

the section P,(X) pulls back to A, for all v € V. By equation (6.4), we deduce that fy
factors through the closed subscheme defined by

Pw(K)Xva;)’w/ + Pv—v’ (K)Y;m)y;/w’ = Pw’ (K)Xv’w’}/;}wa (65)
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for all (v,w), (v',w’) € 3. Using Lemma 2.14, we observe that j*(P,(X)/X,) = Q*(T)
over y. Div1d1ng (6.5) by X,, therefore yields

Qn< )Xvw}/v Tw! + Q ( )Yuwy 'w! — Qn ( ) ’l)’LU/}/U’LU (66)

This is almost (6.3), but differs in the superscmpts of the Q". Fix 1 < k < n. Since
i(€y) € NiD*(X;) C Py ! the product [[I2) T; = j*—’“ is invertible on Qy. If w,w’

and (v —wv) are in Vj, we can thus divide both Sldes of (6.6) by [[/=, T;- Using equation
(6.2), this yields (6.3). The image of fy is thus contained in Cz, as desired. O

6.3 G-action on Cx

Recall that 2y, = Spec RSy, where RSy is the localization of Sym(V') by all v € V~{0}.
Let A := RSyy. Our definition of fy: Qy x A — By x P> depended on a choice of
vo € V . {0}. Consider the faithful right G-action on the polynomial ring A[X] where
an element (u,§) € G acts via the A-algebra homomorphism

A[X] = A[X], X — €X + 2

Vo

This induces a left G-action on Qi x Al over Qy given by

(A1) </\,§t+ :“>

On the other hand, we endow By x P* with the left G-action over By where (u,§) € G
acts via the automorphism

By x P¥ = By x P”
(Tow * Yow)ow = (Toa © Yoi)vws
where
= (v —u); (6.7)
= .

Lemma 6.2. The morphism fy is G-equivariant.

~4!

Y

Proof. Recall that fy, was defined to be the composite of the natural inclusion €y x
P* < By x P* with the morphism

CYV:Q\/XAI — vapz
M) ()\, (Avo)t — A(v) : /\(w))uw).

Under ay, we have

(A,ft + j—t) — (A, </\U0 (gt + :—Z) W /\w>v’w>,
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The lemma then follows from the following computation:

()\UO (5:5 + A“) W /\w> = Dt +E = A) 1 EN)

Avo
()\Uot - )\5—1(v—u) : Ag—lw)
()\vot - /\f] . /\1;])

]

Proposition 6.3. The left G-action on By x P* restricts to a left G-action on Cx over
Uz. Moreover, the morphism Qy x A' — Cx induced by fv is G-equivariant.

Proof. The action of an element (u, ) € G sends Cx to the closed subscheme of Uz x P>
defined by the equations

QY (1) X Yarar + Q% (T)Y5aYerar = QF (1) Xrar Vi, (6.8)

for 1 <k <nand w,w €V~ {0} and v,v" € V such that v' — v € Vj, and with 9,
v/, w and @' as in (6.7). We denote this scheme by (u, &) - C%. To show that the action
restricts to C¢, we must show that C+ = (u, §) - C%, which is equivalent to showing that
the equations (6.8) hold on C+.

By (6.3), the following equations hold on C+ for varying v, w,v" and w’ :

QE(T) X33 Yora + Q% _y/(T)YaiYorar = Qy(T) Xovir Y- (6.9)
Since
- = v—u) =NV —u) = v =),
and ng_lx = ¢1QF for all z € Vj, we obtain (6.8) from (6.9) by multiplying by 1.

This proves the first part of the proposition. The fact that the morphism Qy x At < C=
is G-equivariant follows directly from Lemma 6.2. ]

We denote the left G-action in Proposition 6.3 by
PYFE: G — Auth(Cf).

6.4 V-Marked Sections of Cz — Uz

Sections of the projection Qy x Al — Qy correspond bijectively to elements of A :=
RSy . The inclusion

v
V=R v— —,
Vo

where vy € V'~ {0} is the vector we fixed in defining fy, thus induces a V-marking
AV — (QV X Al)(Qv), U+ /\U.

Furthermore, let
¢: G — Autg, (Qp x A1)

be the left G-action on Qy x A! as described in Subsection 6.3.
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Lemma 6.4. The V-marking on Qy x Al is compatible with the action of G, i.e., the
equality pu.e © Ny = Mgyt holds for all (w,§) € G.

Proof. Let (w,§) € G. For each v € V', the section A, corresponds to the homomorphism
MNiAX] = A X — -=. We denote by ©F the left G-action on A[X] corresponding to

. Then
v w vt w

Nooh, o(X) =€() + =

Vo Vo Vo
The desired result follows. O]

Lemma 6.5. Let v € V ~ {0} and let F = {Vj,,..., Vi, } be a subflag of F. Let
1 < ¢ < m be minimal such that v € V;,. Then Q'(T) € T'(Uz, Oy, )*.

— )\

cotu(X)-

Proof. Let s € Ur. Then by Proposition 2.8, we know that s € Q for some F' C F.
Choose 0 < j < £ maximal such that Vi, € F'. Let t = (t1,...,t,-1) denote the image
of T'in k(s). Then Lemma 2.15.1 implies that

do—1

Hti =0, for all j' < j.

1=
It follows that Q“(t) is a non-trivial F -linear combination of the elements

do—1 ip—1

{ IT & 11 ti,...,ti,_,_l,l}.

=i+l i=ig42

By Lemma 2.15.2, such a linear combination is non-zero, so Q¥ (t) # 0 in k(s). It follows
that Q% (T') € (Op, ). Since s was arbitrary, this proves the lemma. O

Let Fo := {0,V} be the trivial flag. Composing each A, with fy, we obtain a
V-marking A\r,: V — Cx,(Ug,). This marking is compatible with the action of G by
Lemma 6.4 and the fact that fy is G-equivariant. For a scheme S and T’ € U%(S5), we
observe that the point

(T, (1: 0)wwyesn) € (Uz x P¥)(S)
satisfies (6.3). We may thus extend Ag, to a V-marking by defining
Az (00): Ugy = Cryy T (T, (1:0)wyes)- (6.10)

Since G acts on Cx by permuting components, we see that A5, (00) is fixed by the
G-action, so the resulting V-marking on C, is compatible with the action of G.

Proposition 6.6. The V—marking Ar, on Cr, extends uniquely to a V—marking

Furthermore, this V-markmg 18 compatible with the action of G.
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Proof. Tt follows from the definition of fi that the O-marked section of Qy x Al — Qy
is mapped to the morphism Qy — Cx, C Qy x P* given by (—/\v : )\w)v’w. Define a
section
)\f(())ﬁ Uf%CfC Uf x P*

as follows: For each (v, w) € X, the (v, w)-component of A%(0) is the morphism Uz —
Uz x P! given by T — (—Q4(T) : Q4,(T)), where ¢ € {1,...,n} is minimal such that
v,w € V,. By Lemma 6.5, the choice of ¢ insures that either Q°(T) or Q',(T) is an
element of I'(Uz, Of_); hence Az(0) is well-defined. The inclusion Qy — Ur — Aﬁq’l

maps /\’\T“ to Q7(T) for all v € V. Note that

n—1
QT = QD) - [T
=t
and that H?;; T; is invertible on Qy . It follows that <—Q£(I> QY (Z)) and (—)\U : )\w)
define the same morphism Qy — P'. Hence A%(0) extends the zero section on Cx,, as
desired.
Let ¢ denote the left G-action on C# as described in Proposition 6.3. For each
v eV, we define
AF(v) = ox(v) 0 Az(0).
This extends the v-marked section on Cz,. We define the infinity section A\=(c0): Uz —
Cx on each component via T — (1 : 0). This clearly extends the oo-section (6.10) on
Cr,, and we thus obtain a V—marking Az extending Az,. The uniqueness follows from
the fact that Cx, is dense in Cx, and the latter is separated over Uz and reduced (see
Corollary 6.13). The compatibility of the V—marking with the action of GG then follows

from the uniqueness of the extended sections and the compatibility of the V-marking
on Cr,. O

6.5 Elimination of redundant equations

Let F := {Vj,,...,Vi,.} be a subflag of F. For each v =31  ¢;b; €V and 1 < k < n,
we define

k

<

U\k = E c;b; e Vi,
=1

n

<
vF o= g c;by = v —vsk,
i=k+1

Consider the set .
Yro={(v,k) €V x{1,...,m} | v = 0},

P>7 = H P!

(U,k)EE]:

and define
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For each (v, k) € ¥z, we reindex the (v, b;, )-component of P¥ by (v, k). We then have
the natural projection pr: P* — P¥#. Write (X, : Y,x) for the projective coordinates
on the (v, k)-component of P*#. These correspond to the projective coordinates on
the (v,b;, )-component of P*, which we previously denoted by (vaik : vaik). The next
lemma simplifies the situation by reducing the number of equations defining Cr.

Proposition 6.7. The composite

C]:QU]: X PEiU}' x P*F
1s an isomorphism onto the closed subscheme given by the equations
b, (D XY + QL (D)YuYow = Qi (1) XY, (6.11)

where 1 < (K, k) <l <m andv—0 €V,

Proof. For simplicity in the indices, we only provide the proof in the case where F = F.
The general case is similar. Consider (v,w) € ¥. There exists a minimal k such that
w € Vi. Let v/ := v”* and consider the equation in (6.3) corresponding to (v',b;,) and
(v, w):

XowYow + Qu_o(D)YorYow = QD) XowYorr. (6.12)
By Lemma 6.5, we have Q% (T') € T'(Ur, Op,)*. We may thus rewrite (6.12) as
Yo (X + Q5 (D)) - (Q5(D)) ™ = Xy Y. (6.13)

Let S be a Ug-scheme. A morphism S — C# over Uz corresponds to an isomorphism
a set of tuples {(Em, (. ym))}(m)eg, where each £, is an invertible sheaf on S with
generating global sections z,s and y,.s. The (x5 : y,s) satisfy (6.3) and, in particular,
equation (6.13). Define

xv’k - (xv’k + Q ( )yv’k) (QZ(I))il S F(S, ‘Cv’k)-

Then Z, and y, also generate L,y. Moreover, equation (6.13) implies that for all
p € S, we have (Zyy), € MLy, if and only if (Z,4), € MmpLyk,, and similarly for
(Yow)p and (Yuri)p. Let S, C S be the open subscheme where x,,, (resp. Z,) generates
Ly (resp. Lyy). Define S, analogously and let S, := S, NS,. By (6.13), the following
diagram commutes:

Os, * Towls,, — Os, * Twils,,

—1 ~—1
l'val"uw l.y“/kxv’k

Os, * Yowls,, — Os, - Yuk|s,,-
Yy Yy Yy Yy

We thus obtain an isomorphism L,, — Lyk sending (Zow : Yow) t0 (Tyk @ Yorr). It
follows that the (v, w)-component of the morphism S — Cr is determined by the (v', k)-
component. Hence Cr is an isomorphism onto its image in Ur x P**. The image is
determined by the subset of equations in (6.3) involving the elements of 3z, which yields
(6.11). 0
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Lemma 6.8. The morphism fy induces an open immersion Qy X Al — Cx,.

Proof. For the trivial flag Fy, we have ¥z = {(0,1)} and Proposition 6.7 yields an
isomorphism pg: Cr, — Qy x P, The composite py o fy corresponds to the morphism
Qy x Al — Qy x P! given by

)= (A (At ) ).

Here A is a fiberwise injective map V' — L(S) for a scheme S and invertible sheaf £ on
S. Since A is fiberwise injective, the invertible sheaf £ is trivial, and we may assume

that £ = Og and f\%’; = 1. Thus pg o fy is the open immersion Qy x Al < Qy x P!

given by t + (¢ : 1). Tt follows that fy induces an open immersion Qy x A — Cx,, as
desired. O

6.6 Properties of C+

We begin by defining particular open subschemes of C& whose translates under the V-
action form an open covering U of Cx (Lemma 6.11). The cover U will be useful in
establishing flatness over Uz, reducedness and several other properties of Cx (Corollary
6.13). Let F = {Vj,,...,Vi, } C F be an arbitrary subflag. Recall that Uz is an open
subscheme of Uz, and 7 restricts to the projection 7z: Cxr — Ur. We identify Cr with
its image in Ur x P>7 via the isomorphism in Proposition 6.7. Fix 1 < k < m. For
each v € V, let k < k” < m be minimal such that v € V;,,. Let W]lf- C Cr C Cx be the
open subscheme defined by

;‘;;: (T)Xor # Q¥ (T)Yy, forallv eV, (6.14)
Yo 7é 0, if k< m.

Similarly, let Z% C Cx C C+ be the open subscheme defined by

w (D) Xow # QU (D)Yor, forallv € VAV,

Xoro1 # Q*(T)Yop_1,if k> 1 and for all v € V;,_,
Yo # 0.

(6.15)

Remark. To motivate the definitions of Wk and Z%, we provide the following descrip-
tion on the fiber Cy over a point s € {0 C Uz We will show that C; is a nodal curve
of genus 0 with irreducible components indexed by the elements of ¥z (Lemma 6.17).
If k > 1, the open subscheme WX is defined so that the base change to Speck(s) is
precisely the smooth part of the (0, k)-component of C. Similarly, the base change of
Z"% to Speck(s) consists of the (0,k)- and (0,k — 1)-components minus their singular
points, with the exception of the unique nodal point at which they intersect. The base
change of Z{ is the smooth part of the (0, 1)-component minus the (V;, \ {0})-marked
points.
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Figure 7: Examples for dimV = 3, ¢ = 3 over a point s € ). The open subschemes
W% and Z% are represented by thick lines. Unfilled points are not included.

A A
f’

Ao

W;j/ i
4 =77 i

Note that k is fixed in (6.14) and (6.15) while v € V varies. Considering the copy of P!
in the (0, k)-component of P¥#, we can thus make sense of taking the open subscheme
of P! defined by (6.14). Similary, looking at the copy of P! x P! in the (0,%)- and
(0, k — 1)-components of P*%, we can consider the open subscheme of P! x P! defined
by (6.15).

Lemma 6.9. Fix 1 <k <m.

(a) The projection Cr — Ur x P onto the (0, k)-component restricts to an isomor-
phism from WX to the open subscheme defined by (6.14).

(b) The projection Cr — UzrxP' onto the (0,1)-component restricts to an isomorphism
from ZL to the open subscheme defined by (6.15).

(c) If k > 2, the projection Cxr — Uz x (P! x PY) onto the (0,k — 1)- and (0,k)-
components restricts to an isomorphism from Z% to the locally closed subscheme

defined by (6.15) and

XowYor-1 = Q3 (L) Xor-1Yor-
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Proof. For (a), consider (u,j) € ¥x ~ {(0,k)}. Recall that k* > k was defined to be
minimal such that v € Vj,,,. Let £ := max(j, k*). Equation (6.11) yields

b, (D) XorYos — Qi (D)YorYu; = (6.16)
~ v~ %,—/

(x) (%)
We have the following two cases:

Case 1. ({ =k,): By construction, when ¢ = k* then (x) is invertible on W%. Let S
be a Uz-scheme. A morphism S — W% C Cr over Uz is equivalent to an isomorphism
class of a set of tuples {(Em7 (i : ywi)>}(w7i)ez}_, where each £,,; is an invertible sheaf
over S with global generating sections x,,; and y,,; satisfying (6.11) and (6.14). It follows
that (xox @ yor) and (xy; : yu;) satisfy (6.16). Since (x) is invertible, this implies that
Yuj = F -z, for some F' € Og(S) depending only on (zor : yox). Since z,; and y,;
generate L,;, it follows that x,; vanishes nowhere. Hence £,; = Og. Without loss of
generality, we may assume z,; = 1 and y,; = F.

m. Since (u,j) # (0, k) by assumption, the former does not occur. We observe that
i

5 (I') = 1 and that Yp, is invertible on W% by construction. It follows that (sx) is
J

Case 2. (¢ =j): In this case, either k = m = j, which implies that v = 0, or k <

invertible on W&. An analogous argument as in case 1 shows that we may take £,; = Og
and y,; = 1 and z,; = G, where G € Og(S) depends only on (o, Yo)-

It follows that (Lu;, Tuj, yu;) is determined by (Lo, Tok, Yor) for all (u,j) # (0,k).
The composite
CY]:<—>[]]:><PE]:—)Uv]:XIEJ>1

therefore restricts to an isomorphism from WX to its image. The image is precisely the
open subscheme defined by (6.14), as desired. The proof of (b) is analogous.

For (c), consider (u,j) € ¥z~ {(0,k —1),(0,k)}. Let S be a Ug-scheme. If u €
V'~ V;,_,, then the same argument as in (a) shows that the (u,j)-component of a
morphism S — Z% over Uz is determined by the (0, k)-component. Now suppose
w eV .. If j >k, then, since us% = 0 by assumption, it follows that v = 0. From

(6.11) we obtain the following:
Qy, (T) XorYo; = Xo;Yor.

Since Yy is invertible over Z%, we apply a similar argument is in the proof of (a) to
deduce that the (0, j)-component of a morphism S — Z% over Uy is determined by the
(0, k)-component.
If j < k, then (6.11) yields
(Xog—1 — Q" (T)Yor_1) Yo, = z’;l(I)Xuj%kq-

- i
g

(%)
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By construction (x) is invertible on Z%, and we once again apply a similar argument as
in the proof of (a) to conclude that the (u, j)-component of a morphism S — Z% over
Uz is determined by the (0,k — 1)-component. All together, we have shown that any
morphism S — Z% over Uz is determined by the (0, k)- and (0, k — 1)-components. The
image is defined by (6.15) in addition to the equation in (6.11) relating the (0, k)- and
(0, k — 1)-components. This proves (c). O

Let s € Uz The canonical morphism Speck(s) — Uz corresponds to a point
t € k(s)""!. Denote the fiber over s of 7=: C+ — Uz by Cs. By Proposition 2.8, there
is a unique subflag F = {Vj,,...,V; } of F such that s € Qr C Ux.

For each 1 < k < m, let

WE .= W% x Speck(s) C C,,
and
7k = 7% x Speck(s) C C.

The G-action (Proposition 6.3) on C+ induces an action
s G — Auty) (Cs).

Lemma 6.10. Let p € Cy be a closed point. Then there existv € V and 1 < k < m
such that p € os(v)(WEF) or p € ¢ (v)(ZF).

Proof. The morphism
Speck(p) — C, — P>

corresponds to a point
(xwé : ywﬁ)(w,Z)GE]: € PSEJ: (k(p))a

where the (Zwe, yuwe) € k(p)? ~ {(0,0)} and (£, (Twe : Yuwe)we) satisfies (6.11). If possible,
choose k& minimal such that there exists a (u, k) € Yx with y, # 0. Otherwise, let
(u, k) :== (0,n). Let p := p,(—u)(p), with corresponding (Zwe : Jue)we € P27 (k(p)).
The description of the G-action in 6.3 shows that (Zox : Jox) = (Tuk, Yur). It suffices to
prove the lemma for p in place of p, so we may suppose without loss of generality that
yor # 0 and yo, = 0 for all £ < k. We have the following two cases:

Case 1. (wop # Q% (t)yox for all v € Vi,): Using the defining equations (6.14) of W¥,

we see that p € WF if and only if

Q" (ror # Q" (t)yow, for all v eV, (6.17)
yor # 0, ifk<m.

Let v € V. Recall that we defined £” > k to be minimal such that v € V;,,. If k, =k,
then (6.17) says that xo, # Qﬁﬁ (t)yok, which is true by assumption. If k, > k, then
Lemma 2.15.1 implies that Qz’“: (t) = 0, so (6.17) reads Q%" (t)yor # 0. By Lemma

57



2.15.2, we have Q" (t) # 0. Since yor # 0 by assumption, it follows that (6.17) holds.
Since v was arbitrary, we conclude that p € WE.

Case 2. (xok = ij’? (t)yox for some v' € V;k): Let p' := ps(—2")(p), with corresponding
(@ * Vo) wyesy € P27 (k(p)). From the defining equations (6.15) of Z%, we deduce
that p’ € Z¥ if and only if

(Oh A QF (gl forall v VAV, (6.18)
The 1 # QF(t)yor_1,if k> 1, and for all v € Vj,_,
Yo # 0.

Considering C; as a closed subscheme of P>, the morphism Spec k(p) — C, with image p
corresponds to some (Zyw : Youw)wwes € P (k(p)) such that (Tuwbs, * Yubs,) = (Tuwe  Yue)
for all (w, ) € ¥x. By (6.3), we have

Sx[)k - QY (t)ymcl Yorbs, = Lol Yok-

(*)

By assumption (x) is zero. We thus have ., yor = 0. It follows that (zox : yor) = (0: 1)
and that

(Tok * Yor) = y’Ulbik) =(0:1).

(,
Our choice of k implies that y;,_, = 0 if k > 1. Moreover, Lemma 2.15 implies that
Qi (t) # 0. We then see directly that (6.18) holds. Thus p’ € Z*.

It follows that every closed point p € Cj is contained in a neighborhood of the form
perscribed in the lemma, as desired. O

Recall that we defined a left G-action ¢ on Cx. For each subflag F C F, let mz
denote the length of F.

Lemma 6.11. The set
U = {pz(v) WE), ox(v)(ZF) |[ve V,F CF, and 1 < k < mg}
is an open cover of Cx.
Proof. For each s € Uz, let
Us == {U xy. k(s) | U eU}.

Lemma 6.10 implies that every closed point in the fiber C; is contained in an element of
Us. Since C; is of finite type over k(s), the closed points in Cy are dense ([5], Proposition
3.35). Hence U; is an open cover of Cy for each s € S. This implies that U is an open
cover of C+. O
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Proposition 6.12. The projection Cz — Ux is Zariski locally isomorphic to one of the
following:

(a) The projection Ay — Aﬁq’l onto the first n — 1 components.
(b) The composite
Z — A = SpecF [T, X, Y] — Az~ = SpecF,[T],
where Z is the closed subscheme defined by the equation
XY = P(T), (6.19)
for some P(T') € F,[T].

Proof. Let F ={V;,,...,V;,,} C F be asubflag and fix 1 < k < m. Since the projection
Ur x P! — Uz is locally isomorphic to the projection A@q — A%q_l, the same holds for

Wk — Uz and Z% — Uz by Lemma 6.9.(a),(b).
By (6.11), the equation

XokYor—1 = QZkk (1) Xok—1Yor

holds on C= On Z% we may divide by Yy, and Xg_1. With X := X,/ Yo, and YV :=
kafl/XOkfl, this ylelds '
XY =@y} (D). (6.20)

o L
It follows from Lemma 6.9(c) that Z% is locally isomorphic to the subscheme of
Ur x (D(Xok—1) N D(Yor)) C Ur x (P' x P')

defined by (6.20). We apply Lemma 6.11 to conclude the proof. O]
Corollary 6.13. The scheme Cx has the following properties:

(a) dimc_ = n;

(b) Cx is reduced;

(¢) C= is irreducible;

(d) Cx is flat over U=;

Proof. By Proposition 6.12, the scheme C# admits an open covering by n-dimensional,
reduced subschemes. This implies (a) and (b). Moreover, each U € U has a non-empty
intersection with Cr, = Qy x P Since the latter is irreducible, it follows that any
two elements of I/ have a non-empty intersection. A scheme is irreducible if and only
if it admits a covering by irreducible open subschemes whose pairwise intersections are
non-empty ([18], Tag 01OM). Thus the irreducibility of each U € U implies (c). Finally,
property (d) follows from the fact that both of the morphisms in Proposition 6.12 are
flat. 0
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6.7 The fibers of C+ — Uz

Let s € Ux. In our chosen coordinates on Uz, the point s corresponds to some t €
k(s)" 1.

Proposition 6.14. The fiber C is a geometrically reduced curve with at worst nodal
singularities.

Proof. By Proposition 6.12, the fiber Cj is locally isomorphic to A,lg(s) or the curve Z

in Ai(s) defined by XY = Q’gj( ), for some 1 < j < k < n. Since both A,lg(s) and Z are
geometrically reduced curves, the same holds for Cs. Moreover, the curve Z is singular
if and only if Q’Ifj (t) = 0, in which case Z is clearly nodal. O

For a unique F = {Vj,,...,V;,.} C F, we have s € Qr C Uz. We identify C, with
its image in P>* via Proposition 6.7.

Lemma 6.15. The fiber C; is the closed subscheme of P¥F defined by the equations
(Xok — Qi’kik (t)Yor) Yorrr =0, (6.21)
for 1<K <k <m andv=v"modV,,, and
YorYor =0, (6.22)
for 1<K <k<mandv#vmodV,.

Proof. Proposition 6.7 implies that the fiber C, is the closed subscheme of P** cut out
by the equations obtained from (6.11) by setting 7" = ¢:

by, () Xok Yo + Qi (1) Yok Yuw = Qb (O)XorYow, (6.23)

where 1 <K <k < ¢ <mandv—v €V, Consider distinct (v,k), (v/,k') € Xr with
K <k Write v=>"" ¢b; and v' = > | ¢ib;. We have the following possibilities:

= 0 by

7,11

Case 1. v=v"mod V;,: If k' = k, then (6.23) is trivial. Otherwise, since t;
Lemma 2.15.1, we have

7%

ir—1

J=tys

Then (6.23) yields
XopYor + Q% ()Y Yy = Qb (O Xy Yo =0.

Since ¢; = 0 for all 7 < 45, we also have

I g (H )=~ c;(lﬁlt ) =~ Qe (0
i=1 j=i i=1 j=i
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Combining these gives (6.21).

Case 2. v #v' mod V;,: In this case there is a minimal ¢ > k such that v = ¢’ mod V;,.
Again by Lemma 2.15.1, we have

y () =@ (1)=0.

biy, i

Equation (6.23) then yields Q* ,(t)Y,1Yy = 0. By Lemma 2.15.2, we have Q™ _,(t) #
0; hence we may divide by it to obtain (6.22). ]

For each (w, () € X, let B, C P> be the closed subscheme defined by:

Xk — Qi’j@k )Yy = 0, ifk>/¢and v=wmodV, (6.24)
Yoo = 0, for all other (v,k) # (w,{).

Lemma 6.16. The projection P>7 — P,lg(s) onto the (w,)-component induces an iso-

morphism E; — ]P’,{:(S).

Proof. The equations in (6.24) determine the (v, k)-component for all (v, k) # (w,¥)
and place no constraints on the (w, £)-component. O

Lemma 6.17. The equality

C, = U EwgCPSEF

(w,E)EE;
holds.

Proof. We first observe that U(w,e)ezf E. is reduced. Since Cy is also reduced by
Corollary 6.14, it suffices to show equality on the level of closed points. Let (w,{) € Xx
and let P € E,s be a closed point, which corresponds to some

b= (‘Ivk : yvk)v,k S Ewg(k‘(P))
satisfying (6.24). Fix (v, k), (v/,k') € L7 distinct with ¥ < k. We have the following
two cases:

Case 1. (v' =wvmodV;,): Since (v, k) # (v/, k'), we must have &’ < k. Suppose { < k.
If v" = wmodV;,,, then v = wmod Vj, and by (6.24) we have

Tpk — Q:ﬁgzk (t)yvk = 0.
The equality Qi‘j@k (t) = Q™., (t) holds by Lemma 2.15. It follows that

'Sk

ik

(ka — Wiy (z)yvk)yv’k’ = 07
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hence p satisfies (6.21). If v' Z wmodV;, or &' < £, then (6.24) says that y, = 0.
Again we see that p is a solution to (6.21).

Case 2. (v # vmodV;,): Suppose k' < £. By (6.24) we have y, = 0. Hence yyyorir =

0 and p is a solution to (6.22). Now suppose k' > (. If ' = wmodV;,, then v #
wmod V;, since otherwise v = vmodV;,. Thus y,, = 0 by (6.24). If v" # wmodV,,,
then (6.24) says that y,s» = 0. In either case, we have Yy, = 0 and p is a solution
to (6.22).

We conclude that p satisfies (6.21) and (6.22) for all possible choices of (v, k) and
Y% p )
(v, k). 1t follows from Lemma 6.15 that P € Cs. Thus U, pex, Ewe C Cs.

For the reverse inclusion, suppose P € C and take the corresponding

b= (Ivk : yvk)v,k € Cg(k(P))

If y,r = 0 for all (v, k), then p is a solution to (6.24) for (w,f) = (0,m) and thus
p € (Eom)(k(P)). Otherwise, let 1 < ¢ < m be minimal such that there exists a w
with y,e # 0. By Lemma 6.15, we know that p is a solution to (6.21) and (6.22).
We observe that dividing the equations in (6.21) and (6.22) that involve (w,¢) by Y.
yields precisely the equations (6.24) defining E,¢. Hence p € E,(k(P)). It follows that
C, C U(w,Z)eE}— E.¢. This proves the lemma. O

Remark. The E,, for varying (w,f) € X are distinct. Indeed, suppose (w,f) and
(w',¢') are distinct elements of ¥x. The (w,f)-component of any point (Z,x @ Yuk)ovk
of Eyy is free while the (w, ¢)-component of a point in E,¢ is fixed by (6.24). Hence
E,, and E,, cannot be equal. The above lemma thus implies that the irreducible
components of C are indexed by the X £.

Lemma 6.18. For distinct pairs (v, k) and (V', k") with k' < k, we have the following:

Bop O By — {a nodal point, if k' =k — 1 and v = v mod V4,

@, otherwise.

Proof. If v" # v mod V;,, there exists a minimal ¢ > k such that v = vmodV;,. Write
v =Y. b Recall that v=% = Z?:iﬁl cib;. On the (v>*, ¢)-components we have
(Bok)p>t 0 = (fo@-l () : 1) and (Eyp)y>e e = (fo,gig (t) : 1). However, the choice of ¢ and

Lemma 2.15 together imply that

i i—1 i io—1

fosig (t) = Z Ci( H tj) # Z Ci( H tj) = QZ@@ (1),

i=ip_1+1 j=i i=ig_1+1 j=i

Thus (Evk)v>l7g 7é (E’U/k:,)'u>e7ﬁ7 whence Evk N Ev’k’ = .
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Suppose k' # k — 1 and v/ = v mod V;,. Let v” := (v/)”%+1. Then by definition
(Byi)wrwsr = (1 :0) and (Byp)prwyr = (QF+'(t) : 1). Again we conclude that
Evk: N Ev’k’ = .

If ¥ = k—1and v' = v mod Vj,, it follows from Lemma 2.15 that fo@é (t) = fo/@[ (t)
for all £ > k. We then see directly from (6.24) that E,, N E,y ;1 is a single closed point
T = (Twe : Yuwt)we € Cs(k(s)) with

(Q™,, (1) : 1), if =k and w = v mod Vj,,

oSt

(1:0), otherwise.

(xw@ : wa) = {

The fact that x is nodal follows from Corollary 6.14. m

Figure 8: Example for s € Qx, V = Span{by, b2, b3}, and ¢ = 3.

>\0 >\b3 >\2b3

Eoq

Eo2 Ey, 2 Eaps 2
Proposition 6.19. The geometric fibers of C& — Uz are connected, reduced curves of

genus 0 with at worst nodal singularities.

Proof. Combine Corollary 6.14 and Lemmas 6.17 and 6.18. [

6.8 V-fern structure on C+

Consider the left G-action ¢+ on C# described in 6.3 and the V-marking Az from
Proposition 6.6.

Proposition 6.20. The triple (Cz, Az, pz) is a V-fern over U=.
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Proof. The morphism m=: C+ — Uz is projective and hence proper. In light of Propo-
sitions 6.3, 6.6, 6.19 and Corollary 6.13, it only remains to verify that (Cx, A%) is stable
and that Condition (2) of Definition 3.5 holds.

Let s € Ux. For simplicity, we assume that s € Q0. The general case is handled
similarly. Write we first write C' as the union of its irreducible components:

C, = U Ey.

(w,E)EEf

By Lemma 6.18, for each (v, k) € ¥+ such that & > 1, the rational component E,, C Cs
intersects each E,_; such that v = vmod V). There are ¢ such v'. For k < n, the
same lemma shows that £, also intersects £, >r+1;,1. It follows that £, C Cs contains
q + 1 singular points for all (v,k) € ¥+ such that 1 < k < n. For Ey,, we have
the aforementioned ¢ singular points and the oco-marked point. Since g > 2, there are
therefore at least three special points on E,y.

Fix a pair (v,1) € ¥«. One then checks directly from the definitions of E,; and A=
that the sections Ax(v + &by ) with £ € F, determine ¢ distinct smooth marked points on
E,,. Taken with the singular point where F, ; intersects F,>25 or the oo-marked point
when n = 1, we conclude that there are at least 3 special points on F,;. It follows that
(Cx, A%) is stable.

To check condition (2) of Definition 3.5, we first note that the chain from 0 to oo
in C; is given by {Eoy,..., Fon}. For each 1 < k < n, the projection P IF’}C(S)
onto the (0, k)-component induces an isomorphism py: Eo, — Pi(s). Let § € Fy. The
(0, k)-component of ¢4 (§)(Eox) is equal to (2gg-1p, : Yoe-1p, ). By (6.3), we have

k
LokYo,e-1b, = nglbk (Z)xo,g—lbk%k-

Since Q’g_lbk (t) = €71, this yields

e (2
Y0,6- 1y, Yor/

It follows that I, acts on the affine chart D(Yq,) C P}C(s) via scalar multiplication under

the action induced by pi. The isomorphism p sends the distinguished special points

of Egx to the correct targets, and thus satisfies Definition 3.5(2). We conclude that

(Cx, A%, ¢F) is a V-fern, as desired. a

Proposition 6.21. Let s € Q0 C Uz. The flag associated to the fiber Cs is equal to F.
In particular, the V-fern Cx is an F-fern over Ux.

Proof. Write F = {V,,...,V; }. Recall that the flag associated to a V-fern over a field
was defined to be the set of stabilizers of the irreducible components in the chain connect-
ing the 0- and oo-marked points. Writing Cs = U(w Nesy E., it follows from the con-

struction of the V—marking in Proposition 6.6 that this chain consists of {Eoy, . .., Eom}-
We must therefore show that Staby (Ey) = V;, for each 1 < £ < m.
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Fix 1 < £ < m. Then by (6.24), the irreducible component Ejy, is the closed sub-
scheme of Cy C P>* defined by

Xorp = 0, forall k>, (6.25)
Yoo = 0, forall (v,k) € Xx such that v# 0 or k < /.

In order to simplify the description of the V-action, we consider C; as a closed subscheme
of P*. An element u € V then acts on C; via the automorphism

(wi : va)(v,w)GE = (x(vfu)w : y(vfu)w)(v,w)ei%
For each v € V and (v,ix) € X, let
(Xow 1 Vi) == (vau,bik : vau,bik)'
Then u € V stabilizes Ey, if and only if (6.25) implies that

Xy, = 0, forall k>¢, (6.26)
Y. = 0, forall (v,k) € Xz such that v # 0 or k < (.

Suppose u € V;, and that (6.25) holds. The point s € Qx corresponds to a tuple
t:=(t1,...ty,_1) € k(s)" . For k > ( the equation

XowYy, — Qi (1) Yo Yo = Xy Yor
holds on C; by (6.11). It follows from Lemma 2.15 that Q% (¢) = 0; hence
XoxYor, = Xop.Yor-

Combining this with (6.25) implies that X, = 0. Fix (v, k) € Xz with v # 0. By (6.11)
we have _ _ _

X Y = Qe (Y = XY (6.27)
on C,. Since (6.25) implies that Y2 = 0, equation (6.27) yields Y% = 0. Finally,
consider (0,k) € X with & < ¢. By similar reasoning, we find that Y, = 0. All
together, we have shown that (6.26) holds; hence u € Staby(Fo,). It follows that
V;z C Stabv(Eog).

For the reverse inclusion, suppose u € V \ V;,. Choose k£ > ¢ minimal such that
u € V;.. On C, we again have:

XowYg), — Qu(t)YorYy) = X5 Yo

On Ejy, we have Xo, = 0 and Yy # 0. If X = 0, then we deduce that Q% (¢)Yp,Ygs = 0.
Since Q*(t) # 0 by Lemma 2.15, it follows that Y% = 0, a contradiction. Hence (6.25)
does not imply (6.26), so u & Staby(Ey). We therefore have V;, = Stab(Ey), as
desired. u
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6.9 Contraction of C+ with respect to Vi1

Let V' := V,,_; and F o= {Vo,...Vn_1}. The natural projection HO#WCV Py —
[lowey P induces a morphism

p: Uf—> Uf’

Recall that we fixed a flag basis B = {by, ..., b,} associated to F in order to describe the

coordinates on Uz. The basis B restricts to a flag basis of V' associated to F . We show
that pullback of the universal family C= — Uz along p is precisely the contraction of

C# with respect to V’. This will be key for the induction step in our proof of the main
theorem. For clarity, we recall/fix the following notation:

C# the F-fern over Us constructed above;
Cx  the analogously constructed F -fern over Uz

= e F -fern over U= obtaine contracting C—= with respect to V :
Cr) the F-f Uz obtained by contracting Cx with respect to V’
p*Cx  the pullback C& Xu, Uz along the morphism p.

Recall that for a subflag F := {Vj,,..., Vi, } C F, we defined
Yro={(,k) eV x{l,....,m} | vS* =0}

We view ¥z as a subset X7 via (v, k) = (v,i;) and view X as a subset of = in a
similar manner.

Lemma 6.22. The natural projection P — P*# induces a morphism of V' -marked
curves
v: Cg — p'Cx.

Proof. Regard that Cx is a closed subscheme of Uz x P*7. Since the equations defining
p'Cx in Uz x P>7 pull back to a subset of the equations (6.11) defining C#, the
composite Cz — Uz x P*F — Uz x P*# indeed factors through a morphism «: C+ —
p*Cs. We must verify that - preserves the % -markings on C# and p*Cw. Fixv € V', and
let A\, and )|, denote the corresponding marked sections of C and p*C respectively.
We wish to show that v o A, = \,. Since p*Cx is separated and Uz is reduced and
Qv C Uz is dense, it suffices to show that v o A\,|q, = A, |q, ([5], Corollary 9.9). Let
Y i=V'x (V' {0}), and fix vy € V' \ {0}. Define the morphisms

f\/ZQ\/XAl—)B\/XPZ;
fyr: Q x AY = By x P¥

as in (6.1). The natural inclusion RSy [T| < RSy,o[T] corresponds to a morphism

T QVXAI%QV/XAI.
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Recall that Cx is the scheme theoretic closure of fi in Uz x P* and similarly for Cw.
Moreover, the product II of the morphism By — By induced by the forgetful functor
(Ew)ozwev = (Ew)ogwey and the natural projection P — P* yields the following
commutative diagram:

™

— T
QV XAI—QV XA1—>QV/ x Al

| | |

fv Cf i p*cf/ Cf’ fyr

| | |

By x P ——= By x P¥ —= By x P¥.
T Svx i
I

The v-marked sections of 2y x A and Qy x A! correspond to += € RSy o C RSy and
are hence preserved by 7. By construction, the open immersions Qy x A' < Cx and
Qv x Al — C also preserve the v-marked sections. We thus have v o Ao, = X,|qo, -
Since v was arbitrary, we deduce that « preserves the V’-marking. We defined the
infinity section Ao : Uz — C+ C P* to be the morphism

I — (I7 (1 : O)(v,w)EZ)

and similarly for co-marked section of Cz — Uz. This is clearly preserved by ~, which
thus preserves the V/-marked sections, as desired. O

Proposition 6.23. The contraction (Cz)" of Cx is isomorphic to the pullback p*Cx .

Proof. By the uniqueness of contractions, it suffices to show that the morphism v: C= —
p*Cx from Lemma 6.22 is a contraction with respect to V’. Since Y preserves the V-

markmg and p*Cx is a stable V’-marked curve, it only remains to show that ~ satisfies
the contraction condition on fibers (Definition 1.14.2). Consider s € Uz with corre-
sponding fibers Cs := (Cx), and C := (p*Cx),. Let s’ € Uz be the image of s under
the projection p: Uz — Uzp. Let F C Fand FF CF respectively denote the unique
subflags such that s € Qr and s’ € Qz. Let K := k(s). In our choice of coordinates,
the point s corresponds to a tuple t := (t1,...,t, 1) € K" !, while s’ corresponds to
(t1,. .. tno) € K" 2 Let {ig,...,in} be the indices for which ¢; = 0. By Lemma 2.15,
we have F = {Vj,,..., Vi, }and F' ={V,,,..., Vi _,,V'}. Note that V; _, may be equal

Tm—17
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to V'. The natural inclusions ¥z C X7 and ¥z C Yo C X7 yield projections

3=
F
P
Yy

Pp”

N
P
PK 5

where the morphism represented by the dotted arrow occurs only when V' =V, | (so
that ¥z C Xz). In this case, the above diagram commutes. By Lemma 6.17, we have
the following decompositions into irreducible components:

Os = U Ewﬁa C; = U E’ZUK

(w,)exF (w,l)EX £

Fix (w,i¢) € ¥ C ¥%. We have the following two cases:

Case 1. ((w,z’g) eEXrnN E]_-/): The diagram

Y= Twiy
\ F 1
Oy P Pl

| A

E w’Le
/ 7
Cs PK ’

where m,;, and 7, denote the projections to the (w,i,)-component, commutes. By

Lemma 6.16, these projections induce isomorphisms E,, — P} and E/, = PL. Tt
follows that -, restricts to an isomorphism E,, — FE/,,.

Case 2. ((w,i;) € Xz NEx): We have the following subcases:

Case 2a. (V}m,l = V’): Consider the closed point
._ . S
phe = ((1: O>“k>(v,ik)ez/f e Cl c p~7.
We claim that ~,(E,¢) = p.,. This is equivalent to showing that the equation Y, = 0
holds on E,, for all (v,i;) € ¥z Recall from (6.24) that E,, C C, C P** is the closed
subscheme defined by

Xop — Q%)Y = 0, forall (v,k) € Sz such that k > ¢ and v = w mod V;,
Yoo = 0, forall other (v,k) € Xx ~ {(w,is)}.
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Fix (v,ix) € ¥z C Yz. The assumption that (w,i,) ¢ Yr N Xz implies that the
conditions k > ¢ and v = wmod V;, do not hold simultaneously. Hence Y, = 0 on E,,
as desired.

Case 2b. (V;

assumption that V; . C V' implies that ¢, ; # 0. We may thus consider the closed
point

C V'): Suppose first that (w,i,) # (0,n). By Lemma 2.15, the

m—1 -+

P = (o : yvk))(v,k)ezf, € P
with
Cor o) = {(1 £0), if (v, k) # (0,n — 1),
((tn_l)_leU(z) : 1), if (v,k) =(0,n—1).

It follows directly from the defining equations (6.24) of E, ; that pi, € Ej, ;. We
claim that v4(Fy¢) = pl,. This is equivalent to showing that the equations

Yoo = 0, forall (v,k) € X ~{(0,n—1)}; (6.28)
Xon— _
T = () Qu) (6.29)
YvOnfl

hold on E,,. That (6.28) holds follows directly from (6.24) and the assumption that
(w,ip) & X7 N Xz. Observe that on Cs we have

XOn)/On—l = an—l (E)XOn—IYE)n = tn—lXOn—IYE)n (630)
by (6.11), and on E,, we have
Xon — Q(t)Yon = 0. (6.31)

Together (6.30) and (6.31) imply (6.29). Thus v5(Ewe) = py, as desired.

Finally, suppose (w,i;) = (0,n). We claim that 7, induces an isomorphism FEg, —
El,_;. We have a commutative diagram

Y= Mon—1
F 1
C, Py Pl .

| 1A

Y
/ F
CS P K

Proposition 6.7 implies that the (0,n)-component of C; is determined by the (0,n — 1)-
component and vice versa. Since 7, the projection onto the (0, n)-component, induces
an isomorphism Fy, — PL. it follows that the same is true for my, ;. We may thus
apply the same reasoning as in case 1 to conclude that 7, induces an isomorphism
FEon = E}, 1, as claimed.
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All together, we have shown that each irreducible component of C is either con-
tracted to a point under 74, or mapped isomorphically onto an irreducible component
of C”. The above argument also shows that 7, is surjective. This proves that ~ is a
contraction. O

6.10 V-fern structure on Cy

Let F be an arbitrary flag of V. A choice of flag basis corresponding to F yields an
open immersion Uz — A{F‘q_l, and we identify Ur with its image in qu_l. Let Cx be
defined as in the previous subsection.

Proposition 6.24. We have Cy N (Ur x P¥) = Cx as closed subschemes of Ur x P*.

Proof. The scheme Cy was defined to be the scheme-theoretic closure of Im fy, C
By x P*. Since Qp x A! is reduced, the scheme Cy is just the topological closure
of the image of fi with the induced reduced scheme structure ([18], Tag 056B). Since
fv is quasicompact, taking the scheme-theoretic closure of the image commutes with
restriction to open subsets of By x P* ([18], Tag 01R8). All together, this means that
CBT := Cy N (Ur x P¥) is the topological closure of Im fi in Ur x P* endowed with the
induced reduced subscheme structure. Since Cr is reduced by Corollary 6.13, it thus suf-
fices to show that C’gt = Cr as topological spaces. By Lemma 6.1, we have Im f;, C Cr,
and hence Cgr = Im fyy C Cr. By Lemma 6.8, we have Im fiy = Qy x A', which is
n-dimensional and irreducible; hence so is Cgr. The same holds for C by Corollary 6.13.
The inclusion Cﬁr C Cx must therefore be an equality, proving the lemma. n

Recall that By C |Jz Uz, where F runs over the set of complete flags of V' (Propo-
sition 2.7). For each such F, consider the V-fern (Cx, A=, ¢). We have Cy = | J=Cx by
Proposition 6.24. The uniqueness of the A= and = implies that they glue respectively
to a V-marking Ay of Cy — By and a left G-action ¢y : G — Aut By (Cy). The following
proposition follows directly from Proposition 6.20.

Proposition 6.25. The tuple (Cy, Ay, pv) is a V-fern over By .

7 The Moduli Space of V-ferns

In this section we prove the following more precise version of the Main Theorem:
Theorem 7.1 (Main Theorem). The pair (Cy, By) represents Fern,, .
We prove Theorem 7.1 at the end of this section.

Remark. To say that the pair (Cy, By ) represents Fern,, means that Cy is a V-fern over
By and for each S € SLth and each V-fern C over S, there exists a unique morphism
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fc: S — By such that C' = f£(Cy). This is equivalent to giving an explicit isomorphism
of functors N

MOTFq(_,BV) — m‘/7

(f:+ = By) = [fCvl],

where [f*Cy| denotes the isomorphism class of the V-fern f*Cy over S.

7.1 Reduction to the case of F-ferns

Recall that a V-fern C' over S is called an F-fern for a flag F if S = Sz, i.e., for all
s € S, the flag F; associated to the fiber C; is contained in F. Consider the following
analog to Theorem 7.1:

Theorem 7.2. Let F be a flag of V. The scheme Uz together with the V-fern Cx
represent Fern .

Corollary 7.3. The scheme Qy represents the functor that associates to an F,-scheme
S the set of isomorphism classes of smooth V -ferns over S.

Proposition 7.4. Theorem 7.1 follows from Theorem 7.2.

Proof. Suppose Theorem 7.2 holds. By Propositions 2.7 and 6.24, the family of mor-
phisms
(Cr = Ur)F,

where F runs over all flags of V', glue to the structure morphism Cy — By. Let S be
a scheme and let 7: C'— S be a V-fern. By Proposition 5.4, we have S = |J» Sr. By
assumption, we obtain a family of unique morphisms

(fr: Sr—=Usr)r
inducing unique isomorphisms
(Fr: 7' (SF) = CF xu, S7)F.
The uniqueness implies that for any two flags F and G, we have

f}-|SJ-‘ﬁQ = fg|5}‘mg = f]:ﬂg
and similarly for F'’r and Fg. By gluing, we thus obtain a unique morphism f: S — By
inducing a unique isomorphism F: C' = Cy X g,, S. This proves the proposition. O

Proposition 7.5. Let F be a flag, and let F be a complete flag containing it. If Theorem
7.2 holds for F, then it holds for F.

Proof. Suppose Theorem 7.2 holds for F and let C' be an F-fern over S. Then C is also
an F-fern, and it suffices to show that the unique morphism f: S — Uz corresponding
to C factors through Ur C Uz. Let s € S and let p := f(s). Then the isomorphism
C' = Cxxy,.S induces an isomorphism Cy; = (Cz),. This implies that the flag associated
to (C), is contained in F. By Proposition 6.21, we deduce that p € Uz, as desired. [

For the remainder of this section, fix a complete flag F = {Vj,..., V,}.
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7.2 The representing morphism associated to an F-fern

Let S be a scheme and let (C, A, ) be an F-fern over S. For each F,-subspace 0 # V' C
V, let (C', N, ¢") denote the V’'-fern obtained from contracting C' (Proposition 4.2). By
Proposition 4.4 and Corollary 4.5, there is a natural line bundle L’ associated to C’
endowed with a fiberwise nonzero F -linear map X': V' — L'(S). The pair (L', \) thus
determines a morphism of schemes S — Py. By varying V', we obtain a morphism

fci S — H PV’- (71)

0£V'CV
Proposition 7.6. The morphism fc depends only on the isomorphism class of (C, \, ).

Proof. Let (D, u,v) be a V-fern isomorphic to (C, A, ¢). Let 0 ## V' C V, and let D’
denote the contraction of D with respect to V. The composite C' = D — D’ makes D’
a contraction of C' with respect to V/. We thus obtain a unique isomorphism ¢’ =5 D’ of
V’-ferns. Similarly, by the uniqueness of the contraction to the co-component (Corollary
1.27), we obtain an isomorphism of V’-marked curves a: (C')* = (D')*. Recall that
the pair (L', \') was obtained from (C’)*> by taking the complement of the oco-divisor
and restricting the % -marking to V’. Denoting the corresponding line bundle associated
to D by (M', i), the isomorphism « this induces an isomorphism of pairs

(L', N) = (M, 1).
Hence C' and D induce the same morphism S — Py+. The proposition follows. O

Lemma 7.7. Fizx 0 # V' C V and let 1 < i < n be the smallest integer such that
V' V. Letv' € V! . (Vi.y N V'), The contraction of C' to the co-component (C")* is
isomorphic to the contraction of C with respect to {0,v', cc0}.

Proof. On each fiber, the marked points of (C")*> are in one-to-one correspondence with
V'/(V;N V") U{oo} for some j < i—1. The choice of v" thus guarantees that the 0- and
v’- and oo-marked sections are disjoint in (C”)>°. By Proposition 1.26, we deduce that
(C")> is the contraction of C’ (and hence C') with respect to {0,v’, c0}. O

Consider 0 # V" C V' C V, with corresponding pairs (L”, ") and (L', \') as in the
definition of fo above.

Lemma 7.8. There ezists a morphism 1: L” — L' (as schemes over S) such that
)\/’V” _ w o N,

Proof. Let 1 < i < j < n be minimal such that V" C V; and V' C V,. Let v" €
V'S (V'NViZy) and o' € VI (V'NV,_1). Define o := {0,v',v", 00} and o := {0,7', 00}
and o” := {0,v”, 00}, with corresponding contractions C* and C* and C*". Let C' and
C” denote the contractions of C' with respect to V’ and V" respectively. By Lemma 7.7,
for the contractions to the co-component we have (C”)* = C*" and (C")> = C*'. By
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construction, the line bundle L’ is the complement of the oo-divisor in C* and similarly
for L” in C*". Moreover, the contraction morphisms C — C and C — C®" factor
uniquely through C*. We depict this in the following commutative diagram:

C

|

COZ

L' ccv c > L.

Let U” C C% denote the inverse image of L”. By Proposition 1.17, the contraction
C* — C*" induces an isomorphism U” = L”. The composite L = U" — C* — C*
yields a morphism v : L” — L’ which preserves VV"-marked sections. ]

Figure 9: The morphism v¢: L” — L’ on a fiber where C'® is singular. The unfilled
points indicate the co-marked points of C* and C*”, which are not included in L’ and
L”. In this case, the morphism ¢ maps L” to the 0-marked point of L'.

Ca / D L//
0
_ ,U//
"""
Y

L' cc®

Remark. For any s € S for which the fiber C'¢ is smooth, there is a Zariski open
neighborhood U of s over which C® is smooth. The contraction morphisms C* — C
and C* — C®" are isomorphisms over U and induce an isomorphism C* = C®” over
U. The morphism 1 is then obtained by restriction. This implies that ¢s: L — L. is
an isomorphism when C? is smooth. Otherwise ¢; maps L” to the 0-marked point of
L’ as in Figure 9.
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The construction of the morphism ¢ : L” — L’ does not rely on the V-fern structure
of C. Indeed, we can preform the same construction for an arbitrary stable a-marked
curve over S, where o = {0,v,v”,00}. Let (X, ) be such a curve. The contractions
of X with respect to o/ = {0,v',00} and o’ = {0,v”, 00} are both isomorphic to P}.
Denote the complement of the co-divisor in the contractions by L’y and L’ respectively.
We endow each with a line bundle structure by taking any isomorphism to the trivial
line bundle G, g which extends to an isomorphism X = PL or X®" 5 PL and sends
the 0-marked section to 0. We then define the line bundle structures on Ly and L% to
be the unique ones induced by these isomorphisms. Note that the resulting line bundle
structure does not depend on the choice of isomorphism since any two such choices differ
by a linear automorphism of G, g. As in the proof of Lemma 7.8, we obtain a morphism
Yx: L% — L' of schemes over S via Proposition 1.17.

Lemma 7.9. With the aforementioned line bundle structures, the morphism
Vx: L% — Lx is a homomorphism of line bundles.

Proof. We must show that the following diagrams, which correspond respectively to
additivity and compatibility with scalar multiplication, commute:

+//
1 1 "

wxxth wxl (7.2)

/ / +' /
Ly xg L'y — L,

Go x LYy —= LY
idwl Wl (7.3)
Go x L'y — L.

We first reduce to the case where S is integral. For this we note that the constructions
of the schemes L'y and L% and the morphism 1y are compatible with base change
by Proposition 1.30. Let C, — M, be the universal family over the moduli space of
stable a-marked curves. There exists a unique morphism f: .S — M, such that X =
f*C,. Preforming the exact same construction on C,, we obtain line bundles (L,)" and
(La)" such that Ly = (f*)*(L,) and L% = (f*)*(L,)” as line bundles. Moreover, the
morphism ¢y is the pullback of the analogously defined morphism v, : (Ly)” — (La)'
Since M,, = P} is integral, it thus suffices to prove the lemma when S is integral.

Suppose that S is integral and there exists an s € S such that the fiber X is smooth.
Then X is smooth over a non-empty open subset U C S. The morphism 1 x restricts to
an isomorphism over U and extends to an isomorphism X" | = X|y. In terms of the
isomorphism of (trivial) line bundles zﬁ x: Gou = G, induced by t¥x, this means that
Yx extends to an isomorphism of P}, and is hence linear. It follows that (7.2) and (7.3)
are commutative over U. Since L’y and L% are reduced and separated and +' o (¢ x 9)
and 1 o +" are equal over U, it follows that +' o (¢)x X ¥x) = 1x o +” over S; hence
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(7.2) commutes. A similar argument shows that (7.3) commutes. If X is singular for
every s € S, then 1x must be the zero map, and it follows immediately that (7.2) and
(7.3) commute. O

We now return to the setting of V-ferns and the morphism ¢ : L” — L’ of Lemma
7.8.

Proposition 7.10. The morphism 1 is a homomorphism of line bundles.

Proof. This follows directly from the Lemma 7.9 and the construction of the line bundle
structures on L’ and L” from the proof of Proposition 4.4, which is the same as for the
line bundle structures obtained as in the discussion preceeding Lemma 7.9. O

Proposition 7.11. The morphism fo factors though By — Ho;ﬂ/’cv Py

Proof. By the Lemma 7.8 and Proposition 7.10, we have the following commutative
diagram:
v 2 1(8)
P
V25 L(S).
Varying V" and V', it then follows from Lemma 2.5 that fo factors through By . ]

Proposition 7.12. The morphism fo: S — By factors through the open immersion
Uf — Bv.

Proof. We just need to verify that the tuple &, associated to fo satisfies the open
condition (2.2) defining Uz. Fix 0 # V” C V' C V such that there does not exist
1 <i<nwith V" CV;and V' ¢ V;. Denote the corresponding line bundles by L” and
L'. Let 1 < j < n be minimal such that V” C V;. By assumption j is also minimal
such that V' C V;. Choose v € V"~ (V"N V,_1). It follows from Lemma 7.7 that (C")>
and (C")* are both equal to the contraction of C' with respect to {0,v”,00}. By the
constructions of (L”, Ay») and (L', A\y+), we conclude that L' = L” and A\y» = Ayr|yr.
Recall that
gvl = kel‘()\vl ® Osl 174 & OS — ﬁl),

where £’ denotes the sheaf of sections of L’. We wish to show that
V/ ® OS — 5\/' + (V// ® OS>

It suffices to show equality on stalks, which follows directly from the fact that A|y» =
Avi|y» and that if p: M — L is a surjective morphism of A-modules and N C M is a
submodule such that |y is still surjective, then M = ker(y) + N. O
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7.3 Key lemma for induction

Let V' :=V,,_; and define F = Fn V. Our inductive proof of Theorem 7.1 will rely
on the following lemma:

Lemma 7.13 (Key Lemma). Let (C,\, ) and (D, u,v) be F-ferns such that the V'-

contractions C' and D' are isomorphic _T/—fems. Suppose further that C* = D> as
V-marked curves. Then C' and D are isomorphic.

Proof. If dimV =n =1, then C' = C* and D = D* and there is nothing to prove.
Suppose n > 2. Fix v € V . V'. By Lemma 7.7, the schemes C* and D> are just the
contractions of C' and D respectively with respect to {0,v,00}. By assumption, there
is an isomorphism of V'-ferns

p:C' =D (7.4)
In particular, the morphism (7.4) preserves the V’-marking. We break the remainder of
the proof into steps:

Claim 1. The isomorphism (7.4) also preserves the v-marked section.

Proof of Claim 1. Fix v' € V' \. V,,_5 and consider the contractions C' and D of C' and
D with respect to {0,v’,v,00}. Since the isomorphism p>: C* = D> preserves the
{0,v, v, co0}-marked sections, it follows that C and D are both stabilizations (Section
1.4) of the same stable {0, v, co}-marked curve endowed with an additional v’-marked
section. By the uniqueness of stabilizations, we obtain an isomorphism p: C 3D of
stable {0,v’, v, oo}-marked curves.

On the other hand, by Lemma 7.7, the contraction to the infinity component (C”)>
is obtained by contracting C' with respect to {0,v’,00}. There is thus a contraction
morphism C' — (C")*°. By the uniqueness of contractions, the isomorphism p’ induces

~

an isomorphism (p/)*°: (C")>° — (D’)> such that the following diagram commutes:
T
(")

Since p preserves the v-marked section, it follows that (p')> does as well.
We claim that the contraction C" — (C’)* is an isomorphism in a neighborhood
of the v-marked section. Indeed, for every s € S the v-marked point of the fiber C?
is either equal to the oo-marked point or a smooth point on the oo-component that is

disjoint from the V’-marked sections. The claim then follows from Proposition 1.17.
Finally, we consider the commutative diagram:

D
AYee]

p
o (P
— (D)

o—2L D

~

]

/oo(/)Oo JAYee]
(C")° L (D).

~
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By the above argument, the vertical arrows in (7.5) become isomorphisms when re-
stricted to a neighborhood of the v-marked section. Since (p")* preserves the v-marked
section, we conclude that the same holds for p'. O]

Let C* and DV denote the contractions of C' and D with respect to V' U {v}. We
provide examples of the contractions C' and C" on fibers with varying associated flags
below:

Figure 10: Example with dim V' = 3 and ¢ = 3 of the contractions 'V and C’ for a
fiber with corresponding flag equal to F = {Vp, V4, Vo, V3}.

¢ Ay ¢
_
Aoo Av Aoc
'y
Ao

Figure 11: Example for a fiber with corresponding flag equal to {Vj, V3, V3}.

cv =

C
>\O Ay )\0
_—
Aoo Av Aoo
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Claim 1 says that p': " — D' is an isomorphism of (V'U{v})-marked curves. This
implies that C” and DV may both be viewed as stabilizations of same stable V’-marked
curve endowed with an additional v-marked section. By the uniqueness of stabilizations,
we obtain an isomorphism of stable (VU {v})-marked curves

~

p’: C" — D", (7.6)

Claim 2. This isomorphism preserves the V—marking.

Proof of Claim 2. By the uniqueness of contractions, the following diagram commutes:

CU pU v
——D

L

O P 00
— D.

The bottom arrow is an isomorphism of V-marked curves by assumption. Let Zy, C
C* denote the union of the images of the V’-marked sections and consider the open
subscheme U = C* \ Zy/. Let U denote the inverse image of U™ in C¥. By
Proposition 1.17, we obtain an isomorphism

~

U’ S U™, (7.7)

We claim that the (V' ~\ V’)-marked sections of C* factor through U”. In light of
(7.7), this is equivalent to the same assertion for C*° and U®. It suffices to check
the latter on fibers, so fix s € S. Recall that C is an F-fern and V' = V,,_;. Let
Fs =A{Viy,-.., Vi, } be the flag associated to Cs. For t,u € V, we have \°(s) = A°(s)
if and only if t 2 umodV;, ,. It follows that for t € V'~ V', we have A°(s) # A¥(s)
for all v € V'. We deduce that A\°(s)NZ = @ for all t € V . V'. The (V \ V’)-marked
sections thus factor through U", as claimed.

Define W C D> and WY C DV in analog to U* and U". We obtain a commutative
diagram:

P luw

U’l) — WU

plyoe

Since the vertical arrows and the bottom horizontal arrow preserve (V' ~\ V')-marked
sections, so does the top arrow. It follows that p* preserves the (V ~\.V')-marked sections.
Since we already know that p¥ preserves the VV'-marked sections, this proves Claim 2. []

Let Zy vy C CV denote the union of the images of the (V' ~\ V’)-marked sections.
Consider the open subscheme U := C” \\ Zy .y and let Uy be the inverse image of U
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in C.3 Again applying Proposition 1.17, we find that the contraction C' — CV induces
an isomorphism Uy — U.

Figure 12: Examples of Uy = U for C as in Figures 10 and 11. The open subschemes
Uy and U are represented by thick lines, and the unfilled points are omitted. Note that,
in these examples, the (V' ~\ V’)-translates of U, cover C.

UpCC Ao Uuccgcv o
J
. —
Aco
— O———
UgCC Uccy

)\O Ay )\0
_
4 Aoo 4 Aoo

For each w € V, consider the translate U, := ¢, (Uy) C C.

Claim 3. We have C =

wGV

Proof of Claim 3. It suffices to verify the claim on fibers. Let seS,andlet 0 < j<n
be maximal such that V; € F,. Write V := V/V; and Vo= V'/V;. Then the special
points of the oo-component E., C C, are in one-to-one correspondence with V by
Corollary 3.10. The open subscheme Uy, can be described as follows: The preceding
remarks imply that the connected components of Cy \ E., are indexed by V. For each
u € V, we denote the corresponding connected component by X,,. Let p, := X, N E.

We have
— (U XUUEOO) N ( U {pu}>.4

ueV’ uGV\V’

3We use this notation to indicate that Uy is an open neighborhood of the O-section in C. We will
show (Claim 3) that its translates cover C.

4In Figure 12 above, the X, consist of the branches coming off the co-component. The p, are simply
the non-oco special points on the co-component.
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For any v € V and any lift @ € V of u, we have o,(%)(X,) = X,. Since C, =
(UueV Xu) U Ex, it follows that the (V' ~ V’)-translates of Uy cover Cs. In other
words, we have Cs = (J, oy Uw,s- Since s was arbitrary, this implies the claim. O

For each w € V/, define W,, C D in analogy to U,. As for C', we have D = ., Wa.
The isomorphism p?: C” = DV in (7.6) induces an isomorphism

o - UO :> W[).
For each w € V, consider the isomorphism

Tw 1= Py 0 Mo 0 02 Uy — Wy, (7.8)

Claim 4. The isomorphisms (7.8) glue to an isomorphism w: C = D of V -ferns.

Proof of Claim 4. Consider two elements u,w € V and let U,,, := U, NU,. We wish to
show that 7,|v,., = Twlv.. - If molv,, = Ti|v,, for all t € V| then on U, we have

Ty = 1/}uO7T00901:1 :%Oﬂw—uoﬁl
- wu o (@Dwfu O Trg © 901;1—11) © 801;1

-1 .
= Yy O MO P, =:Ty.

We may thus suppose that u = 0. There is a unique isomorphism p°: C* = C°° such
that the following diagram commutes

]
O —=(C>.

w

Similarly, there is an isomorphism ¥2°: D> = D> satisfying an analogous diagram. In
addition, by the definition of 7y and the uniqueness of contractions, both squares in the
diagram

U 0 TNO> WO

|

CU’:Dv
|

C® — D*>.
w
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commute; hence the outer square commutes as well. Consider the diagram

Y (Uow) ety (Wouw)
> ‘ ™ D>
W”L Y (7.9)
UOw il W(]w
o2 / b /
ce . D>

The assertion that 7|y, = Tw|vy, 1S equivalent to the commutativity of rear face of
the cube in (7.9). The above arguments show that the other faces commute. Moreover,
the arrows from the rear face to the front face are isomorphisms onto their images by
Proposition 1.17. Hence the rear face also commutes, as desired.

We thus have 7|y, = 7Tw|y,, for all u,w € V. The m, therefore glue to an
isomorphism 7: C' = D of the underlying curves. Since each m, preserves the (w+ V’)-
marking, it follows that 7 is an isomorphism of stable V-marked curves and hence of
V-ferns.

O

This concludes the proof of Lemma 7.13.

7.4 Remainder of the proof

We now conclude the proof of Theorem 7.2 in the case F := F, which implies Theorem
7.1 by Propositions 7.4 and 7.5. Let L= denote the line bundle over U= whose underlying
scheme is C¥ \ Az (Uz), as in Proposition 4.4. The corresponding fiberwise non-zero
linear map Az: V — L=(Usx) determines a morphism

gF: Uf—>PV

On the other hand, recall from Section 2 that Uz is a locally closed subscheme of
[lo4vcv Py, and there is thus a natural morphism

PF: Uf — H PV’ — PV,
0£VICV

where the latter morphism is the projection onto the V-component.

Lemma 7.14. The morphisms gz and p= are equal.
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Proof. Since Cz is smooth over Qy, it follows that C# is isomorphic to C¥ after base
change to 2y,. The restriction of L+ to €y is isomorphic via the morphism fy defined
in (6.1) to Qy x A! with V-marked sections corresponding to
{Z|vev}cr@y,0a,) = RSy,

Vo

It follows that g=|q, : 2y — Py is the natural inclusion of €y as an open subscheme
of Py. Since pz|q, is also the natural inclusion, we deduce that pz|o, = g#|a, . Since
Py is separated and Uz is reduced and €2y C Us is dense, it follows that g= = p= (|5,
Corollary 9.9]). O

As an aside, we observe that there are natural morphisms gy, py: By — Py defined
in analogy to gz and pz. The same argument as in the above proof yields:

Proposition 7.15. The morphisms gy and py are equal.

Let (O, )\, ) be an F-fern over an arbitrary scheme S and consider the corresponding
morphism feo: S — Uz as defined in (7.1).

Lemma 7.16. The V-marked curves C*° and fé(C%O) are uniquely isomorphic.

Proof. The uniqueness results directly from Proposition 1.25. In analogy to L+, let L
denote the line bundle whose underlying scheme is C*° \ A (S). Let A\: V' — L(S) be
corresponding fiberwise non-zero linear map, which determines a morphism

g: S — Py.

Let f¢ L= be the pullback of L+ to S along fc. The map A+ induces a fiberwise non-zero
F,-linear map fiAz: V — f&L=(S), which corresponds to the composite gz o fc, which
equals o fo by Lemma 7.14. By the construction of fs, the morphism g is precisely
the V- component of fo, i.e., we have g = pz o fo. The pairs (L, \) and (f& Lz, fEAF)
therefore define the same morphism to Py, and it follows that there is an isomorphism
of line bundles a: L = f%L+ inducing a commutative diagram:

Vv L(S)

N
feLz(S).

We claim that the isomorphism o extends to an isomorphism C* = f&(C) of V-

marked curves. Since C' and C# are F-ferns, the schemes C* and f&(CE) are trivial
P'-bundles given by contracting relative to the {0, v, co}-sections for " any ch01ce of v €
V ~ Vi1 by Lemma 7.7. There is a unique isomorphism §: C>®° 5 C°° respecting
the {0, v, co}-marking. The restriction to L induces an isomorphism of hne bundles
B: L = f&Lw Since L and fi Lz are both trivial and generated by the v-marked
section, any 1somorphlsm preserving the v-section is unique, and hence § = . Since «
preserves the V-marked sections, we conclude that 3 preserves the V- marking, and is
hence the desired extension of a. [
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Proposition 7.17. There exists a unique V -fern isomorphism Fo: C' = f&(Cx) over S.

Proof. The uniqueness follows directly from the uniqueness of morphisms of stable V-
marked curves. For the existence, we proceed by induction on dim V. Suppose first that
dimV = 1. Then Uz = SpecF, and Cx = IP’%Fq. In this case, the proposition follows
directly from Proposition 3.11.

Now let dimV = n > 1. Let V' := V,,_; and let ' be the contraction of C
with respect to V’. Write F=FnV , and let for denote the morphism S — Uz
corresponding to C’, which is defined analogously to fo. Recall that there is a natural
morphism p: Uz — Uz induced by the forgetful functor, and by construction we have
po fc = for. By induction, there are unique isomorphisms of V’-ferns

"= fo(Cr) = (f6(CR)),
with the latter isomorphism given by Proposition 6.23. Lemmas 7.13 and 7.16 then
yvield the desired isomorphism Fg: C = f&(Cx). O

Proof of Theorem 7.2. In order to show that Uz represents the functor of F-ferns, we
must show that for any scheme S and any F-fern (g, A, p) over S, there exists a unique

f: S — Uz such that f*C# and C are isomorphic F-ferns. In light of Proposition 7.17,
it only remains to verify the uniqueness of f. Consider distinct elements

f,9 € Mor(S,U=) C Mor(S, H PV/> = H Mor(S, Py+).
0£V/CV 0£V/CV

Denote the corresponding pullback V-ferns by f*Cx and g*Cx. For each 0 # V' C V,
let fy: (resp. gy+) be the V'-component of f (resp. g). Since f # g, there exists a V'
such that fi # gy:. The line bundles together with V/-marked sections associated to
the V’-contractions (f*Cx) and (¢*C%)" determine fy and gy, and are therefore not
isomorphic. But any isomorphism of V-ferns f*C= — ¢*C# induces an isomorphism
of the associated line bundles preserving marked sections. We deduce by contradiction

that f*Cf ¥ g*Cf O

8 Morphisms between moduli and V-fern construc-
tions

Having proved that By is a fine moduli space for Fern;,, we now investigate the mor-
phisms of moduli spaces corresponding to the various constructions involving V-ferns.
We have already described the natural morphism By — Py (Proposition 7.15) and will
see that the remaining constructions correspond to morphisms arising naturally in the
functorial interpretations of @y and By in [16]. Let 0 # V' C V be a subspace.
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8.1 Contraction
The forgetful functor
(Ew)ozwev = (Ew)orwev
yields a morphism
v: By = By,
which is precisely the morphism induced by the projection

T H Pw—> H PW

0£WCV 0£WCV/

Contraction of V-ferns with respect to 1% gives a natural transformation Fern;, — Fern,,
and hence also corresponds to a morphism By, — By. Explicitly, one contracts the
universal family Cy with respect to V' to obtain a V'-fern (Cy)" over By, which then
corresponds to a unique morphism from By to By, by Theorem 7.1.

Proposition 8.1. The morphism By — By corresponding to contraction is equal to .

Proof. Let C be a V-fern over a scheme S and let C’ be the V'-fern obtained by con-
tracting C'. Let

fc: S — By C H Py,
0£WCV

and

fcr: S — By C H Py
0AWCV!

be the morphisms corresponding to C' and C” respectively, as constructed in Subsection
7.2. Recall that for each 0 # W C V the W-component S — Py of fo depends only
on the contraction of C' with respect to W. When W C V’ this is isomorphic to the
contraction of C’ with respect to W. The W-component of fo and fer are thus equal,
and it follows that for = 7o fo. This implies the proposition. m

8.2 Grafting and the boundary strata

Let V := V/V' and F := {0,V',V}. For each W ¢ V', let W := (W + V')/V’, and
consider the natural surjection

mw: W 0g —»W® 0Og.

Recall from Proposition 2.10 and the discussion following it that there is a natural
morphism

gIBV/XBV - B]:‘%Bv.
(EL,E) +— &
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Where &, is the tuple defined by

/ s !
Ew = {5W; zwcv, (8.1)
T (Ew), W ¢ V.

On the other hand, the grafting construction (Section 4.3) yields a natural transfor-
mation Fern;, x Fern;, — Fern;, and hence also induces a morphism By X By — By. It
can be obtained by pulling the universal families C'y» and Cy; back to By X By, grafting
to a V-fern, and then taking the unique corresponding morphism

f]i BV/ X Bv—> Bv.
Proposition 8.2. The morphisms g and g are equal.

Proof. Let S be a scheme and let (C’, N, ¢') and (C, X\, %) be a V'-fern and V-fern over
S respectively. Denote the graft of C’ and C by (C,\, ). Let & € By(S) be the
tuple corresponding to C. Similarly, let £, € By/(S) and £, € By(S) be the tuples
corresponding to C" and C. To show that § = g, we must show that &, is precisely the
tuple obtained from & and &, via (8.1).

Since U := (Qy+ x y7) C By x By is dense and By x By; is separated and reduced,
it suffices to show that §|;y = g|y. We may thus assume that C’ and C are both smooth
over S. The flag associated to each fiber Cs must be equal to F, so the restriction §|y
factors through Q. By [16, Lemma 10.1], the forgetful functor £e — (Ey, Ey) induces
an isomorphism from Qr onto its image in Py, x Py. It thus suffices to show that

Ev.Ev) = (& m)' (Ey)).

It follows easily from the fact that the contraction of C' with respect to V' is isomor-
phic to C' that &y = &;,,. To show that & = Ty (Ey7), we first construct a morphism
p: C'— C. Consider the prestable curve

C:=CU (l_l C”)
veV
as in the construction of C. For each 7 € V, we denote the copy of C’ indexed by T
by (C")y and the corresponding oo-section by A . Let 7': C" — S be the structure
morphism. Define a morphism p: C — C via
ple = idg
ey = Ao
By construction, we have po Ay = po Ao, for each v € V. The universal property

of Proposition 4.7.1 then yields a unique morphism p: C' — C such that the following
diagram commutes:

.

/ .
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Let v € V, and let v € V be its image in V. It follows directly from the constructions
of p and the V-marking on C that po A\, = A\y. The composite

C—tL~C—C”
is thus a contraction to the co-component of C'. We thus have a commutative diagram
V ——C>(9)
L H (8.2)
V—=C>(5)

Let £ and £ denote the sheaves of sections of the line bundles associated to C' and C
respectively as in Section 4.2. The diagram (8.2) then corresponds to a commutative
diagram
V® Os —2.r
ko
V®0s—~L.

The sheaves &, and Ey are respectively the kernels of A and A; hence & = m,,' (), as

desired.
O

Remark. Let 0 # V' C V and 0 # W C V be subspaces such that 0 W NV’ C W.
As a consequence of Propositions 8.1 and 8.2, we see that contraction and grafting are
compatible in that they induce a commutative diagram

Fern,, x Ferny; —— Ferny,
Ferny,, x Ferngr — Ferny,,
where the horizontal arrows are given by grafting and the vertical arrows by contraction.

Proposition 8.2 can be generalized as follows. Let F = {V;,...V,,} be a flag of V. By
Proposition 2.10, there is a natural closed embedding

g: BV1 X BV1/V2 X - X va/vm_l AN Br — By.
We obtain the following corollary by induction:

Corollary 8.3. The morphism By, X By, v, X -+ X By, jv,,_, — By obtained by grafting
15 equal to g.

Remark. Let F := {Vi,...,V,,}. Corollary 8.3 shows that the closed subschemes
By — By represent V-ferns that can be obtained by grafting a given tuple (C;)i<i<m,
where C; is a (V;/V;_1)-fern. The boundary stratum € then corresponds to those tuples
consisting of smooth ferns.
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8.3 Reciprocal maps and the scheme @y

In this section we discuss an alternative compactification of €2y, denoted by @)y, which
is the primary focus of the same paper [16] in which Pink and Schieder introduce By .
Let V=V~ {0}. Recall that we defined Sy to be the symmetric algebra of V' over F,,.
Let Ky be the quotient field of Sy, and let Ry be the F,-subalgebra of Ky generated
by all elements of the form % with v € V. We view Ry as a graded ring, where each 1—1}
is homogeneous of degree —1. Define

Qv := Proj(Ry).

The natural inclusion Ry < RSy induces an open immersion €y <— Qy .

Let S be a scheme and let £ be an invertible sheaf on S.
Definition 8.4. We say a map p: V- L(S) is reciprocal if

1. plaw) = ap(v) for allv €V and a € Fy, and
2. p(v)-p(v') = plo+v")-(p(v)+p(V)) in LE2(S) for allv,v' € V such that v+v' € V.

Definition 8.5. Leti: V' — V denote the natural inclusion of a non-zero subspace V'
of V. Given a reciprocal map p': V' — T'(S, L), one defines the extension by zero of p'
to be the reciprocal map

o '(v) ifveV’,
iV —=T(S L), v— ) i .
0 otherwise.
In [16], the scheme @y is given a modular interpretation in terms of reciprocal maps.
For this, we observe that the natural map py: V — Ry _1 = I'(Qv, Og, (1)) given by
v 1—1} is reciprocal and fiberwise non-zero.

Theorem 8.6 ([16], Theorem 7.10, Proposition 7.11). The scheme Qv with the universal
family (Oq,, (1), pv) represents the functor which associates to a scheme S over F, the
set of isomorphism classes of pairs (L, p) consisting of an invertible sheaf L on S and
a fiberwise mon-zero reciprocal map p: V - ['(S,L). The open subscheme Qy C Qv
represents the subfunctor of fiberwise injective reciprocal maps.

Pink and Schieder construct a natural morphism

TQ: BV — Qv, (83)

which is compatible with the natural inclusions €y < By and €y < @Qy. This is done
as follows (see [16, Theorem 10.17] for details): Let & € By(S). One considers the
commutative diagram of invertible sheaves (V' ® Og)/Eys for all 0 # V' C V| with the
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natural homomorphisms (V" ® Og)/Evr — (V' ® Og)/Eyr for each 0 # V" C V' C V.
Dualizing, one obtains a direct system (which is not filtered) and defines

L= lim ((V'®0s)/&n) " (8.4)

0£V'CV

One can show that £ is an invertible sheaf on S. To define a reciprocal map p: vV =
L(S), we associate to each v € V the Og-linear homomorphism £,: (F, ® Og)/ Erpo —
Os, v®ars a. Then {, € (Fo ® (’)S)/E]qu)_l, and we define p(v) to be the image of
¢, in £ under the natural homomorphism from (Fyv ® Og)/&r, . to the direct limit. The
association & +— (L, p) is functorial and induces the map (8.3).

Locally, the invertible sheaf £ has a simpler description:

Lemma 8.7 ([16], Section 10). Let & € Ux(S) for some flag F = {Vy, ..., Vin} of V.
Then £ = (Vi ® (95)/5V1)_1.

Using Lemma 8.7 and unraveling all of the definitions, we obtain the following:

Lemma 8.8. The restriction mg|a, corresponds to the functor sending the isomorphism
class of a pair (M, \) € Qu(S) consisting of an invertible sheaf M over a scheme S
and a fiberwise injective linear map A: V. — T'(S, M) to the isomorphism class of the
pair (MY A1) € Qv(S), where X1 is the fiberwise invertible reciprocal map defined
by the formula A" (v) = A(v)™! for allv e V.

The existence of (8.3) suggests that one can construct a line bundle and reciprocal
map directly from a given V-fern, and we now describe how this is done. The construc-
tion is analogous to that of the line bundle and fiberwise non-zero linear map associated
to a V-fern from subsection 4.2. Let (C, ), ) be a V-fern over a scheme S. Let C°
denote the contraction to the 0-component (Section 1.3) and let L := C° . A\¢(S). The
marking A°: V' — C°(S) induces a map

p: V= L(S).
Proposition 8.9. There is natural structure of line bundle on L such that
(a) the zero section of L is \°(c0), and

(b) the induced map p: V - ﬁ(S), where L denotes the sheaf of sections of L, is a
reciprocal map.

Proof. We use the notation (—)° to denote the contraction of a V-fern to the 0-component.
Observe first that the same argument as in the proof of Proposition 4.6 shows that the
construction of L is compatible with base change. Thus, by pullback of line bundle
structure along the morphism fo: S — By corresponding to C, it suffices to prove
the proposition for the universal V-fern Cy. Let Ly = (Cy)° ~ {A\%(By)}. Fix a
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flag F = {Vi,...,V,,} and let Ly be the pullback of Ly along the open immersion
Uz < By. We will first endow Lz with a line bundle structure satisfying the properties
in the statement of the proposition. We then show that these glue to the desired line
bundle structure on ﬁv.

For any v € V; \ {0}, the 0- and v- and oo-sections of (Cx)? are disjoint, so (Cx)° is
a trivial P!-bundle over Uz. Choose any isomorphism

mr: (Cr)” = PlU;
sending the O-section to (0 : 1) and the oo-section to (1 : 0), and consider the restriction
nr: [A/]: 't A(l]}_ C ]P%]]__

mapping to the standard affine chart around (1 : 0). Furthermore, let Lz be the inverse
image under 77 of the standard affine chart around (0 : 1) so that (Cx)® = Lr U L.

We endow Lz and Lz with the line bundle structures induced by pulling back the
trivial line bundle structure on Af, via 7. Consider the map

PF: f/ — ZA-/]:(U]:)

In order to show that pr is a reciprocal map, it suffices by the reducedness of Uz to
show that . R X
ps: V — Ls = Ly Xy, Speck(s)

is reciprocal for each s € Ur. Fix s € Ux. There is a unique flag F;, C F such that
s € Qr,. Let ¢+ > 1 be minimal such that V; € F;. In a Zariski open neighborhood
U C Usr of s, the contraction to the 0-component (Cx)? is equal to the Vi-fern (Cx);
obtained by contracting with respect to V;. We also have L Flu = Li|u, where L; is the
line bundle associated to (Cx); as in Subsection 4.2. By Proposition 4.5, the marking
it Vi = Lr|y(U) is a fiberwise invertible F-linear map. By construction, the composite
of pr with the restriction ﬁ;(U F) — ﬁ;(U ) is precisely the extension by zero of the
reciprocal map from Vi to ﬁ;(U ) defined by v — /\iv)' It follows that pg is reciprocal,
as desired.

It remains to show that the line bundle structures on each Lx glue to a line bundle
structure on Ly . This follows from the fact that the isomorphisms nz used to define
the (trivial) line bundle structure on Lz extend to isomorphisms 77z: (Cx)? = Py, so

that for two flags F and G, the automorphism 7g o n}lz Allang = A%]mg extends to an
automorphism of P}

Urng a0 is hence linear. O
As a corollary of the above proof, we obtain the following:

Corollary 8.10. Let (C, A, ) be a smooth V-fern over S. Let (L, \) be the line bundle
and fiberwise invertible linear map from V' to L(S) associated to C' as in Section 4.2
and let (L, p) be as in Proposition 8.9. Then (L,p) = (L™, \71). In addition, we have

TQlay, = TQlay -
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Proof. The latter statement follows from Lemma 8.8. n

The association (C, X, ¢) — (L, p) determines a morphism
ﬁ'QI By — QV (85)
Proposition 8.11. The morphisms (8.3) and (8.5) are equal.

Proof. Since 2y, C By is dense and By is reduced and separated, it suffices to show
that mglo, = gla,, which is Corollary 8.10. O

Remark. Using the fact that the corresponding diagram in [16, Theorem 10.17] com-
mutes, we deduce that the morphisms corresponding to line bundle constructions in-
volving V-ferns of Propositions 4.4 and 8.9 fit into the following commutative diagram:

PV’?BV_>QV

N
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