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Chapter 0O

Indroduction

Let H C C denote the so-called “complex upper half plane”, i.e. the set of all z € C with
(strictly) positive imaginary part. The map

SLa(Z) x H — H, ((°h),2) —s 224t

defines a holomorphic left operation of SLo(Z) on H. For any subgroup of finite index
I' C SL2(Z), the quotient I'\H inherits the structure of a Riemann surface. This Riemann
surface is not compact, but by adjoining a finite number of additional points, the so-called
cusps, it can be embedded in a compact Riemann surface (see [Sh| ch.1). In particular,
there is a smooth projective algebraic curve X over C, a non-empty Zariski-open subset
X C X, and an isomorphism X (C) 2 I'\'H, all of this unique up to isomorphism.

Let us now assume that I' is a congruence subgroup. This signifies that I" contains the
subgroup

['(N) := {(23) €Sly(Z) |la=d=1, b=c=0mod N}

for same integer N. Then I'\H is a moduli space for elliptic curves with a certain level
structure (which depends on I'). For instance, if ' = I'(V), then I'\ H is in bijection with the
set of all isomorphy classes of pairs (F,x,y), where E is an elliptic curve over C and {z,y}
is a basis of the subgroup E[N] of all N-torsion points of E, such that ey(z,y) = e>™/V.
Here ey denotes the canonical pairing E[N]| x E[N] — py. The moduli problem associated
to I' can be described in algebraic terms, and it can be shown in a purely algebraic way
that there exists a corresponding (coarse or fine) moduli scheme M over a certain explicit
number field K. In the case I' = T'(N) we have K = Q(e2>™/N) C C, while for arbitrary
I O T'(N) any subfield of Q(e*™/Y) may occur.

This modular interpretation of I'\H determines an isomorphism X = M X i C. In other
words, it defines a “model” of X over K. Let M be the (up to isomorphism) unique non-
singular projective curve over K that contains M as an open dense subset. Then the above
isomorphism extends to an isomorphism X = M X g C, that is, the model of X extends
to one of X. Thus the following problem arises naturally: Describe the structure of this
model on, and near, the cusps X ~ X.

An answer could have the following form. Let D be the (unique) reduced closed sub-
scheme of M with support in M ~ M. Via the isomorphism

D(Q) = D(C) = X(C)~ X(C) = X(@) ~ X(Q)



induced from the above, the model defines an action of Gal (Q/K) on the cusps. Conversely
this action determines the structure of D. More abstractly, it would be desirable to have an
explicit scheme D over K and an explicit isomorphism D =2 D; . This latter formulation
generalizes to the infinitesimal neighborhoods: one would like to have an explicit formal
scheme D; over K, and an explicit isomorphism of D; with the formal completion of M
along D.

In the case under consideration, such descriptions follow from a modular interpretation
of X(C). This involves a degenerate version of elliptic curves with N-structure, the so-
called generelized elliptic curves. For the formal completion, the Tate-curve can be used
(see [DR], and 10.17-22 below).

In these notes we carry out the same program for arbitrary Shimura varieties. To
explain the complications arising in the general case, fix a hermitian symmetric domain H
of non-compact type. Also fix a semisimple algebraic group G over QQ, and an isomorphism
from G(R)? to the group of all holomorphic automorphisms of H. Let ' be an arithmetic
subgroup of G(Q) N G(R)Y, then I'\H again carries a natural structure of normal complex
space. If T" is sufficiently small, then I'\'H is already a complex manifold. For simplicity we
assume this to be case.

In general, I'\'H is not compact. It possesses different possible compactifications as
a normal complex space, with different advantages. Only in the case G = PGLg g they
happen to coincide. Logically and historically, the Baily-Borel compactification comes first.
Its nice properties are that it depends on no extra data, and that it is uniquely characterized
as the minimal normal compactification. In any case, it can be defines intrinsically and is
a projective variety. It possesses a natural stratification in terms of quotients IT"\H' for

certain other hermitian symmetric domains H’ (the so-called boundary components), and
arithmetic subgroups I of Aut(H’) (see [BB], [AMRT], and 6.2-3 below).

Unfortunately, the Baily-Borel compactification may have serious singularities along the
boundary. A nice resolution of these singularities is the toroidal compactification. It is de-
fined locally as a torus embedding. The cone decompositions involved in this definition are
not canonical, so there are different toroidal compactifications associated to different sys-
tems of cone decompositions. However, for suitable choices the resulting complex space is
projective and smooth, and the boundary is the union of smooth divisors with at most nor-
mal crossings. The toroidal compactification dominates the Baily-Borel compactification,
and possesses a natural stratification compatible with that of the Baily-Borel compactifi-
cation. But the strata now have a more general form: they are torus-torsors over families
of abelian varieties over the strata of the Baily-Borel compatification.

These compactifications carry a natural algebraic structure, and induce an algebraic
structure on I'\H. The next step is to ask for a model of these algebraic varieties over a
number field. Here one gets stronger results if one considers not only I'\#H, but a certain
finite disjoint union of such quotients. For this, GG is replaced by a central extension with
a torus, H by a finite disjoint union of hermitian symmetric domains with a transitive
holomorphic action of G(R), and instead of I'\’H one considers a double quotient G(Q)\H x
(G(Af)/Ky). Here Ay denotes the finite adeles of Q, K is an open compact subgroup of
G(Ay), and G(Q) acts on both factors. This double quotient is indeed of the desired form,
and constitutes the set of complex points of a Shimura variety. Let us denote the associated



algebraic variety over C by Mg, the Baily-Borel compactification by M¢, and the toroidal
compactification associated to a system X of cone decompositions by Ms: .

The advantage of this adelic definition is that one gets a model over a number field that
is independent of Ky, called the reflex field. It is determined by G, H, and a little extra
data concerning the center of G. Some Shimura varieties have a natural interpretation as
moduli spaces af abelian varieties with some extra structure. For instance, generalizing the
special case considered above, the group of symplectic similitudes C'Spag o gives rise to the
Siegel modular variety parametrizing principally polarized abelian varieties of demension
g with level structure. Such a modular interpretation induces a model M of M¢ over the
reflex field. However, not every Shimura variety has such a purely algebraic modular inter-
pretation. Nevertheless, following Shimura the models defined by modular interpretation
can be uniquely characterized in an intrinsic way (see [D1]). Taking this characterization
as a definition, one arrives at the so-called canonical model of an arbitrary Shimura variety.
Its uniqueness is not too hard to prove ([D1]), but its existence in the most general case
has been established only recently (see [Mil]).

The first of the questions we have to examine is: Under what condition does the canon-
ical model extend to a model of M¢ or of My, ¢? For M it always extends uniquely to
a model M, since the Baily-Borel compactification can be defined intrinsically. For the
toroidal compactification the answer depends on X, and is linked with the other questions.
In any case, there is up to isomorphism at most one extension My, so we do not get into
trouble if we directly turn to the next question: Which model is induced on the boundary?

In the case of the Baily-Borel compactification, the stratification of the boundary sug-
gests a natural guess: the boundary of the extended canonical model M should possess a
stratification in terms of canonical models of other Shimura varieties. This indeed turns
out to the case (see our first main theorem 12.3). The complete answer includes an explicit
description of the Shimura varieties that occur at the boundary (see 6.3).

For the toroidal compactification one has to work much harder to get the analogous
results. The chief reason for this is that, although the boundary strata are fibred over
(other) Shimura varieties, they are more general objects. Thus, in order to be able to
describe the boundary within the same framework, one has to generalize the concept of
Shimura variety.

A close look at the group theoretical data involved in the definition of the toroidal
compactification (see [AMRT] ch.III) suggests that the desired generalization involves an
extension of a reductive group (associated to Shimura variety) by a unipotent group of
a certain type. Such groups arise naturally as normal subgroups of maximal parabolic
subgroups of our original group G. Along another line of thought, note that every Shimura
variety, even if it does not possess a (known) algebraic modular interpretation, at least
parametrizes, as a complex manifold, suitable variations of polarized pure Hodge structures
or combinations thereof. If the group is not reductive, these “combinations” can no longer
be direct sums, but should be mixed Hodge structures! These considerations naturally
lead to a concept of mixed Shimura varieties that parametrize variations of mixed Hodge
structures, all of whose pure constituents are polarizable.

In the chapters 1-3 we develop a theory of mixed Shimura varieties. We consider mixed
Shimura varieties in their own right, not only insofar as they occur in the boundary of



other Shimura varieties. Nevertheless the desired properties (variation of mixed Hodge
structures, i.e. Griffiths’ transversality, and polarizability of all pure constituends) imply
that they also are torus-torsors over families of abelian varieties over usual (henceforth
called pure) Shimura varieties (see 3.12ff). They have a rich structure; in particular the
group operations, torus actions, etc. on the fibres can all be described in terms of abstractly
defined morphisms of Shimura varieties. Moreover, for pure Shimura varieties that possess
an interpretation as moduli schemes of polarized abelian varieties, the universal families
(of abelian varieties, and of polarizing line bundles) themselves can be described as mixed
Shimura varieties (see 10.7). This phenomenon can be viewed as a modular interpretation
for these mixed Shimura varieties. A mixed Shimura variety is pure when the associated
algebraic group is reductive. The treatment of chapter 1 follows [D2] § 1.

The next problem we have to deal with is how to make mixed Shimura varieties al-
gebraic. Like for pure Shimura varieties, this problem can be solved by suitable projec-
tive compactifications. Such compactifications are also interesting in connection with the
modular interpretation: one can describe degenerations of abelian varieties in terms of
compactifications of mixed Shimura varieties. As, for instance, [M4] suggests, these com-
pactifications should be toroidal. In the special case of elliptic curves we indeed give such
description (see 10.17-22).

All in all, we see that toroidal compactifications should be constructed not only for pure,
but for arbitrary mixed Shimura varieties. This is done in the chapter 4 and 6, which rely
heavily on [AMRT]. Chapter 5 contains an assortment of results about torus embeddings,
which will be needed throughout the remaining chapters. This construction is not more
complicated than for pure Shimura varieties, on the contrary the general setting accounts
for a certain coherence. The essential new ingredient is an explicit way of associating certain
mixed Shimura varieties to a given (possibly pure) one. These are closely related with what
in the usual theory is called rational boundary components, which is why we give them
the same name. The rational boundary components are in general “more mixed” than the
original mixed Shimura variety. The toroidal compactification is then constructed as in
[AMRT]. First one considers for every rational boundary component a torus embedding,
with respect to a certain cone decomposition and the torus that acts naturally on the
unipotent fibre. If the cone decompositions have been chosen compatibly, these partial
compactifications can be glued together to form the desired toroidal compactification.

We carry out this construction with an eye toward the question for the model of the
boundary. Since we eventually want to describe a stratification of the boundary in terms
of other mixed Shimura varieties, in particular in adelic language, it is desirable that the
construction already reflects this. Unfortunately this adds (mainly notational) complexity
to the constructions of the chapters 6-9 and 12. The benefit is that we directly get a strat-
ification of the toroidal compactification in terms of the mixed Shimura varieties occuring
as rationl boundary components, and quotients thereof. This stratification is studied in
chapter 7.

In order to algebraize mixed Shimura varieties and their compactifications, we have to
find compactifications that are projective. In other words we have to construct ample line
bundles. While for pure Shimura varieties (in [AMRT] ch.IV §2) such ample line bundles
can be described in terms of “piecewise linear strictly convex rational functions” on the cone
decompositions, the presence of abelian varieties in the fibres of mixed Shimura varieties



necessitates a more invariant construction (see 8.15, 9.39). As it turns out, one can use the
torus-torsor structure on mixed Shimura varieties to turn certain toroidal compactifications
of mixed Shimura varieties into line bundles. (In the case of a modular interpretation this
has been mentioned above.) In other words, certain morphisms M; e My, ¢ of toroidal
compactifications of mixed Shimura varieties “are” line bundles in a canonical way (see

8.6).

In chapter 8 we derive a criterion for such a line bundle to be ample (along the unipotent
fibres). What remains to achieve the algebraization, is the construction of cone decompo-
sitions satisfying this criterion. This is done in chapter 9. We prove that for every mixed
Shimura variety Mg, there exists a mixed Shimura variety M{ and cone decomposition
¥, Y, so that My ¢ is compact, MY, » — My ¢ is a line bundle, and some combination with
the canonical sheaf is ample. Moréover, > can be chosen such that My ¢ is smooth, the
complement My ¢ \ Mc is a union of smooth divisors with a most normal crossings, and
such X can be made arbitrarily fine. In particular, both M¢ and such My ¢ are algebraic
varieties. We also prove that “most” other toroidal compactifications My ¢ are algebraic
varieties, and that all of them are algebraic spaces in the sense of [K].

Following the same program as above, we next have to define canonical models for
mixed Shimura varieties. This is done in the chapters 10-11. The definition and the
proof of uniqueness are exactly as for pure Shimura varieties. The modular interpretation
yields a canonical model for the mixed Shimura varieties associated to the moduli problem
of polarized abelian varieties with level structure. Here, as in [D1], the main theorem
of Shimura and Taniyama about abelian varieties with complex multiplication plays the
essential role. Using this, along the lines of [D1], the existence of canonical models in
general is reduced to the case of pure Shimura varieties, where it is known by [Mil].

Having developed the theory of mixed Shimura varieties thus far, we are now in the
position to formulate and to prove the main result for the toroidal compactification of
a mixed Shimura variety. Recall that chapter 7 gives a stratification in terms of other
mixed Shimura varieties. By the results of chapter 9, this stratification is in fact algebraic.
Just as for the Baily-Borel compactification, the main theorem (12.4) asserts that (if the
cone decompositions satisfies a certain arithmeticity condition, see 6.4) the canonical model

extends to the toroidal compactification, and that this stratification descends to the reflex
field.

Since the neighborhoods of a stratum in the toroidal compactification are so nice, with-
out much extra effort we get an even better assertion. By 7.17 some neighborhood of a
stratum is essentially isomorphic to a neighborhood of a stratum in a simple torus em-
bedding of a rational boundary component. By 9.37, this description can be algebraized,
yielding an isomorphism between the respective formal completions (over C). The last part
of our main theorem (12.4 (c)) asserts that this isomorphism of formal schemes also de-
scends to the reflex field. These results constitute a complete answer to the questions put
forward above.

The main theorem is proved in chapter 12, in the following way. First, using the moduli
scheme of generalized elliptic curves (see 10.20), we prove it in the special case of elliptic
modular curves (associated to the group GLyg). (In particular, as mentioned above, the
universal family of generalized elliptic curves “is” the canonical model of a certain toroidal



compactification of a mixed Shimura variety.) We then embed twists of such modular curves
into arbitrary mixed Shimura variety (like Hirzebruch Zagier cycles in Hilbert modular
surfaces). Finally a density argument, much as in the intrinsic characterization of canonical
models, but this time for the formal neighborhood of a boundary component, extends the
result to the general case.

The result of these notes have several applications. Quite immediate are the conse-
quences for g-expansions of (certain) automorphic forms. Consider, for a given mixed
Shimura variety M, a space of sections of a vector bundle F' constructed out of sheaves of
differential forms, possibly with logarithmic poles at infinity, or with some other bound-
ary condition. Our description of the formal neighborhood M of a boundary stratum M;
implies a similar description for the pullback F of F. Moreover, since M has an explicit
description in terms of a torus embedding, there is a canonical decomposition of I'(M, F)
as a product of I'(My, F,)) for certain explicit sheaves F), on M;. The map

I(Ms, F) - T(M,F) - [[T(M,F,)

now associates to a section of F' its “g-expansion coefficients.” These “coefficients” are
analog of Jacobi modular forms. Our results immediately imply a g-expansion principle for
rationality of such automorphic forms over the reflex field: A section over C descends to
the reflex field if and only its g-expansion coefficients do so at a suitable set of boundary
components (see 12.18-20). In a similar form, for the Baily-Borel compactification, this
result has been obtained by Harris [Hal|, [Ha2] for arbitrary vector-valued automorphic
forms.

In another direction these results have consequences for the /-adic cohomology of (mixed)
Shimura varieties. The explicit description of formal neighborhoods of the boundary should
make it possible to describe the pure constituents of, say Hzt(M@, Qy) in terms of some pure
cohomology (e.g. intersection cohomology, cuspidal cohomology, or the like) of its boundary
components (including itself) with values in some other explicit /-adic sheaves. The author
plans to take this up in a sequel to these notes. This would of course be a prerequisite for
studying the mixed motives that occur in HZ, (Mg, Q).

Two more technical remarks are in order. In the explanations above we have tacitly
used the following slight generalization of the definition of a pure Shimura variety. In the
usual definition, H is a G(R)-conjugacy class of certain homomorphisms C* — G(R). The
generalization consists in allowing a finite G(R)-equivariant covering X — H, with G(R)
acting transitively on X'. This generalization makes a difference for the field of definition of
a connected component of a Shimura variety, and is necessary in order to stratify a normal
compactification in the same framework. From the point of view of global abelian class
field theory, it is in fact the more natural choice.

The other remark concerns questions of sign. In order to avoid a source of errors, we
have found it useful to work without any globally fixed choice of a square root of -1. In fact,
complex analysis by no means depends on such a choice! We hope to have been successful
in this.

As explained above, our results rely on the modular interpretation of certain(mixed)
Shimura varieties. This modular approach, of course, achieves much more: it can be carried



out not only over a number field, but over suitable rings of finite type over Z. This has
been done in several instances: Deligne and Rapoport [DR] for elliptic modular curves,
Rapoport [Rap] for Hilbert modular varieties, and Chai [C] and Faltings [F2] for the Siegel
modular variety. A modular interpretation of certain mixed Shimura varieties (in terms
of “l-motifs”) has been described in Brylinski’s thesis [Br]. In these cases, a part of the
results of this thesis have been known.

The toroidal compactification of pure Shimura varieties has been treated over C in
[AMRT] and [N]. That is descends to Q has been proved in [F1], using a rigidity argument.
After the present author had obtained his results, the following two manuscripts came to
his attention: (a) a survey article by Milne [Mi2] that independently suggests the concept
of mixed Shimura variety along a similar line of ideas; an (b) a manuscript by Harris [Ha3]
containing similar results for pure shimura varieties.

Finally, the author has the pleasure to thank, most of all, Professor G. Harder for
suggesting the present research, for providing a creative atmosphere, and for his constant
support. He is obliged to J.S. Milne for terminological and other suggestions, and to P.
Deligne, Th. Hofer, N.M. Katz, and M. Rapoport for useful conversations. He is indebted
to the DAAD and the Universitat Bonn for financial support. Last, but not least, he is
grateful to S. Fette for friendly providing him with countless cups of tea.



“Just follow that line forever,” said the Mathemagician, “and when you reach the end,
turn left. There you’ll find the land of Infinity, where the tallest, the shortest, the smallest,
and the most and the least of everything are kept.” ... Up he went — very quickly at first
— then more slowly — then in a little while even more slowly than that — and finally,
after many minutes af climbing up the endless stairway, one weary foot was barely able to
follow the other. Milo suddenly realized that with all his efforts he was no closer to the top
than when he began, and not a great deal further from the bottom.

Norton Juster, The phantom tollbooth
L’arithmétiqueca fatigue,caénerve.

Eugene Tonesco, La lecon
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0.1 Notations and conventions

General: The set of connected components of a topological space X is denoted by 7p(X).
For any two sets X, Y, the set-theoretic difference is denoted by X \ Y. This is not to be
confused with elementwise difference or with left quotient: If (A,+) is an abelian group,
a € Aand X,Y C A, then the elementwise sum or difference is denoted by X +Y, X — Y,
a — X, etc. Likewise for an arbitrary group (G, -).

Fields and schemes: If 7" — S is a morphism of schemes, and X a scheme over S,
then we write X7 := X xgT. If S = Spec(K) and T' = Spec(L) for a field extension L/K,
then we write this also in the form X; = X xg L. If Y} is a subscheme of X; which is
derived from a subscheme of X by base extension, then by abuse of terminology we say
that it is defined over K. An “L-subobject” (e.g. “L-subgroup”, “L-parabolic subgroup”,
“L-simple subgroup”) of an object X is a subscheme of X that possesses the indicated
property.

Let K/L be a field extension and X a scheme over L. By a model of X over L we mean a
scheme X over K together with an isomorphism Xg 7, = X over L. The Weil restriction of
X with respect to L/K is denoted by R, /kX. If X is a group scheme (general, reductive,
semisimple, or a torus), then so is Rr/xX.

R is the field of real numbers, C a fixed algebraic closure of R. The symbol /—1 denotes
an arbitrary solution in C of the equation z? +1 = 0. We do not fix a particular choise of
v/—1. Wherever this symbol occurs, it will be clear that the whole assertion is independent
of such a choice. In the expression 2my/—1, the symbol 7 denotes the unique positive real
number for which 27v/—1 is a generator of kernel of the exponential function exp: C — C*

(Clearly this does not depend on v/—1).

If X is a variety over a field K that is contained in R, then we call X of compact type
if and only if X(R) is compact.

All number fields K are considered as subfields of C, in other words they are given
together with a distinguished embedding into C. We denote by K the algebraic closure of
K in C, so that the absolute Galois group Gal(K/K) is a quotient of Aut(C). The ring
of adeles of K is denoted by A, the subring of finite adeles by Ak ¢, and we abbreviate
A = AQ and Af = AQ,f.

Groups: Let G be a group and g, ¢’ € G. The left action of G' by conjugation on itself
is denoted by intg(g) : ¢’ + g-¢'-¢g~'. The commutator is (g,¢') :==g-¢' - g ' -¢~!. An
almost direct (almost semidirect) product in a category of groups in any finite quotient of
the usual direct (semidirect) product.

If A is a topological or algebraic group, then A° is the connected component of the
identity of A. The center of A is denoted by Z(A), this is a closed, but not necessarily
connected subgroup. If A is a topological group, then mo(A) is isomorphic to A/A°.

Let G be a linear algebraic group over a field K. By a representation of G we always
mean a finite dimensional representation over K. If L C Lie G is a K-sub Liealgebra, then
exp L denotes the unique connected K-subgroup of G with Lie algebra L.
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By a reductive group over a field K we always mean a connected reductive linear
algebraic group over K. In particular, every semisimple group and every torus will be
connected. If G is a reductive group, then G%" = [G,G] and G* = G/Z(G) denote it
derived, resp. adjoint group. The adjoint representation of G on Lie G will be denoted by
Adg, its derivative (the induced left action of Lie G on itself) by adg.

Let P be a connected linear algebraic group over K, and U its unipotent radical. A
Levi-decomposition is a decomposition of P into a semidirect product P = U x G. Any
two Levi-compositions are conjugate unter U(K). Also, let H be a reductive group over
K, and ¢ , p3 : H — P two homomorphisms so that the composites H — P = P/U are
equal. Then ¢, and @9 are conjugate under U (K).

Group actions: If a group G acts from the left hand side on a set X, we denote by
G\ X the set of all G-orbits in X. Likewise for X/H if a group H acts from the right hand
side, and consequently G\ X/H if two such actions are given. Fortunately we shall not need
actions from above or below. A left homogeneous space under G is a set X with a transitive
left action of G. If GG is a real Lie-group, then such X is a C'°°-manifold in a canonical way.

Let T' be a discrete group acting on a locally compact (hence Hausdorff) topological
space X. By definition I' acts properly discontinuously on X if and only if for any two
compacts subsets K and K’ of X the set {y € T' | yK N K’ # 0} is finite. An equivalent
condition is that any two points in X possess neighborhoods U and V such that the set
{y €T |yUNV # 0} is finite. If this condition holds, then I"'\ X, endowed with the quotient
topology, is again Hausdorff (even locally compact) and locally isomorphic to a quotient of
X by a finite group. In particular the stabilizer of any point is finite.

Contrary to the usual terminology we also say that the group I' acts properly discon-
tinuously if the action factors through a quotient I' which acts properly discontinuously in
the usual sense. The point is that the kernel of the action is allowed to be infinite.

Arithmetic subgroups: Let G be a linear algebraic group over Q. A subgroup of
G(Q) is called a congruence subgroup if and only if it is of the form G(Q) N K¢ for some
open compact subgroup Ky C G(Ayf). A subgroup of G(Q) is called an arithmetic subgroup
if and only if it is commensurable with some (hence with every) congruence subgroup.

According to [B] 17.1 an element g € GL,(Q) is called neat, if the subgroup of Q™ that
is generated by the eigenvalues of g is torsion free. If G is a linear algebraic group, then
an element g € G(Q) is called neat if its image in some faithful representation of G is
neat. It is easy to check that this condition then holds for every, not necessarily faithful
representation of G' (see [B] 17.3). A subgroup of G(Q) is called neat if all its elements are
neat. In particular such a group is torsion free. Every subgroup of a neat subgroup is neat,
and the image of a neat subgroup under a homomorphism G — H is again neat. Finally
every sufficiently small congruence subgroup of G(Q) is neat (by [B] 17.4, or 0.6 below).

Neatness and adelic groups: We want to extend the notion of neatness to subgroups
K; C G(Ay), with the same functorial properties, and so that G(Q) N K is neat whenever
K is neat. First consider an element gy = (gp)p € GLn(Af). For every p let I'), be the

subgroup of @; generated by all eigenvalues of g,. Let Q < Q, be some embedding,
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and consider the torsion part (Q° N I'p)tors- Since every subgroup of Q™ consisting of
roots of unity is normalized by Gal(Q/Q), this group does not depend on the choice of the
embedding Q — Q,. We now define g5 to be neat if and only if

M@ N Tp)iors = {1},

p

As before, if G is a linear algebraic group, we call an element g¢ € G(Af) neat if its image
in some faithful representation of G is neat. If p is a faithful representation of G, and p’
another representation of G, then the group I', above for p is the same as that for p & o/,
and contains that for p’. Thus if g is neat, then its image in any representation of G is
neat. A subgroup of G(Ay) is called neat if all its elements are neat. Clearly a subgroup of
a neat subgroup is again neat. If # is a linear algebraic subgroup of G, and Ky C G(Ay)
is neat, then H(A¢) N Ky is neat. If ¢ : G — H is a homomorphism and K; C G(Ay)
is neat, then p(K¢) is neat, since we can consider any faithful representation of H as a
representation of G. The neatness property is invariant under all automorphisms of GG, and
all inner automorphisms of G(Af). From the definition it is clear that if Ky C G(Ay) is
neat, then G(Q) N K is neat in the usual sense.

Finally fix an integer d > 3, and let K(d) C G L, (Z) be the subgroup of all elements
that act trivially on Z"/d - Z". We shall show that K;(d) is neat. It follows that every
sufficiently small open compact subgroup of a linear algebraic group is neat. The proof of
the neatness of Kf(d) is standard. Note that d is divisible by some prime power p* > 3.
Consider an element g, € G L, (Zp) that acts trivially on Zj/ P’ - Zy, then it suffices to show
that the group I', above does not contain a nontrivial root of unity. By assumption every
eigenvalue of g, in Z, (the algebraic closure) is congruent to 1 modulo p’ + Zp. Thus the
same follows for every element of I'y, and we have to show that every root of unity ¢ € Z,,
that is congruent to 1 modulo p' - Z,, is equal to 1. Since the residue class of ( in F; is 1,
the order of ( must be a power of p. Suppose this order is p/ with 5 > 1, then the following
inequalities for the p-adic valuation

vp(1=C) 2 v(0") =i -vp(p) =i P - (p—1)-vp(1=¢) >0

imply i-(p—1) <i-p’ ! (p—1) < 1, which contradicts the assumption that p* > 3. Thus
¢ = 1, as desired.
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Chapter 1

Equivariant families of mixed
Hodge structures

Usual Shimura varieties can be viewed analytically as moduli spaces for variations of certain
polarized pure Hodge structures, or combinations thereof. Thus, in analogy to [D2] §1.1, a
natural starting point for us is to study how certain variations of mixed Hodge structures
can be expressed in group theoretic terms. For most of the chapter we consider the case of
rational weights, that is where the weight filtration is defined over Q. In 1.3-1.8 we describe
equivariant families of rational mixed Hodge structures: these form naturally a complex
manifold (1.7). Then we analyze which of these satisfy the two requirements: (a) Griffiths’
transversality (1.9-10), and (b) polarizability of all pure constituents (1.11-12). To avoid
some pathologies we replace the group in question by a smaller one (1.13-17). Thus we
are lead naturally to the group theoretic data described in 1.18. Since the rationality
of the weight is a true restriction for usual Shimura varieties, it is desirable to drop this
requirement. It turns out that to define mixed Shimura varieties it is enough to assume that
the weight acts rationally on the “mixed” part of the data (see 3.3 (a)). The modification
1.19 of the data of 1.18 achieves this.

1.1. Hodge structures: (compare [D3] §52.1 and 2.3) Let M be a finite dimensional
Q-vector space. A pure Hodge structure of weight n € Z on M is a decomposition Mc =
@p+q:n MP1 into C-vector spaces, such that for all p,q € Z with p + ¢ = n one has

(MPa) = MP4. The associated (descending) Hodge filtration on M¢ is defined by FPM¢ :=
D, MP"4 Tt determines the Hodge structure uniquely, because MP4 = FPMcN(F4Mg).

A rational mixed Hodge structure on M consists of an ascending, exhausting, separated
filtration {W, M },cz of M by Q-vector spaces, called weight filtration, together with a
descending, exhausting, separated filtration {FPMc}pez of Mc, called Hodge filtration,
such that for all n € Z the Hodge filtration induces a pure Hodge structure of weight n on
GrlV M = W,M/W,_1M. A pure Hodge structure of weight n is considered a special case
of a mixed Hodge structure by defining the weight filtration as W, M = M for n’ > n, and
W, M =0 for n' < n.

The Hodge numbers are defined as h?"? := dim@(Grgfqu)p’q. They satisfy h?? = h9P,

almost all AP? are zero, and their sum is equal to the dimension of M. If A C Z® Z is an
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arbitrary subset, then we call a Hodge structure of type A, if h?? =0 for all p,q ¢ A. The
weights that occur in a Hodge structure are the numbers p + ¢ for all pairs (p, q), for which
h?P?4 = (. The notions “of weight < n” and “of weight > n” are defined in the obvious way.

A morphism of rational mixed Hodge structures is a homomorphism f : M — M’, such
that f(W,M) Cc W,M' and f(FPMc) C FPM{ for all n,p € Z. By [D3] 2.3.5 (i) the
rational mixed Hodge structures from an abelian category with these morphisms. Given
rational mixed Hodge structures on M; and Ms, there are canonical rational mixed Hodge
structures on Mj @ My, the dual (M7)Y, on Hom(Mji, Ms), and on M; ® M (see [D3] 1.1.6,
1.1.12 and 2.1.11).

A mixed Hodge structure on M splits over R, if there exists a decomposition M¢ =
D, , MP4, such that W,Mc = @, <, MP9, FPMc = @5, MP9, and (MP4) = MP.
This decomposition is then uniquely determined by these properties. Every pure Hodge
structure splits over R, but not every mixed Hodge structure does. If one weakens the
requirements, however, one can still associate to every mixed Hodge structure a canonical
decomposition M¢ = @p’ q MP4 as in the following proposition.

1.2. Proposition: Fix a rational mixed Hodge structure on M.
(a) There exists a decomposition Mc = P, , MP?, such that W, Mc = P
FPMe = @, MP1.

(b) The Hodge structure is uniquely determined by any such decomposition.

D,q
eranM and

(c) There exists a unique decomposition as in (a), which also satisfies

(Mr4) = MPmod P MP'7 .

p’<p,
q'<q

Proof. (a) follows from (c), and (b) is obvious. For the existence in (c) see [D3] 1.2.11,
for the uniqueness [CK] 2.2. q.e.d.

Remark. In general there exist different decompositions satisfying (a).

1.3. The Deligne-torus: (compare [D2] 1.1.1. Attention: Our conversation is
opposite to that in [D1] 1.3 and [D3] 2.1.5.1.) Consider the torus S := R¢/gGm,c. Over C it
is canonically isomorphic to G, ¢ X Gy, ¢, but the action of complex conjugation is twisted by
the automorphism ¢ that interchanges the two factors. In particular S(R) = C* corresponds
to the points of the form (z,%) with z € C*. While the character group of G, ¢ in Z in the
standard way, we identify the character group of S with Z @ Z such that the character (p, q)
maps z € S(R) = C* to z7P-(2)~% € C*. Under this identification the complex conjugation
still operates on Z @ Z by interchanging the two factors. Consider the homomorphisms
W:Gpr =S, R*3t—teC*; p:Gpec— Sc, C* 32+ (2,1) € C* xC* =§(C); and
the norm N : S — G, S(R) = C* 2 2 — z -z € R*. The kernel S* of N is anisotropic
over R, and we have a short exact sequence 1 — S — S — Gmpr — 1.

Let M be a finite dimensional Q-vector space. The choice of a representation k : S¢ —
GL(MC) is equivalent to the choice of a decomposition Mc = ,, , MP, where MP? is
the eigenspace in Mc¢ to the character (p,q). Like in 1.1 we call W, M¢ = @p+q<n M,y q

18



and FPM¢ = @p,zp MP'4 the associated weight filtration, respectly Hodge filtration, and
define the notions “of type A”, pure, etc. in the same way. These notions coincide with
those of 1.1, if the filtrations are those of a rational mixed Hodge structure on M. We next
study the question, under which condition on k this is the case.

1.4. Proposition: Let P be a connected linear algebraic group over ). Let W be
the unipotent radical of P, let G := P/W and 7w : P — G the canonical projection. Let
h : S¢c — Pc be a homomorphism, such that the following conditions are satisfied:

(i) moh : S¢ — G is already defined over R.

(ii) Tohow : Gpr — Gr is a cocharacter of the center of P/W, that is already defined
over Q.

(iii) Under the weight filtration on Lie P defined by Adp o h we have W_;(Lie P) = Lie W.
Then:

(a) For every representation p : P — GL(M), defined over Q the homomorphism po h :
S¢ — GL(Mc) induces a rational mixed Hodge structure on M.

(b) The weight filtration on M is stable under P.

(c) For any p € P(R) - W(C) the assertions (a) and (b) also hold for int(p) o h in place of
h. The weight filtration and the Hodge numbers in any representation are the same for
int(p) o h and for h.

Proof. Assertion (c) follows directly from (a) and (b), because the conditions (i) to
(iii) are invariant under conjugation by an element of P(R)-W (C). For (a) and (b) we first
use induction to prove the statement: The weight filtration is defined over Q and stable
under P.

In the case dim M = 0 there is nothing to prove. Otherwise there exists a short exact
sequence 0 — M’ — M — M"” — 0 of representations of P, with M" nontrivial and
irreductible. Let My be the space of W-coinvariants of M, then M” is a quotient of Myy.
By definition My is completely reductible under P, so there exists a P-invariant subspace
N Cc M with N+ M" = M and M" =2 im(N) C My . If N is properly contained in M,
then the assertion follows from the formula W, Mz = W, M{ + W,,N¢ for all n € Z and
the inductive assumption. Otherwise we have M"” = My,. The differential of p induces
a P-equivariant linear map (LieW) ® M — m, whose cokernel is precisely the space of
(Lie W)-coinvariants, so again equal to M”. Thus we obtain a surjective P-equivariant map
(LieW)® M — M’. Let n be the highest weight that occurs in M. Since by assumption
Lie W is of weight < —1, M’ must be of weight < n — 1. Thus the weight n does not occur
in M’, hence it must occur in M”. By condition (ii) every irreducible representation is pure
of some weight, so M"” must be pure of weight n. For the weight filtration we thus get:
W Mc = Wy, M{. for m < n, and W,,, Mc = M¢ for m > n. Therefore the assertion follows
from the inductive assumption for M’.

With this (b) is proved. For (a) it remains to show that for every n € Z the Hodge
filtration induces a pure Hodge structure of weight n on Gr'Y M := W, M /W, _1M. Since
Gr!V M, as we have just proved, is again a representation of P over Q, it suffices to show:
If M is already pure of weight n, then the decomposition M¢ = @p tq=n MP1 is a pure
Hodge structure of weight n. Let us again consider the map (Lie W) ® M — M of above.
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The left hand side is mixed of weight < n — 1, the right hand side pure of weight n. Thus
this map must be zero, which means that W operates trivially on M. By (i) the operation

of S¢ on M is therefore defined over R, so (MP:9) = MP4 for all p, ¢ with p+q = n. q.e.d.

1.5. Propositionen: Let M be a finite dimensional Q-vector space. A representation
k:Sc — GL(Mc) defines a rational mixed Hodge structure on M, if and only if there exists
a connected linear algebraic group P over Q, a representation p : P — GL(M) defined over
Q, and a homomorphism h : S¢ — F¢, such that £ = p o h and the conditions in 1.4 are
satisfied.

Proof. One implication is already contained in 1.4. So let us assume that k£ induces
a rational mixed Hodge structure on M. Let P C GL(M) be the stabilizer of the weight
filtration, this is a Q-parabolic, hence connected subgroup of GL(M). Let p: P — GL(M)
be the inclusion, then k factors in exactly one way through a homomorphism h : S¢ — Fc.
By assumption Gr)Y M is a pure Hodge structure of weight n for every n € Z. Thus for
all p,q € Z with p+ ¢ = n the space (Gr)Y M )P4 = (Gr)V )P4 is the eigenspace in Gr}¥ M
associated to the character ¢((p,q)) = (p,q), so the operation of S on Gr)Y M¢ is already
defined over R. Since furthermore G,, g C S acts by scalars om GrYV My, its operation is
given by cocharacter G, o — Z(GL(Gr}Y M)) that is defined over Q. The properties 1.4
(i) and (ii) now follow from the isomorphism P/W 2 ]y GL(Gr¥ M.

Finally Lie P is the successive extension of Hom(Gr!Y M, GrYV M) for all n > m and
Lie W the successive extension of Hom(Gr), Gr'V M) for all n > m. In Hom(Gr)Y M, Gr'V M )¢
as representation of S¢ only characters (p,q) occur with p + ¢ = m — n, so Lie W contains
precisely all eigenspaces in Lie P associated to the characters (p,q) with p + ¢ < —1. This
implies 1.4 (iii). q.e.d.

1.6. Equivariant families of Hodge structures: Generalizing [D2] 1.1.11 and
1.1.12 we want to parametrize Hodge structures by a homogeneous space under a real Lie
group. Furthermore we want this group to come from a linear algebraic group over Q.
Finally the homogeneous space should be described in terms of homomorphisms S¢ — P¢
and should carry a canonical complex structure.

More concretely let P be a connected linear algebraic group over Q. In a crucial case
(see 4.7) P will be strongly related to a parabolic subgroup of another group, whence the
unusual notation. Let W be the unipotent radical of P, and Hy a P(R) - W (C)-conjugacy
class in Hom(S¢, Pr). We assume that for one, hence by 1.4 (c) for all h € Hyy the conditions
in 1.4 hold. We call a representation M of P pure of weight n, mixed of weight < n, of
type A C Z ® Z, etc. if and only if for some (< by 1.4 (c) for all) h € Hy the induced
Hodge structure on M has the respective property. Note that by 1.4 (ii) Lie G = Lie P/W
is pure of weight 0, so by 1.4 (iii) Lie P is mixed of weight < 0. The following propositions
1.7, 1.10 and 1.12 are generalizations of [D2] 1.1.14.

1.7. Proposition: Let P and Hy be as in 1.6, and let M be a faithful representation
of P. Let ¢ be the obvious map

Hw — {rational mixed Hodge structures on M.}
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(a) There exists a unique structure on ¢(Hy ) as a complex manifold, such that the Hodge
filtration on Mc depends analytically on ¢(h) € ¢(Hw ). This structure is P(R) - W (C)-
invariant, and W (C) acts analytically on ¢(Hw ).

(b) For any other representation M’ of P the analogous map
@' : Hw — {rational mixed Hodge structures on M’}

factors through ¢(Hy ). The Hodge filtration on M’ varies analytically with ¢(h) € ¢(Hw ).

(c) If in addition M’ is faithful, then ¢(Hy ) and ¢'(Hw ) are canonically isomorphic and
the isomorphism is compatible with the complex structure.

Proof. (a) Since the weight filtration on M is constant, the Hodge filtration gives an
injective map ¢(Hw) < Grass(M)(C) to a certain Grassmann variety. To prove the first
assertion we have show that its image is a locally closed analytic subvariety. Fix h € Hy
and let C'(h) be the centralizer of h in P(R) - W (C), then ¢ factors through

Hy = P(R) - W(C)/C(h) — P(C)/expF°(Lie P)¢ — Grass(M)(C).

The map on the right hand side is a closed embedding of complex manifolds. The complex
structure in the middle is P(C)-invariant, and P(C) operates analytically. Thus it is enough
to show that the image of Hyy is an open subset of P(C) /expF°(Lie P)¢c. Let L := (Lie P)g+
(LieW)c C (Lie P)¢, and let L%° C L be the eigenspace corresponding to the trivial
operation of Adp oh. Then on the tangent space at h the map is given by

Ty = L)LY — (Lie P)c/F°(Lie P)c,

and we have to show that this map is surjective. This is equivalent to the equality (Lie P)c =
L + F°(Lie P)c. Since both sides of this contain (Lie W)g, it suffices to show the equality
(Lie G¢ = (Lie)g + F°(LieG)c. But LieG carries a pure Hodge structure of weight 0, so
this equality follows from (Lie G)g N FY(Lie G)¢ C (Lie G)*? and dimension count.

(b) follows directly from (c), applied to M & M’ in the place of M’. By part (b) of the
following lemma the fibres of ¢ do not depend on the choice of M, so the two maps ¢ and
¢’ have identical fibres. This implies the first assertion of (¢). Finally the proof shows that
the complex structure on ¢(Hyy) can be defined independently on M. q.e.d.

1.8. Lemma: Let P, Hy, M and ¢ be as in 1.7, and let h € Hyy.

(a) The projection 7 : P — G induces an isomorphism
Cent p(g).w(c)(h) — Centgr (7 o h).

(b)We have
Stabp(R).W(C)(gb(h) = exp(FO(Lie We) % Centp(R).W(C)(h).

Proof. (a) By 1.4 (ii) and (iii) the space of invariants in Lie W¢ under (Ad |y)ohow is
the zero subspace. Hence h defines a canonical Levi decomposition Pe = W x Centp. (h o
w). Since moreover 7o h is by 1.4 (ii) already defined over R, we have a corresponding
decomposition
P(R) - W(C) = W(C) x Centpg) -W (C)(h o w).
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Thus Centpry.wcy(h o W) = G(R), so the centralizers of h in both these groups are
isomorphic.

(b) First suppose that W = 1. Then there exists a unique decomposition M =
D,.cz M, into representions M, of P = G that are pure of weight n. For all p,q we

therefore have
MP9 = FpM(C N qu(c N Wp—i—qM(Ca

so the decomposition into eigenspaces under p o h is already uniquely determined by ¢(h).
Hence we have Stabpg)(¢(h)) = Centpp)(h). In the general case this together with (a)
implies

Cent pg).w ) (h) C Stabpg).w(c)(¢(h) C W(C) x Centp(r).w(c)(h),
s0 it only remains to show that Stabyy(c)(¢(h)) = exp(F°(Lie W)c). This follows from

Stab(rie ). (¢(h)) = (Lie W)c N FY(End(M))c = FO(Lie W)c.

q.e.d.

1.9. Variation of Hodge structures: LetX be a complex manifold. A variation
of rational mixed Hodge structures over X consists of a local system of finite dimensional
Q-vector spaces, together with a rational mixed Hodge structure on every fibre, such that:
(a) The weight filtration is locally constant and the Hodge filtration varies holomorphically.
Let M be the locally free coherent Ox-sheaf associated to the vector bundle, and let ¥ M
be the coherent subsheaves for all p € Z that induce the Hodge filtration in each stalk.

(b) Transversality: For every p € Z the canonical connection v : M — M ®0, QL maps
the subsheaf FPM to FP7IM ®0p, Q.

1.10. Proposition: Let P, Hy, M and ¢ be as in 1.7. Then we have a variation
of rational mixed Hodge strutures on M over ¢(Hw ), if and only if for one (& for all)
h € Hw the Hodge structure on Lie P is of type

{(_L 1)7 (07 0)7 (17 _1)} U {(_1’ 0)7 (Oa _1)} U {(_17 _1)}'

Proof. With the notation of the proof of 1.7 the transversality condition in the point
¢(h) is equivalent to
im(d®) ¢ F~'End(M)¢/F°End(M)c.
Since this image equals (Lie P)¢c/F°(Lie P)¢, this means F~1(Lie P)¢ = (Lie P)c. In other
words the Hodge numbers AP”Y must vanish for all p,q € Z with ¢ < —1. If they vanish,

then so do all h?? with p < —1. Since Lie P is mixed of weight < 0, one easily finds the
condition equivalent to the stated type restriction. q.e.d.

1.11 Polarization of pure Hodge structures: Let v/—1 be a primitive fourth root
of unity in C, then Z(1) := 27\/—1-Z is a submodule of C that is independant of the choice
of v/—1. For all n € Z and any Z-module M define M(n) := M ® Z(1)®". By the given
embedding Z(1) < C we get a canonical isomorphism M (n)c = Mc. The Tate Hodge
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structure is the Q-vector space Q(1) with the pure Hodge structure of type (—1,—1). For
every n € Z we get a pure Hodge structure of type (—n,—n) on Q(n) = Q(1)®", and again
a canonical isomorphism Q(n)¢ = C.

Let M be a Q-vector space and k : S — GL(Mpg) a representation that induces a pure
Hodge structure of weight n on M. Let ¥ : M ® M — Q(—n) be a morphism of Hodge
structures. Choose a primitive fourth root of unity v/—1 € C* = S(R), and consider the
bilinear form

Mg x Mg — Q(—n)c = C, (m,m') — 20V —=1)" - ¥(m, k(~/—1)m/).

Claim: It does not depend on the choice of /—1, and takes values in R.

Proof. Since M is pure of weight n, we have k(—v/—1) = k(—1) - k(v/—1) = (=1)" -
k(v/—1). Thus on replacing v/—1 by —/—1 the bilinear form is multiplied by (—1)"-(—1)" =
1. So it does not depend on the choice of v/—1. Also note that k(v/—1) lies in GL(M)(R), so
U(m, k(v/—1)m') lies in Q(—n)g = (2rv/—1)"" - R C C. This implies the second assertion.
q.e.d.

Having shown this the following definition is meaningful. A polarizition of a rational
Hodge structure pure of weight n is a morphism of Hodge structures ¥ : M @ M — Q(—n),
such that the bilinear form

My x Mg — R, (m,m') — 27v/=1)" - ¥(m, k(v—1)m)

is symmetric and positive definite. Note that this pairing is symmetric if and only if n is
even and ¥ symmetric, or n odd and V¥ alternating.

1.12 Proposition: Let P and Hy be as in 1.6. Let G; be a normal subgroup of
G = P/W, defined over Q, which for one (< for all) h € Hy contains the image of h(S!).
The following assertions are equivalent:

(a) int(w(hy/—1))) is a Cartan involution on G; for (< for all) h € Hyy. In particular
the center of (G; is compact, hence splits over a C'M-field.

(b) For every representation M of P which is pure of some weight n there exist

- a representation N of P, defined over Q, which factors through G/G; and is pure of
type (n,n),

— a P-equivariant nondegenerate pairing ¥ : M ® M — N, and

— for every h € Hy a morphism of rational Hodge structures A\, : N — Q(—n),

such that for every h € Hyy the pairing A\, o ¥ : M ® M — Q(—n) is a polarization for
the Hodge structure on M defined by h.

Proof. Both conditions depend only on P/W, so we may assume that P = G. Fix a
pure representation p : G — GL(M). Fix hyg € Hw and a choice of v/—1, then we shall
show that condition (b) for the given representation M is equivalent to the following one:

(c) There exists a G g-invariant pairing ¥’ : Mg x Mg — R, defined over R, such that
(m,m') — W' (m, poho(~/—1)m') is symmetric and positive definite.

Clearly (b) implies (c¢) with ¥/ : (27ry/—1)" - A, o ¥. Conversely assume (c). Note first
that since (p o ho(v/—1))? = po hg(—1) = (—1)", the pairing ¥’ is symmetric if n is even,
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alternating if n is odd. So let N := (S2M)¢, if n is even, respectivley (A? M)g, if n is odd,
where (.)g, denotes th Gi-coinvariants. Let W : M ® M — N be the canonical pairing,
then by construction®’ factors through N, hence ¥ = g o ¥ for some homomorphism
to : Ng — R. Since (7 is a normal subgroup of GG, N is a G-invariant quotient of M ® M,
hence necessarily pure of weight 2n. Since moreover G; operates trivially on N, it is already
pure of type (n,n). Since by assumption ¥’ is nontrivial , so is W.

By the construction of N for every pu € Hom(Ng,R) the pairing
Mg x Mg — R, (m,m') — po¥(m,pohy(v/—1)m')

is automatically symmetric. Thus the set of all u, such that this pairing is symmetric and
positive definite, is open in the usual topology. Furthermore the existence of 1y shows that
this set is nonempty. Since the homomorphisms that are defined over Q are dense, we can
replace po by a homomorphism N — Q that is defined over Q. Let A, := (27‘(‘\/—_1)_1 .
to : N — Q(—n), this is automatically a morphism of rational Hodge structures, and by
construction Ay, o ¥ is a polarization for the Hodge structure on M defined by hyg.

Now let g € G(R) and h = int(g) o hg. Denote by 7G — GL(N) the representation of
G on N. Then

poo (g ) o W(m, poh(vV=1)m') = oo (p(g~")m,po ho(v/~1) - p(g~")m’),

so after replacing po by poo7(g) "1, condition (c) holds for h in place of hg. Since the above
definitions of N and ¥ do not depend on hg, the desired \;, exists for every h € Hyy. Thus
(c) implies (b).

By [D2] 1.1.15 condition (c) holds for all M if and only if int(ho(y/—1)) is a Cartan
involution on Gjg. Clearly this second property is invariant under conjugation by G(R).
It also implies that Z(G1)(R) is compact, so the torus Z(G1)%splits over a CM-field. Thus
(c) is equivalent to (a). q.e.d.

1.13. Restriction of the group: In the situation of 1.12, we encounter the following
phenomenon. The quotient G/G; is entirely arbitrary , but it contributes almost nothing
to the family of Hodge structures. In particular the semisimple part of G/G is ballast. On
the other hand, IV is an arbitrary representation of G/G1, so the G-orbit generated by Ay
may be disturbingly large. For our purposes we want to have that this orbit consists only
of multiples of Ay, at least for irreducible M. By 1.12, this clearly holds if G/G; is a Q-split
torus. Thus, to solve both problems at the same time, we impose the following condition
on P. Let G2 be the smallest normal subgroup of GG, defined over QQ, which contains the
image 7o h(S) for one (& for all) h € Hyy. This group essentially determines the family of
Hodge structures. We require:

(*) G/G2 is an almost direct product of a Q-split torus with a torus of compact type defined
over Q.

Consider the situation of 1.12, with G; the smallest normal Q-subgroup of G such
that G/G; is a Q-split torus. Clearly the condition (*) above together with 1.12 (a) is
equivalent to: (a') int(m(h(v/—1))) induces a Cartan involution on G&¢, and G possesses
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no nontrivial factors of compact type that are defined over Q. Furthermore the center of GG
is an almost direct product of a Q-split torus with a torus of compact type defined over Q.

Assume that this condition holds. Then in 1.12 (b), N is a direct sum of onedimensional
representations of GG. If M is irreducible, then the space of Gi-coinvariants of M ® M
has dimension < 1, so we can choose N to have dimension 1. If M is arbitrary, but
dim(G/G1) < 1, then G operates by scalars on N through a character that depends only
on n. jFrom the proof of 1.12 we see that again we can choose N to have dimension 1.
Observe that if n # 0, the G-orbit generated by A, always has dimension > 1. Moreover,
as in the examples 2.7-8 below, the different A, need not have the same sign.

1.14. Proposition: Suppose that W = 1 and the conditions od 1.10 and 1.12 are
satisfied. Then every connected component of Hyy = ¢(Hy ) is a hermitian symmetric
domain.

Proof. [D2] 1.1.14 (iii). q.e.d.

1.15 Replacing by smaller orbit: In general the map ¢ from proposition 1.7 is not
injective. We can, however, replace Hyy by an orbit under a subgroup of P(R) - W(C), and
still get the same image under ¢. Which subgroup we can choose is seen from 1.2 (c). In
particular, if we want a subgroup of the form P(R) - U(C), where U C W is a subgroup
defined over Q, in general there is only the following possibility. Although in general the
resulting map will still not be injective, it will be injective in the case that is of interest to
us, namely when the condition of 1.10 is satisfied.

Explicitly let P and Hy be as in 1.6. Let U C W be the unique connected subgroup,
defined over Q, such that LieU = W_y(Lie W). By 1.4 (c) it does not depend on h € Hyy.
Let ' be the canonical projection P — P/U. Let V := W/U, then Lie V is pure of weight
—1 and —2, V must be abelian. Consider instead of 1.4 (i) the following stronger condition
for h € Hom(Sc, Fr):

(i'Y7' o h: S¢ — (P/U)c is already defined over R.
Finally let
H := {h € Hw/|h satisfies (')}

1.16 Proposition: With the notation on 1.15 we have: (a) H is a nonempty P(R) -
U(C)-orbit in Hom(S¢, PC).
(b) For M und ¢ as in 1.7 we have ¢(H) = ¢(Hw).
(c) If foreover FO(LieU)c = 0, then ¢(H) = H.

Proof. Since LieV is pure of weight —1, we have

FO(Lie V)e N FO(Lie V)¢ = (Lie V)g N FO(Liev)c = 0,

and by dimension count we get (Lie V)¢ = (Lie V)z ® F°(Liev)c = 0. This implies on the
one hand (Lie W)¢ = ((Lie W)g + (LieU)c) + F°(Lie W), that is

W(C) = (W(R) - U(C)) - exp(F"(Lie W)c),
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on the other hand
(Lie W)g + (LieU)¢) N FO(LieW)¢ = (LieU)e N F2(Lie W)e = (Lie U)¢).

that is

(W(R) - U(C)) Nexp(F°(LieW)¢) = exp(FO(Lie U)¢).
As Lie W is of weight < —1, there exists no nontrivial group of W on which P operates
trivially. Thus the variety of all Levi decompositions of P is a principal homogeneous space
under W.

Let us first prove (b). We have to show that for every h € Hy there exists p €
Stab p(ry.w(c) (¢(h)), such that int(p) o h € H, that is 7’ oint(p) o h : S — (P/U)c is defined
over R. As in the proof of 1.8 (a) consider the Levi decomposition of Pr defined by h.
Since there also exists a Levi decomposition that is defined over R, there exists wy € W(C)
such that int(wg) o h o w, hence also int(wg) o h is defined over R. Write wy = w’ - w” with
w' € W(R)-U(C) and w” € exp(F°(Lie W)¢). Then 7/ oint(w”)oh = 7’ oint(w’) = o (wg) o h
is defined over R, and by 1.8 (b) we have ¢(int(w”) o h) = ¢(h). Thus the assertion follows
with p = w”.

This also proves that H is nonempty. (a) now follows from the stronger statement:

(*) For any h € H and p € P(R) - W(R), we have int(p) o h € H if and only if
p € P(R)-U(C).

To prove this we may assume without loss of generality that U is trivial. Writing
p=7p -w with p’ € P(R) and w” € W(C) we find that int(p) o h is defined over R if and
only if int(w’) o h is defined over R. That again is true if and only if the Levi decomposition
of Pc that is defined by int(w’) o h o w is defined over R. By the above remark the map

w’ — (the Levi decomposition of Pc defined by int(w') o h o w)

is an algebraic isomorphism of W to the variety of Levi decompositions of P, and is defined
over R since how is defined over R. Thus the Levi decomposition associated to int(w’)ohow
is defined over R if and only if w’ € W(R), as desired.

For (c) consider an element h € H. The fibre (¢[3) " (¢(h)) is the Stabpg).u(c)(¢(h))-
orbit in #H that is generated by h. If FU(LieU)c = 0), then by part (b) of the following
lemma this fibre consists only of h. Thus ¢|y is a bijection. q.e.d.

1.17. Lemma: Let P, H, etc. beasin 1.15, and let h € H. Then (a) Cent p(r).;(c)(h) =
Cent p(g).w(c)(h) = Centgg) (7o h), and

(b) Stabp).u(c)(@(h)) = exp(FO(Lie U)c) x Cent ).y (c)(h).-
Proof. (a) By 1.8 (a) it suffices to show that Centp(g).;y(c)(h) is contained in P(R) -
U(C). This follows from the assertion (*) in the proof of 1.16.

(b) The assertions (a) and 1.8 (b) imply

) - U(C)) N Stabpy.w(c)(¢(h))
R) - U(C)) Nexp(F°(Lie W)c) x Cent p(gy. (c) (7))
= ((P(R) -U(C)) N (exp(F°(Lie W)c)) x Cent p(gy.w(c) (h)),
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and in the proof of 1.16 we showed

(P(R)-U(C)) N (exp(F°(Lie W)e) = (P(R) - U(C)) N (exp(F°(Lie W)e)
= exp(F°(Lie U)¢) Cent p(g).t(c)(h))-

q.e.d.

1.18 Summary Putting together the results of 1.4, 1.7, 1.10, 1.12, 1.13 and 1.16
we get the following, albeit somewhat complicated picture. Let P be a connected linear
algebraic group over Q. Let W be the unipoint radical of P, and U C W a subgroup that
is normal in P. Let V := W/U, G := P/W and 7 : P — G and ' : P — P/U be the
canonical projections. Let H be a P(R)-U(C)-orbit in Hom(Sc, P¢), such that for some (<
for all) h € H:

(i’) @ oh:Sc — (P/U)c is already defined over R.

(ii) rohow : Gy g — Gr is a cocharacter of the center of G that is defined over Q.

(iii) Under the weight filtration on Lie P that is defined by Adp oh we have W_;(Lie P) =
Lie W and W_s(Lie P) = LieU.

(iv) The Hodge structure on Lie P is of type

{(_17 1)7 (O’ 0)7 (17 _1)} U {<_17 0)7 (07 _1)} U {(_17 _1)}'

(v) int(m(h(v/—1))) induces a Cartan involution on G2¢, and G possesses no nontrivial
factors of compact type that are defined over Q.

(vi) The center of G is an almost direct product of a Q-split torus with a torus of compact
type defined over Q.

Then
(a) H possesses a canonical P(R) - U(C)-invariant complex structure (1.7 and 1.16).
(b) For every represention M of P we have a variation of rational mixed Hodge structures
(1.7 and 1.10).
(

¢) The operation of P(R) - U(C) on H can be extended canonically to an operation of
P(R) - W(C). The complex structure is still invariant under this bigger group, and W (C)
operates analytically on H (1.7 and 1.16).

(d) For every irreducible representation M of P that is pure of some weight n there exists
a one dimensional representation of P on Q(—n), and a P-equivariant bilinear form W :
M x M — Q(—n), such that for all h € Hy either ¥ or —V is a polarization of the
corresponding Hodge structure on M (1.12 and 1.13).
(e) If W = 1, then every connected componente of H is a hermitian symmetric domain
(1.14).

Remark. We shall see later (2.19) that every connected component of  is (noncanon-
ically) isomorphic to a holomorphic vector bundle on a hermitian symmetric domain.

1.19. Generalization to arbitrary weights: The cocharacter m o h o w above can
be considered as a weight, since it corresponds to the weight of the Hodge structure induced
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on any representation of G. In this sense the above condition (ii) means that the weight
is rational, i.e. defined over Q. Since both this requirement and condition (vi) above are
nontrivial restrictions for Shimura varieties, we want to replace them by weaker conditions.
For our purposes it will be enough to assume the same conditions for the image of P in
Aut(W), or equivalently in Aut(U) x Aut(V'). Explicitly we replace (ii) and (vi) by the
conditions:

parindent=0pt (ii’) 7 o how : G g — Gr is a cocharacter of the center of G.

(vi’) The center of G acts on U and on V through a torus that is an almost direct
product of a Q-split torus with a torus of compact type defined over Q.

Observe that these conditions imply that the weight acts on both U and V' through a
rational scalar character.

It is clear that with these weakened conditions the conclusions of 1.18, except (d),
still hold. It is important, however, that (d) does hold for M an arbitrary irreducible
subquotient of V. Note also that the conclusion of 1.17 remain valid. Finally there is a
relation with data as in 1.18. By 1.18 (iii) we have Z(P) NW =1, so Z(P) is reductive
and isomorphic to the kernel of the action of Z(G) on LieU ® LieV. Thus P, := P/Z(P)
together with the obvious choice for H; satisfies the conditions of 1.18.
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Chapter 2

Mixed Shimura data

In the first chapter we introduced certain P(R) - U (C)-conjugacy classes of homomorphisms
Sc — Pr as a natural generalization to nonreductive groups of the conjugacy classes of
homomorphisms S — Gy considered in [D2]. In this chapter we bring in yet another
generalization by considering finite coverings of such conjugacy classes. In various places
we shall see the usefulness of this generalization (for instance in 3.9, 3.16-17), and indeed
its necessity (see 4.11 (example 4.25-26), 7.1-2 or 8.5-6) for a unified formalism of the
arithmetic structure of the boundary of Shimura varieties.

Definition 2.1 is a generalization of [D1] 1.5 resp. [D2] 2.1.1.1-3. In 2.3-10 we introduce
more notions and some standard examples. In 2.11-12 we study the precise structure of
the finite covering mentioned above. The largest part of this chapter, starting with 2.15,
deals with properties and constructions related to the unipoint radical. In particular we
prove a reduction lemma (2.26), by means of which any mixed Shimura data can (almost)
be embedded into a direct product of usual pure ones (as in [D1] 1.5 or [D2] 2.1.1) together
with the standard examples described in this chapter.

2.1 Definiton: Let P be a connected linear algebraic group over Q. Let W be its
unipoint radical and U a subgroup of W that is normal in P. Let V := W/U, G :=
P/W,and 7 : P — G and 7’ : P — P/U be the canonical projections. Let X be a left
homogeneous space under the subgroup P(R)-U(C) C P(C). Let h : X — Hom(Sc, Pr) be
a P(R) - U(C)-equivariant map, such that:

(i) Every fibre of h consists of at most finitely many points.
Furthermore for some (< for all) x € X we assume:

(ii) 7" o hy : S¢ — (P/U)c is already defined over R.

(iii) m o hgy ow : Gy g — Gr is a cocharacter of the center of G.

(iv) Adp oh, induces on Lie P a rational mixed Hodge structure of type

{(_1’ 1)7 (07 0)7 (1? _1)} U {(_17 0)7 (07 _1)} U {(_17 _1)}'
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(v) The weight filtration on Lie P is given by

0 if n < -2,
LieU ifn= -2,
LieV ifn= -1,
LieW ifn>0.

Wy (Lie P) =

(vi) int(m(hz(v/—1))) induces a Cartan involution on G2
(vii) G possesses no nontrivial factors of compact type that are defined over Q.
(viii) The center of G acts on U and on V' through a torus that is an almost direct product
of a Q-split torus with a torus of compact type defined over Q.

Definition: We call such a triple (P, X, h) mixed Shimura data. If W = 1, then we also
call it pure Shimura data, or just Shimura data.

Remarks: (a) The data (P, X', h) uniquely determines the rest, in particular U is char-
acterized by (v). Thus the definition is meaningful. For abbreviation we shall mostly write
(P, X), since for every pair (P, X), we shall always consider exactly one map h.

(b) It is easy to show that condition (iii) is a consequence of (iv).

(c) X consists of finitely many connected components. The map h : X — h(X) is a local
diffeomorphism, so the complex structure that is given on A(X) by 1.18 (a) induces a
complex structure on X.

(d) If W =1 and X = h(X), then the definition is equivalent to [D1] 1.5 or to [D2] 2.1.1.1-3.

2.3. Definition: Let (P, X},h1) and (P, X3, ho) be mixed Shimura data. A
morphism (P, X1, h1) — (P, X2, he) consists of a homomorphism ¢ : P, — P, and a
P (R) - U1 (C)-equivariant map ¥ : X3 — Xs, such that following diagram commutes:

X, AN Xy

hi | b ho

HOm(Sc, Pl’(c) M} HOH](Sc, PQ,(C)

We call a morphism an embedding, and write (P;, X1, h1) < (P, Ao, ha), if both ¢ and ¥

are injective.

2.4 Proposition: For any morphism (¢, V) : (P, X;) — (P2, X2) the map ¥ : X} —
x> is holomorphic. If (¢, ¥) is an embedding, then V¥ is a closed embedding.
Proof. By 1.7 the associated map hi(X}) — ho(X2) is holomorphic. From this the first

assertion follows, since A& is locally isomorphic to h;(X;) for ¢ = 1, 2. The second assertion
follows from the fact, that P;(R) - U;(C) is a closed subgroup of P(R) - Uy(C). q.e.d.

2.5. Definition: For any two mixed Shimura data (P, X}) and (Ps, X2) we define
their product as (P, X1) X (P2, Xo) := (P X Py, X1 X X5) with the obvious map X; x Xy —
Hom(Sc, (P1 X P2)c). Clearly this is again mixed Shimura data. In fact this is the direct
product in the category of mixed Shimura data, that is for every (P,X) and any two
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morphism (P, X) — (P;, X;) there exists a unique morphism (P, X) — (P, X1) X (P2X3)
such that the following diagram commutes:

(P17 Xl)
% <
(P, X) — (Pl,Xl) X (PQ,XQ)
N\ pra
(P27 XQ)
2.6. Example: Consider a torus T over Q, a homomorphism k£ : S — T, and a

finite set ) with a transitive action of 7o(T'(R)). With the constant map h: Y — {k} C
Hom(Sc, 1c) we then have mixed Shimura data (7,)). In fact every mixed Shimura data
(P, X), where P is a torus or where X is a finite set, is of this form.

2.7. Example: the symplectic group: (Compare [D1] 1.6) Fix an integer g > 1.
Let Vo, be a Q-vector space of dimension 2¢g and ¥ : Vi, X Vo, — Q a nondegener-
ate alternating form. Let Gg, := CSpagq be the group of all f € GL(Va,), such that
U(f(v), f(¥") =X ¥(v,0") for some scalar “multiplier” A. This multiplier yields a surjec-
tive homomorphism CSpag g — Gim,g, whose kernel is Spag o = (CSpgg,@)der. Let Hoy be
the set of all homomorphisms £ : S — C'Spyyr that induces a pure Hodge structure of type
{(=1,0),(0,—1)} on Va,, and for which the pairing R?9 xR* — R, (v,v') — ¥ (v, k(v/—1)v')
is symmetric and (positive or negative) definite. Note that this second condition does not
depend on the choice of v/—1. It is wellknown that CS P2g,0 1s a reductive group and
operates transitively on Ha,. Moreover Ha, possesses exactly two connected components.
The pair (CSpag,q, Hag) together with the inclusion h : Hgy — Hom(Sc, CSpag,g) is pure
Shimura data.

For g = 1 we have CSpag,9 = GL2 g and Hy can be identifies in the usual way with the
union of the complex upper and lower half planes. This, and more generally the unbounded
realization of Ho, will be described in 4.25-26. Later in this chapter we shall give examples
with nontrivial W, using some general constructions.

2.8. Example: For g = 0 we have the following analog of (CSpagq,H2g). Let
Go :=Gpeoand k: S — Gog,2 — z-Z. Let Ho be the set of isomorphism Z — Z(1).
Thus an element A € Hg corresponds to a unique choice of v/—1 by A(1) = 27y/—1. At
present we are only interested in the fact that Hy consists exactly two elements, but later
the precise definition will become important. Consider the unique transitive operation of
70(Go(R)) = mo(R*) of Hop, and let h : Ho — {k} C Hom(Sc, Goc) be the constant map.
With these definitions (Gg, Hg) is pure Shimura data, as in 2.6.

For any g > 1 consider the multiplier map ¢ : CSp2gq0 — Gmg. Then for every
x € Hag we have ¢ o h, = k. Define a map Hog — Ho C Hom(Q, Q(1)) by

x — the unique A € Hy such that A o ¥ is a polarization of Va,.

Clearly this map is equivariant under CSpag(R) — G, (R), so we obtain a canonical mor-
phism (C'Spag,0, Hag) = (Gmg, Ho).
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2.9. Proposition: Let (P, X') be mixed Shimura data and Py a normal subgroup of P.
There exists a quotient mixed Shimura data (P, X') /Py and a morphism (P, X') — (P, X)/ P,
unique up to isomorphism, such that every morphism (P, X’) — (P’, X”), where the homo-
morphism P — P’ factors through P/Py, factors in a unique way through (P, X')/Po:

P — P (P,X) — (P,X")
I a e i a
P/P, (P, X)/Py

Proof. The uniqueness follows from the universal property. First we construct (P, X')/Pp.
Let P, := P/Py and ¢ : P — P be the canonical projection. Then W; = ¢(W) is the
unipotent radical of P;, and U; := ¢(U) is normal in P;. Fixing x € X’ we get a bijection

(P(R)-U(C)/ Stabp(R).U(@)(CC) X, p—p-x.

Let
X1 = (P1(R) - U1(C))/é(Stabp).u(c)(r)), and

hi: X1 — Hom(S@, PI,C)7 [pl] — int(pl) o gb o hy.

By construction (Pp, X7, hy) satisfies the conditions 2.1, so (Pp, X}) is mixed Shimura data.
Next define an equivariant map ¥ : X — &} by p-z — [¢(p)], then (¢, ¥) : (P, X) —
(P, X1) is a morphism of mixed Shimura data. It is now trivial to show that (P, X;)
possesses the desired universal property. q.e.d.

Remark. Let (P, X}) := (P, X)/Py. By the proof above the map X — X} is surjective
if and only if the homomorphism P(R) - U(C) — P;(R) - U;(C) is surjective. While this is
not the case in general, it is so if P is unipotent.

2.10 Example: Let (P, X') be mixed Shimura data.Since P acts nontrivially on every
subquotient of W, the commutator subgroup P%" contains the unipotent radical of P. Thus
P/P%" is a torus. The property that X = h(X) is not invariant under forming quotients,
as the following example shows. Let (C'Spag,0, H2g) = (Gm,g, Ho) be the morphism defined
in 2.8. It is easy to verify that it induces an isomorphism

(CSp2g,Hag)/SP2g.0 — (Gm,oHo)-

In this case Hag = h(Hagy), but Ho 2 h(Ho). This shows one of the advantages of introduc-
ing finite coverings in 2.1.

Now let (P, X,h) be mixed Shimura data and ¢ : h(X) — Hom(Sc, Pc) the inclu-
sion. Then (P,h(X),¢) is again mixed Shimura data, and there is a canonical morphism
(P,X,h) — (P,h(X),t), or (P,X) — (P,h(X)). We want to derive a relation between
(P, X), (P,h(X)) and (P, X)/P9%". This relation will show that the generalization to finite
covering does not yield essentially new objects.

2.11. Proposition: For any mixed Shimura data (P, X’) the canonical morphism

(P,X) — (P, X)/P%" x (P, h(X))
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is an embedding.

Proof. (Compare [D1] prop. 2.6) Let T := P/P%" ¢ : P — T the canonical ho-
momorphism, and (P, X)/P%" = (T,Y). Fix z € X, and define as abbreviation A :=
Stabpr).v(c)(z) and B := Cent p(ry.;7(c)(ha). The group A is a subgroup of finite index in
B. As in the proof of 2.9 we identify X with (P(R)-U(C))/A. Since h(X) = (P(R)-U(C))/B
we must prove that the map

(P(R)-U(C))/A = T(R)/¢(A) x (P(R) -U(C))/B
is injective. This is equivalent to
A=¢""(6(A)NB.

Now ¢~ (#(A)NB =A-P* (R)-U(C)NB = A-(P%"(R)-U(C)N B), because A already
lies in B. Since P%"(R)-U(C)N B = Cent paer(®).U(c) (M) the assertion is equivalent to

Centpder(R).U((c) (hx) C A

Now the connected component of identity of Cent paer z).;7(c)(hs) is contained in that of B,
hence in A. Thus it is enough to show that Cent paerg).;7(c)(hz) is connected.

By 1.17 (a) we may now assume P = (G. Being the centralizer of a torus, the algebraic
subgroup Centaer (hz) is connected. By 2.1 (vi) its Lie algebra is the subspace of invariants

in (Lie G)g under Adg(h(v/—1)), so Centgaer(g)(hy) is compact. Since every algebraically
connected compact linear group is already topologically connected (see [BT| 14.3), we are
done. q.e.d.

2.12. Corollary: Let (P, X) be mixed Shimura data. Every connected component of
X is mapped isomorphically to its image in Hom(S¢, Pr). If W = 1, then every connected
component of X is a hermitian symmetric domain.

Proof. The first assertion follows directly from the injection of X — Y x h(X) with a
finite set ). The second one follows from the first together with 1.14. q.e.d.

2.13. Covering by irreducible mixed Shimura data: Let (P,X) be mixed
Shimura data. Let P; be a normal subgroup of P, defined over Q, such that for some
(& for all) x € X the homorphism h, factors through P;c. Then W lies in P;, and
P =P -7 YZ(G)). Every Pi(R) - U(C)-orbit X; C X is the union of some connected
components of X', since for any = € A there is an isomorphism

Xl = P1 (R) . U((C)/ Stabpl(R).U((C)(l‘)
= (P1(R) - U(C) - Stabp(r).u(c)(7)/ Stabpw).u(c) (®),

and by 1.17 P1(R)-U(C) - Stabp(ry.r7(c)() is a subgroup of finite index in P(R)-U(C). With
X1 22— hy: S¢ = Pic C Pc we obtain mixed Shimura data (P, X)) and a canonical
embedding (P, X}) — (P, X).
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Writing X as a disjoint union of P;(R) - U(C)-orbits X; we get a “covering” of (P, X)
by these (Pp, X;). In this sence every mixed Shimura data is covered by others, for which
one can impose additional conditions.

In particular call mixed Shimura data (P, X) irreducible if there does exist a proper
normal subgroup of P, defined over Q, through which the homomorphism A, factors for any
(& for all ) x € X. Any mixed Shimura data possesses a canonical covering by irreducible
ones.

2.14. Proposition: Let (P, X) be irreducible mixed Shimura data.
(a) P operates on Lie U through a scalar character P — Gy, .

(b) There exists a character P — G, @, a nondegenerate P-equivariant pairing ¥ : (Lie V)®
(LieV) — Q, where P operates on Q through this character, and for every x € X a
homomorphism A\, € Hom(Q,Q(1)), such that for every x € X A\, o ¥ is a polarization of
the Hodge structure on Lie V' defined by h,.

Proof. Without loss of generality we may replace (P, X') by (P, h(X))/Z(P), then the
conditons of 1.18 hold, in particular the weight is rational. Let G; C G be the smallest
normal subgroup, defined over Q, such that for some (< for all) z € X the homomorphism
hls1 factors through G;. Then by the irreducibility of P(,X) we have G = G - (hy o
w)(Gpy ). The assertion (a) follows from the fact that G acts trivially on LieU, and
that the weight acts on Lie U through a scalar character. For (b) let M := LieV and N,
U: M®M — N asin 1.12. By the remarks in 1.13 we may choose N of dimension 1, and
the rest follows. q.e.d.

2.15 Structure of the unipotent radical: Consider the short exact sequence
1—-U—W —V — 1. Let [,] be the Lie bracket in Lie P. Since Lie W is mixed of weight
< —1, the subalgebra [Lie W, Lie W] C Lie W is mixed of weight < —2, hence contained in
Lie U. Furthermore [Lie W, Lie U] is mixed of weight < —3, hence 0, since in Lie W only the
weight —1 and —2 may occur. Thus W is a central extension of the two abelian unipotent
groups V and U. The commutator on W induces an alternating form ¥ : V xV — U,
which determines the extension up to isomorphism. In fact, given U, V and ¥, one can
reconstruct W for instance as follows. Let W := U x V as a variety over Q, and define
(u,v) - (u',v") = (u+u + % U (v,0"),v+0").

The operation of P by conjugation on U and on V factors through G, and the pairing
in G-equivariant. Interpreting U and V as representations of G we have thus associated to
P the data (G, V,U, V). Up to isomorphism P is uniquely determined by this data. In fact
observe that the extension 1 - W — P — (G — 1 splits in any case, so only the operation
of G on W is in question. If W is identified with U x V' as above, then this operation may be
defined by g((u,v)) = (g(u),g(v)). Since G is reductive and no irreducible representation
of G occurs in both U and V, this is the unique possible action.

Next we describe how to go back and forth between mixed Shimura data for some group
P and that for an extension of P by a unipotent group.

2.16. Partial inverse of 2.9: Consider mixed Shimura data (P, X') and an extension
1— Wy — P - P — 1 of P by a unipotent group Wy. We want to study all possible
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mixed Shimura data (P, X}) with an isomorphism (Pj, X;)/Wy = (P, X) extending the
isomorphism P; /Wy = P. The conditions 2.1 (iv) , (v) and (viii) give a necessary con-
dition for the existence of such (P;, X1). Observe that the adjoint action of P} on every
abelian subquotient of Wy factors through P. Thus the necessary condition says that the
Lie Algebra of every irreducible subquotient of Lie W must be type {(—1,0),(0,—1)} or
{(—=1,—1)} as representation of GG, and the center of G acts on it through a torus that is

an almost direct product of a Q-split torus with a torus of compact type defined over Q.

2.17. Proposition: Let (P,X), Wy and P; be as in 2.16, and assume that Lie W)
satisfies the condition given in 2.16. Then:

(a) There exists mixed Shimura data (P, X;) and a morphism (P, X;) — (P, X) that
extends the given homomorphism P, — P, such that (P, X})/Wy = (P, X). They are
uniquely determined up to isomorphism.

(b) For every morphism (P’,X’) — (P,X) and every factorization P’ — P; — P there
exists exactly one extension (P', X’) — (P, X1) — (P, X):

P — P (P/,X/) — (Pl,Xl)
N — N\ \
P (P, X)

Definition: We call (P, X]) a unipotent extension of (P, X'). Let Uy := Wy N U; and
Vo := Wy /Uy, then we have a short exact sequence 1 — Uy — Wy — V — 1, which we call
the weight decomposition of Wj.

Proof. Fix a Levi decomposition P, = Wj x GG, this induces a Levi decomposition
P =W xG. Let x9p € X such that hy, factors through G C P. By assumption hg,
induces a rational Hodge structure of type {(—1,0), (0,—1),(—1,—1)} on every irreducible
G-subspace of Lie W;. Define U; C W7 by Lie Uy = W_y(Lie W7), this is a subspace defined
over Q. As in 2.15 it follows that U; is contained in the center of W7y, so it is a normal
subgroup of P;. Now by definition the conditions 2.1 (iii)—(viii) hold for P; and hy,.
Denote the given homomorphism P; — P by ¢. If desired (P, X}) exists, then by 1.17
for every x1 € X} that is mapped to z € X we have Stabp, )., (c)(21) = Stabpg).y(c) ().
Thus X} is isomorphic to

X1 = {(z,k) € X x Hom(Sc, P ¢ such that h, = ¢ o k, and

n'ok: S¢ — (P1/Uy)c is already defined over R}.

Taking this as definition of Xj, together with the obvious map h : X; — Hom(Sc, P c,
(x, k) — k, all the conditions of 2.1 are satisfied, so we get mixed Shimura data (P, X;) and
a morphism (P;, X1) — (P, X'), unique up to the isomorphism. Comparing this construction
with that in 2.9 we find (P, X1)/Wp = (P, X). The universal property of (Py, &X1) is obvious
from its construction. q.e.d.

2.18. The structure of the fibres: Let (P1&}) — (P, X) be a unipotent extension.
Then the map ¥ : X} — X is a Wp(R) - (Wy N Uy)(C)-torsor, in particular its fibres are
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connected. Let x1 € &} and x := ¥(x1), then 1 defines a Hodge structure on Lie W}, and
as in the proof of 1.16 it follows that the map

Wo(R) - (Wo N U1)(C) —WoWo T \If_l(x)
0 T exp T
(Lie W())R + Lie W() M Ul)(C = (Lie WO)(C/FO(Lie W())C

is an holomorphic isomorphism.

Consider the constant vector bundle Wy on & with fibre (Lie Wy)c. The operation of
P (R)-Uy(C) on (Lie Wy)¢ makes it into an equivariant vector bundle. There exists a smooth
subbundle FOW),, whose fibre in 21 € X} equals F°(Lie Wy)¢ for the Hodge structure defined
by x1. This subbundle is invariant under the operation of Wy(R) - (Wo N U;)(C) if and only
if Wy is abelian. Then and only then F°W, C W are pullbacks of vector bundless on X.

Suppose that the short exact sequence 1 — Wy — P; — P — 1 splits. By 2.17 (b) any

splitting yields a section € : (P, X) — (P, X}). By pullback we obtain vector bundles on
X, and the above isomorphism between a fibre ~1(x) and Lie Wy)c/F9(Lie Wy)¢ yields

an identification of X7 — X with the holomorphic complex vector bundle £*(Wy/FWy).

Let us apply this to arbitrary mixed Shimura data (P, X}) with Wy = Wj. Then the
sequence splits, and with 2.12 we have proved:

2.19. Proposition: Let (P,X) be mixed Shimura data. Then every connected
component of X is a holomorphic complex vector bundle on a hermitian symmetric domain.

2.20. Fibre product: Let (P, X;) — (P, X') be a unipotent extension and (Pa, X3) —
(P, X) an arbitrary morphism. Let Pjs := P; xp Py and Xj2 := A} Xy Ao be the fibre
poducts. Since P; — P is an extension by a unipotent group, P2 is a connected subgroup
of P x P (this would not be true for an arbitrary morphism (P, x;) — (P, X)). Define
h12 by the commutative diagram

Xlg % Hom(S@, Plg’(c)

) )

Xy x Xy xR o Hom(Se, Pre x Pog).

Since Pj3 — P» is a unipotent extension, it follows at once (Pj2, X12) is mixed Shimura
data. We have a commutative diagram

(P2, X12) — (P, X))

3 !
(PQ,Xz) — (P, X)

Furthermore (P2, X12) possesses the universal property of the fibre product in the category
of mixed Shimura data; this is also a trivial consequence of the construction. We write
(P1, X1) X (px) (P2, A2) for (P2, X12).

2.21. Operations on the fibre for split unipotent extensions: Consider mixed

Shimura data (P, X’) and a representation Wy of P that satisfies the condition in 2.16. We
consider Wy as an (abelian) unipotent group over Q and define P; := Wy x P with the

36



multiplication (w,p) - (w',p") = (w - p(w’),p - p’). By 2.17 we get a canonical morphism
(P, X1) — (P, X) together with a section (P, X)) — (P, X1). For two such representations
Wy and W} and a P-equivariant homomorphism f: Wy — W}, we define a homomorphism
P, = WyxP _fxid W{ixP = P|. By 2.17 we get a canonical morphism (P, X1) — (P}, X})
of the corresponding mixed Shimura data. Thus for fixed (P, X)) we have a functor from
the category of all dimensional representations of P over Q that satisfy 2.16 to the category
of all mixed Shimura dater “over” (P, X’) together with a section. It is easily seen that this
functor maps direct sums to fibre products (2.20).

For instance the addition Wy @ Wy — Wy yields a morphism m : (P, &)) X (P,x)
(P, X)) — (P, X)), which on the fibre of &} xy A1 — X corresponds to the additon
on the corresponding vector bundle of 2.18. Thus (P, Ax}) becomes a group object in
the category of all Shimura data over (P,X). The endomorphism algeba Endp(WWp) also
operates an (P, X}) over (P, X). Both these operations are compatible with the “zero”
section € : (P, X) — (P1,X7). There is also the following operation: For any wy € Wy (Q)
the conjugation by wp induces an isomorphism

int(wo) : (P, &) —mbwokwo)) o (p oy

N\ v
(P, X)

that transforms the zero section ¢ into int(wyp) o .

2.22. Operations on the fibre in an abelian unipotent extension: Let ¢ :
(P, X1) — (P, X) be a unipotent extention with Wy abelian. Here we do not assume that
the extension splits. Still the operation of P; on W) factors through P, and the vector
bundles considered in 2.18 come from canonical vector bundles on X. So the operation of
Wo(R) - (WoNU1)(C) on X7 makes the bundle X} — X into a holomorphic torsor under the
additive group of this vector bundle Wy/F°W, on X.

We can express this situation functorially as follows. For more generality let (P, X') —
(Py, X,) be a morphism such that the operation of P on W, factors through P,. Let
(P, X") — (Py, X,) be the (splitting) unipotent extension with P’ = Wy x P,. Let P, X))
be the fibre product (P', X') x(p, x,) (P1, A1), then P{ = P' xp, P = (Wy x Py) xp, P| =
WO b Pl.

The map

Pll EWO >4P1 —>P1, (w,pl) = W - P1

is a homomorphism, so by 2.17 (b) it extends canonically to a morphism

po (PLXY) X(p, 2y (P, X0) = (P, X)) = (P, X).

2.23. Proposition: This morphism defines an operation of the group object (P’, X’) —
(Py, Xy) on (P1, X)) in the category of all mixed Shimura data over (P, X,). Through this
(Py, X1) becomes a (P, X') — (P, Xx))-torsor over (P, X).

Proof. The assertion is equivalent to the conjunction of the following two:
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(a) The diagram

id
(P, X") X(p, x,) (P, X) x(pxy (P, X1) —=E5  (PLX') X(p, x,) (P1, 1)

mxid\L \Lu
(P, X") x(p, 2,y (Pr, X1) —+ (P, &)

i1s commutative.
(b) The morphism

(P, X") x(p, x.) (P1, X1) erzn) (P1, X1) X(p, cx) (P1,X1)

is well-defined and an isomorphism.

Since we are only dealing with unipotent extensions of (P, X’), it suffices to prove
these assertions for the corresponding homomorphisms P’ xp, P; — Py, etc. Consider the
diagram in (a). Like for P/ xp, P; = Wy x Py there is a similar canonical isomorphism
P’ xp, P' xp, P &2 Wy x Wy x P;. One finds that an element (w,w’,p;) is mapped to
w-w' - p; € Py through both corners of the diagram, whence (a). (b) is equivalent to the
assertion that the diagram

(Pl x]) = (P, 4)
pra | Le
(P,x) % (PAX)

is cartesian. This is implied by the fact that the homomorphism Wy x P, — P; xp
Py, (w,p1) — (w-p1,p1) is an isomorphism. q.e.d.

2.24. Example: Let (Gg,Hp) be as in 2.8. let Uy = G, = Q with the standard
operation of Gy = Gy, . Clearly Uy is pure of type (—1, —1) as representation of Gy, and
G is itself Q-split , so the construction 2.17 yields a unipotent extension (Py, Xp) of (Go, Ho)
with Py = Uy x Gy. We can also describe it as follows. Identify Py with the subgroup of all
matices of the form (S T) in GLa g, h(Xp) with the set of all homomorphisms S¢ — Py ¢ of
the form S(C) D S(R) = C* 2 z — (%), and Xy with h(Xp) x Ho.

Every connected component of Ap is isomorphic to C, and the group structure defined
by 2.21 corresponds to that of the additive group C. As a variant we can also consider
the Shimura data Py, h(X))), here h(AXp) is connected, and (P, h(Xp)) is a group object
over (Gp g, {k}) = (Go, h(Ho)) (see 2.8). Note that for every ((FPo, Xo) — (Gm, g, Ho))-
torsor (P, X') — (P,X) we have a canonical isomorphism between Uy and the kernel of

the homomorphism 7y : P’ — P.

2.25. Example: Let (CSpagq,Hzg) be the Shimura data defined in 2.7, and Vs,
the standard representation of C'Spy, . The construction 2.17 yields mixed Shimura data
(Vag x CSpag 0, ’29). Let Uyy := G, = Q with the operation of C'Spyy o by the multiplier.
The given alternating form W : V54 X Vo, — Q = Uy is CSpagg-equivariant. Let 1 —
Uzg — Way — Vaq — 1 be the central extension of unipotent groups defined by W, and let
Py := Wyy x CSpag . By 2.17 we obtain mixed Shimura data (Pag, X24) and morphisms

(PQQ? ng) - (V29 a CSP29,Q7H/2g) - (CSP2g,Q>H29)-
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The unipotent extension (Vag % CSpgng,,Hég) — (CSp2g.0, Hag) is an example for a group
object. Let (C'Spag.0, H2g) = (Gm,q, Ho) be the morphism defined in 2.8. Since the opera-
tion of C'Spyg,g on Uy factors through G,, g, every isomorphism Us, = Uy gives a structure
on (P, Xog) as a ((Po, X0) — (Gim,g, Ho))-torsor over (Vag x CSpag o, Hy,).-

2.26. Reduction lemma: Let (P, X') be irreducible mixed Shimura data. Then there
exists pure Shimura data (7,)) and (G, #H), where T is a torus and h : H — Hom(S, G¢)
injective, and a number n > 0 such that

(a) If V =1, then there exists an embedding

(P.X) = (T.) x (G.2) x [[(Po. b))
=1

where (Py, h(AXp)) is the mixed Shimura data defined in 2.24.

(b) If 29 = dim(V') > 0, then there exists a morphism (P, X') — (Gm.,q, Ho), a ((Po, Xp) —
Gm,g, Ho))-torsor (P, X') — (P, X) and an embedding

n

(P/aX/) — (T7 y) X (Ga H) X H(P29’X29)7
i=1
where (G0, Ho), (Po, Xp), and (Pag, X24) are mixed Shimura data defined in 2.8, 2.24 and
2.25 respectively.

Proof. (a) By 2.14 (a) P operates through scalars on U. Let P; C P be the kernel of
this operation. Let A1,..., A, be a basis for Hom(U, Q). For every i the quotient P/P; -
Ker();) is isomorphic to the group Py defined in 2.24. One sees easily that any such
isomorphism extends uniquely to a morphism (P, X) — (P, h(&Xp)). By construction the
direct product of these morphisms

n

(P, X) = [ [(Po, n(%0))
i=1

is injective on U. Thus the corresponding morphism

(PV/Y) - (PV/Y)/U X H(P07h(XO))
i=1

is an embedding. Together with the embedding (P, X)/U — (T,)) x (G, H) := (T,Y) %
(P,h(X))/U from 2.11 we get the desired result.

(b) Let ¥ : V xV — U be pairing induced from the commutator. Note that V' is pure
of weight —1, so according to 2.14 (b) we can fix a P-equivariant pairing ® : V xV —
Up := Gq,p = Q with a suitable operation of P on Q, such that for all x € X there exists
A € Hom(Q,Q(1)), such that Ao ® is a polarization of the Hodge structure on V' defined by
z. Define U :=U®Q and ¥’ := (¥, ®) : VxV — U’. By 2.15 the triple (U’, V, ¥’) defines
a central extension 1 — U’ — W/ — V — 1, and W’ /Uy is isomorphic to W. Fixing such
an isomorphism we let P’ := W' x G, this is then a unipotent extension of P by Uy = Q,
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so we obtain a unipotent extension (P, X") — (P, X) Let ¢ : P — Gy, o be the character
through which P operates on Uy. For every x € X let A\, € Hg be the unique element, such
that A\, o @ is a polarization of the Hodge structure on V' defined by z. Then (¢, ¥) is a
morphism (P, X) — (G, g, Ho), and (P, X') — (P, X) is a ((Py, Xp) — (Gm,gHo))-torsor
in a canonical way.

Since the irreducibility of (P, X') implies that of (P’, X’), P' acts through scalars on
U’. Consider the set of all u € Hom(U’,Q) such that for all z € X’ there exists \ €
Hom(Q, Q(1)), so that the pairing A o x o ¥’ is a polarization of V. This set is open in the
usual topology, and nonempty since it contains pry : U’ — Uy = Q. Therefore it contains
a basis p1 ... i, of Hom(U',Q). Let 2g = dim(V'), and let (Pag, Xog), Way, and Va4 be as
in 2.25. For every ¢ = 1,...,n there exists an isomorphism V = V5, such that the pairing
pi o U’ corresponds to the pairing on Vs, fixed in 2.7. Thus there is a homomorphism
W' — Wy, that induces an isomorphism V' = V5, and whose kernel on U’ is equal to the
kernel on pj. By the definition of (P, Xag) this gives a morphism (P, X') — (Pag, Xag).
Taking together these n morphisms we obtain a morphism of Shimura data

n

(P, X') — H(P2Q7X29)7
i=1

which by construction is injective on the unipotent radical W’. Hence the corresponding
morphism

(P, X)) — (P, X)) /W' x ﬁ(ng,ng)

i=1
is an embedding. Together with the embedding (P', X')/W' — (T,Y) x (G, H) := (T, Y) x
(P',h(X"))/W' from 2.11 we obtain the desired result. q.e.d.
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Chapter 3

Mixed Shimura varieties

In this chapter we begin with the definition of mixed Shimura varieties, and show (in 3.3)
that these objects are nice complex spaces. Then we go on to study the morphisms and
constructions induced by those considered in chapter 2. Again most of the chapter (starting
from 3.10) is devoted to the study of the unipotent fibres. It is remarkable that, under very
mild conditions, the group objects and actions of 2.21—23 yield the same structures for
the associated mixed Shimura varieties (see 3.10—12). We prove that the unipotent fibre
are torus-torsors over abelian varieties (3.14 and 3.22 (a)). In an important special case
this torus is canonically isomorphic to C* (3.16), in which case we are interested in the
associated line bundle (3.17). In 3.21 we give an ampleness criterion for this line bundle.

3.1. Definition: Let (P,&X) be mixed Shimura data, and K; an open compact
subgroup of P(Af). We define the corresponding mixed Shimura variety, as

MEi (P x)(C) := P(Q\X x (P(Af)/K/),

where P(Q) acts on both factors from the left hand side. If P is reductive, we also speak
of pure Shimura variety, or just Shimura variety. The notation is chosen to the compatible
with later chapters.

3.2. Elementary properties: Since Ky is open in P(Ay), the set P(Af)/Ky is
a discrete topological space. We endow M7 (P, X)(C) with the quotient topology. The
set of connected components 7o(MEs (P, X)(C)) is a quotient of m(P(Q)\P(R) - U(C) x
P(Ay)/Ky¢) = mo(P(Q)\P(A)/K¢), hence a finite discrete set (see [G] thm. 5). For every
system of representatives {(X°, p)}, where X is a connected component of X and ps €
P(Ay), we have
M™7(P,X)(C) = 1 T (pp)\X°,

where I'(ps) = P(Q) Npy- Ky -p}l is a congruence subgroup of P(Q) depending on p; and
K;. If P is a torus, then M%7 (P, X)(C) is a finite set.

3.3. Proposition: (a) For any pair (X" ps) the group I'(ps) operates properly
discontinuously on X°. There is a canonical structure of a normal complex space on
M*Xs (P, X)(C), whose singularities are at most quotient singularities by finite groups.
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(b) If K¢ is neat, then M*%s (P, X)(C) is a complex manifold.

Proof. (a) By 2.1 (viii) P/P9%". Z(P) is an almost direct product of a Q-split torus with
a torus of compact type defined over Q. Thus the image of T'(py) in (P/P%*" - Z(P)(Q) is
finite, so it suffices to prove the assertion for ' := I'(ps) N (P%" - Z(P))(Q). Now Z(P)(R)°
acts trivially on X0, so in view of the convention 0.4 we may replace (P, X) by (P, X)/Z(P).
Then T' is an arithmetic subgroup of Pd‘”"(@). In particular it is a discrete subgroup of
P (R), so it operates properly discontinuously on P, := P%"(R)".U(C). For any x € X"
we have a homomorphism X% = P, /K., with K := Stabp_(z). But by 1.17 (a) and 2.1
(vi) Ku is compact, so I' also operates properly discontinuously on X°, as desired. The
complex structure on I'(ps)\X? comes from the canonical P(R) - U(C)-invariant complex
structure on X.

(b) If K; is neat, then so is I'(ps), hence it is already contained in (P%" - Z(P))(Q).
Moreover its image in (P/Z(P))(Q) is again neat, so in particular torsion free. By the
argument in (a) the stabilizer of any point z € X° in this image is finite, so it must be
trivial. Thus I'(py)\X 0'is a complex manifold, as desired. q.e.d.

3.4. Morphisms on M%/(P,X)(C): (a) Let (P,X) be mixed Shimura data p; €
P(Ay), and Ky, K} C P(Ay) open compact subgroups, such that K} Cpr- Ky -p}l. Then
the map

[-ps] = [ pfliey i, 2 MPI(P,X)(C) = (M™1 (P, X)(C),
[(z, pp)] = [(z, D - pf)]

is well-defined. It is holomorphic, closed, finite, and surjective. For K, = ps- Ky - p}l it is
an isomorphism.

(b) Let ¢ : (P1,X1) — (P2, X2) be a morphism of mixed Shimura data, and K}‘ C Pi(Ay)
and K]% C P>(Ay) open compact subgroups. If qﬁ(K}) C KJ%, then the canonical map

(6] = [0l 51 12 : M1 (P, 21)(C) — M (P, X2)(C),

Py
(21, p7)] = [(¢(21), $(py))]

is well-defined. By 2.4 and 3.3 it is holomorphic. If ¢ is an isomorphism and qb(K}) = K]%,
then [¢] is an isomorphism.

3.5. Functoriality: The morphisms in 3.4 have the following functorial properties:
(a) Let (P, X) be mixed Shimura data, ps, py € P(Ay), and Ky, K}, K} C P(Ay) open
compact subgroups, such that K} C pr- Ky -pJTl and K}’ C p’f - K} : (p’f)_l. Then
K} C () -pp)- Ky (- py)”~" and

[ 2P, = [pelry e, © [ Pflicy e

(b) Let qbl : (Pl,Xl) — (PQ,XQ) and qbg : (PQ,XQ) — (Pg,)(g) be morphisms and K}' C
Pi(Ay), K]% C Py(Ay), and K]% C P3(Ay), open compact subgroups, such that gbl(K}) C K]%

and ch(K]%) C K?. Then (¢ o ¢1)(K}) C K? and

[¢2 o ¢1]K},K? = [¢2]K]%,KJ% © [¢1]K},K?'
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(c) Let ¢ : (P1,&1) — (F»,X>) be a morphism, pyr € Pi(Af), and K}, K}’ C Pi(Ay)
and K]%, KJ%’ C P»(Af) open compact subgroups, such that gb(K}) C K]%, gb(K}’) c K?,

K}’ C py- K}c -p}l and KJ%’ C ¢(py) K? - ¢(pg)~1. Then

[Plk1 k2 0] 'pf]K}’,K

Ry L= [ '¢(pf)]K)2/,K)2c © [gb]K}’,K?’-

/ f

(d) Let (P,X) be mixed Shimura data, Ky an open compact subgroup of P(Ay), and
kg € Ky. Then [ -kflk; i, is the identity on M/ (P, X)(C).

(e) Let (P, X) be mixed Shimura data, p € P(Q) and Ky, K} C P(Af) open compact
subgroups, such that K} C p- Ky -p~ . Denote by int(p™!) : (P,X) — (P, X) the
morphism defined by P — P, p' = p~t-p/-pand X — X, z — p~ !
[int(p_l)]K}7Kf is defined and equal to | -p]K}ny.

- x. Then the map

3.6. The projective system: For py = 1 and K} C Ky the maps of 3.4 give the
canonical maps

id) = fidl i 1, + M*I(P,X)(€) = MSI(P,%)(C),
(@, )] = (=, p)].
With these maps the M%7 (P, X)(C) form a projective system of complex spaces, indexed
by the system of all open compact subgroups of P(Ay). The morphisms 3.4 (a) define
an operation of P(A¢) from the right hand side on this projective system. A morphism

of mixed Shimura data induces an equivariant morphism of projective systems with this
right- P(A ¢)-operation.

3.7. Lemma: Let (P, X) be mixed Shimura data, let I'; be an arithmetic subgroup
of {z € Z(P)(Q) | zjx = id}, and Tz be its closure in P(Ay).

(a) For any open compact subgroup K C P(Af) the projection M%7 (P, X)(C) — MYz Ei (P x)(C)
is an isomorphism.

(b) Let A be a compact subgroup of P(A¢). Then the obvious map
PO\ x (P(87)/Tz - A) — lim M¥1(P, %) ()

is bijective, where the limit is taken over all open compact subgroups Ky C P(Ay) that
contain A.

Proof. (Compare [D1] 1.15.2)(a) follows from the isomorphisms
PQN\X x (P(Af)/Ky) = P(Q\X x (U'z\P(Af)/Kf)

and
PZ\P(Ay)/ Ky = P(Ag)/Tz - Kp = P(Ag) /T - K.

For (b) let { K¢} be the system of all open subgroups that contain A. An element of the
inverse limit is a system of elements [(zq, p§)] € M%7 (P, X)(C), such that for all K? C K¥
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the image of [(xg,pi)] in M%7 (P, x)(C) is equal to [(za,p})]. Thus in particular the coset
P(Q) - x,, does not depend on «, so we may replace the representatives by others, for which
all z,, are equal to a fixed z € X. Having done this, let B := Stabp(@)(a:), then we can still
replace every p? by an arbitrary element of the double coset B - pj} - K J?‘ Since b - pcf" - K J‘} is
open and compact for every b € B, this double coset is closed. For all K ? C K]?‘ we have
B -p? : K? C B-p§- K%, so (B -p? : K?) Np§ - K§, is nonempty and compact. Keepimg
a fixed, these sets form a decreasing system of nonempty compact subsets of P(Af). Thus
their intersection must be nonempty. This shows that there exists a common representative
for all [(q,p§)], whence the desired surjective.

For the injectivity we may assume that A contains I',. Let « and B be as before, and
fix py € P(Ay), then we have to prove that (), B - ps- K¢ = B - ps - A. By the proof of
3.3 (a) I'z is of finite index in B Npy - K¥ -p}l, so for all sufficently small K% we have
Bnpy- K% -p]Tl =BNps-A- pjjl. Fix such an «, then it follows:

B -ps- K =B pr- KN (b-pr- KF)
B beB S
=N Bnps KF-p;h)py- K
beB B
3
=B-(\B-ps E})n(ps KY)
3
ZB'ﬂpf-K?
3

as desired. q.e.d.

3.8. Proposition (compare [D1] 1.15): Let (P, X;) < (P2, X2) be an embedding,
and Kjl: C Pi(Ay), K]% C P2(Ay) open compact subgroups such that K} = <Z>_1(KJ2¢).
(a) The map [¢] : MK} (P, X1)(C) — MK (Ps, X2)(C) is finite and closed.

(b) For every K}c there exists K% such that this map is a closed embedding.
Proof. (a) Since Z(P;) is mapped to Z(P,), we may as in the proof of 3.3 (a) reduce

to the case where these subgroups are trivial. Since M K} (P1, X1)(C) has only finitely many
connected components, it is enough to consider one such component. On it the map is
given as Fl\Xlo — I‘Q\X2O, where XZ-O are connected components of &A; and I'; arithmetic
subgroups of P;(Q) with I'y = P;(Q) NTs. Let z € XY and write &) = P! /K!_ as in the
proof of 3.3 (a), for i =1, 2.

Asin [Rag] 10.15 let p: PJ" — GL,, o be a representation and v € Q", such that Pl

is the stabilizer of v in Pge". Consider the continuous left- P2 -invariant map

®; P — C", pr p(p)v.
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By construction ®~!(m) = PL. Since p(I's) stabilizes some Z-lattice in Q", the set ®(I's)
is a discrete subset of C". Like in [loc. cit.] it follows that T'y - PL is closed in PZ
and contains PL as an open and closed subset. Consequently we have a closed embedding
['1/PL — T'y\P2. Since K2 is compact, the composition I'; /PL — T\ P2 — T\ P2 /K2,
is also closed and thus also the map [¢].

Let p, p’ € PL, v €Ty and k € K2, such that p’ = v-p-k. Then v~ !-p = p-k,
whence ®(y™ 1) = ®(y 1. p) € ®(p- KL) = p(p) - ®(KL). The image of p’ in I'1\PL /KL
depends only on ®(y~!) and ®(k). But as ®(K L) is compact, the set ®(I'2) N p(p)- (K1)
is finite. Hence the fibre over [p] € I'y\ P2, /K2 is finite.

(b) (Compare [D1] 1.15) Without loss of generality we may assume K}c and K]% neat.

By (a) it suffices to prove the injectivity. Fix K} and let X (K]%) be the difference kernel of
the two maps

-1

(8] o pri : (M7 (P, x1)(C)% = M5 (Py, 25)(C).

This is a closed analytic subvariety of MK}(Pl, X1)(C) x M5 (P1, X1)(C), finite and étale
over both factors, which decreases with K]%. Thus X (K]%) becomes constant for KJ% D K}c
sufficiently small. Hence it suffices to show the injectivity in the projective limit. By 3.7
we have to show that the map

PL(Q)\X1 x (Pi(Ag)/K}) = P2(Q)\X2 x (Pa(As)/Tz, - K})

is injective, where I'z, is an arbitrary arithmetic subgroup of {2 € Z(F%)(Q) | 22,,, = id}.
Write Z(P,)? is an almost direct product (Z(P) N P;)? - T for some torus T, and choose
I'z, =Tz -I'rwith 'z, C Pl((@) QK} and I'r C T(@)QT(R)O such that FTﬂpl(Q) = {1}
Then we have I'z, - Pi(Af) = I'r x Pi(Ay). Using this relation it is straightforward to
explicitly verify the injectivity. q.e.d.

3.9. Proposition (compare [D1] 2.5 ): Let (P, X) be mixed Shimura data with
P /W simply connected. Let (T,)) = (P,X)/P%" and ¢ : P — T the canonical
projection. Then for every open compact subgroup Ky C P(A¢) the image ¢(K ) C T'(Ay)
is again open and compact, and the map [¢] : M7 (P, X)(C) — M®E)(T, Y)(C) induces
a bijection of the connected components

mo(ME1 (P, X)(C) == M*E)(T, y)(C).

Proof. Since Ky is compact, its image ¢(K¢) is also compact. Its openness follows
as in the proof of [D1] 2.4. Fix z € X and let A be its stabilizer in P(R) - U(C), then
X = PR)-U(C)/A. We have

mo(M "1 (P, X)(C) = mo(P(@\X x (P(Ay)/Ky))
= mo(P(@\(P(R) - U(C)/A) x (P(Af)/Ky))
= mo(P(Q\P(A)/(A x Ky))
= mo(P(@\P(A)/Ky)/mo(A).
) = m(P(@)\P(A)/(P(R)° x K/)), and P(R)® x K is open in

Since mo(P(Q)\P(A)/K
(@

!
P(A), we have mo(P(Q)\P(A)/Ky) = mo((P(Q) - P(R)?)\P(A)/Ky). Since W(Q) - W(R)
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is dense in W (A), this set is equal to mo(G(Q)\G(A)/m(Ky)). Thus we may assume with-
out loss of generality that P = G. In this case [D1] 2.5 asserts that the canonical map
To(G(Q\G(A)/m(Kf)) — mo(T(Q)\T'(A/$(K¢)) is bijective. Hence

To(M*# (P, X)(C) = mo(P(Q)\P(A)/Kf)/m0(A)
—= mo(T(Q\T(A)/¢(Ky))/m0o(A)
= mo(T(@\T(A)/d(Ky))/mo($(A)),

and the latter is equal to K®55) (T, Y)(C), since by the construction of (P, X)/P%" (see
2.9) Y = mo(T(R)/p(A)). q.e.d.

3.10. Fibre product: Let (¢1,%1): (P1,X1) — (P, X) be a unipotent extension
by Wo, (¢2,¥2) : (P2, X2) — (P, X') an arbitrary morphism, and let (P2, X12) be the fibre
product defined in 2.20. Let K} C Pi(Ay) and KJ% C P>(Ay) be open compact subgroups,
such that gbz(KJ%) C Ky := qbl(K}) C P(Ay). Since P; is isomorphic to Wy x P as an
algebraic variety, K is also open and compact. Let K}Q = K} XK, K? be the fibre
product, this is an open compact subgroup of Pi2(Af). By 2.20 and 3.5 we now have a
commutative diagram

MK}Z(PH,XH)(C) — MK}(Pl,Xl)«C)
{ 1
M5i (P, ) (C)  —  MEs(P,x)(C)

This diagram induces a holomorphic map to the fibre product:

MEF (Pry, X12)(C) — M®F(Py, 21)(C) x M®F(Py, 25)(C).

ME7(P.x)(C)

3.11. Lemma: In the situation of 3.10, asssume that K is neat, and that the
homomorphism

{22 € Z(P)(Q) | 22, = id} N K} — {z € Z(P)(Q) | 2|x = id} N K}

is surjective. Then the map in 3.10 is an isomorphism.

Remark. If Ky is neat, then the group {z € Z(P)(Q) | 2x = id} N K is contained
in T(Q), where T is the Zariski closure of any sufficiently small arithmetic subgroup of
Z(P)(Q). Thus the second condition follows from the first if Z(P) is an almost direct
product of a Q-split torus with a torus of compact type defined over Q.

Proof. Since P; — P is a unipotent extension, the homomorphisms P;(A¢) — P(Ay),
Pia(Af) — Py(Ay), Pi(Q) — P(Q), and P12(Q) — P»(Q) are surjective, and the homo-
mOI‘phiSHlS Plg(Af) — Pl(Af) XP(Af) PQ(Af) and Plg(@) — Pl(Q) XP(Q) Pz(@) are iso-
morphisms. Furthermore the maps X7 — X and X5 — A5 are surjective, and by the
construction 2.20 of Pja, Xj2) we have X2 = X] Xy Ay, First we show the surjectivity.
Consider points [(:rz,p})] € P(Q)\X; x (PZ(Af)/K})) for ¢ = 1,2 which map to the same
point in P(Q)\X x (P(Af)/Ky)). Then there exists p € P(Q) and ky € Ky such that
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p-Vi(r1) = PYa(we) and p - ¢1(p}) k= Qﬁg(p;). Lift p and k¢ to p1 € Pi(Q), resp.
k} S K}c, and replace (:Ul,p}) by p1 - (a;l,p} : kjlc) Then we have Vi (z1) = Ya(z2) and
¢1(p}) = ¢2(p}). Letting w12 = (z1,22) and p* == (p},p7) we find that [(z12,p}”)] maps
to ([(xl,p})], [(:cg,pi)]) in M5+ (P2, X15)(C). Thus the map is surjective.

For the injective consider z19 = (z1,22), 2}y = (2],25) € X2 and p}2 = (p}c,p?e),
p}z’ = p}c’,p?’) € Pia(Ay), such that [(mlg,p}z)] and $,12,p}02’)] have the same image in
P (Q\X; x (Pi(Af)/K})) for bot.h i = 1,2.. Then there exists p; € P;(Q) and k} € K}
such that p; - z; = 2 and p; -p'} . sz = pzf’. Lift ps and kfc to elements p12 € Pi2(Q),
resp. k}Q € K, and replace (J:lg,p}?) by p12 - (.7712,])}2 . k;]lc2) Then we have zy =
and p% = p?c’. This implies Wy (z1) = Ua(ze) = Va(xh) = Py(a)) and likewise (bl(p}) =
¢1(py
Stab P(Q)(CC) as well asin py- K- p}l. Since K is neat, the intersection of these two groups
is contained in Z(P)(Q). So this element is central and fixes one point of X', hence it acts
trivially on the whole of X. Thus we get ¢1(p1) € {z € Z(P)(Q) | zjx = id} N Ky. By
assumption there exists zo € Z(P)(Q) N K]% such that zpx, = id and ¢2(22) = ¢1(p1).
Define ply = (p1, 22) € P12(Q) and k> := (kj, zy' 1), the latter is an element of K? since

¢1(k}) = o1(p}) " - d1(p) - d1(pY) = py' - da(z2) ! - pr = ¢a(z3!). Then one easily

verifies that p, - (.2712,]9}2 : k}Q’) = (x’lg,p}?’), as desired. q.e.d.

). Let x := ¥y(x1) and py := ¢y (p}), then these equalities show that ¢1(p;) lies in

3.12. Corollary: (a) (Compare 2.21) Let (P, X’) — (P, X’) be a unipotent extension
with a fixed splitting P’ = Wy x P. Suppose that W) is abelian , and let K} C P'(Ay) be

an open compact subgroup of the form KJW x K. If Ky is neat, then
M™ (P, X')(C) — M™I (P, X)(C)

is a smooth holomorphic family of abelian complex Lie groups.

(b) (Compare 2.22) Let ¢ : (P, X1) — (P, X) be a unipotent extension by an abelian
group Wy. Let ¢, @ (P,X) — (Ps, &Xx) be a morphism, such that the operation of P
on Wy factors through P, and such that Z(P;) is an almost direct product of a Q-split
torus with a torus of compact type defined over Q (by 2.1. (viii) this is no big restriction).
Let (P, X") — (Pi, Xx) be the splitting unipotent extension with P’ = Wy x P,. Let
K}c C Pi(Af) be a neat open compact subgroup, K; := cb(K}), and K]W the image of
({z1 € Z(P1)(Q) | 21, = id} x Wo(Af)) N K} under the projection Z(Py) x Wy — W.
Furthermore let K} C P,(Af) be a neat open compact subgroup which normalizes KJW,

such that ¢.(Ky) C K. Let K} := K}' »x Kj. Then

M&}(Py, 20)(C) — ME1(P,x)(C).

is in a canonical way a holomorphic torsor under the family of groups M%7 (P’ X')(C) —
M%i(P,, x,)(C).

Proof. (a) Consider the maps “zero section”, “inverse” and “group operation” on the
mixed Shimura varieties induced by the corresponding morphisms of 2.21. Of course the de-
sired relations between these maps follow directly by functoriality. The only problem is that
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the group operation induces only a map MK Ky (Wox (P, X"))(C) — M~ (P, &1)(C).
Let T C Z(P) be the Zariski closure on any sufficiently small arithmetic subgroup of
Z(P)(Q). Since (P',X") — (P, X) is a unipotent extension and K is neat, it follows that
the group {z € Z(P)(Q) | zjx = id} N K} is contained in T(Q). By 2.1 (viii) T" operates triv-
ially on Wp, so under the semidirect product decomposition {z € Z(P)(Q) | zjx = id} N Ky
lies in {2’ € Z(P')(Q) | z|’X, = id} N K}. Thus the conditions of 3.11 are satisfied, so
MKJYVNKf(WO x (P',X"))(C) is isomorphic to the fibre product of M%7 (P, X’)(C) with
itself over M%7 (P, X)(C). This yields the desired group structure. Since Ky is neat, the
map MEs(P, x')(C) — ME:(P,X)(C) is locally isomorphic to the projection X’ — X,
whence the smoothness.

(b) Let A := ({21 € Z(P1)(Q) | 2ja, = id} X WO(Af))ﬂK}, then pri(A) is an arithmetic
subgroup of {z1 € Z(P1)(Q) | 21, = id}. By 3.7 (a) we may therefore replace K}
by pri(A4) - K}c without changing the mixed Shimura variety M~} (P, X1)(C). After this
modification A = ({21 € Z(P;)(Q) | Py, = id} x Wo(Af) N K}), so we have KJW =
Wo(Ag) N K}c As in (a) the morphism p : (P, X') x(p, x,) (P1,X1) — (P1,&1) of 2.22
induces the desired group action. Note that here the second condition of 3.11 trivially holds.
It remains to prove that this defines a torsor. One easily verifies that the isomorphism
(pro, )+ (P, X X (P,,X,) (P, X)) — (P, X1) X (P,x) (Pp, X1) in the proof of 2.23 induces
an isomorphism of the associated mixed Shimura varieties. It thus remains to show that
the mixed Shimura variety associated to (P1, X1) X (px) (P1, A1) is isomorphic to the fibre
product of M5} (P, X1)(C) with itself over M%7 (P, X)(C). This follows from 3.11 if we can
show that the homomorphism {z1 € Z(P1)(Q) | 21 ,, = id} N K} —{2€ Z(P)Q) | zx =
id} N Ky is surjective. But with our hypothesis about A this is proved as in (a).  q.e.d.

3.13. The fibre of a unipotent extension: Let (¢,V): (P,X;) — (P,X) be a
unipotent extension. Let K} C Pi(Ay) be an open compact subgroup and Ky := cb(K}) C
P(Ay). Fix 1 € X1, p1,f € Pi(Ay), v := ¥(x1) and py := ¢(p1,f). We want to describe the

fibre of the map [¢] : MKJl“(Pl,Xl)((C) — M5 (P, X)(C) explicitly. Since Wy(Q) is dense
in Wy(Ay), the fibre over ([(z,ps)]) is equal to

(8]~ ([(z,pp)]) = PLQ\PL(Q) - (¥ (2) x ¢~ (pf) - K}/K})
= Stabp, ) (x)\(Y ™' (z) x ¢~ (py) - K}/K})
= (Stabp, () () Np1y- K} -pr )\ (2) X p1y- K}/ K}
> (Stabp, (q) () Np1s- Kf-pr )\ ().

Since U~!(z) is an orbit under Wy(R) - (W N U7)(C) and this group is connected, all fibres
of [¢] are connected. Now suppose that K is neat. Then it follows as in the proof of 3.11:

X

X

Stabp, (g)(x) Npry - Kj-pi; C{z1 € Z(P)(Q) | 21, = id} x Wo(Q).

Let I" be the image of
({z1 € Z(P)(Q) | 21, = id} x Wo(Q)) Np1y- K} -pi
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under the projection Z(P;) x Wy — Wy. For any splitting e : (P, X) — (P, &1), the
map [w| — [(w - e(x),pr)] is an isomorphism of the fibre over [(x,p;)] with I'\Wy(R) -
(Wo N U1)(C). If there exists no splitting, then there are still such isomorphisms fibrewise
and noncanonically. If Z(P) is an almost direct product of a Q-split torus with a torus of
compact type defined over Q, then we already have

L= Wo(Q) Npuy- Kj-piy

3.14. The group structure on the fibre: Consider the situation on 3.12 (a). The
fibre of M7 (P, X")(C) — MEs(P,X)(C) is T\Wy(R) - Wo N U1)(C), where T is the image
of ({ € Z(P")(Q) | z|’X, =id} x Wp(Q)) ﬁpf(K}/V) in Wp(Q). This an arithmetic subgroup
of Wy(Q), and Wy(R) - (Wp N U;)(C) is an abelian Lie group. The definition of the group
multiplication 2.21 together with 3.12 (a) implies that the group structure on the fibre is
the natural one on I"\Wy(R) - (Wp N Up)(C). The complex structure can be described by
writing this quotient in the form I'\Wy(C)/ exp(F°(Lie Wy)c) following 2.18.

Let 1 —» Uy — Wy — Vj — 1 be the weight decomposition of Wy, and 1 - I'y — ' —
I'yy — 1 the corresponding short exact sequence of arithmetic subgroups. Then we have a
short exact sequence

1— FU\U()(C) — F\Wo(R) . U()((C) — Fv\%(R) — 1,
or, to indicate the complex structure:
1 — Ty \Uo(C) — T\Wy(C)/ exp(F°(Lie Wo)c) — T'v\Vo(C)/ exp(F°(Lie Vp)e) — 1.

Since I'y is a lattice in Uy(R), we have Up(C) = I'y ® C, so I'y\Up(C) = I'y ® (Z\C) =
'y ® C*. Thus this is an algebraic torus over C. Since 'y is a lattice in V(R), the group
Fy\W(R) = I'y ® (Z\R) is a compact complex torus. We shall see in 3.22 that it is an
abelian variety.

3.15. Torsion points on the fibre: Consider a unipotent extension (¢, V) :
(P, &) = (P,X) by Wy, and neat open compact subgroups Ky = W(K%). Let K}/V =
Wo(Af) N K} and K}fv’+ be the normalizer of K} in Wy(Ay). Since P’ operates nontriv-
ially on every subquotient of Wy, K]‘ZV’+ is also an open compact subgroup of Wy(Ay), so
K}/VJF/K]W is a finite group. For every wy € K]YV’JF the map | -wf]K}7K} is well-defined,
and this defines an operation of K]IZV’+ from the right hand side on M K (P!, X")(C) over

M*%s (P, X)(C). By 3.5 (d) this operation factors through K}/VJF/K}/V On a fibre T\ W ~1(x)
as in 3.13 this operation is given by

[wy]([2']) = [w™" - 2]

for any w € Wy(Q) such that p/f_l ) -p’f = wy mod K]W Clearly this is a free action if

I'=Wo(Q) Nnp}- K- p/f_l, for instance if Z(P) is an almost direct product of a Q-split
torus with a torus of compact type defined over Q.
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Let us apply this in the situation of 3.12 (a). By the proof of 3.12 (a) the action is free.
Using the given splitting e : (P, X) < (P’, X’) we may associate to each [wy] € K}/V’L/KJW
the section [ -wy] o [e] : MEr(P,X)(C) — M"7 (P, x")(C).

This definition induces a holomorphic monomorphism of groups over M%7 (P, X)(C)
(K /KY) x M51(P,x)(C) — M"5 (P, 2)(C).

On the fibre this monomorphism is given by

ps —[id]
K RY —= pp(K D) fpp(KP) +—=—  (Wo(Q) Nps(K}"))/T

n

]
T\Wo(R) - (Wo N U’)(C).

If for example K}/V’+ consists of all wy € Wy(Ay) such that d-wy; € K, then this defines
a isomorphism of K}/V’Jr /K ;V with the group of all d-division points on every fibre.

3.16. Example: Let (Fp, X)) — (G, Ho) be the unipotent extension defined in
2.24, and let Ky C G,,(Af) and KfU C Up(Ay) be open compact subgroups. Since H
consists of two points, and Ky C 7%, for every y € Ho the intersection Stabgx (y) N K is
trivial. Thus in this case the group operation 3.12 (a) is defined without restriction on Kjy.
We want to define a canonical isomorphism

MKfU”Kf(Po, Xp)(C) — C* x M®1(Gpg, Ho)(C).

Since Ky C 7> and Gm(Af) = Q* .7, the embedding Ho x 2% — Ho X Gm(Ay) induces
an isomorphism

{£13\Ho x (2% /Kf) ==+ M"F (G 0, Ho)(C).
By definition Uy is Q interpreted as unipotent group. Thus Up(Q) = Q is dense in Up(Ay) =
Ay, and similary we have Py(Af) = Py(Q)- (K}J x7*). Let d be the unique positive rational

number such that Uy(Q) N K}J = d-Z. The embedding Xy x Z* < Xy x Py (Af) induces an
isomorphism

((d-2) » {£1})\ X x (2% /K[) —= M 757 (Py, 2p)(C).

The projection Py — G,, o and the given section 2 : Gy, — [y induce a canonical
isomorphism

Xo = h(Xy) X Ho = Uy(C) x Ho = C x Ho,
and the operation of Py(R) - Up(C) = C x R* > p = (u,x) on C is given by the affine
automorphism oy, : z +— u+ 2 - 2. As {£1} operates nontrivially on C, it is possible to
decompose ((d-7Z) x {£1})\C x Ho x (Z* /K ;) canonically into a product. But it turns out

that this is the same problem as the choice of a square root of —1, a choice that is necessary
to apply the exponential function in the situation.
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Recall the definition Hg := I[som(Z,Z(1)) of 2.8. For every A € Hp and u € C we get an
element A\(u) € Q(1) ® C = C. Let exp : C — C* be the exponential function, and consider
the map

1
Cx Ho — C* x Ho, (2,9) = (exp(5 - A(2)). y)-

Since ((—1) - A)((=1) - z) = A(z), this map induces a holomorphic isomorphism

METEI(Py, X20)(C) 2 ((d- Z) % {£1}\C x Ho x (27 /KF)
— C* x {1\ Ho x (Z*/K})
= C* x M (G g, Ho)(C).

It is easily verified that this isomorphism is compatible with the group structure.

Remark. We have seen that a canonical isomorphism can be obtained only because
Ho consists of two points, and because they correspond to the two choises of v/—1. This
was the most important reason for our somewhat strange looking definition of Hg in 2.8.

3.17. C*-Torsors: Consider the situation of 3.12 (b) with (P, X)) — (P.Cy)
taken to be the unipotent extension (Fy, Xp) — (G, Ho). Via the isomorphism 3.16

M5} (Py, X1)(C) becomes a holomorphic C*-torsor over M%7 (P, X)(C). Under the bijec-
tive correspondence between holomorphic C*-torsors and line bundles we therefore get a
canonical line bundle on M%7 (P, X)(C). (We shall discuss later (5.10 and 8.5-6) how this
line bundle can be constructed explictly as a torus embedding by adding the zero section)
First we shall study the restriction of the C*-torsor to a fibre under a unipotent extension.
We shall show particular that under certain conditions the associated line bundle defines a
polarization on the fibre.

3.18. Restriction of a torsor to a fibre: Let P, = Wy x P with a arbitrary
Wy and let ¢ : (P, X1) — (P, X) be the associated unipotent extension. Let 1 — Uy —
Wy — Vo — 1 be the weight decomposition of Wy. Let K}c C Pi(Af) be neat, and fix

[(z,pf)] € M¢(K})(P, X)(C). By 3.13 the fibre over [z,py] is canonically isomorphic to
'y \Wo(R) - Up(C), where I'yy is a certain arithmetic subgroup of Wy(Q). Let 1 — I'y —
I'y — I'y — 1 be the corresponding short exact sequence of arithmetic subgroups. By
3.12 Ty \Wy(R) - Up(C) is a holomorphic I'y/\Uy(C)-torsor over I'y\Vj(R).

Let Up(C) be the coherent sheaf on I'y\Vo(R) of all holomorphic maps to Uy(C), and 'ty
the constant subsheaf with values in I'y;. Consider the short exact sequence on I'y/\V(R):

1 =Ty = Up(C) = I'y\Up(C) — 1.

The isomorphism class of the torsor in question corresponds to a cohomology class in
HY Ty \Vo(R),Ty\Up(C)). We want to determine its image in H?(T'y\Vo(R), [y) under the
boundary homomorphism.

Since T'y\Vo(R) is a K (T'y, 1), there is a canonical isomorphism H?(I'v\V(R),I'y)
H2(Ty,Ty). Let Alt?>(Ty,Ty) be the group of all alternating forms I'y x T'y — I'y.
The cocycle condition implies directly that Alt?(T'y,T'yy) is contained in the group of 2-
cocycles Z2(T'y,Ty). By the lemma in [M1] §2 p.16 this inclusion induces an isomorphism
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Alt?(Ty,Ty) — H2(Ty,Ty). The cohomology class thus corresponds canonically to an
alternating form. But we already have a canonical alternating form, namely that induced
by the commutator pairing ¥ : V4 x Vj — Up.

3.19. Lemma: The cohomology class of this torsor corresponds to the alternating
form —W : FV X FV — PU.

Proof. We follow the proof in [M1] §2. Let ¢ : Wy — Vo = Wy /Uy be the given
projection, and choose a holomorphic section s : V; — Wj. The 1-cocycle that represents
the I'y/\Up(C)-bundle on I'y/\Vp(R) comes from the map

Iy x Vo(R) = Uo(R), (w,v) = fu(v) :=w - s(v) - s(gp(w) - v).
The corresponding 2-cocycle on I'yy with values in I'y is induced from the map
'y xI'y — FU,

(w17w2) = F(wlvw2) = fW2 (¢(w1)) : fwlwz(l)_l ’ fuJ1(1)'

An elementary calculation now shows

F(wr,wa) = [wo,w1] = =¥ (p(w1), (d(w2)),

whence the assertion. q.e.d.

3.20. Construction of a polarization: Let (P, X3) — (P, X) be a unipotent
extension by Wy, and let 1 — Uy — Wy — Vi — 1 be the weight decomposition of
Wy. Let (P, X)) := (P2, X2)/Up, and suppose that (P, X2) — (P, X]) is given as a
(Po, X0) = (G0, Ho))-torsor with respect to a morphism (¢, V) : (P, X) = (G0, Ho)-
In particular we are given an isomorphism Uy =2 Q, and for every x € X we have an element
Aw(z) € Isom(Z,Z(1)). Let us assume that for every x € X the pairing

Ap(z) 0 W VoxVo—=Up=Q— Q1)

is a polarization of the Hodge structure on V| defined by . Then ¥ : Vj x Vo — Uy is
necessarily surjective. Let K]% C P»(Ay) be a neat open compact subgroup, K}c its image
in P;(Ar), and Ky its image in P(Af). Then by 3.17

M"5(Py, X5)(C) — M 1(Py, 1)(C)
is a C*-torsor. We are interested in its restriction to the fibres of

M5, 20)(C) — M5 (P, x)(C).

3.21. Proposition: In 3.20 the inverse of the associated line bundle is ample on
1
every fibre of M7 (Py, X,)(C) — MX1 (P, x)(C).
Proof. The complex structure on the fibre is given by 3.14. Let p : P — GL(V})
be the operation of P on V. Since Vj is pure of weight —1, for every x € X the complex
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structure on Vy(R) is given by C x Vp(R) — Vp(R), (z,v) — pohy(2)(v). By 3.16 and 3.19
the Chern class of the line bundle is represented by the alternating form

1
E: Ty xTy —=2rv—1-2Z, (v,0) 5 Ay (z) © (v, ).

The unique hermitian form Vp(R) x Vp(R) — Q(1) ® C = C with respect to the complex
structure defined by x, whose imaginary part is equal to F, is given by

Vo(R) x Vp(R) = C, (v,2") = E(v,v") ++v—=1-E(v,po hy(v/—1)v).

Note that as in 1.11 this formula does not depend on the choice of v/—1. The real part of
this hermitian form is

VO(]R) X %(R) — R, (’U,U’) = _é ’ \/__1 ’ )‘\I/(X) © \If(’U,po hx(\/__l)vl)a

so the assumption about polarization implies that this hermitian form is negative definite.
The theorem of Lefschetz (see [M1] §3 p. 29) now implies that the inverse of the line bundle
is ample. q.e.d.

3.22. Further constructions (not needed in the sequel): (a) It is now easy
to prove that the compact complex torus in 3.14 is an abelian variety. In fact, consider
a unipotent extension (P;,X;) — (P,X) with P, = V x P and V; pure of weight —1.
Without loss of generality one may assume that (P, X') is irreducible. Then with 2.14 (b)
one can, as in the proof of 2.26 (b), construct (P,, X3) such that the assumptions of 3.20
are satisfied. Thus by 3.21 the fibre I'y/\V5(C)/ exp(F°(Lie Vg)c) is an abelian variety. This
argument will in fact be part of the proof of the algebraicity of an arbitrary mixed Shimura
variety. See chapter 10.

(b) As a variant of the construction in (a) it is a nice exercise to construct the dual
abelian variety together with the C*-torsor associated to the Poincaré-bundle. For this let
Up := Q, Vj := Hom(V}, Up), and let Wy be the central extension of Vp @& V{ by Uy with the
commutator pairing ((v, ), (v'¢)) — £(v") — ¢'(v). Assume that (P, X) is irreducible, and
let P act on Uy through the character given by 2.14 (b). Then for suitable choices of open
compact subgroups the fibre of the mixed Shimura variety associated to Vj x P is the dual
abelian variety, and Wy x P yields the Poincaré-bundle.

(c) One can find a lot of other structures in the unipotent fibres. For instance fix (P, X)
with Z(P) an almost direct product of a Q-split torus with a torus of compact type defined
over Q, and a neat open compact subgroup Ky C P(Af). Then as in 2.21 we get for every
suitable representation Wy of P and open compact subgroup K }/V C Wo(Ay) a holomorphic
family of complex Lie groups over M%7 (P, X)(C). Clearly this functor preserves exact
sequences. Also the endomorphism algebra {¢ € Endp (W) | gb(K}’V) = K}’V} acts on the
fibres. With 3.15 one can define level structures. It is nice that all these constructions
can be carried out within the framework of mixed Shimura varieties. We shall apply some

of them in chapter 10 to describe a modular interpretation for the mixed Shimura variety
associated to (Pag, Aog) as defined in 2.24-25.
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Chapter 4

Rational boundary components

We now turn to the basic ingredient of our desired compactification, namely what we shall
call rational boundary components. This chapter deals only with group theoretic data, so
it depends logically only on chapters 1 and 2. The central observation is that boundary
components encode a relation between a given equivariant family of mixed Hodge structures
as in 2.1, and another one, which is in some sense “more mixed” (see 4.12).

We begin with some facts for a certain class of parabolic subgroups of P, if (P, X) is
mixed Shimura data. This culminates in 4.6, which gives an equivalent characterization of
this class through certain homomorphisms from a “reference group” Hy introduced in 4.3.
In 4.7-11 this is then used to construct certain other mixed Shimura data associated to a
given (P, X’) and an admissible Q-parabolic subgroup ). These we call rational boundary
components in (a somewhat loose) analogy to the usual terminology (see[AMRT] ch.III §3,
and the remark 4.11 (i)). In 4.12-15 we generalize the realization of a hermitian symmetric
domain as a Siegel domain of the third kind, as carried out in [AMRT] ch.III §4. In 4.16-23
we study various functional properties, in particular the hereditary behavior of rational
boundary components. At the end of the chapter we illustrate the general theory with
some examples.

4.1. Cocharacters and parabolic subgroups: Let GG be a connected linear algebraic
group over a field k. A subgroup P of G, defined over k is called a k-parabolic subgroup,
if G/P is a projective variety (see [BR] 4.1).

First we suppose that G is reductive. Let P be a k-parabolic subgroup of G, B C
P a minimal k-parabolic subgroup, and 7" C B a maximal k-split torus. Let ® be the
corresponding k-root system and A C ® the simple roots defined by B. Then Lie P =
LieT ® @, cy 9a for some subset ¥ C ®. There exists a subset ¥ C A such that ¥ is the
set of all nonnegative linear combinations of elements of A together with all nonpositive
linear combinations of elements of ¥ (see [B-Lie| ch.VI 1.7 prop. 20). Let A\, be the
fundamental weight associated to a € A, then

U ={pedVaecA-X(\,5) >0}

Let A := > cA_s Aa, then this weight corresponds to a unique cocharacter G, — T
The Lie algebra of a Levi component of P that contains T is generated by the centralizer
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of T (this contains LieT") and all gg for which (X, 3) = 0. Thus all these 5 are orthogonal
to A, hence A\ does not depend on the choice of B. Furthermore all maximal k-split tori of
P are conjugate under P, so A : Gy, — P is uniquely determined by P up to conjugation
by P. Conversely P is uniquely determined by A, because Lie P is the direct sum of all
nonnegative weight spaces in Lie G under Adg oA. Note that A factors through the subgroup

PNGY¥r C@q.

Let W be the unipotent radical of P and 7 : P — P/W the canonical projection. Then
the composite homomorphism 7o A : G, , — P/W is a cocharcter of the center of P/W,
and is uniquely determined by P. Every lifting of this cocharacter to P occurs as A. Now
let L/k be a field extension and Ap, : Gy, — Pr, the cocharacter, defined over L, that is
associated to P, as an L-parabolic subgroup.

Claim. : ToA, =mo .

Indeed, choose a maximal L-split torus Sy, in P;, that contains 77,. Furthermore choose
a minimal L-parabolic subgroup of GGy, that contains S; and is contained in B;. With
these choices we have to prove that A\, = A. Let ®; be the corresponding L-root system,
Ay the set of L-simple roots, and X; C Ay, the subset associated to P;, in the same way.
Let Respcs : @1, — ® U {0} be the restriction map, then the image of Ap lies in A U {0}.
By definition an A-root a € Ay, lies in ¥y, if and only if Respcg(a) € ¥ U {0}. Thus for
all @« € Ap, we have (A, Respcs(a)) =0 if a € ¥, and = 1 else. This implies A\, = A, as
asserted.

This shows that the P-conjugacy class of A does not depend on the field over which P
is considered. In particular it implies that the cocharacter mo A : G, , — P/W is defined
over a subfield of k whenever P is defined over that field.

Now let P be a connected linear algebraic group, which we do not assume to be reduc-
tive. Let W be its unipotent radical. Every parabolic subgroup ) of P contains W. Let
At Gy — Q/W be the cocharacter of above for /W as parabolic subgroup of P/W.
Suppose that we are given a cocharacter p of the center of P/W, and let w be a lifting of
- X to Q. The Q-conjugacy class of w is uniquely determined by @ and p. If Lie W has
only nonnegative weights under Adp o w, then we again have that Lie () is the direct sum
of all nonnegative weight spaces in Lie P under Adg ow.

4.2. Application: some special mixed Hodge structures: Let B be the Borel
subgroup of the form (57) of GLag. Let A : Gpmg — B as in 4.1. Explicitly A has the form
t— (é 1) Let 2 Gy = GL(M), t — t-id. For every representation v : G,,, = GL(M)
let W% be the filtration on M by negative weights under v, that is WT(LV)M is the direct
sum of the eigenspaces under v associated to the weights —m for all m < n. In particular
consider the standard representation M := Q? of G Lo g and its subspace M I= (3) Then
we get explicitly

0 for n < —2, 0 for n < —2,
WM = { WD = { M forn=—1,-2,
M for n > —1. M for n > —1.

Now consider a rational mixed Hodge structure on M, which possesses one of these filtra-
tions as weight filtration, and for which the only nontrivial step in the Hodge filtration is
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the term FOMc. With the weight filtration W% this Hodge structure must be pure of
type {(—1,0),(0,—1)}, and F°M¢: may be an arbitrary one dimensional subspace of Mg
that is not defined over R. With the other weight filtration it must be mixed of type
{(0,0),(=1,-1)} and FYM¢ may be an arbitrary one dimensional subspace of M. that is
different from M({. Thus we can make the following observation: For every pure Hodge
structure (W(“), F*) on M of type {(—1,0), (0,—1)} the pair (W(“"\), F) is a mixed Hodge
structure of type {(0,0), (—1,—1)}.

The Hodge structure (W(’"L ), F") corresponds to a unique homomorphism S — GLag.

For the Hodge structure (W(” NF ") the decomposition Mz = ML @ FYMc shows that
there exists only one decomposition as in 1.2 (a). Thus this Hodge structure corresponds
to a unique homomorphism S¢ — Bc¢. In this way we have associated to each homo-
morphism S — GLa g, which induces a pure Hodge structure of type {(—1,0),(0,—1)} on
M, a canonical homomorphism S¢ — B¢ that induces a mixed Hodge structure of type
{(0,0),(—1,—1)}. The restriction of these two homomorphisms to G,, g C S are precisely
the cocharacter u, resp. - A.

All pure Hodge structures on M of type {(—1,0), (0, —1)} are conjugate under G La(R).
Note that the space of these Hodge structures possesses two connected components. The
Iwasawa decomposition implies that they are already conjugate under B(R). Clearly the

map (W(“ ),F )= (W.(” ')‘),F ') is equivariant under B(R). Let us also observe that both
Hodge structures induce the same Hodge structure on A?M, namely of type (—1, —1). This
corresponds to the fact that S operates on A2M in the same way through both homomor-
phisms.

4.3. The reference group Hy: Now we introduce our analog of the group “U! x
SL(2,R)” considered in [AMRT] ch.III p.174ff. It embodies some of the features of Shimura
data, but is defined only over R. It will be used to study certain parabolic subgroups of P
for mixed Shimurar data (P, X). Consider the reductive group over R

Hy:={(2,a) € S X GLag|z -z = det(a)}.

Let By C Hy be the Borel subgroup of all elements of the form (x,({1)). Let My = R?
and Ny (= C as an R-vector space) be the representations of Hy over R that come from the
two dimensional standard representation of G'La g, respectively of S. Consider an arbitrary
homomorphism hg : S — Hy that induces on both My and Ny a pure Hodge structure of
type {(—1,0), (0,—1)}. Clearly such a homomorphism exists. Let hoo : S¢c — Sc X B¢ be
the unique homomorphism that induces the same Hodge structure on Ny and the mixed
Hodge structure described in 4.2 on My. Since S acts on A?Mj in the same way through
ho and through Ao, the homomorphism A, factors through Hyc. Let Up be the unipotent

radical of By, then modulo Uy h is defined over R.
One easily sees that Hy(R) is connected. Hence Hy(R) does not operate transitively on
the set of all hy. But still B(R) operates transitively and the map hg — hoo is equivariant

under this group. From now on we fix one hg and the corresponding ho,. We also define
A Gpr — ngr N By such that ho, 0o w = (hg o w) - Aj.

4.4. Lemma: Let (P, X') be mixed Shimura data and w : Hypc — Pc a homomorphism
such that mow is defined over R. Suppose that we are given an x € X such that h, = wohyg.
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Consider the operation of Hy an (LieU)g, (LieV)g and (Lie G)g. We want to compare the
“new” mixed Hodge structures on these spaces defined by Adp o w o hy with the “old”
mixed Hodge structures defined by Adpo h, = Adp o w o hg.

(a) (LieU)gg, is a direct sum of copies of A?My. In the particular Lie U remains pure of
type (—1,—1).

(b) (Lie V)gp, is a direct sum of copies of Ny and Mp. In particular Lie V' becomes mixed
of type {(0,0),(-1,0),(0,—1),(=1,—-1)}.

(c) Lie G)gp, is a direct sum of irreducible components occuring in (Ng)" ® Ny, (No)" ® Mo
or in (My)Y ® M. In the particular Lie G becomes mixed of type

{(L 1)) (17 O)a (Ov 1)7 (1’ _1)7 (07 O)a (_17 1)7 (07 _1)’ (_17 0)7 <_1) _1)}'

Proof. (Compare [AMRT] ch.III p.182 prop. 3) Every irreducible representation of H
over C is isomorphic to S" My ¢ ® X', where n is a nonnegative integer and X a character of
Hy . Since the composite homomorphism S¢ SN Hoc — (Ho/HJ®)c is a isomorphism,
the character group of Hy ¢ is isomorphic to that of Sc. Let (a,b) be the pair of integers
representing the character X' o hg, then S, Myc ® X is of type {(a,b —n),(a —1,b —n +
1),...,(a—n,b)} under X o hy. By assumption (Lie U)g is pure of type (—1,—1), (Lie V)g
of type {(—1,0),(0,—1)} and (Lie G)g of type {(—1,1),(0,0),(1,—1)} under Adpow o hy.
This implies the assertion about the representation of Hy. The type under Adp o w o hao
follows from this and form 4.2 and 4.3. q.e.d.

4.5. Definition: Let (P, X) be mixed Shimura data. Let G := P/W, then every
Q-parabolic subgroup of P is the inverse image of a Q-parabolic subgroup of G%. Let
G = G x ... x G, be the decomposition into Q-simple factors. Let Q; C G; be a Q-
parabolic subgroup for every ¢, and let () C P be the inverse image of ()1 x...x@Q,. We call
() an admissible Q-parabolic subgroup of P, if every @); is either equal to GG; or a maximal
proper Q-parabolic subgroup of Gj.

4.6. Proposition: Let (P, X') be mixed Shimura data and @ a Q-parabolic subgroup
of P. As in 2.1 let 7’ be the projection P — P/U. Then the following assertion are
equivalent:

(a) @ is an admissible Q-parabolic subgroup of P.

(b) For every x € X there exists a unique homomorphism w = w, : Hyc — Pc such that:
(i) 7 ow: Hpc — (P/U)c is already defined over R.

(ii) hgy = w o ho.

(iii) wo hoo 0w : Gy — Qc is of the form p - A as in 4.1 with y = hy o w, and (Lie Q)¢
is the direct sum of all nonnegative weight spaces in (Lie P)¢ under Adp o w o hoy 0 w
(w: Gpr — S is defined in 1.3).

(c) There exists an € X and a homomorphism w : Hoc — P such that the three
conditions in (b) are satisfied.

Proof. (a) = (b): First assume W = 1. Let H; be the subgroup S* x SLor C Hy
and X0 the connected component of X' that contains z. By [AMRT] ch.III p.220 no.2 the
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parabolic subgroup @ corresponds to a unique rational boundry component of X, in the
terminology of [loc.cit.]. Therefore by [AMRT] p.199 thm. 1 (v) and p.205 thm. 2 there
exists a unique homomorphism wy : Hy — G&2, such that hg|s1 = w0 (holst), and (Lie Q)g
is the direct sum of all nonnegative weight spaces under Adp o wy o A\;. Thus we have a

commutative diagram .
wi a
H — G

) t
st n  Ho Gr
7 ha
S
and our aim is to find a homomorphism w : Hy — Gr which completes it to a

commutaive diagram. Since Hy is generated by ho(S) and H1, such w is uniquely determined
such if it exists. Moreover then the conditions (i) and (ii), and the second part of condition
(iii) are automatically satisfied. The first part of (iii) is equivalent to the assertion that
wp o A1 is a A as in 4.1. This follows from the explicit description of the R-root system of
(P/W)%d in [AMRT] ch.III and the construction of w; in the proof of [loc. cit.] p.199 thm. 1
(v). It thus remains only to construct some w, with which the diagram stays commutative.

First we shall lift w; to a homomorphism @, : H; — G. Let us write hols1 = (e, e2),
where e; : S' — S! is the identity and ey is a homomorphism S! — SLag. Since SLaog
is simply connected, we can lift w; uniquely on the second factor to a homomorphism
@1: SLyg — G, On the first factor we then define the lifting by z — ho(2)-@1(e2(2)) L.
With this definition we obtain another commutative diagram

H,
h0|S7 \E &;1
Sl ho HO GR
! 7 ha
S
Consider the homomorphism
Gmpr X Hi = Gpp X st x SLogr — Ho, (t,z,9)— (t-2,t-g).

This is an isogeny of degree 2, whose kernel is {#£(1,1,id)}. Since by 2.1 (iii) the image of
he)G,, » lies in the center of Gg, we can define a homomorphism

O: G X S' X SLag — Gg, (t,2,9) = ha(t) -@1((2,9)).

Now the desired homomorphism w exists if and only if @ factors through the above isogeny.
But this follows from the calculation

w((—-1,-1,—

~
ol
N—
N—
Il
8
—~
|
—_
SN—
&
VS
~—~~
|
—_
|
~.
QL
N—
N—

Thus the assertion is proved in the case W = 1.
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Now let P be arbitrary. Then we already have a unique homomorphism Hy — Gg. Note
that h, o w determines a unique Levi decomposition of Pr, which is defined over R modulo
Uc. The desired homomorphism w : Hp ¢ — Pc must map into this Levi component, since
the image of hg o w lies in the center of Hy. Thus it is uniquely determined and we can
define it directly using this Levi decompositon. Condition (i) then follows from the same
property of the decomposition. Condition (ii) holds by construction. Likewise (iii) follows
after we have shown that Lie W is of weight > 0 under Adp ow o ho, o w. But this follows
from 4.4 (a) and (b). This finishes the proof of the implication (a) = (b).

The implification (b) = (c) is trivial. For (¢) = (a) we may assume P is to be
semisimple after having devided by the radical of P as in 2.9. Then the assertion follows
from [AMRT] ch.IIl, in particular p.174 cor., p.180 prop. 2 and the construction of the
standard parabolic subgroups of P in [loc. cit.] ch.IIT §3. q.e.d.

4.7. A canonical subgroup of an admissible Q-parabolic subgroup: We now
want to use the data given by 4.6 to construct certain other mixed Shimura data associated
to a given (P, X) and an admissible Q-parabolic subgroup (. The first step is to define
the group involved. Let (P, X), @, z and w, be as in 4.6. We define P; to be the smallest
normal subgroup of @), defined over Q, such that w; o hoo : S = Q¢ factors through Pj c.
Claim. (a) w, 0 ho : S — Q¢ does not depend on the choice of hy.

(b) P; depends only on (P, X) and on Q.
(c¢) The map X — Hom(Sc, Pic), T — wg © hoo is Q(R) - U(C)-equivariant.

Proof. Fix x € X. By 4.2 every other hj{, is of the form int(b) o hy for some b € B(R),
and then the corresponding h’_ equals int(b) o hso. The homomorphism w!, := w, oint(b~1)
satisfies the conditions of 4.6 with hg replaced by h{. The assertion (a) now follows from
the equation w’, o hl, = w, oint(b™1) o int(b) 0 hoy = wy © heo. In particular P; does not
depend on the choice of hg. By the Iwasawa decompositon for G the group Q(R) - U(C)
already operates transitively on X. Let ¢ € Q(R) - U(C), then int(q) o w, satisfies the same
conditions of 4.6 as wg.,,. This implies (b) and (c), since ¢ normalizes P c. q.e.d.

4.8. Lemma: Consider the situation of 4.7. Let W7 be the unipotent radical of P;.
Then there exists a subgroup U; C Wi, defined over QQ, normal in (), and depending only
on (P,X) and @, such that (P, X}), Wi, Uy together with the homomorphism w; o hs :
Sc — P ¢ satisfy the conditions 2.1 (ii)—(v).

Proof. Conditions 2.1 (iii) and (iv) do not depend on the choice of U; and are easily
proved. In fact, (iii) is a direct consequence of 4.6 (iii) and the same assertion for (P, X).
For (iv) observe that Lie P; is contained in Lie (), and the latter is of weight < 0 by 4.6
(iii), so the condition follows from 4.4.

Next we have to construct U;. Before we can do this, however, we have to prove
that Adg ow, o ho induces a rational mixed Hodge structure on Lie @), and that its weight
filtration is stable under (). Then it is also independant of x. To prove this we may replace
(P,X) by (P,X)/Z(P), then the homomorphism 7o hy ow : Gpr — Ggr of 2.1 (iii) is
already defined over Q. It suffices to show the conditions 1.4 (i)—(iii) for the group P; and
the homomorphism w, o hs. Denote the unipotent radical of @ by Wy,.
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In the case W = 1 we show the conditions a fortiori for @) instead of P;. By 4.6 (b) (i)
wy is already defined over R. Since Lie Uy is of weight —2 under Adp, oh«o, it is mapped to
Wg under w;. Now h is defined over R modulo Up, hence modulo Wg the homomorphism
Wz 0 hoo is defined over R. This is condition 1.4 (i). For 1.4 (ii) we have to show that
modulo Wg the homomorphism w,, 0 ko © w is central and defined over Q. By 4.6 (b) (iii)
this follows from the corresponding assertion for h, o w (see above and 2.1 (iii) for (P, X))
and for A (see 4.1). For 1.4 (iii) we have to prove that Lie W is of weight < —1 under
Adg owy 0 hoo. But this follows again from 4.6 (b) (iii), since the centralizer of wy 0 hoo 0w
is a Levi component of Q).

Let us now consider the general case. The conditions 1.4 (i) and (ii) carry over directly,
so it remains to study Lie W¢. Condition 1.4 (iii) follows from P; if we can prove the equality
LieW; = W_;(Lie Wg). We may fix a splitting P = W x G and assume without loss of
generality that h,, hence also w,, factors through Gg. Since we have already proved the
conditions of 1.4 for Q/W = GNQ, we have a rational mixed Hodge structure on Lie @ that
is stable under GNQ. By 4.6 (b) (iii) Lie W is of weight < 0. Thus [Lie Wg, W_;(Lie Wg)]
is contained in W_;(Lie Wq), so W_;(Lie W) is an ideal of Lie Wg. Since it is already
stable under G N @, it is already an ideal of Lie Q. Thus Wé := exp(W_;(Lie Wy)) C Wg
is a normal subgroup of ). By the preceding paragraph we have W - Wé) = Wy, hence
WQ/Wé is isomorphic to W/(W N Wé) By 4.4 (a) U must be contained in Wé, S0
Wq/ Wé is isomorphic to a quotient of V. Thus it is abelian, so the adjoint operation of
() on Lie(Wq/ Wé) factors through QQ/Wg. Moreover 4.4 (b) implies that Lie(Wq/ Wé) is
pure of type (0,0). This means that the image of w, o he lies in the kernel of the adjoint
representation of ) on Lie(Wq/ W(}z) By definition P; must also lie in this kernel, so it
operates trivially on Wg/ Wé We have now proved that the Levi component of the group
(PL-Wgq)/ Wé operates trivially on the unipotent radical. But such a group possesses only
one Levi decomposition, which is a direct product. Again from the definition of P; it follows
that (P - Wé) / Wé is the unique Levi component of (P; - Wg)/ Wé, whence W C Wé, as
desired. The reverse inclusion follows from the fact that P, operates nontrivially on every
simple subquotient of Wé

If we now define Uy := exp(W_2(Lie W7)), then by the above this subgroup is normal
in @ and independant of z. Condition 2.1 (v) holds by construction and by the result in
the preceding paragraph. Finally 2.1 (ii) follows with the same argument as above: Since
by 4.4 (a) U C Uy, we may without loss of generality assume that U = 1. Then by 4.6 (b)
(i) wy is already defined over R. Since Lie Uy is of weight —2, it is mapped to U; under w,.
Because hyo is defined over R modulo Uy, it follows that modulo U; the homomorphism
wy 0 hso 18 also defined over R. q.e.d.

4.9. Lemma: Consider the situation of 4.8. Let P;; C P; N P%" be the smallest
normal subgroup such that (P; N P%") /Py is a Q-split torus.

Let CNJLC be the centralizer of wy 0 hoo 0w in P ¢, and let Gll,(c = é17(c N Pi1c. These
Levi components of P; ¢ resp. of Pi1¢c. Then

(a) (3117@ commutes with wx(Hgfg) in Pz. Thus éu,(c . wm(Hgfg) is a reductive subgroup of
Pe.
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(b) The subset G ¢ -wx(Hg,%") is a reductive subgroup of Pe. Tt contains G11 ¢ -wx(Hg’%”)
as a normal subgroup, and it contains w,(Hpc) as a not necessarily normal subgroup. Its
semisimple part is the same as that of G'11¢ - ws (Hélfcr).

(c) If w, is defined over R, then each of the groups (NJH,@, éll,c-wx(Hgfg) and él,@ -wm(H&%")
is defined over R.

Proof. Since all the groups mentioned lie inside the centralizer of h, ow in Pc, which is
a Levi component of Pg, both (a) and (b) follow directly from the corresponding assertion
for (P, X')/W instead of (P, X'). The same holds for (c), since this Levi component is defined
over R if w, is defined over R. Thus we may assume that W = 1, so w, is defined over R.

(a) Since Uy is of weight —2 under Adoh, it is mapped to U; g under w,. Since
(Lie U1)g| Adp owgohos 18 pure of type (—1,—1), S operates through scalars on (LieUi)g.
Hence by definition P; also operates through scalars on Lie U;. Thus Pj; operates trivially
on Uy, and in particular éll,(c commutes with w,(Upc). By construction Gll,(c also com-
mutes with the image of w; o ho 0 w. Now the equation ho, 0 w = (hg o w) - A\p of 4.3,
and the fact that the image of w, o hg o w = h, o w lies in the center of P, imply that
éll,(c commutes with the image of w, o A;. Hence it commutes with the Borel subgroup
wz(HJ™ N By)c of ww(Hng’“). This implies, for instance by the lemma 1 of [B-Lie] ch.VIII
§11.1, that éll,@ commutes with the whole of wx(Hg%), as desired.

(b) It is easy to see that the assertions are invariant under replacing (P, X') by (P, X)/Z(P),
so we may assume that P is semisimple. Then by the definition of P; we have Pj g = Pi1 -
Wz 0hoo 0w (G r), whence él,c = éll,@-wxohwow(Gm’R). Since the center of P = G is triv-
ial, we have w,ohgow = hyow = 1, hence by 4.3 w;yohsoow = (wyo0hgow) - (wWr0N1) = wWy0A].
But A\ factors through Hgfc’“, so we even get G ¢ - wx(Hg’%") = Ghic- wx(Hng’“). Thus the
desired assertions are abvious, except that it contains w,(Hpc). But by definition él,(C
contains the image of w, o hy, so this follows from the fact that Hy is generated by H(‘)le”
together with the image of hoo.

(c) Let b € (ngrﬂBo)(N(C) such that int(b)ohoo : Sc — Hoc is defined over R. Then by
definition both int(w,(b))(G1,c) and int(w;(b))(G11,c) are defined over R. Since w,(b) lies
in w,(HJ)(C), the assertion follows for the groups Gi ¢ - wx(H(‘){?Cr) and G ¢ - wx(ng%").

For G11 ¢ it follows since by (a) this subgroup commutes with wy(b). q.e.d.

4.10. Corollary: In 4.8 the conditions 2.1 (vi)—(viii) are also satisfied.

Proof. For 2.1 (vi) and (vii) we may assume that P is semisimple. Consider the
group Gy g of 4.9, which by 4.9 (c) is defined over R. By 4.9 (b) it is a normal subgroup of
CNT’LC -wz(Ho,c), so in particular it is normalized by the image of wy 0hg = h,. The condition
2.1 (vi) for (P, X) thus implies that int(h,(v/—1)) induces a Cartan involution on G k.
By definition ho(v/—1) = heo(v/—1) modulo HZ®", so int(wy o heo(v/—1)) also induces a
Cartan involution on C;’ll,R. This implies 2.1 (vi) for P;. By the definition of P; the image
of Wy 0 hoo(Sc) in any Q-direct factor of (P;/W1)% is nontrivial, so it also implies 2.1 (vii).

To prove 2.1 (viii) we may replace (P, X) by (P,X)/Z(P). Then the center of G is
an almost direct product of a Q-split torus with a torus of a compact type defined over Q.
It suffices to prove the same for the center of P} /W7, and to do this we may assume that
W = 1. Then we may again devide by Z(P), after which we find ourselves in the situation
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above. Since P;/Pip is a Q-split torus, it suffices to study the center of Pj;/Wj. By the
above int(wy o heo(v/—1)) induces a Cartan involution (Py;/W1)g, but since the image of
Wz 0 hoo(v/—1) in (P /W1)(R) commutes with the center of (P11/W1)g, the latter is already
of compact type. q.e.d.

4.11. Rational boundary components: Consider the situation of 4.8. Let q €
Q(R)?-U(C), then by 4.7 (c) we have wy.; 0 hoo = int(q)ow,0heo. Since Q(R)Y-U(C) induces
only inner automorphisms on P;(R)/W7(R), there exists p; € P;(R) such that wg.; 0 hoo =
int(p1) o wy 0 hoo modulo Wi (C). But the Levi decomposition of P; ¢ defined by wg. 0 koo
and by w, o ho, are modulo Uy both defined over R, and any two such Levi decompositions
are conjugate under Wi (R) - U1(C). Hence we may even find p; € P;(R) - U1(C) such that
Wz © hoo = int(p1) 0 Wy 0 heo. Since Q(R)? - U(C) - x is a connected component of X, this
shows that the map X — Hom(Sc, Pic), T — wy 0 hoo maps every connected component of
X to a P1(R) - U;(C)-orbit.

Through mo(P1(R) - U1(C)) = mo(Pi(R)) —2 5 70 (P(R)) the group Py (R) - Uy (C)
operates on 7my(X) in a canonical way. Consider the Q(R) - U(C)-equivariant map

X — mo(X) x Hom(Sc, Pic), = — ([z],wg 0 hso),

where we denote by [x] the connected component of X that contains x. Let X} be a P;(R) -
U1 (C)-orbit in mo(X) x Hom(Sc, P1c) that contains an element of the form ([x],ws © hoo).
The image of the above map is contained in finitely many such X;. Let XT C X be the
inverse image of A}. From 4.8, 4.10 and the definition of P; we now get:

(Py, Xy) is irreducible mixed Shimura data. It depends only on (P, X'), @ and the choice
of a P;(R)-orbit in mo(X’). There is a canonical P;(R) - U(C)-equivariant map X+ — A7,
which induces a bijection on the connected components mo(X1) — mo(X1). We call
(P1, X1) arational boundary component of (P, X'). We say that (P}, X}) is a proper rational
boundary component if @) is a proper parabolic subgroup of P. Otherwise we call (P, X})
an improper boundary component. Note that (P, X') is a rational boundary component of
itself if and only if it is irreducible.

Remarks: (i) This name is somewhat misleading, but it was chosen for the following
reason. Let W = 1, then the pure Shimura data (P}, X;)/W] corresponds to some boundary
components in the Baily-Borel compactification of M%7 (P, X)(C) (see 6.2-3), while (P, X})
really corresponds to a formal neighborhood of this. For arbitrary P we have the following
situation. The boundary strata in a toroidal compactification of M%7 (P, X)(C) correspond
to a mixed Shimura varieties associated to certain quotients (Pj, X;)/Us for Uy C Uy, and
again (Pp, X1) itself corresponds to a formal neighborhood of this (see 7.3 and 7.17).

(ii) With our definition a rational boundary component is always irreducible. This is
not strictly necessary, since other choices for P;, which differ from our definition only in
the center of P;/W7, also lead to mixed Shimura data. For our purposes, however, the
irreducibility requirement seems the most practical.

4.12. Proposition Consider mixed Shimura data (P, X’) and a rational boundary
component (P, X1) of (P, X). Let M be a representation of P. Let z € X and z; its image

62



in X7. By 1.4 (a) both & and x; define a rational mixed Hodge structure on M. The Hodge
filtration of these two Hodge structures coincide.

Remarks: (i) By 4.6 (iii) the weight filtration of the Hodge structure defined by z;
depends only on (P, X)) and (). The proposition thus shows how the “new” Hodge structure
can be obtained from the “old” one. By 1.16 this Hodge structure is described by a unique
homomorphism S¢ — Pj¢. Thus with this result one could define (P, A7) and the map
Xt — X directly.

(ii) In particular the proposition implies that the “old” Hodge filtration together with
the weight filtration defined by ) define a mixed Hodge structure. According to M.
Rapoport this fact has already been known for reductive P. I could, however, not find
a reference.

Proof. Let w, be as in 4.6, then the two Hodge filtrations are defined by w, o hg and by
Wy © hoo. Thus it suffices to show the analogous statement for every representation of Hy c.
As in the proof of 4.4 every irreducible representation of Hy ¢ is of the form S"My¢c ® x
for a nonnegative integer n and a linear character x of Hyc. In particular every irreducible
representation occurs in some My con ® X. Since ho, and hg do not differ modulo Hger | the
desired assertion holds for every one dimensional representation. By the definition of ho
in 4.3 it also holds for My ¢. Since the Hodge filtration on a tensor product is given by the
formula FP(M; ® M) = Zp1+p2:p FPr My ® FP2 My, in which the weight filtration does not
occur, the assertion also follows for My con @ X. q.e.d.

4.13. Corollary: The map X — X is injective and holomorphic.

Proof. Let M be a faithful representation of P. By 4.12 the Hodge structure on M
defined by & € X7 is already uniquely determined by the image of z in X;. By 1.16 and
2.12 the injectivity follows on each connected component of X*. By constructuion the map

is bijective on the set of connected components, hence it itself is injective. The holomorphy
follows from 1.7, 1.16 and 4.12. q.e.d.

4.14. Imaginary part: Let (P, X') be mixed Shimura data. Asin 1.11let U(R)(—1) =
(2my/—1)"1 - U(R) inside the C-vector space U(C). This notation for the imaginary part
may seem somewhat arbitrary, but we shall see in 6.6 why the Tate twist by —1 is the
natural choice. Now every element of P(R)-U(C) can be written uniquely in the form u - p
with v € U(R)(—1) and p € P(R). Since P(R)U(C) operates transitively on X', and for
some g € X the homomorphism h,, is defined over R, for every x € X there exists an
element u, € U(R)(—1) such that int(u;!) o h; is defined over R. By 1.17 (a) this element
is uniquely determined. Thus we have a canonical map

im: X > UR)(—-1), x — im(x) := ug,

which we call the projection to the imaginary part. Let P(R) - U(C) act on U(R)(—1)
through the isomorphism U(R)(—1) — P(R) - U(C)/P(R), u + [u]. In other words we let
P(R) act by conjugation, and U(R)(—1) by translation on itself. Clearly im is equivariant
and surjective. Moreover this construction is functorial. In particular, if P is a normal
subgroup of a connected group @, then Q(R)?-U(C) operates again equivariantly on X and
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on U(R)(—1). Also, for a morphism (P, X) — (P’, X’) we have a P(R) - U(C)-equivariant
commutaive diagram:
X — X’

i e
UR)(-1) — U'(R)(-1).

4.15. Proposition: Consider mixed Shimura data (P, X) and a rational boundary
component (P, ;) of (P, X). Let X¥* C X be asin 4.11. Let X° be a connected component
of X*, and & the corresponding connected component of 7.

(a) The map X* — X is an open embedding.

(b) The image of XY in & is the inverse image of an open convex cone C : +C(X°, P;) C
Ui1(R)(—1) under the map im0 : XY — U1 (R)(—1) defined in 4.14.

(c) This cone is an orbit in U;(R)(—1) under translation by U(R)(—1) and conjugation by
Q(R)°. Tt is also invariant under translation by (U; N W)(R)(—1).

(d) Modulo (U N W)(R)(—1) the cone C is a nondegenerate homogeneous selfadjoint cone
(in the sense of [AMRT] ch.Il p.57 §1.1).

Remark. In general C(X°, P;) does depend on the connected component X°. See for
instance 4.26.

Proof. In the case W = 1 these are the assertions of [AMRT] ch.III p.227 thm. 1
and the lemma p.236. In the general case let (P, &x") := (P,X)/W and (P, X]) :=
(P, X1)/(W N Wy), then in the obvious way (Pj,X]) is a rational boundary component
of (P, X"). The maps of 4.11 and 4.14 yield a commutative equivariant diagram

X0 —— A my U(R)(-1)
3 L \J
X0 — 0 my UI(R)(-1)

Let us first prove that the image of X° in &) is stable under W (R) - (W NU;)(C). For this
consider a faithful representation M on P. By 1.17 (b) the set of mixed Hodge structures
on M defined by X0 is invariant under W (C), hence also under W (R) - (W N Up)(C). By
4.12 the map X% — A7 is equivariant under this group, which proves the desired assertion.

By definition we have X[ = XP/(W N W1)(R) - (W N U;)(C) and we know that the
image of X* is invariant under (W NW7)(R)- (W NU;)(C). This shows that left hand square
in the above diagram is cartesian. Let C(X°, P;) be the inverse image of C(X", P{) under
the projection Uy (R)(—1) = (U1 /(W NUp))(R)(—1) = U{(R)(—1). Then all the assertions,
except the first statement of (c), follow directly from the same assertions for (P, X’).
Finally we already know that (Q/W)(R)? acts transitively on &A”°, and W (R) - U(C) acts
transitively on the fibres of the projection X° — X", Thus Q(R)" - U(C) = U(R)(—1) x
Q(R)? acts transitively on X°, whence also on C(X°, Py). As explained in 4.14, Q(R)? acts
by conjugation, and U(R)(—1) by translation on U;(R)(—1). This finishes the proof of (c).
q.e.d.

4.16. Functoriality: Let (¢,v¢): (P,X) — (P’, ) be a morphism of mixed Shimura
data and ) an admissible Q-parabolic subgroup of P. Let x € X and w, : Hoc — F¢ as in
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4.6. Let Q¢ be the unique connected subgroup of P/ whose Lie algebra is the direct sum of
all nonnegative weight spaces in (Lie P’)¢c under Adps o¢ o w, 0 hoo o w. It follows from 4.4
(a) and (b) that Qf contains the unipotent radical of P(, so this is a parabolic subgroup.
By construction it contains ¢(Q¢). The cocharacter ¢ ow, o hoo 0w is modulo the unipotent
radical of @) independant of = and hg and defined over Q. Thus Q¢ depends only on @ and
is defined over Q. By 4.6 Q' is an admissible Q-parabolic subgroup of P’.

Let P; C @Q and P| C @’ be defined as in 4.7. By definition ¢ induces a homomorphism
¢1:=¢p, : PL — P|. Let X} and X" be as in 4.11. Let (X")* C X’ be the P{(R)-Q'(R)°-
U’(C)-orbit in X’ that is generated by ¢(XT), and X]| the corresponding P;(R) - U{(C)-
orbit in mo(X”) x Hom(Sc, P] ). Thus we have associated to (P, X1) a canonical rational
boundary component (P;, X]) of (P', X’). Furthermore ¢; extends uniquely to a morphism
of mixed Shimura data (¢1,%1) @ (P, X1) — (Pf, X]), such that the following diagram is
commutative and Pj(R) - U(C)-equivariant:

Y+ Y (x)*
n n

3 \

F R

Consider connected components X% of Xt and (X")° of A such that X" is mapped
to (X")0. Let C(X°, P;) C Ui(R)(—1) and C((X")°, P{) € U{(R)(—1) be the corresponding
cones according to 4.15. Then C(X°, Py) is mapped to C((X’)?, P{) under ¢.

Let (¢,1) be an automorphism of (P, X), and (P, X1) a rational boundary component
of (P, X). Then denote by (¢(P1),1¥(X1)) the unique rational boundary component (Pf, X7])
of above. This applies especially to interior automorphisms (int(p), p- ) for p € P(Q).

4.17. Hereditary properties: Let (P, X') be mixed Shimura data, (P}, X1) a rational
boundary component of (P, X), and (P,, X3) a rational boundary component of (P;, X7).
We want to show (P», X2) can be identified canonically with a rational boundary component
of (P, X).

Let Q1 C P be the parabolic subgroup belonging to (P, X1), and Q12 C P; that
belonging to (P2, X2). Let X D Xt < X; and X} D Xfr — X5 be as in 4.11, and let
X D X+ be the inverse image of X" in XT. Let x € X1, 2y its image in A}, and z2 its
image in X>. Let hy : S¢ — Pc, hyy, @ Sc — Pic and hy, 1 S¢ — Pa ¢ be the corresponding
homomorphisms. Let w, : Hoc — Pr and wy, : Hoc — Pic be as in 4.6. Then we have
hey = wg 0 hg, hyy = Wy 0 hoo = Wy, 0 hg and hy, = Wy, 0 heo-

Consider the following reductive group over R
Hyo := {(2,0,8) €S x (GLay)? | 2 - 2 = det(a) = det(8)},

and the homomorphisms ¢1, ¢2, ¢3 : Hoc — Hpoc that are defined by ¢1(z,a) =
(z,pra 0 ho(2), @), ¢a(z,a) = (z,a,pry o hoo(2)) and ¢3(z,a) = (z,a,«). Observe the
relations ¢1 o hoo = ¢2 0 hg and ¢ 0 hoy = ¢3 © hoo. The homomorphisms ¢, gb2| Hder and
¢3 are defined over R.

4.18. Lemma: In the situation of 4.17 there exists a unique homomorphism 2, :
Hoyo,c — Pc such that:
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(i) 7" 0 Qg = Hpoc — (P/U)c is defined over R.
(ii) Oy 0 ¢1 = wy.
(iii) Q0 o = Wy, -
Proof. We shall construct €2, explicitly. The map

HO X ngr — H007 ((Z,Oé), (176)) = gbl(’z?a/) ’ ¢2(176)
= (z,pre o ho(z) - B, )

is an isomorphism of algebraic varieties. This and the conditions (ii) and (iii) impliy that
2, must be given as follows:

Hooc <>~ (Hy x HI" )¢ — P,
(Za Oé,ﬁ) = ((Z76)7 (1,p7‘2 o hO(Z_l) ' Oé)) = Wm(’z75> : wxl(l,p’/‘Q © ho(z_l) ) Oé).

With this definition (ii) is automatic. For (iii) we have

Qg0 Pa(z,a) = wy(z,pra 0 hoo(2)) - Wy, (1, pra o ho(z_l) F )
= Wg © hoo(z) *Wgy O hO(Z_l) "t Wiy (Za Of)
= hﬂcl (Z) : h«Tl (Z_l) * Wry (Z7a)

= Wy (Z, CM),

as desired. For (i) note that by assumption 7’ o w, is defined over R. Thus it suffices to
show that w, || Hder is defined ovr R. Now there exists an element u; € U;(C) such that

int(uy ) ows, is defined over R. By 4.4 (a) w,, (HJe") commutes with U;. Therefore We, | Fder
itself is defined over R. Thus we have shown that the map (2, satisfies the conditons (i) to
(iii), but we stille have to prove that it is a homomorphism.

To do this first assume that W = 1. For any t € G,,g C S the element ,(¢,¢,t) =
Qg 0¢10hgow(t) = hy;ow(t) lies in the center of P. Thus every such element commutes
with Q. (S! x (SLag)?), so that it suffices to prove that Q)1 % (SLy )2 18 @ homomorphism.
Since this group is connected, it is enough to prove this for the composite of this map with
each of the projections P — P/P%" and P — P, The first case follows from condition
(ii). The second follows from [AMRT] ch.III p.201 prop. 1 and p.207 cor. Now let W be
arbitrary. Then h, ow defines a Levi decomposition od Pc. The homomorphism w, respects
this decomposition, hence so does hy, = w; 0 hoo. This in turn implies that w,, respects
this decompostion as well, hence so does €2,. Thus the assertion follows from that in the
case W = 1. q.e.d.

4.19. Lemma: Consider the situation of 4.17.
(a) Let W), := Quo¢p3: Hoc — Pc. There exists a unique admissible Q-parabolic subgroup
Q2 C P such that the conditions 4.6 (b) hold for Q2 and w!,. It depends only on (Py, X})
and (Py, Xs).
(b) Q12 = P1NQ2, and Q1 = (Q1 N Q2) - P1.
(c)Let (Ps,X3) be the unique rational boundary component of (P, X’) that belongs to Q2
and for which z is mapped to X3. Then P, = P3 as subgroups of P, and there exists a unique
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isomorphism Xy — A3, which together with the identity on P, yields an isomorphism of
mixed Shimura data (P, X2) —~— (Ps, X3) such that the following diagram is commutive:

D . L

I b

Xt — Xs.

Proof. (a) Define Q2 C Pc by the properties 4.6 (b). By 4.4 (a) and (b) this is a
parabolic subgroup. We want to show that it is defined over Q. By assumption w,(Upc) is
contained in Uj ¢ and wy, (Upc) in Uz c. Since by 4.4 (a) Uj ¢ is contained in Us ¢, we get

o 2
w;(UO,@) C Qx({l} X ((1) 1) )wx(onc) -wml(Uo,(c) C UQ,(C.
Furthermore we have
Wh 0 hoo = Q0 ¢30 oo = 0y 0 2 0 hoo = Wy 0 hoo = Ry,

Thus Us ¢ lies in the unipotent radical of Q2 ¢ and w!, o hso is defined over Q modulo Us.
Hence Q2 ¢ is already defined over Q. Now 4.6 implies that ()2 is an admissible Q-parabolic
subgroup of P that does not depend on z. This proves (a).

(b) By 4.6 (b) (Lie Q2)c is the direct sum of all nonnegative weight spaces in (Lie P)¢
under w! o hoo ow. Likewise (Lie Q12)c is the direct sum of all nonnegative weight spaces in
(Lie Py)¢ under wy, o hoo ow. As we have just seen, these cocharcters are equal, whence the
first equality. For the second it suffices to prove the inclusion ()1 C Q)2 - P;. Observe that,
by the definition 4.7 of P;, the adjoint action of this group on (Lie Q1)/(Lie P;) is trivial.
In particular, this quotient is purely of type (0,0) under w,, o hoo. By the definition of @2,
this implies Lie )1 C Lie QY2 + Lie P;, whence Q1 C Q)2 - P;.

(¢) The second assertion follows from the first and the relation w), 0 hoo = Wy, © hoo. For
the equation P, = P3 we can replace P by (P/W)% without loss of generality, so we may
assume P to be semisimple and adjoint. In this case the assertion follows from [AMRT]
ch.IIT thm. 3 p.240. q.e.d.

4.20. Corollary: Every rational boundary component of a rational boundary com-
ponent of (P, X) is itself in a canonical way a rational boundary component of (P, X).

Proof. 4.18 and 4.19. q.e.d.

Remark. (i) This corollary implies that the natural order relation between rational
boundary components is indeed a partial order.

(ii) There exists only finitely many P(Q)-conjugacy classes of rational boundary com-
ponents. This follows at once from the corresponding fact for admissible Q-parabolic sub-
groups and the construction in 4.11. Observe also that since Q;(R) acts transitively on
m(X), the conjugacy class of (P, X;) is already determined by P; or @ alone. If (P/W )%
is Q-simple, then by the explicit description of admissible Q-parabolic subgroups in [AMRT]
ch.III or [BB] the conjugacy classes are in total order. In general there still exists unique
minimal, resp. maiximal conjugacy classes. The maximal conjugacy class consists of course
of all irreducible components of (P, X).
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(iii) Fix a rational boundary component (P;, X;) of (P, X'), then two rational boundary
components of (Pp, X]) are conjugate under P(Q) if and only if they are conjugate under
Pi(Q). In fact, it suffices to check this assertion in the case where (P/W)% is Q-simple.
Then by the explicit description of the Q-root system of (P;/W7)* in [AMRT] ch.III §3.5
p.220 this is also Q-simple. But the total order relation is of course preserved.

4.21. Proposition: Consider the situation of 4.17. Let x° c x*+ AP c A}
and XJ C X, be connected components that are mapped to each other by the canonical
inclusion X+ — X" < X,. Recall that U; C Uy (by 4.4 (a)). Then:

(a) C(XIO,PQ) = C(XO, P)+Ui(R)(—1) = C(XO,PQ) + (W1 NU2)(R)(—1).

(b) C(XY, Py) is contained in the closure of C(X°, Py).

(c) Let (Ps,X3) be another rational boundary component of (P, X’) that lies “between”
(P2, X2) and (P, X). Then C(XY, P;) and C(X°, P3) have a point in common if and only if
(P3, X3) = (P, XY).

Proof. By 4.15 (b) we have & = U;(R)(—1) - image(X?), which implies the equation
C(X), Py) = C(XY, Py) + Uy (R)(—1). The second equation of (a) follows from 4.15 (c).
This proves (a).

If W = 1, then the assertion (b) and (c) follow from [AMRT] ch.III p.240 thm. 3. In general,
the rational boundary component of (P, X’)/W corresponding to (P;,X]) is canonically
isomorphic to (P, X;)/(W1 N W). Moreover, C(X°/W, P, /(Wi N W)) is just the image
of C(X°, Py), and by 4.15 (c), the latter is the full inverse image of the former under the
projection Uj(R)(—1) — (U1 /U; N W)(R)(—1). The same holds for (P, X2), and (b) and
(c) follow in the general case. q.e.d.

4.22. Definition-Proposition: Let (P}, X}) be a rational boundary component of (P, X)
and X a connected component of X*. We define C*(Xx°, P;) C U;(R)(—1) to be the union
of the cones C(X°, P,) for all rational boundary components (P, X») between (P, X) and
(Py, X1), including (P, X') and (Py, X1).

(a) C*(XY Pp) is a convex cone.

Fix a rational boundary component (P, X3) between (Pj, X1) and (P, X’). Then

(b) C*(.)(éo, Pl) = C*(XO,Pl) + UQ(R)(—l), and

(c) C*(X0, Py) = C*(X°, P) NU3(R)(—1) = C*(X°, P1) N (U N Wa)(R)(—1).

Proof. (a) Since C*(X°, P;) is a union of cones, it remains to prove the convexity. This
follows from the stronger Claim: Let us € C(X°, P) € C*(X°, Py) and ul, € C(X°, P}) C
C*(XY, P), then the open line segment {\ - us + (1 —\) -ub | 0 < A < 1} is contained in
C(XY, P3) for a unique rational boundary component of both (P, X3) and (Pj, X5) such
that (Pp,X1) is a rational boundary component of (P3, X3). If W = 1, then this follows

from [AMRT] ch.IT together with ch.III p.240 thm. 3. The general case follows from this,
together with the second assertion of 4.15 (c).

(b) The inclusion “C” follows from 4.21 (a). For the other inclusion let u; € C*(XY, P;)
and us € C(XY, P,). By the claim above, u; +up € C(XY, P;) for a rational boundary
component (Ps, X3) between (Pp, X;) and (P, Xy). Thus uy € C(X°, P3) + Ua(R)(—1) =
C(XY, P3) c C*(X9, Py) by 4.21 (a), as desired.
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(c) The inclusion “C” are obvious. Let u; € C(X°, P3) N (U N Ws)(R)(—1) for some
(P3, X3) between (Pr,X1) and (P, X). Let uz € C(XY, P,), then by the claim above, uj +
uy € C(X0, Py) for some (Py, Xy) between (Pp, X;) and (P», X2), and also between (P;, X7)
and (P3, X3). In particular, we have C(X°, Py) N (Uy N Wo)(R)(—1) # 0. By 4.21 (a), this
implies that C(&XY, Py) = C(X°, Py) + (Uy N W3)(R)(—1) contains the origin, so by 4.15
we must have (Py, Xy) = (P, X2). Hence (Ps, X3) is between (P2, X2) and (P, &), and
C(X9 P3) Cc C*(XY, P,), as desired. q.e.d.

4.23. Proposition: Let (P, A]) be a rational boundary component of (P,X)
and (P;, X;) for i = 2,3 rational boundary component between (P, X;) and (P, X). Let
(P,X) — (P',X’) be an embedding, and (P;, X)) be the corresponding rational boundary
components of (P, X”). Then (P, X3) is a rational boundary component of (Ps, X3) if and
only if (Pj, Xy) is a rational boundary component of (Pj, X3).

Proof. Fix u; € C(Xy, P;), then by the proof of 4.22, us + ug € C(X°, P;) for some
(P4, Xy) between (P;,X1) on one hand, and both (P, Xs), (Ps,X3) on the other hand.
Thus it suffices to show that (Py, X4) = (P3, &3) if and only if (P}, X)) = P5, X3). Now, by
definition, (Py, X1) = (Ps, A3) if and only if the corresponding homomorphism w : Hpc —
P3¢ of 4.6, resp. 4.11, is trivial on Hgfé". By the injectivity of P3 < Pj, the equivalence
follows. q.e.d.

4.24. The conical complex: The convex cone C*(X°, P;) considered in the previous
lemma is in general neither open nor closed in U;(R)(—1). By 4.21 it is stratified by the
boundary components lying in between. With respect to the Q-structure U;(R)(—1) =
U1(Q)(—1) ® R each such stratum is an open convex cone in a subspace of U;(R)(—1) that
is defined over Q. Define

cp.x):= [ c(x P/ ~,
(Xx0,Py)

whence ~ is the equivalence relation generated by the graph of all embeddings C* (X0, Py) —
C* (XY, Py), where (P,, X5) is a rational boundary component of (P, X;) and (P, X1) one
of (P,X). As a set C(P,X) is the disjoint union of all C(XY, P), but endowed with the
quotient topology the C(X°, Py) form a locally closed stratification of C(P, X). The closure
of any C'(X°, P;) is isomorphic to C*(XV, P;). This is the conical complex associated to
(P, X).

By 4.16 the conical complex is functorial in (P, X). In particular the automorphisms
of (P, X) act from the left hand side on C'(P, X’). There is also the following relation with
the conical complex for a rational boundary component (P;, X;) of (P, X). Consider the
sets C*(XY, P,) for all rational boundary components ( Py, X») of (Pr, X;). We can consider
their union C(P, X'), but by 4.22 (b) we can also consider their union in C(Py, X7). These
two are isomorphic. In C(P, X) they form a closed, in C(P;, X}) and open subset.

In the rest of this chapter we shall describe some examples.

4.25. Example: Let (P, X') be the pure Shimura data (CSpag g, Hag) defined in 2.7.
Let V! C V := Vi, be a totally isotropic subspace with respect to the alternating form ¥,

69



and let @ := Stabp(V'). For V' # 0 this is a maximal proper Q-parabolic subgroup, and
every such is obtained in this way. Thus V' — @Q defines a bijection between the totally
V-isotropic subspaces of V' and the admissible Q-parabolic subgroups of C'Spyg . We shall
now keep V'’ fixed.

Let (Pp,X1) be the associated rational boundary component. The Hodge structure
on V defined by an element x € Ha, is pure of the type {(—1,0),(0,—1)}, and F°V¢ is
a maximal totally W-isotropic subspace of V. Let x1 € A7 be the image of x, then the
rational mixed Hodge on V that is defined by x; has the weight filtration

0 if n < =3,
V! if n = -2,
(VL ifn = —1,
vV if n > 0.

W,V =

and by 4.12 the same Hodge filtration as the pure Hodge structure. The decomposition
of V¢ into eigenspaces under h, is Ve = FOVe @ FOV:. By 1.2 the decomposition into
eigenspaces under h;, turns out to be V =V"1"1 g V=10 g V0=l 5 V00 where

VhTl= VY,

VOl = (V)N FOV,

V—L0 = y0.-1 " and

VOO = FOVe N (FOVe + V).

This implies
Py = {q € Q| q acts trivially on V/(V')*}, and

Uy = {q € Q| q acts trivially on V/V’ and on (V')1}.

The map uj — ¥(., (id—u1)(.)) identifies U; with the vector space of all symmetric bilinear
forms on V/(V')*. Clearly this isomorphism is Q-equivariant under the natural operation
of @ on Uy and on V/(V')1. It is easy to check that @ maps onto GL(V/(V'")1).

In the case dim(V') =1 it turns out that (P;, X;) is isomorphic to the mixed Shimura
data (Py(g—1), X2(g—1)) defined in 2.25. At the other extreme, where V' is a maximal totally

isotropic subspaces of V', (P;, X}) is isomorphic to a %—fold fibre product of (P, Xp)
with itself over (G, q, Ho)-

4.26. Continuation of 4.25: The cone: Let H" be the connected component of
Hsog that contains z. Let A : Q —~ Q(1) be the isomorphism defined by H" according to
2.8, and let C := C(H", P) and C*(H°, P). Then A(C) is an open cone in Uy (R).

Claim: (a) A(C) is the cone of all positive definite symmetric biliniear forms on
(V/ (V)5 ).

(b) A(C*) is the cone of all positive semi-definite symmetric biliniear forms on (V/(V')1)g,
whose degenerate subspace is defined over Q.

Consequence: In general the cone in U;(R)(—1) does depend on the connected com-
ponent of X. Indeed in the case under consideration, A depends on H® but by A(C) does
not.
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Proof. Fix a choice for v/—1 such that A\(1) = 27v/—1. By 1.11 and 2.8, the pairing
(., hy(v/=1)(.)) on Vg is symmetric and positive definite. Hence the associated hermitian
form (v,v") — ¥ (v, hy(v/—1)(v')) on V¢ is also positive definite. By 1.3, and since hy(v/—1)
is defined over R, we have hy(yv/—1)(9) = v/—1 - for every v € F'V;. Now let u; € C be
the imaginary part of x1. By 4.12, it is characterized by the fact that ul_lvo’o is defined
over R. Let B be the symmetric form associated to u; by the identification in 4.25. For
any 0 # v € Vi such that ujv € V00, we get

0 < U(u1v, he(vV—1)(T10)) = ¥(uv, v—1 - uy o)
(v,vV/—1 - uy *v)

(v, V=1 - (uy? —id)v)
- B([v], V=1 [v])

- Ao B([v], [v]),

I
A= "l

where we used u; = ul_l, and the fact that W is alternating. This shows that B is pos-
itive definite, as desired. Now GL(V/(V')*)(R) transitively permutes all positive definite
symmetric bilinear forms, whence (a). The assertion (b) follows from the fact that the
boundary components between (P, X') and (P;, X}) correspond bijectively to the subspaces
V" c V' defined over Q. q.e.d.

4.27. Example: In the case W/U # 1 the situation is somewhat more complicated.
Consider the following special case. Let (P, X') be the mixed Shimura data (Pag, Xa4) defined
in 2.25. for ¢ = 1. Let (P;,X1) be a proper rational boundary component of (P, X). By
4.25 we can view (P, X) itself as rational boundary component of (C'Spag q, Hag) for g = 2.
Thus, for a suitable choice of coordinates, U; is isomorphic to the space of all symmetic
2 x 2-matrices, and @ acts on this space by A — B-A-' B for B € (;7). The image of

Uy N W is the subspace of all matrices of the form (I ;), the image of U the subspace of all

matrices of the form ((’; 8). In other coordinates, U; corresponds to Q3, and  acts on this

through all matrices of the form

2a 2

st 0 O 1 a
0 s O -0 1 a
0 0 s/t 0O 0 1

for s,t € Gy, g and a € G, . We see in particular that the unipotent radical of () may act
through quadratic terms on Uj.

The cone can be determined as follows. In 4.26 the cone A(C) was the set of all
positive definite real symmetric 2 x 2-matrices. Thus 4.21 (a) implies that in our case the
cone \(C(X°, Pp)) is the set of all matrices of the form (zi’) with a,b € R and ¢ € R”Y.
Moreover by 4.21, A\(C*(X°, P1)) is the union of A(C(X°, Py)) with the set of all matrices

of the form (8 8) with a € R.
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Chapter 5

Torus embeddings

This chapter contains some results about torus embeddings that will be needed later. In 5.1—
5 we begin by recalling standard facts, most of which can be found for instance in [KKMS]
ch.I or in [AMRT] ch.l. In 5.7 we derive a density result of concerning the formal completion
along a stratum. In 5.9 we describe the topology of a torus embedding of complex spaces.
Starting from 5.10 we study equivariant line bundles on relative torus embeddings. In
particular we show how they can themselves be described as torus embeddings. The main
result is the ampleness criterion 5.19, which generalizes [KKMS] ch.I §3 thm. 13 to the
relative case. In 5.20-25 we deal with the construction of cone decomposition that satisfy
the ampleness condition. The chapter ends with a study of canonical sheaves on torus
embeddings in 5.26-27.

5.1. Cone decompositions: Let M be a finite dimensional Q-vector space. A subset
o C My is called a convex rational polyhedral cone if it can be described in one of the
following two equivalent ways:

(i) There exists finitely many ¢; € MY, i € I (note that the ¢; are defined over Q,) such
that 0 = {x € Mg | Vi e I (¢;,z) > 0}.
(ii) There exists finitely many z; € M, i € I (note that the z; are defined over Q), such
that o = {ZiGI Ai - X ’ Viel )\ € RZO}.

Let 0 ={z € Mg | Vi € I (¢;,z) > 0} be a convex rational polyhedral cone. A face of o
is a subset of the form {x € o | Vi € J (¢;, x) = 0} for some subset J C I. A face is again a
convex rational polyhedral cone. The interior of o is the subset o of all points that do lie in
a proper face of o. This is the topological interior of o within the R-subspace generated by
o, but not in general in M. These definitions are independant of the chosen representation
of 0. Any convex rational polyhedral cone is the disjoint union of the interiors af all its
faces. Observe that the intersection of any two convex rational polyhedral cones in My is
again a convex rational polyhedral cone.

For any convex rational polyhedral cone o in My let & := {¢ € My |Vz € o{{,z) > 0}.
This is a convex rational polyhedral cone in My, called the dual cone. Clearly & = o. If
T C 0, then & C 7. The dual cone & contains a basis of M" if and only if o does not contain
a nontrivial linear subspace. Every such convex rational polyhedral cone o possesses the
cone {0} as one of its faces. Note that {0} = M.
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A rational partial polyhedral decomposition of My is a collection X of a convex rational

polyhedral cones, such that the following conditions hold:

(i) Any face of any o € ¥ is also contained in .

(ii) The intersection of any two o, 7 € 3 is a face both of ¢ and of 7.
(iii) {0} € X.

The conditions (ii) and (iii) imply that {0} is a face of every ¢ € ¥, so by (i) o contains a
nontrivial linear subspace. Conversely if ¥ satisfies (i) and (ii), and some o € % possesses no
nontrivial linear subspace, then (iii) follows. Let |X| := (), o5 0. If C' C Mg is a subset which
contains |X|, then we call ¥ a rational partial polyhedral decomposition of C. If moreover
C = |X|, then we call ¥ a (complete) rational polyhedral decomposition of C. If ¥ and ¥,
are rational polyhedral decompositions, then so is X3 := {01 No2 | 01 € X1, 09 € Yo}, If
both 1 and X9 are finite or complete rational polyhedral decompositions of C, then X3 has
the same property. If |X1| = |22, and every o € ¥ is contained in some 7 € X, then ¥
is called refinement of ¥y. Equivalently ¥; is a refinement of Y9 if and only if |3;| = |2,
and every 7 € Yo is the union of all o € ¥ that are contained in 7.

5.2. Affine torus embeddings: Let k be a field of characteristic zero, and T a
split algebraic torus over k, that is T 2 (G, )%™, Let X*(T) := Hom(T, G, 1) be its
character group and Y, (T') := Hom(G, ,T) its cocharacter group. The bilinear map

X*(T) x Yy (T) = Hom(Gpp o, G k) = Z, (X, A) +— deg(x o A)

is a perfect pairing. The affine coordinate ring of T is canonically isomorphic to the group
ring k[X*(T)]. Let o be a convex rational polyhedral cone in Y, (T )r that does not contain
a nontrivial linear subspace. Define T, := Spec k[6 N X*(T')], this is a normal affine variety
over k. Since dNX*(T') contains a Q-basis of X*(7T')g, it can easily be shown that it contains
a Z-basis of X*(T"), so T, contains T" as an open dense subvariety. Moreover the action of
T by multiplication on itself extends uniquely to an action on T,.

Call o smooth (with respect to the lattice Y, (T') C Yi(T)g) if the semigroup o N Y. (T)
can be generated by a subset of a Z-basis of Y, (7). The variety T, is smooth if and only
if o is smooth. As an example, take T = G, and 0 = RZ? C R = Y, (G, x)r, then one
easily sees that T, = A,lc with the obvious embedding of G,, ;. In general the embedding
T < T, is smooth if and only if it is isomorphic to the embedding (G, x) 3™ — (A1) x
(Gmk)dim(T)_T for some integer r. Then the complement T, . T is a union of smooth
divisors with only normal crossings.

There is a unique closed T-orbit T, in T,. Its ideal in k[¢ N X*(T)] is generated by
{x € X*(T) | VA € ¢° (\,x) > 0}. thus it is canonically isomorphic to the torus with
character group X*(T) N (R-0)Y = {x € X*(T) | VA € o (\,x) = 0} and cocharacter
group (Yi(T) +R-0)/R-o. The inclusion of semigroups X*(T) N (R-0)Y — X*(T)N¢&
defines a morphism 7, : T, — T, the canonical projection. In particular T, is canonically
isomorphic to a quotient of T

If 7 is a face of o, then T is an open subvariety of T,,. The T-orbits in T, are just
the T for the faces 7 of o, and the unique open orbit T C T, equals T {0y The closure of
T- in T, is the union of all Tp such that 7 is a face of p and p a face of 0. By the above
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T is the torus with cocharacter group (Yi(T) +R-7)/R -7, so let us consider the convex
rational polyhedral cone o, := o modR - 7. It defines a torus embedding (TT)JT of TT, and
one easily verifies that T o, 18 isomorphic to the unique reduced closure subscheme of T,
with support the closure of T in T,. Moreover the canonical projection T, — T extends

uniquely to a T-equivariant morphism T, — (7)., .

5.3.General torus embeddings: Let Y be a rational polyhedral decomposition of
Yi(T)r. Then the T, for o € 3 can be glued together canonically to a normal scheme T¥,.
This contains every T, as an open dense subscheme. It is of finite type over k if and only
if ¥ is finite. It is proper if and only if ¥ is finite and |X| = Yi(T)g. It is smooth and
the complement is a union of smooth divisors with only normal crossings, if and only if all
o € ¥ are smooth. Then we call ¥ smooth (with respect to the lattice Yi(T') C Yi(T)g).

The action of T" extends to T%;, and the T-orbits are in one-to-one correspondence with
the o € 3. Thus we have a bijection between all T-variant subsets S C Tx, and all subsets
Y1 of 3. Clearly S is open in T if and only if every face of a cone in ¥; is also in ¥y, or
equivalently in [, ¢y, 0¥ is relatively closed in |X|. Dually it follows that S is closed in T
if and only if U, cx, 0¥ is relatively open in |X|.

For any o € X the closure of Tg in T¥; is the union of all TT such that 7 € X and o is a
face of 7. Fix o, then

Yo :={7modR-o |7 € ¥ such that o is a face of 7}.

is a rational partial polyhedral decomposition of Yy (7T, )r = (Yx(T)+R-0)/R-0o. The unique

reduced closed subscheme of Ty, with support the closure of T, is canonically isomorphic

to (Ty)s,. Let
¥ :={p € X | Ir € ¥ such that ¢ and p are faces of 7}.

Then the canonical projection extends to a morphism 7, : Ty, — (Ta)gg.

5.4. Functoriality and isogenies: Let ¢ : T} — T5 be a homomorphism of tori.
By A +— ¢ o\ it induces a linear map ¢, : Yi(T1) — Yi(T2). Let X; and 32 be rational
partial polyhedral decompositions of Y, (T )g, resp. Yi(T5)r. Then ¢ extends to a morphism
Ti s, — 1oy, if and only if for every o1 € 31 there exists g € 39 such that ¢.(o1) C o2.

Let T be a torus and I' a discrete group acting from the left hand side on T" by group
automorphisms. Then I' acts from the left hand side on Y, (7'), and we call a rational partial
polyhedral decomposition I'-invariant if o € ¥ and v € " implies 7, (o) € X. The action of
I' on T extends to Ty if and only if X is I'-invariant.

If ¢ : T7 — Ty is an isogeny, then ¢, induces an isomorphism Y,(71)r — Yi(T2)x.
Let ¥ be a rational partial polyhedral decomposition of this vector space, then we get a
morphism T1sx. — Tox. The kernel of ¢ acts by translations on 77, and 75 is just the
quotient of T7 by this action. Since 77 < 17y is an equivariant embedding, the action of
ker(¢) extends to 171y, and one easily verifies (on the affine rings of all 7},) that T3y, is the
scheme-theoretic quotient of 17 5; by ker(¢). This shows that torus embeddings commute
with isogenies.
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5.5. The relative case: Let T be as before, S a scheme over k, and X — S a
T-torsor. Let X be a rational partial polyhedral decomposition of Y, (7T )g. Locally for the
Zariski topology on S there exist sections in X. Every local section 3 defines a trivialization
of X, hence a T-equivariant embedding X — Xy over S. Since the difference of any
two local sections is a unique morphism to 7', and the embeddings are T-equivariant,
we get a canonical isomorphism of the two respective embeddings. Thus there exists up
to isomorphism a unique global T-equivariant embedding X — Xy, that is locally on S
isomorphic to Ty, x S.

All of the above notions are constructions, in particular the canonical projection, extend
to the relative case. We have functoriality even in the following general situation. Let
X; — S; be a T;-torsor and ¥; a rational partial polyhedral decomposition of Y (T;)g for
1 =1,2. Let ¢ : T1 — T be a homomorphism, and suppose we are given an equivariant
commutative diagram of morphisms

X1 — X
3 !

Sl — SQ

Suppose furthermore that for every o1 € X1 there exists o9 € Yo such that ¢.(01) C 09.
Then the morphism X; — X5 extends uniquely to a morphism X; 5, — Xox,. In fact,
this is clear from the construction if S; = S5 or if 77 = T5. In general consider the T5-
torsor Xg x g, S1 — S1, then the composite X; y, — (X2 xg, S1)x, = Xa ¥, is the desired
morphism.

The same constructions go through if T itself is only given as a locally constant family
of k-split tori over S, and the rational partial polyhedral decomposition is given fibrewise
and locally constant over S. Let us also mention another generalization, where T  is not
a split torus. In this case Y, (T) := Hom(G,, , %), where k is the algebraic closure of k.

The Galois group Gal(k/k) operates on this through a finite quotient, and by functoriality
all construtions descend to k if and only if the rational partial polyhedral decomposition is
invariant under Gal(k/k).

m,k’

5.6. Completion along an orbit: For simplicity assume that o is of top dimension
in 5.2, i.e. that R-o = Y, (T)g. Writing Ay := ¢ N X*(T), the coordinate ring of T}, is
k[AL], and the ideal of the unique closed orbit is generated by all nonzero elements of A .
Thus the completion of k[A] with respect to this ideal can be described as

Rl[AL]] = lim kAL ]/A - k[A],

where A runs through all subsets A C A such that A+A; = Ay and A; < A is finite. The
formal completion T, of T, along the closed orbit is just the formal spectrum of k[[A,]].
For relative torus embeddings, and hence in particular if ¢ is not of top dimension, we get
similar formulas.

Let T" < T, be another affine torus embedding, with ¢’ of top dimension. By 5.4, a
homomorphism ¢ : T — T extends to a morphism 7, — 75 if and only if ¢.(0’) C 0.
Clearly, the closed orbit 77, is mapped to the closed orbit T, if and only if ¢.(c"°) C o°.
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In this case we get a morphism of formal schemes Té, — TU, corresponding to a continuous
homomorphism k[[A,]] — E[[A’]].

By [EGA-I] 5.4.2, a morphism of schemes f : X — Y is called scheme-theoretically
dominant, if the associated homomorphism Oy — f.(Ox) is injective. We extend this
notion to formal schemes in the obvious way: namely, a morphism f : X — ) of formal
schemes is scheme-theoretically dominant if the associated homomorphism Oy — f.(Ox)
is injective.

5.7. Proposition: Let T — T, be an affine torus embedding, with ¢ of top dimension.
Let X — S be a T-torsor, and denote by X, the formal completion of X, along the
closed orbit. For every ¢ in some index set I consider the same situation again, i.e. a
T;-torsor X; — S;, 0; of top dimension, and the formal completion )A(Z-’Ui. For every i € I,
let ¢; : T; — T be a homomorphism, and (V;,v; : (X;,S5;) — (X,5) a Tiequivariant
morphism. We assume:

(1) ¢ix(0?) C oY for every i € I. In particular, by 5.6 we get induced morphisms V.

%

)(Lai-—é X,
(ii) U;es ¢i+(0)) is dense in 0¥ (in the usual topology).
(iii) Every 1; : S; — S is scheme-theoretically dominant.

I]:i% : I:[)%Lgi———>)%a

el el

Then the morphism

is scheme-theoretically dominant.

Proof. Since the assertion is local in S, we may assume that S is affine, say S =
Spec(R), and that X = T x S = Spec(R[X*(T)]). We may also replace each X; by
a scheme over X;. In particular, we may replace S; by open affine coverings, so that
X; = T; x S; = Spec(R;[X*(1;)]). By assumption, 1; corresponds to an injection ¢} :
R — R;, and by equivariance, ¥* : R[X*(T)] — R;[X*(1;)] extends 1} and is given
by X*(T) 3 x — ¢} - &(x) for some group homomorphism §; : X*(T) — R}. Writing
Ay :=6;,NX*(T) as in 5.6, and A; + = d; N X*(1;), we have to prove the injectivity of the
homomorphism

[19:: RiAD — [T RollAiA])-

el 1€l
For every i € I denote by o; ; all 1-dimensional convex rational polyhedral cones in Y, (7;)r
with 00 C oY, For all (i,j), let T; C T; be the unique subtorus with Y. (T} ;)r = R - 0y ;.
Since the union U o). is dense in o, the pairs (T} ;,0; ;) together with the morphisms
(W;|T5.5 < Siy i) satlsfy the same assumptlons Thus we may without loss of generality
assume that all T; have dimension 1, or even that all T; = G, ; and 0; = R=0, 5o A4+ = Z20.
In the latter case the set of all ¢f can be viewed as a subset ® C ¢% N Y, (T) such that

R>0 . ® is dense in o°.

By 5.6, R[[A+]] = 1<i£1R[A+]/A - R[A4], where A runs through all subsets A C A such
that A+ Ay = Ay and Ay ~ A is finite. Let A be the collection of all such subsets A, for
which the kernel of the above homomorphism is contained in the ideal A- R[[A4]]. We have
to prove that A is cofinal, i.e. that (4.4 A = 0. Fix any i € I, then for any = > 0 there
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are only finitely many A € A} with ¢} < z. Thus it suffices to prove: For every A € A
there exists ag € A with ¢} (ao) < ¢j (a) for all a € A, and such that A" := A~ {ao} € A.
Note that here the assumption A € A means that the kernel of the homomorphism

R[[AL])/A" RIAL]] — [ ] Rillz=°))/97(4") - Ril[2*°]

el

is contained in A - R[[A4]]/A" - R[[A+]] = [ao] - R. Since ¥} (ag) = ¢} (ao) - &i(ap) with
&i(ap) € R, we certainly have A’ € A if there exists ¢ € I such that ¢}(ag) < ¢}(a) for all
ag # a € A. In other words, it suffices to prove: For all nonempty subsets A C A, there
exists ag € A and ¢; € ®, such that ¢7(ag) < ¢; (a) and ¢} (ag) < ¢} (a) for all ag # a € A.

To show this, let = := min(¢; (A)) and K := {\ € o | ¢} (A\) = x}, then AN K is a
nonempty finite set. We take ag to be any extreme point of the convex closure of AN K,
this is necessarily a point in A. By construction, ¢ = RZY - K, and there exists ¢ € Q~°
so that A~ K C RZ™¢ . K. Thus ag is also an extreme point of the convex closure of
AURZMe . K. If we let 7 € X*(T)g the convex rational polyhedral cone generated by

(A—ag| A€ AU(1+e) K,

this means that 7 does not contain a nontrivial linear subspace. Now by constructuion
& C T, whence ¥ C 0. But 70 is open in Y, (T)g, so by assumption ® N 7Y is non-empty.
Any ¢7 in this set satisfies the desired condition. q.e.d.

5.8. Torus embeddings of complex spaces: Let T be a torus over C, S a complex
space (see [BPV] ch.I §8), and X — S an analytic T'(C)-torsor. Again X — S is locally
trivial, so for every rational partial polyhedral decomposition of Y,(T)r the construction
of 5.5 yields a canonical T'(C)-equivariant embedding X < Xy of complex spaces, that is
locally on S isomorphic to T(C) x S — Tx(C) x S. If S is normal, then Xy is normal.
Again all the other notions and constructions make sense in this case.

nJ

Note the obvious canonical isomorphism 7'(C) = Y,(T) ® C*. The continious homo-
morphism

ord=ordyr: T(C) =Yu(T)RC* = Y(T) R, ARz A® (—log|z|)

(note the minus-sign) identifies Y, (7T )r with the quotient of T'(C) by its unique maximal
compact subgroup. Clearly ordr is functorial in 7. More generally let X — S be an
analytic T'(C)-torsor over a complex space S. Then the quotient of X by the maximal
compact subgroup of T'(C) is a real analytic Yi(T)g-torsor on S. It can be C*°-trivialized
(using a partition of 1), and any trivialization induces a projection X — Y,(T)gr that we
again denote by ord = ordx. Since any two trivializations differ by a C'*°-section in Y, (7T)g,
which can be lifted to T'(C), this map ordx is unique up to translation by C°°-sections in
T(C).

Let ¥ be a rational partial polyhedral decomposition of Y,(T)r. The following propo-
sition determines the topology on Xy.
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5.9. Proposition: For every o € ¥, and all subsets V C Y, (T)r and U C X, consider
the following subset of Xy:

[T #(ord (V+o)nm, ' (U)).

7 face of o

(a) For V and U open, this set is open. Moreover these sets form a base for the topology
on Xx.

(b) For V and U compact, this set is compact.

Proof. For fixed o, apart from the openness, resp. the compactness, we have to show
that the sets in (a) contain a base for the neighborhoods in Xy of every point in X,.
First we reduce the assertions to a special case. The set in question is contained in X,,
which is open in Xy, so whithout loss of generality we may assume Xy, = X,. Let T’
be the subtorus of 7" whose cocharacter group is R - o N Y, (7). Then via the canonical
projection 7, : X, — Tg the embedding X — X, can be viewed as the relative torus
embedding associated to 7" < T.. After replacing T by 7" we may therefore assume that
R -0 = Y,(T)g. Now all assertions are local in S, so we may also assume that the T-torsor
X — S is trivial. Moreover the topology on Xy is invariant under translation by C°°-
sections S — T'(C), so we may assume that the map ordx comes from the corresponding
map on T'(C). Then the set in question is the product of a subset of T, (C) with the subset
Uc X,=25. Since X, = T, (C) x S carries the product topology, this shows that it suffices
to treat the case X = T. Then by R - ¢ = Y,(T)g the stratum 7, (C) is just a point, so we
have to show that the subset

[T #(ord ' (V +0)).

T face of o
of T,(C) is open if V is open, compact if V is compact, and for V' open they form a base

for the neighborhoods of T,,(C) in T, (C).

For V open we clearly have V40 = V+00 = Uisev A+0?, hence it suffices to prove the
assertions for V.=V + 0 = X+ ¢° for all A € Y,(T)r. If V is compact, the T-equivariance
of the torus embedding yields

H 7 (ord™H(V 4+ ¢)) = ord (V) - H mr(ord ™ (0)),

7 face of o 7 face of o

where ord (V) is a compact subset of T(C). Thus for the compactness we may assume
V=V+0=A+o0 for some A € Y,(T)g.

Choose nonzero generators Xi,..., X, of the semigroup ¢ N X *(T"). They define a
closed embedding T, = Spec C[5 N X*(T')] < AZ that maps T, to {0}. The relation & = o
implies that for all A € Y, (T)r

Ato={yeY. (T |Vi=1,....,n (X;,y) > (X;, \)}.
Hence

ord A+ o) = {t € T(C) |[Vi=1,...,n |X;(t)] < e~ XN},
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and for every face 7 of o
melord ' A+ 0)) = {t e T,(C) |Vi=1,...,n |X;(t)] < e KM

(note that in the last formula some X;(¢) may be zero). Thus the set in question is the
intersection of T, (C) with the compact subset

(E€A™C) [Vi=1,...,n|&] <e XMy

of A"(C) hence itself compact. This shows (b). For A + ¢ instead of A\ + o above we
have strict in equalities, so by the same argument the set is open. Finally since o does not
contain a nontrivial linear subspace, A can be chosen to make all (X;, A) arbitrarily large.
Therefore the sets form a base of neighborhoods of {0} in A™(C), whence the corresponding
assertion for T, (C). q.e.d.

5.10. Line bundles as torus embeddings: Let S be a scheme of finite type over
k,and 7 : X — S a G,-torsor. The cone og := RZ0 C Y. (G)r defines a relative torus
embeddding X — X,, over S. Clearly X,, — S is just the line bundle associated to the
torsor X — S. Denote X,, by L and the projection L — S again by m. Let £ be the
invertible sheaf on S of all local sections in L. Then 7,(Op) is canonically isomorphic to
the sheaf of Og-algebras @,,+, £2(=7)  Indeed, for any open U C S we have canonically

HomOU—algebra(ﬂ'*(OL)a OU) = MOT‘5(U, L) = F(U, [,) =
>~ HomOU (£®_1, OU) = HomOU—algebra(@ £®(_n), OU).

n>0
Fori=1,...,nlet a; € Z and X; — S be a G,,-torsor. Consider the homomorphism
d: G, = Gy (t1,. . ytn) = t1 -t

The action of G}}, on
(X1 Xg...Xg Xn)/kel"(qb)

factors through ¢, and endows this quotient with the structure of a G,,-torsor. It is easy to
see that this G,,-torsor is canonically isomorphic to the tensor product X {@al ®...Q X%,
In fact, let x; be local sections of X;, then the map

XiXg...Xg Xn = X2"®...@ XE", (21,...,0,) = 21 @ ... ®@ o

n

is ¢-equivariant and factors through (X; xg...xgX,)/ker(¢). This yields a convenient way
to describe tensor products of G,,-torsors. In particular the inverse of a G,,-torsor is just
the same scheme X — S with the opposite G,,-action. For any integer n > 1 X®" = X /pu,
with the G,,-action through the quotient G, 1 Gy, /by, —== Gy, t — t". Clearly the same
results hold if S is a complex space, T" a torus over C and X — S a T'(C)-torsor.

5.11. Equivariant line bundles on torus embeddings: Let 1 — G,, — T’
T — 1 be a short exact sequence of split tori over k. Then 7" is a G,,-torsor on T,
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equivariant under the action of 7. Note that an equivariant trivialization of this torsor
is equivalent to a splitting of the above short exact sequence. Let Y be a rational partial
polyhedral decomposition of Y, (T)g. We want to study how the G,,-torsor 7" — T can be
extended T"-equivariantly to T5..

Since T, is affine for every o € X, the extension must be trivializable over T,. Thus
there exists a splitting e, : T — T’ such that the extension of the G,,-torsor to T, is
isomorphic to the torus embedding Téa*(a). Note that e, is not uniquely determined by
eo+(0) unless R- o = Y, (T)g. Globally the extension must be the torus embedding 7%, for
some rational partial polyhedral decomposition X7 of Y, (7")g. The necessary and sufficient
condition on X7 is that m, induces a bijection X — X, ¢/ — m.(¢’), such that for every
o' € X7 there exists a splitting e, : T — T” such that o’ = ey o mi(0”).

Let X% be such a decomposition. Consider the convex rational polyhedral cone oq :=
R0 C Yi(Gp)r = Yi(T")g, and define Y/ := {0/,0’ + 09 | 0/ € £*}. One easily verifies
locally that TV, < T¥, is the relative torus embedding over T associated to the torus G,
and the cone og. Thus by 5.10 Té, is the line bundle on T3 associated to the G,,-torsor
T...

Let S be a scheme of finite type over k, X’ — S a T’-torsor and X : +X'/G,, the
associated T-torsor on S. Let X{, — X5 be the associated relative torus embeddings, this
is a line bundle. Any splitting e : T — T’ determines an isomorphism G,, = T"/e(T),
through which X’/e(T) becomes a G,,-torsor. Denote by L the invertible sheaf on Xy
associated to X3,. We keep these notations for the rest of this chapter. The following
proposition determines the direct image of £ under the projection f: Xy — S.

5.12. Proposition: (a) In the situation of 5.11 f,£ is canonically isomorphic to the
direct sum of the invertible sheaves associated to the line bundles

(X5o)/e(T) = S

for all splittings e : T — T” that extend to a morphism T% — T%..

(b) The same assertion also holds if 7" is a torus over C, X — S an analytic 7'(C)-torsor
over a complex space S, and X a finite and complete rational polyhedral decomposition of
Yi(T)w.

Proof. For any splitting e : T, — Ty, let 7" — T x (1" /e(T)) be the canonical map
t' — (w(t"),[t']). Tt is clearly an isomorphism, and its inverse extends to a morphism

T x (T'/e(T)) <+ T
) )
T x (T), Je(T)) — TL,

Indeed, if we decompose T" = T x G,, via the splitting e, the torus embedding on the
bottom left is covered by affines T, x Al = T". 1o Since by assumption o C e, (o) + 09, we
also have o 4 09 C e,(0) 4 09, hence the morphism extends to T, , — TéJ(J)JFJO c 1.,
as desired. This implies that the analogous morphism of the torsors also extends:
X x (X'/e(T)) <+~ X’

n

N

i
Xy x (X [e(T)) — XL,
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since it does so locally. Thus for any open U C S every local section y : U — (X[, )/e(T)
yields a section .
Xn xgU M Xy X (X:,O/e(T)) — X/Z’a

i.e. an element of I'(Xy xg U, L) = I'(U, f.L£). This defines a canonical homomorphism
from the invertible sheaf associated to (X /e(T)) to f.L. Taking the direct sum over all
splittings e : Tx — Ty, we get the desired canonical homomorphism.

It remains to show that in both cases (a) and (b) this is an isomorphism. Since this
is a local property, we may assume that X’ is a trivial torsor, which then reduces to the
case X' =T’ resp. X' = T'(C). In case (b) Tx(C) is compact by assumption, hence the
holomorphic sections of £ coincide with the algebraic sections. Thus for the rest of the
proof we may stay in the algebraic category.

Now I'(Tx, £) is just the intersection of all T'(7y, £) inside I'(T, £). Since likewise any
splitting T — T” extends to Ty, — T%, if and only if it extends to T, — Téo(o) oy fOr
every o € X, we are reduced to the case Ty, = T,. After using the splitting e, to write
T = G,, x T, we may assume that 77 = G,, x T and the embedding is T, = Al x T,.

oo Xo
Then we have canonical isomorphisms
I(T,,L) = Morr, (T, A' x T, = Mor(T,,A') 2 T'(T,, Or,) = k[X*(T) N 5]

Any splitting e : T — G,, x T is of the form t — (x(t),t) for some x € X*(T), so
e: Yi(T) = Z&Y,(T) is given by A — ({x, ), \). It extends to a morphism T, — Al x T,
if and only if e.(0) C 09 X o, i.e. if (x,A) > 0 for all A\ € o, which is equivalent to x € 7.
Hence the map under consideration goes from B, c x,(1)ns k- X = F[X™(T) N 6] to itself,
and it suffices to show that it is the identity map.

The section associated to e is determined by the following diagram

7 D T (G xT)/e(T) <= GuxT - G

[ ) ) )

T, <D 7 (Al xT)/e(T) — Al xT, Py Al

On the level of cocharacter groups this diagram reads

V.(T) <% Y(T) e (26 YD) /e(Ya(T)) == ZaY.(T) % 7
A — (A, [(0,0)]) = (A [0 A), ) (OGASA) — (A
This shows that the image of the section associated to e is indeed the cocharacter y, as
desired. q.e.d.

5.13. Example: In the situation of 5.11 assume that 7/ = G,, x T and ¥/ =
{{0} X 0,00 X 0 | 0 € 3}, in which case L is just the structure sheaf of Xy. Then f.L is
the direct sum of the invertible sheaves associated to the Gy,-torsors X/ker(x) — S, for
all x € Hom(T,G,,) = X*(T) that take nonpositive values on |¥|. In fact, any splitting
e: T — T is of the form e(t) = (x71(t),t) for x € X*(T), and it extends to T — T4, =
Al x T if and only if x~! is nonnegative on |X|. By 5.12 (a), f«Ox is the direct sum of
the invertible sheaves associated to the line bundles (X7 /e(T) — S for all such x. But
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(X[, /e(T) = (A' x X)/e(T) = X/ ker(x), with the G,-structure given by the commutative
diagram
G xT — (Gp xT)/e(T)

! i

T i Gm
In particular, if Ty, = T, is an affine torus embedding, then the y in question are prec1sely
those with —y € . Assume moreover that o is of top dimension, and denote by f X,—> S
the formal completion of X, along the closed orbit, as in 5.7. By the description in 5.6,
f:O %, s canonically isomorphic to the direct product of the above invertible sheaves.

5.14. Proposition: In the situation of 5.12 (a) or (b) assume that ¥ is a finite and
complete rational polyhedral decompostion of Y, (T)g, and that Y,(T)r \ |X'| is convex. For
every 0 € ¥ with R- 0 = Y, (T)r let e, : T — T’ be the splitting defined in 5.11, and M,
the invertible sheaf on S associated to the line bundle (X[ /es(T) — S.

(a) For every such ¢ M, is a direct summand of f,£ as in 5.12.

(b) For every n > 1 and every direct summand M of f,(L®") according to 5.12 there exist
integers b > 1 and a, > 0, for all ¢ as above, such that b-n = ZU ay and

M = Q) MZ.

Remark. In general b cannot be chosen equal to 1, although it can be bounded in-
dependently of M and n. This is related to the fact that on an arbitrary (non-smooth)
complete torus embedding there exist ample invertible sheaves that are not very ample.

Proof. After choosing a splitting we may assume that 7" = G,, x T. For every o
of top dimension write e, = (x4,id) for xo € X*(T'). Recall (5.11) that for such o x,
is uniquely determined by o and ¥'. Consider arbitrary a, € Z. By 5.10 @, MZ% is
the invertible sheaf associated to the G,-torsor (X’ xg ... xg X')/ker(¢), where ¢ is the
composite homomorphism

T 11,1 Jex(T) <~ ;G 1 Gy,
(2o, t0)) = ([(z5,10)]), ([(zo, 1)]) = (25) = Tlage.
An easy calculation shows that the composite homomorphism
G x T =T <32, 11,77 1 G,,

is given by ¥ : (z,t) — 2% x*(t)"!, where x* :=>"_a, - xo and a := Y a,. This shows
that the composite map

X e X xg. . xg X1 (X Xg ... x5 X)) ker(¢)
induces a T’-equivariant isomorphism
X'/ ker(yp) === (X' xg...xg X")/ ker(¢).

Thus @), M2 is the invertible sheaf associated to the G,,-torsor X'/ ker(y)) — S.
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By 5.10 £®" is the invertible sheaf associated to the line bundle X’E, /iy, — Xx. Since
canonically Yi(T"/pn) = Yi((Gp/pn) X T) = 2 - Z& Y, (T), every splitting e : T — 1"/,
is on the cocharacter group given as (x,id) for some y € % - X*(T'). An easy calculation
shows that the composite homomorphism

T = G X T1 (G 11n) X T)/e(T) <2~ Gy,

is given by £ : (z,t) — 2™ - (x®)(t)"!. Thus M is the invertible sheaf associated to the
Gm-torsor X'/ ker(§) — S for some x € 1 - X*(T). For any integer b it follows that M®?
is the invertible sheaf associated to the G,,-torsor X’/ ker(£?) — S. Thus for (b) we have
to prove that for any y € % - X*(T) such that the section (y,id) : T — T"/u, extends to a
morphism 7' — ¥ — T%., /i, there exist integers b > 1 and a, > 0 such that b-n=>__a,
and 1 = . This last equality is equivalent to b-n -y = Y G5 - Xo- Let ap := g= for all
o, then these must be nonnegative rational numbers with > a, = 1 and x = >y * Xo-
Since we can make b arbitrarily large, it suffices to find such a, € Q=°. An easy argument
shows that if such elements exist in RZ", then one can also find them in Q=°. Thus we are
reduced to the assertion: x lies in the convex closure of the x,.

Let us analyze the condition that a splitting extends to Tx. Let f : Yi(T)r — R be the
unique function such that for all o € ¥ and all A € 0 e;«(A) = (f(A),A). This function is
continious, coincides with x, for each o of top dimension, and has integer values on Y, (7).
Moreover by definition

= {(f(N) + @, N) [ A € Ya(T)r, a € R},

hence the convexity of Yi(T)r \ |¥'| is equivalent to the convexity of f (in the sense of
[KKMS] footnote p.27), i.e. for all \, N € Yy (T)g and o € [0, 1]f(aA+ (1 —a)N > af(N) =
(1 —a)f(N). Consider the set

K= {z € X*(T)& | VA € Yi(D)rlz, \) > ().

Let x € % - X*(T), then by 5.4 the splitting (x,id) : T — T’ /u, extends to a morphism
Ty, — Ty, /py if and only if for all o € ¥ (x,id)(0) C eq«(0) + 0¢. But this is equivalent
to VA € Yi(T)r (x,\) > f(A), so the splitting extends if and only if y € K. Thus the
assertion (a) is equivalent to x, € K for all 0 € ¥ of top dimension, and (b) is equivalent
to the statement: Every x € K N % - X*(T) lies in the convex closure of these x,. Both
are implied by the following lemma. Observe that up to now we have not used any of the
assumptions on . q.e.d.

5.15. Lemma: Let K C X*(T)g and x, € X*(T) for all 0 € ¥ with R- 0 = Y, (T)r
as in the proof of 5.14. Then K is the convex closure of these x,-.

Proof. Let us first check that the y, lie in K. For any A € Y,(T)r we have to show
that (xo,A) > f(A). Choose any X € ¢, then ¢° is open in Yi(T)g, hence there exists
0 < a < 1 such that aX + (1 — )X € oY, The convexity of f implies f(aX + (1 —a))\) >
a-fA)+(1—a)-f(N). But f coincides with (x,) on o, so it follows (xy, A+ (1 —a)N) >
a- f(A)+ (1 —a)-{xs,N). This implies (x,, A) > f(A), as desired.
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Next K is an intersection of closed half spaces, hence it is closed and convex. We claim
that K is compact. To prove this it suffices to show that it is bounded in any fixed euclidean
metric on X*(7T")g. Assume it is not bounded, and fix x € K. For every a > 0 let B, (x) be
the open ball of radius o around z. Let S := 0Bj(z), then for every o > 1 the intersection
of S with the convex closure of {z} U (K \ By(x)) is a nonempty closed subset, which
decreases as « increases. By the compactness of S their intersection is nonempty, hence K
contains some half-line x + R= . 2/ for 2/ € S. Let A € Y,(T)r be such that (', \) < 0,
then it follows that (z + az’,\) > f()\) for all a € R=Y, which is clearly a contradiction.
Thus K is compact.

Recall that an element x of a closed convex subset A of a finite dimensional R-vector
space is called an extreme point of A if it cannot be written in the form 1 - (2’ + 2”) with
2/, 2 € A and 2/ # x # 2. By the Krein-Milman theorem every compact convex set A
is the convex closure of its extreme points. Thus in our case it suffices to prove that the
extreme points of K are just the x,-.

Fix an extreme point g € K and let
A= {A€Yi(T)k | (0, A) = F(M}.

This is a convex subset. Indeed, let A, N € A, 0 < a <1 and M := aX+ (1 — a)\.
Then the sequence of inequalities f(\") < (z9,\") = a - (xo,A) + (1 — a) - (xo, \) =
a-fN)+ (1 —a)- f(N) < f(N) shows that f(\') = (zg,\"), hence N’ € A, as desired.
Clearly AN o is a convex rational polyhedral cone for every o € 3. Since A is convex, it is
itself a convex rational polyhedral cone.

We want to show that R- A = Y, (T)g. Let {r;} C X be the finite subset of all 7 with
dim(R - 7) = 1. Choose \; € 70 for every i, then we have K = {z € X*(T)g | Vi{z, \;) >
f(X)}. Indeed, every A € Y,(T)r lies in some o € 3, hence is a nonnegative linear
combination of the \; such that 7; is the face of o, and f is linear on o. Let I be the set of
all ¢ such that (zg, A;) = f(\;), then by definition L := {x € X*(T)g | Vi & I{x, N\;) > f(\i)}
is a neighborhood of zy in X*(T)g. Now K contains the subset

LN{ze X (T | Vi€ Hz,\) = fFOu)} = LN (w0 + {o € X*(T)g | Vi € Iz, \;) = 0}),

so since xg is an extreme point of K, the linear subspace {x € X*(T)r | Vi € I{x, \;) = 0} is
reduced to a point. In other words the set {\; | i € I} generates Y,(T)r. But by definition
it is a subset of A, whence R - A = Y, (T)r.

Finally it now follows that there exists o € ¥ with R-o = Y,(T)g and 0N A° # . Fix
A€ 02N A%, then f coincides with both y, and z( in a neighborhood of A. This implies
o = Xo, as desired. q.e.d.

Next we study ampleness criteria in our setting. It turns out that the property “anti-
ample” has a more natural geometric meaning.

5.16. Ample line bundles: In the situation of 5.12 assume that || is convex, for
instance || = Y, (T)g. We call ¥’ strictly convex if

(i) |X| is convex and
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(ii) X1 consists of all cones |X'|Nker({z, )) for all z € X*(T')q such that (z, ) is nonnegative
on |Y'|, and restricts to the identity on R - 0.

Note that if these conditions are satisfied, then X1, hence also ¥’ and X, are uniquely
determined by |¥'|. If X is finite, then condition (i) means that |X'| is a convex rational
polyhedral cone, and (ii) means that 3% consists of all faces of |¥’| that do not contain oy.

Assume now that X is finite, and |X| convex. Then the invertible sheaf £2(-1) is
relatively ample with respect to f : Xy — S if and only if ¥/ is strictly convex. Indeed
this is a reformulation of [KKMS] ch.I §3 thm.13 under slightly stronger assumptions. But
let us briefly indicate another, somewhat amusing proof, which exhibits the ralationship
between ampleness and convexity within the setting of torus embeddings. Without loss of
generality let X = T'. If 3/ is strictly convex, then we have a torus embedding 7" T\/EP
hence a commutaive diagram

T, . 7Z€ero sectlon> Té ) open_, v

¥ I

~ 7/ closed orbit ! open !
pr—
S=Th, — odesedorbit, o PN Tl

Observe that the morphism 7y, — T|/2'|> which exists if |X'| is convex, is an open embedding

if and only if 3’ is strictly convex. Grauert’s ampleness criterion ([EGA-II] thm. 8.9.1) now
implies that £2(=1 is ample on Tk (note that the convention of [EGA-II] 1.7.8 concerning
the relation between 7Y, and L is the opposite of ours). Conversely, if £21 is ample
on 7%, we have the same diagram with T|/2'| replaced by the affine cone associated to L
by [EGA-II] 8.8.2. But by definition the 7"-action extends to this cone, so by [EGA-II]
8.8.6 (ii) and [KKMS] ch.I thm. 1’ this cone is isomorphic to T for some convex rational
polyhedral cone 7 C Y, (T")r. One easily verifies that 7 = |¥’|, and the strict convexity of
Y/ follows.

For the proof of theorem 5.19 we shall need the following lemmata.

5.17. Lemma: Let f: X — Y be the proper morphism of schemes of finite type
over k. Let £ be an invertible sheaf on X, £; for ¢ = 1,...,n invertible sheaves on Y such
that

(i) £ is very ample with respect to f (in the sense of [EGA-II] 4.4.2).
(ii) For all i £; is ample on Y.

(i) f.£ = DL, L;.

Then L is ample on X.

Proof. By [EGA-II] 4.6.11 and 4.4.10 there exists a nonnegative integer k such that
L® f*LP% is very ample. By [EGA-TI] 4.5.10 it suffices to prove that £LEM+1) is very
ample for some large positive integer M, to be chosen below. Since

L2 = (Lo fLef @ (LM @ o),

by [EGA-II] 4.4.8 it suffices to choose M such that the sheaf LM @ f *E?(_k) is generated by
global sections. Since L is relatively very ample, the canonical homomorphism f*f.L — L
is surjective. Thus there is a surjective homomorphism f*(f,£)®M — L£L&M 5o it suffices
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to have (f,L£)*M L’?(_k) generated by global sections on Y. But (f.£)*M is a direct
sum of tensor products of M copies of different £;, so M must satisfy: For all integers m;
such that my > —k, m; > 0 for i = 2,...,n, and M = >_7_, m;, the sheaf @}, LZ™ is
generated by global sections.

To produce such an M note that there exists a positive integer mg such that for all
m > mg and all 4, j € {1,...,n} the sheaves L; ®£§§m, E?(_l) ® E?m, E?m are generated
by global sections ([EGA-II] 4.5.5). Any tensor product of such sheaves is also generated
by global sections. Now let m = (mi,...,my) € Z" such that m; > —k, Vi = 2,...,n
m; > 0, and M = Z?:lmi. Write m = mg - a + b with a,b € Z" such that Vi =1,...,n
a; >0, =k <by <mp,and Vi =2,...,n0<b; <mg. If 7" ;a; > >, |bi|, then we can
write m as a sum of n-tuples of the form myg -¢;, mo-¢; +¢; and mg - ¢; — €, where ¢, is the
ith standard basis vector. So in that case the sheaf is generated by global sections. Note
that

N :=(n—1)-(mo—1) = max{k,mo— 1} > > |b;].
=1
Thus for M := (mg+ 1) - N we get

;ai:m_o'(M_zbi)Zm_o'(M_N):szlbi’>

as desired. q.e.d.

5.18. Lemma: Let f: X — Y be a holomoprphic map of compact normal complex
spaces, and £ and M invertible sheaves on X, Y respectively, such that M is ample, and
L is ample on every fibre of f. Then there exists a positive integer n such that £ ® f* M&"
is ample. In particular X is projective.

Proof. By the direct image theorem (see [GR] ch.10 §4.6) f.L is a coherent sheaf.
By the ampleness of M there exists a positive integer n such that (f.£) ® M®M~1 ig
generated by global sections. We shall prove the ampleness of £ ®@ f*M®" for every such
n. By Grauert’s ampleness criterion (see [BPV] ch.I thm. 19.3) we have to show that for
every irreducible closed analytic subset Z C X of strictly positive dimension there exists an
integer m > 1 such that (£ ® f*M®")®™|, possesses a nonzero section which has at least
one zero. If Z is contained in a fibre of f, then (L ® f*M®”)|Z is isomorphic to Lz, so this
follows from the ampleness of £ on the fibres. Otherwise by the proper mapping theorem
(see [GR] ch.10 §6.1) f(Z) is a closed analytic subset of Y, of strictly positive dimension.
Thus by the ampleness of M there exists an integer m > 1 and a nonzero section s of
M®™| ¢z that has at least one zero. Let t be a section of (f.L) ® M®=1) that does
not vanish identically on f(Z). Denoting the pullback to Z of these sections by the same
letters, it follows that t®™ ® s is a nonzero section of (£ ® f*M®")|z, whose zero locus is
non-empty since it contains that of s. This is the desired section. q.e.d.

5.19.Theorem: In the situation of 5.12 (a) or (b) assume that ¥ is a finite and
complete rational polyhedral decomposition of Y, (7). In the case (b) suppose in addition
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that S is compact. For every section e : T — T’ let M, be the invertible sheaf on S
associated to the line bundle (X7, )/e(T) — S. Then the following assertions are equivalent:

(a) £2(-1) is ample on X7.
(b) X' is strictly convex, and M?U(_l) is ample on S for all o € ¥ with R- o = Y, (T)k.

Proof. Let us first reduce the analytic case to the algebraic case. For this, if S is a
compact space, it suffices to prove that S and Xy are projective whenever (a) or (b) holds.
If (b) holds, then there exists an ample line bundle on S, and a line bundle on Xy, that
is ample in every fibre over S. By 5.18 there exists also an absolutely ample line bundle
on Xy, so both S and Xy are projective. If (a) holds, then Xy is projective. Choose any
o €Y with R-o = Y,(T)g, then X, = S is also projective, as desired. For the rest of the
proof S is a scheme over k.

Assume (b), then for every n > 1 f,(£2(=™) is a direct sum of ample invertible sheaves
on S . In fact, this is a consequence of 5.14 (b), the ampleness of the M?U(_l), and the
fact that a tensor product of ample invertible sheaves is again ample ([EGA-II] 4.5.7).
Thus if we choose n so that £2(") is relatively very ample for f : Xsx — S, then by
5.17 it is already absolutely ample, whence (a). Conversely assume (a). Then the strict
convexity of ¥’ follows from 5.16. For any o € ¥ with R - o = Y,(T)g we have a section
Iy . S & f(g — X, and it follows that io*£®(_1) is ample. Now £|)~(U is the invertible sheaf

associated to the Gp,-torsor X'/e,(T) on X, = X/T, hence i *L is isomorphic to M., .
Thus M?U(_l) is ample, which proves (b). q.e.d.

5.20. Construction of projective refinements: We now want to deal with the
construction of rational polyhedral cone decompositions that are strictly convex in the sense
of 5.16. Our main point of interest is to construct refinements of given cone decompositions,
subject to strict convexity and/or smoothness conditions.

Consider a short exact sequence of finite dimensional Q-vector spaces 0 — Q — M’ =
M — 0, and let 0¢ := RZ? x {0}. Let 0 C My be a convex rational polyhedral cone, and
consider finite rational partial polyhedral decompositions X, X7, ¥ as in 5.11, such that
1| = 0. If ¥/ is strictly convex, then the definition 5.16 shows that X7, hence also ¥ and
Y" are uniquely determined by |X'|. Conversely let ¢’ be a convex rational polyhedral cone
in M, such that 0’ "R - 09 = 0g and 7(0’) = 0. Let X7 be the set of all faces of ¢’ that do
not contain og, and ¥ := {mw(c") | e € X7} and ¥/ := {67,067 + 09 | ot € X1}, then it
is easy to see that X’ strictly convex with |X'| = ¢’ and |X| = 0.

Next we fix a splitting M’ = Q x M. For any ) as above there exists a unique function
f: o — R such that

> ={(t,x) eRx My | t+ f(x) > 0}.

In fact, if e = (x,id) is the splitting M — M’ associated to some 7 € X, then f coincides
with —x on 7 (This function is the negative of the function considered in the proof of
5.14). Clearly f is continuous, linear on every 7 € X, takes rational values on o N M,
and is convex in the sense that f(ax + (1 — a)y) > af(x) + (1 — a)f(y) for all z,y € My
and « € [0,1]. Conversely suppose that we are given a convex continuous piecewise linear
function f : o — R, such that f(a-2z) = a- f(z) for all z € o and a € RZ?, and which
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takes rational values on o N M. We call such a function a piecewise linear convex rational
function. Then the above formular defines a convex rational polyhedral cone ) with the
described properties. Denote by Y( f) the corresponding rational polyhedral decomposition
of o, it consists af all maximal subcones of ¢ on which f is linear.

In the following propositions we shall use this description to construct certain refine-
ments of cone decompositions. The general idea in these constructions is the induction
over the number and the dimension of the cones in the given decomposition. Thus in the
induction step we assume that the construction is already carried out on every proper face
of a convex rational polyhedral cone o, and we extend it to all of o.

5.21. Proposition: Let o0 C My be a convex rational polyhedral cone that does not
contain a nontrivial linear subspace, and X a finite rational polyhedral decomposition with
IX| = 0. Let f, : 0~ 0" = R be a function such that for every proper face p of o, the
restriction fy|, is a piecewise linear convex rational function, and X(fy|,) is a refinement of
{m € ¥ | ® C p}. Then there exists a piecewise linear convex rational function f: o — R,
which coincides with fo on o ~ 0¥, such that X(f) is a refinement of X.

Remark. The assumption on o is not necessary. By induction the proposition implies
that every finite rational polyhedral decomposition ¥, such that |X| is convex, possesses a
refinement which admits a strictly convex ¥’ as in 5.16.

Proof. Let f be any piecewise linear convex rational function whose restriction to
o~ o is fy. That there exists such a function is obvious if dim(R - ) < 1. Otherwise o
0 so there exists a unique smallest convex function which is
> foon o~ 0", and it is easy to see that its restriction to o ~ 0¥ is fo. After replacing &
by its refinement {7 N7 | 7 € X, 7 € X(f)} we may assume that X(f,,) ={7 € X |7 C p}
for every proper face p of o.

is the convex closure of o \ o

Next let © € ¢ and T be the set of all faces of p +R=Z? - x for all proper faces p of o.
This is a rational polyhedral decomposition of o that contains every proper face of o, and
every 7 € T is contained in p U ¢ for some proper face p of o. After replacing 3 by the
refinement {T N7 |7 € ¥, 7 € T} we may assume the same property for 3.

Since T contains every proper face of o, we still have %(f,,) = {7 € ¥ | 7 C p} for
every proper face p of o.

Now fix 7 € X. We want to find a piecewise linear convex rational function f, : ¢ — R,
which coincides with fy on o ~ ¢, such that 7 € X(f;). Let p be a proper face of o such
that 7 C pU oY, By assumption p N7 € £(fyl,), so there exists a linear form: £: M — Q
such that £ = foon pN7,and £ > foon p~7. Let m: M — Q be a linear form which
vanishes on p, and is strictly positive on o \ p. Since we may replace ¢ by ¢ 4+ a - m for
arbitrarily large o € Q~°, we can choose £ such that £ > fo on o~ (pUc?). Let f,: 0 = R
be the unique smallest convex function, which is > fy on o ~ ¢, and > ¢ on 7. Since by
assumption 7 C pUc?, we have fo = £ on (0~ ¢°) N 7. Thus the restriction of f, for o~ oV
is fo, and f; > ¢ on o \ 7. Since f; = ¢ on 7, we have T € X(f;), as desired.

Finally let f = card(X)~!- Y res fr be the average of all f;. This is again a piecewise
linear convex rational function and coincides with fy on o~ o". Moreover it is easy to check
that X(f) consists of all intersections of elements of the different X(f;). In particular X(f)
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is a refinement of every 3(f;), hence every 7 is the union of cones in 3(f). But this means
that 3(f) is a refinement of 3, as desired. q.e.d.

5.22. Lemma: Let 0 C Mg be a convex rational polyhedral cone, f : o — R
a piecewise linear convex rational function, and g : ¢ — R a function whose restriction
to every p € X(f) is piecewise linear convex rational. Then for every sufficiently small
e € Q7 the function f + ¢ - g is again piecewise linear convex rational, and X(f +¢-g) =

Upez(f) 2(9lp)-

Proof. Let RZ? - z; be the finitely many one dimensional cones in Upez(f) >(glp)- Let
p€X(f)withR-p=R-0, and 7 € 3(g|,) with R-m = R-p. Let £ and m be linear functions
on M with ¢|, = f|, and m|r = g|z. Then ({+¢e-m)(x;) = (f +¢-g)(z;) for every z; € .
But for every x; ¢ m we have either ¢(z;) > f(xz;), or l(x;) = f(x;) and m(z;) > g(x;).
Thus for any sufficiently small ¢ € QY we have ({+¢c-m)(z;) > (f +¢e-g)(x;) for all x; & 7.
If we have this for every m, then f + ¢ - g is convex, it is automatically a piecewise linear
convex rational function, and 7 is the subset of o on which £+ ¢ -m coincides with f+¢-g.
Since every cone in | ex (s E(g,) is a face such a 7, the assertion follows. q.e.d.

5.23. Proposition: Consider the situation of 5.21. Assume that in addition we are
given a lattice My C M, and that for every proper face 7 on o, every m € X( f0|T) is smooth
in the sense of 5.2. Then the function f in 5.21 can be chosen such that every m € 3(f) is
smooth.

Remark. By induction the proposition implies that every finite rational polyhedral
decomposition 3, such that |X| is convex, possesses a smooth refinement which admits a
strictly convex ¥/ as in 5.16.

Proof. Suppose first that > consists of the faces of 0. In this case we just have a
function fy: o~ 0" — R, whose restriction to every proper face 7 of ¢ is a piecewise linear
convex rational function, such that every m € X( fy|) is smooth. The assertion is that there
exists a piecewise linear convex rational function f : ¢ — R, which coincides with fy on
o~ oV, such that every m € X(f) is smooth. This is precisely what is shown in the proof of
[KKMS] ch.I §2 thm. 11 on pp.33-35.

In general let f be as in 5.21. By 5.22 it suffices to construct a function g : ¢ — R,
which is zero on o . ¢°, and piecewise linear convex rational on every p € X(f), such that
every m € X(g|,) is smooth. Let 7 be a rational partial polyhedral decomposition contained
in 3(f), which contains every p € X(f) that lies in a proper face of 0. We shall define g on
/7| by induction over T. First let 7 consist of all p € X(f) that lie in a proper face of o,
and define g to be zero on o ~ ¢". By assumption this function satisfies the requirements.
For the induction step choose p € X(f)~\7T of minimal dimension. Then g is already defined
on p~ pY, and the function g| o p0 Satisfies the assumptions of the special case above. Thus
we can extend g to a function on |T| U p with the desired properties. q.e.d.

5.24. The barycentric subdivision: Let My be a lattice in M, and ¢ C My a
convex rational polyhedral cone that is smooth with respect to M. Then by definition
o= Zle RZ0 . x; for certain z; € My which are part of some basis of My;. The RZY . z;
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are the one dimensional faces of o, and the x; are uniquely determined up to permutation.
The barycentric subdivision of ¢ is then defined as follows.

For every nonempty subset S C {1,...,d} let x5 := >, qx;. For every 0 < r < d
consider a sequence S of subsets () ; S ; . ; S, c{l,...,d}, and let 05 := > R=Y.
xg,. It is easy to check that the set ¥ of all g is a rational polyhedral decomposition of
o (compare [Sp] §3.3 thm. 9). This is the barycentric subdivision of o. By construction it
depends only on o and the lattice M7;. Moreover every og is smooth, and for any face 7 of
o the decomposition {og € ¥ | g C 7} is the barycentric subdivision of 7.

The barycentric subdivision has the following property, which is why we are interested
in it. Consider og € X. Every face of og is of the form og for a subsequence S’ of S. We
saw above that every automorphism of Mz NR - ¢ that fixes o comes from a permutation
of the z;. This implies that no two distinct faces of the same og are conjugate under such
an automorphism. More generally let 71, 79 be the two faces of o, and ¢ an isomorphism
My NR -1 — Mz NR- 7 that identifies 7 with 7. If 0g is a face of og that is contained
in 71, and ¢(og ) is a face of g, then again we must have ¢(0g) = og.

5.25. Lemma: In 5.24 suppose that we are given a function fy : o~ o’ — R,
whose restriction to every proper face p of o is a piecewise linear convex function, such
that X(fo|,) is the barycentric subdivision of p. Then there exists a piecewise linear convex
rational function f : o — R, which coincides with fo on o ~ ¢, such that X(f) is the
barycentric subdivision of o.

Proof. let f be the smallest convex function on o with f(z; + ...+ x4) = C, and
which is > fy on o ~ ¢°. If C is a sufficiently large positive rational number, then f has
the desired properties. q.e.d.

5.26. Canonical sheaves on torus embeddings: Let 7 : X — S be a torsor
under a torus 7T of dimension d, and j : X — Xy, a relative torus embedding. What we
shall do will be equally valid in the algebraic and the analytic category. Let wxy,, g[dlog]
be the sheaf of meromorphic relative differential d-forms on Xy, over S with at most simple
poles along Xy ~\ X. It is a coherent subsheaf of j.wx/g, called the relative canonical sheaf
with logarithmic poles along Xy, ~ X. Similarly if S is smooth and equidimensional of
dimension d’ over the filed k, let wx, [dlog] be the sheaf of meromorphic relative differential
(d 4+ d')-forms on Xy, over k with at most simple poles along Xy ~ X. It is a coherent
subsheaf of j.wx = jiwx/, called the canonical sheaf with logarithmic poles along Xx~\ X.
Observe that these definitions depend only on the embedding X < X5 and the morphism
7: Xy — S and not on either T or the fact that X — Xy, is given as a torus embedding.
The second definition does not even depend on S. Note also the canonical isomorphism

wxy[dlog] = wxy, /gldlog] ® T ws.

We are also interested in the T-invariant differentials on X. By definition the sheaf of T'-
invariant relative differential d-firms w)T( /s is the difference kernel of the two homomorphisms
of Og-sheaves

* *
pro, Bt TaWx/s — (WOPW)*WTxX/TxS,
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where p : T x X — X denote the T-action. It is an invertible coherent sheaf on S,
and the canonical map m*m.wyx/g — wx/g induces an isomorphism W*wg;/s — wx/g. Let
(= w§ /s~ TWx/s be the inclusion. The invariance property implies that for any open
U C S and any morphism ¢ : U — T the following diagram is commutative

w;(/s AN Wy /g
N e
ﬂ-*wX/S7

i.e. [t-]* induces the identity on w? /s

5.27. Proposition: Let [1]: S — T be the constant morphism s +— 1. There exist
canonical isomorphisms
wxy,/sldlog] = ﬁ*w)T(/S, and

T ~Y *
wxsg = [ wr.

If ¥ is finite and complete, they induce a canonical isomorphism
Twxy/s|dlog] = [1] wy.

Proof. For the first isomorphism note that j*j*f*w};/s o j*ﬂ*w)T(/S = Jawx/g, SO

ﬁ*w)TC /s is like wx, /g[dlog] canonically isomorphic to a subsheaf of j.wx/g. Thus we have
to show that their images are equal. Since this is a local question, we may assume that
X =T x S, which then reduces to the case X = T'. Let w be a nonzero T-invariant d-form
on 7', we then have to show that wry[dlog] is generated by w. Now it is well-known that w
has precisely a simple pole at every stratum T, of codimension 1. Indeed, for any such o
the embedding T' < T} is isomorphic to the enbedding Gﬁl — Gg@_l x Al and if T4, ..., Ty
are the d coordinate functions, then w corresponds to the differential C%l AN %, which
clearly has a pole of order 1 along G ! x {0}. This shows that wry[dlog] = w - O, as
desired.

To construct a canonical isomorphism wgg /s = [1]*wr we begin with the case X = T'x S.
In that case we define it as the composite homomorphism

wf(xs/s —iy T«WTxS/8 — F*[l]*[l]*wT = [1]*(,UT,

which is well-known to be an isomorphism. For arbitrary X we shall show that there exists
a unique homomorphism w}} /s [1]*wr which for every local trivialization over an open
U C S becomes equal to th homomorphism above. Then it is clearly an isomorphism, as
desired. Now such a homomorphism exists if and only if for every open U C S and every
morphism ¢ : U — T the diagram

T
Wrxu/u

W%XU/U —  [J'wrp
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commutes. But by the last remark in 5.16 [¢- |* induces the identity on wi. ,; Ju» @s desired.

Together these maps yields a canonical isomorphism wx,/s[dlog] = 7*[1]*wr, whence
an isomorphism T.wxy,/g[dlog] = 7.7 [1]*wr. But for ¥ finite and complete, X5 — S is a
locally trivial bundle with fibre Ts; which is proper, connected and reduced so the canonical
map [1]*wr — 7,7 [1]*wr is an isomorphism. This gives the last isomorphism. q.e.d.
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Chapter 6

Toroidal compactification

In this chapter we construct (partial or complete) toroidal compactifications of mixed
Shimura varieties. For our purposes it is best to carry out this construction within the
framework of the objects M%7 (P, X)(C), instead of considering just one connected compo-
nent at a time. This, and the fact that we consider mixed Shimura varieties as opposed to
pure ones,makes it necessary to redo as a whole the construction of the toroidal compact-
ification in [AMRT]. The general line of the proof is the same as there, and of course we
take resort to the reduction theoretic results [AMRT] pp.116, 157 and 258-9, see 6.2, 6.19
and 6.22 below.

We begin in 6.1-2 by describing the Baily-Borel compactification within our framework.
For this we use an explicit description of the Satake-topology that is more or less contained

in [AMRT] ch.III §6 (see 6.2 below). It is striking that the Satake-topology can be described
in a way completely analogous to the topology on a torus embedding, as described in 5.9.

In 6.4-5 we state the requirements for the systems of cone decompositions, on which our
toroidal compactification will depend. Then, in 6.6-9, we study torus embeddings “along
the unipotnet fibre”: these are just the torus embeddings with respect to a torsor structure
as described in 3.12. To define the general toroidal compactification of M%7 (P, X)(C), we
begin by considering a certain “big” infinite disjoint union U/ of open subsets of certain
other mixed Shimura varietes, associated to all rational boundary components of (P, X).
In any particular case, it would suffice to consider only finitely many components of U, but
with our choice, U has a much nicer functorial behavior. We show how M%7 (P, X)(C) can
be identified with the quotient of & by an explicit equivalence relation ~ (6.10-12). Then
we use the torus embeddings along the unipotent fibre to define an open embedding U < U
(6.13). In 6.14-17 we extend ~ to an equivalence relation on . The study of the quotient
U/ ~, which will be the desired toroidal compactification, is then carried out in two steps.

First we sonsider the action of a certain arithmetic subgroups on some subset of &. The
main result 6.20 is that this action is properly discontinuous. Then in 6.21 we relate I to the
Baily-Borel compactification of M7™¥7) (P, X)/W)(C), and in 6.22 we prove that this action
is in some sense locally equivalent to the whole equivalence relation. As in consequence the
graph ~ is closed (6.23), so U/ ~ is a Hausdorff space, and locally isomorphic to quotients
of subsets of U by finite groups. It is therefore a normal complex space. This is the desired
toroidal compactification (6.24). We finish the chapter by describing the functorial behavior
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of this compactification (6.25), and by giving smoothness (6.26), resp. compactness (6.27)
criterion.

6.1. Cores: Let (P,X) be mixed Shimura data,  C P an admissible Q-parabolic
subgroup, and (Pp, X1) a corresponding rational boundary component of (P, X). Let XY C
X1 be a connected component. Choose a Z-lattice U1(Z)(—1) in U1(Q)(—1), and let Dy
be the convex closure of Uy (Z)(—1) N C(X°, P;). A subset D C C(XV, P) is called a core
if there exists numbers A, € R>? such that A- Dy C D C u- Dy. Clearly this definition
is independant of the choice of the lattice (Compare [AMRT] ch.IT §5.1). If D is a core,
then so are the following sets, as is easy to see: its closure D, its interior D°, and the sets
R=!. D and D+ U;(R)(—1). Moreover by choosing a small enough lattice it becomes clear
that the set D + C(X°, P}) is also a core, and that C'(X°, P;) = R>?. D.

6.2. The Baily-Borel compactification: Let (P, ') be pure Shimura data, and Ky
an open compact subgroup of P(Af). Since every connected component of M7 (P, X)(C)
is a qoutient of a hermitian symmetric domain by an arithmetic group, it possesses a
canonical minimal compactification as a normal complex space, the (Satake-)Baily-Borel
compactification (see [BB] or [AMRT]). We want to reformulate the main points of its
construction in the language developed in the previous chapters.

First one defines

x* =[x /W,

where the disjoint union is extended over all rational boundary components (P;, X;) of
(P, X), and we write (P, X1)/Wy as (P1/W1,X1/W1). Note that each X;/Wj is a finite
disjoint union of hermitian symmetric domains, and that X embeds canonically into A'*
since it is the disjoint union of all X} for all improper boundary components. Then one
defines a certain topology on X'*, called the Satake-topology. We will not give its original
definition (cf. [AMRT] ch.IIl §6.1 p.257), but an equivalent one. For every connected
component X° of X', and for every (P, A7) such that X maps to A7, let 91 be the projection
X, — Xy /W1, and fix a convex core D C C(XY, P;). Note that the inverse image under
Y1 of any subset of C'(X?, P;) lies in the subset X C &j. For any subset Y C X;/W; and
every positive number A € R™? consider the subset

[Teelm™"(A- D) N () € &7,

where the disjoint union is extended over all rational boundary components (P, X2) between
(P, X) and (P, X1). Let 1 € Xy/Wj, then if ) runs through all neighborhoods of x; in
X1 /W1 and A through R”Y, these sets form a fundamental system of neighborhoods of x1
in the Satake-topology on X'*.

Indeed, the equivalence of this definition of the Satake-topology with the usual one is
only a slight strengthening of [AMRT] ch.III p.259 thm 3, and its proof is almost the same.
Let us give a few indications as to how the proof of [loc. cit.] can be adapted: Take an
arithmetic subgroup I' of P(Q) and let I'; := Stabr(z). Then for any Siegel set & (see
loc. cit]) the set of all v € I" such that v -2 € & is a finite union of I'y-cosets. Without
loss of generality we may assume that D is a standard core, and ) is stable under I',,
then our set above is I'p-invariant. It now easily follows from the usual definition of the
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Satake-topoloy that there exists finitely many Siegel sets &, with x € &}, such that our sets
form a fundamental system of neighborhoods of  if and only if they do so on every &;. But
the proof of the lemma on p.263 in [AMRT] gives an explicit description of the topology
on the closure of a Siegel set. Using the maps ; above for a certain rational boundary
components (P;, X;) between (P, X) and (P, &), a fundamental system of neighborhoods
of  in @j can be written as the union of ;(Sy ) for the S, + as in the cited lemma. The
rest follows as in [loc. cit.] p.265.

The Baily-Borel compactification can now be defined as the double quotient
M®1(P,X)*(C) == P(Q\X* x (P(Ay)/Ky),

where as in 3.1 P(Q) operates naturally on both factors from the left hand side. It is en-
dowed with the quotient topology, and by a fundamental result of Baily and Borel it is then
a compact Hausdorff space (see [AMRT] ch.II p.258 thm. 2). It contains M%7 (P, X)(C) as
an open dense subset. The obvious stratification of X* by hermitian symmetric domains
induces a stratification of M%7 (P, X)*(C) by finitely many locally closed subsets of the
form T\ (X1 /W1)?, where (X1/W1)? is a connected component of X1 /Wi, @ the admissi-
ble Q-parabolic subgruop of P associated to P; and I'g an arithmetic group of Q(Q). By
[BB] thm. 10.4 there exists a unique structure of a projective normal complex space on
MXs (P, X)*(C), whose restriction to each stratum is isomorphic to that induced by the
complex structure on the hermitian symmetric domain. The morphisms 3.4 (a) and (b)
extend to holomorphic maps of the Baily-Borel compactification, if the respective groups
are reductive.

6.3. Stratification of the Baily-Borel compactification: We want to describe
a stratification of M%7 (P, X)*(C) by pure Shimura varieties associated to the rational
boundary components of (P,X). For this fix a representative (Pp,X1) for every P(Q)-
conjugacy class of rational boundary components of (P, X). Let @ be the admissble Q-
parabolic subgroup of P associated to Py, then the conjugacy class of (P;, X}) contributes
to M%s (P, X)*(C) the subset

Stabgq) (A1) \(X1/W1) x (P(Ag)/Ky).
For fixed (Pp, X1) choose a set of representatives ps of the double quotient
Stabgq) (A1) - Pr(Ap)\P(Af)/Ky.

Then we easily see that Stabgg)(X1)\(X1/W1) x (P(Ay)/Ky) is the disjoint union over
these py of

(Stabgo) (K1) N (Pi(As) - py - Kp - o7 DNX/WA) x (Pu(Ag) - py - K1/ Ky).

Here observe that Stabgq)(X1) N (P1(Ay) py- Ky -p}l) is a subgroup of Q(Q), that contains
P;(Q) as a normal subgroup, so we can define

Ay = Stabgg) (1) N (Pi(Ay) - pf - Kf-p; ')/ Pi(Q).
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Next with K} = Pi(Af)Nps- Ky -p}l the map

Pi(Ap)/K} — Pi(Af) -py- K /Ky, [prgl = [p1s - oyl

is bijective. This gives an identification of the above set with

A\ (PLQ)\(X1 /W) x (Pu(Ag)/K}))
= A\PLHQ)N (X /Wh) x (Pr(Ag)/Wi(Ag) - K}))
~ AN\M™ED (P, X))/ WH)(C).

By definition A; is an arithmetic subgroup of (Q/P;)(Q). Since P;/Wj is an almost direct
factor of Q) /W7, a subgroup of finite index of A; can be lifted to the centralizer of P, /W in

@, hence acts trivially on M™ (K})((Pl, X1)/W1)(C). Thus A; acts through a finite quotient.

All in all we now have a stratification of M%7 (P, X)*(C) by finitely many quotients of
pure Shimura varieties by finite groups. Of course the connected components of these form
precisely the stratification mentioned in 6.2. Thus they are locally closed analytic subsets,
and the embedding is a holomorphic map.

6.4. Admissible cone decompositions: Fix mixed Shimura data (P, X) and con-
sider the set C(P, X) x P(A¢). Like in the definition 3.1 of mixed Shimura varieties we are
interested in two commuting operations on this set: P(Q) operates from the left on both
factors, namely by 4.23 resp. by left multiplication on the second factor, and P(Ayf) acts
from the right by multiplication in the second factor. We shall also need the left action of
P(Ay) by left multiplication on the second factor. We write “p-” for the former action, and
“ps-” for the latter: the presence or absence of an index “;” will distinguish the two left
actions. Each of these actions induces one subsets of C(P, X)) x P(Ayf). For any rational
boundary component (P, X1) of (P, X), any connected component XA° of X, and any
ps € P(Ay) consider the subset C*(XY, Py) x {ps} C C(P, X) x P(As). These subsets form
a covering, that is invariant under the above group actions. In the obvious way (“forget
ps”) we can interpret C*(X°, P1) x {ps} as a cone in the vector space U;(Q)(—1) @ R.

Now consider a collection ¥ of subsets of C(P,X’) x P(Ay), such that any o € ¥ is
contained in some C*(X°, P;) x {ps}. Define X(X°, P,ps) :={c € | o C C*(XY, ;) x
{ps}}. Let Ky C P(Ay) be an open compact subgroup. We call ¥ a K y-admissible partial
cone decomposition for (P, X) if the following conditions hold:

(i) For all X0, (P1, X1) and py, (X0, Py, py) is a rational partial polyhedral decomposition
of C*(X%, 1) x {ps}.
(ii) 3 is invariant under right multiplication of K¢ on the second factor of C(P, X') x P(Ay).
(iii) ¥ is invariant under the left action of P(Q) on both factors of C(P, X) x P(Ay).
(iv) For all (Pp, X}) the set UprP(Af) 3(X%, Py, py) is invariant under left multiplication of
P1(Af) on P(Ay).

We call ¥ finite if in addition the following condition holds:

(v) The double quotient P(Q)\YX/K; is finite, i.e. there exist only finitely many convex
rational polyhedral cones in 3 modulo the two actions (ii) and (iii).
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We call a K f-admissible complete cone decomposition for (P, X') if it is finite and the
following strengthening of (i) holds:

(i) For all X0, (P, X1) and ps, S(X°, P1, py) is a complete rational polyhedral decompo-
sition of C*(XY, P) x {py}.

Let ¥ a Ky-admissible partial cone decomposition for (P, X’). For every X 0 (P, 1)
and pr let I'y C U1(Q) be the image of

({z € Z(P)(Q) | 72 = id} x U1(Q)) Npy - Ky - pf !

under the projection Z(P) x Uy — U;. We call ¥ smooth with respect to Ky if and only
if for all X0, (P1, X1) and py the rational partial polyhedral decomposition X(X°, Py, py) is
smooth with respect to the lattice I'yy(—1) C Ui (Q)(—1).

Remarks. (a) Conditions (i’), (ii), (iii) and (v) together are equivalent to admissible
decompositions in the sense of [AMRT] ch.III p.252 for every connected component of
M%s(P,X)(C). Condition (iv) is the “arithmeticity” condition, and is not necessary to
define the toroidal compactification over C. But it is precisely the condition needed in
order to be able to describe the natural stratification of the toroidal compactification in
terms of other mixed Shimura varieties. Thus for our main purpose, the construction of
the canonical model for the toroidal compactification, it is the essential new ingredent.
(However, in general it is not strictly necessary condition to be able to define the toroidal
compactification over the reflex field.)

(b) As in 6.3 one can find finitely many rational boundary components (P, X;) and
finitely many py € P(Ay) such that ¥ is the union of all left P(Q)- and right K s-conjugates
of the Z(XO,Pl,pf) for these (P, X1) and py. Thus the finiteness of ¥ is equivalent to
the finiteness of every quotient I'g\X(&X O,Pl,pf), where () is the admissible Q-parabolic
subgroup of P associated to Pj, and I'gy is an arithmetic subgroup of Q(Q).

(c) The study of the existence of admissible cone decompositions will be postponed to
chapter 9, where we shall in fact construct a special type of these.

6.5. Operations on admissble cone decompositions: Let (P, X) be mixed
Shimura data, K; an open compact subgroup of P(Af), and ¥ a K;-admissible partial
cone decompositiion for (P, X).

(a) For py € P(Ay) let [ -ps]*% be the set of all “cones” {(u,p’; -pj?l) | (u,p}) € o} for
all o € Y. Thisis a py- Ky - p?l—admissible partial cone decomposition for (P, X). It is
finite, respectively complete if and only if X is finite, resp. complete.

(b) Let ¢ : (P,X) — (P,X) be an automorphism. It induces an automorphism of
C(P,X) x P(Ay) that we again denote by ¢. Let ¢*% := {¢!(0) | 0 € }. This is a
¢ (K #)-admissible partial cone decomposition for (P, X'), and finite, resp. complete if and
only if > has the same property.

(c) Let (Pr, A1) be arational boundary component of (P, X'). We define a (P (Af)NKy)-
admissible partial cone decomposition for (P;, X;), denoted by Y(py,x,)s according to the
rule

(Z)pya0)) (XD, Papry) = S(X0, Py, py y)
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for all p1 f € P1(Ay), every rational boundary component (P, X5) of (Py, X1), and every pair
of corresponding connected components X0 C X and X C &} such that X0 — X — As.
By 4.22 (b) this indeed defines a (P;(Af) N K¢)-admissible partial cone decomposition for
(P1,&1). Note that Xy(p, x,) inherits in general neither finiteness nor completeness.

(d) Define XY as the set of all ¢ € ¥ such that ¢ C C(XY, P1) x P(Af) for some
improper rational boundary component (P, X;). We say that ¥ is concentrated in the
unipotent fibre if ¥ = XV.

6.6. Torus embedding along the unipotent fibre: Let (P, X’) be mixed Shimura
data and Ky an open compact subgroup of P(Ay). Let (P, X") := (P, X)/U and K the
image of Ky in P/(Af). Let ¥ be a K y-admissible partial cone decomposition for (P, X)
that is concentrated in the unipotent fibre. We want to define a canonical torus embedding
associated to ¥ along the fibres of [1'] : M%7 (P, X)(C) — MK; (P, X")(C).

Let us first assume that Ky is neat. Let X° be a connected component of X, let x € X°
and py € P(Ay). By 3.14 the fibre over [7']([(z,pf)]) is isomorphic to I'y\U(C), where I'y
is the image of

({z € Z(P)(Q) | zx = id} x U(Q)) Nps - Kf-p;*

under the projection Z(P) x U — U. This is an algebraic torus, whose cocharacter group
Hom¢(C*,T'y/\U(C)) is canonically isomorphic to Hom(Z(1),I'y) = I'y(—1). Now the ra-
tional partial polyhedral decomposition X(X°, P,ps) of UR)(—1) = I'y(—1)g defines a
torus embedding of this fibre. By the functoriality of torus embeddings, conditions 6.4 (ii)
and (iii) ensure that this embedding is independant of the choice of 2 and p¢, up to isomor-
phism. Moreover these torus embeddings form a holomorphic family of torus embeddings
over M7 (P',X")(C). Denote the total space of this embedding by M5 (P, X,%)(C). It is
a normal complex space.

Since Ky is neat, M (P, X)(C) is smooth. Thus by definition 6.4 and by 5.3 M7 (P, X, X)(C)
is smooth if and only if ¥ is smooth with respect ot K. If we no longer require Ky to be
neat, we can construct an embedding as follows. Choose a open normal subgroup K}‘ of
Ky which is neat. Clearly the action of K}/Ky through the morphism 3.4 (a) extends to

M%7 (P, x,¥)(C) (this is a special case of the functoriality 6.7 (a) below), so we may define
MEr(P,x,%)(C) as a quotient of M*7 (P, X, %)(C) by this action. By 5.4 this definition
does not depend on the choice of K}‘.

6.7. Functoriality: The morphism of 3.4 extend to torus embeddings along the
unipotent fibre in the following cases. This follows easily from the definition 6.6 and from
5.3-5 and 5.8.

(a) Let (P, X) be mixed Shimura data, py € P(Af), and Ky, K C P(Ay) open compact
subgroups, such that K} C pf-Kf-pfl. Let 3 be a K ¢-admissible and ¥’ be a K}—admissible
partial cone decomposition for (P, X'), both concentrated in the unipotent fibre. Suppose
that for every o’ € X' there exists 0 € ¥ such that o’ C {(u,p) -p}l) | (u,p}) € o}, or
equivalently 7 € [ -pf]*3 such that ¢’ C 7. Then the map of 3.4 (a) extends uniquely to a
holomorphic map

[ps) = [ prlic i, = M7 (P,X,S)(€) = MRS (P, X, )(C).
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It is an isomorphism if K} =ps- Ky -p}l and X' = [ -ps|*3. If K} = Ky and ¥/ C 3, then
it is an open embedding. In that case the complement of the image is a closed analytic
subset. If ¥/ = 3, K’ = Ky and py € Ky, then [ -py] is the identity map. If ¥’ = ¥ and
K’ is a normal subgroup of Ky, then the map | -1]K}7Kf identifies M%7 (P, X, ¥)(C) with
the quotient of M7 (P, X,X)(C) by the finite group K’;/Ky, acting from the right hand
side through the morphisms | -kf| on MK;’(P, X,%)(C).

(b) Consider a morphism ¢ : (P, X;) — (P, X3) and open compact subgroups K} C
Pi(Ay) and KJ% C Py(Ay) such that ¢(K}) C K% Let X1 be a K}-admissible partial cone
decomposition for (P, X7) and 39 a K J%-admissible partial cone decomposition for (P, A5),

each concentrated in the unipotent fibre. Suppose that for every o; € ¥, there exists
o9 € Y9 such that ¢(o1) C 2. Then the map of 3.4 (b) extends to a holomorphic map

[¢] = [¢] K},K

If¢: (PX)— (P,X) is an automorphism, ¢(K}) = KJ% and X1 = ¢*X,, then [¢] is an
isomorphism.

ch : MK}(Pl,Xl,Zﬂ((C) — MK?<P27X2aE2)(C)'

6.8. Reinterpretation of 6.6: To illustrate the “arithmeticity condition” 6.4 (iv)
we want to interpret the torus embedding along the unipotent fibre in a different way. We
shall show that this torus embedding correponds to an embedding of a certain standard
torus. Let (P, X), (P, X"), K neat, K} and ¥ be as in 6.6. Suppose this time that (P, X)
is irreducible. Then by 2.14 (a) P acts through the scalar character ¢ : P — Gy, o on U.
Let (G, Ho) be as in 2.8, and let (Py, Xy) — (G0, Ho) be the unipotent extension wih
P, = UGy, g, with Gy, g acting on U through the character ¢. In a canonical way, (P, X') —
(P, Xx") is a ((Py, h(Xy)) = (G, h(Ho)))-torsor. It can be made (noncanonically) into
a (P, X)) = (G, Ho))-torsor if and only if the morphism ((P', X’) — (Gm.0, h(Ho))
factors through (G, g, Ho). Let K](c] be the image of ({z € Z(P)(Q) | zjx = id} x U(Ay)) N
Ky under the projection Z(P) x U — U, and K7} := KfU X o(Ky).

By condition 6.4 (iv), the rational partial polyhedral decomposition (XY, P, py) of
U(R)(—1) does not depend on p; at all. Note that since P(Q) operates by scalars on
U(R(—1), this decomposition is stable under all those p € P(Q) that act through positive
scalars on U(R)(—1). If there exists a p € P(Q) that stabilizes a connected component and
acts through a negative scalar, then (X, P,py) is also independant of X, and invariant
under multiplication by —1. In this case ¥ is just the pullback of a K;Z-admissible partial
cone decomposition X, for (P, h(X,)). Otherwise the morphism (P', X’) — (G0, h(Ho))
factors through (G, g, Ho), and X is the pullback of a K;Z—adimissible partial cone decom-
position X, for (P, Xy).

Now by 3.12 (b), MK (P, x)(C) — M (P, X')(C) is a torsor under M%7 (P,, X,)(C) —
MPE1) (G0, Ho)(C), Tesp. the same with X, and Ho replaced by h(X.), h(Ho). So by 5.5
the torus embedding

M%i(P,, x,)(C) = M"i(P,, x,,%,)(C),

resp. the same with h(X,) and h(Hg), also defines a torus embedding of M s (P, X)(C)
along the fibres over M%7 (P', X")(C). One easily verifies (fibrewise) that this is isomorphic
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to that defined in 6.6. Next we describe the torus embedding in the fundamental case
(P*, X*).

Remark. Usually the morphism (P’, X') — (Gy,,q, h(Ho)) does factor through (G, g, Ho)-
In fact, 4.15 (d) implies this whenever (P, X)) is a proper rational boundary component of
some other mixed Shimura data.

6.9. The case of a standard torus: We first show that giving a K;-admissible
cone decomposition >, for (P, &) is equivalent to giving a rational partial polyhedral
decomposition Xy of U(R). Consider a connected component XY of X, and denote its
image in Ho = Isom(Z,Z(1)) by A. After a twist by —1 it corresponds to an isomorphism
A UR)(—1) — U(R). For any p.s € Pi(As), (XD, Pi,pss) is a rational partial
polyhedral decomposition of U(R)(—1) that, by 6.4 (iv), depends only on X°. Clearly
Yu = MZ(X2, Py, psr)) is a rational partial polyhedral decomposition of U(R) that is
independant of Xf. The converse is obvious, since (P, Xx) possesses no rationl boundary
components except itself.

Now let I'yy := U(Q) ﬂKJ(cJ, and consider the unipotent extension (P, Xy) = (G, 0, Ho)
defined in 2.24. Our aim is to prove:

Claim. The isomorphism of 3.16 induces canonical isomorphisms in the commutative
diagram

M®i (P, x)(C) = C@Ty  x MYED(G,q,Ho)(C)
N N
MKf (P*,X*,E*)(C) — (CX ®FU)EU X M¢(Kf)(Gm,@7HO)(C)

Proof. Any Z-basis of I'yy determines an isomorphism between (P, &) and the dim(U)-
fold fibre product of (P, Xp) with itself over (G, g, Ho). Using the canonical identification
U = Uy ® I'y, we thus get the isomorphism in the first line. Take XY and A as above, and
tr € 2%, u € Up(C) = C, and v € T'y. If e : (G, Ho) = (Ps, Xi) denotes the given
splitting, then this isomorphism is explicitly given as

[((w@7) - e(A), e(ty))] = (exp(A(u)) @, [(As t5)])-

By 6.6, the cocharacter group of the torus on the left is T'y(—1) = A=} (I'yy), and the torus
embedding is that with respect ot the decomposition X, (X2, P, p. ) = A~ }(Zy). By the
explicit formula for the isomorphism, the isomorphy in the second line follows. q.e.d.

As an example of this take (P, X,) = (P, Xp) and Ly {R=" {0}}. Then the torus
embedding Xg := X, corresponds to C* < C, so we get

M5F(Py, Xy, 0)(C) 2 C x MPED (G, 0, Ho)(C).

6.10. A covering of M%7 (P X)(C): For the rest of the chapter we fix mixed Shimura,
data (P,X), an open compact subgroup Ky C P(Ay), and a K ;-admissible partial cone
decomposition X for (P, X'). We shall eventually construct the toroidal compactification on
MX5(P,X)(C) associated to ¥. We begin by describing a certain possibly ramified covering
of M%s(P,X)(C) by mixed Shimura varieties associated to all its boundary components
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For every rational boundary component (P, &) of (P, X) and every py € P(Ay) let
K}c = Pi(Af)Nps- Ky -p}l. Let X C X be associated to (P, X}) as in 4.11, and consider

the following open subset of M~} (Pp, X1)(C):
U(Py, Xy, pg) == PLQN\XT x (Pi(Af)/K}) C PLQ\XL x (Pi(Ag)/K§).

Consider the map

5(p17X13pf) : u(plv‘)(l?pf) — MKf(P7X)(C)7 [(x7p1,f)] = [(xvpl,f 'pf)]'

Let U be the disjoint union of the U(Py, X1, py) for all (P, X1) and py, and let 8 : U —
MEs(P,X)(C) be the map induced by the 8(Pi,X1,ps). This is a surjective ramified
covering. For all u, v € U write u ~ ' if and only if v and «' are mapped to the
same point in M%Xs(P,X)(C). Then M%s(P, X)(C) is isomorphic to U/ ~ as a set. A
connected component of I is of the form I';\XY for X% a connected component of X and
I'; an arithmetic subgroup of P;(Q). Its image under 3 is I'1\X", where T is an arithmetic
subgroup of P(Q). This shows that M%s(P,X)(C) is isomorphic to U/ ~ as a topological
space, where U/ ~ carries the quotient topology. Moreover the equivalence relation ~ is
induced by analytic automorphisms of X', and locally on ¢/ the map S is a finite possibly
ramified covering, so the structure of M%7 (P, X)(C) as a complex space is induced from
that of U. Consider the graph {(u,u’) € U x U | u ~ u'} of ~. Since M7 (P, X)(C) is
Hausdorff, this is a closed subset of U x U.

6.11. Explicit description of the equivalence relation: The description of
MXs(P,X)(C) as U/ ~ would not be useful if one could not describe the equivalence
relation ~ explicitly. To give such a description we first consider a number of special
cases. Let (P, A7) and (Pj, X]) be rational boundary components of (P, X), and let py,
p’f € P(Ay). We are interested in certain maps U(Pi, X1,pr) — U(P], Xl’,p’f).

(a) Suppose that (P, X]) = (P, X1) and p} = py - ky for ky € K. rlfhen K} =

_ _ : . K
Pi(Af) Npy - Ky -pf1 = Pi(Af) NP - Ky -p/f ! hence the identity on M"f(Py, X1)(C)
induces an isomorphism

[ld] : Z/[(Pl, Xl,pf) — U(Pl, Xl,pf : kf)
(b) Suppose that (P, X]) = (P, X1) and py = pl_} - py for some py s € Pi(Af). Then
1 1/
the map [ -py ¢ : ME1(Py, 20)(C) — M* 7 (P, X)(C) induces an isomorphism
[ prs]: UP, X1, pp) = U(PL, X, p g )

(c) Suppose that (P{, X]) = int(p)(P1,X1) = (p- P -p~L,p- &) and p’f = p-py for
some p € P(Q). Then the map [int(p)] : M5 (P, X1)(C) — MK}/(P{, X{)(C) induces an

isomorphism
[int(p)] : U(PL, X1, p) = Up-Pr-p~p- Xi,p-py).

(d) Suppose that (P, X)) is a rational boundary component of (Pj,x]), and that
p} = py. Then we have a canonical map

B(P1, X1, P, X, pg) : U(P1, X1,pf) — U(PL, XL, pp), (2, p1,5)] = [(z,p1,5)]-

101



These maps commutes with each other according to the rules:

id] o [ -p2,¢] = [ -p2,s] o [id],
[id] o [int(p)] = [int(p)] o [id],
lid] o B(Py, Xy, P}, X],ps) = B(Py, X1, Pl X, ps - k) o [id],
[int(p)] o [ -prs] = [ p-prs-p~' o fint(p)],
[int(p)] o B(P1, X1, P{, X{,ps) = B(p- Pr-p~,p- X1,p- Pl -p~',p- X,p-py) o [int(p)],
[ -p1,¢] 0 B(Pr, X1, P, X, ps) = B(P1, X1, P, X, p15 - pf) o [ -p1g),
where in the last case it is necessary to have p; y € Pi(Ay). Also in each of the cases (a)
through (d) it is easy to see that the diagram
U(P, X1,pr) — U(Py, X1, p})
B(P, X,pr) N\ LB(PL X py) er M"I(P,X)(C)

is commutative. Thus its graph is a subset of the graph of ~. The following lemma shows
how the equivalence relation ~ can be described in terms of these maps.

6.12. Lemma: (a) Let u € U(Py, X1,ps) and v’ € U(P[, AT,p}). Then u ~ o

if and only if there exists a rational boundary component (P, X2) of (P, X), p € P(Q),
p2,f € Pa(Ay) and ky € Ky such that

(i) (Pp, X1) is a rational boundary component of (P, Xs),

(ii) (P], &X]) is a rational boundary component of int(p)(Ps, X2),
(ili) py = p-pay - ps - ky, and

(iv) u and u’ have the same image under the following maps:

Z/{(Pl,/'\,’l,pf)au UIEU<P1/,X1/,]?}=)
B(Pr, X1, P, X, pr) L L B(P{, X[, pPap™", pXa, py)
U(Py, Xo,py) U(p'P2'p_1,p'X2,p/f)
[pa.g] [! [Hlint(p)]
[id] ;
u(P27X27p2,f'pf) ~ M(P%X%T)Q,fpfkf)

(b) The equivalence relation ~ is generated by the graphs of the maps 6.11 (a) to (d).

Proof. (b) follows directly from (a). The “if”-part of (a) is clear from 6.11. So
suppose that u = [(x,p1 ¢)] € MKJl‘(Pl, X1)(C) and v’ = [(2',py ;)] € MKJI"(P{, X{)(C) have
the same image in M%7/ (P, X)(C). Then there exist p € P(Q) and ks € Ky such that
p-x=2a and p-p1s-ps-kf= p’l,f -p’f. Let (P3, Xs) be the (unique) improper rational
boundary component of (P, X) such that (P, Xx}) is a boundary component of (Ps, Xs).
From 2/ =p-x € p- Xy it follows that (P, X]) is a boundary component of int(p)(Ps, A).
Now both p; s and p! 'pll,f -p lie in Py(Af), hence

= (p -pl,fl-p)-(p Ly ek
(
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lies in Pa(Af). One easily verifies that with theses choices for (P, X2), p, p2 s, and ky the
points u and v« have the same image in the above diagram. q.e.d.

6.13. Compactification of the covering: We want to construct the toroidal
compactification of M%7 (P, X)(C) as the quotient of a partial compactification of & by a
suitable extended equivalence relation. First we construct the partial compactification U
of U.

For every rational boundary component (P, 1) of (P, X), and every py € P(Ay) let
39 = (([ -ps]*S)|(p,20))°- By 6.5 this is a K}—admissible partial cone decomposition for

(P1, X1), which is concentrated in the unipotent fibre. Now MK}(Pl,Xl)((C) is an open
subset of M/ (P1, X1, 29)(C), and we let U(Py, X1,ps) be the interior of the closure of
U(Pi, X1,py) in M5} (P1, X1, 59)(C). Tt contains U (Py, X1, ps) as an open dense subset. Let
us explicitly determine which parts of which strata of M K; (Pr, X1, %9)(C) are contained in

U(Pl,Xl,pf)

Let T'1\ X} be a connected component of M5} (P, X1)(C). Letim : &7 — Ui(R)(—1) be
the map “imaginary part” of 4.14, it is equivariant under I'y. Assume first that K} is neat,
then I'1 commutes with Uy, hence im | X0 factors through a map I'1\ XY — Uy (R)(—1). Since
by 6.6 the cocharacter group of the relevant torus is an arithmetic subgroup of U3 (Q)(—1),
one easily sees that this is a map “ord” as in 5.8. Now by 4.15 (b) the corresponding con-
nected component of X is X° = im~1(C(Xx°, Py)), hence the corresponding connected com-
ponent of U(Py, X1,py) is T1\X? = ord 1 (C(X°, P1)). Let o € %1, then 5.9 (a) shows that
the closure of U(Py, X1, ps) meets the o-stratum precisely in the set 7, (ord ™ (C(X9, P1))).
Hence the intersection of U(Py, X1, py) with the o-stratum is just m,(ord 1 (C(X°, P1))) =
7o (T1\X0). If 6 c O(X°, Pp), then C(X°, P) + R - 0% = Ui(R)(—1), hence for such o

U(Py, X1, pyr) is a neighborhood of the whole o-stratum of MK}(Pl,Xl,E(l))((C). If Ky is
not neat, the same assertion follows by taking quotients.

For later use let us denote by oU(P1, X1,ps) the union of all o-strata in U(P, X1, pf)
such that o C C(X° P;). By 5.3 and the above description of the strata it is a closed
analytic subset of U(P1, X1, pys), or even of MK (Pp, X1, 20)(C). Note that if (P, &) is an
improper boundary component, then OU(Py, X1,pyr) = U(P, X1,pf).

6.14. Extension of the equivalence relation: Let I/ be the disjoint union of the
U(P1, X1, pyg) for all (P, X)) and py, this contains U as an open dense subset. We wish to
extend the equivalence relation ~ to U such that the quotient I/ ~ is the desired partial
toroidal compactification of M%7 (P, X)(C). This extended equivalence relation must satisfy
the following conditions:

(a) Tts graph in U x U is closed (so that the quotient topology on U/ ~ is Hausdorff).

(b) Locally on I/ it is given by analytic automorphisms, and locally on I/ the projection
U — U/ ~ is a finite, possibly ramified, covering (so that ¢/ ~ inherits the structure of
the complex space).

Moreover we want to be able to explicitly describe the topology on U/ ~. Observe that by
(a) the graph of the extension must contain the closure of the graph of ~. We shall define
an explicit extension, whose graph will turn out to be equal to this closure.
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6.15. Extension of the maps of 6.11: To approximate the desired extension of ~
we first consider the maps of 6.11. In 6.11 (a), (b) or (c) the isomorphism U(Py, X1,p¢) —
U(P], X],p}) is induced from an isomorphism MK}(Pl,Xl)(C) — MK}/(P{,X{)(C) as in
3.4. It is easily checked that in each of these cases the hypotheses of 6.7 (a) or (b) hold,
so by 6.7 the isomorphism M} (P, X1)(C) — MK}”/(P{,XI’)((C) extends uniquely to an
isomorphism

MRF (P X, 59)(C) = MRV (P, &, 5P)(©),

By the definition 6.13 of U (P;, A1, pr) we thus get a unique isomorphism
H(Pla Xl)pf) — U(Pllv Xllap/f)

Now consider the map 6.11 (d). Let X0 := 2/10|(p1,/y1), this consists of all ¢ € X9

which are already contained in C(P}, X]) x Pi(Ay) C C(P1,X1) x Pi(Af). Thus by 6.7 (a)
K1 "o . K1 0 K1

M*™i(Py, X1,%,°)(C) is an open subset of M "™/ (P, X1,%7)(C). Now M7 (P, X1)(C) —

MK} (P, X1, 219)(C) and MK}”'(PI’, X))(C) — MKJI”'(P{,X{, »)(C) are torus embeddings

with respect to the same torus. Hence the map S(Pi, X1, P[, X{,ps) : U(P1, X1,pf) —

U(P], X],ps) of 6.11 (d) extends to a unique holomorphic map

— — 1 " —
B(Pla‘)(laPl/aXl/apf) : U(Pla')(lapf) N MKf(Plea El())((c) — U(Pllv‘)c'll7pf)

Note that the description of U (Py, &1, pr) in 6.13 implies that the image of this map is a
union of connected components of U(P;, X{,p #). Let us also observe the following fact. For
every point u € U(Py, X1, py) consider all rational boundary components (P;, X]) between
(P, X) and (Pp, &) such that this map is defined at u. There exists a unique maximal such
(Py, X}), for which u is mapped into OU(Py, X7, pf).

We have thus defined an extension for each of the maps of 6.11. Since U(Pi, X1,py¢) is
open and dense in (P}, X1,pf), resp. in U(P, Xi,pr) N M5 (P, Xy, Z;’O)(C) in the case
6.11 (d), the graphs of these extended maps are contained in the closure of the graph of
~. We shall see below that this closure is equal to the graph of the equivalence relation
generated by these extended maps.

6.16. Definition of the extended relation: Let (P, X)) and (P], X]) be rational
boundary components of (P, X) and pg, py € P(Af). Let u € U(Pr, X1,ps) and o €

U(P], X1, ). In analogy to 6.12 define u ~ v’ if and only if there exists a rational boundary
component (P, Xy) of (P, X), p € P(Q), pa2,f € P2(Af) and ky € K such that

(i) (P1,X) is a rational boundary component of (P, Xs),

(ii) (P], &X]) is a rational boundary component of int(p)(Ps, X2),
(ili) p; = p - po,r - ps - kg, and

(iv) w and «’ have the same image under the following maps:

1 " — — 1 "
]\{Kf(Pl, X1, 21°)(C) NU(PL, X1, pf) 3 u u' € U(PL, X4, plp) N M®:'(P, &1, 210)(C)
B(Pr, X1, Pa, X5, pf) | L B(PL, X[, pPap™", pXa, py)
U(Py, Xa, py) Up-Py-p ' p- Xa, 1)
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[ pag] ]! [ int(p)]

_ lid] _

U(P2, X2, p2,1 - Df) — U(P2, Xo,pa 5 -y - kf).
Remark. Clearly the graph of this relation is contained in the closure of the graph of
the old relation on U.

6.17. Lemma: The relation ~ defined in 6.16 is the equivalence relation on U
generated by the graphs of the maps 6.15.

Proof. It suffices to prove that ~ is an equivalence relation. The reflexivity is obvious,
and the symmetry follows from the commutativity properties of the maps 6.11 (a) to (c),
which also hold for their extensions 6.15. For the transitivity consider u € U(Py, &, Pr)
and u' € U(P], X],p}), and v" € U(P{, X', p}), such that u ~ v’ ~ u". Let (P, X2), p,
p2,r and ky be as above for u ~ v’ and (P, A7), 1/, p’27f and k:} analogously for v’ ~ u”.
Let o € ¥} be such that u’ is in the o-stratum of U(P;, Xl’,p’f), then by assumption o is
contained in C*(X0, p-Py-p~1) as well as C*(XY, P5). Let (Ps, X3) be the rational boundary
component of (P, X') such that ¢ C C(X°, P;), then it follows that both (p- Py-p~',p- Xs)
and (Pj, X}) are boundary components of (Ps, X3). Note the relation

B(Pll7 X1/7 P37 X?);p/f) = B(P2/7 X2/? P37 X?)ap/f) OB(PII7 Xlla P2/7 Xéap/f)
Bp-Pr-ptip- X, Py, X3, py) 0 B(PL,X{,p- Po-p~',p- Xo,pf)

on U (P}, X1, p%) N MK}'(P{, X!, %9)(C) where X0 := Zg|(p{7;q) contains o. In other com-
mutativity relations 6.11, which extend automatically to the maps 6.15, now readily shows
that u ~ v” with (p~!- Ps-p,p~! - A3) in place of (P, &), p ! -p’2’f -p - pa,f in place of
P2t k- k} in place of k¢, and p’ - p in place of p. q.e.d.

6.18. The action of the normalizer: We first study the equivalence relation
induced by some of the maps of 6.15 on a fixed U(P;, Xi,pr). Let @ be the admissible
Q-parabolic subgroup of P associated to P;. The group

Stabgq)(X1) N (Pi(Af) - py - Ky 'pjjl)

acts from the left hand side on X} x (P1(Af)-py- K/Ky) by multiplication in each factor.
As in 6.3 define

Ay = (Stabgg) (A1) N (Pu(Ag) -py - Ky -p; 1))/ Pi(Q),

this is an arithmetic subgroup of (Q/P;)(Q). Since the map P; (Af)/K} — (Pi(Ay) - ps -
K¢/Ky), [p1,f] = [p1.s - py] is bijective, we get an action of A on

P (Q\X x (Py(Ag) - py - Kp/Ky) = PL(Q\X1 % (Pi(Ay)/K})
= M"H (P, x1)(C).

The induced action on Mm(KJI‘)((Pl, X1)/W1)(C) is the same as in 6.3, in particular A; acts
on M™ (K})((Pl, X1)/W7)(C) through a finite quotient.
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Next we want to express the Aj-action on U(Py, X1, ps) in terms of the maps 6.11 (a)
to (c). For this let ¢ € Q(Q), p1.y € Pi(Af), and ks € Ky be such that [¢] € Ay and
q=0p1,f-Df ks -p}l. Denote by L, the corresponding automorphism of MK (P, X1)(C).
One easily verifies that the maps

iyt g s MST(PL)(C) = MU (P ) (C)

[int(q)] j1 Lpy b K

f

and

el —1 1
Pl iy K 2 MO TP (P )(©) — M (P ) (©)

are well-defined and isomorphisms. Likewise the relations ¢ - K} g = prr- K } . pl_} and

Lig = [ -p1,¢] o [int(q)]

are straightforward. Together with the map [id] of 6.11 (a) this shows that the restriction
of Ly to U(P1, X1,py) can indeed be expressed in terms of the maps 6.11 (a) to (c). By
6.15 this implies that the Aj-action extends canonically to an action on U (P, X1, pf).

We just showed that if two points u,u’ € U(Py, X1, ps) are equivalent under Ay, then
they are equivalent under the extensions 6.15 of the maps 6.11 (a) to (c). The converse also
holds: Indeed, the latter condition is equivalent to the existence of a diagram as in 6.16
with (P, Xo) = (P, X1) = (P, X]) and p} = ps. Then with ¢ := p~! and py f := po s we
have u = Lig(u) for [q] € Ay, as desired.

The map from U(Py, X1, ps) to the desired toroidal compactification of M¥s (P, X)(C)
now factors through A{\U(Py, X1, p 7). The next step is therefore to show that this quotient
is a “good” object. For this we need the following important reduction theoretic fact, which
is a slight generalization of [AMRT] ch.II cor. p.116.

6.19. Theorem: Let (P, X) be mixed Shimura data, (P;, X1) a rational boundary
component, @ the corresponding admissible Q-parabolic subgroup of P, p: @ — GL(U;)
its natural representation on U;, and X° a connected component of X*. Let I' be an
arithmetic subgroup of p(Stabgq) (X)) C p(Q)(Q).

(a) If 0 and T are convex rational polyhedral cones in C*(X°, P;), then the set {y € T |
yoNTNO(X, P) #(} is finite.

(b) There exists a convex rational polyhedral cone ¢ in C*(X°, P;) such that I' - 0 =
C*(X0, ).

Proof. If P is reductive, then the decomposition [AMRT] ch.III §4.1 of @) implies that
p(Q) is the group of linear automorphisms of the cone C(X°, P). In this case (a) the
assertion (i) of the corollary [AMRT] ch.II p.116, and by (ii) of [loc. cit.] there exists a
convex rational polyhedral cone o in C*(X°, P) such that I'- o N C(X°, P) = C(X°, Py).
To get the full assertion of (b) note that there are only finitely many I'-conjugacy classes
of rational boundary components (P;, X;) between (P, X) and (Py, X;). Applying [loc. cit.]
(ii) to each of these with Stabp(C(X°, P)) in place of I' we find finitely many convex
rational polyhedral cones o; such that C*(x° P;) = |J,T - 0;. Letting o := Y, 0; we get
assertion (b).
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In the general case we may without loss of generality assume that (P, X) is irreducible.
Next note that if dim(U) > 0, then by 4.15 (c) we have C*(X° P) = C*(X° P) +
U(R)(—1). Hence for both assertions we may replace o by o + U(R)(—1) and 7 by 7 +
U(R)(—1). Consider the situation after dividing by U, i.e (P1, X1)/U as rational boundary
component of (P, X)/U. Since U C U; C Pp, the group I' maps isomorpically to the
corresponding group for (P, X’)/U, so the assertions are equivalent to those for the image
of 0 and 7 in C*(XY/U(C), P,/U). Thus it is enough to treat the case dim(U) = 0. In this
case we could mutatis mutandum repeat the proof of [AMRT] ch.II §4.3. But with a trick
we can reduce the assertions to the reductive case.

Let us first prove (b). Let (G,H) := (P,X)/V. Let U; and P; be the image of Uy,
resp. P; in G, and 7 the projection U; — U;. Choose a convex rational polyhedral cone
7 C C*(X°, P) such that

(1) = C*(HY, Py).
Let Ty := p(V)(Q) NT, this is a lattice in p(V)(Q). Thus there exists a compact subset
K C p(V)(R) such that ',y - K = p(V)(Q). The first assertion of 4.15 (c) implies that
p(V)(Q) acts transitively on the fibres of the projection 7 : C*(X°, P;) — C*(H", P1), so

it follows
I K-7=C*x°%n).

Thus it suffices to show that K - 7 is contained in some convex rational polyhedral cone in
C*(XY, P1). Note that p(V) acts trivially on VNU; and Uy = Uy /(VNUy). Thus the action
of p(V) on Uj is given by v -u = u + B(v,n(u)) for some bilinear map B : p(V) x Uy —
V N U;. Choose a finite set of elements v; € p(V)(Q) whose convex closure contains K.
Let u; € Ui(Q)(—1) be finitely many elements that generate 7 as a convex cone. Then
every element of K - 7 is of the form (3, a; - vi) - (3_; B - uj) with o, B; € R=Y such that
>, a; = 1. We calculate

Qi) QB w) =D 8 Qi vi) - uy
‘7 :i By (054 BIY o i)
_ igj . Zai - (u; + B(vi, m(uj)))

:;Zj:ai.ﬁj SURETE

This shows that K - 7 is contained in the convex rational polyhedral cone generated by the
elements v; - u; € U1(Q)(—1) N C*(X?, Py), as desired.

For the proof of (a) we first reduce to a special case. Note that for an embedding
(P,X) — (P',X’), T embeds into the corresponding group for (P’, X’), so it suffices to
prove the assertion for (P’; X”"). Choose an embedding

(P, X) — (G, H) x (Va4 Cszg@,rHég)

as in the proof of 2.26 (b), where (V24 x CSpy, o, H5,) is the mixed Shimura data defined
in 2.25. Since we already know the assertion for (G,#H), it remains to treat the case
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(P, X) = (Va,g x CSpyy o, Ha,). But this isomorphic to (Pag, Xag)/Usg, so by the equivalence
above we are reduced to the case (P, X) = (Pyq, Xyy). By 4.25 this is a rational boundary
component of (P', X”) := (CSpy(g41), Ha(g+1)), it is this fact that we shall exploit. By 4.20
(P, X7) is also a rational boundary component of (P, X').

Since C(X"°, P) is a half-line in U(R)(—1), it is of the form R>? . uq for some u €
C(X'°, P). By 4.21 (a) we have C(X°, P) = C(X", P) + U(R)(—1), since ug lies in the
closure of C(X", Py), it follows that C(X°, P;) = C(X"°, P;) +R=Y - ug. Likewise by 4.22
(b) we have C*(X%, P,) = C*(X", P;) + R<" . 45. Thus any convex rational polyhedral
cone o C C*(XY, Pp) is contained in the convex cone generated by 4ug and finitely many
Uy € C*(X, P) N U(R)(—1). Let o’ be the convex rational polyhedral cone generated by
ug and these u,, then we have o/ C C*(X"°, P1) and 0 = ¢/ +R=" - 4. Thus to prove (a) it
suffices to consider 0 = o/ + R0y and 7 = 7/ + RS0 .y for two convex rational polyhedral
cones o, 7/ C C*(X"°, P).

Now let 7 € T such that yo N7 N C(X° P) # 0. Then there exists A, u and v € RSV
such that

V(0" 4+ (=A) - ug) N (7' + (—p) - uo) N C(X™, P1) + (—v) - ug) # 0.
Replacing A, p and v by X := max{\, u, v} implies that
(yo! N N C(X, Py)) + (=XN) - ug) # 0,

hence yo' N7/ N C(X"0, P;) # 0. Let Q' be the normalizer of P; in P’, this is the parabolic
subgroup of P’ associated to (Pp, X1) as boundary component of (P, X'), and it contains
Q). Thus T is contained in the corresponding group for (Py, X;) relative to (P’, X”). Thus
the assertion follows from the reductive case. q.e.d.

6.20. Proposition: A; acts properly discontinuously on (P, X1,pf).

Remark. In fact we shall prove that modulo an arithmetic subgroup of Z(P)(Q) the
action is properly discontinuous in the usual sense.

Proof. (Compare [AMRT] ch.IIl p.272 prop. 2 and p.157 thm. (i). Note that X
need not be finite.) Let p1 s € Pi(Af), X a connected component of X; and X° the
corresponding connected component of X'. The stabilizer of &} x p1.f-pf- K¢ in Q(Q) is

Ig:= StabQ(Q)(XO) N (pl,f 'pf) K- (pl,f 'pf)_l'

Without loss of generality we may replace Ky by a subgroup of finite index, so we may
assume that I'g is neat. Let I'y := P1(Q) NT'q and I'y the image of ({z € Z(P)(Q) | 2jx =
id} x U1(Q)) NT'g in U1(Q). By neatness I'y acts trivially on the torus U;(R)(—1)/I'y,
and the corresponding connected component of M KJl‘(Pl, X1, ¥9)(C) is the torus embed-
ding T1\&Y — (Fl\XP)Z?(X{),Pl,pl,f) with respect to the torus U;(C)/I'y. The corre-
sponding connected component of U(P;, X1, py) is the interior of the closure of I'1\X? =
ord 1(C(XY, Py)), where as in 6.13 the map ord : I'}\&Y — Ui (R)(—1) is induced from the
map “imaginary part”. Since I'z := Z(P)(Q) NTg acts trivially on X°, the action of I'q
on (Fl\Xf)E?(Xlo’pl 1.g) factors through I'g/I'z - I'y. We shall show that this is a properly
discontinuous action in the usual sense.
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Let 0 € E?(XIO,Pl,po) and u in the o-stratum of U(Pl,/‘c'l,pf). Let A € C(XY, Py)
such that u € 7, (ord "1 ()\)). There exists a convex rational polyhedral cone 7 C C*(X°, P|)
such that 70 is a neighborhood of \. After replacing 7 by o +7 we have 7% = 7% + &, hence
by 5.9 (a)

U := H 7 (ord ™ (77))

p face of o

is an open neighborhood of u in U(Pl,Xl,pf). Likewise consider o’ € E(l)(?(lo,Pl,po),
v’ in the o’-stratum of U(Py, X1, ps), and let 7" be a convex rational polyhedral cone in
C*(XY, P) such that

U= H 7y (ord~H(7"?))

p' face of o

is an open neighborhood of v/ in U (Py, X1, p 7). To prove the desired assertion it suffices to
show that there exist at most finitely many [y] € T'g/I'z - I'1. such that vU N U’ # 0.

If yU N U’ # (), there exist faces p of o and p’ of ¢/ such that
Y(mp(ord™ (%)) Ny (ord ™ (77%)) # 0.

But this implies that 7 - p = p/, hence by the I'g-equivariance of ord
7y (ord ™ (v - 7)) N7y (ord 71 (770)) # 0.

This is equivalent to ord " (v-70)NT}-ord~* (77°) # (), where T}, is the subtorus of U; (C) /Ty
with cocharacter group I'y NR - p/. But T,y - ord ™ (7"9) = ord ' (7% + R - o), hence

(-7 N+ R ) #0,

Since p’ is a convex cone, every element of R - p' can be written as a difference of two
elements of p’. This implies

((y -7+ )N (" +0) #0.

But p’ is a face of ¢/, and ¢’ is contained in 7/, so 7% + p/ = 7/°. Likewise it follows that
(7)) +p =7 (77 +p) =777 hence

v-m0n0 £ Q.
Since 7Y is contained in C'(X°, P;), this implies
y-rNT NCWX°, P #0.

Thus by 6.19 (a) there are finitely many possibilities for p(vy). But the kernel of pr is
commensurable with Iz -I'1, so there are only finitely many possibilities for [y] € I'g/T'z-T'y,
as desired. q.e.d.

6.21. Proposition: Let 7 be the projection (P, X)) — (P, X)/W. Then the composite
map U — MEs(P,X)(C) — M~ ) (P, X)/W)(C) extends uniquely to a holomorphic map
[7]* : U — M™ED((P,X)/W)*(C). This map factors through I/ ~.
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Proof. Since U is dense in U, the extension is unique if it exists. Moreover since U
is a normal complex space, if a continuous extension exists, then by Riemann’s extension
theorem (see [GR] ch.7 §4.2 p.144) this extension is already holomorphic. We first define
an explicit extension.

For all (P, &1) and ps we define it on OU(Py, X1,py) C UP, X1,pr) as the composite

OU(Py, Xy, ps) — MSF (P, x)(C) 1
1 ANMTED(PL2) /W) (C) — MR (P, X)/W)*(C).

Every point in U(Pi, X1,ps) ~ OU(Py, X1, pys) is mapped to OU(P{, X{,ps) for a unique
rational boundary component (Pj, X]) between (P,X) and (P;, ;) under the extension
6.15 of the map 6.11 (d). Thus there exists a unique way to extend this map to the whole
of U such that it is compatible with these maps. To show that this extended map factors
through U/ ~ it thus remains to show that it is invariant under the extensions 6.15 of the
maps 6.11 (a) to (c). This is an easy calculation, as in 6.11. Also it is easy to check that
this map extends the given map U — MEs (P, x)(C) — M~ ((P,X)/W)(C). To prove
the assertion it remains to show that it is continious.
Fix (P, X1), ps apoint u € U(P1, X1, py), and aneighborhood V ¢ M™E7) (P, X)/W)*(C)

of the image of u, then we have to show that the inverse image of V in U(P;, A7, pr) is a
neighborhood of u. If u & OU(P1, X1,py), then the map factors through U(P/, X{,py) for a
boundary component (Pj, X]) between (P, X) and (P, &}), and different from (P;, X7), so
the assertion follows by induction over (P, X7). Thus we may suppose u € OU(Py, X1,py¢).
Let (z1,p1,¢) € (X1/W1)x Pi(Af)be a representative for m(u) € M”l(K})((Pl, X1)/W1)(C),
then by the definition 6.2 of the topology on (X /W)* we may take V to be the image of

([T ¢2(m™ (D) N ())) x {pus - oy}

in M™K5)((P,X)/W)*(C), where D is an open core in C(X° P;), ) a neighborhood of
x1 in X1 /W1, and the disjoint union is extended over all rational boundary components
(P2, Xs) between (P, X;) and (P, X).

The connected component of U(Py, X1,py) that contains u is the torus embedding of
(T1\XY) x {p1, ¢} with respect to the cone decomposition 3(X°, Py, py ¢-py). Let W denote
the image of (im ™1 (D)Ny; (V) x {p1.s-ps} inU(P1, X1, py), and 7, the canonical projection
to the o-stratum in the torus embedding, for each o € (X, P1,p1,5-pr). Then the inverse
image of V certainly contains the union of all 7,(W). By assumption u lies in the 7-stratum
for some 7 € (X0, P, p1 s-py) such that 70 C C(&X°, P1). We also have ¢ 1(Y) = 77 1())
for a neighborhood )’ of u in the 7-stratum. Moreover in terms of the torus embedding
the map im : X — Ui(R)(—1) is a map ord as in 5.8, and by 6.1 we may without loss of
generality assume that D is open and equal to D + C (X", Py), hence in paticular to D + 7.
Thus the inverse image of V contains the set [[ 7, (ord ™ (D + 7) N 7)), which by 5.9
(a) is a neighborhood of w. q.e.d.

6.22. Proposition Fix (P, A1), py, and a relatively compact subset Z; C Aj\M™ (K}‘)((Pl, X1)/Wh)(C
Consider the morphism [7]* : U — M™E5) (P, X)/W)*(C) of 6.21 and the projection [ry] :
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U(PL, X1,pp) — Al\Mﬂl(K})((Pl,Xl)/Wl)((C). There exists a neighborhood V; of Z; in
M™E)((P,X)/W)*(C), and a Aj-invariant neighborhood Wy of dU(Py, X1, ps)N[m1]~H(21)
in [7]*71(V1) NU(P1, X1, py) such that

(a) Every element of []*~1(V;) C U is under ~ equivalent to an element of W).

(b) Any two elements of W; are equivalent under ~ if and only they are equivalent under
the action of Aj.

Proof. There exist a connected component (X;/W7)? of X1 /W7, a relatively compact
open subset Vi C (X1/W1)?, and a finite subset {p1,; s} C Pi(Ay) such that Z; lies in
the image of Vi x {p1, s} in Al\Mﬁl(KJl”)((Pl,Xl)/Wl)((C). Consider the subset & :=
im~(D) Ny (Y1) of X for some arbitrarily small open core D C C(X°, P;). Let Vi be
the image of (J[¥2(€1)) x {p1is - ps} in M™ED((P,X)/W)*(C), by the definition of the
Satake-topology this is a neighborhood of Z;. Also let F; be the image of & X {p1, s} C
XOx Py (Af) inU(Pr, X1,ps) and Wy := [[ 7o (F1), where the union is extended over all cones
o € X(X° Py,p1iy - ps) for some i. By 5.9 (a) this is a neighborhood of dU(Py, Xi,pr) N
(m1]7H(21) in [7]*71 (V1) NU(Py, X1, py), and it is clearly Aj-invariant.

Consider an element of I/ in the inverse image of V;. By the explicit description
of the map [r]* in the proof of 6.21 it is equivalent to an element of OU(Py, X] ,p}) for
some (P, X]) and p’. Let [(27,p] ;)] be its image in M™ED (P, X)/W)*(C), for some
zy € X]/W] and p} ; € P{(Af). Then by the definition of the Baily-Borel compactification
there exist p € P(Q) and kf € K such that (P2, Xs) := (p- P -p~!,p-X]) is between (P, X)
and (P, A7), that p- 27 € 12(&1), and that p-p} -p’f k¢ =p1,,r-ps for some py ; ¢ in the
above finite set. After applying in order the extensions 6.15 of the maps 6.11 (a) for k; (c)
for p, and (b) for p- (p’l’f)*1 -p~ 11 s we are left with an element of OU (P, X2, ps), whose

image in AQ\MWQ(KJ%)((PQ, X2)/W2)*(C) is represented by (z2,p1,, f) for some xo € 12(&1).
It lies in the o-stratum for some o € (XY Pa,p1, - pf) C B(XY, P1,p1i s pg), so under
the extension 6.15 of the map 6.11 (d) it is equivalent to an element of 7, (F;), hence of
Wi. This proves (a).

For (b) consider two elements u, v’ € W such that u ~ «'. Write u = 7, ([(z1,p1,,f)])
for some z € & and for some i, and likewise v = 7, ([(«],p1,,f)]). Then we have the
diagram of 6.16 with the additional relation p - p1; s p;}c pt = p1, - 1f p stabilizes
(P1, X1), then this equation implies py r € Pi(Af), so the three lower maps in the diagram
of 6.16 all lift to corresponding maps of the U(Py, X1,...). Thus by 6.18 u and u’ are
equivalent under Ajp, as desired. It remains to show that p stabilizes (P, A7), if D was
chosen sufficiently small.

For this observe that the equation p-py ; ¢ pz_}c p = p1.i,5 together with that in 6.16

(iii) implies
p € ((privy - ps) - Ky (privg-pp) ") - (01 - (prip) ™)

Here the first factor is an open compact subgroup of P(Ay), while the second factor runs
through a finite set. Since p is an element of P(Q), it lies in a finite union of cosets under an
arithmetic subgroup I' of P(Q). Thus for any fixed py € P(Q) we have to know that, if D
is sufficiently small, then any p € T - pg with (JJ#2(&1)) Np- (J]¥2(&1)) # 0 must stabilize
(P1, X1). But this property of the Satake-topology is a direct consequence of [AMRT] ch.III
§6.1 thm. 1(iv). q.e.d.
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6.23. Corollary: The graph of the equivalence relation ~ on I is closed. In fact it
is the closure of the graph of ~ on U.

Proof. The second assertion follows from the first and the remark in 6.16. Consider two
points u, v’ € U such that for all neighborhoods W of u and W' of /' there exist elements
w € W and w’ € W with w ~ w’. Then we have to show that u ~ u’. Now by assumption
and by 6.21 all neighborhoods of [7]*(u) and of [7]*(u) in M™Xs)((P, X)/W)*(C) have a
common point. Since M™Es) (P, X)/W)*(C) is Hausdorff, this implies [7]*(u) = [x]* (/).
Choose Vi and W, as in 6.22 for Z; = {[x]*(u)}. Then by 6.22 (a) both u and v’ are
equivalent to a point in W,;. If for each of these points we fix the parameters in the
diagram of 6.16, then we see that every sufficiently small neighborhood of w, resp. of v/,
corresponds to a neighborhood of its (fixed) conjugate in Wj. Thus we are reduced to the
case u,u’ € Wi. Then 6.20 implies that v and ' are already conjugate under A7, hence
under ~, as desired. q.e.d.

6.24. Definition: Let (P, X’) be mixed Shimura data, K¢ an open compact subgroup
of P(Af), and ¥ a K y-admissible partial cone decomposition for (P, X). Let U be as in 6.14,
and ~ the equivalence relation on I/ defined in 6.16. We define the toroidal compactification
of MXs(P,X)(C) with respect to X as

MEH(P,xX,%)(C):=U/ ~ .

Endowed with the quotient topology, it is a Hausdorff topological space, since by 6.23 the
graph of ~ is closed. By 6.22 it is locally isomorphic to certain open subsets A;\W; of

A \U(Py, X1, py) for various (P, A1) and pg, which by 6.20 is itself locally isomorphic to the
quotient of a normal complex space by a finite group that acts analytically. Thus it is a nor-
mal complex space. It contains M%s (P, X)(C) as an open dense subset. If ¥ is concentrated

in the unipotent fibre, then it is canonically isomorphic to the relative torus embedding de-
fined in 6.6. By 6.21 the projection [r] : MY (P, x)(C) — M™ K ((P,X)/W)(C) extends
uniquely to a holomorphic map [x]* : M%s(P, X, %)(C) — M™ ) ((P, X)/W)*(C), that is
described explicitly in the proof of 6.21.

Actually the term “compactification” is somewhat misused, since in general M7 (P, X, ¥)(C)

will not be compact. Nevertheless we keep this term, since the compactness of M%7 (P, X, ¥)(C).

6.25. Proposition: The morphisms of 3.4 extend ta arbitrary torus embeddings in
the following cases (compare 6.7). More precisely:

a) Let (P, X) be mixed Shimura data, py € P(A¢), and K¢, K’ C P(A;) open compact
f ! fodhy f
subgroups, such that K} Cps- Ky -p}l. Let ¥ be a K f-admissible and ¥’ a K}-admissible

partial cone decomposition for (P, X). Suppose that for every o/ € ¥’ there exists 7 €
[ -pf]*% such that o/ C 7. Then the map of 3.4 (a) extends uniquely to a holomorphic map

[ pf] = [ 'pf]K},Kf : MKf<P7X72/)(C) — MKf(P7X7E)((C)
It is an isomorphism if K = p; - Ky -pj?l and ¥/ = [ -p|*3. If K}, = Ky and ¥’ C X, then

it is an open embedding. In that case the complement of the image is a closed analytic
subset. If ¥/ = ¥, K} = K and py € Ky, then [ -py] is the identity map. If ¥’ = 3 and K}
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is a normal subgroup of K, then the map | -1]K}’Kf identifies MKf(P, X, Y)(C) with the
quotient of M%7 (P, X,%)(C) by the finite group K’;/Ky acting from the right hand side
through the morphisms [ -k¢] on M5s (P, X,%)(C).

(b) Consider a morphism ¢ : (P, X;) — (P, X3) and open compact subgroups K} C
Pi(Ay) and KJ% C Py(Ay) such that ¢(K}) C K? Let 31 be a K}—admissible partial cone
decomposition for (P, A7) and 39 a K J%—admissible partial cone decomposition for (P, A3).

Suppose that for every o1 € ¥ there exists o9 € X9 such that ¢(o1) C o2. Then the map
of 3.4 (b) extends to a holomorphic map

1 2
[Qﬂ = [QS]K},KJ% : MKf (Plv Xl) E1)((C) — MKf <P27 Xo, 22)((:)
Ifo: (P,X)— (P,X) is an automorphism, gb(K}) = K]% and X1 = ¢*Xo, then [¢] is an

isomorphism.

Outline of proof: To extend the respective maps to the toroidal compactification,
one constructs an obvious extension of the corresponding map on the level of ¢/. In case
(b), one uses the functoriality of boundary components (4.16). Then one shows that this
extension is compatible with the equivalence relation of 6.16. This is just a matter of going
through the definitions, so the details are left to the reader. Most of the properties of these
maps carry over directly to their extensions. The rest is again easily checked on the level
of U.

Let us indicate one of the more delicate points. It concerns the last statement of (a).
There we have ¥/ = ¥ and K } is a normal subgroup of K. Let U be the analogue of U

for K} in place of K¢, and consider two points w1, us € u with, say, u; € U’(Pl, X1, pf).

Then the crucial step is to verify that the image of u; and us in U are equivalent under ~
if and only if there exists ky € K such that us ~ [id](u1), where [id] is the isomorphism

H/(Pl,Xl,pf) — U’(Pl,Xl,pf - ky) of 6.11 (a), resp. 6.15. But that is clear from the
definition of ~. q.e.d.

6.26 Proposition: Suppose that Ky is neat and X is smooth with respect to Kjy.
Then M%7 (P, X,%)(C) is smooth.

Proof. Since M%7 (P, X, ¥)(C) is locally isomorphic to open subsets of Ay \U(Py, X1, py)
for various (Pp, X1) and py, it suffices to show that every such quotient is smooth. By the

proof of 6.20 every connected component of this quotient is an open subset of I'g\ (' \ A} )£0(x0, P,

where X7 is a connected component of X1, py s € Pi(Ay), Tg = Stabgg) (A7) Np1f - py -
Ky -p}l, Iy = P(Q) NTg, and ¢ = ((] -pf]*E)Kpl’Xl))O. Since I'g is neat, its image
in (Q/(Z(P) - P1))(Q) is torsion free. Define I'zp, := (Z(P) - P1)(Q) N I'g, then by 6.20
Lg/T'zp, acts freely on our connected component, so it suffices to show that the quotient
szl\(Fl\X{))E?(X{J’Pl,po) is smooth.

) Now (FI\XP)E?(X{%Pl,po) is a relative torus embedding over T'1\ Ay /U1 (C), so we have
the map

Lz N\ )50 (a0, py oy ;) — Lzp \ XL /U1 (C).
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Let Tp be the subgroup of all elements v € I'zp, which operate trivially on & /U;(C).
Clearly it maps to the center Z(P;/U;)(Q), but since I'zp, is neat and Z(P; /U, ) is generated
by the image of Z(P) and a torus that is an extension of a Q-split torus with a torus of
compact type, it must be contained in (Z(P) - U;)(Q). Now 2.11 implies that any element
z € Z(P)(R), which fixes one connected component of X', must operate trivially on X'. This
shows the equalities

Lo = (Z(P)-U)(@Q) NTzp = ({z € Z(P)(Q) | 2x = id} x Ur(Q)) N I'zp,.

In particular I'zp, /Ty is isomorphic to the image of I'zp, in ((Z(P) - P1)/(Z(P) - U1))(Q),
which is again neat, hence torsion free. On the other hand I'zp, acts properly discontiuously
on X} in the usual sense, so I'zp, /Ty acts freely on T\ Xy /U1 (C). Thus it suffices to prove
that To\((T'o N Fl)\Xlo)E?(X{)’Pl,po) is smooth.

If we let I'y be the image of I'y under the projection Z(P) x Uy — Ui, we may
use 5.4 to write this as (FU\XP)EQ(X{),Pl,pr)- This is a relative torus embedding over
a smooth base with respect to the torus Ul((C)/FU, so by 5.3 it suffices to show that
SUXD, Py,p1 ) is smooth with respect to the lattice I'y(—1) in Up(Q)(—1). Applying
6.5 we find that X(xP, Py, p1,f) is the same rational partial polyhedral decomposition of
C*(X9, P) c C*(X, Py) as B(X°, Pr,p1 s pg). Also we get that I'yy is the image of

({z € Z(P)(Q) | 21x = id} x U1(Q)) N (pr,s - py) - Ky - (prg -pp) "

under the projection Z(P) x U; — U;. Thus the desired property is precisely that required
in the definition 6.4 of the smoothness of X.. q.e.d.

6.27. Proposition: Suppose that X is a complete K y-admissible cone decomposition
for (P, X). Then M%7 (P, X,%)(C) is compact.

Proof. Since M™ 1) ((P, X)/W)*(C) is compact, it suffices to show that for all suffi-
ciently small V; and W as in 6.22 the image of W) is relatively compact in M%7 (P, X, ¥)(C).
But this image is isomorphic to A;\Wj, so it suffices to show that it is relatively compact
in Al\U(Pl, Xl,pf).

In 6.22 we may replace W; by the closure of Wi NU(Py, X1, py), hence it suffices to show
that A\(W1 NU(Py, X1,py)) is relatively compact. By the proof of 6.22 the intersection
of Wi with a connected component of U(Py, X1,ps) is the image of im~1(D) Ny ()
in I'1\XY. There is an arithmetic subgroup I'g of Q(Q) such that the image of I';\ X in
A1\U(Py, X1, py) is isomorphic to T\ XY, After replacing I'g by a smaller subgroup, which
does not change the desired assertion, we may assume that I'g = I'; - IV, where IV C T'g
centralizes P; /Wi. Then T" acts trivially on XY /W, hence it maps the subset ¥ (V) € X0
to itself. On the other hand by 6.19 (b) there exists a convex rational polyhedral cone
7 C C*(XY, P) such that C*(X°, P;) = I - 7. Without loss of generality we may assume
that D is a standard core, invariant under I”, then it follows that D = I” - (7 N D). This
implies that W, is the union of all I'-conjugates of the image of im™ (7 N D) Ny (1) in
I'1\XY. Thus it suffices to show that this image is relatively compact in U (P, X1, pr)-

For this we may suppose that I'; is neat, then the projections

(LX) 0,y )~ TNAL /UL(C) 1 D1\ (X1 /W),
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are topologically locally trivial bundles. The fibres of the second projection are compact, so
since ) is relatively compact, the image of our set in I'1\ X} /U (C) is relatively compact.
Thus it suffices to show the ralative compactness in every fibre of the first projection. Since
the map im : &Y 1 Uj(R)(—1) induces a map “ord” as in 5.8, we are reduced to the torus
embedding I'i/\U; (C)E?(Xlo’ﬂ p1.p)> Where we have to show that the subset ord™}(r N D) is
relatively compact in the subset

[T 7olord(C(X° ).
UEE(XO,Pl,pf)

Now we use the completeness of X. It says on the one hand that (X0, Py, p £) is a complete
rational polyhedral decompostion of C*(X°, P), hence 7 N C(X°, P) is covered by the
TNoNCXY, Pp) for all 0 € L(X9, Pi,p¢). On the other hand the finiteness implies that
there exist only finitely many such o for which this set is non-empty. Indeed, it suffices to
consider only those o with ¢ C C(X° P;). By 6.4 (v) the double quotient P(Q)\X/K
is finite, which implies that there are only finitely many I"-orbits [o] in X(X°, Py, ps) with
0¥ C C(X°, Pp). Moreover for every representative o, 6.19 (a) says that there exist only
finitely many I’-conjugates yo such that 7 N yo N C(XY, Py) is nonempty.

Thus altogether it follows that 7N C(X°, P;) is contained in the union of finitely many
o € B(X% Py,ps). Observe that it is enough to take only those o with R- o = U;(R)(—1),
since by completeness every other cone in X(X?°, Pi,py) is a face of such a cone. So in
particular 7N D is contained in the union of finitely many o N D for o € (X%, Py, p £) with
R-o0 = Up(R)(—1). Thus it is enough to prove that for every convex rational polyhedral
cone o C C*(X°, P)) with R - ¢ = Uy (R)(—1) the set ord™!(o N D) is relatively compact in
the subset

[I molord(C(x° P))

o face of o
of the affine torus embedding (I't/\U1(C)),-

By the following lemma 6.28 there exists a compact subset V C C(X°, P;) such that
ocND CV + 0. The assumption R - o = U;(R)(—1) means that the o-stratum is just a
point, hence by 5.9 (b)

IT molord™(V+0))

p face of o

is compact. This set contains im~!(¢c N D), and is contained in I, face of o ™o
(ord™H(C(X0, P1))), as desired. q.e.d.

6.28. Lemma: Let (P,X) be mixed Shimura data, (P, X]) a rational boundary
component and X? a connected component of X which maps to X;. Let o C C*(XY, Py)
be a convex rational polyhedral cone, and D C C(X", P;) a core. Then 6 "D C V + o for
some compact subset V C C(XY, Py).

Proof. Without loss of generality we may assume that D is the standard core Dy of 6.1
and that ¢ C C(X°, P). If (P, 1) is an improper boundary component of (P, X), then
Dy = U(R)(—1), so the assumption holds with V' = {0}. Otherwise o is not completely
contained in C(X°, P}), since for instance 0 € o. Observe that if o is the union of finitely
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many other convex rational polyhedral cones, then it is enough to prove for each of those.
Thus after splitting up ¢ in a suitable way we may assume that there exists a rational
boundary component (P, X2) between (P, X;) and (P, X), different from (Pp, X}), such
that o C C*(X%, P)[[C(X°, Pp). Let p := o N C*(X° P,), and choose finitely many
u; € 0 NC(X° P)NU(Q)(—1) which together with p generate o as a convex cone. We
may suppose that we have at least on u;, since otherwise o = p, so cND = oNC(X°, P;) = ()
anyway.

Choose a linear form £ : Uy(Z)(—1) — Z which vanishes on C*(X°, P,) and is strictly
positive on C(XY, P;). Then the definition of Dy implies £(Dg) C RZ!. After replacing the
u; by positive rational multiples we may assume that ¢(u;) = 1. Let V be the convex closure
of these u;, this is a compact subset of {u € C(XY, Py) | {(u) = 1}. Now 0 = p+ RV .V,
so if an element u 4+ \-v € o for u € p, A € RZY, v € V lies in Dy, then A\ = £(u+X-v) > 1.
Thus o N Dy is contained in p+RZL-V =p+V +RZY.V =V 4 0, as desired. q.e.d.
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Chapter 7

Stratification of toroidal
compactification

In this chapter we study in detail the natural stratification of the toroidal compactification.
In particular we describe the closure of a stratum as the toroidal compactification of a
different mixed Shimura variety. If the stratum lies in the torus embedding along the
unipotent fibre, then this can be done without extra restrictions. In the general case,
however, the closure of a stratum may have self-intersections. To prohibit these we assume
a certain condition 7.12 for K; and the cone decomposition. Also, for simplicity and since
we do not need the general case, we restrict attention to the case where ¥ is complete,
when dealing with an arbitrary stratum. Under these assumptions we shall even identify
an open neighborhood of the closure of the stratum with an open neighborhood in a simpler
toroidal compactification.

In 7.1-4 we describe the natural stratification of M%7 (P, X, ¥)(C), induced by its defini-
tion as a toroidal compactification, in terms of other mixed Shimura varieties. Proposition
7.5 allows to translate certain local questions at the boundary between the two types of
compactification, which will be needed in 8.1. The rest of the chapter deals with the closure
of a stratum. First we consider the Baily-Borel compactification (7.6). Then we explain
(7.7) how a cone decomposition induces one for a boundary stratum, and in 7.8 we prove
that the properties “finite” and “complete” are preserved under this operation. In 7.9 we
describe the closure of a stratum that already lies in the torus embedding along the unipo-
tent fibre. In 7.11 we explain the main construction in the general case. In 7.12 we state
the condition on (Kf,Y), and in 7.13 we show it is usually not a big restriction. In 7.15-17
we prove the remaining assertions about the closure of an arbitrary stratum and an open
neighborhood of this closure.

7.1. Stratification of a torus embedding along the unipotent fibre: Let (P, X)
be irreducible mixed Shimura data, Ky an open compact subgroup of P(Af), and ¥ a
K ¢-admissible partial cone decomposition for (P, X) that is concentrated in the unipotent
fibre. Then M%7 (P,X,X)(C) possesses a natural stratification as a torus embedding. We
want to describe this stratification in terms of other mixed Shimura varieties.

Since (P, X) is irreducible, it is its own boundary component, so by 6.4 (iv) £(XY, P, py)
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is independant of p; € P(Ay). Thus the data conveyed by X consists of a rational par-
tial polyhedral decomposition of U(R)(—1) for every connected component X° of X, such
that the whole is invariant under the left action of P(Q). Let [¢] be a double coset in
P(Q)\X/P(Ay). Since (P, X) is irreducible, by 2.14 (a) P(Q) acts through homotheties on
U(R)(—1). Thus if we view ¢ as a cone in U(R)(—1), the subspace R-o C U(R)(—1) does
not depend on the choice of the representative o € [o]. Moreover, since o is a convex ra-
tional polyhedral cone, this subspace comes from a unique rational subspace of U(Q)(—1).
Thus there exists a unique subgroup ([o]) C U such that R - o = ([o])(R)(—1) for every
representative o € [o]. Let us also note that P(Q) N P(R)? maps X and every cone to
itself, so the double coset [o] consists of finitely many P(A f)-orbits. In other words the set
lo]/P(Ay) is finite.

We now define P, := P/([o]) and U}y := U/([0]), and let X,] be the P+ (R) - Ujs)(C)-
orbit generated by (X°/([o])(C)) x {o - P(As)} in (X°/{[o]}(C)) x ([¢]/P(Af)), such that
o € [o]NE(XY P,1). Clearly this does not depend on the choice of the representative
o. Since [0]/P(Af) is a finite set with left action of P(Q)/(P(Q) N P(R)?) = 70 ( Py (R) -
Ul1(C)), the pair (P, X]5)) is mixed Shimura data together with the obvious map &}, —
Hom(Sc, Py c). The canonical morphism (P, Xjy)) — (P, X)/([o]) is an isomorphism if
and only if every element of Stabpg)(X 0) acts by a positive scalar on U. For example, this
is so whenever (P, X) is a proper boundary component of some other mixed Shimura data.
We denote the canonical projection P — P, by 7,

7.2. Proposition: Consider (P,X), Ky, and ¥ as in 7.1. There is a canonical
stratification
M*s (Pa X, E)(C) = H Mﬂ-[g](Kf)(P[a]a X[a])(c)v

where the disjoint union is extended over all double cosets [o] in P(Q)\X/P(Af). Each
stratum M ™l (Ks )(P[U], X[51)(C) is a locally closed analytic subset. Each such stratum is a
finite union of strata in the natural stratification of M%7 (P, X, ¥)(C) as a torus embedding.

Construction-Proof: Without loss of generality we may assume that Ky is neat.
Fix X% z € X° and py € P(Ay). The definition of A, implies that the fibre of A},; —
X /([o])(C) over [([x]),py)] is canonically isomorphic to [o] N X(X°, P,ps). With the nota-
tions of 6.6 there is a canonical morphism M ™ (Kf)(P[U], X)) (C) — MEr (P, x")(C) and
x and py determine an isomorphism of the fibre over [7']([(x,p)]) under this map with

(C\U(C)/{[o])(C)) x ([o] N S(X?, P,py)).

By 5.3 this is canonically isomorphic to the union of all strata associated to [¢]NX(X°, P, p )
in the torus embedding of I'(p)\U(C) with respect to X(X, P, pf). This gives the desired
map M”[U}(Kf)(P[U], X»))(C) = M*®7(P,X,%)(C). The remaining assertions follows from
5.2 and 5.3. q.e.d.

Remark. In general the assertion would be false for (P, X')/([o]) in place of (P, X[s)-
For example take (P, X) = (Py, h(Xp)) as in 2.24 and (X%, P, py) = {/—1-R=%, {0}, /—1-
R=0} for every ps € P(As). Then there are exactly two double cosets in P(Q)\X/P(Ay),
and by the proposition the closed orbit is canonically isomorphic to M™51)(G,, ¢, Ho)(C).
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This Shimura variety cannot be written as the disjoint union of other Shimura varieties,
and replacing Hg by h(Hp) in general yields a proper quotient. This situation was one of
the reasons to allow for finite coverings of h(X') in the definition 2.1.

7.3. Stratification of an arbitrary toroidal compactification: Now let (P, X’) be
arbitrary and mixed Shimura data, Ky an open compact subgroup, and ¥ a K y-admissible
partial cone decomposition for (P,X). Then MZ%s(P,X,%)(C) is stratified by the in-
verse images of the strata Al\Mﬂl(KJl‘)((Pl,Xl)/Wl)((C) of M™ K ((P,X)/W)*(C) as in
6.3. This inverse image is isomorphic to A{\oU (P, X1,pr). In fact, by the proof of 6.21
OU(Py, X1, ps) C U maps to this stratum, and by 6.18 the resulting map factors through
A\OU(Py, X1, py). By 6.22 this map is a closed embedding over some neighborhood of ev-
ery relatively compact subgroup of A;\M m (K} )((Pl, X1)/W)(C). Thus it is locally closed
embedding.

Going one step further, we stratify A\OU(P1, X1,py) asin 7.2. Let 31 := ([ -ps]*Y)(p,a)
and consider a double coset [o] in Pi(Q)\XY/Pi(Af) such that o° C C(X% P). Let
Mw[U}(K})(P[U], X[+])(C) be the corresponding stratum of M5 (Py, X1, 29)(C) according to
7.2, by 6.13 it is contained in OU(Pi, X1,ps). Since by definition P;(Q) acts trivially on
Pi(Q)\XY/P1(Ay), the action of Stabgq) (X1) N (P1(Ay) - py- Ky -p}l) on XY factors through

Ay. Thus the image of M (KJI‘)(P[U], Xjx))(C) in A1\OU(P1, X1, py) is isomorphic to
T 1
Staba, ([0)\M™ (Py 5, & 1) (C).

Here note that Staba,([o]) acts through a finite quotient on M5 (Pr, X1, X9)(C), hence
on MW["](KP(PL[U], X [4])(C), since by 6.19(a) for every arithmetic subgroup I'q C Q(Q)
a subgroup of finite index of Stabr, (o) lies in Z(P) - P1. As [o] runs through a set of
representatives for the Aj-action on the double quotient P;(Q)\X{/Pi(Af), these subsets
form a stratification of A{\oU (P, X1, ps) by locally closed analytic subsets.

If X is finite, then there are only finitely many such strata. In fact, by 6.4 (v) 3 is finite
if and only if the double quotient P;(Q)\X/K is finite. This implies the finiteness of

(Stabgq)(X1) N (PL(Af) - py - Ky -p;1>)\Z?/Kf,

hence that of A1\ (P1(Q)\XY/Pi(Ay)), as desired. In that case we get a finite stratification
of M%1 (P, X,%)(C).

Assume now that Ky is neat. Then Q(Ay) Nps - Ky -p}l is again neat, so by 0.6 its
image in PGL(Uy)(Ay) is again neat. Since this image contains that of Ay, which is an
arithmetic subgroup, it follows that the image of Ay in PGL(U71)(Ay) is is torsion free. Let
[o] be a double coset in P;(Q)\X}/Pi(Af) such that ¢° C C(XY, P1). From 6.19 (a) it
follows that the image of Staba, ([o]) in PGL(U;)(Q) is finite, so by the neatness this image
is trivial. This means that Staba,([o]) acts trivially on the torus with respect to which

M”[o}(K}‘)(PL[U], X [5])(C) is a torus embedding.

7.4. Stratification and functoriality: Consider the situation of 6.25 (a) or (b), and
the stratification of 7.3 on both sides. It is easy to see that every stratum is mapped to a
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stratum, and this image-stratum can be described explicitly. In fact, consider for example
the case 6.25 (b). Let

T 11
StabAn([Ul])\M [Ul](Kf )(Pll,[o'l]a‘)c‘lL[Oj])((C)

be a stratum of Mt (Pp, X1, 31)(C), associated to a rational boundary component (Py1, X11)
of (P1,X1), p1,f € Pi(Ay), and 01 € Y1 (A, Pi1,p1.¢). Let (P21, X21) be the rational bound-
ary component of (P, X3) associated to (Pi1, X11) by functoriality (4.16), p2 ¢ := ¢(p1,5),
and o9 € ZQ(XQO,Pgl,po) the unique cone so that ¢(o1) C o3. Then the image of the
above stratum lies in the stratum of M%7 (P, X,39)(C) associated to (Py1, Aa1), pa2,f, and
og9. For the maps 6.25 (a) the result is analogous.

For later use we prove the following fact.

7.5. Proposition: Recall that with Z1, V; and W as in 6.22, A;\W) is isomorphic
to the inverse image of V; in M%7 (P, X, %)(C). Given Z1, the other two sets can be chosen

such that there exists a unique holomorphic map V; — Aj\M™ (K})((Pl, X1)/W1)(C) with
which the following diagram commutes:

MEr (P, x,%)(C) ) A\W, = ANMET (P, X, 39)(€)
1 4 4
M™ED(PX)/W)NC) D> Vi — ANM™ED(PL,x)/W)(C)

Proof. The fibre in A;\W), over a point in M™E7) (P, X)/W)(C)NV is by the extension
6.15 of the map 6.11 (d) contained in a fibre of the map on the right hand side. Thus
we already have the desired map on an open dense subset of V. If this map extends
holomorphically to V, then the diagram also commutative for this extension. By Riemann’s
extension theorem (see [GR] ch.7 §4.2 p.144) it suffices to construct a continuous extension
of this map.

As in the proof of 6.22 let D C C(X°, P,) be a sufficiently small core, ) a relatively
compact subset of (X1 /W1)%, {p1; ¢} a finite subset of P1(A}), & = im~Y(D)Ny; (1) C
X9 and V; the image of ([Jv2(&1)) x {p1iy - ps}t in M™ED((P,X)/W)*(C). Then the
proof of 6.22 shows that V) is isomorphic to the image of ([]2(&1)) x {p1,,5 - ps} in

(Stabgg) (X%) N Pi(Ayg) - p - K- pr ON((X/W)*)? x Pi(Ay) - pg - Kp/Ky).
For every boundary component (P, X3) between (P;, A1) and (P, X) let
Yzt (Xz/Wa)? — (X1 /Wh)°

be the unique equivariant map with 17 = 112 0 1¢)9. These maps patch together to a map
i [[(A/W2)? — Xy. By the definition of the Satake-topology [[(X2/W2)? is an open
subset of (X /W)*, and 7 is a continuous map. Thus the induced map
(Stabgg) (X°) N Pi(ar) - py - Ky py O\ [ (X2/W2)® x Pr(ag) - py- Kp/Kf) —
— (Stabgg) (X%) N Pi(Ay) - py - Kp-pr O\N(X1/Wh)° x Pi(Ay) - py - Ky /Ky)
= AN\MTED (P, 20) /W) (©)
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is continuous. Its restriction to V; is the desired extension. q.e.d.

7.6. Closure of a stratum in the Baily-Borel compactification: Consider
1
the stratum Al\Mm(Kf)((Pl, X1)/W1)(C) of MEs(P,X)*(C) as in 6.3. The locally closed
embedding of this stratum into M%7 (P, X)*(C) extends uniquely to a holomorphic map

ANM™ED (P, 20) /W) (C) — MB1(P,X)*(C).
In fact, note that (X;/W7)* is a closed subset of X*. As in 6.3 the map

(X1 /Wh)" x Pi(Ay) = P(Q\X" x P(Ay)/Ky, (x,p15) = (z,p1,5 - Df)

factors through A\ (P (Q)\(X/W1)* X (Pl(Af)/K}c)), as desired. By construction this
induced map is continuous, and extends the embedding of the stratum. Thus by Riemann’s
extension theorem (see [GR] ch.7 §4.2 p.144) it is holomorphic. Since Aj\M™ (K}) ((Py, X1)/W7)*(C)
is compact, its image is the closure of the stratum. By checking what happens to the strata

of A{\M™ (K5) ((P1, X1)/W71)*(C) one easily sees that the map is finite. In general, however,

we cannot hope that it is injective.

We now want to do the same for the toroidal compactification.

7.7. Induced cone decompositions: Consider irreducible mixed Shimura data
(P, X), an open compact subgroup Ky C P(Ay), and K y-admissible partial cone decom-
position ¥. Consider a double coset [0] C P(Q)\YX/P(Af) and the associated mixed
Shimura data (P, X[,)) defined in 7.1. Let (P [,], X [s) be a rational boundary com-
ponent of (P4, X]5). By definition every connected component of X, is of the form
(X[?ﬂ = XY/([o])(C)) x {o - P(Af)} where XY is a connected component of X and o a
representative of [o] such that o € L(X°, P, pr) for some py. If X[?T] embeds into & (5, let

(P1, X1) be the unique rational boundary component of (P, X') such that P; := Tl ]I(PL[U])
and X° embeds into X;. Clearly it depends only on (PL[O.], XL[U]). Let py () be the image
of by in P[U] (Af).

We can now define a ;) (Ky)-admissible partial cone decomposition X4 for (P, X[o))
as follows. For all X%, py, o, and (P1[o]> X1,[0]) as above we define

E[U](X[g],PL[U],pL[U]) ;= {rmod([o]) | T € (X", Py, p;) such that o is a face of 7}.

One easily verfies that this is indeed well-defined and satisfies the conditions 6.4 (i)—(iv).

Denote the double coset in P1(Q)\(Xp,, x1))°/P1(Af) generated by o again by [o]. Then
applying the construction of 7.1 to (P, X1) and [o], we get mixed Shimura data which is
clearly canonically isomorphic to (P (4], X1 [»]). Moreover with the above construction we
have the relation (Z|(P1,X1))[a} = (Z[o—})|(P[O'}7X[U]).

7.8. Proposition: Let (P, X’) be mixed Shimura data, Ky N P(Af) an open compact
subgroup, and ¥ a K-admissible partial cone decomposition for (P, X’). Let py € P(Ay),
(P1, X1) a rational boundary component of (P, X'), and ¥y := ([ -pf|*X)|p, x,)- Let [o] be
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a double coset in P (Q)\XY/Pi(Ay) such that o® C C(XY, Py, pt) for some X0 and Py IS
is finite, resp. complete, then 3y |5 possesses the same property.

Proof. Both properties are invariant under [ -ps|*, so we may assume py = 1. Sup-
pose that ¥ is finite. In the notation of 7.7 replace (P,X) by (Pi,X1), (P, X1) by
(P2, X) and so on, and let @12 be the admissible Q-parabolic subgroup of P; associ-
ated to (%, X2). To prove the finiteness of ¥ ;) we then have to show that the quotient
I‘le\El’[U](A’R[U],Pz’[g],plyf’[g]) is finite, where I'g,, is an arithmetic subgroup of Q1(Q).
Let @, resp. Q2 be the admissible Q-parabolic subgroups of P associated to (P;, X1), resp.
(Pa, Xs), then we have Q12 = P; N Q2. By definition 21’[0](.)(10,[0],PQ,[O-],po’[o-]) consists
of all 7mod([o]) for 7 € $1(XY, P2, p1.f) such that o is a face of 7. By definition of ¥
we have 1(X), Po,p1¢) = (XY, P2, p1f), so by the finiteness of ¥ these 7 lie in finitely
many I'g,-orbits for every arithmetic subgroup I'g, of Q2(Q). We may suppose that I'g,,
is contained in I'g,, then it suffices to show that all such 7 which lie in a fixed I'g,-orbit,

lie in finitely many I'g,,-orbits.

Let us fix such a 7, and consider all v € T, such that o is a face of y7. Then v~ lo

is a face of 7, and since 7 possesses only finitely many different faces, we are reduced to
considering only those v € I'g, with yo = 0. Every such ~ stabilizes (Py, X;), hence lies
in an arithmetic subgroup of Q(Q). Since by assumption ¢ C C(X°, P;), 6.19 (a) implies
that all such + lie in finitely many coset under Z(P) - P;. Thus we are reduced to v in an
arithmetic subgroup of (Z(P)- P;)(Q). Since every sufficiently small arithmetic subgroup of
Z(P)(Q) acts trivially, we are even reduced to v € P;(Q). Thus the 7 under consideration
lie in finitely many orbits under an arithmetic subgroup of P;(Q) N Q2(Q) = @Q12(Q), as
desired. This proves the finiteness of ¥y (4.

If 3 is complete, then C*(X?, P,) is the union of all cones in (X°, P2, p; ¢), and we have
to show that C*(X, P») is the union of all 7 + ([o])(R)(—1) where 7 € X1(XD, Po,p1f) =
(X%, Py, py ¢) such that o is a face of 7. By 4.22 (b) we have C*(X}, P2) = C*(XY, ) +
U1(R)(—1). Also since 0" C C(&X°, P1), we have U (R)(—1) = C(X°, P,) + {[o])(R)(~1) =
C*(XY, Py) + {[o])(R)(—1). Together this shows C*(X7, P2) = C*(X°, P) + ([o])(R)(-1),
so it suffices to show that every element u € C*(X°, P;) lies inside 7 + ([o])(R)(—1) for
some T € E(XO,Pg,po) such that o is a face of 7

To prove this fix u; € ¢, and consider the convex rational polyhedral cone p in

C*(XY, P,) generated by u and uj. If p° does not lie in C(X°, ), then we may re-
place (P, X3) by a rational boundary component between (Pj, X;) and (P2, As), so we
may assume p C C(X° P). Fix an arithemetic subgroup I'g, of Q2(Q), then by 6.19
(a) p° has non-empty intersection at most with finitely many cones in every I'g,-orbit in
»(X0, P, p1,f)- Since X is finite, there are only finitely many such orbits, so PP N7 £ for
only finitely many different 7 € X(X°, Py, p1 ¢). But the completeness of 3 p° is covered by
the p® N 70 for these 7. Thus there exists a 7 € (XY, Py, py. #) which contains the element
A-u+ (1 —A)-up for all sufficiently small A > 0. Then clearly u € 7 + ([o])(R)(—1), as
desired. Moreover since 7 is closed, it contains u;. But u; lies in ¢¥ as well as in the interior
of a unique face of 7. Thus o is a face of 7, which finishes the proof. q.e.d.

7.9. Proposition: Let (P, X) be irreducible mixed Shimura data, K; an open com-
pact subgroup of P(Ay), and ¥ a K-admissible partial cone decomposition. Let [o] be a
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double coset in P(Q)\X°/P(Af), and M7 (Ky) (P> X)) (C) the corresponding stratum of
MEs(P,Xx,%%)(C) according to 7.2. Then the closure of this stratum in M%7 (P, X, ¥)(C)
is canonically isomorphic to M™e(Ks )(P[U], X0, X)) (C).

Proof. If ¥ is concentrated in the unipotent fibre, then on every connected component
in the assertion follows from the constrution 6.6 of M*s(P, X, ¥)(C) and the corresponding
assertion 5.3 for abstract torus embeddings. For X arbitrary consider U, U(P1, X1, py) etc.

as in chapter 6, and denote the analogous object for (P, X|4) in place of (P, X) by U[,,
U o) (P1 0], X1,[0]5 Pt o)) €tc. To relate U and U, we shall construct a certain subset of U.

For every (P (s, X1,»]) and py as in 7.7, we have by 6.13 ¥ = (([ 'pf]*E)KPl’Xl))O,
and (3,7)) = (( 'pf,[a]]*(E[U]))I(Pl,[a],?ﬁ,[a]))O analoguous. The definitions imply (X1,)} =

(39)[6]- Since MK} (P, X1, 39)(C) is a torus embedding along the unipotent fibre, we get
a closed embedding

Mﬂ[o}(K})<P1,[a]’ XL[U] (Z[o]>(1))((c) — MK}C (Pr, X1, 2(1))(@)
The explicit description of U (Py, X1, p #) in 6.13 shows that this induces a closed embedding
Uo)(P1 o], X1 (0] Pf [0]) < U(PL, X1, D).

Denote by Z;l[g] the union of the images af all these maps. This is a closed subset of U,
and stable under each of the maps 6.15, hence under the equivalence relation ~. Thus
Ujs)/ ~ is a closed subset of MXs(P,X,%)(C), and it is this that we shall identify with

M ED (P, X 1)) (C).
By definition H[U] is the disjoint union

HUM (P1,[0]> X1,[0]s Pf,[0])s

indexed by all rational boundary components (P 5], X [s) and all py 5 € Ps(Af). Now
Z;{[J} is the same disjoint union, but indexed by all (P, (5], X1 [,]) and all py € P(Ay), so there
is a natural surjective map Z;l[g] —U o] Let ~[5 be the natural equivalence relation on
U 0], analogous to ~ on U. Tt remains to show that the given map induces an isomorphism
Upp)/ ~ = Upg)/ ~o)-

For this we have to show that any two elements of Z;{[G] are equivalent under ~ if and
only if their images are equivalent under ~[;. The “only if” part is clear, since it is so for
each of the maps 6.15. For the other direction suppose first that their images are equal.
Then we have the same (P 5], X (o)) and py 5], but two different lifts of ps ;) to P(Ay).
If these are py and u - py with uy € ([0])(Af), then the extension 6.15 of the map 6.11 (b)
with p1 s = uy is an isomorphism [ -uy] : U(P, Xi,uyp-pf) — U(P, X1,pr). Thus the two
points are equivalent under ~ if the following diagram is commutative:

H(Pl,leuf'pf) % H(Pla‘)(lapf)
!

@]

U[O’] (Pl,[a]7 Xl,[a] ) pf,[a])
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But this is a straightforward functorial property of the stratification of 7.2. Using this, it
now remains to prove that whenever two points of 27[0] are equivalent under ~(,, then
there exist points in the fibres that are equivalent under ~. But this is clear, since it is
so for each of the maps of 6.15. Thus we have proved that M ™ (Kf)(P[U], X0 2(6])(C) =

Uip)) ~ 0= Z/NI[U]/ ~ is a closed subset of M%7 (P, X,%)(C), as desired. q.e.d.

7.10. Proposition: Consider an embedding ¢ : (P, X;) — (P, X) as in 2.13, i.e.
where Pj is a normal subgroup of P, for instance (P;, &) is an improper rational boundary
component of (P, X). Let K; be an open compact subgroup of P(Af). There exist finitely
many p’; € P(Ay), such that with K7 := Pl(Af)ﬂp;-Kf-(p;)_l and Xy == ([ -p]"Y) (P21
the group

A, = (Stabp(ey (%) N (PL(Ag) - Ky - (0)7)/PL(Q),

defined as in 6.18, acts through a finite quotient on M%7 (P, X1,%,)(C), and the maps 6.25
induce an isomorphism

LIl -p%ol¢]
e

[Ta M%7 (P, 21, 5,)(C) M":(P, X, 5)(C).

Moreover if K is neat, and P/P; is an extension of a Q-split torus with a torus of compact
type, then all A, = 1.

Proof. Choose the p; as a system of representatives of

(Stabp(g)(X1) - Pr(Ap))\P(Af)/Ky.

Denoting the projection P — P/P; by v, the group A, is contained in (P/P;)(Q) Ny (Ky),
which is an arithmetic subgroup of a torus. By the condition 2.1 (viii) the quotient P/(P; -
Z(P)) is the extenison of a Q-split torus with a torus of compact type, so every sufficiently
small arithmetic subgroup of (P/P;)(Q) is contained in the image of Z(P)(Q)N Z(P)(R)".
But this group acts trivially on X;, hence trivially on M7 (Pp, X1,%,)(C). Thus A, always
acts through a finite quotient. If K is neat, then so is ¢(K) by 0.6, and if P/P; is an
extension of a Q-split torus with a torus of compact type, then A, must be trivial.

Next if ¥ is the trivial cone decomposition, then we are dealing M%7 (P, X)(C) and
MP"7(Py, X1)(C), and the assertion is a special case of 7.3. For arbitrary & we still have a
generic isomorphism, and since M%7 (P, X, ¥)(C) is normal, the images of any two distinct
individual maps M*7 (P, X1, %,)(C) — MEf(P,x,%)(C) are disjoint. Thus it remains to
show that every such map induces an open and closed embedding of A, \M”"7(Py, X1, %,)(C).
The proof of this is almost the same as that of 7.9, so we leave it to the reader. q.e.d.

7.11. The closure of an arbitrary stratum: While in the preciding proposition
we studied the closure of a stratum of M%7 (P, X, %°)(C), we now turn to the closure of an
arbitrary stratum of M%7 (P, X, ¥)(C). It is not difficult to extend the inclusion

StabA1 ([O_])\MW[U](K}>(P1,[U]7 X[l,a])<c) — MKf (P7 X, Z)(C)
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of 7.3 to a holomorphic map
Stab, ([o)\ M 5D (P ), X1 7, 1)) (€) — M7 (P, X, %)(C).

But in general this map will not be injective. Also we are, for later purposes, interesed not
only in the closure of the stratum, but also in a canonical description of a small neighbor-
hood of it. For simplicity we shall assume throughout that ¥ is complete, since this is the
only case that we shell need in the sequel. We begin by constructing a certain map, which
we shall later prove to be an open embedding, if a certain condition is met.

So fix (P, X), Ky, %, (P1,X1), py, K}, and ¥ as in 7.3. Consider U = [[U(Py, X2, ;)
etc. as in chapter 6, and denote the analogous objects for (Pr, X}), K} and X in place of

(P,X), Ky and ¥ by Uy = [[U1(P2, Xa, p1.f) etc. Observe that in U the union is extended
over all rational boundary components (P, A3) of (P, X), and all p’f € P(Ay), while in U,

only over those of (Py,X;) and py s € Pi(Af). For the latter ones Uy (P, X2,p1 ¢) is an
open subset of MK?(PQ, X5, %9)(C), where

Kf = Pa(Ap) Npry- Kjopry=Po(Ap) Npry-pp- Ky (pgepp) ™

and

23 = ([Pl 20 )’ = ([Prg s D) (py))”.
Thus U(Py, X2, p1,5 - py) is also an open subset of ME? (P2, X2, %9)(C), and by the explicit
description given in 6.13 it is contained in Uy (P, Xz, p1.f).

So letting U(l) be the disjoint union of H(Pg,)(g,pl,f - py) for all rational boundary
components (P, X>) of (P, Xx1) and all p; y € P(Af), we have canonical embeddings of
ﬁ(l) into U and into U;.

Let ~ be the equivalence relation on U defined in 6.16, and ~; the analogous one on
Uy. By comparing the definitions of ~ and ~; we easily find that U/(;) < U is stable
under ~1, that H(l)/wl — Hl/NI — M5; (P1, X1,%1)(C) is stable under the action of A;
on M%7 (P1,X1,%1)(C), and that the map U ;) — U factors through a map A\U )/, —
U/ ~= MEi(P,X,%)(C). In other words we have extended the maps M%7 (P, X)(C) «+
AN\U(PL, X1, pyp) — Al\MK} (P1,X1)(C) of 6.10 canonically to holomorphic maps

77 open 1
AU/~ <Py AN\MPBI(Py, X, 5)(C)
!
MEs (P, X, %)(C)
Since U(l)contains OU(Pa, Xo,p1,5 - pf) for all(Pa, X2) and p; ¢, it follows from 7.9 that

the closure of OU(Py, X1,py) in ME; (Py, X1,%1)(C) is contained in the image of U(l)/ ~1.
Fix a double coset [0] € P(Q)\ZY/Pi(Af) with o C C(X°, Py) x {1} for some XY, then

in particular U(l)/ ~1 is an open neighborhood of M”lv["](KJl‘)((PL[U],XL[U],ZL[O.])((C) C
M5} (P1,X1,%1)(C). Consider an arbitrarily small open neighborhood V C Uy/ ~1 of
this closure. Since Staba,([o]) acts on M K}(Pl, X1,%1)(C) through a finite quotient, we
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may without loss of generality assume that V is Staba, ([o])-invariant. Consider the maps

Staba, ([o])\V <2 Staba, (101 \M ™ (Py, X1, %1)(C)

1
MEs (P, X,%)(C)

Since the assumption X is complete, 6.27 implies that M ”17["](K11”)(P1’[U], X1 [6121,(0))(C) s
compact. Hence so is its image in M%7 (P, X, ¥)(C), so it is equal to the closure of the
corresponding stratum StabAl([0])\MW1’[”](K}‘)(PL[U],Xl,[a])(C) of M%s(P,X,%)(C). So
far this is the same situation as in 7.6. But in the toroidal compactification things are
better. In 7.15 we shall even prove that under certain conditions the vertical map is an
open embedding. Then we get in particular a canonical description of the closure of a
stratum of MK/ (P,X,%)(C) as a toroidal embedding of another mixed Shimura variety.
Loosely speaking the closure of the stratum has no self-intersections. Moreover we get a
canonical isomorphism of every sufficiently small open neighborhood of this closure with a
neighborhood of the closure of a stratum in a different mixed Shimura variety, where the
situation is much simpler, namely where the stratum is that of a torus embedding along
the unipotent fibre.

7.12. A certain condition on cone decompositions: Consider mixed Shimura
data (P, X), an open compact subgroup Ky C P(Ay), and a K -admissible partial cone
decomposition . Consider p; € P(Af), a connected component X° of X, a rational
boundary component of (P, X1) of (P,X), and a rational boundary component (P, X5)
of (P, X). Let 7 € Z(XO,PQ,pf) and o € E(XO,Pl,pf) C E(XO,PQ,pf) such that o is a
face of 7. Let p € P(Q), p1,f € P(A¢), and ky € Ky, then with the operations defined in
6.4 p-p1s-o-kyisaagain an element of . Consider the following condition on the pair
(Kf, Z):

(*) For all py, (P, &X1), (P2, &2), 7, 0, p, p1,, and k¢ as above, if both o and p-p; s-0-ky
are faces of 7, then p-py s-0 -k = 0.

This condition will turn out to be sufficient for the purpose decribed in 7.11. If it holds
for given (Kf,X), then it clearly holds for any smaller open compact subgroup. It should
be noted that this condition is not related to neatness of Ky. Nevertheless the following
proposition shows that it is only a mild restriction.

7.13. Proposition: Let (P, X), Ky and ¥ be as in 7.12. If 3 is finite, then there
exists an open subgroup K} of Ky such that the condition of 7.12 holds for (K}, Y).

Proof. We first show that it is enough to prove that for all fixed 7 and o there exists
K } C Ky such that the condition in 7.12 holds. In fact, by finiteness of ¥, and since every
convex rational polyhedral cone has only finitely many different faces, there are, up to the
left action of P(Q) and the right action of K, only finitely many pairs (o;,7;) of cones
in ¥ such that o; is a face of 7;. Suppose that the assertion holds for each of these with
K }Z C K¢. Choose an open normal subgroup K } of K¢ that is contained in every K }Z
Then for every p € P(Q) and ks € K the conditions also holds for K} and (p-0;-kf,p-7;-ky).
Thus it holds for K’ and every (o, 7), as desired.
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Next fix py, (P2, X2) and 7 as in 7.12. Let (R=Y-w;) x {ps} for i = 1,...,r be the
different one dimensional faces of 7. Clearly it suffices to prove the assertion for each of
theses, say for o = (R - w;) x {ps}. Consider p € P(Q), p1.y € Pi(Ay), and kf € Ky. By
definition of the various operations, p-p1 -0-ky is aface of 7 if and only if p-p1 s-ps- Ky = py,
p-X0=X% and RZY - p-u; = R0 - u; for some (unique) i € {1,...,7}. We have to prove
that for K sufficiently small these conditions imply p-p;1 f -0 - ks = 0. Since this equality
holds if and only if i = 1, we have to show that RZ? - p-u; # RZ0 . w; for all 4 # 1 and all
pE Stabp(Q)(XO) Npr- Ky -pJTI - P1(Ay), provided that Ky is sufficiently small. Note that
since RZY . 4, and R0 - v; are distinct faces of the same convex rational polyhedral cone,
we have R - u; # R - u;. Thus we may apply the following lemma 7.14, which proves what
we want. q.e.d.

7.14. Lemma: Let (P, X') be mixed Shimura data, and (P, X;), (P2, X2) two rational
boundary components of (P, X'). Let 0 # u; € U;(Q)(—1) for i = 1,2 such that R-u; # R-us.
Then there exists an open compact subgroup Ky C P(Af) such that R-p-u; # R - ug for
all p € P(Q) N Kf . Pl(Af).

Proof. Fix any isomorphism A : Q — Q(1), and identify U; with Lie(U;) C Lie(P).
Then by assumption we have two different lines Q - A(u;) in Lie(P)(Q). We can also view
them as two distinct points [A(u;)] in (PLie(P))(Ay) := (Lie(P)(Af) —{0})/Gm(Af), and it
suffices to find Ky such that [A(u2)] € K- Pi(Ay)-[A(u;)]. By the irreducibility of (P, 1),
Py acts through scalars on U;. Thus it fixes the point [A(uy)], and Ky - Pi(Ay) - [A(u1)] =
K- [A(u2)]. Choose a neighborhood of [A(u1)] in (P Lie(P))(Af) such that a certain [A(us)].
By the continuity of the P(Ay)-action we can choose K¢ such that K- [A(u2)] is contained
in this neighborhood, so we are done. q.e.d.

7.15. Proposition: Consider the situation of 7.11. If 3 is complete and the condition
of 7.12 holds, then for every sufficiently small Staba, ([o])-invariant open neighborhood of

Vin M5 (Py, Xy, $1)(C) of M™ 5D (P 1 X, 11,5 (,1)(C) the map
Staba, ([0])\V — M%7 (P, x,%)(C)

of 7.11 is an open embedding.

Proof. Consider the map
[m]* : M&H(P, X, 50)(C) — M™ED (P, &0 /Wh)*(C).

We shall prove that for any two points zo, x3 € MW(K}‘)((Pl, X1)/W1)*(C) there exist open
neighborhoods V; of z;, and open neighborhoods V! of M”l’[”}(K})(PL[U], X [4]5 21,[6])(C) N
[m1]*71(V;), contained in U 1)/ ~1 such that either the image of V] in M*f (P, X,¥)(C) are
disjoint, or the restriction of the map in question to the image of VJUV? in Staba, ([0])\MKJ1” (P, X1,%1)(C)

is an open embedding. By the compactness of MTER) ((Py, X1)/W71)*(C) we can then choose
finitely many such V], whose union of V is a Staba, ([o])-invariant open neighborhood of

M”l’["](K})(PL[a], X [4]5 21,[6])(C) in 17(1)/ ~1, such that the above property holds for every

127



pair of such V. This implies that the restriction to Staba, ([o])\V of the map in question
is injective and locally an open embedding. Thus it is an open embedding, as desired.

To prove the existence of such V, fix rational boundary components (P;, ;) of (Py, A1),
and py; ¢ € Pi(Ayf) for i = 2,3. We may suppose that a fixed connected component X}
of X1 maps to X;. Applying 6.22 to this situation we get a Aj;-invariant open subset
Wi C 0Ui (P, X;,p1, ¢) such that Aq;\Wy; is equal to [m1]*~1(V;) as above. Here if Q; is
the admissible Q-parabolic subgroup of P associated to (F;, X;), then Ay; is in analogy to
6.18 defined as

(Stab(ping,) @) (X)) N Pi(Ay) - prig - Kj - 01, )/ Pi(Q).

By the proof of 6.22 Wy, can be given as follows. There are relatively compact open subset
Vi C X;/W;, a finite subset {p; o, r} C Pi(Af), and an open core Dy; C C(X?, P;), such that
Fi is the image of

(im ™' (D1s) N p; (Vi) X {piar} C AT x Pi(Ay)

in Uy (P;, X, p1,,r), and Wy, := [[7-(F;), where the union is extended over all cones 7 €
21(2(10, Py, pia,fDiif) = »(&O, Py, pia,f D1, ps) for some a. The intersection of Ay;\Wiy;
in MK}(Pl, X1, %1)(C) with M”L[o](KJl”)(PL[a]a X [4]5 1,[o])(C) is the image of the union of
all m-(F;) such that some representative of [o] is a face of 7. We can therefore choose
VI = Ay \W, for every small Ay;-invariant open subset W/ C Wy, NU(Pi, X;,p14.f - Df)
that containes all these 7 (F;).

Let D; be an open core in C(X°, P;). If the both D; and D;; are given as the interior
of the standard core with respect to the same lattice, then Dy; = D; + U;(R)(—1). We
shall prove below that W, can be chosen to satisfy the following additional property: its
intersection with U(P;, X;, p14.s-ps) is equal to the image of (im~*(D; N[ 7°) Nep; () x
{Pia,r} in UP;, X, p1i s - pr), where the disjoint union []7° is extended over all T €
Z(XO,PZ',pi’a’f - p14f - py) for all o such that some representative of [o] is a face of 7.
Note that such W! is contained in some W; as in 6.22, applied to (P;, X;) as a boundary
component of (P, X).

If the images of V) and V} in M%s (P, X,¥)(C) are not disjoint, then the same holds
for W) and Wj, hence also for W, and Ws above. Thus by 6.22, if the D; are chosen

sufficiently small, the two OU(P;, X, p1,i,f - pr) must map to the same boundary stratum
of M™K5)((P,X)/W)*(C). In other words there exist p € P(Q) and k; € Ky such that
int(p)((P, X2)) = (P3,A3) and p-p1as-pf-kf =pi13y-pp. Thus by 4.20 (iii) there exists
p € P(Q) such that int(p;)((Pe, X2)) = (Ps, X3), so after applying the extenion 6.15 of the
map [int(p;)] of 6.11 (c) we may assume that (Ps, X3)) = (P2, X2). Then every such p lies

iIl QQ (Q)

Now for all such p we also have
p- (im Dy [ %) Nyt (O2)) N (im ™ (Ds N [ [ 7°) N (3)) # 0,
hence (p- [[7° N[[7" # 0. Thus there exist 7 € X(X° Py, poa.s - proys-ps) and 7' €

Y(XO, Ps,ps3 5. - p13.s - Pf), such that both 7 and 7/ have a face in [o], and p- 79N 70 £ (.
The latter relation implies p-7 = 7/, which should really be written in the form p-7-k; = 7 if
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we view these cones as subsets of C*(X?, P,) x P(Af). Let o, resp. o’ be the representatives
of [o] such that o is a face of 7, and ¢’ is a face of 7/, then there exist p; € P;(Q) and
p1.f € Pi(Ay) such that o' = py - py s - 0. It follows that both o and (p™1 - p1) -p1 s -0 - ky
are faces of 7. Thus the conditon in 7.12 implies (p~! - p1) “p1f-0-kp=o0. As a first
consequence, p~ ! - p; maps C(XY, P) to itself, so p~! - p1, hence also p, stabilizes (P, &7).
Thus p lies in StabQ(Q)(Xl). Using this, the relation p-p1 2 ¢-py-ky = p1,3,5 - py now implies
that p also lies in Pi(Af) - pr - Ky -p}l. Thus it defines a class [p] in A1, and this class
stabilizes [o]. Hence after applying [int(p~!)] to U(P2, X2, p12.f - py) we are reduced to the
case where p1 3 f = p12 .

In this case we may enlarge the W/ so that W5 = W,. It remains to show that the map
W} < Wy — MEs (P, X,%)(C) factors through an open embedding of the image of W} in
StabAl([a])\MK} (P, X1,%1)(C) . Now by 6.22 the map Wy — M%7 (P, X, %)(C) factors
through an open embedding of Ay\Ws, where

Ay := (Stabg,(q)(X2) N (Pa(Ay) - pas - pr - Kf - (pay - pp) 1))/ P2(Q).

The argument above shows that for any [¢q] € Ag with [¢] - WS N W) # () we already have
q € Stabg, (X1) N (Pi(Af) - pr - Kf -p}l), and the class [q] € A; stabilizes [0]. Thus the
map W) < Wy — Ag\W, factors through an open embedding of the image of W) in
Staba, ([0])\M7(P1, X1, 51)(C), as desired.

It remains to prove the assertion about the special choise of W!. This is done in the
following lemma. q.e.d.

7.16. Lemma: In the notation of the proof of 7.15 there exists a Aj;-invariant open
subset W) C Wi; NU(P;, X, p1i,r - py) with the properties:
(i) It contains the 7-stratum of Wy; for all a and every 7 € (X9, Py, pia,f P1,if-Pr), such
that some representative of [o] is a face of 7.
(ii) Its intersection with U(P;, X;,p14.s - py) is equal to the image of (im™'(D; N [7%) N
¢;1(yi)) X {Dia,f} In U(P;, Xi,p1,i - ), where the disjoint union []7° is extended over
all 7 € 2(XY, Py, pia,r - P1,,r - pr) for all a such that some representative of [0] is a face of
T.

Proof. For every a and every p € (X0, P, Dia.f D1t Pf), such that some represen-
tative of [o] is a face of p, let F; , be the image of

(m ™ (D N []7%) Ny () % {pias} € AP x Pi(Ag)

in U(P;, Xj, p1,i,5), where the disjoint union is extended over all 7 € »(xO, Pz,pZ a.f Pl fPf)
such that p is a face of 7. Let W’ be the union of 7, (F;,) for all faces p’ of p, and W]
the union of all these W' Clearly W’ is Ay;-invariant and satisfies property (ii). To prove
the rest it suffices to show that every WZ’ , 1s open and contains the p-stratum of W;;.

So fix p, and consider the subset V := D; N ]_[p face of 7_’7'0 above. By definition it
satisfies V' = V + p, so to prove the openness of W’ it suffices by 5.9 (a) to show that
V is open in U;(R)(—1). Likewise consider the p- stratum 7,(F;) of Wh; and the p-stratum
Tp(Fi,p) of W ,. Since F; is the image of (im™ YD1y () % {Pias} in Us(Pi, Xiy pri g),
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and F; , that of (im~Y(D; N[ 7%) N, 1(34)) X {pia.s}, they two p-strata are equal if and
onlyifR-p+Dy; =R-p+ V.

To prove that V is open in U;(R)(—1) fix u € D; N 7% such that p is a face of 7. Since
u € D; C O(X° P,), there exists a convex rational polyhedral cone 7 C C*(XY, P;) such
that D; N7 is a neighborhood of u in U;(R)(—1). As in the proof of 6.27 the completeness
of ¥ implies that 7 N C(X?, P;) is contained in the union of finitely many cones 7/ €
»(x°, P;,Dia,f - P15 - Pf)- Thus a union of finitely many such 7’ is a neighborhood of w.
Since each 7’ is closed, we may leave out those which do not contain u. On the other hand
if u € 7/, then 72 N7/ # 0, so 7 must be a face of 7. Hence p is a face of 7/, so a union of
such 7/ is a neighborhood of u. Since D; is open, this shows that V is a neighborhood of u,
as desired.

To prove the equality R - p 4+ Dy; = R - p 4+ V note that the inclusion “D” holds by
definition. Thus it remains to show Dy; CR-p+ V. Since
Dy; = D; + U1 (R)(—-1)

= D; +C*(X°, P) + U1 (R)(—1)

=D;+C*(X°,P)+R-0

=D, +R-0o
this is equivalent to D; C R - p + V. To prove this fix v € D; and ug € p¥, and let 7 be
the convex rational polyhedral cone RZY - u + RZ0 . yy. By the same argument as above
TNC(XO P,) is covered by finitely many 7 € (X%, P, p;a.f-p1is-ps). Thus there exists
one such 7 such that A-u+(1—\)-ug € 7° for all sufficiently samll A > 0. This implies that
g is contained in the closure of 7°, so p must be a face of 7. It also shows that u+ j-ug € 79
for every sufficiently big real number p. Since D; = D; + C*(X°, P;), and u € D;, we also
have u + p - ug € D; for every p > 0. Thus u = —p - ug + (u+ p-ug) ER-p+ D; N 7Y, as
desired. q.e.d.

7.17. Corollary: Consider (P, X), K¢, X, (P1,X1), by, K}, Y1, and [o] as in 7.3.
Assume that X is complete, and that (K, X) satisfies the condition in 7.12. Then:

(a) The closure of the stratum
Staba, ([s\M ™1 (Py o], 2. 161)(C)
in M¥7(P,X,%)(C) is canonically isomorphic to
Staba, ([o))\M™ @ ED (Pt 5, X o), B1,107) (©),
where Xy (5] is as defined in 7.7.
(b) Every sufficiently small open neighborhood of this closure is canonically isomorphic to
Staba, ([¢])\V for some Staba, ([o])-invariant open neighborhood V of M ™[ () (P1[0]> X1[0]5 21,(01) (C),
in M (Py, X1,%1)(C). In particular M5s(P, X)(C) — MKs(P,X,%)(C) is a toroidal em-
bedding without self-intersection in the sence of [KKMS] ch.IT §1 p.57.
Remark. The assertion also holds without the assumption that X is complete.

Proof. Both assertions are direct consequences of 7.11 and 7.15. q.e.d.
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Chapter 8

Construction of ample line bundles

In this chapter we construct ample invertible sheaves on M%7 (P, X, ¥)(C) for certain cone
decompositions . This is the first step towards the algebraization of M%7 (P, X, %)(C);
the second step is carried out in the next chapter, where we shall construct the necessary
cone decompositions. The main result of this chapter is 8.14, which is a generalization of
Tai’s theorem in [AMRT] ch.IV §2.1 p.312.

First, we express well-known facts about the canonical sheaves on Shimura varieties in
our language. We show (8.1) that the canonical sheaf on M%s (P, X,%)(C) with at most
logarithmic poles along the boundary is isomorphic to the pullback of a canonically defined
invertible sheaf on the Baily-Borel compactification M™5#)((P, X)/W)*(C). This sheaf is
ample (8.4). Thus, to construct an ample invertible sheaf on M%7 (P, X ¥)(C) it remains
to construct one which is ample on every fibre of the projection [x]* : M%7 (P, X,%)(C) —
M™ED (P, X)/W)*(C).

As explained in 8.15, we need a more sophisticated approach for this than in [AMRT]
ch.IV §2. The main idea is to interpret some morphisms M%7 (P, X', /)(C) — MEs(P, X, %)(C)
of 6.25 as line bundles, and to give sufficient conditions for such line bundles to the rela-
tively ample (or anti-ample) over the Baily-Borel compactification. In 8.5-6 we describe
the conditions under which the above morphism represents a line bundle. The ampleness
condition has a geometric content like in 5.19, and is better expressed for anti-ample bun-
dles. Thus in 8.13 we give a sufficient condition for the inverse of this line bundle to be
relatively ample over M™K5)((P, X)/W)*(C).

All in all, this shows that in certain cases an ample line bundle can be described in
terms of other mixed Shimura varieties and their internal geometry. This will play a role
in chapter 12.

8.1. Proposition: Let (P, X') be mixed Shimura data and K ; a neat open subgroup of
P(Af). There exists an invertible sheaf £, on M™Xs)((P,X)/W)*(C), up to isomorphism
depending only on (P, X)/U, such that for every K s-admissible partial cone decomposition
Y for (P, X) there is an isomorphism

([7]")"Lp = widlog],
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where w[dlog] is the canonical sheaf on M%7 (P, X', ¥)(C) with logarithic poles along M%7 (P, X, X)(C)~
M*%s (P, X)(C), locally defined as in 5.26.

Proof. First suppose that (P, X) is irreducible, and consider the restriction of w[dlog] to
M55 (P, X,%9)(C). Then in the notations of 6.8 [#'] : M¥s (P, x,%%)(C) — M™ &) ((P, X)/U)*(C)
is a relative torus embedding with respect to the family of tori M Ky no(Ky )(P*, X)(C) —
MPE) (G0, Ho)(C). Fix an invariant differential form on every connected component of
ME9Es) (P, X,)(C). Then 5.27 induces an isomorphism between w[dlog]|MKf(P,X,Eo)(C)

and the pullback of the canonical sheaf of M™ (K#)((P,X)/U)(C). This isomorphism is
canonical up to a scalar factor on each connected component of M%7 (P, X, %%)(C).

Next by 3.14 every fibre of M™ (K ((P,X)/U)(C) = M™ K5 ((P,X)/W)(C) is a com-
pact complex torus. Since this is a smooth family, the relative canonical sheaf is the pullback
of a unique invertible sheaf on M™E7)((P,X)/W)(C), the sheaf of invariant relative top
differentials. For the (absolute) canonical sheaf the analogous fact follows. Thus there is a
natural invertible sheaf on M™(5s)((P, X)/W)(C), depending only on (P, X)/U, whose pull-
back to MXs(P,X,%%)(C) is isomorphic to w[dlog]. It is important that this isomorphism
is canonical up to a scalar factor on each connected component.

Let us now go back to the general case. The preceding remarks, applied to W; C
MK} (Pp, X1, %0)(C) as in 6.22, show that the restriction of w[dlog] to A;{\W; € ME7(P X, %)(C)
is isomorphic to the pullback of a natural invertible sheaf on A\ M i (K}) (P, X1)/W7)(C).
Hence by 7.5 it is also isomorphic to the pullback of a natural invertible sheaf on V; C
M7™ER) (P, X)/W)*(C). Since these isomorphisms, for a covering of M™Xs)((P, X)/W)*(C),
are canonical up to a scalar on each connected component, they define a global isomorphism
between wldlog] and the pullback of an invertible sheaf £, on M™Es)((P, X)/W)*(C).
Clearly it depends only on (P, X')/U, and not on ¥ or even the existence of ¥ with certain
properties, e.g. completeness. q.e.d.

8.2. Projectivity of the Baily-Borel compactification: Let (P, X)) be pure
Shimura data and K a neat open subgroup of P(Af). Denote by M%7 (P, X)*(C) the
union of M%7 (P, X)(C) with all boundary strata of codimension 1. This is smooth, its com-
pletement in MXs (P, X)*(C) has codimenion > 2, and the complement of M%7 (P, X)(C)
in M%7 (P, X)*(C) is a smooth divisor. Hence we may consider the sheaf w[dlog] of all top
differential forms on M%7 (P, X)*(C) with at most simple poles along M%7 (P, X)*(C)
MEs (P, X)(C).

For any integer n the space of sections
D(M™ (P, X)*(C),w|dlog]*")

is isomorphic to the space of holomorphic automorphic forms of a certain weight. Indeed
['(MEs (P, X)(C),w[dlog]®") is isomorphic to a space of holomorphic automorphic forms
“without condition at oo” (compare [AMRT] ch.IV §1). By the Koecher principle the
condition at co is necessary only for each simple factor of P2 that is isomorphic to PGLyg.
In that case it is well-known and easy to check that the condition at oo is equivalent to the
extendability to a section of w[dlog]®™.
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Fix an integer n > 1 and consider the projective space
PY = (D(M"(P,X)"(C), w[dlog]®") \ {0})/C*.

If w[dlog]®™ on M%s(P,X)*(C) is generated by global sections, then there is a canonical
holomorphic map M%s(P,X)*(C) — PY. Now [BB] thm. 10.11 asserts that for some
n > 1, w[dlog]®" is generated by global sections over M%7 (P, X)*(C), and the canonical
map MXs (P, X)*(C) — PV extends to a closed embedding M s (P, X)*(C) — PN. Observe
that this then follows for every positive multiple of n.

Denote by O(1) the pullback of M%7 (P, X)*(C) of the standard ample sheaf on PV. By
the above we have an isomorphism 0(1)‘MKf(P’X)+((C) >~ w[dlog]®". On the other hand we

have by construction £ >~ wldlog], since P is reductive. The following lemma

PIM™F (PX)*H(C)
now implies O(1) = L5", so Lp is ample.

8.3. Lemma: Let X be a normal complex space and Z a closed subspace of codimen-
sion at least 2. Let £ and Lo be two invertible sheaves on X, whose restrictions to X <\ Z
are isomorphic. Then they are already isomorphic over X.

Proof. We shall show that any given isomorphism L x. 7 = L9 x.z extends to an
isomorphism £ = Lo. Since this is a local question, we may assume that £, = L9 = Ox.
Then the isomorphism corresponds to a section f € I'(X \ Z, 0% ). Now by Riemann’s ex-
tension theorem (see [GR] ch.7 §4.2 p.144) both f and f~! extend to holomorphic functions
on X. Thus f extends to a section in I'(X, O%), as desired. q.e.d.

More generally, we have the following proposition (which will not be needed in the
sequel).

8.4. Proposition: For arbitrary mixed Shimura data, the inverible sheaf £p defined
in 8.1 is ample.

Sketch of proof: Since ampleness is invariant under finite coverings, using 7.10 we
may reduce to the case where (P,X) is irreducible. Next, by 8.1 Lp depends only on
(P,X)/U, so we may assume that U = 1. Put £ := Lpe (EP/W)®_1. Since by 8.2 Lp/w

is ample, it suffices to show that some positive tensor power of E’;Dd is generated by global

sections. If V' = 1, then we are done. Otherwise let 2-g = dim (V) > 0, then as in the proof
of 2.26 we can find a morphism ¢ : (P, X)/V — (CSpag,q, H2g) and an isomorphism

(P,X) = (VQQ a CSP297Q’HI2g) X (CSpag,a,Hag) (P,X)/V.

Abbreviating (P, X') & (Va4 x CSpag o, Hj,), it is easy to check from the definition that
Lt = [g]* L% where LT = Lp ® (Lpryw)®'. Thus it suffices to prove the same
assertion for L7

By 8.2 this clearly follows from the well-known formula Lp/ 3 = (ﬂ]’f,l)@(g“). To prove
it, note that the restriction of L7 to M%s(CSpay g, Hag)(C) is isomorphic to the pullback
of the sheaf of relative top differentials under the zero section, and Lpr - isomorphic to
the canonical sheaf. Over each connected of M™%/ (CSpa, g, Hag)(C) the formula follows
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from an easy calculation with the automorphy factors. If g > 2, then by lemma 8.3 the
formula follows over the whole Baily-Borel compactification, as desired. In the case g = 1
one must have a closer look at the boundary to get the same result. Aliter: Let (P”, X")
be the fibre product of (P’, X”) with itself over (P/, X’)/V’. As above, one easily shows
that (L7)%2 = £7¢) and the assertion follows from that for £75}. q.e.d.

8.5.C*-torsors and cone decompositions: Consider the situation of 3.17, i.e. a
((Po; X0) — (Gim,g, Xp))-torsor (P, x") — (P, X). Let K} be a neat open compact sub-
group of P'(Ay), and K/ its image in P(A¢). By 3.17 the corresponding mixed Shimura
varieties form a C*-torsor. Consider the associated line bundle on M%7 (P, X)(C), and some
admissible cone decompositions ¥’ resp. X. So we want to show that under certain condi-
tions, M7 (P, X", 3" (C) — M¥s(P,X,%)(C) has a canonical structure as a line bundle,
extending the given line bundle on M%7 (P, X)(C).

Consider a connected component X’ of X, a rational boundary component (P[, X]) of
(P', X") such that X’ maps to X], and p’f € P'(Ay). They determine corresponding objects
X0, (P1, Xy) , and py for (P, X). Then X/(X", Pl’,p}) is a rational partial polyhedral decom-
position of C*(X"°, P{) C U{(R)(—1), and Z(X°, Py, ps) one of C*(X°, Py) C U(R)(—1).
Let I'yy € Uj(Q) be the image of

({z € Z(P)(Q) | 22 = id} x U1 (Q)) Np)y - K} - pf

under the projection Z(P') x U{ — Uy, and define T'y C U1(Q) likewise. It is easy to see
that the short exact sequence 0 — Uy — U] — U; — 0 induces a short exact sequence

0— UQ(Q) NI'yr - T'yr — 'y — 0.

Recall the definition of the cone decomposition ¥ for (Py, Xp) in 6.9: Every connected
component X3 of Xp corresponds to an isomorphism A : Up(R)(—1) — Up(R) = R, and
for every po<s € Po(Ay) we have Yo (X3, Po,po.f) = {{0},\71(R29)} x {po s}. Since
X'° maps to a unique connected component of Xy, we get a canonical convex rational
polyhedral cone

00 := AHRZ0) € Up(R)(~1) € C*(X™, P!) ¢ UL(R)(—1).

that depends only on X"0.

Now 5.9 together with the proof of 6.26 tells us which condition to impose on the
K }—admissible cone decomposition ¥’. Namely:

(*) For every X0, (P, X]) and p’f, and every o € X(XY Py, ps) there exists a splitting
e, : Up — Uj, which induces a splitting for the short exact sequence 0 — Up(Q) NT'yr —
I'yr — 'y — 0, such that

S'(X", P, pf) = U {eo(0),e0(0) + o0}
ceX(XO,P1,py)

8.6. Proposition: If the condition (*) in 8.5 holds, then

MEr (P!, X', 2 (C) = MEr (P, x,%)(C)
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has a canonical structure as a line bundle. Its restriction to M%7 (P, X)(C) is a line bundle
associated to the C*-torsor M7 (P, X")(C) — M%s(P,X)(C) of 3.17.
Proof. By the proof of 6.26 the given map is locally isomorphic to the map

(Cu\XT)sr(x0,py g1,y — (Cu\X) (0, Py )

with I';7 and I'yy as in 8.5. It is easily checked from their definition that they lie in a short
exact sequence 1 — I'y, — I'yy — T'y — 1, where I'y, := Up(Q) N I'yr. Thus these torus
embeddings corresponds to the short exact sequence of tori over C

0 — Up(C)/Ty, — U'(C)/Tyr — U(C)/Ty — 0,

so the assertion follows diretly from 5.11. q.e.d.

8.7. Pullback of line bundles: We want to show that the line bundles in 8.6
behave nicely under pullback by the morphisms 6.25. We only consider the case 6.25 (b),
the other case being more trivial. So in addition to the data in 8.5, consider a morphism
¢ (P*,A") — (P, &), an open compact subgroup K7 C P*(Af), and a Kj-admissible
cone decomposition ¥* for (P*, X*) such that the morphism [¢] : M™7(P* x* £%)(C) —
MEs(P,X,%)(C) of 6.25 (b) exists.

Define the fibre product of (P, X™) := (P, X') X (p x) (P*, X*) and K7 := K xx, K7.
Consider a rational boundary component (Pj, X)) of (P*,X*), and let (P, X]) be the
associated rational boundary component of (P, X), and (Pj,X]) that of (P’,X’). Then
(P, X7%) = (P, X]) X(p,,x,) (Pf, AT) is the associated rational boundary component of
(P™*, X"™), and in particular U* = Uy X7, U{. This shows that if o* € ¥* and ¢’ € ¥/ both
map to o € X, then 0™ := ¢/ x, 0 is a convex rational polyhedral cone in U{*(R)(—1), for
some (P;, X}). We define ¥* as the set of all these o'*.

It is now straightforward to prove: M%7 (P™*, X" 5/%)(C) — M7 (P*, x*, £)(C) sat-
isfies the condition (*) of 8.5, and the diagram

M (P, X ) (©) — MRIH(P, &, 5)(C)
3 3
MEF(Pr, x5 (C)  —  MSr(PX,%)(C)
is cartesian. In other words, the left hand side is the pullback of the line bundle on the
right hand side.

Later in this chapter we shall need the following two lemmas, which allow us to localize
assertions about the line bundle in 8.6.

8.8. Lemma: Consider the situation of 8.6. If K } is replaced by K } : K}] for an
arbitrary open compact subgroup K}J of Up(Af), then the condition in 8.6 still hold. The

line bundle associated to K } . K]g is isomorphic to a strictly positive tensor power of the
line bundle associated to K }

Proof. Consider the situation in the proof of 8.6. By definition Up(Q) N Ty is the
image in Up(Q) of

({z € Z(P')(Q) | zar = id} x Up(Q)) N (1,5 - 1y) - Ky - (07 4 - )
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This can be written as the intersection with Uy(Q) of the image of
({z € Z(P)(Q) | 212 = id} x Uo(Ayp)) N (P ;- 1) - K- (0 y - Pp) "
in Up(Ay), since K} contains an open subgroup of Up(Ay). Let K}] be the image of ({z €
Z(P/)(Q) | 2y = ld} X U()(Af)) N K} in U()(Af), then it follows that UQ(Q) Ny =
Uo(Q) Nint(p!, ;- p/)(KY). If K, is replaced by K’ - KU, then clearly KV is replaced by
Lr ¥y f ! ! ! f
f(}] . K}], and the only effect on the objects considered in 8.5 is that I'y is replaced by
Lyr + Iy, with Ty, = Up(Q) Nint(p) p})(K?) Thus clearly the condition (*) of 8.5 still
holds with K} : K}J in place of K}
More precisely we find that the index

Ty + T, : Tor] = [Uo(Q) NTyr + Ty, - Un(Q) N T
= [Uo(Q) Nint(py ;- ) (K} - Kj) = Up(Q) Nint(ph f - o) (KF)]
RV KY ;&Y
is independant of the choice of (P[, 7), p’f, Py pand X 0. If this index is 7, then locally 5.10

gives a canonical isomorphism of the “new” line bundle with the n!* tensor power of the
“old” line bundle. These must patch together to a global isomorphism, as desired. q.e.d.

8.9. Lemma: Consider the situation of 8.6, and let (Pj, X)), p’f be as in 8.5.
Define K := P{(Ap) Npy - Kf - pp ' S o= ([0S ) prapy, Wi € U (P, X[, p)) C

/1 — 1
M*"7 (P{, X{,20)(C), and A} in analogy to K}, $1, Wi C U(Py, X1,ps) C M1 (Py, X1, £9)(C),
and A as in 6.10, 6.13, 6.18, and 6.22. By 8.6 the embeddings A;\W; — MXs (P, X,%)(C)
and AP\W| < M5 (P', X', ¥/)(C) make A)\W| — A;\W] a line bundle.

Then by replacing K } by K } . K}J for a sufficiently big open compact subgroup K}J C
Uo(Ay) we can achieve that

(a) the assumptions of 8.6 are also satisfied for
MRF (P, X, 30)(€) = M™ (P, 2, 24)(©),

so Wi — W carries a canonical structure as a line bundle, and

(b) this line bundle is isomorphic to the pullback to W of the line bundle AJ\W; — A\W,
above.

Proof. Let I'y» and I'yy be as in 8.5, but with p} s -p} in place of p’f, and define I'};,
and I'}; likewise, with (P’, X’) in place of (P}, X]) and p’l’f in place of p’f. Explicitely 'y
is the image in U7(Q) of

{2z € Z(P)(Q) | 2.2 = id} x U(Q) N (P ; - P) - Kf - 0h - 0p)

while I‘%], is the image of the possibly smaller subgroup

({z € Z(P))(Q) | 20 = id} x U{(Q)) Nph s K} (0 ) =
= ({z € Z(P))(Q) | 210 = id} X Ui (Q))n (pi,f .p’f) . K} . (pll,f ,p/f)—1.
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Thus we have the inclusion I}, C I'yr and I'}; C T'y. If K} is replaced by K} : KfU for a
sufficiently big open compact subgroup K J[c] C Up(Af), then Up(Q) NIy is already equal to
Up(Q) N (p’l,f p}) : K} : (p’l,f -p’f)_l. Assume that this replacement has been made, then it
follows that I'yy, := Uy (Q) NIy = Uy (Q) N F%j,.

Now in (a) everthing is clear except that in the condition (*) of 8.5 for all ¢ €
Y1(XD, Pr,p1ys) = 2(XO, Py, p1 s py) the splitting e, induces a splitting of the correspond-
ing lattices Fllj — F%],. Denote the projection U] — U; by mp, then this is equivalent to
saying that id — e o0 o mg : U] — Uy C Uj induces a splitting F,lj, — Up(Q) N FIU,. But by
assumption we have this property for I';» and I'yy, that this id — e, o mg induces a splitting
I'l,, — Ty,. Thus by the equality I'y, = Up(Q) N T}, we are done.

For (b) we have to show that the obvious map
— — —
U (Plla Xllvp/f) — U(Pla thf) X(Al\a(Pl,Xl,pf)) ( /l\u (P1/7 X1/7p/f))

is an isomorphism. By the proof of 6.20 every connected component of A’l\U/(Pl’, X7, p})
is of the form F/Q\((FQ\XIO)EQ(Xlxo,p{’pxl’f)), where F/Q = StabQ/(Q) (XIO) N ((plLf . p}) . K} .
(1 p})_l and T} = P{(Q) N I’L , and the analogous formula holds for the image of
this connected component in A\U(Py, X1,pr). Abbreviate X' := (F{[\X/O)EII(XIIO’PII’pll B
and X = (Fl\Xo)zl(X{),Pl,po)a then X’ — X is a line bundle, and the image connected
component is isomorphic to I”Q\X . Since K } is neat, so is I"Q, hence it acts trivially on

Uo(Q). This implies that F’Q-action commutes with the action of the torus C* on X'.
Moreover the assumption on K } above implies

{yeTq | yao =id} = Up(Q) NTg = Up(Q) NTY,

hence
X'=X X (Ip\X) (To\X7),

as desired. q.e.d.

8.10. Towards an ampleness criterion: In the situation of 8.5 let us now assume
that ¥ is complete, so by 6.27 M%7 (P, X, %)(C) is a compact complex space. In particular
every fibre of the map [7]* : MEf(P, X, 2)(C) = M™ED((P,X)/W)*(C) is compact. Our
next aim is given a sufficient condition for the inverse of the line bundle of 8.6 to be ample
on every such fibre. Theorem 5.19 suggests what that condition could look like. Note that
by 7.3 and 7.8 in every fibre we are dealing with the union of torus embeddings of unipotnet
fibres of certain other mixed Shimura varieties. Thus on the one hand it is plausible to
require |¥/ (X", Py, )| to be strictly convex in the sence of 5.16. The other condition in
5.19 means that certain line bundles on the abelian variety part of the unipotent fibre have
to be ample. By 3.21 this can be recognized in terms of polarizations of Hodge structures.
To express this condition, like the first one, in terms of |X/(X"0, P{, pff)|, we make the
following definition.

8.11. Definition: Consider arbitrary mixed Shimura data (P, X’), and a connected
component XY of X. Let ¥ : V xV — U be the pairing induced by the commutator
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pairing on the unipotent radical W of P. Let v/—1 € C be a square root of —1, and define
B(X%) = {@2av—-1)" - U(v, he(vV—=1)0) | 0 £ v € V(R), z € X’} Cc UR)(-1).

As usual (cf. 1.11) this does not depend on the choice of /—1. More generally let (P, &)
be a rational boundary component of (P, X) such that X corresponds to a connected
component &7 of X;. Then we define B(XY, P) := B(X}).

Observe that this definition is almost, but not quite functorial in (P, X). In fact, it is
easy to see that it is functorial only with respect to morphisms which are injective on Vj.
By contrast B(X?, P1) U {0} is always functorial. The definition is made such that we can
check on B(X", P;) whether a pairing on V, that factors through the commutator pairing

in W, defines a polarization of Hodge structures. We shall need the following result about
B(x°, py).

8.12. Proposition: B(X?, P}) is contained in the closure of C(X°, Py) in Uy (R)(—1).
If P is reductive, then 0 ¢ B(X°, P).

Proof. By 4.15 (c) we have C(X°, P) = C(X°, P) + (W NUL)(R)(—1), so C(X°, Py)
is the inverse image of the corresponding cone for (P, X)/W. Thus the assertion follows
from that for (P, X')/W, and we are reduced to the case that P is reductive. In that case
this is, at least up to sign, what is proved in [AMRT] ch.III §4.2 p.231 thm. 2. (There is
a slight error in the formulation of that theorem: the proof only shows that every element
of B(XY, P) is nonzero, and is contained in the closure of C(X°, Py). In fact B(X°, Py) is
not always a subset of C'(X°, P1), even if P4 is Q-simple.)

We still have to make sure that the sign in [loc. cit.] is the same as above. So we
start with x; € Xlo, the connected component of X; associated to X°. Since the assertion is
invariant under conjugation by U;(C), we may assume that x; corresponds to some element
€ X% Let w, be as in 4.6 (b), fix a choice of /=1, and let J := int(w.(v/—1,1))y
as in [AMRT] p.230. Since by definition h,, = w; o ho defines pure Hodge structure of
weight —1 on V| this operator J acts on V like int(wy(hoo((v/=1))) = int(hg, (—v/—1)) =
—1 - int(hg, (v/=1)). Thus for any 0 # v € V(R) it follows that

2ryV/=1)"1 - W(v, he (V=1 v) = 2nv/—=1)"1 - (=1) - ¥(v, Jv) = V=1 (2n)" - T(v, Jv).

To identify C'(X°, P;) with the correct cone in [AMRT] note that by 4.7 (a) we are still free
to choose hg in 4.3. If we make the same choice as in [AMRT] p.174 by defining

ho(z +V=1y) := (z + vV-1y, (%)),
then using the definition 4.3 of ho, an easy calculation shows that
hoo(@ + V—1y) = (z + Ty, (*HY V== =7y)

— int((1, (LY (= + vV=Ty, (7).
1v-1

Thus the definition 4.14 of the imaginary part implies that im(z1) = w.((1, (V7)) €
U1(R)(—1), and by 4.15 (c) C(X°, Py) is the Q(R)%-orbit in Up(R)(—1) generated by this
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element. On the other hand in [AMRT] p.227 the cone C' C Up(R) is defined as the Q(R)°-
orbit generated by w,((1, (éé))) so we have v/—1-C = C(X° P;). Now as mentioned
above the proof of [AMRT] p.231 thm. 2 shows that for all 0 # v € V(R) we have

0 # U(v, Jv) € C. Putting everything together we thus get
0# (2nV—=1)" - U(v, he(vV—1)v) =v—=1-2m)" 1 - U(v,Jv) € V—1-C = C(X°, P,),

as desired. q.e.d.

8.13. Theorem: In the situation of 8.5 suppose that ¥ is complete and condition
(*) holds. Denote the homomorphism P’ — P by mg, and for every connected component
X0 of X" let X : Up(R)(—1) — Up(R) = R be as in 8.5. Assume that for every X0, (P}, &)
and p’f we have:

(a) E’(X’O,Pl’,p}) is strictly convex, and
(b) for every o € (X%, Pi,ps) with R- o = U;(R)(—1) (i.e. of top dimension) the linear
form X o (id — e, o mp) is strictly positive on B(X"0, PY).

Then the inverse of the line bundle
MEr (P xS (C) = ME (P, X, %)(C)
is ample on every fibre of the map
[w]*: MR7(PX,2)(C) — MTI(P,X)/W)*(C).

Proof. We first assume that (P, X) is irreducible, and prove the assertion over M ™57 (P, X)/W)(C).
Consider the corresponding connected components I'"\ X" ¢ M K (P',X")(C) and T\ XY C
M5 (P, X)(C). By 6.6 the torus embeddings along the unipotnet fibre MK (P, X', %% (C)
and M5 (P, X, %°)(C) are on these connected components given as torus embeddings over
I\XY/U(C) with respect to tori T" = U’(C)/Ty, resp. T = U(C)/T'y, and the rational
partial polyhedral decompositions %/(X"°, P’,p’f), resp. X(X°, P,py). Here I'yy and I'yy are
lattices in U'(Q), resp. U(Q), which lie in a short exact sequence 1 — I'yy = Ty = Ty — 1
with I'y, = Uo(Q) NIy, Asin 3.16 UO(C)/FUO is identified with C* by U()((C)/FUO =
C/d-Z > [u] — exp(5 - A(u)) for d € 27°. Thus we are given a short exact sequence
1—-C* =T — T — 1, and the convex rational polyhedral cone oy defined in 8.5 corre-
sponds to the cone g = RZ? C R = Y,(G,,)r considered in 5.11 (hence the same notation).
It suffices to verify the condition (b) of 5.19 on every fibre over I\ X°/(U(C) - W (R)).

By assumption Z(X, P,p ) is a finite and complete rational polyhedral decomposition
of U(R)(—1), and by condition (a) X'(Xx", P[,pl;) is strictly convex. Thus the first part of
5.19 (b) is satisfied. For the second part fix o € X(X°, P1,py) such that R- o = U(R)(—1),
and let e, be the associated splitting U — U’ of 8.5. Then the invertible sheaf M, _ of
5.19 is the invertible sheaf on I'\&x?/(U(C) associated to the C*-torsor I\ X"’ /e, (U)(C),
with the C*-torsor structure given through the isomorphism Uy —~— U’/e,(U). Since
(P, X) is irreducible, by 2.14 (a) e,(U) is a normal subgroup of P’, so we may consider
the mixed Shimura data (P’, X’)/e,(U). To show that 5.19 (b) is verified in every fibre
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of T\X°%/U(C) — I'\XY/(U(C) - W(R)), it thus remains to show that the invers of the
C*-torsor ,

MTAED (P X" fea (U)(C) = MT D (P, X) /U)(C)
is ample on every fibre on M™ K1) (P, X)/U)(C) — M™E) (P, X)/W)(C).

To prove this note that the canonical map U’ — U'/e,(U) = Uy C U’ is equal to
id—e,omy. Thusif ¥': V xV =V’ x V' — U’ is the pairing induced by the commutator
in W', then for W’ /e, (U) we get the pairing id — e, omgo W' : V x V — Uy C U'. Thus
by 3.21 the line bundle in question is ample if the pairing

Ao (id—e,om) oW : V xV — Uy(l) =Q(1)

is a polarization of Hodge structures for every z € XY. By the definition of polarization in
1.11 and the definition of B(X") in 8.11 this is just the condition (b) above for (P, X]) =
(P', X'). This finishes the special case.

Let us now do the general case. By 7.3 a fibre of [n]* is isomorphic to a fibre of the
map A \OU(Pyi, X1,pf) — Al\MM(KJl‘)((Pl,Xl)/Wl)(C). Every irreducible component of
OU (P, X1,pr) is by 7.3 and 7.9 isomorphic to M”l’["](KJl“)(Pl,[U],XL[U], 2?,[0])((@) for some
double coset [0] € P1(Q)\X9/Pi(Af), and the induced map

M™EAED (P X o, 30 1) (C) — AN\OU(PL, X4, py).

is a finite holomorphic map. Thus it suffices to show the assertion for pullback of our line
1

bundle to M1l (Kf)(Pl’[a], X (o] 39 [U])((C). Now we can do the same steps for the mixed

Shimura variety MK}(P’,X’,Z’)((C) in place of M7 (P,X,¥). By lemma 8.8 we may

enlarge K ’f without changing the desired assertion. If we do this the conclusion in lemma

8.9 holds, then it is easy to see that the condition of 8.5 hold also for (Pl’ o] Xl’ [U,]) and

E’O[U,] with 0/ = e, (). It follows that the pullback to M ™l o) (K )(Pl to]s X1, o]> 29 1) (C) of
the line bundle in question is isomorphic to the line bundle

! K/l T 1
M 17["}( f )(Pll7[0/], X{7[01]7 211(3[0/])(@) — M l’[g](Kf)(Pl,[a]a Xl,[a]a 2(1),[0])(@)'

But this is just the case we have covered in the first part of the proof, so it only remains
to show that the conditions (a) and (b) hold for (P’[ 7 X [U,}) and E’O[ 1

To prove this let ¥ : |¥/(X7°, Pl,p| ;)| and X, |Z’ (X’O[ 7 P’[ 7 Py g)]- We
first show that ¥,) = (¥modR - o’). By the deﬁmtlon 7.7 of Z L")’ Y[s] is the union
of 7’modR - ¢’ for all 7 € E’(X’O,Pl’,p’ljf p}) such that o’ is a face of 7. Thus the
inclusion “C” is clear. For the reverse inclusion note that by 7.8 X ) is complete, so
Yo +R-00 = C’*(Xl’?[a,], P{,[U,]). This means that C*(X"°, P{) is contained in the union of
er(T)+R-0'+R-0p=e(T+R-0¢) +R-0p for all 7 € X(X°, P, py ¢ - ps) such that o is
a face of 7. It suffices to take only those 7 that are of top dimension. For every such 7 the
convexity condition (a) implies ¥ C e, (U;(R)(—1))+09. Thus it follows that X is contained
in the union of e, (7 +R -0+ 09 = e;(7) + R- 0’ 4+ ¢ for the same 7. But ¢/ = e,(0) is a
face of e-(7) + 09, so the reverse inclusion (X modR - ¢’) C X, follows.
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Now the equation ¥,; = (X modR - ¢') and the convexity of ¥ implies that X, is
convex. To show that X/ [U](Xl’o P o]’ Py f) is strictly convex, the definition in 5.16 tells

us that we have to consider eT(T[)]modR -0’ for every 7 € (X, Py, py 5 - ps) such that o is
a face of 7. By the strict convexity of ¥/(X"0, P, p’L Ix p}) there exists a linear form ¢ on
U{(Q) such that e-(7) = {u € ¥ | £(u) = 0}. Since 0’/ = e,(0) is a face of e, (), this linear
form vanishes on R - ¢/, and hence factors through a linear form ¢ on U{,[U,} (Q). It follows
that e,(7)modR -0’ = {u € ZmodR - o' | £'(u) = 0} = {u € By, | £'(u) = 0}, providing
condition (a).

For condition (b) note that the splitting e(; medr.o) : Ut,jq] = U {,[U,] is just that induced
by e,, that is more precisly we have the equation

id — €Er Oy = (ld - e(TmOdRﬂ') o 7'('0) o ﬂ_[a]-
Since moreover
B(Xll?[o./], PL[O./] = (B(XIO, Pll) mod R - 0'/) = 7'('[0.] (B(X/O, Pll)),

condition (b) follows from that for (P’ X"). q.e.d.

8.14. Corollary: Let (P, X) be mixed Shimura data, Ky C P(Af) a neat open
compact subgroup, and ¥ a complete K s-admissible cone decomposition for (P, X'). Sup-
pose that there exist (P', X’), K’,, ¥/ such that the assumption of 8.13 are verified. Then

M5 (P,X,%)(C) is projective.
More specifically let £ be the invertible sheaf associated to the line bundle M7 (P', &', ¥/)(C) —
MEr (P, x,%)(C) and w[dlog] the canonical sheaf on M%f(P, X,%)(C) with logarithmic
poles along M%7 (P, X,%)(C)~ M%s (P, X)(C), locally defined as in 5.26. Then there exists
a positive integer n, such that the invertible sheaf

L5971 ® (w]dlog])®"

is ample.
Proof. Using 8.4 and 8.13 we have the situation of lemma 5.18, with X := M%7 (P, X, %)(C),
Y = M%5(P,X)*(C), L replaced by £L2~! and M := Lp of 8.4. q.e.d.

8.15. Remarks: (a) If P is reductive, then 8.14 essentially implies, and is almost
equivalent to, Tai’s theorem in [AMRT] ch.IV §2.1 p.312 (Compare also [Nam] thm. 7.23).
In fact our construction of an explicit relatively ample sheaf can, as in the proof of [H2]
ch.IT thm. 7.17, be translated into the construction of an explicit sheaf of ideals, such that
M*%s (P, X,¥)(C) is the normalization of the blowing up of M%7 (P, X)*(C) along this sheaf
of ideals. Thus the conclusion of 8.14 is equivalent to that in [loc. cit.], and it remains to
check that the respective assumptions are more less the same.

We shall only indicate the main point. First note that since P is reductive, after
possibly changing the center of P there exists, up to isomorphism, exactly one choice
for (P',X’) as in 8.5. Let (P, &]) be a rational boundary component of (P’ X”), and
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(P, Xy) := (P, X])/Up. Any splitting P’ = Uy x P induces a splitting W| = Uy x Wy, and
this is already a direct product since W7 acts trivially on Uy. Since all splittings of P’ are
conjugate under Uy, this splitting is canonical! Thus we have a canonical decomposition
U] = Uy x Uy, and B(X', P/) is contained in the second factor. In analogy to 5.20 we can
now describe X/ (X0, Pl’,p’f) in terms of a function ¢ : C*(XY, P;) — R, where the splitting
associated to any o € X(X°, Py, pr) is, with respect to the canonical decomposition of U7,
equal to (—A~! o ¢,id) on o.

It is now easy to see that the condition (a) of 8.13 is equivalent to the strict convexity
of ¢ in the sense of condition (2) of [AMRT] ch.IV §2.1 p.310. It can be shown that the
condition (1) of [loc, cit.] is equivalent to the assertion that for all o of top dimension the
linear form Ao (id — e, o mg) is strictly positive on C(X°, P;) ~ {0}. By 8.12 it thus implies
our condition (b). In general we do not have equivalence, but this is only a very minor
difference.

(b) More generally one can describe the line bundle of 8.13 in terms of a function ¢ as
in [AMRT] ch.IV §2 if and only if the extension 1 — Uy — P’ — P — 1 splits. In fact, we
have described the line bundle locally as an equivariant torus embedding for a short exact
sequence of tori 1 — G,, - T — T — 1, and a global splitting of this extension amounts
to a splitting P’ = Uy x P. But 3.21 shows that whenever the abelian variety part of
the unipotent fibre is nontrivial, then one can get ample line bundles only with extensions
that do not split. Thus we needed a more sophisticated description of relatively ample line
bundles than in [AMRT]. A geometric illustration of this will be given in 9.39 (b).
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Chapter 9

Algebraization of the toroidal
compactification

To finish the algebraization of M%7 (P, X, ¥)(C) we construct cone decompositions that
satisfy the requirements of the preciding chapter. This construction is an analog of [AMRT]
ch.IT §§5.3—4. Under a mild condition on (P, X), we begin (9.1-5) with the study of a
certain set of splittings that satisfy the condition 8.13 (b). Our cone decompositions will be
described in terms of “locally polyhedral” subsets ¥ C C*(X"°, P{), defined in 9.8. Their
properties (9.9-11) lead to cone decompositions that satisfy the desired conditions (9.12—
13), and it remains to construct compatible systems of such subsets ¥. These constructions
occupy most of the rest of this chapter.

First study the behavior of ¥ with respect to different boundary components (9.14-15).
This leads to our first existence theorem 9.16: asserting that some such systems of ¥’s exists.
Next we show how to obtain refinements with specific properties (9.18-20), in particular
concerning smoothness and the extendability of the maps 3.4. In 9.21-23 we extend this
to arbitrary (P, X'). These results show that M%7 (P, X)(C), and certain M%7 (P, X, ¥)(C),
possess canonical algebraic structures (9.24-26). In 9.28-33, we extend the existence of
an algebraic structure to all M%7 (P, X,%)(C) for which, loosely speaking, ¥ is sufficiently
fine or K sufficiently small. This implies that there always exists a canonical structure of
algebraic space over C; which, however, is not always a scheme (9.34-35).

Having constructed an algebraic structure on most M%s(P, X, %)(C), it follows from
the construction that the maps 6.25 are algebraic, and most properties carry over to the
algebraic side (9.25). in 9.36-38 we prove the same for the stratifications described in
chapter 7, in particular that 7.17 (b) gives an isomorphism of the formal completions. The
chapter concludes with an example (9.39).

9.1. Proposition: Let (P,X) be mixed Shimura data, and (P, X) — (Gn,.q,Ho)
a morphism. As in 8.7 every connected component X’° determines an isomorphism \ :
Us(R)(—=1) — Up(R) = R and a convex rational polyhedral cone oy := A1 (RZ?) C
Uo(R)(—1).
(a) Suppose that (P, X) is irreducible. Then there exists a ((Pp, Xp) = (Gm,q, Ho))-torsor
(P, X") = (P,X), and a splitting u : U’ — Uy, such that if U : V x V — U’ is the pairing
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induced by the commutator in W/, then Ao po W defines a polarization of Hodge structures
on Va, for every point in X0

(b) Let (P',X’) — (P,X) be as in (a). Then there exists pure Shimura data (P,, X,), a
rational boundary component (P, X) of (P,,X,), and an embedding (P', X’) — (P, X),
subject to the following condition. For every connected component X" of X’ let X0 and
éﬁ,? be the corresponding connected components of X resp. of X,. Then the image of oy in
U(R)(—1) is contained in C(X0, P).

Proof. (a) If V. =1, let (P, &x") := (P, X0) X (G010 (P, &), then any splitting is
okay. Otherwise it suffices to take (P’, ) and u be as in the proof of 2.26 (b).

(b) As in the proof of 2.26 (b) the set of all x that satisfy (a) above is an open subset of
the set of all splittings. This also holds if V' = 1, since then all splittings are okay. Let 2¢g :=
dim(V'), then every such splitting defines a morphism (P, X’) — (Pyg, Xag). As in 2.26
any set of splittings in the above open set, that generates the Q-vector space Hom(U’, Up),
determines an embedding (P’, X') — (P, X)/W X (Pag, X24)" for some r. By 4.25 (Pag, Xog)
can be interpreted as a rational boundary component of (C’Spg(g+1)7<@,7-[2(g+1)). So let
(P, X,) = (P,X)/W x (CSpa(g+1),00 Ha(g+1))" > and let (P, X) be the (unique) irreducible
component of (P, X')/W x (Pa4, X24)" that contains the image of (P', X’). We are done if we
can choose the splittings such that oy maps to C' (Hg(g 1y P>4) under each of the morphisms
(P/, X’) — (ng, ng).

If V =1, then this is easy to achieve, since C(Hg(g+l), Py4) is a half-line in a vector
space of dimension 1, and we may replace any splitting u by —u. Otherwise by 8.11 the
fact that A o u o ¥ defines a polarization of Hodge structures on V means that A o y is
strictly positive on B(X"?, P'), or equivalently that pu(B(X", P)) is contained in (0¢)°. By
functoriality (8.11) it follows that B (Xzog)ﬂ(ao)o # (), where we denote the image of oy again

by og. But by 8.12 B(XQOQ) = B(Hg(g+1),ng) C C’(Hg(g+1),ng) ~ {0}, and both oy and
Py,) as

C (’Hg(g 1y P5,) are half-lines in a one dimensional vector space, so g = C (’Hg(g 1))
desired. q.e.d.

9.2. A certain set of splittings: Let (P, X) be mixed Shimura data, and 7 :
(P, X" — (P,X) a ((Py, Xp) — (Gm,q, Ho))-torsor. As in the assertion of 9.1 (a) assume
that there exists a (not necessarily P-equivariant) splitting p : U’ — Uy, such that if
U : V xV — U’ is the pairing induced by the commutator in W/, then Ao o ¥ defines a
polarization of Hodge structures on Vo, for every point in X 0. Under this assumption, for
every irreducible component (P, X{(g)) of (P, X'), the assertion in 9.1 (b) holds. We fix such
data for most of this chapter. We shall eventually construct cone decompositions for the
pair (P, X’) — (P, X), that satisfy all requirements of 8.13. For this we first concentrate
on condition 8.13 (b). The main problem is to produce a sufficient supply of splittings that
satisfy this condition.

Consider a rational boundary component (Py, X]) of (P', X"), let (P, X1) = (P}, X])/Uo
be the corresponding rational boundary component of (P, X), and @’ the associated parabolic
subgroup of P’. Let X’° be a connected component of X’ that is mapped to X}, and let XY
be the corresponding connected component of X. Let (P(’O), X(’O)) be the unique irreducible

component of (P, X') with X0 C X{g).
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Consider (P, X), (P,, X,), and an embedding (P(’O), X(lo)

by functoriality we get a rational boundary component (Pp, X;) of (P, X), and connected
components /1;10, X 0 and AN,’,? . Consider a homomorphism /i : Ui — Uy such that X o [ is
strictly positive on C(X0, Py) ~ {0}, and which restricts to the identity on Uy C U’ < Uj.
Then its restriction to Uj is a splitting of the short exact sequence 0 — Uy — Uj —
Up — 0. The corresponding splitting map e : U; — Uj is determined by the equation

) = (P, X) as in 9.1 (b), then

/:L|U{ = id—eowo.

Let £(X"°, P]) be the set of all splittings e : U; — U] that arise in this way for some
choice of (]5, X ) and (]5*, 28*) Strictly speaking this is an abuse of notation, since this set
depends not only on X" and P/, but also on the torsor structure on (P, X]) — (P, X).
But since this is fixed, there should be no confusion. Clearly the definition of £(X™, P})
is invariant under P’(Q). In particular the group Stabg(q)(X™) acts on E(X", P{). We
shall denote this operation by e + e? := (u + ¢! - e(q-u)) for any ¢ € StabQ/(Q)(X’O).
Note that Stabp:(g)(X "0) acts on Up through positive scalars, since we have a morhism
(P',X") — (P, Xp). This implies that for every v’ € U'(R)(—1)

Ao (id — el omg)(u) = Mgt - (id — e o mg) (¢ - u'))

is a positive multiple of A o (id — e o 7y)(q - u’).

9.3 Proposition: (a) (X0, P]) is an nonempty open subset of the space of all
splittings U; — U] (open with respect to the archimedian topology on the hyperplane of
all splittings in Hom(Uy, U7)).

(b) For every e € £(X", P]) the linear map Ao (id —eom) is strictly positive on B(X™, P}),
i.e. satisfies condition 8.13 (b).
Proof. (a) Since by 4.15 (d) C(X2, P;) is a nondegenerate selfadjoint cone, the set of

all Ao fi that are strictly positive on C(X9, Py) ~ {0} is just the set of rational points in
the interior of the dual cone, which is a nonempty subset of the dual space of U;(Q)(—1).
Since by assumption the image of o¢ lies in C' (é‘:’f, Pl), and by injectivity is not zero, the
restriction of ji to og is the multiplication by some positive scalar a1Q>°. Thus o~ ! - ji
satisfies the requirements of 9.2, and runs through a nonempty open subset of splittings
U, — Up. Since the restriction map Hom (U, Uy) — Hom(U!, Up) is surjective, the assertion
follows.

(b) By the functoriality 8.11, B(X", P}) is mapped to B(X°, P;) = B(X?, P). By 8.12,
the latter is contained in C'(X9, P;) ~ {0}. Since by assumption X o ji is strictly positive on
C(X0, Py) ~ {0}, it follows that o fijgr = Ao (id — e o) is strictly positive on B(Xx", P,
as desired. q.e.d.

We shall need the following information about the behavior of £(X”°, P|) under restric-
tion to another rational boundary component.

9.4. Proposition: Let (P}, X}) be a rational boundary component between (Pj, X])
and (P, X7).
(a) The restriction map Hom(U],Uy) — Hom(U}, Up) induces a surjection £(X0, P{) —
E(X, P)).
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(b) Let e € E(X0, P)), A C C*(X'°, P]) ~ C*(X", Py) a finite subset, and a € Q. Then
there exists ¢’ € £(X", P{) such that ey, = €1U2, Ao (id—¢€ omy) > Ao (id —eom) on
C*(X", P]), and Ao (id — €’ o ) (v) > « for every v/ € A.

Proof. (a) We first show that every e € ci,’(X’O, P]) restricts to an element of £(X"°, Py}).
Suppose that e comes from a splitting i : Uy — Uy, then ey, comes from the restriction
of ji to Us. since by 4.21 (b) C(X0, P,) is contained in C(X0, P;), the map fiju, satisfies
the assumptions in 9.2, as desired. For the surjectivity we have to extend a homomorphism
fiz : Uy — Uy, such that X o jip is strictly positive on C(X9, P,) \ {0} to a homomorphism
fi : Uy — Up such that Ao fi is strictly positive on C(X0, ]51)~\ {0}. This is possible by the
following lemma 9.5, applied to (P, Xy) in place of (P, X), (P, &X1) in place of (Py, X}), the
analogous rational boundary component in place of (P, X3), and A o fig, A o i in place of
2, TeSp. .

(b) Since C(X9 /Wy, Py/(PiNW>)) is a nongenrate selfadjoint cone, there exists a homo-
morphism 7 : Uy /U;NW, — Uy such that Ao¥ is strictly positive on C()ES/WQ,Pl/(Pl NWa))~
{0}. Note that by 4.21 (a) C(Xy /W2, P1/(P1 N W2)) is the image of C(X}, P1), or also of
C(X°, Py), under the canonical projection U; — Uy /Uy N"Ws. Thus, lifting v to a homomor-

phism 7 : U; — Uy, it follows that A o & is nonnegative on C (/\?,9, ]51), and strictly positive
on C*(X°, Py)~ (U;NW>)(R)(—1). Now suppose that e comes from a splitting ji : U; — Uy
as in 9.2. Then for every 8 € Q=0 the splitting i + 3- ¥ also satisfies the requirement of 9.2,
and the splitting ¢’ : U] — Uy associated to i + (3 - 7 has the first two of the three desired
properties. By 4.23, the image of A is contained in C*(X°, P;) < C*(X°, P»). By 4.22 (c),
this set is equal to C*(X°, P) ~ (U N W3)(R)(—1), hence A o i is strictly positive on the
image of A. Thus third property also holds, provided that § is sufficiently large.  q.e.d.

9.5. Lemma: Let (P,X) be pure Shimura data, (P, X2) a rational boundary
component of (P, X), and (P, X1) a rational boundary component of (P, X»). Let &°
be a connected component of X that is mapped to X};. Then for every linear form
p2 : Uz(Q)(—1) — Q, which is strictly positive on C(X9, Py) \ {0}, there exists a lin-
ear form p : Up(Q)(—1) — Q, which is strictly positive on C'(X°, P;) \ {0} such that
K2 = MUz (@)(-1)-

Proof. Since the positivity is an open condition, it is easy to see that it suffices to
prove the same assertion with linear forms defined over R. Next note that since 4.21 (b)
C (X9, Py) is contained in C(X9, P;), the restriction of any u : U;(R)(—1) — R, that is
strictly positive on C'(X0, P;)~ {0}, is strictly positive on C'(XY, P)~{0}. Thus the desired
assertion holds for some . Now the set of us’s in question is the interior of the dual cone
of C(XY, P,). Let Q; be the parabolic subgroup of P associated to (P;, X;) for i = 1,2.
We are going to show that (Q1 N Q2)(R)Y acts transitively on C(XY, P,). The same group
then also acts transitively on the set of po’s, and since the restriction map p — pg,r)(-1)
is equivariant, the desired assertion holds for every uo.

Since by 2.14 (a) P; acts through a nontrivial scalar character on U;, the image of
P;(R)? in GL(U;)(R) consists of all positive scalars. Clearly P C Q1N Py C Q1N Q2, so the
image of (Q1 N Q2)(R)? in GL(U)(R) contains all positive scalars. On the other hand, by
4.19 (b) we have Q2 = (Q1NQ2) - P». Since P»(R)? acts through positive scalars on Us(R),
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the image of (Q1 N Q2)(R)? in GL(Uz)(R) concides with that of Q2(R)". Now by 4.15 (c)
C(XY P,) is an orbit under Q2(R), so the same follows for the group (Q1 N Q2)(R)?, as
desired. q.e.d.

9.6. An almost arithmetic subgroup: Let p: @ — PGL(U]) be the homomor-
phism induced by the natural projective representation on U{. We shall be concerned with

an arbitrary subgroup
I' C StabQ/(Q)(X/O)

whose image in p(Q’)(Q) is an arithmetic subgroup. For example if K } is an open compact
subgroup of P'(A¢), then

I' := Stabg(q)(X"°) N K} - P{(Ay)

is such a group. Indeed, this is a subgroup since @)’ normalizes P/, and its image in p(Q’)(Q)
is an arithmetic subgroup, since by 2.14 (a) P| acts through scalars on U;. We can also
take any arithmetic subgroup of Stabg:(g)(X '0). Moreover let (P(’O),X(’O)) be the unique
irreducible component of (P’, X’) with X" C X(/o)' Then by the condition 2.1 (viii) every
sufficiently small arithmetic subgroup of P’(Q) is contained in (P(’O)(Q) - Z(P")(Q). Since

Z(P') acts trivially on U7, we can also take any arithmetic subgroup of Stab Fly,nQ)(©) (X70).

Recall (9.2) that Stabp:(g) (X '0) acts through positive scalars on Up. Thus whenever
an element v € T acts through a scalar on U7, this scalar must be positive, since it is so
on Uy. Thus for all purposes, or objects, which are invariant under positive scalars, we can
treat I' like an arithmetic subgroup of p(Q’)(Q). Among such objects are in particular all
convex rational polyhedral cones. Our aim is to construct I'-invariant rational partial cone
decompositons of C*(X", P{) and of C*(X", P;), that satisfy certain additional conditions.

9.7. Proposition: Let e € £(X"°, P]) and v/ € C*(X"°, P]) N U;{(Q)(—1). Then the
set
{yeTl | Xo(id—e” omp)(u") <0}
is a finite union of Stabp(R=Y - u/)-cosets.

Proof. By the remarks in 9.6 we may without loss of generality assume that I' is an
arithmetic subgroup of Stab( P/, nQ")(@) (X"0). Recall that by the remark at the end of 9.2 we

may write Ao (id —eomg)(y-u') instead of o (id —eY omg)(u'). Suppose that e comes from
a splitting /i : Uy — Up as in 9.2, and let @ be the image of ' in C*(XY P) NUL(Q)(—1).
By the injectivity of U] < U; we have to show that the set

{7 -4 €T such that Ao fi(y-a) <0}

is finite. We shall a fortiori show that for all & € C*(X°, P,) N U1(Q)(—1) and a € Q the
set
{7 -4 €I such that Ao fi(y-a) < a}

is finite.
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Since I' acts on U; through P(Q), by 2.14 (a) it acts through scalars on U. But by
9.2 it acts through positive scalars on Uy, so since it is an arithmetic subgroup, it acts
trivially on U. This shows that the assertion is invariant under shifting @ by elements of
U(Q)(—1), if at the same time « is changed by a constant. Since by 4.22 (b) C*(X°, P) =
C*(X9, P) + U(R)(—1), we may therefore assume that & € C*(X9, P,) N U(Q)(—1). Fix a
I-invariant lattice Uy (Z)(—1) that contains @. Since the set {& € (X2, P) | fu(@) < a} is
compact (cf. [AMRT] ch.IT §5.3 p.137), the set {v-a | v €T, Aofi(y-@) < a} is a bounded
subset of a lattice. It is therefore finite, as desired. q.e.d.

9.8. Definition of certain “locally polyhedral” subsets: Consider a nonempty
collection {eq,...,en} of splittings in £(X", P{). Define

Y= ﬂ ﬂ oo + €] (C*(&Y, P1))

veli=1
={u cC*X" P) |VyeT VI <i<m Xo(id — €] om)(u') > 0}.

Clearly X is a I'-invariant convex cone, with 3 = Y + oy, and relatively closed inside
C*(X", P{) (Caution: in general it is not closed in Uj(R)(—1)). In the following we shall
always assume:

Y. contains no nontrivial linear subspace.

Note that every nontrivial subspace of U{(R)(—1) that is contained in C*(X", P{), already
lies in U{(R)(—1). By definition

Ul(R)(—1)NX c{u e U(R)(=1)V1 <i<m Xo (id — e; o mp)(u) > 0},

so the assumption certainly holds if the id — e; o my generate the vector space Hom(U’, Up).
Since these are splittings, the differences e; — e; factor through homomorphisms U — Uy,
and the assumption is verified if the e; — e; generate the Q-vector space Hom(U, Up).

We shall show (in 9.12) that every such ¥ gives rise to rational partial polyhedral
decompositions satisfying the conditions 8.13 (a) and (b), and the condition (*) in 8.5 except
for the integrality of the splittings. The set X plays the role that I'-polyhedral cocores play in
[AMRT] ch.IT §5.3. The term “locally polyhedral” is justified by the following proposition.

9.9. Proposition: For any convex rational polyhedral cone o/ C C*(X"°, P/), the
intersection ¢/ N Y is again a convex rational polyhedral cone.

Proof. (Compare [AMRT] ch.II §5.4 p.140f) Every convex rational polyhedral cone is
contained in a finite union of simplicial convex rational polyhedral cones of top dimension.
Thus we may fix u},...,u, € C*(X", P{)NU;(Q)(—1) that form a basis of U{(Q)(—1), and
assume that ¢/ = {Z7_ja; - | V1 < j < n a; € RZ°}. Choose a lattice Uj(Z)(—1) that
contains all u; Let IV C T be the subgroup of all elements that stabilize this lattice, then
by 9.6 I' is, up to scalars, of finite index in I'. Since e = e; for every scalar ~, the set
{e] |1 <i<m, v €T} is the union of finitely many I''-orbits. Thus there exists a positive
integer IV so that

Mo (id — €7 o mo)(UL(Z)(~1)) C % .z
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forall 1 < ¢ < m and v € I'. Now for all ¢ and j, proposition 9.7 implies that the set
{Ao(id—e] o m0)(u}) | v € I'} is bounded below. Thus there exists an integer M so that
1

7
forall 1 <i<m, j<n,and yeTl

aijry = N - Xo (id — €] omo)(uf) € M + 27",

By the definitions of ¢’ and of ¥ we get

n n
U'QE:{Zaj-uHVlgjgnaj e r=0 andV’yEI’VlgiSmZai,jﬁ-aj20}.
j=1 j=1

Let S be the set of all n-tuples (a; ;)1 < j <nforl1l<i<mand~y €T, then we can also
write

n n
a’ﬂE:{Zaj-u;-|V1§j§naj€]RZO and‘v’§€SZsj-aj20}.
j=1 j=1

Now S is a subset of (M + Z=%)", so by the lemma [AMRT] ch.IT §5.4 p.140 there exists a
finite subset Sp C .9, such that

V§€SEIS_'ESsothat‘v’1§j§nsj28;-.

This implies that

n n
J’ﬂEz{Zaj-u; |V1§j§naj€R20 andVgESOZsj-oszO},
j=1 j=1

which is a convex rational polyhedral cone, as desired. q.e.d.

9.10. Proposition: There exist finitely many u/, ..., u,, € C*(X°, P{) N U;(Q)(—1)
such that ¥ is the convex closure of the set

JUR 5w,

vel' j=1

Proof. By 6.19 (b) there exists a convex rational polyhedral cone o/ C C*(X"°, P))
so that T'- o' = C*(X"°, P[). Choose the u/; such that ¢/ N % is the convex closure of
U= R=0 . u}, this is possible by 9.9. Then ¥ = I'- (¢/ N %) is contained in the convex
closure of | r U;‘Zl RZ0 . 5. uj. But 3 itself is convex, and contains all RZ0 . 5. u}, S0 We
have equality. q.e.d.

9.11. Proposition: for all 1 <i < m and v € T, the subset ¢](U;(R)(—1))NX is a
convex rational polyhedral cone.

Proof. By I'-invariance we may assume v = 1. Then the set in question can be written
as {u' € X | Ao(id—e;omp)(u’) = 0}. Let uy, ..., u, beasin 9.10, then Ao(id—e;omp) (7' -u}) >
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0 forall 1 < j <mand~ € T. Thus 9.10 implies that e;(U;(R)(—1) N X is the convex
closure of the union of all R=0- /- u/; with Ao (id — e; o mo)(7" - u;) = 0. Since

P o) (1d —e; 0 7'['0)('}// . U;) = )\(’7/ : (ld - 62/ o WO)(u;Da

this equation is equivalent to A o (id — ezl o Fo)(ug-) = 0. But by 9.7 there are, modulo

/

Stabr(R=? - «/), only finitely pairs (v/,j) with this property. Thus our set is the convex

j
closure of the union of finitely many RZ0 .~/ - u}, as desired. q.e.d.

9.12. Proposition: Let ¢; and X be as in 9.8. Let Z; be the set of all faces of all
cones €] (U1(R)(—1) NX. Let By := {mo(0’) | o’ € XL}, and B, := {0’,0" + 00 | 0’ € L}
Then it and ¥4 are rational partial polyhedral decompositions of C*(X”°, P/), and Sy is a
complete rational polyhedral decomposition of C*(X°, P;). All of them are I'-invariant and
finite modulo I'. They satisfy the line bundle condition of 5.11 (except for the integrality)
ie. X% = {e,(0) | 0 € Xy} for certain splittings e, : Uy — Uj. Moreover they satisfy
conditions 8.13 (a) and (b).

Proof. We first show that EJEF is a rational partial cone decomposition. By 9.11 E;
is a nonempty set of convex rational polyhedral cones. Of the conditions 5.1 (i)—(iii) the
first holds by definition of E;. The last one holds since > does not contain a nontrivial
linear subspace. For the second one let o := €] (U1(R)(—1)) N X, ¢’ := eZ/(Ul(R)(—l)) Ny,
7 a face of o, and 7’ a face of ¢/. We can write 7 = {u' € o | Vv {,(v/) = 0} with

finitely many linear forms ¢, : U’'(Q)(—1) — Q that are nonnegative on o, and likewise
T ={ued |V, (u)=0}. Then

rN ={u eond |V l,(u)=0and V' £, (u") = 0},

which by definition is a face of No’. But this cone can be written as {u’ € o | Ao (id — e;y,l o
7o) (u') = 0}, and Ao (id — e;y,/ o 7p) is nonnegative on o, so o N ¢’ is a face of o. thus N7’
is a face of o, as desired. This proves that Eg is a rational partial cone decomposition of
C* (X", P).

;From this it easily follows that ¥y and X% are rational partial cone decompositions.
For all v and ¢ we have

(e (U1(R)(—=1)) N %) + 09 =
={u eX |V elVl Si'SmAO(id—eZ/owo)(u’) > Xo(id — €] omg)(u')}

so 9.7 implies that ¥ is the union of all these, i.e. that |[X%| = X. Again by 9.7 we have
Y+ Up(R)(—1) = C*(X", P]), whence (%) = C*(X°, P1), and Xy is a complete rational
polyhedral decomposition of C*(X", P;). The I'-invariance and finiteness modulo T, as well
as the line bundle condition of 5.11 and conditions 8.13 (a) and (b) are clear from the
definitions. q.e.d.

9.13. Corollary: Let (P',X") — (P, X) be as in 9.2, K; C P'(Ay) an open compact

subgroup, and Ky := WO(K}). Let ¥ be a K}-admissible partial cone decomposition
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for (P, X'), and ¥ a K¢-admissible partial cone decomposition for (P, X’). Assume that
for every rational boundary component (P;, X]) of (P',X’), every connected component
X0 of X' that maps into &7, and every p’f € P'(Ay), we have Z’(X’O,Pl’,p’f) = X¥§ and
X (XY, Py, mo, (p})) = ¥y, for some X C C*(X"0, P{) as in 9.8. Then after possibly replacing
K’ by K- K](c] for some open compact subgroup K}J of Up(Ay), the conditions 8.5 (*) and
8.13 (a) and (b) hold. In particular M%7 (P, X, ¥)(C) is projective.

Proof. Modulo the left action of P'(Q) and the right action of K, there are only finitely
many (X’O,Pl’,p}). Since by 9.12 X% is finite modulo T, it follows that ¥’ is finite. The
same for ¥, and since by 9.12 |3y | = C*(X°, P}), it follows that 3 is complete. Moreover by
9.12 the pair (X', X)) satisfies the conditions 8.13 (a) and (b), plus the line bundle condition
(*) of 8.5 except possibly for the integrality of the splitting of the short exact sequence
0—Up(QNTyr — T'yr — 'y — 0. But as in the proof of 8.8, if we replace K} by K} : K]g
for a large open compact subgroup K}J of Up(Af), then Up(Q) NI’y is replaced by a larger

lattice. thus for any fixed o € ¥ we can choose K}J such that the corresponding splitting
becomes integral. By the finiteness of X, and since this integrality condition is invariant
under the operations 6.4 (ii) and (iv), we can even choose K}J so that every such splitting

becomes integral. If we now replace K } by K } : K}], then the other conditions still hold,
and all splittings are integral, as desired. q.e.d.

The following fact was implicit in the assumptions of the preciding corollary.

9.14. Proposition: Let I' be as in 9.6, > as in 9.8, and Xy, E;, Y5 as in 9.12.
Let (P}, X}) be a rational boundary component between (P;, X]) and (P’, X”), and T’y :=
Stabp(C*(X"°, P})). Then X9 := C*(X'°, P;) N'Y can be described as in 9.8, with (P}, X3)
in place of (P{,X]), and I'y in place of I'. Moreover 5 = {0’ € ¥5, | o/ € C*(X", P3)},
and likewise for ¥y, and X, .

Proof. Let us first show that I'y is of the form described in 9.6 with (Pj, X3) in
place of (P],X]). Let Q) be the parabolic subgroup of P’ associated to (Pj, X3), then
Iy, = Q,Q)NT C Stab%(@)()\f’o). By 9.6 the image of I'y in GL(U)) is up to scalars
commensurable with the image of an arithmetic subgroup of (Q] NQ%)(Q). But by 4.19 (b)
Q) = (Q'NQY) - Py, so since Py acts through scalars on UJ, the image of 'y in GL(UJ) is up
to scalars commensurable with the image of an arithmetic subgroup of (Q5%)(Q), as desired.

According to 6.19 (b) choose a convex rational polyhedral cone o C C*(X™, Py) such
that 'y - 0 = C*(X"°, P}), such a cone must contain U'(R)(—1). By 9.9 ¢ N X is again a
convex rational polyhedral cone. Since by definition

cNE={u€c€o|VyelVl<i<mAo(id—e] om)(u') >0},
there exists a finite set S of pairs (v,4) such that
ocNY={u €0 |V(y,i) €S Xo(id—e] om)(u') > 0}.
Write {e],..., e} := {QZIUé | (v,7) € S}. We have
onNY={ueco|Vl<j<no(id—e};om)(u) >0}

={u €0 |VI<j<nVyely )\O(id—eyowo)(u')ZO},
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hence
Np=To (0NX)={u € C*(X7 Py |V1<j<nVyeTly Ao (id—¢] om)(u) >0},
as in 9.8. The assertions about Xy, EJEFQ, and 2’22 are obvious. q.e.d.

The following construction is a kind of inverse to 9.14, and will be needed in the
constrution of cone decompositions as in 9.13.

9.15. Proposition: Let I' be as in 9.6, and A C C*(X"°, P{) ~ C(X"°, P]) a subset,
such that for every rational boundary component (Pj, Xj) between (Pj, X]) and (P, X’),
different from (Pj, X]), the intersection C*(X", P{)N A is of the form described in 9.8 with
(Py, X3) in place of (Pj, X]) and some group of I'y. Then there exists a I'-invariant subset
¥ C C*(X"°, P]) as in 9.8, such that ¥\ C(X"°, P]) = A.

Proof. In the case (P, X]) = (P',X’) the assertion is just the existence of some X
as in 9.8. But by 9.3 (a) there exist splittings e; satisfying the condition in 9.8, so this
is clear. Now assume that (P[, X]) is a proper rational boundary component of (P, X').
There are only finitely many I'-conjugacy classes of rational boundary components between
(P{,X{) and (P',X'). Let (P,,X]) be representatives for these conjugacy classes. Let
[, := Stabp(C*(X’°, P))), by the proof of 9.14 this group is a valid choice as in 9.6 for
(P,, X!) in place of (P}, X]). Thus by assumption there exist finitely many e, ; € £(X"°, P.)
such that

(C* (X7, P)NA = {u' € C*(X",P)) | Vy €T, Vi Ao (id — e ; o mo)(u) > 0}.
Also by 9.10 there exist finitely many u/,; € C*(X™ P)) N U/ (Q)(—1) such that A N

v,j
C* (X", P) is the convex closure of the set

U Ur=" ey

vel'w J

Let us fix v and i for a moment. By 9.4 (a) there exists é,; € £(X’°, P{) such that
evi = €4, We would be happy if we had

Ao(id—e); o 70) (ty, ;) > 0

/

for all u, j, and all v € I'. Since we have only finitely many w,, j, by 9.7 this inequality

fails at most if v - u’ﬂ,j is contained in one of finitely many half-lines. Since uib’j e A
these points can not lie in C’*(X’OlP,j). Thus by 9.4 (b) there exists é,; € (X", P]) such
that e,; = €,p,, that Ao (id — é,; 0 mp) > Ao (id — &, 0 mp) on C*(X", P{), and that
Ao (id — €y, 0mp) is nonnegative on each of these finitely many half-lines. Hence the desired
inequalities hold for €, ; in place of €, ;.

Now we define ¥ as in 9.8 using the splittings é,;. To prove ¥ ~ C(X"0, P/) = A, by
[-invariance it suffices to prove C*(X™, P)) N = C*(X"°, P)) N A for every v. But by
definition

CHXP, P)NE ={u' € C*(X",P)) |Vy e Vu Vi Ao (id — e} ; o mo) (u') > 0}
c{u e C*(X"V, P)|VyeTl, Vi Ao (id — e,; ©mo)(u') > 0}

= C*(X"°, P)nA,
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so one inclusion is clear. For the other inclusion it suffices to prove that all uib ;€ >, and
this follows from the choice of the é,;. Finally by assumption (P’, X”) is one of the (P, X.),
so the equality U'(R)(—=1)NY = C*(X"V, P)NY = C*(X"°, P') N A implies in particular
that X, like A, contains no nontrivial linear subspace. q.e.d.

9.16. Proposition: Let (P, X’) — (P,X) be as in 9.2, K} C P'(Ay) an open

compact subgroup, and Ky := m(K }) Then there exist admissible cone decompositions
¥ and X as in 9.13.

Proof. By induction we shall construct admissible cone decompositions X} ; 5 ; e

and > ; Yo ; ... with the following property: For every rational boundary compo-
nent (Pj,X]) of (P',X"), every connected component X’° of X’ and every Py € P'(Af)
either [Z(X", P{,p;)| C C*(&X", P) \ C(X", P{) and |2(X°, Pr,mo(p))] € C*(X0, Pr) \
C(XY Pp), or there exists ¥ as in 9.8 with E;(X’O,Pl’,pff) = 3§ and Ei(XO,Pl,WO(p})) =
Y. Since modulo the left action of P’(Q) and the right action of K } there are only finitely
many triples (X0, P, p’f), this sequence stops at some place, at which 3! and 3; have the
desired properties.

Suppose that either i = 0, or ¥} and ¥; are already constructed. We want to construct
¥iyq, and Xiy1. Choose (X’O,Pl’,p’f) such that A := |E;(X’O,P1’,p’f)| has the property
required in 9.15. Let

[ := Stabgq)(X") Np} - Kj-pl ' - Pl(Ay),

then by the K }—admissibility of ¥ the set A is invariant under I'. If we let ¥ be as in
9.15, then by 9.14 the cone decomposition ¥/ ; (X", Pl’,p’f) ;= Y§ contains (X7, Pl’,p’f),
and ZZ-H(XO,Pl,WO(p’f)) := Yy contains Ei(XO,Pl,wo(p’f)). By the following lemma,
(X0, P, p}) UX] and Yir1(X0, Py, To(p})) U E; extend to a K-, resp. Kjy-admissible
cone decompositions. By constructuion they have the desired properties. q.e.d.

9.17. Lemma: Let (P, X) be mixed Shimura data, K; C P(Ay) an open compact
subgroup, and ¥ a K ;-admissible partial cone decompostion for (P, X’). Let (P, X1) be a
rational boundary component of (P, X), X° be a connected component of X that maps to
X1, and pr € P(Af). Let Q be a parabolic subgroup of P associated to (P, X1), and

Ty := Stabgig) (X%) Npy - Ky - p' - Pi(Ay).

Let Xy be a rational partial polyhedral decomposition of C*(X?, P,), containing (X°, Py, py),
such that 0¥ ¢ C(X0, Py) for every o € ZO\E(XO,Pl,pf). Let 7 (X°, Pi,py) = »(xY, Pi,pg)U
Yo. Then X U T(X O,Pl,pf) extends to a Kr-admissible partial cone decomposition for
(P, X) if and only if ¥ is I';-invariant.

Proof. Since the conditions 6.4 (ii)-(iv) already hold for ¥, it is easily checked that

they hold for 7 if and only if for all p, p’ € P(Q), p1 ¢, P} ;€ Pi(Ag), Ky, k} € Ky, we have
popif-So-kp=pplp-Bo- Ky, ifp- X0 =p X0 popryopp-kp =9 P pp- K

and int(p)(P) = int(p')(P1). Here X is identified with the corresponding decomposition
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of C*(XY, P) x {ps}. In terms of the original decomposition of C*(X?, P;) this means that
p-Yo=p X for all p, p' € P(Q) such that p'~1-p- X0 =X9 p~1-pe P(As) ps K-
pjjl - P(Ay) and int(p'~1 - p)(P1) = P1. Writing ¢ = p/~1 - p this is equivalent to ¢- $¢ = 3
for all ¢ € Stabgy(q)(X°) N PL(Af) - py - Ky -pj?l - P1(Ay). But this set is just I'y, since Q(Q)
normalizes P (Ay). q.e.d.

The following analog of 5.22 permits to construct refinements of cone decompositions
> as in 9.13.

9.18. Propositions: Let I' be as in 9.6, and ¥ as in 9.8. Consider a I'-invariant
function f: C*(X°, P;) — Uy(R)(—1), such that the restriction of Ao f to every o € Xy, is
a piecewise linear convex rational function, with respect to the rational structure given by
U1(Q)(—1). For every € € Q0 define

T:={u cC*X" P)|u +e-fomu) e X}
= {u/ 4 ug | u' €3, ug € Up(R)(—1) with M(ug + € - f omo(u')) > 0}.

If € is sufficiently small, then 7" is again as in 9.8, and

or= | Z(o fo).

oEY

Proof. Choose representatives o; for the finitely many I'-conjugacy classes in Xy, with
R-0; = Ui(R)(—1), and let ¢; € E(X™, P]) be the associated splittings. Let 7;, be the
cones in (Ao f,) with R- 7, = Ui (R)(—1) and ¢;, : Uy — Uy the unique linear maps
such that f = ¢; , on 7; ,. Then by definition

TN 7T0_1(7'1‘7u) ={u € 7T0_1(7'i’u) | Ao (id(e; —€- ;) 0 7o) (u") > 0}.

If € is sufficiently small, then by 9.3 (a) e; — € £;, € E(X™, P]). To finish we need that
Ao (id — (e; — € - £;,) o mp) is strictly positive on T~ 7y (7). In fact, it then follows
that T' is as in 9.8 with respect to all e; —€-¥¢; ,, and all 7; ,, are in Y. This implies that
all ¥(A o fjs,) are contained in X7, and since both X7 and (J,cx,. ¥(A o f|,) are complete
rational polyhedral decompositions of C*(X", Py), the desired equality follows.

Let R=% - u;, be all one dimensional cones in $(A o fo;)- Since
TNy (RZ - ujp) = o0 + R - (e — € f)(ujn),
we have to show that for all y € '
Ao (id = (6 — € L) 0 M) (7 - (e — €+ F)(uza)) > 0,

unless 7 - uj, € 7. Fix 4, j, p, v, and ¢ > 0 such that e, —e-£;, € E(X°, P]) for all
€0 > € € Q7Y then by 9.7 each of the four inequalities

Ao (id = (ei —e1 - liy) omo) (v - (e —e2 - f)(ujn)) >0

with €1, €2, € {0, €p} fails at most if v-u;, lies in one of finitely many half-lines. This shows
that there exists a finite number of ;, € T, such that for every ¢y > € € Q0 the inequality
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above fails at most if v - u;, € RZ0 .y u;, for some k. Thus we are reduced to showing
the inequality for some fixed 7y - u;, &€ 7; 4 If v-u;, & 04, then

Ao (id —e;om) (v - (ej(ujp)) >0

by the definition of Yy, so the inequality certainly holds if € is sufficiently small. Otherwise
v - uj,, € o; implies that RZ0 .. ujy € X(A0 fig,), 0 we may assume that j =i and v = 1.
Then we have

Ao(id— (e —e-L;y)omp)o(ei—e- f)(ujn) =€ Ao (lin— f)(uin),

so the assertion is equivalent to Ao (¢;, — f)(u;,) > 0. But by the definition of 7; , and
¢; ., thi s inequality holds on all of o; — 7; ,,, as desired. q.e.d.9.19. Proposition:

Let (P',X') = (P,X), K}, Ky, ¥ and ¥ be as in 9.13. Let ¥ be a refinement of 3. Then
there exist 7' and T satisfying the same conditions of 9.13, such that 7 is a refinement of
3.

Proof. The essential points of the proof are 5.21 and 9.18. To be able to use 9.18 we
need a function f: C(P,X) x P(Ay) = Up(R)(—1) with the following properties:

(i) The restrcition of Ao f to every o € X is a piecewise linear convex rational function.
(ii) For every o € X, ¥(X o f|) is a refinement of {7 € S|t col
(iii) f is invariant under the three actions 6.4 (ii)—(iv).

Suppose that such a function is given. For every (X", Pl’,p’f) let ¥ := |¥/(X", Pl’,p’f)],
define T as in 9.18, and let 7'(X", P{,p;) := ¥ and T'(X°, P, mo(p})) := Er. By 9.18 we
can make € so small that any finite number of 77(X"°, Py, p;) and T (XY, Py, (p';)) satisty
all our requirements. Since by assumption this construction of 77 and 7T is invariant under
the actions in 6.4 (ii)-(iv), and there are only finitely many triples (X", Pl’,p’f) modulo this
action, there exists € so that this works for all such triples, as desired.

We construct the desired function by induction over the classes of cones in 3 modulo
the three operations 6.4 (ii)—(iv). if it has not yet been defined on all of these, choose
(X", P[,p}) and o € »(&O°, Py, mo(p}y)) with 0¥ C C(XY, Pp), such that f is already defined
on every proper face of o, but not on o itself. By 5.21 there exists a piecewise linear convex
rational function g : ¢ — R, which coincides with A o f on every proper face of o, such
that Y(g) is a refinement of {7 € X | 7 C o}.

Let us check what the invariance conditions say about the desired extension of f. Let
I'; := Stabg(g)(X"°) N P{(Af) Py K -pff_l. It is easy to see that any extension of f to o
can be extended invariantly to the whole conjugacy class of o if and only if f|, is invariant
under the action of Stabr, (o). Let a, be the scalar through which an element v € I'y
acts on Uy, by 9.2 this scalar is positive. Since A o f|, is to be a piecewise linear convex
rational function, we have Ao f7(u) = A(a;l ~f(y-u) = Ao f(oL;1 -y -u) for all u € o, so
we want Ao f, to be invariant under the twisted action (v,u) a;l -7 - u of Stabr, (o).
Since P| acts through scalars on Uy, it acts trivially under this twisted action. But from
6.19 (a) it follows that Stabr, (o) is finite modulo P{(Q) NIy, so all we need is that Ao f|,
is invariant under a finite group of automorphisms of U;(Q)(—1) that fixes 0. Now the
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function g : ¢ — R above is not necessarily invariant. But by assumption it coincides with
Ao fon o~ oY, so at least on this subset it is invariant. Thus if we replace g by the average
of all its conjugates under that finite group, then it is invariant while still satisfying the
other conditions. If we now define f to be equal to A~ 0 g on o, then we can extend it to
the whole conjugacy class of o, as desired. q.e.d.

9.20. Proposition: In 9.19 we can achieve in addition that > is smooth with respect
to Ky, and that the condition 7.12 (*) is satisfied. Then in particular M%7 (P, X, X)(C) is
smooth, projective, and the completement M%7 (P, X, %)(C) ~ M%7 (P, X)(C) is a union of
smooth divisors with only normal crossings.

Proof. (For the smoothness compare [N] thm. 7.20, thm. 7.26.) If in the proof of 9.19
we construct f using the strenghtness 5.23 of 5.21, then the resulting cone decomposition is
smooth. To prove that in addition the condition 7.12 (*) can be satisfied, we may therefore
assume that ¥ = ¥, and is already smooth. We want to apply the same procedure as in
the proof of 9.19. Using 5.25 we can choose the new function f such that the associated
refinement 7 of X is the barycentric subdivision of ¥ with respect to the lattices given
in 6.4. By 5.24 T is again smooth, and it remains to show that it satisfies the condition
7.12(%).

For this choose 7 € T(X?, Py, py) asin 7.12, let 7/ be a face of 7 that lies in 7 (X, Py, py),
and suppose that p-p; ¢-7"-ky is also a face of 7. We have to show that p-py ¢-7" - ky = 7'
Choose 0 € B(X?, Py, py) so that 70 C 00, and o’ € B(X?, Py, py) so that 770 C 0’°. Then by
assumption (p-p1 s-0"ks)? D (p-p1s-7-ks)° C 7 C o, which implies (p-p1 ¢-0'-ks)°No # 0,
so p-pig-0 -kyisaface of 0. Now we have an isomorphism p - p; ¢ -0’ - ky = o', and
by assumption both p - p; ¢ -7’ - ks and 7" are faces of 7, which occurs in the barycentric
subdivision of 0. As explained in 5.24 it follows that p-p; s -7’ -ky = 7/, as desired. q.e.d.

9.21. Theorem: Let (P, X’) be arbitrary mixed Shimura data, and Ky C P(Ay)
a neat open compact subgroup. There exists a K y-admissible complete cone decomposi-
tion ¥ for (P, X) such that M%s(P,X,X)(C) is smooth, projective, and the complement
MEs(P,X,%)(C)~ MEs(P,X)(C) is a union of smooth divisors with only normal crossings.
Moreover if T is any K g-admissible complete cone decomposition for (P, X’), then 3 can
be chosen to be a refinement of 7. Some ample line bundle on M%7 (P, X, ¥)(C) can be
described by algebraic constructions involving w(dlog| and line bundles as in 8.13.

Proof. We shall reduce the assertion to 9.20. The problem is to relate (P, X) with
mixed Shimura data as in 9.2. First let (P, X) := (P, X) x (G0, Ho). Consider the open
compact subgroup Z* of Gm(Af), then

MO (Gyn,g, Ho)(C) = Q*\Ho X (Gm(Af)/(2)%) = {£1}\Ho

is just a single point. Let K =Ky x (Z)X, then there is an obvious one-to-one relation
between all Ky-admissible partial cone decompositions > for (P, X )~ and all K g-admissible
partial cone decompositions X for (P, X'), such that the projection (P, X) — (P, X’) induces
isomorphisms
MEr(P,X,5)(C) = M*1(P,X,5)(C) x MP™ (Cug, Ho)(C)
— MEr(P,X,%)(C).
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This reduces the assertion to that for (P, X) and K.

Next let (]5(0), /\?(0)) < (P, X) be an irreducible component. Since the other projection
defines a morphism (]530), 22(0)) — (G0, Ho), we can find a ((P97 Xo) - (G, @, Ho))-torsor
(P(/O)’ X(IO)) — (P(O)a X(O)) as in 9.1 (a). Let P, := P(O) . Z(P)O C P, and (P, X,) <
(E, X ) be the corresponding embedding as in 2.13. Since the extension class of the torsor
(P(’O), X(’O)) — (P, X(0)) is fixed by Z(P), we can extend it to a torsor (P, Xy) — (P, Xx).
This torsor satisfies the requirements of 9.2. Now by 7.10 we have an isomorphism

[T2AMSH (P, 2., 5,)(©) 280 VR (B sy (c)

with finitely many p’ € ]5(Af), K{ = P(Af)Np% - Ky - (p;)—l, ¥, =] 'p?]*i)l(P*,X*)a
and
A, = (Stabpg (X) N (Pu(Af) - 9% - Ky - (05) 1)/ Pa(@).

We claim that in our situation we have A,=1. 1In fagt, since P = P x Gm, g, we have
{1} X G C Z(P)O C P.. Thlis the image of Py (Af)-p%- K- (p]’i)_l in (P/P,)(Ay) is equal
to that of Ky C Ky = Ky x (Z)*, which by 0.6 is neat. As in the proof of 7.10 it follows
that A, is contained in a neat arithmetic subgroup of (P/P,)(Q), which by 2.1 (viii) must
be trivial.

Now for any fixed collection of P, as before there is an obvious one -to-one relation
between K s-admissible cone decompositions 3 for (]5, X ), and collections of K ]’{— admissible
partial cone decomposition ¥, for (Py, Xx). Thus the assertion is reduced to (P, Xy). But
in that case it follows from 9.20. q.e.d.

9.22. Functoriality of cone decompositions: Consider a map [¢] : M5} (P, X1)(C) —
MK} (P2, X2)(C) of 3.4 (b). Let X; be a K}-admissible cone decomposition of every (P;, &;).
Then we define another K ch—admissible partial cone decomposition 73 for (P, X7) as follows.
Every rational boundary component (Pj1, X11) of (P;, X1) determines a rational boundary
component (P, Xp1) of (P, Xs), and every connected component Xy of X} maps to a

unique connected component X20 of X5. The homomorphism ¢ : U;; — Us; then maps
C*(XD, Pri1) to C*(XY, Py1). For all such (P, X1) and X, and every p; € Pi(Ay), we define

TUXD, Pra,prg) = {o1 Ng Hoz) | o1 € 21(XD, Pi1,p1g), 02 € Xa(X5, Po1, ¢(ps))}-

It is clear form the definition that 77 is a K ch—admissible partial cone decomposition for
(P, X1). If 31 and X9 are finite or complete, then 7; has the same property. Moreover
71 = ¥ if and only if the condition in 6.25 (b) holds for the pair (X1,Y5). In general by
6.25 (b) we have the following maps

1 1 2
MEr(P, X1, 51)(C) « MEr(Py, 20, T1)(C) — M7 (P, Xy, 35)(C).

A particular case is the identity map on (P;, X;), where 77 is the coarsest common refine-
ment of ¥; and Xp. If (P, Xy) = (P1, X1) and py € Pi(Ay), then applying this to 3; and

157



[ -pf]*Es yields the analogous statements for the morphism [ -py] of 3.4 (a). The same
arguments work for any finite number of morphisms of 3.4 (a) and (b).

9.23. Corollary: In9.21 suppose that in addition a finite number of maps MEs(P,x)(C) —
M*"(P;, X)(C) of 3.4 (a) and (b) are given, and for every i a complete K — fi-admissible
cone decomposition 3; for (P, &;). Then one can choose X such that all the maps M Kr(P,x,%)(C) —
M= (P, X5, %:)(C) (of 6.25 (a) and (b)) are defined.

Proof. By 9.22 there exists a complete K y-admissible cone decomposition 7 for (P, X)
such that the conditions in 6.25 (a) and (b) are verified for all the morphisms M%7 (P, X, T)(C) —
MK (P, X, %;)(C). If in 9.21 ¥ is a refinement of T, then the same holds for ¥ in place of
T, as desired. q.e.d.

9.24. Proposition: For every mixed Shimura data (P, X'), and every open compact
subgroup Ky C P(Ay), the mixed Shimura variety M7 (P, X)(C) possesses a canonical
structure of a normal quasiprojective algebraic variety over C, such that all the maps of
3.4 become algebraic morphisms. Whenever Y is a complete K y-admissible cone decom-
position for (P, X) such that M%f(P,X,%)(C) is projective, then the open embedding
ME:(P,X)(C) — M%s(P,X,%)(C) is algebraic.

Proof. Let ¥ be a complete K ¢-admissible cone decomposition for (P, X) such that
MXs(P,X,%)(C) is projective. Since by 6.25 (a) the complement of M%7 (P, X)(C) in
MXs(P,X,%)(C) is a closed analytic set, by Chow’s theorem (see [S] §19 prop.13) it is
a Zariski-closed subset. Thus its complement M%7 (P, X)(C) inherits the structure of a
quasiprojective variety over C.

To prove the functoriality of this algebraic structure consider other mixed Shimura
data (P*, X'*), an open compact subgroup K} C P*(Ayf), and a complete K}—admissible
cone decomposition for (P*, X*), such that M%7 (P*, X* £*)(C) is projective. Consider
a map M7 (P, X)(C) — M™7(P* X*)(C) of 3.4 (a) or (b). Choose a neat open normal
subgroup KJJ[ C Ky, then by 9.23 there exists a refinement 7 of X, such that the map
MET (P, x, T)(C) — MEi(P*, X*,5*)(C) of 6.25 (a) or (b) is defined. Then the maps

M55 (P, x, m)(c) L KT (P x, T (C) = MFT (P, Xt 5 ()

are holomorphic maps between projective complex spaces, hence algebraic. In particular
the maps

MEr (P, x)(c) L MEF (P x)(C) — M5T(P*, x*)(C)
are algebraic with respect to the induced algebraic structures. Recall that by 6.25 (a)
MXs(P,X)(C) is as complex space the quotient of MKJJ‘F(P, X)(C) by the finite group of
Kf/KJ?L Since the map on the right hand side factors through M%7 (P, X)(C), the map
ME:(P,x)(C) — M® 7 (P*, X*)(C) is also algebraic, as desired. q.e.d.

A special case of the functoriality is that the algebraic structure on M%7 (P, X)(C) is
independant of the choice of . Thus the assertions are already proved whenever there exists
a complete K j-admissible cone decomposition for (P, X) such that M%7 (P, X, %)(C) is
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projective. By 9.21 this is the case if K is neat. For arbitrary K choose a neat open normal

subgroup K;{ C K. By the functoriality for MKF (P, X)(C) the action of Kf/K]Jcr respects

the canonical algebraic structure on M Ky (P, X)(C). Since this is a quasiprojective variety,
and by [SGA1] exp.VIII cor. 7.7 the quotient of every quasiprojective algebraic variety by a
finite group exists and is again quasiprojective, we get a canonical quasiprojective algebraic
structure on M%7 (P, X)(C). The functoriality for this algebraic structure follows by the
same arguments as above, in particular it does not depend on the choice of K]T. q.e.d.

9.25. Definition: For every mixed Shimura data (P, X’) and every open compact
subgroup K; C P(Ay) let
M (P, X)

be the normal algebraic variety over C associated by 9.24 to the normal complex space
M (P, X)(C). Let ¥ be a Ky-admissible partial cone decomposition for (P, X). If there
exists an algebraic structure on M%7 (P, X, ¥)(C) extending the above algebraic structure
on M¥7 (P, X)(C), we let

M (P,X,Y)

be the associated normal algebraic variety over C. Furthermore if P is reductive, then
we denote the normal projective variety corresponding to the Baily-Borel compactification
M": (P, X)*(C) by

M (P, x)*.

In all these cases the variety is, strictly speaking, defined by a universal property, so it
really consists of a complex variety X together with an isomorphism X (C) = M%s (P, X)(C),
resp. X (C) = M7 (P, X,%)(C), resp. X(C) = M%7 (P, X)*(C). We have to prove that it is
unique up to canonical isomorphism. For Mé( 7(P, X) this follows from 9.24, for MCK np,x)*
by projectivity. For MCKf (P, X,%) recall that M*%s (P, X)(C) is dense in M%7 (P, X,%)(C),
hence Zariski-dense with respect to any algebraic structure. It is easily seen that an analytic
map between two normal complex varieties is an algebraic morphism if it is an algebraic
morphism on a Zariski-open dense subset. Thus Mé( (P, x,Y) is well-defined whenever
such an algebraic structure exists.

By 9.24 we already know that all the maps 3.4 (a) and (b) correspond to unique alge-
braic morphisms between different Mé{ 7(P,X)*. By the argument above, the same holds for
the maps 6.25 (a) and (b), if Mé{f(P, X, Y) etc. exists. For the Baily-Borel compactifica-
tion the same follows by projectivity. Moreover for arbitrary P, by the argument above the

map [7]* defined in 6.24 corresponds to a morphism Mé{f (P,X,%) — Mg(Kf)((P, X)/W)*

whenever Mé( T(P,X,%) exists. In all these cases we shall use the same symbols to denote
the corresponding algebraic morphisms.

The assertion of 6.25 (functoriality, open embeddings, isomorphisms, quotients by finite
groups), 6.26 (smoothness), 8.6 (line bundle structure), 8.13-14 (ampleness) are equally
valid for these algebraic varieties, since these are properties that translate directly between
the algebraic and the analytic category, once all the objects and maps are algebraic.
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9.26. Remark: ;From the proof of 9.24 it follows that the system of algebraic
structures on all M%7 (P, X)(C) is uniquely determined by the properties expressed in 9.24.
One may ask whether these algebraic structures can be characterized uniquely without
reference to toroidal compactifications. As it turns out, they are already characterized
uniquely by the functoriality with respect to all the maps 3.4.

Let us briefly indicate why. If P is reductive and possesses no almost direct fac-
tor to type SLag, then the boundary of M%s(P X)(C) in the Baily-Borel compactifi-
cation has codimension > 2, so it possesses at most one algebraic structure. For P =
G Ly the uniqueness follows via an embedding (GLag,H2) < (CSpsg, Ha), as in the
proof of 8.4. Thus we have uniqueness whenever P is reductive. Next, if U = 1, then
MEs(P,x)(C) — M™ED((P,X)/W)(C) is proper, so again the uniqueness follows by
functoriality. Finally observe that every torus possesses a unique algebraic structure.

Thus for arbitrary P, and sufficiently small Ky, we may use the torsor structure on
MEr(P,X)(C) — M™E)((P,X)/U)(C) to get the result.

9.27. Remarks about the existence of Mé(f (P,X,%): (a) By the definition in
9.25, Mé(f (P,X,%) exists whenever M%7 (P, X,%)(C) is projective, in particular in the
situations of 8.13, 9.13, or 9.21. If Mé(f (P, X,Y) exists, then the same follows for every
K r-admissible partial cone decomposition contained in ¥. If ¥ is the union of any (finite
or infinite) collection ¥;, such that Mé( (P, Xx,%;) exists, then by gluing it follows that

Mé(f (P, X,Y) exists. These three facts, together with 9.16-21, shows that Mé(f (P, X,%)
exists for a large class of cone decompositions.

(b) In the situation of 8.13 (e.g. 9.13) not only Mé{f (P, X, %), but also the “line bundle”

M7 (P, X', %) exists as an algebraic variety and is quasiprojective. In fact, by ampleness
one can construct a canonical ample line bundle on the associated P!(C)-bundle obtained
by adding the oo-section. This, too, can be expressed in the formalism of chapter 8.

(c) The knowledge so far about the existence of Mé{ 7(P, Xx,Y) is probably sufficient for
most purposes. Nevertheless it seems somewhat unsatisfactory to stop here and not try to
find out more about the algebracity of our toroidal compactifications. Therefore we include
more results in this direction, although the proof of 9.29 is rather technical. See also 9.35
below.

First we show (using 9.20) that Mé( T(P,X,Y) exists whenever ¥ is sufficiently “fine”.
9.28. Proposition: Let (P, X") — (P, X), K}, K¢, ¥/, and ¥ be as in 9.13.
Assume that the condition 7.12 (*) is satisfied for 3. Let T be a K -admissible partial
cone decomposition for (P, X) such that every 7 € T is contained in some o € ¥. Then

Mé(f (P, X, T) exists. In fact there exists a collection of 7_'j2 and T; as in 9.13, and 7; C T,
such that 7 is the union of all 7;.

Proof. It suffices to prove that for every convex rational polyhedral cone 7 contained
in some o € X there exist 7 and 7 as in 9.13 such that 7 € T. Using the same procedure
as in the proof of 9.19 it suffices to construct the function f such that 7 € (Ao f,). To do
this choose a piecewise linear convex rational function g : ¢ — R such that 7 € ¥(g). To
show that such a function exists, take any linear rational function £ : o — R that is strictly
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positive on o ~. {0}. Then let g be the smallest nonnegative convex function o — R=? which
is > ¢ on 7. It is clear that g = ¢ on 7, and g > £ on o \ 7, hence T € ¥(g), as desired.

Now define f|, ;= A"tog: o — Up(R)(—1). The condition 7.12 (*) implies that no two
different faces of o are equivalent under the actions 6.4 (ii)—(iv). This in turn implies that
whenever these actions induce an automorphism of a face p of o, then this automorphism
maps every face of p to itself. But by 6.19 (a) and 9.6 some power of this automorphism
acts like a scalar on p. This shows that the automorphisms acts by the same scalar on every
one dimensional face of p, hence it acts like a scalar on p. Thus there is no obstruction to
extending f, invariantly to all conjugates of o under the actions 6.4 (ii)—(iv). Finally by
the proof of 9.19 (with 3 = X) it can be extended to all of C(P,X) x P(As) — Up(R)(—1)
in the desired way. q.e.d.

9.29. Proposition: Let (P, X’) — (P, X) be as in 9.2, (P}, A1) a rational boundary
component of (P, X), and X° a connected component of X that maps into &j. Let pr €
P(Ayf), and o a convex rational polyhedral cone in C(XY, P;) that does not contain a
nontrivial linear subspace. Then there exists an open compact subgroup K } C P'(Ay) and
¥ and X’ as in 9.13, such that o € X(X°, P1, py).

Remark. Incidentally, this shows that the cones in a complete admissible decomposi-
tion can be arbitrarily large.

Proof. Using the operation 6.5 (a) we may assume that py = 1. Without loss of
generality we may assume that R - o = U;(R)(—1), since otherwise we may (repeatedly)
replace o by o + R=Y - o/ for arbitrary u' € C*(X%, P) N U1(Q)(—1) ~R - 0. Let (P{,X])
be the rational boundary component of (P’, X’) with (P, X1) = (P}, X}{)/Uy, and X"° the
connected componentof X’ corresponding to X°. We want to apply the same inductive
procedure as in the proof of 9.16. Suppose that for some K } we have constructed a K }—
admissible partial cone decomposition ¥’ for (P, X’), such that for some ¥ C C*(X", P/)
asin 9.8 X/(X"0 P],1) = ¥, and 0 € Lx. Then as in the proof of 9.16 it can be extended to
the desired X'. We therefore have to construct ¥ C C*(X’0, P{) as in 9.8 such that o € Xy,
and X'(X", P, 1) = Xf, extends to a K}-admissible partial cone decomposition. While the
first property is not difficult to achieve, the second one makes the proof complicated.

Fix an arbitrary e; € £(X0, P]). By 9.3 (a) we may fix eg,..., e, € E(X, P]) such
that the Ao (e; —¢;) € Hom(U;(R)(—1),R) span the dual cone &, in other words

oc={uecC"X%P)|vV2<i<m Ao (ep —e;)(u) > 0}.

Let uy,...,u, € C*(X° P) N U1(Q)(—1) such that o = > e R=0 . u;. Suppose that K’
has been chosen, and let

Iy := Stabg(g) (X)) N K} - P{(Af).

Define Y as in 9.8 using this group and the sections e, ..., e,,. Since ¢ does not contain a
nontrivial linear subspace, its dual cone generates the dual of U;(R)(—1), so by the choice
of the e; the assumption in 9.8 holds. Suppose that all e;(u;) lie in 3Xy. Then e; (o) C X,
and the choice of ey, ..., e, implies that X o (id — e; o 7) is strictly positive on Xg \ e1(0).
Thus o € ¥y, which is one of the desired properties. But X is not yet the right subset,
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since E’EO does not necessarily extend to a K }-admissible partial cone decomposition. To
remedy this we shall construct the “right” ¥ as a I'j-invariant subset of ¥ that contains
all the e1(u;). By the same argument it then follows that o € ¥y, and it remains to choose
¥ such that X5, extends.

Let us check what this extendability condition amounts to. By lemma 9.32 below X ex-
tends to a K }-admissible partial cone decomposition if and only if for every rational bound-
ary component (P3, X3) between (P[, X{) and (P', X’), and every ¢' € Stabg:(q)(X") NKY-
Pi(Ay), we have

{d 7lmesy, rcC @ Py ={reSg|rcCqd C (X" P}
y the definition o this can be translated into the following equality in terms of 2.:
By the definiti f 35 thi b lated i he followi lity i fX
¢ (ENCHX°, P))=xnq - C* (X", P).

Together with the condition e;(u;) € ¥ this has the following consequence. Every u; lies in
C(Xx°, P;) for a unique rational boundary component (P}, X;) between (P[, X]) and (P', X).
Thus e1(uj) € ¥ implies ¢’ - e1(u;) € ¥ for all j and ¢’ € Stabg/(g) (X)) N K} - Pj(Ay).

We shall construct ¥ by induction over the (P4, X3) for which the above equality holds.
Consider an increasing sequence () = 2 ; Ay ; ... of I'1-invariant collections of rational
boundry components between (Pj, X]) and (P’, X”), such that whenever (Pj, X3) € 2, then
so is every rational boundary component between (P, X5) and (P’, X”). We shall construct
these 21, and a sequence of I'1-invariant subsets Yo D 1 D ... as in 9.8, such that the above
equality holds for all ¥, and (Pj, X3) € 2,. Furthermore we require that ¢’ - ej(u;) € X,
for all v, 7, and ¢’ € StabQ/(Q)(X’O) N K} - P/(Ay). Since modulo I'y there are only finitely
many rational boundary components between (Pj, X]) and (P’, X”), this sequence stops at
some point, where ¥ := Y, has all the desired properties.

Of course this works only if K } is chosen in advance. So we first show that it can be
chosen so that the conditions hold for Xy. Since 2y = (), only the condition ¢ - e;(u;) € Xg
matters. By the definition of ¢ this is equivalent to

Ao (id — e/ omo)(q - e1(uy)) = 0

for all i, j, v € T'1, and ¢’ € Stabg:(qg)(X) N K’ - P/(Af). By the remark in 9.2 this is
equivalent to X o (id — e; o mg)(v - ¢’ - e1(u;)) > 0, so by lemma 9.30 below we are reduced
to v = 1. Since there are only finitely many ¢ and j, the desired K } exists by lemma 9.31
below. We fix such K } once and for all.

Next assume that X, has been constructed. Fix a rational boundary component
(P}, X3) between (Pj,X]) and (P’,X’), such that (Py, X;) ¢ 2, but 2, contains every
boundary component between (Pj, X3) and (P’, X') that is different form (Py, X3). Let 2,11
be the union of 2, with the set of all I'j-conjugates of (Pj, X3). Let Q% be the parabolic
subgroup of P’ associated to (Pj, X3), and define I'y := Stab(Q/m%)(Q)(X’O) N K’ - Py(Ag),
this group contains Stabr, (C*(X", P3)) as a subgroup of finite index. Thus the set

Y= ] 7 (T, NCHXY, Py))
vel2
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is of the form of 9.8 for (Pj, A3) in place of (P[, X]). We shall construct a I'j-invariant
subset Y, 11 C X, as in 9.8, such that

(a) ¢ - e1(u;) € 3,44 for all j and all ¢’ € Stabg/(q)(X™) N K’ - Pi(Ay),
(b) > NC* (X, Py) = > NC*(X"°, P) for every (P,X}) € 2, and
(¢) Y1 NG - CH(X", Py) = ¢ - X for every ¢' € Stabg (g)(X"°) N K’ - Py(Ay).
Then by (c) and by I' — 1-invariance the extendability condition holds for all I';-conjugates
of (P, X}), and by (b) and the assumption about ¥, it holds for all (P{X}) € 2, so it
holds for all (P{X3) € 2,41, as desired.

Using the fact that ) ., is [';-invariant we can reduce this infinity of conditions to
a finite number. First by lemma 9.30 below it suffices to require (c) only for a finite
subset R C Stabg(g)(X0) N K - Pa(Ag). For the same reason it suffices to require (a)
only for a finite subset %; C Stabg(g)(X"°) N K’ - P{(Ay). For (b) we are reduced to a
finite number of (P{X3) € 21,. By 9.14 every ¥, N C*(X"0, P}) is of the form in 9.8 with
respect to the group Stabp, (C*(X'°, P})), so by 9.10 this set is the convex closure of the
union of all Stabp, (C*(X"°, P}))-orbits of finitely many rational half-lines. Therefore by
Stabr, (C*(X"°, P}))-variance the condition (b) is equivalent to & C 3,41 for some finite
subset

ueYo@cun |J oW

(Ppp) e,

Now for every ¢’ € R let 'y, = Stabp, (C*(X",¢ - P} - ¢'!)), and choose finitely
many ey ; € E(X0,¢ - Py -¢~') so that ¢ - X' is of the form in 9.8 with this group and
these splittings. Lift every €,,; to an element é,,; € E(X™, P]), and define ¥,4; as in
9.8 with the group I'y, and as splittings these €, ; and those that define ¥,. It remains
to show that the conditions (a)—(c) hold for a suitable choice of the liftings €, ;. Let us
rewrite these conditions in terms of the é, ;. For (c) note that for every ¢’ € R the inclusion
Y1 Nq - C*(X"°, P)) C ¢ -Y holds by construction. For the other inclusion we can as
above write ¢’ - X’ as the convex closure of the union of all Stabr, (¢’ - C*(X"0, P}))-orbits of
finitely many rational half-lines, so it suffices to show that V C ¥, for some finite subset

ve lJd -2 nui@(-1).
g ER

Altogether it follows that the conditions (a)—(c) hold if and only if 3,1 contains the finite
subset
W:i={d e1(uj) |1<j<n, ¢ eRUUUY CX,NU(Q)(—1).

By the definition of ¥, 11 this means that for all ¢ € R, i, v’ € W and v € I'; we need
Ao (id — €y omo)(y-u') > 0.

By the argument in the proof of 9.15 one can choose the liftings €,/ ; such that this inequality
fails at most if y-u’ € ¢/-C*(X"°, P}). Thus it remains to prove I'1-WnN¢q'-C*(X"°, Py) C ¢'-%’
for every ¢’ € .

Translated back into the original formulation of these conditions we have to prove for
all ¢’ € Stabgy(g)(X"°) N K’ - Py(Ay):
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(a’) For all j and ¢” € Stabg:(q)(X™) N K’ - Pi(Agp):
q¢"-er(uj) € ¢ - C(X°, Py) = ¢"er(wy) € ¢ - X

(b)) B, NCHX, P))Ng - C*(X°,P)) C ¢ - X for every (PXS) € A,
() ¢"-X'Nng -C*(X"°,P)) Cq ¥ forall ¢" € StabQ/(Q)(X’O) N K- P(Ay).
Since ¢ - 72 € Stabg(g)(X7°) N K’ - Py(Ay) for every 72 € T'g, by the definition of ¥’ we

may replace the inclusions C ¢’ - ¥/ by the inclusions C ¢’ - 3,. Now in (a’) the assumption
implies that ¢" - C(X", Pj) ¢ - C*(X", Py) # 0, so int(q')((Py, A3)) is a rational boundary

"_

component of int(q”)((P}, X})), and in particular int(q ~' - ¢')((Ps, X3)) C (Pj, Xj). Let
Py s € P3(Ay) such that ¢ € K - pfy ;, then it follows that

/—

(" =phyd " me(d )5
€ Ky K} - Pi(ag) - int(q" " - ¢)((P5, X3)) = K} - Pi(ay),

whence ¢! - ¢" € Stabg () (X NNK } - P{(Ay). Thus without loss of generality we may
assume ¢’ = 1, so we are reduced to proving ¢"-e; (u;) € ¥, for all j, and ¢’ € StabQ/(@)(X’O)ﬂ
K’ - P{(Ay). But this is one of the assumptions about ¥,.

In (b') it suffices to consider only those (P;X3) € A, for which int(q')((Py, X3)) is a
rational boundary component of (P3X;). As above it follows that ¢~ € Stabg:(q)(X™) N
K’ - P(Ay), and the inclusion

¥, NC*X°, P cq -,
¢ (Z,nCHX P,
follows from the invariance condition for (P4Xx3) and ¥,. Finally for (¢’) the left hand
side is always contained in ¢” - C*(X"°, P}) for a rational boundary component (P}X3)

between (P3X5) and (P'X"), such that int(q')((Ps, X3)) is a rational boundary component
of int(¢")((P3X3)). Thus as above we are reduced to prove the inclusion

¢ (X' nCHX°, P)) cx,

for all ¢” € Stabgy(q)(X™) N K - P3(Ay) such that ¢” - C*(X", Py) C C*(X", P;). In the

case (P3X3) = (PyX3) we must have ¢” € I'y, so this follows from the definition of ¥'.
Otherwise we have (P{X3) € 2, so this follows from the invariance condition for (P5X3)
and Y,. Thus the conditions (a’)—(c’) are satisfied. q.e.d.

9.30. Lemma: Let (P,X) be mixed Shimura data, (P, X>) a rational boundary
component of (P, X), and (P, X1) a rational boundary component of (P, X>). Let X be
a connected component of X, @ the parabolic subgroup of P associated to (P;, X), and
K an open compact subgroup of P(A¢). Let

I'y .= StabQ(Q)(XO) N Kf = (Af).
There exists a finite subset R C Stabg(g) (X YN Ky - Py(Af) such that

StabQ(Q) (XO) N Kf . PQ(Af) =I1-R- Stab(me)(Q) (XO)
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Proof. For abbreviation write A := StabQ(Q)(XO) NKy-Po(Ag). Then we have I'1- A =
A. Indeed, let ¢ € A and ¢’ € T'y, then obviously ¢’ - ¢ € Stabgq)(X°), and

q-q€Ky-Pi(Af) qC Ky (Kf-Py(Ag))-(q7" - Pi(Ay) - q) = Ky - Pa(Ag),

since ¢ normalizes P1(Ay). Clearly Stab(p,ng)(q)(X 0) acts on the right hand side on A, and
we have to show that the double quotient I'1\ A/ Stab(p,nq)(g)(X°) is finite.
Since P, N @ is a parabolic subgroup of Ps, for every open compact subgroup K ]If 2 C

P>(Ay) the double quotient K}Dz \P2(Ar)/ (PN Q)(Q) is finite. In particular there exists a
finite subset | C P>(Af) such that

PQ(Af) = (PQ(Af) N Kf) SR - Stab(pzmQ)(Q)(XO).
This implies

A = Stabgg) (X°) N Ky - (Pa(Af) N Kf) - R - Stabp,ng) @) (X°)
= (Stabg(q) (X°) N K - R) - Stab(p,ng)@) (X0),

and that
(StabQ(@) (XO) N Kf)\(StabQ(@) (XO) N Kf . 9{)

is finite. Since StabQ(Q)(XO) N K is contained in I'y, we are done. q.e.d.

9.31. Lemma: Consider the situation of 9.2. Let (P3, X3) be a rational bound-
ary component between (P, X]) and (P, X’). Let e € £(X0, P{) und v’ € C(X"°, P}) N
U5(Q)(—1) such that Ao (id — e o my)(u') > 0. There exists an open compact subgroup

K’ C P'(Ay) such that for all ¢’ € Stabgy () (X™) N K’ - Py(Ay)

Mo (id—eomy)(¢ -u') >0

Proof. If P}, X)) = (P',X’), then the inequalities always hold, since in this case
Stabgy () (X™0) N K’ - Py(Ay) = Stabgg) (X") acts by positive scalars on U’. Otherwise fix
an arbitrary K } We first show that there are finitely many half-lines R=" -u; such that the
inequality fails at most if R=0- ¢’ - u/ = R=0 - «/ for some i. To prove this let

Iy := Stabg/(q)(X") N K} - P{(Af),

and a fix subset ® = {q},...,q,} C StabQ(Q)(XO) as in 9.30. Then for any ¢' = -¢q; -p2 €
Stabgy(g)(X") N K’ - Py(Ay) with ps € Stabpé(Q)<X/O) and v € I'1, the element ¢’ - v is a
positive multiple of v-¢}-u’. By 9.7 there are at most finitely many half- lines RZ0. . q; -,
for which the inequality fails, as desired.

Next suppose that R - u, = R -« for some i. Then u] is a negative multiple of «’,
since by assumption the inequality fails for «}. Since both «’ and w lie in the convex set
C(X'0, Py), this contains 0, in contradiction to the assumption (Pj, X5) # (P, X’). Thus
R-u} # R-u for all i. Now consider an open compact subgroup K }’ CK } If the inequality
fails for some ¢’ € Stabg(g)(X™) N K% - Pj(Ay), then R20. ¢ - = R20 . 4 for some i.

165



But for every ¢, by 7.14 this cannot happen if K7 " is sufficiently small. Since there are only
finitely many 4, we are done. q.e.d.

9.32. Lemma: Let (P,X) be mixed Shimura data, (P, X]) a rational boundary
component of (P,X), and X° a connected component of X that maps to X;. Let Q be
the parabolic subgroup of P associated to (Pp,X7). Furthermore let Ky C P(Ay) be an
open compact subgroup, and ¥ a rational partial polyhedral decomposition of C*(X°, P).
There exists a K s-admissible partial cone decomposition ¥ for (P, X) with X(X°, P;,1) =
Yo if and only if the following condition holds:

For every rational boundary component (P, X2) between (P, X}) and (P, X)), and
every q € StabQ(@)(XO) NKy- PQ(Af)

{qg-0|loceSy, cCcC (X P} ={ceXg|oCq-C(X°P)}.

Proof. If ¥ is to exist, then for every (P, X2) above we must have X(X°, Py, 1) :=
{o €%y |ocC*X° P)}. By the conditions 6.4 (ii)—(iv) we must also have

S(p-X%p-Po-p~ oy ky) = {p-0 | o € o, 0 C C(X°, o))

for all p € P(Q), p2,s € P2(Ay), and ky € K. Thus a necessary condition is that the right
hand side does not change if p, po r, ks are replaced by other elements such that p- X 0
p-Prplppy ¢ +ky do not change. It is quite obvious that this condition is also sufficient.
Now this condition holds if and only if for all (P5, X3) and p € Stabp(Q)(XO) NKy-Py(Ay),
if (P, A1) is a boundary component of int(p)((Pe, X2)), then

{p-oloeXy, o CcCXO P} ={oceXy|ocCp C(XY Py}

For every such p, both (P, &7) and int(p~!)((Py, X1)) are rational boundary components of
(Py, Xs), so there exists py 6 Stab p, (q)(X°) such that int(p~™!)((P1, X1)) = int(py 1) ((P1, X1)).
In other words ¢ :=p - p, I normalizes (P, X}), hence lies in Q(Q). But py - C*(X°, Py) =
C*(X°, Py), and acts by scalars on Us(R)(—1). If (P, X») is a proper boundary component,
then this scalar is positive, and in the above equation we may replace p by ¢, as in the
desired assertion. Otherwise we anyway have () = P, and may even take po = 1. q.e.d.

9.33. Corollary (of 9.29): Consider mixed Shimura data (P, X’), an open compact
subgroup K; C P(Ay), and a finite K y-admissible cone decomposition X for (P, X’). Then

M K7 (P X ,2) exists for every sufficiently small open compact subgroup K}F C Ky. In

fact M (P X, Y) is covered by quasiprojective M (P X, Y;), for which an ample line
bundle can be described as in 8.14.

Remark. Except for the last sentence this can be proved with less pain than taken
9.29, if one disregards the invariance condtion 6.4 (iv).

Proof. Since we may choose Kf+ neat, as in the proof of 9.21 we can reduce to the case
where (P, X) is as in 9.2. Let o; be (finitely many) representatives in 3 for the two actions
6.4 (ii)—(iii) of P(Q) and K. By 9.29 for every i there exists an open compact subgroup
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K} C P(Ay), and a K}- admissible partial cone decompostion ¥; for (P, X'), that contains

K’L
o, and such that M.’ (P, X,Y;) exists. Since we have only finitely many i, we can find
an open compact subgroup K7, contained in the intersection of all K%, that is a normal

K* K*
subgroup of K. Then every M’ (P, X,%;) exists, and so does Mg/ (P, X,[ -kf|*%;) for
every k; € Ky modulo KJ’E Now we may replace every X; by the smallest K;-admissible
cone decompostion that contains o;. Then ; is contained in Y, and by construction X is

K*
the union of all [ -k¢]*%;. Thus by gluing M’ (P, X, %;) exists, as desired. q.e.d.

9.34. Corollary: (a) “Mé( (P, Xx,%)” always exists as an algebraic space.

(b) Suppose that Mé{f (P, X, %) exists. If 3 is finite, resp. complete, then Mé{f (P,X,Y) is
of finite type, resp. proper, over C.

Proof. (a) In the category of algebraic spaces every quotient of a variety by a finite
group exists (see [K] introduction). Thus by 9.33, “Mé{ T(P,X,%)” exists as the quotient of

K
M.’ (P,X,%) by K¢/ K;[, whenever ¥ is finite. By gluing along open subspaces of finite
type, the same follows for arbitrary .
(b) Both assertions are invariant under quotients by finite groups. Thus the first

assertion follows from 9.34, and the second follows from this and the compactness result
6.27. q.e.d.

9.35. Remarks: (a) From now on we implicitly assume the existence of MCK NpP,Xx,%)
as a scheme, whenever we write these symbols. Since by 9.28 and 9.33, it exists whenever
> is sufficiently fine or Ky sufficiently small, this will not be a real restriction in the
applications we have in mind. In any case, mutatis mutandum our assertions will also be
valid in the category of algebraic spaces, without this restriction.

(b) Counterexample: Mg 7(P, X,¥) does not always exist. It is a nice exercise to realize
the example [H2] app.B ex 3.4.2 in the toroidal compactification for the mixed Shimura data
(P, X) = (Pay, Xog) of 2.25 with g =1, or for (P, X) = (Spa,g, Ha) of 2.7.

Finally, we consider the stratification of chapter 7.

9.36. Proposition: The stratifications in 7.2, 7.3, and 7.10 are algebraic, and the
assertion of 7.17 (a) holds algebraically.

Proof. By [S] §19 prop. 15 the map in 7.17 (a) is algebraic, since both sides are
compact. This shows the second assertion. In particular this yields an algebraic morphism.

(o] (K

1
K
StabAl([U])\MC ! (Pl,[0]7 Xl,[o}) — M(C f(P7 Xa E)a

which proves the other assertions whenever ¥ is complete. By 9.33 the general case follows
from this, since the assertions are invariant under replacing the open compact subgroup by
a smaller one. q.e.d.
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9.37. Proposition: The isomorphism of 7.17(b) induces a canonical isomorphism

K1
between the formal completion of M(ff (P, X,Y) and of Staba, ([o])\M¢ ’ (P1, X1, 1) along

Tio] (K )

Staba, ([o])\M¢ (P1 o] X1, [0]> 21,[0])-

Proof. This is a special case of the following lemma. q.e.d.

9.38. Lemma: Let X be a proper algebraic variety over C, Y C X a closed subvariety,
and Xy the formal completion of X along Y. Let X; be another algebraic variety over C,
Y] C X a closed subvariety, and Xy, the formal completion of X; along Y;. Suppose that
we are given open analytic neighborhoods Y (C) € U € X(C) and Y;(C) C U; C X;(C),
and an analytic isomorphism U =2 U; that restricts to an isomorphism Y (C) = Y;(C):

Y(C) ¢ U < X(C

[l
YI(C) c Uy cC Xl(C)

Then this isomorphism corresponds to a canonical isomorphism Xy = A7 y;:

Y C Xy
I
Y1 C Xl,Yl

Proof. The isomorphism U = U; induces an isomorphism between the nonreduced
complex spaces (Y(C), 0%*/(39")") and (Y1(C), 0% /(3§})"). Since X is proper over C,
it follows that Y (C), and hence Y;(C) is compact. Thus by [S] §19 prop. 15 the ana-
lytic isomorphism corresponds to a unique algebraic isomorphism between the infinitesimal
neighborhoods (Y (Ox/(Jy)") and (Y1, Ox, /(3y;)"™). By taking inverse limits the assertion
follows. (Compare also [H1] ch.VI ex. 2.9) q.e.d.

9.39. Examples: (a) As pointed out in 9.8, our sets X play the role of the I'-
polyhedral cocores in [AMRT] ch.Il §5.3. In the case where P is reductive, the precise
correspondence is the following. As explained in 8.15 (a), we have a canonical splitting
of U{, whence a canonical decomposition C*(X", P]) = R - g9 x C*(X°, P;). Fix some
ug € (09)°NU’(Q)(—1). The correspondence between I'-polyhedral cocores K C C*(X°, Py),
and our sets X, can then be given by

K ={uecC*x°%P) | (—up,u) € L}, and

Y, = convex closure of og U {—up} x K.

(b) We include an example not subsumed by (a), which at the same time illustrates
the remark 8.15 (b). Let (P’, X’) be the mixed Shimura data (Pag, Xa,) defined in 2.25
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for g := 1, and (P, X) := (P, X")/U". Let K; C P'(Ay) be an open compact subgroup
whose image in (P'/W’)(As) & GL2(Ay) is conjugate to GLa(Z). Then modulo the actions
of K } and of P'(Q), there is precisely one conjugacy class of proper rational boundary
components. Describing it as in 4.27, we have U] 2 (G, ,o)%?,

MCH (X7, P) 2= {(2,y,2) €R* | 2 > 0 or y = 2 = 0},

and 'y := Stabg (g (X™) N (K’ - P{(Af) acts on this through positive scalars and the
unipotnet transformations

(x,y,2) = (x + 2ny + 1’2,y + nz, 2)

for all n € Z.

A K}—admissible cone decomposition as in 9.13 now corresponds to a subset X C
C*(X", P{) as in 9.8 with respect to the above unipotent transformations. In terms of the
above identification, 9.1 shows that o9 = R=?-(1,0,0). Clearly ¥ = ooUR>?-{(z,y,1) € ¥}
for such ¥, so we can describe it in terms of its intersection with the plane z = 1. This
must be the convex closure of 'y - {(z; + R=Y,;,1) | 1 <4 < n} for some z;,y; € Q. In the
special case n = 1 and y; = 0, we get

A little calculation shows that the associated splittings lie in £(X™, P{) if and only if
21 < 0. In this case the assumptions of 9.13 are verified.

Coming back to 8.15 (b), we now see a geometric reason for the necessarity of quadratic
terms in the action of I'y: the strict convexity condition. At the same time, it prohibits the
existence of a splitting of the unipotnet extension (P, X’) — (P, X).
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Chapter 10

Moduli schemes of abelian varieties

In this chapter we describe an interpretion of some mixed Shimura varieties as moduli
schemes, together with the universal family, of abelian varieties or of similar algebraic
objects. Given this interpretation, we show that some of the maps 3.4 and 7.17 can be
expressed in modular terms: so that, in particular, they are defined over Q.

We first describe a well-known, suitable rigidified, moduli functor of polarized abelian
varieties with level structure. It is representable by a smooth scheme M, over Q (10.1-6).
Certain mixed Shimura varieties associated to the mixed Shimura data (P4, X24) defined
in 2.25 naturally carry the structure required by this functor (10.7-8). This yields isomor-
phisms between these mixed Shimura varieties on one side, and M, ¢, together with its
universal family, on the other side (10.9-10). We show that some of the maps of 3.4 (a) can
be described in terms of modular data (10.11-14).

In 10.15-16 we do the same for the mixed Shimura data (Pp, Xy) defined in 2.24. This
is more or less a special case of (Pag, Xag), where the moduli functor degenerates to one for
roots of unity.

The rest of the chapter deals with one special case of the above, but takes into account
the toroidal compactification. We describe the Tate-curve (10.17-18), and the moduli
scheme for generalized elliptic curves with d-structure (10.19-20), in terms of toroidal com-
pactifications of mixed Shimura varieties. The main result 10.22 is a modular interpretation
for the isomorphism 7.17/9.37.

10.1. Abelian schemes: Let S be a scheme over Q, and A — S an abelian scheme
(see [M3] ch.6). We denote the group operation on A by (a,b) — a + b. For every positive
integer d let [d] : A — A be the morphism a — d-a =a+ ...+ a (d times). The subgroup
scheme ker([d]) C A is finite and étale over S, since d is invertible over S. Let X — A be
a G,,-torsor. For every abelian scheme T — S let A7 be the abelian scheme A xg T over
T, and X7 the G,,-torsor X xg T over Ap. For every section a € A(T) let T, : Ap — Ap
be the morphism b — b + a. Consider the functor

T H(X)(T) = {a € AT) | T Xr = Xr}.

The condition T X7 = X is equivalent to the existence of an isomorphism f: X7 — Xp
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of schemes over T such that the two diagrams

XT —I—) XT Gm X XT % Gm X XT
1 } and \ \
AT L) AT X7 i> X

commute, where the vertical arrows in the diagram on the right hand side represent the
action of G,,. This functor is represented by a closed subgroup scheme H(X) C A, which
is smooth over S. If X is relatively ample with respect to A — S, then H(X) is finite and
étale over S.

10.2. The canonical pairing: Let a, b € H(X)(T) be sections and f resp. g¢
corresponding isomorphisms X7 — X7. Then fogo f~!og™! is an automorphism of the
G-torsor X over A, so there exists a unique section o € G,,,(T') such that fogo f~log™!
is equal to the multiplication by «. Since f and g commute with the G,,-action, o depends
only on a and b. thus the map

H(X)(T)x HX)(T) = Gn(T), (a,b) = e(X)(a,b) ==«

is well-defined. This morphism of functors is represented by a unique morphism of schemes
e(X): H(X) xg H(X) = Gy, g. It is easily seen that this is an alternating bilinear form.
If X is relatively ample with respect to A — S, then this is a perfect duality (see [M2]§1
thm. 1).

Let A=A /T be an abelian variety over C, where A is the universal covering of A in the
topological sense, and E : I' x I' = 2m\/—1-Z the alternating form that correponds to the
Chern class of X (compare 3.18-19 ). Let I't := {y e T®T | VY € T E(v,v') € 2ny/—1-7},
then by [M1] §9 prop. p.84 (iii) we have H(X) = I'*/T. The canonical pairing e(X) is
according to [M1] §24 p.236 given by

(/1) x (0H/T) = €, (7], 7)) + exp(E(y,7")).

10.3. Level structure: Fix integers g > 1 and d > 1, and free Z/dZ-modules V[d] of
rank 2¢g and U|[d] of rank 1. Fix also a perfect alternating paring ¥[d] : V[d] x V[d] — Uld].
We consider abelian schemes A — S of constant relative dimension g, together with a G,,-
torsor X — A such that H(X) = A[d] for the above d. Consider the constant finite group
schemes V[d] x S and U[d] x S over S. A symplectic d-structure on X — A — S consists
of an isomorphism A : V[d] x S — A[d] and a monomorphism p : Uld] X S < Gy, g, such
that the following diagram commutes:

(V[ x S) xs (V[d] x §) —2dy yld x S

AxA | ju

Ald) x5 Ald] s Gps

Locally in the étale topology on S there always exists a symplectic d-structure.
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10.4. Normalization of G,,-torsor: Let [-1]: A — A be the inverse a — —a, and
i: A[2] — A the inclusion. The equation [—1] oi = ¢ yields a canonical ¢*[—1]*X = i*X.
The Gy,-torsor X is called totally symmetric if there exists an isomorphism [-1]*X = X
that agrees with this canonical isomorphism on A[2]. In other words X is totally symmetric
if there exists an isomorphism of schemes f: X — X such that the three diagrams

x L x Gpx X Xy @ xX X x4 A[2]
{ 1 { 1 N
A Uy oy X 1, X X S, x

are commutative. If S is the spectrum of an algebraically closed field, the remark in [M2]
§2 p.307 says that every totally symmetric G,,-torsor is uniquely determined by its Chern
class.

Let e : S < A be the zero section. A normalized G,,-torsor is a G,,-torsor X — A
together with an isomorphism e*X = G, g, i.e. with a trivialization along the zero section.
The trivialization is uniquely determined by its restriction to the “identity”-section in G, g.
Thus it is equivalent to a morphism of schemes 7: S — X such that the diagram

X
7
S = A

commutes. In the following we shall be interested in normalized totally symmetric G,,-
torsors (X,7) on A — S. By the above remark such an object uniquely determined up to
isomorphism by the relative Chern class of X.

10.4. A moduli problem: Let g, d, V[d], U[d] and ¥[d] be as in 10.3. We suppose
that d is even and at least 4. For every scheme S over Spec(Q) let

(isomorphy classes of quintuples (A, X, 7, \, ), where:

A — S is an abelian scheme of relative dimension g,
My(S) := < (X, 7) is a relatively ample normalized totally symmetric
Gp-torsor on A — S such that H(X) = A[d], and
L (A, ) a symplectic d-structure on X — A — S.

~

/

In the category of complex spaces we define M4(S) analogously. The following theorem is
well-known.

10.6. Theorem: The functor M,  on the category of schemes is representable by a
smooth quasiprojective scheme M, over Q.

Proof. The functor A, gsq of [M3] thm. 7.9 is representable by a quasiprojective
scheme over Spec(Z). Our functor M, is isomorphic to an open and closed subfunctor
of Ay 40,4 X Spec(Q), hence M, is representable by a quasiprojective scheme M, over Q.
Since d > 4 an object (A, X, T, A, ;) possesses no nontrivial automorphism, hence M, is
smooth. q.e.d.
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10.7. Construction of the moduli scheme as Shimura variety: Consider the
mixed Shimura data (P,X) = (Pa4, Xa4) defined in 2.25. We shall describe a natural
structure as in 10.5 on certain mixed Shimura varieties associated to (Pag, Xag).

As explained in 2.15, we may assume that W = U x V with the group operation
(u,v) - (W) == (u+u + 2 P(v,0'),v+ ) and the G = CSpyyg-action g((u,v)) =
(9(u),g(v)). Choose Z-structures on U and V such that ¥ induces a unimodular pairing
V(Z) x V(Z) — U(Z). Since G acts faithfully on V this also gives a Z-structure on G. For
every even positive integer d we define the open compact subgroups

K;=Ks(d):={g9€G(Z)|g=1modd},

Ky =K} (d) :=(d-U(Z)) x (d- V().
Since d is even, the definition of the group operation on W implies that K}/V is indeed a
subgroup of W (Ay). Clearly it is normalized by K. Thus K]]f = Kf(d) = K}/V x Ky is an

open compact subgroup of P(Ay). ;From now on we assume d > 4. Let KfU = U(Af)ﬂKF/
and K}/ = KJW/KU, and write

M =M@d) = Mé{i (CSpag,a, Hag),
x K
"(V % CSpag g, Hag), and

K
MV = Mv(d) = M(C !
KP
My = My (d):= Mg’ (Pag, Xog),

(see 9.25). The projections
(Pags Xog) — (Vag 2 CSpagq, Hag) — (C'Spago, Hag)-

induces holomorphic maps My, — My — M.

By 3.14, My — M is a family of abelian varieties of relative dimension g. Remember
from 2.25 the structure on (Pyg, Xog) — (Vag x CSpag g, H,) as a ((Po, Xo) — (Gm,q, Ho))-
torsor. The image of Ky in G, (Ay) is

Kj = K;(d) := {t € Gn(Ay) | t = 1mod d},

. K}J xKj
so by 3.12 (b), My — My is a torsor under the group scheme M (Po, Xy) —

K
Mg (G, Ho). As in 3.17, under the isomorphism

KU xK* K*
M ' (Py, X)) === Gy x Mg ' (Gonyg, Ho)

defined in 3.16, this turns My — My into a G,,-torsor. By 3.21 its inverse is relatively
ample with respect to My — M. From now on we replace this G,,-action by its twist
under the automorphism G,, — G,,, z + 2z~ . This corresponds to replacing the G,,-
torsor My — My, by its inverse, but as a scheme the “new” My is equal to the “old” one.
With this new structure, it is relatively ample.

Let € : (Cszng,Hgg) — (Vgg X CSP2Q,Q7H/29) and 7 : (CSPQg’Q,HQQ) — (P2g,X29)
be the morphism that corresponds to the splitting C'Spag g, Hag — Vog x CSpag o and
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CSp2g,q; Hag — Pog. They induce morphisms [e] and [7] such that the following diagram

commutes.
M

o g N

My —Lomy, L a
Since [e] is the zero section, this defines a normalization of the G,,-torsor My — My .
Define V[d] := V(z)/d -V (z) = V(2)/K}, and Uld] := U(z)/d - U(Z) = U(Z)/K}.
Since ¥ : V(Z) x V(Z) — U(Z) is unimodular, it induces a perfect alternating pairing
U[d] : V[d] x V[d] = Ul[d]. The group V(Z) normalizes KJY x Ky in V(Af) x G(Ay). Thus
3.15 gives an isomorphism A : V[d] x M — My [d] of group schemes over M. *Likewise U(Z)

K
normalizes K}J x K% in Py(Ay), so 3.15 yields a monomorphism Uld] x Mg NG, Ho) =

KYxK3
M.’ i (Po, Xp). Under the above identifications we get a monomorphism p : U[d]x M —

Gy X M.

10.8. Proposition: The quintuple (M, My, [T], A, i) is an element of M (M), and
hence corresponds to a unique morphism M — M, ¢.

Proof. We have to show:
(a) My — My is totally symmetric.
(b) H(Mw) = My[d].
(c) The pair (A, ) is a symplectic d-structure on My — My — M.

It suffices to verify these assertions fibrewise and in the category of complex spaces. Fix
a point [(y,g¢)] € M(C) = MKf(CSPQ/\%Q,HQg)(C). Since C'Spag(Af)G(Af) = G(Q) - G(Z),
we may assume that (y, gr) € HogxG(Z). Let I'y :=d-V(Z) and I'yy := (d-U(Z))x(d-V(Z)),
then the fibres of My, and My over [(y,gy)] are isomorphic to X := I'y/\W(R) - U(C),
respectively A :=I'y\V(R).

For (a) we consider the homomorphism W — W, (u,v) +— (u,—v). It maps KJYV to
itself and commutes with the action of G, so it induces an automorphism 2 of the Shimura
data (Pag, Xag), and hence an automorphism [z] of Myy. It operates in X by the same
formula (u,v) — (u,—v), and it commutes with the action of U(C) on X and therefore
with its structure as C*-torsor. Every point in A[2] is of the form [v] fiir v € £ - V(Z). For
such v we have (0,2v) € I'yy, hence for any u € U(C)

(0,2v) - (u, —v) = (u + % U (20, —v),2v — v) = (u,v),

since ¥ (v, v) = 0. This shows [¢]([(u, v)]) = [(u, —v)] = [(u,v)], so [¢] is equal to the identify
over A[2]. By 10.4 this proves (a).

Since we have inverted the G,,-torsor My, — My, 3.19 implies that the Chern class of
X — A now corresponds to the alternating pairing +W¥ : T'y x 'y — I'y := U(Q) N Tyy.
Via the isomorphism 3.16, we get the equation F = % “Ay(y) © V. It is verfied at once that
(I'y)* = V(Z), whence K (X) = V(Z)/T'y = A[d], which implies (b).
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By 10.2 this also shows that e(X) : A[d] x A[d] — C* is given by

1
(1) ) = x5 - Mgy © (o, 0).
By 3.15 X is given by

VI[d =2V(2)/d-V(Z) = U(Z)/d-V(Z) =2 V(z)/d-V(z) = Ald],
el = lgr(vp)],

and by 3.15 and 3.16, p is given by

Uld =U(Z2)/d-U(Z) = U(z)/d-U(Z) =U(z)/d - UZ) — CX,
[ug) = [=gs(up)] = [u] = exp(—=g - Ay(y) ().

The commutativity of the diagram 10.3 is therefore equivalent to the identify

U(—gs(vs), —gr(v})) = V(vg,v}) modd - U(Z).

This congruence follows from the bilinearity and the G-equivariance of the pairing ¥. This
proves (c). q.e.d.

10.9. Proposition: The morphism M — M, - of 10.8 is an isomorphism.

Proof. Both are smooth varieties over C, so it suffices to prove the bijectivity on
their C-valued points. Consider (A4, X, 7,\, i) € My(C). Write A = A/T", where A is the
universal covering of A, and let £ : T' x I' = 2my/—1 - Z be the pairing associated to X.
Let \g be an isomorphism Z — 27/—1 - Z. Then I'" = Zli -I"is in I' ® Q, and the pairing
't x I't — Z induced by d? - Ao 1 o E is unimodular. Thus there exists an isomorphism
¢ : I' = I'y such that this pairing corresponds to the pairing ¥ : V(Z)xV(Z) — U(Z) = Z.
The complex structure on A = V(R)/I"y then corresponds to a unique action of S on V(R).
By [M1]§2 cor. p.18 we have E(v/—1-v,v/—1-v") = E(v,v’) for all v, v € V(R), hence this
action factors through a unique homomorphism h : S — Gg. Since X is ample, —\g o ¥
is a polarization of the Hodge structure on V' defined by h, hence h € Ha,4. The given
isomorphism A : V[d] — A[d] = V[d] is symplectic, so there exists g € G(Z) such that A is
induced by conjugation with g¢r. We have already chosen an isomorphism between A and the
fibre of My — M over the point [(h,gy)]. The Chern classes of the two normalized totally
symmetric C*-torsors correspond to each other, so by 10.4 they are isomorphic. Since p
is uniquely determined by A\ and the commutativity of the diagram 10.3, the d-structures
also correspond. Thus (A, X, 7, A, 1) is in the image of the morphism M — Mg ¢, and the
surjectivity is proved.

Every other isomorphism I' — I'y, such that E corresponds to the pairing ¥ : V(Z) x
V(Z) — U(Z) = Z, must be the form int(g) o ¢ for some g € G(Z). The homomorphism h
must then be replaced by int(g)oh and g by g-gf mod Ky. But [(int(g)oh, g-gf)] = [(h, gf)]
in M, this proves the injectivity. q.e.d.

10.10. Corollary: Let X; - A; — M, be the universal family, these are smooth
quasiprojective schemes over Q. The data in 10.8 determines isomorphisms My (d) —
Xy, My(d) — Agc and M(d) — M, ¢, compatible with all described structures.
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Proof. This follows from 10.9 and the universal property of M. q.e.d.

We now study the relation of the modular interpretation of My with some of the maps
of 3.4 (a).

10.11. Proposition: Let d > 4 be an even integer. Any element w; € K}/V(Z)

normalizes K JICD (d), and the automorphism of the scheme Xy corresponding to [ -wy] :
My — My, can be described uniquely in terms of modular data.

Proof. Let (uy,vs) = wy, and considAer wy = (uy, vY) € K}/V(d) We have [wy, w’] =
W(vs,v}) € U(Af), and since vy € 2-V(Z) and v} € d- V(2), it follows that W(vs,v}) €
2d-U(Z) C K}J(d) Thus wy normalizes K}/V(d) Next let gy € K¢(d), then

[wg, gf) = wi - gp(wp) ™ = (ug,vp) - (g7 (up), g (vf)) ™

= (ug,vs) - (—gr(uyg), —gyr(vy))
= (uf — gsuy) — % W(vy,gp(vy)), vy — gr(vy)).

Since g; = 1(mod d) and vy € 2- V(Z), we have vy — gr(vy) € 2d - V(Z) and uy — gy (uy) €
2d - U(Z). Since ¥ is alternating, we have

1 1 1 A N
5 W, g5(ep) = 5 - (og, gp(vg) —vp) € 5224 U(Z) C d-U(Z),

Thus [wy, gf] € KJW (d), which proves that wy normalizes K }3 (d).

For the second assertion we write w; = (ugs,0) - (0,2vf) with uy € 2-U(Z) and vy €
V(Z). If vy = 0, then [ -wy] operates on the C*-torsor My — My by multiplication by
p(—[us]) € C*, so this map is given in modular terms. From now on we assume u; = 0.

As in the proof of 10.8 consider a fibre X := I'yy \W (R)-U(C) of My — M over [(y, g¢)],
where g; € G(Z). By 3.15 [ -wy] operates on X by [w'] = [w™!-w’] for any w € W(Q) such
that g?l(w) = wymod K}/V. Let v € V(Z) such that gJTl(U) = vymodd - V(Z), then we
can for instance choose w = (0,2v). The isomorphism [ -wy] then induces the translation
[V'] = [v" —2v] on A :=Ty\V(R), and since U is in the center of W, it commutes with the
action of C*. Now [v] € H(X), and every holomorphic isomorphism of C*-torsors X — X
over the translation Tj_,) is of the form f : [w'] — [(u,v)™ - w'] for some u € U(C).
The isomorphism [¢] : X — X, [(¢/,v")] — [(v/,—2")] in the proof of 10.8 is the unique
isomorphism X — X over the inversion map on A, which induces the identity map over
the zero element of A. For arbitrary u € U(C) we have

[((w,v)) - (u,0) ™ = (u, =v) - (—u, —v) = (0, ~2v) = (0,2v)~".

Therefore 1)) o f~1 o [1) o f = [ -ws] on X, and this isomorphism does not depend on the
choice of w. This shows that | -wy] is uniquely determined by the modular data (compare
[M2] §2 p.319 remark 3). q.e.d.

10.12. Lemma: Let gf € G(Ay). Then for every sufficiently divisible even integer
d > 4 there exists an even integer d’ > 4 such that

Kf(d)Cgy-Kf(d)-g;" C Kf(2).
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Proof. This follows immediately from the fact that the K }D (d) are cofinal in the system
of all open compact subgroups of P(Ay). q.e.d.

10.13. Proposition: Let g¢, d and d’ as in 10.12, and define d” := d - d’. The
morphism Xgv ¢ — Xg¢ corresponding to the map [ -g¢| : Mw(d") — Mw(d) can be
described uniquely in terms of modular data.

Proof. By the inclusions Kf'(d") C Kf(d) C gy - K} (d) -g;l the map [ -g/] :
Mw (d") — Mw(d) is defined. The fibre over a point [(y,g})] € M(d")(C) is mapped
to the fibre over [(y,g} - gr)] € M(d)(C). Let I'yy := W(Q) N g}(K}’V(d”)) and Ty :=
W(@Q)nN (g} : gf)(KJW(d)), then with the identification of 3.13, [ -g] is on these fibres given
by

X":=Tyy\W(R)-U(C) — X :=Tw\W(R)-U(C), [w]— [w].

Consider the isomorphism

g% ()
g (KW (@) /KW (d")25(g) - ) (KW (d)) /g5 (KW (d")) = Ty /Tl

Let [wy] € gf(K;V(d))/KIEV(d”), and [w] its image in I'y /I'}},. Since by assumption
gf(K]W(d)) C K]W(Q), it follows, as in the proof of 10.11, that [ -wy] is on X" given
by ([w'] = [w™!-w']). Hence [ -gf] induces an isomorphism X”/gf(KJW(d)) — X. By 10.11
this quotient is uniquely determined by the modular data on X”. It remains to show that

the other structures on X are determined by those X”.

According to 3.16 we have the identification

(U@ NTHNT(E) = €, [u] = exp( 5 Ay (w),

and since we have inverted the C*-torsor My — My, this group operates on X” by [w] —
[u=! - w]. The analogous formula holds for X, and the identification lie in a commutaive
diagram

U@Qnry)\v(c) —— c~*

[u] — [u] J 4 22

U@ nTw)\U(C) —— C~,

which is made such that the projection X” — X is equivariant under the two actions.
Hence the C*-action on X comes from that on X”. Since g; € G(Af), the map [ -gy]
commutes with the section [7], so the normalization of the C*-torsor X" induces that of
X. Let I'y and I'{, be the images of I'yy and I'fj, in V(Q), and let A := I'y'\V(R) and
A" :=T{\V(R). It remains to show that the symplectic d-structure on A comes from the
symplectic d”’-structure on A”.

The symplectic d”-structure on A” is uniquely determined by the isomorphism X :
V[d"] — A”[d"]. Under the canonical identification

1 1

AMd"] = (55 - TV) /T = g5 (V(2))/g5(d" - V(2))
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this isomorphism is by 3.15 of the form
V[d" =V(2)/d"-V(2) = g5 (V(2))/g;(d" - V(2)), [v5] = [=g}(vp)].

The analogous formula hold for A. Since d” = d - d’, and by assumption d’' - V(Z) C
gf(d - V(Z)), the subgroup %l - T, is already contained in I'y. Thus the isogeny A" — A
factors through the endomorphism [d] : A” — A”. So let us consider the new isogeny

A = TU\V(R) = A = Ty\V(R), [o] [é 0.

A~

The inverse image of A[d] undAer this map Ais Ly /Ty, = (g} - g7)(d - VA(Z))/g}(d” : Y(Z))
Since by assumption g¢(d - V(Z)) C 2-V(Z), we have (g} - gf)(d - V(Z)) C g}(V(Z)), so
this inverse image lies in A”[d”]. For the d’-structure on A” and the d-structure on A we
therefore have the commutative diagram
[d-gs(vp)levidl — —  A'[d"|=A"3[v]
T T A
v[fleV(2) 29 VId] —Ald] —A 3[4 0]

This implies the assertion. q.e.d.

10.14. Corollary: The automorphism of X4 ¢ in 10.11, and the morphism Xgr ¢ —
Xg4c in 10.13, both descend to morphisms of schemes over Q.

Proof. By 10.11, 10.13, and the universal property of Xy — M. q.e.d.
Remark. P,(Ayf) is generated by KJW(Z) together with C'Spa (Ay). Thus, for our
purposes, the corollary holds for sufficiently many maps.

We now want to obtain the same results for the mixed Shimura data (FPp, Xp) defined
in 2.24. This is, mutatis mutandum, a special case of the above.

10.15. A moduli scheme for roots of unity: For any positive integer d, let
fta.0 C Gmg be the kernel of the homomorphism ¢ — 9. Let MY C Gy, o be the reduced
closed subscheme 14,0 — Ugp|ga<q Ha' o Of all primitive d™™ roots of unity. For any scheme

S over Q, it is equivalent to give an S-valued point on M 2, or to give an isomorphism
(Z/d-Z) x S = jigs. In other words, MY represents the functor

Isom((Z/d - Z) x Spec(Q), ita,g)-
Consider the mixed Shimura data (P, Xy) defined in 2.24. Let
KfU(d) =d- Z C Af = Uo(Af) and
Kf(d) = {tf € Gm(Z) | ly = 1 modd},
then Kf(d) = K}J(d) x K¢(d) is an open compact subgroup of Py(Ay). Every Kf(d) is a
normal subgroup of K f (1). Put

MO(d) = MED (G, 00 Ho) and

(d)

0 K{
My (d) :== M ' (Po, Xp).
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The canonical isomorphism M (d)(C) = C* x M°(d)(C) defined in 3.6 gives an isomor-
phism MJ}(d) —= G,,, x M°(d). Since K]g(l)/KJg(d) =172/d-7 = 17/d-7Z, 3.15 defines a
monomorphism (Z/d - Z) x M°(d) < M}(d) —~= G, x M°(d), whence an isomorphism

(Z)d - 7) x M°(d) == pgq x M°(d).

By the universal property of M 2, this defines a morphism M°(d) — M 270 Defining X 2 =
Gm,g X Mg, we in turn get a morphism M[(}(d) — X?l,c

10.16. Proposition: (a) The morphisms M°(d) — M?l,c and M3 (d) — X?Z,c are
isomorphisms.
(b) Let py € K]g(l) UGm(Af), and d’, d such that the map [ -ps] : MJ(d) — MJ(d) of
3.4 (a) is defined. Then with the identifications in (a) this map corresponds to a morphism
XY — Xg over Q.

Proof. (a) Let e: (Gp g, Ho) — (Po, Xp) be the given section, then the isomorphism
MJ(d)(C) —= C* x M°(d)(C) of 3.16 is given by

(- ey, et )] = (explg - Ay, [ 1))

for u € U(C) and t € Ho, and t; € Gy(Z). Using 3.15 it follows that the isomorphism
(z)d-7Z) x M°(d) -~ pg x MY(d) is given by

(1 [0 0)) = (3D - Ay (), (3 )

for [u] € Z/d -7, y € Ho, and t; € G(Z). Clearly every isomorphism Z/d - Z 2 14(C)
occurs in precisely on fibre over M%(d)(C), so the map M°(d)(C) — MY(C) is a bijection.
Since both are normal reduced schemes, M°(d) — M ?l,C must be an isomorphism. This
implies (a).

(b) Ifpy =us €2 = K}](l), then by the definition 3.15 the map [ -uf] : M} (d) —
M (d) corresponds to the automorphism (t,¢) = (¢, C) of Gpox MY. Next if pr = e(ty)
with t; € G,,(Z), then the formulas in (a) show that the map [ -e(t;)] : M3(d) — MY(d)
corresponds to the automorphism (¢, ¢) + (£, (%) of Gy, g x MY. Tt remains to consider the
case py = e(t) with ¢t € Q°% C G,,(Q). Since e(t) - K]‘f)(d) e(t)"t = K]‘f)(d)(t -d), d’ must be
a multiple of ¢ - d. On C* x M°(d)(C) the map [ -e(t)] : M} (d') — MJ(d) is given by

(2 [(y, t =[N (d - log(2)) - e(y), elty))]
= [(Ay (d' log(2)) - e(y), e(ty) - e(t))]
= [(e(t)™"- A, (d' - log(2)) - e(y), e(ty))]
]

= [(t71 (N (d - 1og(2))) - e(y), e(ty))

=(expl - Myl Ay (@ -Tog(2)), [, 1)
= " [ t)).
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where d’ = j—ft € Z. Thus it corresponds to the morphism
Gmg X MY = G x MY, (t,¢) = (%, ¢?/9).
In each of the three cases the morphism X 0, 5 X 2 is defined over Q, as desired.  q.e.d.

For the rest of this chapter we shall do something similar for the compactification of a
mixed Shimura variety. In a very special case, we shall give a modular interpretation for
the isomorphism 7.17. The following construction is well-known.

10.17. The Tate curve as a torus embedding: Consider the projection pri :
G?n,@ — G0, we may consider this as the (relative) commutative group scheme obtained
from G, o — Spec(Q) by base change ( ) Xg Gy, g. The torus embedding associated to
o =R2VCR= Yi(Gpg)r is just Gy, g — A}@. Let T be the partial cone decomposition of
R? = Y*(G%%Q)R that consists of the cones R=? - (1,n) + RZ? - (1,n + 1) for all n € Z, and
their faces; as illustrated in the diagram:

Let 7" C T be the subset of all cones of dimension < 1. Write Z := (G?n’@)fr and
7" = (G?n,Q)TT

By the criterion 5.4 for the functoriality of torus embeddings, the projection G?n’(@ —
Gm,p extends to a morphism Z — A(l@. The inverse image of G, o C A(l} is just an’(@, but
the fibre over 0 is a infinite sequence of projective lines, with the point 0 of each component
glued to the point oo of the next one. It is easily checked that the morphism Z — A}@ is
flat. The open subscheme, on which it is smooth, is just Z”. The structure of commutative
group scheme on pr : an’(@ — G @ s given by the identity section, the inversion, and the
group operation. These are

Gm,q = G, ) s = (s, 1),
G%%Q — an@, (s,t) = (s, t7h),
Ging XCmo Gmo = Ghg = Ghgr (s,t1,t2) = (5,11 -12)

respectively. We claim that they extend to morphisms
Ay —Z", 2" — 2", and Z" X 2" =20 and 2" 0 Z = Z

respectively. In fact, for the first two morphisms this is a direct application of 5.4. It is
easily checked that the embedding
G = G,

m

2 r

is the torus embedding with respect to the partial cone decomposition of R3, consisting of
the cones
R=0. (1,m,n) +R=%. (1,m,n +1)
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for all m,n € Z, and their faces. Since such a cone maps to the cone
R=C. (1,m,n) +RZ"- (I,m+n+1) €T,

by functoriality we get a morphism Z" x Al Z — Z. The same argument applies to Z" x Al
Z" — Z". Since an’(@ is dense in Z", the group axioms for pry : an,Q — G g extend, so
Z" — A}@ is a commutative group scheme. Likewise, the morphism Z” x Al Z — 7 defines
a group action. (7" — A(b is the Néron-model of G,,,, but we will not need this fact.)

Consider the action of a € Z on G%n’@ through (s,t) — (s,s*-t). Clearly T is invariant
under these substitutions, and Z cyclically and transitively permutes the irreducible com-
ponents of the special fibre. The identity component of the special fibre is again G, g, so
we get a canonical group isomorphism between the special fibre of Z" — A(%D and Z X G, g-

Let Z be the formal completion of the special fibre in Z. For any positive integer d
we can form the quotient Z/d - Z. This is formally proper and flat of relative dimension 1
over the completion of Aé in {0}, so the formal scheme is algebraizable, yielding a proper
flat scheme £ — Spec Q[[s]]. Letting E” C E be the open subscheme which is smooth over
Spec Q|[s]], we obtain the structure of a commutative group scheme on E” — Spec Q|[s]],
and the action E" Xgpecq[s] £ — E. This is a generalized elliptic curve in the sense of
[DR] I1.1.12. It is easy to show that £ — SpecQ|[s]| is the universal deformation of the
closed fibre as a generalized elliptic curve (compare [DR] I11.1.2).

The kernel of the multiplication by d on Z/d - Z is the formal scheme associated to
(Z/d-7Z) x pg, so E"[d] is canonically isomorphic to

(Z/d-7Z) x ng x SpecQl[s]] — SpecQ[[s]].

A d-structure on E — SpecQ|[s]], in the sense of [DR] IV.2.3, is an isomorphism (Z/d -
7)? = E"[d]. Thus giving a d-structure is in our case equivalent to giving an isomorphism
Z/d -7 = pg. In particular, if M 3 is as in 10.15, there is a canonical d-structure on
E x MY — SpecQ][s]] x MY. Again, this is the universal deformation of the closed fibre
as a generalized elliptic curve with d-structure.

10.18. The Tate curve in terms of mixed Shimura varieties: Consider the
mixed Shimura data (P, Xy) defined as in 2.24. Let (Py, Xp) be the fibre product of (Py, Xp)
with itself over (G, g, Ho); we have canonically Py & (Up x Up) x G, p. Consider the open
compact subgroups
K :=d-7c Ay =Up(Ay),

!
K;(f’m = {t €2” | t; = 1modd},

Kjfo = KfUO x K™ C Po(Ay), and
KT = (kU0 x KU0) K7 Py(ag).

With the identification of 10.15 we have canonical isomorphisms

0 Ko 0
My == Mg " (Po, Xo) = Gy X My,

Py

~ K ~ ~
Mgy := Mg’ (Po, Xy) = Gy x My .
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By 6.8-9, the partial cone decompositions 7" C 7T of 10.17 correspond to unique K fo—

admissible partial cone decompositions X C X for (]50, «‘EO). Thus if ¥ denotes the cone
decomposition for (Py, Xp) considered in 6.9, we get canonical isomorphisms

Py

—0,r Kf ~ ~ ~ 0

MU = M(C (POwXOaEG) = 7 ><Mcl,(C
N N N

—0 Kﬁo

My =My 7 (P, X,%0) 2 Zx M,

3 + S

Py

—0 K _
My :==Mc' (Py, X0, %0) =2 Al x MJ.

Recall (2.21,3.12 (a)) that the group structure on Mg — M) is given in terms of maps
3.4 (b). We can directly translate 10.17: the condition of 6.25 (b) holds for each of the
necessary maps. The action of Z on Z X M, corresponds to the action on M induced
by the maps [¢,], where ¢, is the automorphism of (Py, Xp) given by

PO = (UO X U()) X G, D (ul,ug,t) > (ul,a - U —l—UQ,t).

By 10.15 the canonical isomorphism Z/d - Z = g over M, - can be expressed in terms of

maps 3.4 (a). Thus 10.17 shows that, over the formal completion of M?J along the boundary
MU ~ M 8, we have a canonical generalized elliptic curve with d-structure, and this structure
can be defined purely in terms of maps 6.25.

We now “glue” the objects just constructed into the boundary of other objects.

10.19. A certain toroidal compactification: Consider the Shimura data (GLag, H2)
defined in 2.7, and its unipotent extention (P, X') := (V4 x GLag, H5), defined in 2.25. Here
V3 is just the standard 2-dimensional representation of GLag. For every positive integer d

we let A
Ky = Kf(d) ={g AG GL2(Z) | g = 1mod d},
Ky = K{(d) :==d-7? and
K{ = K{(d) = K} »x Ky,

and define «
KP
Mviz M(C 7 (‘/2 X GL27Q,H/2).

As explained in 4.15, we identify the mixed Shimura data (P, Xy) with a rational boundary
component of (GLa gHz2). Every proper rational boundary component is GLy(Q)-conjugate
to this one. The rational boundry component is (V2 x GLa g, H5) associated to (P, Xp) is
isomorphic to (f’o, 220). Embedding all our groups into GL3 o we have

P . B

I
I

Q

o % ¥
o % ¥
— % %
I
S O *x
o R %
="
O ¥ %
o % ¥
_ % %
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where Q is the normalizer of Py. We identify the unipotent radical of Py with GC%’@ by

(z,y) «—

o O =
o~ 8
— o

The cone decomposition of 10.18 correspond canonically to K f (1)-admissible cone
decompositions for (P, X). In fact, since P(Af) = Q(Q) - K ]If (1), there are precisely two
conjugacy classes of (Pp,py) modulo the actions 6.4 (ii) and (iii). One of these corresponds
to P; = P, for which there is nothing to specify. Since the other is represented by (150, 1), any
cone decomposition ¥ for (P, X) is determined by X\ (By. &) BY 4.26, the cone C* (X9, Py)

corresponds to {0} UR”? X R under the above identification. Moreover, I' := Stabgq)(X°)N

Py(Ay) - K]]f(l) acts on this through

(z,y) — b (x,£y + ax) for a € Z and b € Q°.

Thus there are unique K JICD (1)-admissible partial cone decompositions ¥ C ¥ for (P, X)

with Zr( Poity) = >y and Z| (Po,o) = >0, and the latter is complete. There exists a unique

complete K ¢(1)-admissible cone decomposition for (GLzgH2), which we denote by . Of
course, all these cone decompositions remain admissible for K ]If = K?(d), resp. K; =
K¢(d). We define

— K

Mvt: M(C ! (Vé X GLQ’Q,HIQ, E),

— KF

My:= M%f (Vo x GLa g, ’Q,E’"k and

M = Mc f(GL2,Q7 H2’§) = M(C f<GL2,@a H2)*'

(By 9.39 (b) we know that My is a projective variety for every d, but we shall not need
this fact.)

10.20. The moduli scheme of generalized elliptic curves in terms of mixed
Shimura varieties: ;From now on we assume that d > 3. Then the fibres of My — M

Gm

K _
are elliptic curves. Consider the boundary stratum My’ (G, q, Ho) of M, associated to
(P, Xp) and py = 1 (see 6.3). This is canonically identified with the unique proper boundary

stratum of M%, and 9.37 yields an isomorphim between its formal neighborhoods in M and
M([)J respectively. Likewise, for the rational boundary component (Py, Xy) of (P, X), and

—0
ps = 1, the group Ay of 7.3 acts on M, just like the group d-Z in 10.18. Thus, by 7.17, the

K _ _ —0 ~
inverse image of M’ (G g, Ho) of My — M is isomorphic to (M~ M{})/d-Z, and 9.37
yields an isomorphim between its formal neighborhood in My and the quotient by d - Z of

—=0 ~ —0
the formal neighborhood of M, ~ M}} in M.

Recall (10.7-8) that the structure of My — M as an elliptic curve with d-structure can
be defined purely in terms of the maps 3.4. As in 10.18, we find that this structure extends
and makes My — M into a generalized elliptic curve with d-structure.
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Now let Md be the moduli scheme of generalized elliptic curves over Q with d-structure.
By [DR] IV.2.9, it is smooth, projective, of dimension 1 over Q. Consider the moduli scheme
M, in 10.6 for g = 1. One easily checks that, for g = 1, the data (A4, X, 7, A\, p) in 10.5
is determined up to unique isomorphism by (A4, A). Thus the forgetful functor induces an
open embedding M <+ M, and the image is Zariski-dense. By the universal property of
M, the structures defined above induce a morphism M — Md,c- This morphism extends
the isomorphism M —— Md,c of 10.9. It is easy to see that M — Md,c is an isomorphism
(for instance because M is also proper and smooth). If E; — M, is the universal family,
then this also induces an isomorphism My = Eqc.

10.21 Summary of 10.17-20: To tie everthing up, consider the generalized elliptic
curve with d-structure, constructed in 10.17. By the universal property of M, it defines a
morphism Spec Q[[s]] x MY — M,,. Since the former is a universal deformation, this gives
an isomorphism of the completion of M, along M 2 — M,.

In summary, the different objects and morphisms we have constructed form the follow-
ing diagram.

Here FC() denotes formal completion along a closed subscheme that was specified above. All
diagonal arrows are isomorphisms. These, and the arrows in the foreground, are all defined
in terms of modular data, and the latter descend to Q. The arrows in the background
have been defined in terms of maps 6.25. By the universal property of the moduli schemes
involved, the whole diagram is commutative! We have thus proved the following proposition.

10.22 Proposition: With the identification M 22 M, . of 10.20, and M?] =¥ XM&C
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of 10.18, the isomorphism 9.37 of the formal completions of M and MOU corresponds to an
isomorphism of the formal completions of M, and A! x M Com, that is defined over Q.
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Chapter 11

Canonical models

We introduce the concept of canonical models, and prove the existence and uniqueness of
canonical models for all mixed Shimura varieties. The existence is proved by reduction to
the case of usual Shimura varieties, where it is known by [Mil] thm. 7.2. A central role is
played by the modular interpretation of certain mixed Shimura varieties, and by the main
theorem of Shimura and Taniyama about abelian varieties with complex multiplication. In
the whole chapter, we closely follow [D1].

After defining canonical models (11.1-5), we study their functorial behavoir. In 11.9
we show that if a canonical model exists for some mixed Shimura data, then this induces
a canonical model on any embedded mixed Shimura variety. This implies functoriality
(11.10), and in particular uniqueness (11.11) of canonical models. We prove the existence
of canonical models for those mixed Shimura varieties, whose modular interpretation was
studied in the previous chapter (11.14-16). The main theorem (11.18) on the existence of
canonical models in general is then reduced to [Mil|thm. 7.2.

11.1. The reflex field: Let (P, X') be mixed Shimura data. For every z € X’ consider
the homomorphism hzopu: Gy, c < S¢ — FPe, where p: Gy, c < Sc is the homomorphism
defined in 1.3. Since the different h, are all conjugate under P(C), we get a conjugacy of
cocharacters of Pr that depends only on P and X. The automorphism group of C acts
continuously on the (discrete) set of all such conjugacy classes, so the given conjugacy class
is defined over some number field £ C C.

Definition. The reflex field of (P, X'), denoted by E(P,X), is the field of definition of
the conjugacy class of h, oy for any x € X.

11.2. Properties: (a) It is important that the reflex field is given as a subfield of C.

(b) For any morphism of mixed Shimura data (P, X1) — (P, X2) we have E(P;, X1) D
E(P,, X;). This follows at once from the fact that the map from the set of conjugacy classes
of cocharacters of P; ¢ to the set of conjugacy classes of cocharacters of P ¢ is invariant
under Aut(C).

(c) The set of all conjugacy classes of cocharcters of Pr depends only on P/W. Thus
E(P,X)=E(P,X)/W)=E((P,h(X))/W). In particular, E(P;, X1) = E(P, X2) for any
unipotent extension (P, X7) — (Pa, Xs).
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(d) If the central torus of G splits over a totally real field or a C'M-field, then the reflex
field is totally real or a C'M-field. This follows from (c) and [D1] 3.8.

11.3. The class of field isomorphism: Let E be a number field. Class field theory
gives a canonical isomorphism

Gal(EY/E) = 110(Gyp (AE)/Gm (E)).

In order to avoid a sign ambiguity we state it explicitly. Let v be a nonarchimedean prime
of E, 7, a local parameter in F,, and E’ an abelian extension of F that is unramified at v.
Then the composite map

70(Gm(AR)/Gm(E)) — Gal(E®/E) 1 Gal(E'/E)

maps the idele (...,1,7,1,1,...) to the Frobenius at v. This convention determines the

Y Y v Y

class field isomorphism uniquely.

In the case £ = Q the inclusion Z* < Gy, (Af) = G(A) induce an isomorphism
X = X7 /(@) = (R*)N\A/QF = m0(Gm(A) /G (Q))-
Its composite with the above class field isomorphism is precisely the cyclotomic character
Gal(Q®/Q) = Z*, 0 — a,,

which is given by the condition: For any root of unity ¢ € Q* we have o(¢) = (%.

11.4. The reciprocity law for a torus: Consider Shimura data (7)), where T
is a torus. Let £ = F(T,)) be its reflex field. By definition E is the field of definition
of the cocharacters hy o 1 : Gy, c — I¢ for an arbitrary y € Y. Let py, : G, g — T be
the corresponding homomorphism over E, and R q(pn) @ Re/qGme — Reple its Weil
restriction. The composite map

RE/o(kn) Normpg /q

R /oGm,r — L R T T

induces a continuous homomorphism
70(Cm(AR)/Gm(E)) — mo(T(A)/T(Q)).
Together with the class field isomorphism of 11.3
Gal(E/E) 1 Gal(E®/E) == mo(Gm(AE) /G (E))
we get a homomorphism
v Gal(E/E) — m(T(A)/T(Q)),

which is canonically associated to the Shimura data (7,)). This homomorphism % is
reciprocity law for (7', )).
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Consider the natural action 7'(A) from the left hand side on )V x T'(Ay):

T(A) =T(R) x T(Af) 2 (too,tf) : Y xT(Af) =Y xT(Ay),
(yat/f) = (oo - Yty - t/f)
Let K¢ C (Af) be an open compact subgroup. Since T is abelian, this action induces a
transitive action of T(A)/T(Q) on MEs (T, Y)(C) = T(Q)\Y x (T'(Af)/Ky). This is a finite

discrete set, so this action factors over mo(T(A)/T(Q)). We define an action of Gal(E/E)
from the left hand side on M%7 (T,Y)(C) by the formula

o(z) := (o) (x).

This action defines descent data for Mé(f (T,Y), yielding a model M%7+ (T,Y) over E, i.e. a
scheme M%7 (T,)) over E together with an isomorphism Mé(f (T,Y) = MEr(T,Y) xg C,
unique up to canonical isomorphism. This is the canonical model of M7 (T, Y)(C).

Let ty € T(Af) and K} C Ky open compact subgroups of T'(A¢). Then the map
[ty Mé{} (1,Y) — Mgf (T,Y) is defined. Since T is abelian, this map is equivariant
under the above action of T'(A), hence also under the action of Gal(E/E). Therefore it

corresponds to a morphism of the canonical models M K5 (T,Y) — MX:(T,Y), defined over
E, which we again denote by [ -t].

11.5. Definition: Let (P, X’) be arbitrary mixed Shimura data. A canonical model
for (P,X) consists of a scheme M%7 (P, X) over E(P,X) for all open compact subgroups

K; C P(Ay), together with an isomorphism Mé(f (P,X) = MX7(PX) X g(p,x) C, such that
: .

(a) Every morphism | -pf]K}7Kf : M.T(PX) — Mé(f(P, X') descends to a morphism
defined over E(P, X)

[-prlicy i, 2 MET(PX) = MRI(PX).

(b) If ¢ : (T,Y) — (P,X) is an embedding, where T is a torus, and K}F C T(Ay)
and Ky C P(Ay) open compact subgroups such that ¢(K§’;) C Ky, then the morphism

[(b]K}“’Kf : Mé(?(T, Y) — Mé{f (P, X) descends to E(T,)):
Wlxr s, = MY (T,Y) = MR1(P.X) X pp vy B(T. V).

In order to study the functorial behavior of canonical models, we first need some tech-
nical facts.

11.6. Lemma: Let (P,X) be mixed Shimura data. For every finite extension E’
of E(P,X) in C there exists an embedding (7,)) — (P, X), with T" a torus, such that
E(T,Y)NE = E(P,X).

Proof. For P reductive and h : X — Hom(Sc, Pr) injective this is the assertion
of [D1] thm. 5.1. Thus for P = G reductive we already know it for (G,h(X)). Let
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(¢, 0) : (T,Y) — (G,h(X)) be an embedding, then ) consists of one element only. Choose
x € X such that h(z) € (). Let V' be the T'(R)-orbit in X that is generated by z, and let
Yo Y < X be the inclusion. Then (¢,¢’) : (T,Y’) < (G, X) is an embedding of Shimura
data. Since by 11.2 E(G,H) = E(G,h(H)), the assertion follows for (G, X). Finally let
P =W x G be arbitrary and (P, X)/W = (G,H). Since by 11.2 E(P,X) = E(G,H), and
there exists a section (G,H) — (P, X), the assertion follows from that for (G,H). q.e.d.

11.7. Lemma: Let (¢,¢): (P, X’) — (P, X) be a morphism of mixed Shimura data,
and Ky C P(Ay) an open compact subgroup. Then the union of the images of every map

prlold]: M5; P’ X" (C) = MEs(P,X)(C) for all K. and py for which it is defined, is
f f f
Zariski-dense in M~/ (P, X).

Proof. (Compare [D1] 5.2) The set in question is

P@\(P(Q) - (X)) x (P(Af)/Ky) C P(Q\X x (P(Af)/Kp),

and it suffices to show that it is not contained in any proper closed complex analytic subset.
Since P(Q) is dense in P(R), the closure of P(Q)-1¢(X’) in X is equal to P(R)-¢(Xx”). Thus
it suffices to show that no P(R)-orbit in X" is contained in a proper closed complex analytic
subset of X'. Consider the projection X — Z := U(C)\X. Since P(R) acts transitively on
Z. it suffices to prove the assertion in every fibre. But X — Z is a holomorphic U(C)-torsor,
and U(R) is not contained in any proper closed complex analytic subset of U(C). q.e.d.

11.8. Lemma: Let E be a subfield of C, X a scheme over E, and Y a reduced closed
subscheme of X xg C. Suppose that we are given a collection of overfields £ C E; C C
whose intersection is E. Suppose that for every ¢ we are given schemes Z; , over E; with
morphisms ¢; o : Z; o — X xXg E; over E;, such that Y is the Zariski-closure of

U¢i,a(Zi,a X Eoz(c)-
a

Then Yz =Y x g C for a unique reduced closed subscheme Y C X defined over E.

Proof. (Compare [D1] 5.3) The data defines descent data for Y¢ as closed subschemes
of Xc. By [SGA1)éxp.VIII cor. 1.9 this descent data is effective. q.e.d.

A central role is played by the following proposition.

11.9. Proposition: Let (P, X]) < (P2, X2) be an embedding of mixed Shimura data.

If a canonical model exists for (Pa, X2), then there exists a canonical model for (P, 1),
K} K2
such that every morphism [¢] : My 7 (P, X1) — Mg ' (P2, X2) descends to a morphism

1 2
MKf(P17 Xl) — MKf (P27 X2) XE(PQ,XQ) E(P17X1)

defined over E(Py, X7).

Proof. (Compare[D1] 5.7) By 11.2 (b), E(P, X>) is containd in E(P;, X1), so the
assertion makes sense. Let us write E := E (P, X7). Let K} C Pi(A¢) be an open compact
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subgroup, and KJ% C P>(Af) an open compact subgroup according to 3.8, such that [¢] :

K} K2 . . K2
Mg ' (P, X1) — M™77 (P, Ap) is a closed embedding. Let X := M7/ (P, X2) X g(p, 1) E,
and Yr C X¢ := X xpg C the image of [¢], this is a closed subscheme. For any embedding
e: (1Y) — (P,AX1) with T" a torus, and all Py € Pl(Af) choose an open compact
subgroup KJT C T(Ay) such that [ -pg]oe] : M (T V) — M (Pl,)(l) is defined. Then

KT K2
[Plo[ -pflole] : M ' (T,Y) — Mc’ (Py, Xs) is also defined and by 3.5 equal to [ -¢(pf)]o[¢oe].
By assumption this map descends to a morphism M K (T,Y) - X xg E(T,)) defined over
E(T,Y). Over C it factors through Y, and by 11.6 and 11.7 the conditions of 11.8 are
satisfied for the collection of all these morphisms. 11.8 now implies that Y descends to a
unique reduced closed subscheme Y C X defined over E.

Let K% FOK J% be another open compact subgroup of P>(A¢). By 3.5 we have [¢)] KLKY =
[id] K3,K% © [¢] K},K3 and by assumption [id] K3,K% descends to a morphism M K; (Pa, Xo) —

/ K1 /
MEF (P3, Xy) defined over E (P, Xs). Therefore [QS]K}”K?/ : My (P, X)) — MEF (Py, Xo)
descends to the morphism over F

. 2/
d]g2 gz o [lr 2 ¥V = M7 (Py, Xy).

If this is also a closed embedding, and we define Y’/ C MK]%/(PQ, X2) X g(py,x,) E 0 the same
way as Y C X, then we get a canonical isomorphism Y — Y defined over E. Applying this
to the intersection of two K J% shows that , up to canonical isomorphism, Y is independent

of the choice of K? Thus we may define MKJl‘(Pl, A1) :=Y. The condition 11.5 (b) being
clear by construction, it remains to prove 11.5 (a).
So let py € Pi(Ay), and let Kf and K}’ be open compact subgroups of Pi(Af) such

KV
that [ -ps] : M7 (P, ) — M 7(Py, Xy) is defined. Let KJ% C Py(Ay) be as above, and
KJ%’ C Py(Ay) likewise for K}’. Since K}’ C pf-K}-pfl — gb(pf)-KJ%-qb(pf)_l we m;gf replace
2/
K7 by K¥ No(ps)- K7 - ¢(py)~". Then the map [ -¢(ps)] : M"T(Py, Xy) = M ' (Py, Xs)
is also deﬁned By assumption it descends to a morphism of the canonical models, defined
over E(P,, Xy). Since by 3.5 (c) we have [¢] o [ -pf] = [ -¢(ps)] o [¢], the morphism [ -py]
descends to a morphism MKJI‘,(Pl, X)) — MK (Py, X1) defined over E, as desired. q.e.d.

Now we can prove functoriality for canonical models.

11.10. Proposition: Let ¢: (P, X1) — (P2, X2) be a morphism of mixed Shimura
data, and K}c C Pi(Ay) and K]% C P»(Ay) open compact subgroups such that (b(K}) C
KZ. 1If canonical subsets exist for (Pp,Xx}) and (P, X3), then the morphism [¢] K}K3

Kl
M:7 (P, &) — M (Pg, X) descends to a morphism defined over E(Py, &}):
1 2
[(Z)]K},K)% D MR (PL X)) — MPF (P, A) X B(Py,x) E(P1, X1).
are defined over E(P; X Py, X} X X3) = E(Py, X1). Applying 11.9 to the morphism e yields
a “new” canonical model for (P, X1), such that all morphisms

le] - MEH(Py, x0) o) s MEPEF (P x Py, Xy, X
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are defined over F(P;, X1). Its composite with the projection to the first factor is a mor-
phism defined over E(P;, &}):

pr] o fe] : M57(Py, &) ) — MET (P ).

Since this is an isomorphism after base change to C, it is an isomorphism itself. From
1
[pra] o [e] = [¢] o [pri] o [e] it follows that [¢] descends to a morphism M7 (P, X)) —
2
MEF (Pa, Xo) X B(Py,Xs) E(Py, X)) defined over E(Py, X;), as desired. q.e.d.

11.11. Corollary: If a canonical model exists for Shimura data (P, X), then it is
uniquely determined up to isomorphism.

Proof. (Compare [D1] 5.5) Apply 11.10 to (P, 1) = (P2, X2) = (P, X). q.e.d.

11.12 Proposition: Let ¢ : (P, X1) — (P, X) be an improper rational boundary
component. If (P, X]) possesses a canonical model, then so does (P, X).

Proof. Since P; is normal in P, E := E(P,X) = E(P,X1). Let Ky C P(Af) be an
open compact subgroup. By 7.10 there exist finitely many p? € P(Ay), such that with
K{:=Pi(Af)Np}-Ky- (p;)_1 and

Ay := (Stabpg) (X1) N (Pi(Af) - pf - Ky - (7)) /PL(Q),
the maps 3.4 induce an isomorphism

LIl -p%olg]
e

1
HAV\Mé(f(Pla‘)(l) Mg (P, X).

Since A, acts through maps 3.4, by 11.5 and 11.10 it acts on the canonical model MEs (P, Xy).
We may therefore define M%7 (P, X) as [[, A,\M K7 (P, X)) under this isomorphism.

To verify 11.5 (a) let K} be another open compact subgroup of P(A¢), and py €
P(Ay) such that K} C py- Ky -p}l. We have to show that for every p) € P(Ay) with
K}c = Pi(Af) Npl - K -p'f_1 the morphism [ -py] o [ -p%] o [¢] descends to a morphism
MK (P, Xy) — M%s(P,X) defined over E. There exists a unique v so that p’ and pff Py
represent the same class in (Stabpq) (X1)-P1(Af))\P(Ay)/Ky. Writing p’f-pf = p-p1,fPiky
accordingly, the properties 3.5 (a) through (e) imply

[-prlol-ploldl=[ D} pslole]=1[ kslol -pilol prslol -plold]
=[-pflo[dl o[ pisloint(p™ "))

By 11.5 and 11.10 the morphisms [ -p; f] and [int(p~!)|p, x,)] descend to E, and | Pt o
[¢] does so by definition. This proves 11.5 (a); in particular the model M%7 (P X) is
independent of the choice of the p;.

To prove 11.5 (b) let ¥ : (T,)) — (P, X) be an embedding with T" a torus. By the
same arguments as above we may reduce to the case where (7', )) is irreducible. Then ¢ (T)
is contained in P;. Fix p € P(Q) such that p-()) has a non-empty intersection with A.
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Since ¥ (T'(R)) C Pi(R), it then follows that p-()) C X1, whence int(p) o9 = ¢ o) for a
morphism ¢ : (T,)) < (P, &1). By 3.5 it follows that

[¥] = [imt(p) "o [¢] o [tn] = [ -p] o [¢] o [vh1].

Here [ -p] o [¢] descends to E by the above definition of M%7 (P, X), and [¢1] descends to
E(T,Y) by the assumption on (Pp, X7). q.e.d.

In order to apply the results of the previous chapter, we need the following technical
lemma.

11.13. Lemma: Let (P,X) be mixed Shimura data, (G,H) = (P,X)/W, and
e: (G,H) — (P,X) a splitting. Let P C P(Ay) be a subset that generates P(Ay) as
an abstract semigroup. Let K be a cofinal system of open compact subgroups of P(A¢).

Suppose that for every Ky € K we are given a model MXs (P, X) of Mé(f(P, X) over
E(P,X). Assume that:

(a) For all py € P, Ky € K, and all sufficiently small K € K (here the bound depends on

pr and Ky), the morphism | -pf]K}’Kf descends to a morphism MK}(P, X) — MK (P, X)

defined over E(P, X).

(b) For every embedding ¢ : (T,Y) — (G,H) with T a torus,every Ky € K, and every

open compact subgroup K? C T'(Ay) such that GOQS(K};) C K, the morphism [GOQS]K;{,Kf

descends to a morphism MKJZ”F(T, V) = MEsr(P,X) X gpx) E(T,Y) defined over E(T,Y).
Then there exists a canonical model for (P, X).

Proof. If condition (a) holds for pf, p}; € P(Ay), then it clearly holds for py - p; as
well. Since by assumption P(Af) = PUP-PUP-P-PU..., (a) holds for all py € P(Ay),
and from now on we may assume P = P(Ay).

Write E := E(P,X). Let Ky C P(Af) be an arbitrary open compact subgroup, and
fix K € K with K} C Ky. We shall show that there exists a model MXs(P,X) over E
of Mé(f (P, X), such that the morphism [id] : Mé(} (P,X) — Mé(f (P, X) descends to a
morphism MK}(P, X) — MXr(P,X). Let K7 = ﬂkfer ki K} - k;l, and k% a set of
representatives of K¢/KY. Fix some K € K with K" C K. Let Y be the image of the
morphism

1 7| k% !
MKf(Pa‘X) % HMé(f(PaX)a

with the structure of a reduced closed subscheme. By construction, over C this map factors
through a closed embedding

Ma! (PX) 2 Ye — [[ Me (P, X),

in other words Y is a model of M.’ (P, X) over E. This closed embedding is equivariant

K
under the following action of Ky/K7: on Mg’ (P, X) through the automorphism [ -kf], and
K/
on [], M’ (P, X) through the obvious permutations. This shows that this action descends
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to an action on Y. Our schemes being quasiprojective, we may form the quotient, which is
the desired scheme M%7 (P, X).

We now prove 11.5 for the models just constructed. For 11.5 (a) consider ps, Ky,
Kf so that K C pr- Ky - pf . Let Kf, Kf € K so that Kf C Ky, Kf C K., and

the maps [id]z ik, and [id] K¢ descend to morphisms ME7 (P, X) — MEr(P,X) and
MK}(P,X) — M%7 (P, X). Let R’}’ € K so that f(}’ C K'nps- K¢ -p}l. Then we have

f
the commutative diagram

ME P oay A R p )y DL K P )
[pf]\r { Ipy]

MR xy M AP ),
where the solid arrows are morphisms over F, but the dotted arrow is a priori defined only
over C. Since the upper line conists of finite flat coverings, the dotted arrow also descends
to F, as desired. This also proves that the model M%f (P, X) is independent of the choice
of K }

For 11.5 (b) let ¢ : (T,Y) — (P, X) be an embedding with 7" a torus. By conjugacy
of all splittings of P, there exists p € P(Q) such that int(p) o ¢ factors through G. Thus
¢ = int(p~!)oeo ¢’ for some embedding ¢’ : (T,)) — (G,H). Having proved 11.5 (a), we
may assume p = 1. Let Ky C P(Af) and KfT C T(Ay) be open compact subgroups such
that qS(K?) C Ky. Let Ky € K so that K; C Kf and the map [id]f(f,Kf descends to a

morphism MX7 (P,X) — M¥7(P X). With f(? = K% N¢ Y (K;) we get a commutative
diagram

M5 (T, ) = M5 (T, )
) 4] & , 1 [¢]
MEr(P,X)xp E(T,Y) -1 MEr(PX) xp E(T,Y),
and the assertion follows as above. q.e.d.

11.14. Proposition: There exists a canonical model for the mixed Shimura data

(Py, Xp) defined in 2.24. If Ky = K}] X K}i according to the decomposition Py = Uy x Gy, g,
descends to an isomorphism over Q

M%5(Py, Xp) = Gg X ME7 (G, H).

Proof. The reflex field of (Py, Xp) is Q. We use the notations of 10.15. Clearly the set
P = K}J(l) UG (Ay) generates Py(Ay) as a semi group, and the collection K = {K]]f(d) |
d > 1} of open compact subgroups is cofinal. Letting M@ (Py, Xp) := XY foreveryd > 1,
condition 11.13 (a) directly follows from 10.16 (b). Since by construction the zero section
descends to a morphism MY — XY over Q, condition 11.13 (b) is equivalent to saying that
the identification in 10.16 (a) turns MY into the canonical model of MCKf(d)(Gm,Q, H). This

is so by the explicit description of the reciprocity law for G,, ¢ in 11.3, and the definition
of the identification in 10.15. The first assertion now follows from 11.13.
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The second statement holds by construction if Ky = K }D (d) for some d. In general

some conjugate of Ky by an element of G,,(Q) C FPy(Q) is of the form K}](d) x K} for
some Ky(d) C K} C Kf(1), and by the equivariance of the isomorphism 3.16 it is enough

to prove the assertion for the latter group. But M K7 (d)=K; (Po, Xp) is isomorphic to the
quotient of X, by the right action of K}/Ky(d). As in the proof of 10.16 (b) one finds that
through the isomorphism XY = G,, x M 2 this group acts only on the second factor. Thus
X%/K% =G,y x (Mg/K;) >~ G,y x MEF (Gm,0, H), and this is just the isomorphism defined
in 3.16. q.e.d.

11.15. Proposition: There exists a canonical model for the mixed Shimura data
(Po, h(.)(o)) defined in 2.24.

Proof. Let v : (Py, Xp) — (Po, Xp) be the automorphism that is the identity on Py and
on h(Xp), but interchanges the two connected components of Xy. For every open compact

KP
subgroup K J]f C Py(Af) the automorphism [¢] of M (Py, Xp) is defined, and by 11.10 and
11.14 it descends to an automorphism of its canonical model over Q. It defines an action of

P
a group of order 2, and over C the quotient is canonically isomorphic to Mé( T (Py, h(Xp)).
We define MKJI‘D(PO, h(Xp)) as the quotient of MEF (Py, Xy) by this action; this is possible
since the scheme is affine.

We show that this defines a canonical model for (Py, h(Xy)). The property 11.5 (a)
follows directly from the corresponding property for (Py, Xp), and the universal property of
the quotient by a finite group. Let (¢,v) : (T,Y) < (Po, h(Xp)) be an embedding with T" a
torus. As in the proof of 11.6, we can construct an embedding (¢, ') : (T,Y’) < (Po, Xp)
such that the composite (T,)’) — (Py, Xp) — (Po, h(Xp)) factors through (7,)). The
condition 11.5 (b) now follows as in the proof of 11.13. q.e.d.

11.16. Theorem: For every g > 1, there exists a canonical model for the mixed
Shimura data (Pa4, X24) defined as in 2.25. For the open compact subgroup in 10.7, this
canonical model is isomorphic to the universal family X, over the moduli M, of 10.6.

Proof. The reflex field of (P4, Xy) is Q. We use the notations of chapter 10, in
particular 10.7. Clearly the set P := K}/V<2)UCSP29(AJ") generates Pag(Af) as a semigroup,
and the collection £ = {K Jf) (d) | 2|d > 4} of open compact subgroups is cofinal. Let
METD (P, Xy,) = X4 for all even d > 4, where X, is as in 10.10. By 10.13, condition
11.13 (a) holds for p; = 1. This, together with 10.11, proves the same for all p; € K}/V(Q)
Fix py € CSpag(Ay) and an even integer d > 4. Let d be a multiple of d, and 2|d" > 4,

so that KF(d') C py- K7 (d)-p;' C Kf(2) as in 10.12. With d” := d’ - d, 10.13 implies
that both | 'pf]K]{’(d"),Kf(d) and [id]Kjf(ci),K]{’(d) descends to morphisms over Q, so 11.13 (a)
holds for all py € P.

It remains to verify 11.13 (b). Since, in the notations of 10.7, the section M (d) —
My (d) corresponds to the morphism 7 : M,; — X, defined over Q, this is equivalent to say-

ing that the identification in 10.9 turns M into the canonical model of Mé{f(d) (CSpag,0, Hag)-
This is a consequence of the main theorem of Shimura and Taniyama about abelian vari-
eties with complex multiplications (see [D1] thm. 4.19, thm. 4.21). Note that the contrast
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to [D1] we have a different sign convention at two places, namely on the one hand in the
definition of the operation of the torus S in a Hodge structure (cf. [D1] 1.3), on the other
hand in the definition of the reciprocity law for a torus (cf. [D1] 3.9). These two sign
changes cancel in translating [loc. cit.] thm. 4.19. q.e.d.

11.17. Theorem: Let (G,H) be Shimura data with G reductive and h : H —
Hom(Sc, G¢) injective. Then there exists a canonical model for (G, H).

Proof. see [Mil] thm. 7.2.

11.18. Theorem: There exists a canonical model for every mixed Shimura data.

Proof. By 11.12 it suffices to consider irreducible (P, X'). Suppose first that V = 1.
Choose an embedding

(P,X) = (T,Y) x (G, H) x [ [(Po, (X))

i=1

as in 2.26 (a). By 11.4, 11.17, and 11.15 each of the factors on the right hand side possesses
a canonical model. Thus the assertion follows from 11.9.

Next suppose 2g := dim(V) > 0. According to 2.26 (b) choose a morphism ¢ :
(P,X) = (Gmg,H), a (P, X)) = (G g, H)-torsor (P, X1) — (P, X), and an embedding

n

(P, X)) = (T,Y) x (G, 1) x | [(Pag, Xag).
=1

By 11.4, 11.17 and 11.16 each factor on the right hand side possesses a canonical model.
Thus, by 11.19, (P;, &) also possesses a canonical model. It remains to push this down to
(P, X).

Let K} C Pi(Ay) be a neat open compact subgroup, and K its image in P(Af). We

abbreviate My := MXI(P|, X)), Mc == M2 (P, X), and M := M™E) (P, X)/W); the
latter exists by the first part of the present proof. The G,,-action on M ¢ is given interms
of maps 3.4, so by 11.10 and 11.14 it induces a G,, g-action on M;, where £ = E(P, X).
Since M1 c — Mc is a G,,-torsor, it is Zariski-locally trivial, so the descent data for M ¢
relative to £ C C induces descent data for M. Since by 11.10 the composite morphism
My¢c — Mc — Mc descends to E., we may view this as descent data with respect to
Mc — M. If L¢ denotes the line bundle on Mg that corresponds to the inverse of the
Gpp-torsor My c — Mc, then we have descent data for the pair (Mg, Lc). Recall that by
3.21, L¢ is relatively ample on Mg — Mc. Thus by [SGA1] éxp.VIII cor, 7.8 this descent
data is effective.

For all neat open compact subgroups K; C P(Af) we have thus defined a model of

Mé(f (P, X) over E. Letting IC be the set of these K, and P := P(Ay), it remains to verify
the conditions 11.13. These follow easily from the construction, by the same arguments as

in the proof of 11.13. (Condition 11.13 (a) is an application of the descent of morphisms
[SGA1] éxp.VIII thm. 5.2) q.e.d.
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Chapter 12

Canonical model of the
compactification

In this chapter we formulate and prove the main result of this thesis: the extension of the
canonical model to both the Baily-Borel compactification and the toroidal compactifica-
tions, together with an explicit description of the model induced on the boundary. Before
stating these theorems (12.3-5), we prove an assertion relating the reflex field of mixed
Shimura data with that of boundary component (12.1-2). For the structure of the proofs
see 12.6-7; suffice it to say here that we are reaping the benefits of the consistent use of
the adelic formalism, in particular in chapter 6. The proofs occupy 12.8-17. In 12.18-20,
we apply the results to g-expansion of modular forms. We conclude with two examples
(12.21-22).

12.1. Proposition: Let (P, X;) be a rational boundary component of some mixed
Shimura data (P, X’). Then
E(Py, &) = E(P, X)

Proof. Let x € X, and z; € &} the corresponding point. We claim: h, oy is conjugate
to hy, o p under P(C). To prove this by the definition 4.11 of h,,, it suffices to show that
the two cocharacters hg o u and heo o p of Hy ¢ are conjugate under Hy(C), where Hy, ho,
hs are as in 4.3. But it is easily checked that both of these are conjugate to the map

Gm(C) — Ho(C), 2+ (2, (59)).

Let @ C P be the parabolic subgroup associated to (P;, X7). By the following lemma
12.2, we have inclusions

YiP) <= YHQ) D YHQ)T —= YH(P).

By the claim above, and by 4.4, our conjugacy class [hy o ] = [hy, o u] lies in each of these
subsets. By the definition of the reflex field, the assertion follows. q.e.d.

12.2. Lemma: For any linear algebraic group G denote by Y#(G) the (discrete) set
of G-conjugacy classes of cocharacters of G.
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(a) If U is the unipotent radical of G, then Y4(G) = Y¥(G/U).

(b) If H is a connected normal subgroup of G, then Y#(H) — Y5(G).

(c) If G is reductive, P C G a parabolic subgroup, and U the unipotent radical of P, then
t

he subset
Y4(P)* := {\ € Y¥(P) | A has nonnegative weights on U}

maps isomorphically to Y3(G).

Proof. Assertion (a) follows from the conjugacy of all maximal tori. Assertion (b)
holds, because G and H have the same image in Aut(H). For (c), fix a Borel subgroup B
inside P. The fact that every weight is conjugate to a unique dominant weight, means that
every element of Y¥(G) possesses a unique representative in Y#(B)*. Applying this fact to
B C P, the assertion follows. q.e.d.

We are now in the position to formulate our main results.

12.3. Main Theorem for the Baily-Borel compactification: Consider pure
Shimura data (P, X) and an open compact subgroup Ky C P(Ay).
(a) The canonical model M%7 (P, X') extends uniquely to a scheme M%7 (P, X)* over E(P, X),
with an isomorphism
K * *
Mg (P, X)* = M®/ (P, X)* xgpa C.

(b) All morphisms 3.4 correspond to morphisms of these schemes, defined over E(P, X), in
the case 3.4 (a), and over E(P;, X}) in the case 3.4 (b) (compare 6.2, 9.25). The functoriality
of these morphisms is preserved, as well as the assertions of 8.2 and 8.4 (ampleness).

(c¢) The stratification in 6.3, and the maps in 7.6, are defined over the common reflex field
E(P, X).

12.4. Main Theorem for the toroidal compactification: Let (P, X) be mixed
Shimura data, Ky C P(Af) an open compact subgroup, and ¥ a Ky-admissible partial
cone decomposition for (P, X). We assume that M(CK T(P,X,Y) exists and can be covered
by quasiprojective Mé(f (P, X,%;) for 3; C 3, such that, on each Mé(f(P,X,Ei), some
ample line bundle can be described as in terms of w[dlog] and line bundles as in 8.13 (e.g.
in the situation of 9.21, 9.28, or 9.33).

(a) The canonical model M%7 (P, X) extends uniquely to a scheme M7 (P, X %) over
E(P, X), with an isomorphism

Mé(f(P7X7E) - MKf(P)')C‘)Z) X E(P,X) C.

(b) All morphisms 6.25 (a) = 11.5 (a) correspond to morphisms of these schemes, defined
over F(P,X). The same holds for the morphism [r]* in 6.24. All morphisms 6.25 (b) =
11.10 correspond to morphisms of these schemes, defined over F(P;, X1). The assertions
of 6.25 (functoriality, open embeddings, isomorphisms, quotients by finite groups), 6.26
(smoothness), 8.6 (line bundle structure), and 8.13-14 (ampleness) are equally valid for
these schemes.
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(c) The stratifications in 7.2, 7.3, and 7.10 (see 9.36) are defined over the common reflex

field E(P, X), and the assertion of 7.17 (a) holds over F(P, X'). The isomorphism of 7.17 (b)
(see 9.37) induces a canonical isomorphism between the formal completion of M55 (P, X, %)

and of Staba, ([o])\M 7 (P1, X1, %) along

Staba, ([o)\M ™D (P, 11, X1 101, Z1.j01):

12.5. Corollary: Without the assumption on (P, X’), K¢, and X, “MEr(P X,%)”
always exists as an algebraic space. The remaining assertions of 12.4 carry over literally.

Proof. As in 9.34 (a), using 9.33 the assertion reduces to that in the theorem. q.e.d.

12.6. Beginning of the proof of 12.3 and 12.4: The central points in both
theorems (which imply the others) are 12.3 (a), 12.4 (a): the existence of an extension of
the canonical models; and the last assertion of 12.4 (c): the isomorphism of formal schemes
at the boundary. The remaining assertions say that a certain morphism descends to the
reflex field. For each such morphism, by the effectivity of descent of morphisms ([SGA1]
éxp.VIII thm. 5.2), it suffices to show that there is canonical descent data. Since all our
schemes are normal, this is certainly so if the morphism descends on some open dense
subscheme. Taking into account 9.25, 11.5 (a) and 11.10, this proves that part (b) of either
theorem follows from part (a). In particular, this proves the uniqueness in (a). Likewise,

in 12.4 (c) it suffices to prove the assertion for the formal neighborhood of the stratum
1

StabAl([0])\MW[”}(Kf)(P1’[U},XL[J]) instead of its closure. This assertion, together with
12.3 (a), also implies 12.3 (c). Indeed, fix any complete K s-admissible cone decomposition
Y for (P, X), so that 12.4 holds for M%7 (P, X,%). The map of 6.3 lies in the commutative
diagram

o] (K}) K
H f(Pl,[a]v‘)Cl,[a]) — M(Cf(PaX>Z)

¥ ¥

ANMET (Pr, X)) o ME(P X

for some cone . By part (b) of both theorems, the two vertical maps descend to E (P, X).
By assumption, the upper inclusion descends to F, so the same follows for the lower one,
as desired.

Staba, ([0])\ M

By similar arguments, we may assume that Ky is arbitrarily small. In fact, either
theorem reduces to the quasiprojective case, in which quotients by finite groups exist.
Thus part (a) of either theorem reduces to all sufficiently small open compact subgroups,
and the rest follows from the universal property of quotients by finite groups.

12.7. Strategy of proof: Of the statements that remain to be proved, the existence
of M%7(P,X,%) and the isomorphism of formal neighborhoods over the reflex field are
intimately connected. In fact, we shall the construct M%7 (P, X, ) in such a way that 12.4
(c) holds automatically. The existence of M%7 (P, X)* for reductive P will be proved on
the way. The intuitive idea is the following.
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In a way, we can view M%7 (P, X, X) as being glued together from formal neighborhoods
of torus embeddings along the unipotent fibre of other mixed Shimura varieties, much as
in the construction of M%7 (P, X, ¥)(C) in chapter 6. Of course, one cannot glue formal
schemes in the way that would be needed here, so we have to argue more indirectly. In
any case, we must show that the “gluing isomorphism” given by 9.37 descends to the reflex
field. To prove this we use an analog of “ special points”: namely certain embedded mixed
Shimura varieties, for which the assertions can be shown directly. The descent is then
effected by a density argument similar to 11.6-10.

This way of proving 12.4 (c) seems to assume 12.4 (a), but it proves this assertion as
well. In fact, when we have not yet shown the existence of MXf (P,X,Y), we can at least

interpret the argument as proving that the descent data for Mé( 7(P,X) with respect to

E(P,X) C C extends to descent data for Mé( (P, x,Y), and it remains to show that this
descent is effective. Here our assumption about the ample line bundle comes in. Since it
can be expressed purely in terms of the toroidal compactification of other mixed Shimura
data, we get compatible descent data for this ample line bundle as well. In such a situation,
descent is always effective, and we are done.

In detail, there are the following steps. First, we prove 12.4 in the case of torus
embeddings along the unipotent fibre (12.8). Next, using modular interpretation we do
the same for (P, X) = (GLygH2) (see 12.9). Taken together, these special cases imply
12.4 for certain (P, X’), and cone decompositions which are “supported” only on certain
rational boundary components (see 12.10-11). In particular, if P is reductive, this holds
for all boundary components of codimension 1 in the Baily-Borel compactification; and this
is sufficient to prove 12.3 (a) (see 12.12). In 12.13, we prove that the embedded mixed
Shimura varieties of the above special type satisfy the density condition alluded to before.
Some descent questions are then dealt with the general context (12.14-16), before (in 12.17)
we put everything together to finish the proof.

12.8. The case of a torus embedding along the unipotent fibre: We first prove
12.4 in the situation of 6.8. Recall that Mé{f (P,X) — Mg (Ky) ((P,X)/U) is a torsor under a

(relative) torus, namely either Mé(f (Py, X)) — Mg(Kf)(Gm,Q, Ho), or the same with X, H
replaced by h(X,), h(Ho) respectively. Moreover there exists a unique K%-admissible cone
decomposition ¥, for (P, X,), resp. for (Py, h(X,)), such that M2/ (P, X) < M2/ (P, X,%)
is the torus embedding associated to the torus embedding Mé{f (P, Xs) — Mé{f (Py, Xi, )
(resp. with hA(#H,) in place of X). By 11.2, the common reflex field of (Py, &%), (Ps, h(Xy)),
(Gm,0, Ho), and (Gy,q, h(Ho)) is Q, which is of course contained in E(P,X) = E(P’, ).
Thus, by 11.10, the torsor structure descends to the canonical model M Ky (P,X). The
assertion 12.4 (a) for MXr(P, X, %) now follows if we know it for M (P,, X,,%.,), resp.
for M%7 (P, h(X,),S,). The first sentence of (c) is then true by the definition of the
stratification in terms of the canonical projection (see 5.2). The last assertion of (c) is a
tautology.

It remains to prove 12.4 (a) for (Pi, Xs) and (Ps,h(Xy)). We begin with (P, X).
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Letting I'y := U(Q) N K}J, by 6.9 the map 3.16 induces canonical isomorphisms
K*
M. (PoX) = Gue® Ty x MES) (G, Ho)
N N |

K* N K
M (PLX B — (G @ Tw)zy x MY (@4, Ho).
By 11.14, the first line descends to an isomorphism
M"F (P, X.) —%5 G ®@ Ty x MPEN(G,, 0, Ho)

for the canonical models. Thus we may define M%7 (P,, X,,%,) as (Gmo ® I'y)y, X
MOPED (G0, Ho)-

Finally we show how this implies the assertion for (Pi, h(X.)). As in the proof of
11.15, let 2 be the automorphism of (P, X,) that is the identity on P, and on h(X,),
but interchanges the two connected components of X,. By assumption, this induces an
involution [¢] on the canonical model M%7 (P,, X,,¥,). We define M7 (P, h(X,),%,) as
the quotient of M7 (Py, Xs, Xx) by [2]; this quotient exists, since ME; (Py, Xs, X ) is covered
by affine M%7 (P,, X,,¥;), each of which is stable under [1]. Since M%7 (P,, h(X,)) is the

*

* K3 K
quotient of M (P,, X,), and Mg’ (P,, h(X,),%,) the quotient of Mg ' (P, X,,%,), our
definition gives the desired extension of the canonical model.

12.9. The case P = GLyg: Next we prove 12.4 for (P,X) = (GL2g,Hz2), as
defined in 2.7. In this case every K -admissible cone decomposition is contained in a
unique complete cone decomposition X, with Mé(f(P, X, %) = MCKf (P, X)*. It suffices to
consider this ¥. By projectivity it suffices to prove the assertions for a cofinal system of
open compact subgroups. So we may assume that Ky = K(d) for d > 3, as in 10.19.
Let M, be the moduli scheme of generalized elliptic curves over Q with d-structure, and
M, C M, the open subscheme parametrizing (honest) elliptic curves. By 10.20 and 11.16,
we have compatible isomorphisms

Mé{f(P,X,E) gﬂd,@ and MKf(Pa‘X) gMd'

To prove 12.4 (a), we just set M%7 (P, X, %) := M,.

In 12.4 (c), the last statement implies the earlier ones. Since in our case all the pairs
(pf(P1, X1)) consisting an element of P(Af) and a proper rational boundary component
of (P,X), are conjugate under the left action of GLo(Q) and the right action of GLs(Z)
(which normalizes K¢), it suffices to prove that assertion in any one instance. This instance
is provided by 10.22, taking into account 11.14 and 12.8.

Now we can prove the assertion for a certain type of boundary components.

12.10. The case of boundary components “of codimension 1” for reductive
P: Consider pure Shimura data (P, X') and surjective homomorphism P 1 PGL3g. The
inverse image of any rational Borel subgroup of PGL3 ¢ is an admissible Q-parabolic sub-
group of P. We shall prove 12.4 in the case that ¥ “is supported” only on those rational
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boundary components associated to such parabolic subgroups. If (P, X7) is such a rational
boundary component, then by assumption U; has dimension 1, so as in 12.9, we have to
prove the assertion for just one X, the maximal one with the above property. In other

words, we want to prove the assertion for Mé( (P, X)T, as defined in 8.2.

Let us first assume that the surjection P 1 PGLy g lifts to a morphism (P, X) —
(GL2,g, H2). Then PGLy g lifts to an almost direct factor of Pd”, isomorphic to SLg . Let
(P',X") :== (P,X)/SLag (see 2.9), then since SLy(R) is connected, we get an embedding
(P,X) — (P',X') x (GLag, Hz2). Since E(GLag,H2) = Q, we clearly have E(P,X) =
E(P', X'"), which is also reflex field of this product. Using 12.9, the assertion of 12.4 follows
for the product, with the product of trivial cone decomposition for (P’, X”), and the unique
maximal one for (GL2 g, Hz2). By descent of closed subschemes ([SGA1]|éxp.VIII cor. 1.9),
resp. of morphisms, the assertions also follows for (P, X).

In general case, let P be the difference kernel of the two maps P x GLgg * PGLog.
The inclusion P < P x GLg g corresponds to an embedding (P, X) «— (P, X) x (GLg,gHs)
for some Shimura data (P, X). The kernel of the projection P 1 P is isomorphic to Gm,0,
and (P,X) = (P,X)/Gpgq. Clearly E(P,X) — E(P,X). By assumption, the desired
assertions hold for (]5, X ). Let 3, ¥ be the respective partial cone decompositions satisfying
the condition above. For all open compact subgroups K ¢ mapping to Ky, the morphism
MEs (P, X,%)(C) — M%s(P,X,%)(C) is finite; and even surjective, since H'(A,G,,) = 0.
Thus we may define M%7 (P, X,%) as a finite quotient of M¥s (]5, X, f]) which exists by
quasi-projectivity. This proves 12.4 (a), and the compatibilities (c) follow by descent of
morphisms.

As the last special case, we prove 12.4 for certain unipotent extensions of the Shimura
data of 12.10.

12.11. Generalization of 12.10: Let (P, X) and X be as in 12.10, only this time
assume that (P, X)) is irreducible. Let (P, X’) be a unipotent extension of (P, X') whose
unipotent redical W’ is pure of weight - 2, i.e. W/ = U’. Let ¥’ be a finite admissible
partial cone decomposition “supported” only on the rational boundary components (Pf, X7)
associated to those (P, X7) in 12.10. As the last special case, we prove 12.4 for all such ¥
that are sufficiently fine, in the sense explained below, and a cofinal system of K } C P'(Ay).

With (P, X,) defined as in 12.8, (P’, X’) is (non-canonically) isomorphic to the fibre
product (Pi, h(Xy)) Xy n(ay)) (P> X) (see 2.20). Let K = KY x KT C P.(Af) be neat,

/ f
K; C P(Ay) mapping to K¥, and let K’ C P'(Ay) be their fibre product. By 3.11,
K’ K*
M (P X)) 2 M2 (P (X)) % er M (P, X).

M T (Gm,o,h(Ho))

Fix any Kj-admissible complete cone decomposition X, for (Ps,h(X,)). By pullback, this
>, together with the partial cone decomposition ¥ considered in 12.10 induce a finite
K }—admissible partial cone decomposition Xf for (P, X”). Clearly,

!
Ky

Mot (P XY & Mot (Pay h(X), ) MM (P X, ),

KT
M, T (Gm,o,h(Ho))
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indeed, for any (Pj, X]) as above we have a corresponding isomorphism

K K Kl
M(Cf (P1/7X1/v 61) gMCf(P*ah(X*)aE*) X K}" M(Cf(PlaXl)'
MC (Gm,Q,h(HO))

By 12.8 and 12.10 these fibre products descend to the canonical models over E(P’, X’) =
E(P,X), so we may define

MEr(P x5l = MET (P h(XL), S, x MEr(P,x,Y).

MKJT(Gm,@’h(Ho))
This proves all of 12.4 for the given 3.

More generally, let ¥’ be any finite partial refinement of 3. Note that, since Xf has
the property that |2 (&7, Pl’,p’f)| = C*(X"°, P]) for all p’f and all (P[, X]) as above, this
includes any sufficiently fine decomposition “supported” only on these (Pf, X7). Then, both

K’ K’
M7 (P, XS = M. (P, X', 5))

and the various
Kl/ Kl/
MC d (P{7X1,7 Ell) — M(C d (PllaXllv 61)

are allowable modifications in the sense of [KKMS] ch.IT §2 p.87 def. 3. Since they are
formally isomorphic, they correspond to the same “f.r.p.p. decomposition” (see [loc. cit.]
p.86 def.2). By the equivalence between allowable modifications and f.r.p.p. decompositions
[loc. cit.] p.90 thm. 6*), one of them descends to E(P, X) if and only the other does so. But
by 12.8 the second does descend, hence so does the first, and the compatibility is automatic.

12.12. Proof of 12.3 (a): Consider pure mixed Shimura data (P, X') and neat Ky C

P(Ay). By 12.10, the canonical model extends to a model M¥s (P, X)* of Mé{f (P,X)T,
over E := E(P,X). Define M%7 (P, X)* as the closure of M ¥/ (P, X)* inside

Py = PL(M™7 (P, X)", wldlog]®")

for any sufficiently large n. By 8.2, this is a model M(CKf (P, X)*, as desired.

The following lemma implies that every boundary component can be deformed, along
a given collection of tangent directions, into embedded mixed Shimura data of the special
type considered in 12.11.

12.13. Embedding Lemma: Let (P}, X1) be a proper rational boundary component
of some mixed Shimura data (P, X). Let U C Uy C Uy with dim(U]/U) = 1, and such that,
for some (< for all) connected components XY of X+ (see 4.11),

C(X°, P) NUL(R)(~1) # 0.

Then there exists irreducible mixed Shimura data (P’,X’), an embedding (P',X’) —
(P, X), and a rational boundary component (P;, X]) of (P’, X’), such that (P, X}) is the
rational boundary component of (P, X') associated to (P;, X]) by functoriality (4.16), and
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(a) P’ contains U, and P’/U is reductive,
(b) PiNW; =Uj and P{/U] -~ P, /Wi, and
(c) (P'/U)* = (P{/U7)* x PGLag.

Proof. Without loss of generality we may assume U = 1. Since C(X°, P;) is open,
there exists an element u; € C(X°, P;) NU{(Q)(—1). Take a point z € XY that maps to a
point z1 € X} whose imaginary part is u;. By definition (4.14), (int(ul_l) ohg @ S— Pig
is defined over R. Fix a splitting P, = W; x G, defined over Q. Then there exists a unique
element v} € Uj(R) so that int(u}) o int(u; ') o hy, factors through Gig. After replacing
z by v} - x, and x; by u} - 1, which has the same imaginary part, int(ul_l) o hg, factors
through G .

Next, let w, be as in 4.6. Since U = 1, is defined over R. Observe that, in the notations
of 4.3, there exists a unique nonzero element ug € Up(R)(—1) such that int(ug') o heo is
defined over R. The identity h;, = w; o hoo implies u1 = wy(ug). Since dim(U7) = 1, it
follows that w,(Up) = U] 5. Now, by 4.9 (b),

int(u1)(G1,c) - we(Ho)c

is a subgroup of Pr. Since u; € w,(Hp)(C), this is equal to G ¢ - wz(Hp)c. As in the proof
of 4.9 (a), this group has a parabolic subgroup

Gic- U{,c +(wg 0 ho o w(G ),

which is contained in (G1 - Uy - Z(P))c. Thus (G1 - Uy - Z(P))c is a parabolic subgroup of
the group

P(é = Gl,(C . wx(H())(c : Z(P)(C
In particular, some parabolic subgroup of P/ is defined over Q. For the same reason as in
the proof of 4.9 (a), P, = P’ x¢ C for a unique subgroup P’ C P.

Now we are practically done. Defining X’ to be the P'(R)-orbit in X generated by x,
we get an embedding (P’, X’) < (P, X). There is an obvious rational boundary component
(U] x G1, X)) of (P',X’). The assertions (a)—(c) hold by construction. If the (P', X’) so
constructed is not irreducible, just replace it by an irreducible component. q.e.d.

Next we want to prove effectivity of descent in a certain general situation where the
descent data involves formal completions.

12.14. An analog of Cech-resolution: Let X be a locally noetherian scheme, and
Y a closed subscheme of X. Let X denote the formal completion of X along Y. Denote
the inclusion X := X <Y < X by j, the canonical morphism X 5 X by k. Since X
is locally noetherian, [B-~AC] ch.IIl §4 thm. 3 implies that k.Oy is flat over Ox. Since

jI1k: XX — X is surjective, it is a faithfully flat morphism of formal schemes.

Claim. There is a canonical exact sequence

with the morphisms given as s +— (s,s) and (s,t) — s ® 1 — 1 ® t respectively. (If j[[k
were an open covering, this would be the Cech-resolution.)
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Proof. The assertion is local in X, so we may assume X to be affine, say X = Spec(A).
If I C Ais the ideal of Y, then X is the formal spectrum of A, the I-adic completion of A.
Fix an affine covering Spec(A) — X, then by the sheaf property we have an exact sequence

0— A" =T(X,0x) — A — A4 A,

where the homomorphism on the right is given as ¢ — a® 1 — 1 ® a. Since A is flat over
A, A& A is faithfully flat, and we get an exact sequence

0—A—ApA— (AgAd) o, (Ad A).

We shall prove the this sequence stays exact if the rightmost term is replaced by its quotient
A®s (A® A). Contemplating the commutative diagram

0 — A — AsA — (ArA) & (AohA)

I I !

0 — A — A'c A — 0 ® A4 A

we find that this will imply the exactness of the second line, as desired.

To prove the exactness of the first line K be the kernel of the map A — A. Since
supp(K) C Y and A is noetherian, it is annihilated by some power of I, whence K® QZA2K.
Tensoring our sequence with the short exact sequence 0 - K — A — A/K — 0, a little
diagram chasing shows that it suffices to prove the assertion for A /K in place of A. In other
words we may assume that the map A — A is injective. In this case, by the flatness of A,
the natural map A ®4 A= A X4 A R4 A is also injective. Now let (a,a) € A® A so that
i®l=1®%ain AR4A. In A®AA®AA we can calculate I1®a®1 =ax1®1=1®1x®a,
whence by injectivity 4 ® 1 =1 ® a in A ®4 A. This fact implies that our sequence stays
exact when we drop the terms A ® 4 (A @® A), as required. q.e.d.

12.15. Functoriality: Let us consider j : X - X DY and k: X — X as in
12.14, and another such situation with 7/ : X’ — X D> Y  and ¥ : X' — X . Any
morphism ¢ : X' — X with E_I(Y) =YY" induces compatible morphisms ¢ : X’ — X and
gﬁ : X' > X. In particular we have a commutative diagram

b _ "y
5,05 = B fl0x © K05 =2 jupOxr & kadhuOxc

Claim. Ih ¢ is scheme theoretically dominant (cf. 5.6), this diagram is cartesian.
Proof. Contemplating the commutative diagram with exact rows

0 — O — J+Ox ® kO — JxOx ®@o kO

3 3 3

we see it suffices to show that the vertical arrow on the right is injective. Again the assertion
is local on X, so let A D I, A, A°, and A be as in 12.14. Let Spec(4’) — X' be an affine
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covering of X', and define A/, A’ likewise. Since A ®4 A — A ®4 A, it suffices to prove
the injectivity of the natural homomorphism

A@AA—)A@AA/@)A/A/.

By the assumption on 55, we have A — A’ Thus, by tensoring with the A—ﬂatNA, we
get AQQA > AQ A" =2 (A4 A")®4 A’. On the other hand, A®4 A’ injects into A®4 A’

since
Spec(A ®4 A') = Spec(A) x x Spec(A')
— Spec(A) xx X' = Spec(A) x5 X = Spec(A®, A')

is faithfully flat. Since A’ is flat over A’, the assertion follows. q.e.d.

12.16. Descent Lemma: Let T — S be a faithfully flat, quasicompact morphism
of locally noetherian schemes. Let X7 C X7 O Yp and XT be as in 12.14, this time
as schemes over T. Let Ly be an invertible sheaf on Xp, Ly = LT| X and let LT

be the associated invertible sheaf on X7. Assume that we are given models (X, L) of
(X7,Lr), and (X, L) of (XT,IA/T) over S. Consider another situation as in 12.14, this
tlme with schemes X’ ¢ X O Y’, X’ over S, and with compatlble invertible sheaves
. I, L’ Finally, suppose that we are given a morphlsm o : X + — X1 over T such

that o ( T) =Y/, aAnd an isomorphism ¥ : ¢ Ly —~ LT. They induce isomorphisms
¢: Xp — Xrand ¢ : X, — Xy = Xp, and isomorphisms ¢ : ¢*(Ly) —— L/, and
Y ¢*(Lr) = ¢*(Lr) = L. Let us assume that

(i) (¢,) descends to S.

(i) (¢,1)) descends to S.

(iif) The morphism ¢ : X{F — X is scheme-theoretically dominant.

(iv) Lt is relatively ample with respect to X7 — T.

Claim. There exists a unique model (X, L) for (X7, L7) over S, compatible with all
the morphisms above.

Proof. For any nonnegative integer n, we have a commutative diagram for f?n, anal-
ogous to that in 12.15:

I - LS @ ke L3
!
G LT" o G LU @KL = IO @ ke LT

Since Ly is locally free, 12.15 implies that this diagram is also cartesian. Denote the
structure morphisms by f: X — T, f: Xy — T, and f: X7 — T respectively, and
analogously for X /, etc. Applying f, to the above diagram, we obtain the diagram

J— _® A~ A

TS o fra(L8m o fraigm)

i
' A
FET") = LS e fLLEm
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which is, by the left exactness of f,, again cartesian. In particular, f, (f?n) is uniquely
determined as a subsheaf of fr.(L3") @ fT*(IZ%") by the bottom part and the right hand
part of this diagram. Now by our data, both these parts come from sheaves and morphisms
over S. Invoking [SGA1] éxp.VIII cor. 1.8, this shows that f, (f?n) comes from a canonical
quasi-coherent sheaf 2(,, on S.

Put 2 := @nZO An, then its pullback to T is canonically isomorphic to the grated

algebra @, < - (f?n). By descent of homomorphisms of sheaves (see [SGA1] éxp.VIII
cor. 1.2), the algebra structure descends to one on 2. Put P := Proj(2), then by the
relative ampleness of Ly, there is a canonical open embedding X7 < Pp. The image of
this embedding is the union of the images of X7 and of Y7, each of which is stable by
the descent data on Pr. Thus, by [SGA1] éxp.VIII cor. 1.9, the complement of Xt in Pr
descends to a closed subscheme of P, hence X7 descends to an open subscheme of P, as
desired. The compatibility with the various morphisms holds by construction. q.e.d.

12.17. End of the proof of 12.4: It remains to prove 12.4 (a), and that in 12.4 (c)
the isomorphism of formal neighborhoods of Staba, ([¢]) M ™! (K )(PL[O.], X [5]) descends to
E:=FE(P,X). Let (P,X), K¢, ¥ be as in 12.4. It suffices to prove the assertion for every 3,
so we may assume > = >; and X is finite. Then, by assumption and by 8.13, there is a line

bundle Mé(f (P, XY — Mé{f(P, X,Y) so that, if M denotes the associated invertibele
sheaf, M®~! is relatively ample with respect to Mé(f(P, X, %) — Mg(Kf)((P, X)/W)*. By
7.13 we may further assume that the condition 7.12 (*) is satisfied for X.

We proceed by induction over the (finite) number of double classes in P(Q)\YX/Kj.
Fix py € P(Ay), and a rational boundary component (Pi,Xx7) of (P, X) . Let K} =
Pl(Af)ﬂpf-Kf-pfl and 29 := ((] 'pf]*Z)KPl’Xl))O, and fix a double coset [o] € Pl(Q)\Z?/K}
such that o° ¢ C(X°, P;) for some X°. By gluing , it suffices to prove the assertions in the
case that X is the smallest K p-admissible partial cone decomposition that contains o. Let
>p C X be the unique Ky-admissible partial cone decomposition that contains all proper
faces of o, but not o itself. Let X{ C ¥’ be analogous, then we may assume that both
MEs(P,X,%) and MK}(P’, X' %) exist. We have to prove the same for M%7 (P X, %)
and M K}(P’ , X', %), and that the isomorphism 9.37 descends to E. This will follow by
applying 12.16. Without loss of generality, we may assume py = 1. By 12.8, we may assume
that (Pp, X1) is a proper rational boundary component of (P, X).

In the setup of 12.16, put 7' := Spec(C) and S := Spec(F). As models over S we define
X = MKi(P,Xx,%0), and let X be the formal completion of StabAl([a])\MK}(Pl, X, %9)
along the stratum Y := StabAl([0])\M7T["](KJ1”)(P1’[U], X1 []). We let X := Mé(f (P, X,%),
with the isomorphism Xr 2 X xgT given by 9.37. For the line bundle, fix any ample line
bundle N on M™¥5)((P, X)/W)*. Then, for some positive integer n, Ly := M®~1 @ NZ"
is ample. By assumption, its restriction to X7 has an obvious model over S, and the same
holds for its pullback to Xp; with M (P, X7, %0) — M&1(P, X, %), respectively

Staba, ([o])\M*7'(P{, 2], %) — Stab, ([o])\M "7 (P1, X1, %9)

in place of M%7 (P, &', %) — MEi (P, x,%).
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To define X', we apply 12.13 to (P, X) with all U C U] C Uy such that ¢°NU? (R)(—1) #
(. Denote by iq : (Pa, Xy) — (P, X) all embedded mixed Shimura varieties thus obtained.
Denote by wf f all elements of Wi (A¢). For all o and 3, let KJOJB be some open compact

subgroup inside P, (A f)ﬂwﬁ 1K f(w/f f)_l, and let X7, 5 denote the smallest K]?‘/B -admissible
partial cone decomposition for (P, &, ) that contains U, (R)(—1) No - (wff)_l. By 12.11,
we can choose K?B and a refinement 3,5 of X7, 5 such that 12.4 holds for (P, Xa), KJ?"E

and ¥X,3. Observe that , using 12.1, the characterization in 12.13 implies E(P,, X,) =
E(P, X)) = E. The inverse image of X7 under the map

: K$P K _
[ wllg,f] © [7'01] : M(C ! (POUXOmZozﬂ) — M(C f(P,X,Z) = X7

KSP —
is just Mo 7 (Py, Xy, Yap0) for some partial cone decomposition¥qyg9 C Xn5. We let X be

apf — J— —
the disjoint union of all ME; (Po, Xo, Xop), with ¢ : X,T — X the disjoint union of the

apB
above morphisms, and X’ the disjoint union of all M Ky (P, Xo, Xapo)-

. K K : .
By 8.7, the pullback of the line bundle M, ’ (P, X', %) — M.’ (P, X,¥) is the line
Kozﬁl Kozﬁ
bundle M’ (P}, X, %)) = Mc ' (Pa, Xa, Xap) for some (P}, A7), ¥, 5 and K?Bl, for
some «. Thus by 12.11 it has an obvious model over S. By the same argument as in 12.6,
ap
the composite morphism [7]* o] w'ff] o [ia] descends to a morphism M7 (P, X, Yap) =
M™E)((P,X)/W)*. Using the pullback of A" under this morphism, we get an obvious

model of ¢ (L7) over S.

Now all objects needed in 12.16 have been defined. The conditions (i), (ii), and (iv)
hold by construction. To get the desired assertion, it remains to show that the morphism
¢3 : X’T — X7 is scheme-theoretically dominant. Recall how this morphism is defined: for
all @ and 3, it comes by formal completion, and by taking the quotient by Staba, ([0]),
from a morphism

' Ka/i’l Kl
[w) o lia) s Mo ' (Pat, Xa1,Sap1) = M (P, X1, 59),

where (Py1,X41) is a rational boundary component of (P, X,). It suffices to prove the
same assertion without taking the quotient by Staba, ([o]).

Kl
By 6.8-9, since (P, X)) is a proper rational boundary component, M’ (P, X1, X%)
/ Kl
is a relative torus embedding over Mg (s ((P1,X1)/Uy) with respect to the split torus

Gm,c ® (U1(Q) N K}) A neighborhood of our stratum is given by the affine relative torus
embedding with respect to the cone A\(o) C U;(R). Let us introduce new notation. Let T'
be the torus over C with cocharacter group R - A(o) NU1(Q) N K} Then

K} (o) (K})
X = M(c f(Pla'Xl) — 5= M(C[ e (P].,[O']7X]-7[U])
is a T-torsor, and letting X A(o) D€ as in 5.7, our formal scheme X7 becomes a finite quotient

of X)\(U) .
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Next,

K81 W(K}"Bl)

M(C d (Pal,XalaEgﬁl) _>M(c ((PalaXal)/Wal)

is a relative torus embedding with respect to the torus with cocharcter group U, (Q)NK ?’8 L
We are only interessted in a neighborhood of those strata that map to the closed stratum
of X(¢); this is a torus embedding with respect to the subtorus T3 with cocharcter group

R-Ao)NUa(Q)N K?m. The morphism

afBl

. K1
['wi@,f]o[za]: Mcf (Palaxal)_)M(cf(Pl,Xl,Z(l))

is still defined if we replace K?m by Kjofm - (R~ M0) N Ua1(Q) N K}), which corresponds
to dividing by a finite subgroup of T,3. Then T,3 becomes canonically identified with a
subtorus of T'. Our neighborhood is the torus embedding with respect to some partial cone

decompositions of R - A(0) N Uy (R) with support A(o) N Uy (R). Let Tgﬂ denote all those

0

cones in this decomposition for which (Tgﬁ)o C A(o)”. Since Wi centralizes Uy, we find

that neither T, 3 C T, nor the set of these Tgﬂ depends on w’f f- Therefore we may write

T, and 7,. Fixing o and v, we now let T, C T, be the subtorus with cocharacter group
R-7a NUa(Q) N K}c We let X7 — SJ be the disjoint union of the T, -torsors

Kozﬁl

7_(_7— (Kocﬁl)
M(Cf (Palv-)(al)%Mc[g} f

(Pat,r21s Xa1,1721)

for all 3. The maps | w?f] o [ia] induce a Ty -equivariant morphism (W4, v¥a) : (Xa,Sa) —
(X, S). Since the induced morphism of the formal completions WY, : XZ o X (o) factors

through the morphism which we have to prove to be scheme-theoretically dominant, it
suffices to prove that the disjoint union of all ¥, is scheme-theoretically dominant.

This will follow by applying 5.7. In fact, conditions (i) and (ii) of 5.7 hold by con-
struction. To finish, it therefore remains to prove that every g : Si — S is scheme-
theoretically dominant. Since S is a normal scheme, it suffices to show that its image
is Zariski-dense. Recall that by 12.13 (b), P,; has the same reduced part as P;. Thus
Pi(Af) = Pa1(Af) - Wi(Ay), which by the definition of 4, implies that its image is the
same as the union of the images of the maps

K o) ()
[ Prolfl o lial : Me ' (Pay )y Xar ) — M (P ), X o)

for all py (51,5 € P1,5(Ay), and some Kj?‘l* for which these morphisms are defined. By 11.7
this is Zariski-dense, as desired. This finishes the proof of 12.3 and of 12.4. q.e.d.

As an application of 12.4, we study ¢-expansions in our setting.

12.18. Completions and coherent sheaves: Consider irreducible mixed Shimura
data (P, X'), a neat open compact subgroup Ky C P(A¢), a K s-admissible cone decomposi-
tion X for (P, X'). Assume that X is concentrated in the unipotent fibre, and that there exists
a morphism (P, X') — (Gy,q,Ho). Then by 6.8-9 (and, of course, 12.4) M%s (P, X,X) is a
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relative torus embedding with respect to a split torus G,,, ® 'y and a rational partial polyhe-
dral cone decomposition ¥y of U(R). Fix a coset [0] € ¥/P(Ay), and assume that ¥ is the
smallest K y-admissible cone decomposition containing o. Then Y consists of all faces of
the single cone \(c), for A associated to the connected component X° with o € X(P, AP, pr).
Letting T := G,, ® ([y NR - o), we have R - 0 = Y4 (T)g, and M%7 (P, X,¥) is also a torus
embedding with respect to T'. The closed stratum is just M o) (K )(P[U], X[U]) in the nota-
tion of 7.1. Let us denote the canonical projection M%7 (P, X, %) — M”[GJ(Kf)(P[U],X[U])
by 7.

Every character x € X*(7T) = Hom(I'y NR - A(0),Z) induces a morphism U(Q) N R -
Ao)/Q - ker(x) = Q = Up(Q), and so defines the structure of a ((Py, Xp) = (Gm,g, Ho))-
torsor on (P, X)/(ker(x)) = (P, Xjs))- This defines a G,,-torsor structure on

M(Kf mod (ker(x))) ((P, X)/(ker(x)>) — Mol (K¢) (P[U]’ X[U])

Let us denote the associated invertible sheaf by L£,. By 5.13, the direct image under mg
of the structure sheaf of M¥/(P,X,¥) is the direct sum of all those £,, for which y is
nonnegative on A(o). Denote by M the formal completion of MXf(P, X, %) along the
closed stratum, and by 7, : M — M™1(Es )(P[U], X|s)) the retraction induced by m. By
5.13, we have a canonical isomorphism

s Oy = [ Ly
X

the sum extended over the same xy € X*(T).

More generally, let  be a locally free coherent sheaf on M Kr(pP,x,%), and F the asso-
ciated coherent sheaf on M. Assume that we are given a coherent sheaf G on M ™ (K) (Po]s X))

and an isomorphism F = 7§, whence an isomorphism F = 7, ,G. Then we have canonical
isomorphisms

ToxF 2 Ly @G and 7., F = [[ Ly @ 6.
X X
In particular, for any £ = F(P, X')-algebra R the given data determines an isomorphism

A~

I'(M x g Spec(R), F) = HF(M”[U](KJ”)(P[U], Xjs)) XE Spec(R), Ly ® G).
X

12.19. Definition of g-expansions: Let M%7 (P, X, %) be a toroidal compactifica-
tion; for simplicity we assume that K is neat. Fix a stratum Staba, ([o])\M ™) () (P1,[o]> X1,[0])
of MKr(P, X, %)~ M%r(P,X). Let M; denote the formal completion of MKJI‘(Pl, X1, %9)
along Mﬂ["](K})(PL[a],XL[U]), and 71 1 My — MW["](K})(PL[U],XL[U]) the retraction, as in
12.18. Let F be a locally free coherent sheaf on M%7 (P, X, %), and ]:—{ its pullback to M;
under the morphism 12.4. Assume that we are given an isomorphim F; = 717Gy, for some

locally free sheaf G on MW["](K}’)(PL[U], X s])- Let E = E(P,X) , and R an E-algebra. By
pullback of sections and by 12.18, this data determines a map

D(MEs (P, X,%) x g Spec(R), F)
— H F(MW[U] (K})(PL[U]? Xl,[a]) XE Spec(R), ‘CX ® g1)7

X
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the product being extended over all x as in 12.18. This map can be interpreted as associating
to each section of F its “g-expansion coefficients”.

For certain F this can be made more explicit. Assume first that F is defined in
terms of the internal geometry of our toroidal compactifications: for instance in terms of
sheaves of differentials possibly of logarithmic poles (compare 8.1), for the given (P, X)
or for other mixed Shimura varieties, and/or in terms of line bundles in 8.6. Then the
same definition gives rise to a coherent sheaf F; on ME; (P, Xl, ZO) and 12.4 (c) yields a
canonical isomorphism between ]—] and the coherent sheaf on M1 associated to Fj. Next,
by 8.1 a canonical G; exists in the case F = wldlog]. By functoriality, the same follows
for any other sheaf defined in terms of w[dlog] for the given (P, X) or for other mixed
Shimura varieties. In particular, for F = w[dlog]®" and ¥ complete, the above definition
of g-expanison applies to the space

D(M¥7 (P, X, ) x 1 Spec(R), w[dlog] °")

of all R-valued automorphic forms f of a certain weight. The “g-expanison” of f is a (in

general infinite) collection of R-valued automorphic forms f; o, on M"l] (K})(Pl,[a]>/¥1,[g])
of certain other weights. These automorphic forms are generalizations of Jacobi modular
forms; the condition at infinity being played by extendability to some toroidal compactifi-
cation.

12.20. A g-expansion principle for F(P,X)-rationality: In the situation of
12.19, let us now consider a finite number of strata StabAl.([cri])\MW["ﬂ(K})(PZ-,[Ui], X [0:])
and write Mi, .7:}, 7; accordingly. We assume that the map

[T staba, (o) \M0ED (P, ). ; 15)(C) — M (P, X, 5)(C)

induces a surjection on the sets of connected components. Then, since M%7 (P, X, %) is a
normal scheme, our assumption implies that pullback of sections induces injections

D(MEs(P,X, %), F) — @,T(M;,F)
[ b
(M (P,X,),F) < @,T(Me,F)

Clearly this diagram is cartesian, i.e. T'(M%f(P,X,X),F) consists of those sections in

F(Mé( (P, X,%),F) whose pullback to every M@C is already defined over E. If for every
i we are given a product decomposition 7; «(F;) = [[,(Gi ® Liq), then this means that

a section in F(Mé( (P, X,%),F) is defined over E if and only if every “coefficient in the
g-expanion” is defined over F, i.e. lies in

DM (P, ), X)), 01 © CLua).

Sometimes the above surjectivity condition already holds for just one stratum. This is so for
instance if (P, X) is irreducible, the semisimple part, (P/W)%", of P is simply connected,
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and there exists an algebraic “ local cross-section” (P/W)/(P/W)4" < Pi. Indeed, under
these circumstances we have P(A) = Pi(A) - P%"(A), and the surjectivity follows from 3.9.

Remark. The same result has been obtained by M. Harris for arbitrary “arithmetic
vector bundles” on pure Shimura varieties, in terms of the Baily-Borel compactification (see
[Hal],[Ha2]).

12.21. Example: Hilbert-modular varieties: Fix a totally real number field F'
Let P :=NRp/oGLy p, and X = h(X) be the P(R)-orbit generated by

h: S(R) 2 C* — P(R) = (GLy(R)) /9,
T +vV—1ly — (29, (29).

—yx —yzr

This orbit does not depend on the choice of v/—1 (of course, using such a choice it can be
identified with (C < R)¥/@). The reflex field of (P, X) is Q, not F! There is precisely one
conjugacy class of proper rational boundary components of (P, X'), e.g. with representative

P - (GK,Q %F/%GQ,F) .

Here every h,, for 1 € A} is of the form C* 2 z — (Zgi‘), and (Pp, X;) is isomorphic to
the [F'/Q]-fold fibre product of (P, Xp) of 2.24 with itself over (G, g, Ho). In particular,
(Pl, Xl)/Wl = (Gm’@, 7‘[0).

It follows from 12.3 that the Baily-Borel compactification M%7 (P, X)*, the boundary

is a finite disjoint union of certain M K} (Gm.g, Ho)- In particular, the field of definition of
every geometric point of the boundary, i.e. of M%7 (P, X)*(C)~ M%7 (P, X)(C), is an abelian
extension of Q. Of course, this field of definition may be larger than the field of definition of
the associated connected component of M%7 (P, X)*(C). In the toroidal compactification, it
is well-known how the arithmetic of F' comes into play. This is described in M. Rapoport’s
thesis [Rap], in a strictly more general setting (i.e. not restricted to characteristic zero).

12.22. Example: The group CU(n,1): Let F C C be an imaginary quadratic
field (with a fixed embedding into C), V an E-vector space of dimesion n + 1 > 3, and
H: V xV — E a nondegenerate hermitian form that becomes of type (n,1) over C. We
let P be the group of unitary similitudes of V' with respect to H, i.e.

P :={g € RgoGLE(V) | H(gv,gv') =t - H(v,v') for some t € Rg/oGm,£}-

Every homomorphism A : S — %R¢/rGLc(V ® g C) such that V @ g C becomes of Hodge type
{(-=1,0),(0,—1)} induces another structure of C-vector space on V ®p C which commutes
with the old C-structure. Thus it defines a decomposition V @ C =V T &V, where VT
(resp. V) is the subspace where the two C-structures coincide (resp. differ by complex
conjugation). If we further require that V* and V'~ are orthogonal with respect to H and
that H}y - is negative definite (whence dim(V™) = 1, dim(V") = n, and H)y+ is positive
definite), then h must factor through Pz. The set X" of all such h constitudes a P(R)-orbit,
and (P, X) is pure Shimura data. Since n > 2, P(R) and hence X" are connected. The reflex
field of (P, X) is E.
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Every maximal proper Q-parabolic subgroup ) C P is the normalizer of a nontrivial
isotropic subspace V' C V. In the given case, we must have dim(V’) = 1, and Q stabilizes
(V") which is of codimension 1. If (P;, &) is the rational boundary component of (P, X),
then for every 1 € X; and z € S(R) = C*, hy, (2) acts on V/® g C through multiplication by
2z, on ((V')*/V')®g C through multiplication by z, and trivially on (V/(V')*)®gC. Since
the semisimple part of @) is totally anisotropic over R, P; is solvable, and, in fact, P, /W =
RE/gGm,Ee- Since X is connected, we have |X1| = 1, and the associated homomorphism is
the isomorphism

S = mc/RGm7(C = (mE/QGm,E‘) xg C.
Moreover dim(U;) = 1, and dim(V;) = 2(n — 1).
By 12.3, the boundary M%7 (P, X)* ~ M%s (P, X) of the Baily-Borel compactification

is a finite disjoint union of certain M 7T(Kfl“)((Pl, X1)/Wi). In particular, the field of def-
inition of every geometric point of the boundary is an abelian extension of F. Since
dim(U;) = 1, there is a unique complete decomposition ¥ for (P,X). By 12.4, the
boundary of the associated toroidal compactification is a finite disjoint union of certain
M™ED (P, x,)/Uy). The family M™ 5D (P, x0)/Uy) — M™ED (P, x1)/Wh) s a tor-
sor under a family of abelian varieties of dimension n — 1, isogenous to the (n — 1)-fold
product with itself of an elliptic curve with complex multiplication by E. By 12.4 (c) the

normal bundle of M™ K2 ((Py, &1)/U1) in MKs(P, X,5) is isomorphic to the line bundle
MK (P, X1,%1) — M™ED ((Py, X1)/Up). The coefficients of the ¢g-expansion of a modular
form

f e (MEr (P, x, %), w|dlog]®")

are sections of all nonpositive powers of the invertible sheaf associated to this line bundle.
(Since the stratum is blown down in the Baily-Borel compactification, the normal bundle
is anti-ample: which explains in another way why we have the nonpositive powers of this
invertible sheaf.)

Since V' is of Hodge type {(—1,0),(0,—1)}, we can also consider the mixed Shimura
data V x (P, X). The resulting family of abelian varieties inherits multiplication by F,
which leads to a modular interpretation of M%7 (P, X). A suitable extension of this family
in terms of toroidal compactification can, as in 10.17-10.22, be described as degeneration
of such abelian varieties. All these structures can, of course, be described in terms of
morphisms in 12.4.
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Aa Afa AK; AI(,f

Adg, adg
Ald]

B(x%), B(XY, P)

List of frequently used symbols

adele ring

adjoint operation

group of d-division points
set of commutators

6(P1vX17P1/7X1/7pf)7 B(Pla‘)(lapl/a‘)(l/?pf)

C

C(P, X)
C(x°, p)
C*(X°, )
(CSpag, Hag)
Aq

certain maps in U, U

set of complex numbers

conical complex

open cone associated to boundary component
union of all boundary components of C'(X°, P;)
Shimura data for the symplectic group
normalizer of a boundary stratum in the Baily-

Borel compactification
o splitting associated to a cone o

exp L subgroup associated to sub-Lie algebra
E(P,X) refelx field

e(X) canonical pairing H(X) x H(X) — Gy,
E(X"°, P]) set of splittings

FP M Hodge filtration

G semisimple part P/W
Gaed  Gder adjoint, derived group
(Gm,@’ HO)? (Gm,Qv h(HO))

standard Shimura data

h homomorphism S¢ — F¢

h equivariant map X — Hom(Sc, Pr)
Hy, ho, hoo reference group and homomorphisms
H(X) group of translations normalizing X
Hw conjugacy class of h: S¢ — Pc

im imaginary part

intg interior automorphism

int(p) interior automorphism of (P, X)
K;(d), KF(d), KY(d), KY(d)

! ! specia]{ open compact subgroups
Lp canonical invertible sheaf on M5 (P, X)*(C)
Ly invertible sheaf occuring in g-expansion
A isomorphism Z — 7Z(1)
MP4 Hodge decomposition
M(n) Tate twist

MEs (P, x)(C), MY (P, X), MEr (P, X)
(mixed) Shimura variety
MXs (P, X)*(C), M&Y (P, X)*, MKr(P,X)*
Baily-Borel compactification
MXs (P, x)(C), MY (P, X), ME:r(P, X)
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0.3
10.1
8.11

6.11, 6.15
0.2

4.24

4.15

4.22

2.7

6.3, 6.18, 7.3
5.11, 8.5

0.3

11.1

10.2

9.2

1.1

2.1

0.3

2.8
1.4
2.1
4.3
10.1
1.6
4.14
0.3
3.5

10.7, 10.15
8.1

12.18

2.8, 3.16, 8.5
1.1

1.11

3.1, 9.25, 11.5

6.2, 9.25, 12.3



ME1(P,X)*(C)

toroidal compactification 6.24, 9.25, 9.34, 12.4-5
union of M%7 (P, X)(C) with all boundary strata of
codimension 1 8.2

M(d)’ MV(d)7 MW(d)v Mo(d)’ Ml(}(d)

special mixed Shimura varieties 10.7, 10.15
M, moduli scheme of abelian varieties 10.6, 11.16
MY XY “moduli scheme” of roots of unity 10.15
L canonical cocharacter of S 1.3
ordp homomorphism 7'(C) — Y, (T)r 5.8
wgg /s sheaf of invariant differentials 5.26
wldlog], wx,,[dlog], wx, /S[dlog]

sheaf of differentials with at most logarithmic

poles along the boundary 5.26, 8.1
(P,X), (P,X,h)  (mixed) Shimura data 2.1
(P,X)/Py quotient mixed Shimura data 2.9
(P1, X1) X(px) (P2, A2)

fibre product 2.20
(Po, Xo) unipotent extension of (G,,q, Ho) 2.24
(Pag, Xog) unipotent extension of (C'Spag, Hag) 2.25
(Pio]s X)) mixed Shimura data associated to [o] 7.1
s the positive real number 0.2
7, 7 projections P - G = P/W, P — P/U 2.1
mo(X) set of connected components 0.1
Ty canonical projection T, — T, . 5.2
o] projection (P, X) — (P}, X[4]) 7.1
[7]* projection to Baily-Borel compactification 6.24, 9.25, 12.4
Q admissible Q-parabolic subgroup 4.5
R kX WEeil restriction 0.2
R set of real numbers 0.2
S, st Deligne torus 1.3
¥, X(X% Pi,ps)  admissible (partial) cone decomposition 6.4
»0 subset of all cones along the unipotent fibre 6.5
Xi(py,am) restriction to a boundary component 6.5
Yio] induced cone decomposition 7.7
X(f) cone decomposition associated to a piecewise linear

convex rational function 5.20
Z;, X5, Yx cone decompositions associated to % 9.12
13| support of a cone decomposition 5.1
o9 interior of a cone 5.1
00 standard cone 5.10, 8.5, 9.1
o dual cone 5.1
o] double coset of cones 7.1
b locally polyhedral subset 9.8
Ty torus embedding 5.3
T, affine torus embedding 5.2
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(P17 Xlapf)
(P17 Xlapf)

-

INEN

S S SRIR S
&
-
=

]
'pf] ) [¢]

[ -ps]"%, ¢*%

orbit in a torus embedding 5.2
weight -2 subgroup of P 2.1
covering of M7 (P, X)(C) 6.10
covering of M%7 (P, X,%)(C) 6.13
weight -1 subquotient of P 2.1
standard Z/dZ-modules 10.3, 10.7
“weight” of S 1.3
unipotent radical of P 2.1
weight filtration 1.1
universal family of abelian varieties 10.10, 11.16
relative torus embedding 5.5
charcter group of a torus T' 5.2
open subset of X that maps to A} 4.11
union of hermitain symmetric domain with all its

rational boundary components 6.2
cocharacter group of torus T’ 5.2
Tate Hodge structure 1.11
equivalence relation on U or U 6.10, 6.16
the complex number 0.2
commutator 0.3

morphisms of mixed Shimura varieties
3.4,6.2, 6.25, 9.25, 12.3, 124
pullback of admissible cone decomposition 6.5
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abelian scheme

admissible complete cone decomposition
admissible partial cone decomposition
admissible Q-parabolic subgroup
almost (semi-)direct product
arithmetic subgroup

Baily-Borel compactification
barycentric subdivision

canonical model

canonical projection

canonical sheaf

class field isomorphism

complete rational polyhedral decomposition
concentrated in the unipotent fibre
congruence subgroup

conical complex

convex rational polyhedral cone

core

cyclotomic character

Deligne-torus

embedding of mixed Shimura data
face of a cone

fibre product

finite admissible cone decomposition
Gy-torsor

generalized elliptic curve

Hilbert modular variety

Hodge structure

imaginary part

improper rational boundary component
irrducible mixed Shimura data
locally polyhedral

mixed Shimura data

mixed Shimura variety

moduli scheme

morphism of mixed Shimura data
neat subgroup

normalized G,,-torsor

parabolic subgroup

piecewise linear convex rational function
polarization of Hodge structures
proper rational boundary component
properly discontinous

pure Shimura data
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pure Shimura variety
g-expansion

quotient of mixed Shimura data
rational boundary component

rational partial polyhedral decomposition

reciprocity law

reductive group

refinement

reflex field

Satake topology
scheme-theoretically dominant
Shimura data

Shimura variety

Siegel modular variety
smooth admissible cone decomposition
smooth cone (decomposition)
strictly convex

symplectic d-structure

Tai’s theorem

Tate curve

toroidal compactification
torus embedding

totally symmetric G,,-torsor
unipotent extension
variation of Hodge structures
WEeil restriction
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