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Abstract. Let O be the ring of integers of a non-Archimedean local field and 7
a fixed uniformizer of . We establish three main results. The first one states
that the exterior powers of a m-divisible O-module scheme of dimension at most
1 over a field exist and commute with algebraic field extensions. The second
one states that the exterior powers of a p-divisible group of dimension at most 1
over arbitrary base exist and commute with arbitrary base change. The third one
states that when O has characteristic zero, then the exterior powers of w-divisible
groups with scalar O-action and dimension at most 1 over a locally Noetherian
base scheme exist and commute with arbitrary base change. We also calculate
the height and dimension of the exterior powers in terms of the height of the
given p-divisible group or 7-divisible O-module scheme.

Résumé. Soient O I’anneau des entiers d’un corps local non-archimédien et 7 une
uniformisante de @. On démontre trois résultats principaux. Le premier affirme
que les puissances extérieures d’un schéma en O-modules m-divisible de dimen-
sion au plus 1 sur un corps existent et commutent avec extensions algébriques de
corps. Ensuite on établit que les puissances extérieures d'un groupe p-divisible
de dimension au plus 1 sur une base quelconque existent et qu’elles commu-
tent avec changements de base arbitraires. Finalement on démontre que si O
est de charactéristique zéro, alors les puissances extérieures d'un schéma en O-
modules 7m-divisible avec une O-action scalaire et de dimension au plus 1 sur un
schéma de base localement noetherian existent et commutent avec changements
de base arbitraires. De méme, on calcule la hauteur et la dimension des puis-
sances extérieures en termes de la hauteur du groupe p-divisible ou du schéma
en O-modules 7-divisible donné.
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Introduction

As its title suggest, in this thesis, we are dealing with the “exterior powers” of
p-divisible groups or more generally “m-divisible groups”. So, let us explain what
we mean by exterior power. Let C be a category containing all finite products,
and let Gg,Gq,...,G, be Abelian group objects, or more generally, R-module
objects (with R a commutative ring with 1). The latter is an object X of C such
that the contravariant functor

hx = More(-, X) : C — Ens
factors through the forgetful functor R-90t00 — Ens.

By an R-multilinear morphism ¢ : Gy X --- X G, — G, we mean a morphism
such that for every object T' of C, the induced map

o(T) : Go(T) % ... Go(T) = Go(T)

is an R-multilinear morphism, where G;(7T') stands for the R-module h¢,(T"). De-
note by MultZ(Gy x - -+ x G, Gy) the R-module of all R-multilinear morphisms
from Gy x -+ x G, to Go. If r = 1, we use Homy instead of Multy. In the same

fashion, we define alternating R-multilinear (or simply alternating) morphisms
and denote by AltZ(G", H) the R-module of all such morphisms from G” to H.

An obvious example is when C is the category of sets, and we obtain the ac-
customed notion of R-multilinear morphisms and alternating morphisms of R-
modules. A more interesting example is when C is the category of schemes over
a base scheme S and R is the ring of rational integers Z. The R-module objects
of C are then commutative group schemes over S. Multilinear morphisms are the
natural generalization of group scheme homomorphisms, and they appear quite
naturally. Examples of such morphisms are the Weil pairing of the torsion points
of an Abelian variety, or the Cartier duality of a finite flat commutative group
scheme. Drinfeld modules, or more generally Anderson modules provide non-
trivial examples of R-module schemes, where R is a ring of functions on some
affine curve defined over a finite field.

vil
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Given an R-module object G, we call an object A\"G, the r't-exterior power of
R

G in a subcategory D of C, consisting of R-module objects of C, if there exists
an alternating R-multilinear morphism A : G" — A"G, such that the following
R

universal property is satisfied:

For every object H of D and every alternating R-multilinear morphism ¢ : G" —
H, there exists a unique R-linear morphism ¢ : A"G — H such that g o \ = ¢.
R

In other words, the homomorphism

HomZ(\'G, H) — AWZ(G", H)
R
induced by A is an isomorphism.

If we drop the adjective “alternating” in the above description, we get the no-
tion of tensor product. Having tensor products and exterior powers enables us to
translate multilinear and alternating morphisms into the language of the category
of R-module objects we are working with, i.e., we will have (R-linear) morphisms
instead of multilinear ones.

In the category of R-modules, the exterior powers are the usual exterior powers,
and we know that they always exist. However, the question of existence of such
objects in a given category is a subtle one and the main challenge is to construct
them in the given category.

In this thesis we consider only the case, where C is a category of schemes in a
wider sense, e.g., the category of p-divisible or w-divisible groups, where the ob-
jects are built from schemes. Since we will ultimately be interested in alternating
morphisms and exterior powers, let us concentrate on them.

Let C be the category of finite flat commutative group schemes over a base scheme
S, and let G be an object of C. From now on, group schemes are assumed to be
commutative. We can always define the contravariant functor:

Altg(G7,Gr) : Schg — 2Ab,
T — AltT( ;“7 Gm,T)'

One can show, using Weil restriction, that this functor is representable by a
group scheme of finite type and affine over S, which abusing the notation, will be
denoted by Alt¢(G", G,,). Assume for a moment that Alty(G",G,,) is finite and
flat over S. Then its Cartier dual, denoted by A", is a finite flat group scheme
over S and we have a canonical isomorphism

a: Homg(A", G,,) — Altg(G", G,y,).
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One will deduce from this isomorphism that A" is the r'"-exterior power of G
in C. This observation shows that A\"G exists in C, whenever Alt4(G",G,,) is
finite and flat over S. Of course, we may relax the finiteness condition and ask
whether A\"G exists in a larger category, e.g., in the category of group schemes
over S. In fact, if S is the spectrum of a field, using the fact that Alts(G", G,,)
is an affine group scheme of finite type over S and a devissage argument, it is
shown in [Pink|, that the Cartier dual of Alt4(G",G,,) (with an adequate defi-
nition) is the r*f-exterior power of G in the category of group schemes over S.
It is always a profinite group scheme, but not necessary a finite one. Because
of its existence and the fact that its construction commutes with arbitrary base
change, the group scheme Alt¢(G", G,,) will play a significant role in this thesis,
especially when it comes to the question of the existence of A\"G and its base
change properties.

Let us now define the other main ingredient of this writing, namely m-divisible
groups, or more precisely m-divisible O-module schemes. These are the general-
ization of p-divisible groups. Let O be the ring of integers of a non-Archimedean
local field, i.e., a complete discrete valuation ring with finite residue field (say I,
of characteristic p). Fix a uniformizer m of O. A w-divisible O-module scheme
over a base scheme S is a formal scheme M over S with an action of the ring O,
such that 1) the multiplication by 7 is an isogeny (“divisibility” by 7) , i.e., an
epimorphism with finite and flat kernel, 2) M is m-power torsion, i.e., M is the
union of the M; (i > 1), where M; is the kernel of multiplication by 7" on M.
It will be shown that a w-divisible O-module scheme is a smooth formal scheme
and that there exists a natural number h, called the height of M, such that for
all 7 > 1, the group schemes M; are finite of order ¢*. As we said earlier, these
are generalizations of p-divisible groups. If O = Z,, the ring of p-adic integers,
then p-divisible O-module schemes are the same as p-divisible groups. In fact if
O is any mixed characteristic complete discrete valuation ring with finite residue
field, it can be easily shown that a m-divisible O-module scheme is a p-divisible
group. Other important examples are Lubin-Tate groups or formal completion
of a Drinfeld or Anderson module.

As for p-divisible groups, a morphism f : M — N of w-divisible O-module
schemes is defined as a system of homomorphisms on finite levels, compatible
with projections 7 : M1 — M; and 7 : N;y; — N;. In other words, it is
an element of the O-module 1(511 Homg(M;, N;), where the transition morphisms
are induced by the above projections. By definition, an alternating O-multilinear
morphism from M" to N, is an element of the inverse limit lim Altg(MI,N})
with the transition morphisms again induced by the above projgtions. This de-
fines the notion of the exterior power of a w-divisible O-module scheme. Note
that if » > 1 and instead of projections, we require compatibility with inclusions
M; = M1 and N; = N4, then any alternating morphism would be the zero
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one.

The main question in this thesis is the following:

Question 0.0.1. Let M be a mw-divisible O-module scheme of height h and di-
mension at most one. Do the exterior powers of M exist? If they do, what are
their height and dimension? How do the exterior powers behave with respect to
base change?

Before a discussion of motivations behind this problem, and our approach to it,
let us first make a few remarks. First of all, for technical reasons, we have to
assume that the prime number p is different from 2. Secondly, the condition
on the dimension is essential for our proof of the existence of exterior powers.
The case of p-divisible groups over perfect fields of characteristic p illustrates this
point. One way of seeing it, is to look at the slopes of the F-crystal associated
to p-divisible groups. Let G a p-divisible group and let M be its F-crystal. It is
natural to expect that the F-crystal associated to A" G, if it exists, is isomorphic
to \"M. However, as soon as r > 1 and M has a slope larger than %, N M
will have a slope larger than 1 and thus cannot be the F-crystal associated to a
p-divisible group, as the slopes of such F-crystals are always between 0 and 1.
This phenomenon is also reflected in the impossibility of defining a Frobenius F

on A"M in such a way that FV =V F = p.

The logarithm of the order of finite (flat) group schemes behaves much like the

rank of finitely generated projective or free modules over rings. So, as for the

finite free modules over rings, the expectation is that the height of A" M is equal
R

to (IZ), where h is the height of M. In fact, we will prove this statement and will

show that the dimension of Qr/\/l is equal to (’;j)
Let us now see how an affirmative answer to the above question might be inter-
esting. Let M be a Lubin-Tate group of dimension 1 and height h, over some
base scheme. Then, the highest exterior power of M, i.e., /\h/\/l is a Lubin-Tate

R
group of dimension and height 1. In this way, we obtain a “determinant map”
from the moduli space of Lubin-Tate groups of height h (and dimension 1) to the
moduli space of Lubin-Tate groups of height 1 (and dimension 1).

Let M be a w-divisible O-module scheme of dimension 1, and let p be the Ga-
lois representation attached to it, or more precisely, the Galois representation
associated to its Tate module (defined exactly as for p-divisible groups). For
p-divisible groups over p-adic rings (i.e., rings of integers of characteristic zero
non-Archimedean local fields) this Galois representation is a crystalline repre-
sentation of Hodge-Tate weight 0 or 1. For Drinfeld modules, this is the Galois



x1

representation one wishes to study. A positive answer to the above question
provides a conceptual and precise reason why the determinant of these Galois
representations is the Galois representation of an object of the same kind.

Another motivation is the following. One would like to have tensor constructions
for Abelian varieties, or locally (at prime p), for their p-divisible groups. Again,
due to the slope constraint, this is not possible in general, if one needs to stay in
the framework of Abelian varieties or p-divisible groups. However, one can cap-
ture the data encoded in the part of the exterior powers that has slopes between
0 and 1. For elliptic curves, this problem does not occur, since the dimension of
the corresponding p-divisible group is at most 1.

Apart from the mathematical delight this enterprise has engendered, the above
discussions were motivating enough to pursue an answer to the question. We
hope the reader would feel alike.

In this thesis, we will prove that the exterior powers of p-divisible groups of dimen-
sion at most 1 over any base scheme exist and that their construction commutes
with arbitrary base change. We will also show that the height and dimension of
the r*f-exterior power of a p-divisible group of height h and dimension one are
respectively equal to (if) and (:fj) If the ring O is a p-adic ring, we will explain
how to generalize and adapt the proofs so as to have the results for w-divisible
O-module schemes. We proceed in this way, because the generalization rests
upon a result from the so far unpublished Ph.D. thesis of Tobias Ahsendorf (cf.
[Ahs]). If O is of characteristic p and the base scheme is the spectrum of a field,
then we will show that the exterior powers of m-divisible O-module exist and we
will obtain the similar result on their height and dimension.

Let us explain a brief sketch of our proof for the above statements. We hope
that this will justify the organization of the chapters and the order in which we
undertake the proofs. In this sketch, we focus on p-divisible groups.

Let G be a p-divisible group of dimension 1 over a base scheme S, and denote
by G, the truncated Barsotti-Tate group of level n. One main idea is that,
although not necessary from the definition, we construct the exterior powers
of individual G,,, and show that this construction commutes with base change.
When S is the spectrum of a perfect field of characteristic p, we use Pink’s
multilinear theory of finite commutative group schemes (cf. [Pink]) to compute
the covariant Dieudonné module of A"G,,. We show that this Dieudonné module
is isomorphic, as expected, to A" D.(G,,), where D,(G,,) is the Dieudonné module
of G,,. This allows us to compute the order of A\"G,, and consequently, to obtain
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short exact sequences

0 — /\an — /\an+m — /\er -0

induced from the exact sequences
0—>G,— Guim — G, — 0.

Hence, the system {\"G,,},>1 is a Barsotti-Tate group, and its direct limit, \"G,
is a p-divisible group. The above calculation will also imply that the Dieudonné
module of A"G is isomorphic to A"D,(G), and from this isomorphism, we can
compute the height and dimension of A\"G.

Next, let S be the spectrum of a local Artin ring R, with residue characteristic
p. An important ingredient in this case, is the theory of displays over R. This
theory is a generalization of Dieudonné theory, and in particular is equivalent to
Dieudonné theory when R is a perfect field. Since displays are linear algebraic
objects, it makes sense to talk about their exterior powers. With little effort and
under the dimension 1 condition, we prove that the exterior powers of a display
are again displays, and that the construction of the exterior powers commutes
with base change. After defining multilinear morphisms of displays, we construct
a homomorphism

B Mult(Py x -+ x Py, Py) — Mult(BTp, x -+ x BTp, BTp,),

where P; are displays over R and BTp, are their associated p-divisible groups.
This map preserves alternating morphisms and commutes with base change.

Let P be the display of GG, and denote by A" the p-divisible group of A\"P, i.e.,
the p-divisible group BTprp. The universal alternating morphism P" — A"P
gives rise, via 3, to an alternating morphism A\ : G" — A". This alternating
morphism is our candidate for the exterior power of G. This morphism induces
(by definition) an alternating morphism A, : GI, — Al for every n. For every
group scheme X over R, the morphism J, induces a homomorphism

AL(X) : Hom(AL, X) — ALt(G, X).

One of the main results of this thesis is that 8 is an isomorphism when R is a
perfect field. Together with what we know over fields, this implies that the homo-
morphism A’ (X) is an isomorphism over L-rational points, for every perfect field
L over R. We will then explain that it follows that ) (G,,) is an isomorphism and
finally, that these results are sufficient to prove that A” is the r'" exterior power
of GG,,. Then the base change property will be proved, using the isomorphism
(G,
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When R is a complete local Noetherian ring with residue characteristic p, an ap-
proximation argument combined with the universal property of exterior powers
will provide the exterior powers of G over R. In particular we have the exterior
powers of the universal deformation of a fixed connected p-divisible group of di-
mension 1 (defined over F,) over the universal deformation ring Z,[z; ..., z5—1].
The base change property follows from this property over truncations of R.

A result of Lau states the following. Let Gy over IF, be a connected p-divisible
group of dimension 1 and height h, and G over R := Zy[z1,...,z5_1] be the
universal deformation of GGo. Let H be a truncated Barsotti-Tate group of level
n > 1 and of height h over a Z)-scheme X. We assume that the fibers of H
over the points of X of characteristic p have dimension one. Then there exist
morphisms

X&Yi)SpecR

with ¢ faithfully flat and affine, such that ¢*H = ¢*G,.

We prove faithfully flat descent results (descent of objects and morphisms) and
in conjunction with Lau’s result, we construct the exterior powers of truncated
Barsotti-Tate groups G, when S is defined over Z,). We then show that these
exterior powers sit in exact sequences, making them a Barsotti-Tate group, or
their direct limit a p-divisible group. That this construction commutes with base
change follows from faithfully flat descent lemmas we prove, together with this
property for G over Z,[x1, ..., xn_1].

For any base scheme S, using the étale “dictionary”, we translate the question of
existence of exterior powers of étale p-divisible groups to the same question for
continuous representations of étale fundamental group of S. Since these objects
form a tensor category, we can solve our problem rather easily.

Finally, let S be any scheme. We have a faithfully flat covering
1
S = S[- Sy — 9,
[ p] H (p)

where S [%] and S, are respectively the pullbacks of S — Spec(Z) via the
morphism Spec(Z[%]) — Spec(Z) and Spec(Z,)) — Spec(Z). By base change,
we then obtain p-divisible groups G [%] over S [%] and Gy over Sg. Since p is
invertible on S []%], the p-divisible group G[%] is étale, and thus /\TG[%] exists.
Over S(,), we also have constructed the exterior power A\"G(,). These p-divisible
groups glue together to produce the r* exterior power of G’ (the pullback of
G) over S’. Again, using the faithfully flat descent, we get the p-divisible group

NG over S. The fact that it commutes with arbitrary base change is again a
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consequence of the lemmas we prove on faithfully flat descent, and the fact that
A"G’ commutes with base change.

When the base scheme S is locally Noetherian, there is an elementary way to avoid
Lau’s result and construct the exterior powers of G, by proving that Alt¢(GJ,, G,,)
is finite and flat over S. We prove this statement, by reducing to the case of a
local Artin base, where we know it is true (A, (G,,) is an isomorphism).

We now give a quick overview of the chapters. In chapter 1, we define notions
and prove results from algebraic geometry that will be used later. In chapter 2,
we introduce the category of R-module schemes over a base scheme and define
their multilinear (symmetric and alternating) morphisms and also the refined
notion of pseudo- R-multilinear (symmetric and alternating) morphisms (cf. Def-
initions and . We also define the presheaf of multilinear morphisms
of R-module schemes (cf. Definition . We then prove an adjunction result,
that will help us later, mainly for induction arguments (cf. Proposition .
In chapter 3, we review results from [Pink] on the relations between multilinear
morphisms of group schemes and morphisms between their Dieudonné modules,
and explain how to generalize them to R-module schemes. For any r > 0 and
any finite R-module schemes My, ..., M, and M of p-power torsion, we prove,
giving an explicit morphism, that the R-module Mult®(M; x --- x M,, M) is
isomorphic to the R-module L¥(D; x --- x D,, D) consisting of R-multilinear
morphisms satisfying certain conditions involving the actions of Frobenius and
Verschiebung, called the F and V-conditions (cf. Definition [3.0.14)). Pink’s ex-
plicit constructions incorporate both covariant and contravariant Dieudonné the-
ory. We translate these constructions into (purely) covariant theory, something
that in some situations makes calculations easier.

In the first section of chapter 4, we define tensor products, symmetric powers
and exterior powers of R-module schemes, by universal properties (cf. Definition
. Again, we generalize Pink’s argument to show that these objects exist,
when the base is a field and the R-modules are finite over the base (cf. Theorem
4.1.4). In the second section, we examine the base change properties of these
constructions. We prove that these constructions commute with base change, in
either of the following two cases: 1) the base is a perfect field and we change it to
an algebraic field extension (cf. Proposition [£.2.3)), or 2) the base is a field and
we change it to a finite field extension (cf. Proposition . For the first case
we use Galois descent and for the second one we use Weil restriction. In the third
section, we explore functorial and “categorical” properties of exterior powers. In
particular, we explain how the construction of exterior powers behaves with re-
spect to short exact sequences. Main results of this section are Lemma [4.3.9]
Theorem and Proposition [£.3.13] Finally, in the fourth section, generaliz-
ing Pink’s results on Dieudonné modules of finite p-group schemes over perfect
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fields and using these results, we find sufficient conditions under which, taking
the Dieudonné module and exterior power of a finite R-module scheme of p-power

order commute (cf. Lemma [4.4.10)).

The main result of chapter 5 is Theorem [5.6.1], which will serve as a “basis” for the
Main Theorem of this thesis, in the sense that the general case will be reduced to
this situation. We begin the chapter with the definition of w-divisible O-module
schemes (cf. Definition and prove some expected properties, those that
they share with p-divisible groups, e.g., that they are formally smooth. We also
define the height of a m-divisible O-module and show that it is an integer. Then,
we define multilinear and pseudo-multilinear morphisms of 7-divisible modules
and also symmetric and alternating morphisms (cf. Definition . Using
these definitions, we define the notion of exterior powers of mw-divisible mod-
ules (cf. Definition . Next, we prove that over any base scheme, exterior
powers of étale m-divisible modules and finite étale O-module schemes exist and
their construction commutes with arbitrary base change (cf. Proposition [5.4.1)).
When the base scheme is the spectrum of a perfect field of characteristic p, we
prove that the Dieudonné module of a m-divisible O-module of height h is a free
W(k;)@zp(’)—module of rank h. When a 7-divisible module is connected and has
dimension one, we exhibit a basis of its Dieudonné module over W(k‘)@zpo. Us-
ing this basis, we construct morphisms ® and YT on the exterior powers of the
Dieudonné module, such that ® oY = p = T o ® and prove that the exterior
powers of the Dieudonné module are Dieudonné modules with their Frobenius
and Verschiebung being ® and T respectively. Let M be a connected m-divisible
O-module scheme of dimension 1 and height h over a perfect field k. Denote by
D,, the Dieudonné module of M,,. Using & and T, we define morphisms ¢ and v
on \"D,, and show that A"D, is canonically isomorphic to the Dieudonné mod-
ule of A" M,, with Frobenius and Verschiebung acting through ¢ and respectively
o

v (cf. Corollary [5.5.19). This implies that the order of A" M,, is equal to q”(ﬁ).
0

When £ is not necessarily perfect, using the base change properties of exterior

powers, proved in chapter 4, we explain how we can use these quantitative re-

sults and the exact sequences from chapter 4 (stated above) to show that A" M,,
o

form an inductive system, which is a m-divisible O-module scheme of height (}Tl)
Finally, we show that the inductive system above, seen as a w-divisible module,
is the r*Pf-exterior power of M, its dimension is (fj) (cf. Proposition [5.5.30
and Theorem and when k is perfect, its Dieudonné module is canonically
isomorphic to A"D(M). Lastly, we combine the results in the étale case and
the case over fields of characteristic p, to show that over any ground field, the
exterior powers of m-divisible modules of dimension at most 1 exist (cf. Theorem

5.6.1). A by-product of this chapter is the Corollary which will be useful
later.
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In the first section of chapter 6, we recall elements from Zink’s theory of Dis-
plays, that are needed for this thesis. In the second section, we are dealing with
multilinear theory of Displays. For i = 0,...,r, let P; = (P;,Q;, F, V1) be 3n-
displays over a ring R. We define the group of all multilinear morphisms from
Py %+ X P, to Py, and denote it by Mult(P; X - - - X P,., Py). These are morphisms
preserving the action of V=1 (cf. Deﬁnition. Similarly, we define symmetric
(multilinear) morphisms and alternating (multilinear) morphisms. We then show
natural base change properties of multilinear morphisms (cf. Lemma . We
then construct the homomorphism

B Mult(Py X -+ x Py, Py) — Mult(BTp, x --- x BTp_, BTp,)

(cf. Construction . We prove that 3 preserves symmetric and alternat-
ing morphisms and that it commutes with base change (cf. Proposition m
and Corollary . In the third section, we construct exterior powers of a
3n-display of rank one using a normal decomposition (cf. Construction
and prove that this construction is independent from the choice of the normal
decomposition and it commutes with base change, that these exterior powers are
3n-displays and that they are nilpotent, when the given 3n-display is nilpotent
(cf. Lemma . Finally, we prove that the exterior powers of a 3n-display
satisfy the universal property of exterior powers (cf. Proposition .

In chapter 7, we give explicit isomorphisms between the Cartier module, the
Dieudonné module and the display of a connected p-divisible group over a per-
fect field of characteristic p. That these linear algebraic gadgets are isomorphic
is known to experts, but the author was not able to find, in the literature, the
isomorphism between the Cartier module and the Dieudonné module. Accord-
ing to [Bre79], the isomorphism between the Cartier module and the Dieudonné
module of a connected p-divisible group over a perfect field of characteristic p
is due to W. Messing. The construction of the morphism from the Dieudonné
module to the Cartier module (Construction was inspired by that given in
[Bre79].

In chapter 8, we prove the Main Theorem of the thesis (for p-divisible groups),
i.e. Theorem In the first section, we prove some technical statements using
the isomorphisms constructed in chapter 7. These will allow us to make explicit
calculations and prove Theorem and Corollary [B.1.22] which are the key
results for the proof of the Main Theorem. In the second section, we construct

the morphism
A5(X) : Hom(A7, X) = Alt(G, X)

mentioned above (cf. Construction [8.2.1). When p is nilpotent in R and P is
nilpotent, we show that A\ (G,,) is an isomorphism (cf. Proposition [8.2.6|) and
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conclude from it that A, (X) is an isomorphism when X is finite and flat over
R (cf. Propositions . Using this result, we prove that if R is a complete
local Noetherian ring with residue characteristic p and the special fiber of G is
connected, then the exterior powers of G exist (cf Proposition and they
commute with arbitrary base change (cf. Corollary . In the last section,
we use the results from previous sections to construct the exterior powers of p-
divisible groups over arbitrary base. We begin by stating Lau’s result mentioned
above (and giving his proof). We then prove Lemma on faithfully flat de-
scent for truncated Barsotti-Tate groups and p-divisible groups. We then show
that if S is a scheme over Z,) and G over S is a p-divisible group whose fibers at
points of characteristic p have dimension 1, then the exterior powers of GG exist
and they commute with arbitrary base change (cf. Lemma . We prove
this lemma by proving the similar result for truncated Barsotti-Tate groups (cf.
Lemma . Finally, as we explained above, we glue these results to prove the
Main Theorem [8.3.5]

In chapter 9, we prove the Main Theorem of the thesis for w-divisible O-module
schemes, where O is a p-adic ring and the action of O on their Lie algebra is by
scalar multiplication. In the first section, we briefly define ramified Witt vectors
and state (without proof) their main properties. Then, we define ramified 3n-
displays over O-algebras. These are natural generalizations of Zink’s 3n-displays,
with (¢, ) replacing (p,p). This generalization is the work of T. Ahsendorf (cf.
[Ahs]). We follow the constructions of [Ahs] and state the results of [AhLs| that we
will use. Then, we explain how our constructions from chapter 6 can be general-
ized to this new setting of ramified displays. In the second section, we construct
and define the ramified Dieudonné module of a m-divisible module over a perfect
field & (cf. Construction and endow it with a ramified 3n-display struc-
ture. Next, we construct an equivalence of categories, H, between the category of
Dieudonné modules over k£ with a “scalar” O-action and the category of ramified
Dieudonné modules over k with “scalar” O-action. A scalar action, is an action
which on the tangent space is given via the scalar multiplication (cf. Lemma
. We then prove that this equivalence preserves multilinear morphisms sat-
isfying the V-condition (cf. Lemma . We show that if P is a display over k
with scalar O-action, and H(P) is the corresponding ramified display, then the
associated p-divisible group to P and w-divisible module to H(P) are isomorphic
as formal O-modules (cf. Proposition . A key technical result in this part
is Proposition 9.2.19, This proposition together with what we proved in chapter
8 imply Corollary which states that the homomorphism £ is an isomorph-
ism, also in the framework of ramified displays. Having this crucial result, we
can proceed as in chapter 8, and construct the exterior powers of an infinitesi-
mal m-divisible module of dimension 1 over local Artin O-algebra. Let M be a
m-divisible O-module over a base scheme S and of dimension at most 1. In this
chapter, instead of generalizing Lau’s result and when S is locally Noetherian,
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we prove that &S(M;, G,,) is a finite flat O-module scheme over S, where the

symbol Alt means pseudo-O-multilinear alternating. We prove this statement,

by showing some elementary lemmas and reducing to the case of a local Artin

O-algebra. We then explain that this statement implies the existence of the ex-

terior power A\"M,, (cf. Proposition [9.2.33). As in chapter 8, we prove that
@)

the system {A\"M,}, is a w-divisible O-module scheme over S (cf. Proposition
@

9.2.34). Finally, we show that this system is the r*P-exterior power of M and that

for every S-scheme T, we have a canonical isomorphism (A" M)r = A"(Mz7) (cf.
@) o
Theorem [9.2.36[). We have similar statement about the height and dimension of

the exterior powers.

In chapter 10, we exhibit some examples.
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Conventions.

Throughout the article, unless otherwise specified, rings are commutative with 1.
A geometric point of a scheme is a morphism from the spectrum of an algebraic
closed field to the scheme. The group schemes are assumed to be commuta-
tive. By dimension of a finite group scheme over a field, we mean the vector
space dimension of its Lie algebra. An exact sequence of group schemes is an
exact sequence of sheaves on the fppf site over the base. In the theory we are
dealing with, there are subtle existence problems; so, if we talk about an object,
we are always implicitly assuming that it exists, without every time expressing it.

Individual chapters, sections or parts of them may require specific conventions,
and we tried to introduce these conventions in the preamble of the corresponding
chapters or sections. We therefore ask the reader to refer to the beginning of each
chapter and section, in order to find the adequate conventions for that part.

Notations.

N=1{0,1,2,...,}

N, ={1,2,3,...,}

e For any n € N, we denote by w(n) the number of distinct prime factors of
n.

Ny — {—1,0,1} is the Mobius function defined as follows:

(=1)*(™) if n is square-free,
p(n) = .
0 otherwise.
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INTRODUCTION

Q>0 is the set of non-negative rational numbers.
p is a prime number.
q is a power of p and F, is the finite field with ¢ elements.

If R is a ring and r is an element of R, we denote by R/r the quotient ring

R/TR.

Zp) is the localization of Z at the prime ideal (p).

Gy, is the multiplicative group scheme over any given base scheme.
G, is the additive group scheme over any given base scheme.

For natural numbers m and n, the binomial symbol (;:L) is defined to be
zero when m > n and if n > m it is defined as usual.

Let z = (x1,...,2,) be an element of Z". We denote by max x respectively
min z the integer max{zy, ..., z,} respectively min{z,..., z,}.

Zy = {d = (di,...,d,) € Z'|mind = 0}. We denote by Zg _,, the subset

of Zj, consisting of vectors d with maxd < M.
For integers a < b, we set [a,b] := [a,b] N Z.

Let r be a natural number and S, ..., S, non-empty sets. Choose an el-

ement z; € S; for some 7 and let a : [L,r] \ {i} — [[;_,; S; be a map

such that a(j) € S; for every j # i. We denote by (a(1),...,2;,...,a(r))
0

the element (a(1),...,a(i —1),z,a(i +1),...,a(r)) € Sy x --- x S,. (This
strange notation is used in the rare occasions, where the notations are very
heavy and carrying all the indices reduces the readability).

If R is aring and M is an R-module, we denote by {g(M) the length of M
over R.

We denote the kernel of a homomorphism of group functors ¢ : F — G, by
Flgl.

Let X be a group scheme over a base scheme S. We will identify the sheaf
hx := Homg(_, X) on the fppf site of S with the scheme X. So, if T is an
S-scheme, X (T") will denote the set Homg (7T, X).

Let X be a scheme over a base scheme S and f : T — S a morphism. We
denote by X the fiber product X xgT'. If F is a sheaf on a Grothendieck
site over S (e.g. the fppf site), we denote by f*F the pullback of F along
f. So, if X is a scheme over S, the pullback of X, f*X, regarded as an fppf
sheaf and the scheme Xt are identified.



xxii1

Let F and G be sheaves on a Grothendieck site. We denote by Hom(F, G)
the “sheaf hom” from F to G, in other words, this is the sheaf that sends
an object U of the site to the set Homy (F,,, G, ).

Let G be a finite flat group scheme over a base scheme S. The Cartier dual
of G, i.e., the finite flat group scheme Homg¢ (G, G,, s) is denoted by G*.

Let R be a ring. We denote by W(R) and CW (R) (respectively CW*(R)),
the ring of Witt vectors and the ring of Witt covectors (respectively unipo-
tent covectors) with respect to p and with coefficients in R. Sometimes,
when the risk of confusion is minor, we will write W (respectively C'W)
instead of W(R) (respectively CW (R)). We write a vector of W (R) in the

form x = (xg,x1,...) and a covector of CW(R) in the form z = (..., z1, zo).
Z, is the unramified extension W(F,) of Z, with residue field F,.

For any scheme S, we denote by Wg and CWg (respectively CW¢) the
ring scheme of Witt vectors and Witt covectors (respectively unipotent

covectors) over S. The Frobenius and Verschiebung will be denoted by F
and V.

Denote by W, the cokernel of the morphism V™ : W — W, i.e., the ring
scheme of Witt vectors of length m and denote by W, ,, the group scheme
W, [F™], i.e., the kernel of F™ : W,,, — W,,.

Let k be a perfect field of characteristic p. Denote by W the direct system
W, — Wy, — ..., viewed as an ind-object of the category of commu-
tative group schemes over k. Thus, for any commutative group scheme G
over k, we have by definition Hom(G, W) = th Hom(G,W,,). Note that W

n

is canonically isomorphic to CW* (cf. [Fon77|, Chapitre II, §1).
For all m and n consider the morphism (of schemes)
Tom - Winn = W, (20, ..., Zm-1) = (20, ..., Zm-1,0,0,...).

Denote by W the formal group scheme J, ., Tim.n(Winn). To avoid heavy
notations, when confusion is unlikely, we write 7 instead of 7, ,. Note that

Wis sub-ind-object of W,

Denote by W the inverse limit, l{EnWmn with transition morphisms the

projections r : Wy,i1, — Wi, (the truncation) and f : W, 01 = Win

(the Frobenius). For every n, denote by 7, the projection W — lim W,, ,, =
(—
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Let R be a ring with a distinguished element 7, and G an R-module functor
(i.e. a functor from a category to the category of R-modules). We denote
by G, the functor G[n"], i.e., the kernel of 7™ : G — G. For instance, if G
is a p-divisible group and R := Z with 7 := p, then G,, denotes the kernel
of the multiplication by p™. If there are more than one R-module functors
Gy, G, G, . .., indexed by natural numbers, then for every 7, the kernel of
multiplication by 7" on G; will be denoted by G ,,.

Let k be a perfect field of characteristic p. We denote by E; the Dieudonné
ring over k, i.e., the non-commutative polynomial ring
W(k)[E, V]
(FV —VF,VF —p)

with F§€ = £7F and VE7 = €V for all £ € W(k), where 7 : W (k) — W (k)
is the Frobenius morphism of W (k).

Let k be a perfect field of characteristic p. We denote by IAEk the (F, V)-adic
completion of E;, i.e., we have
. WEIEV]
"T (FV -VF,VF —p)’

Let k be a perfect field of characteristic p and G a finite group scheme over
k of p-power order. The contravariant Dieudonné module of G, denoted
by D*(G), is the Ex-module Hom(G, CW*) = Hom(G, W). The covariant
Dieudonné module of G, denoted by D,(G), is the Ex-module D*(G*). If
G is local-local, this module is canonically isomorphic to Hom(W, G). For
details refer to [Fon77] or [Pink].

For any ring R, denote by Aj the affine group scheme over R, which asso-
ciates to every R-algebra A, the multiplicative group 1+t - A[t] of formal
power series in A with constant term 1. Seen as a functor from schemes
over R to Abelian groups, Ay is isomorphic to the product HN+ AL (cf.
[Dem86] ).

p(n)

Set F'(t) := [, (1 —t) " €1+t Zy[t] (cf. [Dem8a]).

The Artin-Hasse exponential is the following morphism

E:-Wy,, = Ay, z— E(z,t) = H F(z, - t7")

neN

(cf. [Dem8&6]).



Chapter 1

Algebraic Geometry Results

In this chapter we define some general notions and prove some auxiliary results
from algebraic geometry, that will be used later. These results may hold under
weaker conditions. We did not intend to prove the most general statements.
Rather, we tried to devise a compromise between simplicity of proofs and gener-
ality of statements.

Lemma 1.0.1. Let X = Spec(A) with A a complete local Noetherian ring and
let f:Y — X be a separated morphism with the following property: for every
local Artin ring R and every morphism Spec(R) — X, the base change of [ to
R, fr: Yr — Spec(R), is a finite and flat morphism. Then f is a finite and flat
morphism.

Proof. The hypothesis on f implies that it is a quasi-finite morphism. Since A is
a local Henselian ring, by Theorem 4.2, p. 32 of [Mil80], f is a finite morphism.
Thus, in particular, f is affine and we can write Y = Spec(B) with B a finite
A-algebra. Let us denote by m the maximal ideal of A, by A, the local Artin
ring A/m™*! and by B,, the finite A,-algebra B ®4 A,. Then, by assumption,
for every natural number n, B, is a finite flat A,-algebra. It follows from the
local flatness criterion (cf. Theorem 22.3, p. 174 of [Mat89]) that B is flat over
A. O

Lemma 1.0.2. Let o : X — Y be a surjective morphism of schemes over a base
scheme S. Denote by f: X — S and g : Y — S the structural morphism of X,
respectively of Y. If f is finite and g is separated and of finite type, then g is
finite.

Proof. As ¢ is surjective, the fibers of f surject onto the fibers of ¢ and since f
is finite and thus quasi-finite, the fibers of g are finite too (as sets) and therefore,
g is a quasi-finite morphism. If we show that g is proper, then it will be finite
(“proper” + “quasi-finite” = “finite”). Since g is already by assumption separated,
we only need to show the universal closedness. Note that since f is finite, it is
proper as well. As the properties of being proper and surjective are preserved

1
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under base change, in order to show that g is a universally closed morphism, it
is sufficient to show that it is a closed map of topological spaces. Let FF C Y be
a closed subset. Since ¢ is surjective, we have F' = p(¢ ' (F)) and thus

g(F) =gop(e ' (F)) = fle ' (F)),

which is a closed subset of S, because f is proper and therefore a closed map and
@ Y(F) is a closed subset of X. O

Definition 1.0.3. Let X be a separated scheme over a base scheme S and let
s € S(L) be an L-valued point, with L a field. Denote by X, the base extension
of X with respect to the morphism s : Spec(L) — S. By the order of X over s,
we mean the dimension over L of the L-vector space I'(X;, Ox,). In particular,
if s € S is a point, the order of the fiber X, over s, is the dimension of the
k(s)-vector space I'( Xy, Ox.).

Lemma 1.0.4. Let X, Y be affine schemes over S = Spec(R), where R is a local
ring. Assume furthermore that X is finite and flat and Y is of finite type over S,
that the fibers of X and Y have the same order over every point of S, and that
we have a morphism ¢ : X — Y over S which is an isomorphism on the special
fiber. Then ¢ is an isomorphism.

Proof. We show at first that ¢ is a closed embedding. Set A := I'(X, Ox) and
B :=T(Y,Oy). By assumption, we have X = Spec(A) and Y = Spec(B), with
A a flat and finite R-algebra (i.e., finite as R-module). The morphism ¢ : X — Y
corresponds to a ring homomorphism f : B — A. We want to show that f is
surjective. Write C' for the cokernel of f and denote by k the residue field of R.
Tensoring the exact sequence of R-modules B Ly A C — 0 with k over R,
we obtain the exact sequence

B@pk L2819 s A@pk— C®pk— 0.

By hypothesis, B&grk el A@pkis an isomorphism, and therefore, C' @k

is the zero k-vector space. As A is a finitely generated R-module and C' is a
quotient, we can apply the Nakayama’s lemma to C' and deduce that C' = 0.
This shows that f is surjective. Write K for the kernel of f, i.e., we have a short
exact sequence 0 - K — B 3 A—0. As A is flat and finitely generated and
R is local, it is free. This implies that the above short exact sequence is split (as
R-modules) and we can write B = K@® A, and so Bk = (K Qrk)® (A®grk).
Again, since by assumption f is an isomorphism after tensoring with k over R,
we have K ®r k = 0. Assume for the moment that B is a finitely generated
R-module. Then, K being a quotient of B, is also finitely generated and we can
apply once again Nakayama’s lemma and conclude that K = 0, which achieves
the proof of the proposition. So, we have to show that B is a finitely generated
R-module or equivalently, that Y is a finite S-scheme. Fix a point s € S. As



¢ : X — Y is a closed embedding, the induced morphism ¢5 : X; — Y; is a
closed embedding as well. By assumption, X is finite over s and the fibers X
and Y, have the same order over s, which should be then finite. This shows that
the embedding ¢, is in fact an isomorphism (a surjective map of vector spaces of
the same finite dimension is an isomorphism). Consequently, the morphism ¢ is
surjective as a map between topological spaces. We can now apply Lemma (1.0.2
and conclude that Y is a finite scheme over S. m

Proposition 1.0.5. Let S be a base scheme and ¢ : X — Y a morphism of S-
schemes with X finite and flat and'Y of finite type and separated over S. Assume
that for every geometric point s of S, Xs and Yy have the same order over s and
that ¢ is an isomorphism over every closed point of S. Then ¢ is an isomorphism.

Proof. Denote by f : X — S, respectively ¢g : Y — S the structural morphisms
of X, respectively of Y. Assume that we have shown the proposition for S, X
and Y affine. Let S = (J,cp Sa, and Y = |J,c, Yo be open affine coverings, such
that g(Y,) C S,. Set X, := ¢ 1(Y,), and therefore we have also f(X,) C S,.
Since by hypothesis, f is finite and thus affine and g is separated, by [EGATI]
1.6.2 (v), we know that ¢ is an affine morphism and therefore J ., X, is an
open affine covering of X. Denote by ¢, : X, — Y, the restriction of ¢. We
know that for all a € A, the morphism ¢,, is an isomorphism, and so, it follows
that ¢ is as isomorphism. So, it is enough to show the statement in the affine
case. Set A := I'(X,0x), B := I'(Y,Oy) and R := I'(S,Og) and denote by
h : B — A the ring homomorphism corresponding to ¢ : X — Y. We want to
show that for every maximal ideal m of R, the localization hy, : By, — An of h
is an isomorphism. It follows then that h is an isomorphism. We can therefore
assume further that R is a local ring. Let s be a point of S, and k an algebraic
closure of x(s). Since by assumption the R-vector spaces B ®p £(s) ®u(s) & and
A®RK(5)Rs(s) Rk have the same finite dimension, the (s)-vector spaces B®pk(s)
and A®pg r(s) have the same dimension too. This shows that the fibers of X and
Y have the same order. We also know by assumption that ¢ is an isomorphism
over the special fiber. We can now apply the previous lemma, and conclude that
 is an isomorphism. O]

Remark 1.0.6. Assume that X, Y and S are like in the previous proposition
and ¢ : X — Y is an isomorphism over every geometric point of S, then the
hypotheses of the previous proposition are satisfied and we can draw the same
conclusion.

Proposition 1.0.7. Let vy : G — H be a homomorphism of affine group schemes
of finite type over Spec(k), where k is a field. Assume that for every finite group
scheme I over k, the induced homomorphism of groups

¥.(I) : Hom(/,G) — Hom(I, H)
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is an isomorphism and also the induced homomorphism on k-valued points, (k) :

G(k) — H(k), is an isomorphism. Then 1 is an isomorphism.

Proof. We show at first that 1 is a monomorphism. Denote by K the kernel of
1. Since G is of finite type over k, its closed subgroup K is also of finite type
over k. The sequence

0 — K(k) — G(k) 2Ly H(k)

is exact, but by assumption, ¢ (k) is injective and therefore, K (k) = 0. It follows
that K is a finite group scheme over k. By assumption the homomorphism

Y (K) : Hom(K,G) — Hom(K, H)

is injective. It implies that the inclusion K < G is the zero homomorphism and
thus K = 0.

In order to show that v is an epimorphism, we consider the problem over fields
of positive characteristic and characteristic zero separately. First, the case when
k has positive characteristic p. Assume at first that H is connected. Let H|[F™]
denote the kernel of the homomorphism Fp : H — H®"). As H is a scheme of
finite type over k, the subgroup schemes H[F™| are finite over k, for every n. It
follows from the assumption that the inclusion H[F"] < H factors through the
inclusion G — H. Denote by Iy the augmentation ideal of H and by J the ideal
in O(H) (the coordinate ring of H) defining G, i.e., we have O(G) = O(H)/J.
Since G contains the kernel of all powers of the Frobenius morphism of H, we
have J C (2, I};. But this intersection is trivial, because H is connected. Hence
O(G) 2 O(H) and G = H. In the general case, denote by H° the connected
component of H, containing the zero section, and by Gy the intersection G N H°.
The hypotheses of the proposition hold for the induced homomorphism Vig,
Gy — H° and since H? is connected, by the above arguments, we have Gy = HY.
This shows that G contains H°. As H is of finite type over k, it has finitely many
connected components. Thus, the quotient H/H? is a finite étale group scheme.
This finite quotient surjects onto the quotient H/G, which implies that H/G is
a finite étale group scheme over k. Consider the following short exact sequence:

0G5 H— H/G—0.
Taking the k-valued points, we obtain the following short exact sequence:
0— G(k) 2 H(k) — H/G(E) — 0.

Since by assumption (k) is an isomorphism, we have that (H/G)(k) is trivial.
As H/G is étale and is trivial on k-valued points, the group scheme H/G is trivial



as well. Hence v is an isomorphism.

Now assume that k is a field of characteristic zero. Since (k) is surjective, v
is a dominant morphism. It follows that the kernel of the ring homomorphism
Y O(H) — O(G) between the Hopf algebras of H and G is nilpotent. Since
k is of characteristic zero, H is reduced (Cartier’s theorem) and therefore the
kernel of ¥* is zero, which means that ¢ : G — H is an epimorphism. O]

Remark 1.0.8.

1) If characteristic of k is positive, the homomorphism % is a monomorphism
even without the assumption on the k-valued points. Indeed denote by
K the kernel of 1. Since G is a scheme of finite type over k, the closed
subscheme K is also of finite type and therefore K[F], the kernel of the
Frobenius morphism of K, is a finite group scheme over k. As K[F] lies
inside the kernel of ¢, the composition K[F] — G —+ H is the trivial
homomorphism. It follows from the assumption that K[F] < G is the zero
homomorphism. Hence K[F] = 0. This implies that K is an étale group
scheme of finite type over k and therefore is finite. Again, the composition
K< G-% His trivial, which implies that K = 0.

When the characteristic of k is zero, however, the assumption on the k-
valued points is necessary, for there are affine group schemes of finite type
which don’t have any non-trivial finite subgroups (e.g. G#"), and therefore,
any group homomorphism between them satisfies the first assumption.

2) The author believes that when k is of positive characteristic, the first as-
sumption alone is enough to guarantee that v is an isomorphism. However,
since we will not use the more general statement in the sequel, we content
ourselves with the weaker statement.

Now, we give the definition of a truncated Barsotti-Tate group over a base scheme,
given in [[lI85]. For more details on (truncated) Barsotti-Tate groups and their
properties we refer to l.c. and [Mes72].

Definition 1.0.9. Let S be a scheme, n a positive natural number and G an
fppf sheaf of Abelian groups over S. We call G a truncated Barsotti-Tate group
of level n over S if G fulfills the following conditions (i) and (ii), and the extra
condition (iii) when n = 1:

(i) G is annihilated by p” and is a flat sheaf of Z/p"Z-modules.

(ii) the kernel of p : G — G is representable by a finite locally free group scheme
over S.
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(ili) (n=1) If Sp := V(p) C S (the closed subscheme of S where p is zero) and
Go := G x5 Sy, the sequence

Go i) GO L> G()
1s exact.

The rank of G[p] = Ker(p. : G — G) is of the form p", where h : S — N is a
locally constant function, called the height of G.

Definition 1.0.10. Let S be a scheme and G an fppf sheaf of Abelian groups over
S. We call G a Barsotti-Tate group or p-divisible group over S if the following
conditions are satisfied:

(i) G is p-divisible, i.e., the homomorphism p : G — G is an epimorphism.

(ii) G is p-torsion, i.e., the canonical homomorphism lim G[p"] — G is an iso-
—
n
morphism.

(iii) G[p] is representable by a finite locally free group scheme over S.

The rank of G[p] is of the form p", where h : S — N is a locally constant function,
called the height of G.

Definition 1.0.11. A p-divisible group G over a scheme S is said to be infinites-
imal, if for every s € S, the fiber G is a connected (or equivalently formal)
p-divisible group over the residue field x(s) at s.

Definition 1.0.12. Let G be a p-divisible group over a base scheme S. The
dimension of G is the set-theoretic map dim(G) : S — N, which sends a point
s € S to the dimension of the p-divisible group G over the residue field (s) at
S.

Definition 1.0.13. Let (A, m) be a complete local Noetherian ring and denote by
X and X, the formal scheme Spf(A) respectively the affine scheme Spec(A/m").
We also set X := Spec(A4).

(i) A truncated Barsotti-Tate group of level i over X is a system & = (G(n))n>1
of truncated Barsotti-Tate groups of level i over X, endowed with iso-
morphisms G(n + 1)|x, = G(n), where G(n + 1)|x, is the base change of
G(n+1) to X,,. A homomorphism ¢ : & — $) between two truncated
Barsotti-Tate groups of level i over X is a system (¢(n)),>1 of homomorph-
isms p(n) : G, = H, over X, such that for all n, p(n + 1)|x, = ¢(n).
We denote by BT, /X (respectively by BT, /X) the category of truncated
Barsotti-Tate groups of level i over X (respectively over X). Multilinear,
symmetric and alternating morphisms of truncated Barsotti-Tate groups of
level i over X are defined similarly.



(ii) A p-divisible group over X is a system & = (G(n)),>1 of p-divisible groups
G(n) over X,, endowed with isomorphisms G(n + 1)|x, = G(n), where
G(n + 1)|x, is the base change of G(n + 1) to X,,. A homomorphism ¢ :
® — $ between two p-divisible groups over X is a system (p(n)),>1 of
homomorphisms ¢(n) : G,, — H,, over X,,, such that for all n, p(n+1)|x, =
©(n). We denote by p-Div /X (respectively by p-Div /X) the category of
p-divisible groups over X (respectively over X). Multilinear, symmetric and
alternating morphisms of p-divisible groups over X are defined similarly.

Let G be an object of p-®iv /X (respectively of BF; /X) and denote by G(n)
the pullback of G to X,,. We have canonical isomorphisms G(n + 1)|x, = G(n)
and therefore, the system (G(n)),>1 defines a p-divisible group (respectively a
truncated Barsotti-Tate groups of level i) over X that we denote by F(G).

For the proof of the following proposition, we refer to [Mes72], Ch. II, lemma
4.16, p. 75, or [dJ95], lemma 2.4.4, p. 17.

Proposition 1.0.14. The functors
5B, /X — BT, /X

and

§:p-Div /X — p-Div /X

are an equivalences of categories.
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Chapter 2

R-Multilinear Theory of
R-Module Schemes

2.1 R-module schemes

Definition 2.1.1. Let M be a commutative group scheme over S. If there
is a ring homomorphism ay; @ R — Endg(M), then M together with «ay is
called an R-modules scheme over S, and «; is called the module structure of M.
Equivalently, an R-module structure on M is a factorization of the representable
functor hyy = Homg(_, M) : Sch /S — Ab through the forgetful functor R-
Mod — Ab from the category of R-modules to the category of Abelian groups.
By abuse of terminology, we call M an R-module scheme (over S). For simplicity,
we write - : M — M or simply r : M — M for «(r).

Definition 2.1.2. Let M and N be R-module schemes over S. An R-linear
homomorphism over S or an R-module homomorphism ¢ over S from M to N
is a group scheme homomorphism ¢ : M — N over S, such that ay(r) oy =
@ o ay(r) for every r € R. We denote by Hom™(M, N) the group of all R-linear
homomorphisms from M to N, which is in fact an R-module using the action of
R on M or N. If the ring R is understood from the context and there is little
risk of confusion with the group of all homomorphisms (not necessarily R-linear)
from M to N, we denote this module by Hom(M, N).

Remark 2.1.3.

1) A sequence
0—-M —M-— M —0

of R-module schemes is exact, if it is exact as a sequence of commutative
group schemes.

2) If T is an S-scheme, then the R-module structure of M gives an R-module
structure of the base extension Mr.

9
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If My, ..., M, are R-module schemes over S, then the product M; x g M, X g
-+ Xg M, is again an R-module scheme over S.

A commutative group scheme over S is a Z-module scheme over S. So,
we can think of the theory of R-module schemes as a generalization of the
theory of commutative group schemes.

Let M be an R-module scheme over S and G a group scheme over S. Then
the group Homg (M, G) has a natural structure of R-module through the
action of R on M.

Let M be a finite flat R-module scheme over S. The Cartier dual of M, i.e.,
the group scheme Hom (M, G,, s) has a natural R-module scheme structure
given by the action of R on M.

Let M be a finite flat R-module scheme over Spec(A), where A is a
Henselian local ring. We have the connected-étale sequence of M as a
group scheme over Spec(A)

0— M"— M — M* —0.

The functoriality of this sequence implies that the action of R on M induces
actions on connected and étale factors, i.e., for every » € R, we have the
following commutative diagram:

0 M?° M Mé 0

0 MO M Mé 0.

Therefore, the connected and étale factors of M have natural structures
of R-module schemes and the connected-étale sequence of M is an exact
sequence of R-module schemes over Spec(A).

Definition 2.1.4. Let M and N be R-module schemes over S. Define a con-
travariant functor Hom®(M, N) from the category of schemes over S to the cat-
egory of R-modules as follows:

T + Hom™(M, N)(T) := Hom%(Mr, Nr).

If this functor is representable by a group scheme over S, that group scheme,
which is in fact an R-module scheme is also denoted by Hom®(M, N) and is
called the inner Hom from M to N.

Remark 2.1.5. Note that the condition of a homomorphism to be R-linear,
is a closed condition, therefore, if Hom(M, N) exists as a group scheme, then
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Hom"(M, N) exists and is a closed subscheme of Hom(M, N). So, we can apply
the existence results that we have for group schemes, to the new setting of R-
module schemes. For instance, if M is finite flat over S, and N is affine, then
Hom®(M, N) is representable by an affine R-module scheme (cf. theorem 1.3.5
in [Pink] . If in addition, N is of finite type over S, then Hom®(M, N) is of
finite type too.

It is known that exact sequences of group schemes are stable under base change,
and therefore, the same holds for exact sequences of R-module schemes. However,
we give a proof of this fact in the following special case:

Lemma 2.1.6. Suppose that 0 — K Ly N 2, @ — 0 is a short exact sequence
of affine R-module schemes over a field k and let T' = SpecC be a k-scheme.
Then the sequence '

0—>KT “ NT Pr QT—>O

obtained by base change 1s exact.

Proof. Denote by A, B the Hopf algebras representing N, () and by I the aug-
mentation ideal of B. Then the Hopf algebra representing K is A/(Ip-A). Since
C is flat over k, we have an injection B®;,C — A®,C and therefore Ny 22 Qr
is a quotient morphism. We also have (Ip - A) ®, C = (Ip ®; C) - (A ®; C) and
so by flatness we have

(A/(Ip-A) @, C=AR,C/((Ig-A) @, C) =AR, C/(Ip @, C)(A® C).

It implies that K is the kernel of Ny 2= Q7. Consequently the short sequence
0— Kr %% Ny 225 Qr — 0 is exact. O

Proposition 2.1.7. Let M be an affine R-module scheme over a field k. Then
the functors Hom™(—, M) and Hom® (M, —) from the category of affine R-module
schemes over k to the category of presheaves of R-modules are left exact.

PrROOF. Let 0 — K -5 N -2 @ — 0 be a short exact sequence of R-module
schemes over k. We have to show that the sequence

0 — Hom"™(Q, M) 2= Hom" (N, M) —= Hom" (K, M)
is exact. It is equivalent to the exactness of the sequence
0 — Hom™(Q, M)(C) ~2 Hom® (N, M)(C) —+ Hom™ (K, M)(C')
for every k-algebra C i.e., the exactness of the sequence

0 — HomZ(Q¢, M¢) -2 Hom®(N¢, M¢) —— Homf (Ko, Mc).

INote that since the paper [Pink] is not yet published and is in preparation, its numbering
is subject to change. In this treatise, we will use the numbering of the last version available so
far.
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By previous lemma, the R-morphism N —£%~ Q¢ is the cokernel of the in-
jection Ko < N in the category of affine R-module schemes. So, for any
R-homomorphism ¢ : No — Mg such that ¢ o i = 0, there exists a unique
R-homomorphism ¢ : Q¢ — Mg with ¢ = 1) o pg, i.e., the following diagram is
commutative:

0 Kc e N 4> Qc 0

N A

Me.

The exactness now follows; indeed, pick an R-morphism [ : Q¢ — Mg with
f opc = 0, then putting ¢ := 0 the zero morphism, there are two R-morphisms
Q¢ — Mc, namely f and the zero morphism, whose composition with po are ¢
and from the above observation they should be equal. This shows the injectivity
of

Hom?Z(Qc, M) —2< HomE(Ne, M)

Clearly we have Im py, C Kerif.. Let g : No — M¢ be an element of Kerif, i.e.,
goiy =0, then according to what we said above, there is a 1 : Q¢ — M¢ with
pc oY = g, or in other words g = pf(¢) and thus Kerif, C Impf.

Similarly, the fact that K¢ ¢y Ng is the kernel of the quotient morphism
Ne 22+ Q¢ implies that given any R-homomorphism ¢ : Mg — Ng with
trivial composition po o ¢ there is a unique R-homomorphism ¢ : Mo — K¢
such that the following diagram is commutative

0 Kc e N 4> Qc 0

NP

Me.
And this implies, as above, the exactness of the following short sequence
0 — Hom®(M¢, K¢) —< HomE(Me, Ne) —22 Hom® (M, Qc)

for every k-algebra C', and consequently the following sequence of R-module
schemes is exact

0 — Hom™(M, K) = Hom"(M, N) =~ Hom®(M, Q).

2.2 R-multilinear morphisms

Let M be a presheaf on the fppf site of a base scheme S. For any positive integer
r we denote by M" the product of r copies of M, and for any 1 <i < j < r we
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let
Afj MU M

denote the generalized diagonal embedding equating the i'" and ;' components.

Definition 2.2.1. Let My, ..., M,, M and N be presheaves of R-modules on the
fppf site of the scheme S.

(i) An R-multilinear or simply multilinear morphism from M; X --- X M,
to N is a presheaves (of sets) morphism, which is R-linear in each factor
or equivalently, if for every S-scheme T', the induced morphism M;(T) X
o X M.(T) — N(T) is R-multilinear. The R-module of all R-multilinear
morphisms from M; x - - - x M, to N is denoted by Mult(M; x - - - x M,, N).

(ii) An R-multilinear morphism M"™ — N is called symmetric if it is invariant
under permutation of the factors. Equivalently, a multilinear morphism is
symmetric if for every S-scheme 7', the induced morphism M (T')" — N(T)
is symmetric. The R-module of all such symmetric multilinear morphisms
is denoted by Sym™ (M7, N).

(iii) An R-multilinear morphism M"™ — N is called alternating if its composi-
tion with AJ; is trivial for all 1 < ¢ < j < r. Equivalently, a multilinear
morphism is alternating if for every S- scheme 7', the induced morphism
M(T)" — N(T) is alternating. The R-module of all such alternating mul-
tilinear morphisms is denoted by Alt®(M", N).

There is a weaker notion of multilinearity which will be useful when we want to
map to group schemes rather than R-module schemes.

Definition 2.2.2. Let M; ..., M, and M be presheaves of R-modules and G a
presheaf of Abelian groups.

(i) We denote by l\mR(Ml X -+ x M,,G) the group of morphisms ¢ : M; x
-+ X M, — G which are multilinear, when M, are regarded as presheaves
of Abelian groups and has the following weaker property than R-linearity:
for every S-scheme T, every tuple (my,---,m,) € My(T) x --- x M.(T),
every a € R and every i € {2,3,--- ,7}, we have

(,D((I My, Moy, - - - 7m7") == Qﬁ(mh ey, My—1,Q - TNy, mi+17 e 7m7‘)'
——R
The elements of Mult (M; X -+ x M,, G) are called pseudo-R-multilinear.
—~—R ——R
(ii) We denote by Sym (M",G) the subgroup of Mult (M",G) consisting of
symmetric morphisms.

~R —~—R
(iii) We denote by Alt (M",G) the subgroup of Mult (M",G) consisting of
alternating morphisms.
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Remark 2.2.3. Note that the group 1\//[\uTtT(M1 X -+ X M,, G) has a natural struc-
ture of R-module through the action of R on one of the factors My, My ... M, 4 or
M,., and this is independent of the factor we choose. Similarly, there is a natural

— R —R
R-module structure on the groups Sym (M",G) and Alt (M",G).

Definition 2.2.4. Let My,..., M., M and N be presheaves of R-modules and G
a presheaf of Abelian groups. Define contravariant functors from the category of
R-module schemes over S to the category of R-modules as follows:

(i)
T+ Mult™(M; x -+ x M,, N)(T) := Mult} (M, 1 x -+ x M, Nr)

and respectively

——R ——R
T — Mult (Ml X e X MT7G)(T) = MUItT(MLT X - X Mr,TuGT)-

If these functors are representable by group schemes over S, we will also
denote those group schemes, which are R-module schemes, by MultR(M1 X

—~—R
-+« X M,, N) and respectively Mult (M; x --- x M,,G).

T+ Sym®™(M", N)(T) := Sym% (M., Nr)

and respectively
R
(

— — R
T — Sym (M",G)(T) := Symy(Mp, Gr).

If these functors are representable by group schemes over S, we will also
denote those group schemes, which are R-module schemes, by

Sym®(M", N) and respectively Sfy\I/nR(M’", G).

(iii)
T — Alt"(M", N)(T) := Symg (M7, Nr)

and respectively
~ R —~ R
Tw— Alt (M",G)(T) := Alt, (M7, Gr)).

If these functors are representable by group schemes over S, we will also
denote those group schemes, which are R-module schemes, by Alt”™(M", N)

—~R
and respectively Alt (M7, G).

Remark 2.2.5.
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Mult®(M; x -+ x M,, N) and respectively I\mR(MI X «+- X M, Q) are
subgroups of Mult(M; x --- x M,, N) and respectively Mult(M; x --- X
M,,G) (the group of multilinear morphisms). The conditions of being
R-multilinear or pseudo-R-multilinear are closed conditions, and thus the

——R
functors Mult(M; x - - - x M,, N) and Mult (M; x --- x M,,G) are closed
subschemes of Mult(M; x --- x M,, N) and respectively Mult(M; x --- X
M., G) if they are representable (cf. Remark [2.1.5)).

—R
Sym®(M", N) and respectively Sym (M",G) are subgroups of
Sym(M", N) and respectively Sym(M", G) (the group of symmetric mul-

— R
tilinear morphisms). Thus, Sym®™(M", N) and Sym (M",G) are closed

subschemes of Sym(M", N) and respectively Sym(M", G) if they are repre-
sentable.

—R
AIt®(M7, N) and respectively Alt (M",G) are subgroups of Alt(M", N)
and respectively Alt(M",G) (the group of symmetric multilinear morph-

isms). Therefore, Alt®(M", N) and @R(M ", G) are closed subschemes of
Alt(M7", N) and respectively Alt(M", G) if they are representable.

We have a natural action of the symmetric group S, on M". This ac-
tion induces an action on the R-module Mult®(M7", N) (and respectively

——R —
Mult (M7,@)). Its submodule Sym”® (M7, N) (respectively SymR(M’”, G))
is precisely the submodule of fixed points, i.e.
Sym®(M", N) = Mult®(M", N)*"
R
(

__ R
(respectively Sym (M",G) = Mult (M",G)"").

We are now going to prove a general proposition on multilinear morphisms which
will be used throughout the paper, but we first establish two lemmas:

Lemma 2.2.6. Let My,..., M., M and N be R-module schemes over S and G a
group scheme over S. There are natural isomorphisms of R-modules

and

Mult®(M; x -+ x M,, Hom"™(M, N)) = Mult®(M; x --- x M, x M, N)

——R
Mult®(M; x -+ x M,, Hom(M,G)) = Mult (M; x --- x M, x M,G)

functorial in all arguments.

Pro

OF. We show the first isomorphism, and the second one is proved similarly.

However, one has to note that in the second isomorphism, on the left hand side,
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we have the R-module of R-multilinear morphisms and not merely pseudo-R-
multilinear ones.

By the definition of Hom®(M, N), giving a morphism of schemes
@ : M x - x M, — Hom™(M, N)
is equivalent to giving a morphism of schemes
©:M;y XXM, xM—N

which is R-linear in M. Since the R-module structure of Hom® (M, N) is induced
by that of M, one sees easily that ¢ is R-linear in M; if and only if ¢ is R-linear
in M;. This completes the proof. O

Now, we give an “underlined” version of this lemma in order to show our general
result of this type:

Lemma 2.2.7. Let us use the notations of the previous lemma. We have natural
1somorphisms

Mult®(M; x -+ x M,, Hom®™(M, N)) = Mult® (M, x --- x M, x M, N)
and

Mult?(M; x --- x M,, Hom(M, G)) = Mt (M, x --- x M, x M, G)
functorial in all arguments.

PROOF. If we establish the isomorphism (as functors), the representability will
follow directly from it, because if two functors are naturally isomorphic and one
is representable, the other is representable too. The second isomorphism can be
proved similarly to the first one, and so we only show the first isomorphism. We
show at first that for any R-module schemes M and N over S and any S-scheme
T, we have Hom®™(Myp, Nr) = Hom™ (M, N)p. Indeed, if X is any T-scheme, then

Hom"(Mr, Nr)(X) = Hom¥ ((Mr)x, (Nr)x) = Homi (M, Nx)
— Hom"(M, N)(X) = Hom™(M, N);(X).
Now, we have
Mult®(M; x My x -+ x M,, N)(T) = Mult®(My 7 x Myp x - x M1, Ny)

and by Lemma [2.2.6| this is isomorphic to

Mult®(My 7 x Mag x -+ x M,y 7, Hom®(M, 7, Nr)).
By the above discussion, it is isomorphic to

Mult®(My 7 x Myg x -+ x M,_y 7, Hom®(M,, N)r) =

Mult®(M; x My x -+ x M,_y, Hom®(M,, N))(T).

This achieves the proof. O
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Here is the desired result:

Proposition 2.2.8. Let My,..., M, , N1,...,N; and P be R-module schemes
over S and G a group scheme over S. We have natural isomorphisms

Mult®(M; x -+ x M,, Mult®(N; x --- x N, P)) =
Mult®(M; x -+ x M, x Ny x --- x N, P)

and
——R
Mult®(My x -+ x M,,Mult (Ny x --- x Ny, G)) =

——R
Mult (M; X -+ X M, x Ny X -+ X Ny, G)
functorial in all arguments.

PROOF. As before, we only prove the first isomorphism. We prove this propo-
sition by induction on s. If s = 1, then it is exactly the Lemma [2.2.6, So
assume that s > 1 and that the proposition is true for s — 1. We have a series of
isomorphisms:

2.2.0l

Mult®(M; x - x M, x Ny x --- x Ny, P) =

ind.
Mult®(M; x -+ x M, x Ny x --- x N,_;, Hom®(N,, P))

S 1R

hyp.

2
Mult™(M; x -+ x My, Mult™(Ny x -+ x N,_y, Hom®(N,, P)))

Mult® (M x -+ x M,, Mult®(Ny x --- x Ny, P)).
O

Remark 2.2.9. Let M;y...,M,,Ny...,N,, M, N and P be R-module schemes
over a base scheme S. There is a natural action of the symmetric group .S,, on
N™ that induces an action on the R-module scheme Mult®(N™, P) which itself
induces an action on the R-module

Mult?(M; x - -+ x M,, Mult™(N™, P)).
We also have a natural action of this group on the R-module
Mult® (M x -+ x My x N", N).

One checks that the isomorphism in the proposition is invariant under the action
of S,,. Similarly, we have an action of the symmetric group .S,, on

Mult®(M™ Mult(N; x --- x Ny, P)) and  Mult®(M™ x Ny x --- x N,, P)

induced by its action on M™. Again, one can easily verify that the isomorphism
in the proposition is invariant under this action of .S,,,.

We have the same remark for the pseudo- R-multilinear morphisms.
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In the same way that Lemma follows from Lemma the following
proposition can be deduced from Proposition [2.2.8} we will thus omit its proof:

Proposition 2.2.10. Let My,...,M,, Ny,..., Ny and P be R-module schemes
over S and G a group scheme over S. We have natural isomorphisms

Mult?(M; x -+ x M,, Mult®(Ny x --- x N,, P)) =

Mult®(My x -+ x M, x Ny x --- x Ny, P)

and
——R
Mult?(M; x -+ x M,,Mult (N; x --- x Ny, G)) =
—~—R
Mult (M; X -+ X M, x Ny X -+ X N, G)
functorial in all arguments. ]

Remark 2.2.11.

1)

Assume that M, ..., M, are finite and flat and N (respectively G) is affine
over S. We can show by induction on r that Mult®(M; x --- x M,, N)

(respectively @R(Ml X -« x M, G)) is representable by an affine R-
module scheme, and this scheme is of finite type, if moreover, N (respec-
tively GG) is of finite type. We explain the R-multilinear case and drop
the similar case of pseudo-R-multilinear morphisms. Indeed, if r = 1
then this is what we explained in Remark So let r > 1 and sup-
pose that the statement is true for » — 1. By the induction hypothesis,
Mult®(M; x - - - x M,_y, Hom®(M,, N)) is representable and is affine. From
Lemma [2.2.7], it follows that

Mult®(M; x -+ x M,_y,Hom™(M, N)) = Mult®(M; x --- x M, N).

Hence, the right hand side is representable and affine. A similar argument
implies the property of being of finite type.

Let M be finite and flat and N (respectively G) affine over S. By Definition
it is clear that the functors Sym®(M", N) and Alt"(M", N) (respec-

— R —~R
tively Sym (M7, G) and Alt (M",G)) are subfunctors of the representable

functor Mult®(M7", N) (respectively @R(M " (3)). Since the conditions
defining these subfunctors are closed conditions (given by equations), they
are represented by closed subgroup schemes, and therefore are affine and if
N (respectively G) is of finite type, they are also of finite type.
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Lemma 2.2.12. Let M, N be R-module schemes over a base scheme S and let
I' be a finite group acting on M. Then we have a natural isomorphism

Hom®(N, M)" = Hom™(N, M"),

where MY is the submodule scheme of fized points, in other words, M (T) =
M(T)Y for any S-scheme T, where M(T)' is the submodule of fived points of
the R[T']-module M(T) (R[] being the group ring) and the action of ' on the
R-module Hom®™ (N, M) is induced by its action on M. More precisely, the image
of the inclusion Hom™ (N, M") < Hom®(N, M) is the module of fived points
Hom®™(N, M),

PROOF. Let ¢ : N — MY and v € T be given. The image of ¢ under the
inclusion in the lemma is the composition N —£+ M' < M and under the
action of v on Hom™(N, M) it maps to the morphism N —2+ M" < M X M.
But by definition of M, we have that the composition MT «— M —2— M is the
same as the inclusion M" < M and hence the composition N —2+ M' — M
is an element of Hom®™(N, M)". We have thus an inclusion Hom®(N, MT) c
Hom®™(N, M)', where we have identified Hom® (N, M") with its image.

Now, assume that we have a morphism v : N — M which lies inside the module
of fixed points. This means that the composition v o ¢ for any v- : M — M
is equal to 7 and therefore 1 must factor through M". This gives the inclusion
Hom™(N, M)'' € Hom"™(N, M) and the lemma is proved. O

We are now going to apply this lemma to the particular case, where the acting
group is the symmetric group S,, which acts on MultR(M " P), where M and P
are two R-module schemes.

Proposition 2.2.13. Let M, N and P (respectively G) be R-module schemes
(group scheme) over a base scheme S, then for every natural number n we have
natural isomorphisms

Hom®(N, Sym®(M™, P)) = Mult®(N x M™, P)5"
(respectively
Rinr ao B Tk S
Hom™(N,Sym (M",G)) = Mult (N x M",G)")

functorial in all arguments.

PrROOF. We prove the statement for the R-multilinear morphisms and drop the
similar proof for the pseudo- R-multilinear morphisms. Lemma [2.2.12|states that
we have an isomorphism

Hom™(N, Mult®(M™, P)S*) = Hom® (M, Mult®(M", P))*".
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By Definitions |2.2.1| and |2.2.4| and Remark , SymR(M”, P) is exactly the
module of fixed points Mult™(M™, P)*, and therefore we can rewrite the last
isomorphism as

Hom®(N, Sym®(M™, P)) = Hom®™ (N, Mult®(M™, P))5". (2.14)

We now apply Proposition [2.2.8/and Remark[2.2.9} taking the fixed points of both
sides of the isomorphism in Proposition we will again get an isomorphism.
We can thus apply it to our situation, and obtain the isomorphism:

Hom™ (N, Mult®(M™, P))*» = Mult®(N x M™, P)*".
Combining this with (2.14]), we obtain the desired isomorphism. ]

Remark 2.2.15.

1) We recall that the action of S, on the right hand side consists of permut-
ing the factors of M™ and consequently, the group MultR(N x M", P)Sn

——R
(respectively Mult (N x M™ G)°") consists of R-multilinear (respectively
pseudo- R-multilinear) morphisms from N x M™ to P (respectively GG) that
are symmetric in M".

2) Note that the functoriality of this isomorphism in N implies that the group

—R
scheme Sym®(M™, P) (respectively Sym (M™, G)) represents the functor

——R
Mult?(— x M™, P)S» (respectively Mult (—x M", G)%) from the category
of R-module schemes to the category of R-modules.

3) It is clear that if we change N x M"™ to M™ x N the proposition remains
valid; we have thus another natural and functorial isomorphism

Hom®(N, Sym®(M™, P)) = Mult®(M™ x N, P)*"
(respectively

— ——R
Hom™(N, Sym' (M",G)) = Mult (M" x N, G)5).

Similar arguments prove the following proposition:

Proposition 2.2.16. Let M, Ny, ..., Ny and P be R-module schemes over S and
G a group scheme over S. We have natural isomorphisms

Mult®(Ny x - -+ x N, x M™, P) = Mult®(N;, x --- x N,, Sym®(M™, P))
and
Mult (Ny x --- x N, x M™,G)% = Mult®(N; x --- x N,,Sym (M™", P)).
O



2.2. R-MULTILINEAR MORPHISMS 21

We can show, with slight modifications of arguments, similar results concerning
the group of alternating multilinear morphisms and in particular the following
proposition:

Proposition 2.2.17. Let My, ..., M,, N, P and respectively G be R-module
schemes and respectively a group scheme over S. We have natural isomorph-

18Mms

AR (My x -+ x M, x N*, P) = Mult®(M; x --- x M,, Alt"(N", P))
and respectively

—~R R —~R

Alt (My x -+ x M, x N",G) = Mult"(M; x --- x M,,Alt (N",Q))

where the modules on the left hand side are the modules of R-multilinear and
respectively pseudo-R-multilinear morphisms that are alternating in N™. [
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Chapter 3

R-Multilinear Covariant
Dieudonné Theory

In addition to the notations at the beginning, we use the following notations in
this chapter.

Notations 3.0.1.
e R is a fixed ring.

e Unless otherwise specified, all schemes are defined over k, where k is a
perfect field of characteristic p.

e Let G be a local-local p-divisible group over k. Then for every positive
natural number n, the finite group G,, is local-local, and there exists a
natural number mg(n) such that for all m > mg(n) we have F™G,, =0 =
V™G, (cf. [Dem86]).

Remark 3.0.2. Let M be a finite p-torsion R-module scheme over k. By func-
toriality of the Dieudonné functor (covariant or contravariant), the R-module
structure on M induces an R-module structure on D(M), where D(M) is the
Dieudonné module of M:

R — End(M) = End(D(M)).
It follows that D(M) has a natural action of E; ®z R.

Remark 3.0.3. Let G be a finite local group scheme over k, then the inclusion
Hom(G, W) < Hom(@, W) induced by the inclusion W < W is an isomorphism.
Indeed, for every n we have Hom(G,W,) = th Hom(G, W, ), because G is

annihilated by a power of Frobenius, and therefore

Hom(G, W) = lim Hom(G, W,,) & lim Hom(G, W, ) = Hom(G, W).

n n,m

23
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Construction 3.0.4. Fix a natural number r and an element d € Zj. For every
natural number n, the composition

W S T gy pntdi] s s WFT] s o x 2

has image inside the subgroup scheme W[F"], because mind = 0 and Frobenius
is a ring homomorphism. Therefore, for every n, we have a multilinear morphism

Can =W — W[F]

and these morphisms (for all n) are compatible with respect to the projections
F : W[F™ — W[F"], and thus, they induce a multilinear morphism

Qd =W - W
with the property that for all n, 7, o (4 = Cg.-
We cite the Proposition-Definition 4.4.2, p. 40 of [Pink] in the following definition:

Definition 3.0.5. For any » > 2 and d € Zj there exists a unique multilinear
morphism &, : W x W — G,, such that for alln > 0, all z; € W, and y € W,,,
we have

Dy(1,. .., @, 6(y) = E(Tpsa, (#1) - - - Topa, (@) - 7(y); 1).
Proposition 3.0.6. Consider the following composition.:

Mult(W” x W, Gy,) =L Mult(W” x W, Gy) —2

IR

Mult(W, Hom (W, G,,)) — Mult(W", W),

where [ is induced by the inclusion W s W and the 1somorphism h is induced
by the duality between W and W, given by the Artin-Hasse exponential. Under
this composition and for all d € Zi, the element ®4 maps to (4.

Proof. For every m > 1, let us denote by a,, the isomorphism

WIF™ =2 lim W, ,, = lim W,  =limHom(W,,,,G,,) = Hom(lim W,, ,,, G,,).
— — ) — —

n n n n

Then, the isomorphism a : W — Hom(/W,Gm), given by the Artin-Hasse
exponential, is the inverse limit over m of a,,. It means that if £ = (¢,,) is an
element of G with &,, € W[F™], then for all y € h_r)nWmm, we have

n

a(§)(y) = E(&n - T(y); 1), (0.7)
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where E(_; 1) denotes the Artin-Hasse exponential. Now take an element & € W"
and set & = (&) == hogo f(Py)(¥) € W. We have a(§) = go f(Py)(Z) and so
for all y € h_r{len we have

n

a(§)(y) = LT, e(y)) = E(Tmsar (1) - Tmpa, (20) - 7(9); 1) = E(Cam - 7(y); 1)-

The latter is equal to a(¢z) by (0.7). Thus, for all m and all y € liLnWmm we

have a(§)(y) = a({y)(y). It follows that a(§) = a((y) and since a is a bijection,
this implies that & = (4, finishing the proof. O]

Proposition 3.0.8. Let H be a finite group scheme. Then for every element
v € Hom(W, H), the following diagram is commutative:

Cax1d

Wr x H* W x H*
Id xv*l lvxld
Wr x W H x H*
Id x Ll l pairing
W x W —%. Gm

where v* : H* — W s the dual morphzsm tov: W — H (usmg the Artin-Hasse

exponential, the group functors W and W are in duality), v : W < W is the
inclusion, and H x H* — G, is the perfect pairing putting H, H* Cartier dual
one of the other.

Proof. By the definition of v*, the following diagram commutes:

W Hom(W, Gm)
UL l()ov*
H = > Hom(H*,G,,).

Applying the functor Mult(W”, _) on this diagram, we obtain the following com-
mutative diagram

Mult (W, W) —=> Mult(W", Hom(W, G,,)) —— Mult(W" x W,G,,)  (0.9)

l | N |

Mult (W, H) — Mult(W", Hom(H*, G,,)) — Mult(W" x H*,G,,).
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Now, consider the two compositions
a: Mult(W” x W, G,) — Mult(W™ x W, G,,) — Mult(W’" x H*,G,,)
induced by v* and
B = Mult(W", W) — Mult(W", H) — Mult(W" x H*,G,,)

induced by v. The commutativity of the diagram in the statement of the propo-
sition is equivalent to the equality a(®,) = 5((a). This equality follows from the
last proposition and the commutativity of diagram (0.9). O

Remark 3.0.10. It follows from the previous proposition, that for every finite
group scheme H and every d € Zj, the following diagram commutes:

Hom(W, H) —— 2™ Nult(W", H)

| lg

Hom(H*, W) ——— Mult(W" x H*,G,,),
d

o~

where by ®; we mean the map that sends an element u € Hom(H*, W) to the
element @4 0 (Id x --- x Id xu). In fact, the statement of the proposition is
equivalent to the commutativity of this diagram.

The following theorem, is a direct consequence of theorem 4.4.5, p. 41 of [Pink],
when taking into account the presence of R.

Theorem 3.0.11. For any unipotent R-module scheme M over k and anyr > 1,
respectively for any profinite local-local R-module scheme M over k and any r > 0,
the following morphism is an isomorphism:

Orr - @D Hom (M, W) — Mult(W" x M, G,,),

dez;
(ug)a — H Gy0 (Id x - - - x Id xuy).
dezg

Remark 3.0.12.

1) Once we have the theorem for group schemes (i.e., R = Z, and which
is the result in [Pink]), then this theorem follows from the fact that the
homomorphism ©,; preserves the scalar multiplication of R.

2) Using Remark , in the previous theorem, we can replace Hom(M, W)
by Hom (M, W).
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Proposition 3.0.13. For any finite local R-module scheme M and any r > 1,
the following morphism is an isomorphism:

Ay : @D Hom(W, M) — Mult(W", M),

dezy
(f)ar— Y faola
dezy

Proof. 1t is clear that the morphism A,; preserves the R-module structure. It is
therefore sufficient to prove that it is a bijection. The diagrams (for all d in Z)
in the last remark give rise to the following commutative diagram:

Anr=32()oCa

@gezg Hom(W, M) Mult(W", M)

+| -

D ez Hom(M*, V) Mult(W" x M*, G,,).

DL 4}

Now using Theorem (note that M* is unipotent) and Remark [3.0.12] we
know that the homomorphism ) ®% is an isomorphism and since the vertical
homomorphisms are also isomorphisms, we conclude that the homomorphism
Ay is an isomorphism as well. O]

Definition 3.0.14. Let M, ..., M,, M, N be left E; ®; R-modules.

1) We let LE(M; x --- x M,, N) denote the group of W (k) ®z R-multilinear
maps £ : My x --- x M, — N which satisfy the following conditions for all
m; € M;:

((Vmy,...,Vm,) =Vl(my,...,m,.),

U(Fmy,mg,...,m.) = Fl(my,Vms,...,Vm,),

my,...,me_1, Fm,) = F0(Vmy,...,Vm,_1,m,).
2) Let L% _(M", N) denote the submodule of L"(M" , N) consisting of sym-

sym
metric morphisms.

3) Let LE (M", N) denote the submodule of L"(M", N) consisting of alternat-
ing morphisms.

Remark 3.0.15. For any r > 0 and any sheaves of R-modules M, N over k, the
group Mult(W” x M, N) has a multilinear left action of E}, ®z R by

(€1,...,6,) @1 -@:=po(e] X -+ xXerxr.),

where (_)* is the natural anti-automorphism of Ey, being identity on W (k) and
interchanging F' and V.
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The following proposition is a direct generalization of proposition 4.5.3, p. 48 of
[Pink] and its proof is the same as the proof of proposition 4.5.3, p. 48 of [Pink]
with the slight and easy modifications due to R-linearity and R-multilinearity,
and therefore we omit the proof of the proposition. The following proposition is:

Proposition 3.0.16. For any r > 1, any finite local-local R-module schemes
My, ..., M, and any unipotent R-module scheme M the following map is a well-

defined isomorphism, where D1, ..., D, are respectively the covariant Dieudonné
modules of My, ..., M,:

LR(Dy x -+ x Dy, D*(M)) = Multg, o (D1 % -+ - % Dy, Mult(W” x M, G,)),

C—=000): (ug,...,u) — HM((K(leul, .. .,Vdrur))i) =
H Bgo(Idx - x Id x(VHhuy, ..., V¥ru,)).

deZy

Let H be a finite group scheme. Take an element (wy,...,w,) € W’ a homo-
morphism v : H* — W (i.e., an element of D*(H*)) and an element d € Z{. The
homomorphism ®4(wy,...,w,,v(.)) : H* — G,, can be seen as a section of H
under the identification Hom(H*, G,,) = H. We have thus for any v € D*(H*)
and any d € Zg a multilinear morphism

P o0(Idx- - xIdxv(.)): W — H

which corresponds to the multilinear morphism ®4o(Id x - - -xId xv) € Mult(W"x
H*,G,,) under the canonical isomorphism Mult(W", H) = Mult(W" x H*, G,,).

Proposition 3.0.17. For any r > 1, any finite local-local R-module schemes
My, ..., M, and any finite local R-module scheme M the following morphism is a
well-defined isomorphism, where Dy, ..., D, and D are respectively the covariant
Dieudonné modules of My, ..., M, and M :

LDy x -+ % Dy, D) —20Mesdeid)  Nfojee (D) x - x Dy, Mult(W”, M)),

Ej®zR
g = A(Ml 77777 MT,M)(E) : (u17 e 7u7-) —>
D g0 (Idx o x Idxl(Vhuy,. .., Vru,)().

dez0

Proof. This is a direct consequence of the previous proposition, in virtue of the
following facts: M* is a unipotent R-module scheme, the covariant Dieudonné
module of M is canonically isomorphic to the contravariant Dieudonné module of
M*, and the two groups Mult(W", M) and Mult(W" x M*,G,,) are isomorphic.

O
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In the case, when M is also local-local, we can give a more direct isomorphism of
the two groups L#(D; x - --x D,, D) and MUItIE;®ZR<D1 X+ X Dy, Mult(W” M),
without a detour to the Cartier duality. We have:

Proposition 3.0.18. For any r > 1 and any finite local-local R-module schemes

My, ..., M, and M the following morphism is a well-defined isomorphism, where
Dy,....D, and D are respectively the covariant Dieudonné modules of My, ...
, M, and M:

L¥(Dy % -+ x Dy, D) —~(frsdtrad) Multg, (D1 % -+ x Dy, Mult(W", M),

! A(Ml ..... M,«,M)(g) : (ul, - ,ur) — AM((E(leul, ceey VdTur))i) =

> UV, V) 0 G

dezy

Proof. The proposition follows at once from Proposition [3.0.16| and Remark

2.0, 10l [

Again, the following proposition is the “R-generalization” of the proposition 4.5.2,
p.47 of [Pink] and we omit its proof:

Proposition 3.0.19. For any r > 0, any finite local-local R-module schemes
My, ..., M, and any sheaves of R-modules M, N, the following morphism is an
isomorphism, where D1, ..., D, are respectively the covariant Dieudonné modules
OfMl,...,MT.'

Mult?(M; x -+« x M, x M,N) — Multg, o, p(D1 X -+ x Dy, Mult(W" x M, N))

o= ((u;) = po(ug X+ xu, xId)).

Proposition 3.0.20. For any r > 0 and any finite local-local R-module schemes
My, ..., M, and any sheaf of R-modules M, the following morphism is an iso-
morphism, where D, ..., D, are respectively the covariant Dieudonné modules of
M17 ey Mr N

MultR(M; x - - - x M, M) —@lttidt) Multg, o, (D1 % -+ x Dy, Mult(W", M)

o= ((fi) = o (fix- - Xf)).

Proof. This proposition follows from the previous proposition by replacing in that
proposition, M with the trivial sheaf of R-modules and H by the given R-module
scheme (in the statement of this proposition) seen as a sheaf of R-modules. [
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Corollary 3.0.21. For any r > 0 and any finite R-module schemes My, ..., M,
and M, of p-power torsion, there exists a natural isomorphism.:

L®(Dy x -+ x D,, D) — Mult®(M; x --- x M,, M),

where Dy, ..., D, and D are respectively the covariant Dieudonné modules of
My, ..., M, and M. This isomorphism is functorial in all arguments. When M
18 local and M; are local-local, this isomorphism is given by

------

Proof. If r = 1, then this is the classical Dieudonné theory. If » > 1, M is local
and M; are local-local, then the corollary is a direct consequence of Propositions
[3.0.20] and [3.0.17. Otherwise, the same arguments as in the proof of Proposition
4.5.9, p. 52 in [Pink] imply the required result. ]

Remark 3.0.22.

1) In later chapters, we only need the explicit isomorphism of the Corollary
in the case, when M; are local-local and M is local. This is why we didn’t
reproduce the proof in all cases.

2) Let M and N be R-module schemes of p-power torsion. According to
Theorem 5.4.2, p. 66 in [Pink], the submodule L (D.(M)",D.(N)) of
LE(D,(M), D.(N)) is mapped, under the above isomorphism, bijectively
onto the submodule Sym™(M", N) of Mult®(M", N). Similarly, when p >
2, the submodule LE (D,(M)", D,(N)) of LE(D,(M), D.(N)) is mapped,
under the above isomorphism, bijectively onto the submodule AltR(M " N)

of Mult®(M", N).



Chapter 4

Tensor Product and Related
Constructions

4.1 Basic constructions

Definition 4.1.1. Let M;--- ,M,, M be R-module schemes and M’ a group
scheme over S.

(i)

(i)

A pseudo- R-multilinear morphism 7 : My X --- x M, — M’, or by abuse of
terminology, the group scheme M’| is called a tensor product of M;, (i =
1,--+,r)if, for all group schemes N over S, the induced morphism

——R
7 :Hom(M',N) — Mult (My X -+- x M,,N), ¢—or,

is an isomorphism. If such M’ and 7 exist, we write M ®pg- - -®@g M, for M’
and call 7 the universal multilinear morphism defining M; Qg - - - Qg M,..

A symmetric pseudo- R-multilinear morphism o : M" — M’, or by abuse of
terminology, the group scheme M’ is called an r** symmetric power of M
over R, if for all group schemes N over S, the induced morphism

o*: Hom(M', N) — Sfy\IJIlR(MT,N)a Y= voo,

is an isomorphism. If such M’ and o exist, we write }S:M for M’ and call

o the universal symmetric morphism defining ng .

An alternating pseudo- R-multilinear morphism A : M" — M’, or by abuse
of terminology, the group scheme M’, is called an ™ exterior power of M
over R, if for all group schemes N over S, the induced morphism

N Hom(M', N) — ATt (M7, N), ¢ s oA,

31
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is an isomorphism. If such M’ and X exist, we write A"M for M’ and call
R

A the universal alternating morphism defining \"M.
R

Remark 4.1.2. If M| ®g - -- ®r M, respectively ETM respectively A" M exists,
R

it with the pseudo- R-multilinear morphism 7 : My X --- X M, = M1 ®p---Qr M,

respectively o : M"™ — g”M, respectively A\ : M"™ — A"M, is unique up to
R

unique isomorphism and so, in the sequel, we will say “the tensor product”,“the

symmetric power” and “the exterior power”.

Definition 4.1.3. Let k be a field and M an R-module scheme over k. We set
M* = 1<i_mM/ M"™, where M’ runs through all finite subgroup schemes of M.

Theorem 4.1.4. Let k be a field and My, ..., M, and M profinite R-module
schemes over k.

1) My ®pg -+ ®r M, exists and is profinite. If M; are finite, then
——R
M, ®g - ®@r M, = Mult (M; X -+ X M,,G,,)".

2) /\jM exists and is profinite. If M is finite, then
R
. o
N M = AL (07, G,
R

3) ng exists and is profinite. If M 1s finite, then

. — R .
§IM = Sym” (M7, Gy)".

Proof. Theorems 2.1.6 (p. 21) and 2.3.3 (p. 24) in [Pink] are the same as this
theorem when R = Z, i.e., this result for group schemes over k. Little modifi-
cation of their proof, due to the presence of R, will give a proof of this theorem
and therefore, we will not prove the theorem. However, one can also prove this
theorem using those two theorems in [Pink|. Indeed, these tensor objects “over
R” (tensor product, exterior and symmetric powers) are quotients of the same
tensor objects “over Z” by the subgroups generated by the obvious relations due
to scalar multiplication of R, e.g., for the tensor product, we should mod out the
relations

am @ - - @M, =M1 Qamas @My = =M Q- QMyp_1 & am,
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for every a € R and every m; € M;. To be more precise, for every a € R, let
a; : Mi® - M, - M; ®---® M, denote the morphism

m1®---®mr»—>m1®---®mi,1®ami®mi+1®-~-®mr

and denote by N; ;(a) the image of the morphism a; — a; and finally set

N':= Y Nijla).

1,j<r,a€ER

Then My Qg+ - Qg M, =M, ®--- & M, /N'. O

Remark 4.1.5. Let ¢; : M; — N; fort=1,--- ;r and ¢ : M — N be R-linear
morphisms between R-module schemes over S.

1)

The morphism ¢ X --- X . : My X --- X M, — Ny x --- X N, composed
with the tensor product 7/ : Ny X --- X N, — N; Qg - - - @g N, is pseudo- R-
multilinear and therefore, by the universal property of the tensor product
we have a unique homomorphism ¢ Qg -+ Qg @, : M] Qr -+ Qg M, —
N1 ®pg -+ ®gr N, such that the following diagram commutes:

PLX X
My x--+xM,————>N; x---x N,

My ®gr- Qr M, - -~~~ > N1 ®r -+ ®Qr Ny

T 01®Rr®Rrer

For all positive natural numbers n, we have a morphism ¢" : M"™ — N"
whose composition with the n'" symmetric power o' : N* — g”N is a

symmetric pseudo- R-multilinear morphism, and therefore, from the univer-
sal property of the symmetric power, we obtain a unique homomorphism
gncp : g"M — g”N such that the following diagram is commutative:

Mr s N

Y

S"M _ _ . S"N.
R IS_:LSD R

Likewise to the symmetric power, we obtain for every positive natural num-

ber n, a homomorphism A"p : A"M — A"N such that the following
R R R

diagram commutes:

Mm——— N"

Ik

N'M___A\"N.
R AN'¢ R
R
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Remark 4.1.6.

1) From the definition of the tensor product, it follows that if the tensor prod-
uct of R-module schemes My, --- , M,, exists, then it possesses an R-module
structure, which is given by the morphism

Id.]\/[1 ®R s ®R Id.]\/[i_1 ®R(T.) ®R Id]MH_1 ®R s ®R IdMn

where 7 is an element of R and ¢ is any index between 1 and n (changing i,
doesn’t change the morphism). More precisely, the action of the element r
on the tensor product is equal to this morphism.

2) Similarly, let M be an R-module scheme and r € R. Then the following
diagram is commutative:

Id]y[ X"'X(T.)X"-de]\/[

Mx---x M Mx---x M
S M S M
R r. R

where in the first row, the morphism (r.) is at the i place, with 7 any index
between 1 and n.

3) Again, with the above notations, we have a commutative diagram:

Idas X x(r.)x - xIdps

Mx- -+ x M Mx---x M
)| |
N'M A'"M
R . R

where in the first row, the morphism (r.) is at the i*! place, with i any index
between 1 and n.

Remark 4.1.7. It follows from Remark |4.1.6| that if the tensor product M; ®g
-+ ®pr M, exists, then it satisfies the following universal property as well:
let N be an R-module scheme, then the morphism

Hom (M, ®p -+ @ My, N) = Mult®(My x -+ x M,,N), > por

is an isomorphism. In fact we have the following commutative diagram:

~

Hom®(M, ®@p -+ ®g M,, N) Mult®(M; x -+ x M,,N)

| [

——R
Hom(M; ®g - - @ M, N) = Mult (M; X -+ x M,, N).
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But, it is a priori possible that the tensor product which satisfies the bottom
isomorphism exists, whereas the tensor product as in the Definition does
not.

Proposition 4.1.8. Let R — R’ be a surjective ring homomorphism, and let
M, M,---, M, be R'-module schemes over S. Then we have canonical R-linear
1somorphisms:

a) My ®p - Qpr M, = M, Qp - Qp M,.
b) S"M = S™M.
R R

¢) N"M = \"M.
R R’

PrOOF. We show the first isomorphism; the other two can be shown similarly.
We prove that the tensor product

My X x My, — My ®p - @ M,

has the universal property of the tensor product of M; over R. So, take an R-
module scheme N and an R-multilinear morphism ¢ : My x---x M, — N. Let I
be the kernel of the homomorphism R — R’ and define the following submodule
scheme of N:

K :=()Ker(r.: N = N).

It is clear from the definition of K that it is an R’-module scheme. Since the
R-module structure of M; is given by the "restriction of scalars” R — R, and
so I - M; = 0, the R-multilinear morphism ¢ factors (in a unique way) through
t: K — N:

My x -+ x M,

\
\

8l

\

\

/

N.

Now, the morphism © is R’-multilinear and so there exists a unique R’-linear
morphism ¢’ : M] Qg -+ ®p M, — K such that ¢’ o 7/ = . Putting this with
the last diagram, we obtain:

M1X' XMT
/ J/ X
7]
M, ®p -+ Qr M, — K¢ ’ N

So, the composition ¢ o ¢’ is R-linear and its composition with 7’ is equal to
the given multilinear morphism (. This shows the existence part of the uni-
versal property of the tensor product. The uniqueness part follows from the
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uniqueness of ¢’ and @ and the fact that the homomorphism ¢ : K — N is a
monomorphism (note that since M ®p - - - Qg M, is an R'-module scheme, every
R-homomorphism from M; ®g - -+ @g M, to N factors in a unique way through
t: K <= N). O

4.2 Base change and Weil restriction
Definition 4.2.1. Let M and My,--- , M, be R-module schemes over a base
scheme S and let T" be an S-scheme and r a positive natural number. Then we

have a natural isomorphism M, X7 -+ Xp M, = (My Xg -+ xXg M,)r.

(i) The two universal multilinear morphisms defining M; ®g - -+ ®g M, and
M, ®pr -+ ®@r M,, give rise to the following diagram

My X -+ Xp My, - (My xg -+ xs M;)r

| |

M, ®r -+ Qg M,, (M ®p -+ ®@r M,)7.

Now, the universal property of the tensor product M, ®g - - @r M,,
completes the diagram by a unique morphism

Tr1st My, Qp -+ @r My, = (My @p -+ @p M)
which we call the base change homomorphism of tensor product.

(ii) The two universal symmetric multilinear morphisms defining SEM and
SE(Mr) give rise to the following diagram

My —— (M")r
S(Mr) (SpM)r.

Now, the universal property of the symmetric power S%(Mr) completes the
diagram by a unique morphism

o175+ Sp(Mr) = (SEM)r

which we call the base change homomorphism of symmetric power.
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(i) The two universal alternating multilinear morphisms defining A\"M and
R

N"(Mz) give rise to the following diagram
R

IR

My (M™)r

| M

A" (Mr) (Q”M )T

R

Now, the universal property of the exterior power A"(Mr) completes the
R
diagram by a unique morphism

Mrys [\ (Mr) = (\ M)z

R R

which we call the base change homomorphism of exterior power.

Remark 4.2.2. The base change homomorphisms in the last definition need not
be isomorphisms. However, as we will show (cf. Propositions 4.2.3| and {4.2.6)), if
S = Spec E and T' = Spec L, where L/E is either a separable or a finite field
extension, then the three base change homomorphisms are isomorphisms.

Proposition 4.2.3. Let E be a field and L/E a separable field extension. Then
the three base change homomorphisms

M ®p- Qr M., — (M ®p--- Qg M,)p,

N (Mp) = (N M),

R

and

SN(My) = (3"M)r
are isomorphisms.

Proof. We prove the statement just for the tensor product, and drop the similar
proof of the exterior and symmetric powers. For simplicity, denote by T'(My,) and
T'(M) the tensor products My ;, ®g---®@r M, and M, ®pg- - - ®g M, respectively.
By Theorem we know that

R
T(ML) = Mult (Ml,L X X Mr,LaGm)*

and n
T(M) = (Mult (My x -+ x Mr,Gm)*)L.
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By definition, we have

—~—R
Mult (M; X --+ X M,.,G,,)" =lim H*

=

Y

=]

——R
where H runs through all finite subgroup schemes of G := Mult (M; x -+ X
M,,G,,). Consequently, we have

——R
(Mult (My X -+ x M,,Gy,)"), = (lim A7), = lim (H})
H H

since the transition homomorphisms are epimorphisms and L/F is flat. Let H
be a finite subgroup scheme of G. Then Hj is a finite subgroup scheme of

——R ——R
GL = Mult <M1 X X Mr;Gm)L = Mult (Ml,L X X MT,L;Gm)-

Therefore, there exists a natural homomorphism

R —~—R
m:Mult (Mypx---x M., Gp)" — Mult (M x---x M, G,,)}

which corresponds to the base change homomorphism b : T (M) — T(M);.
Again, since the transition homomorphisms are epimorphisms, this homomorph-
ism ( “projection to sublimit”) is an epimorphism.

Let us assume at first that L is a separable closure of £ and denote by I' the
absolute Galois group of E. We would like to show that 7 is an isomorphism.
It is sufficient to prove that the system of finite subgroups of GGy, which are of
the form Hj for a finite subgroup H of G, is cofinal in the system of all finite
subgroups of G1. Let H be a finite subgroup of G. So, elements of H are closed
points of G, in other words, H is a finite subgroup of the group G (L) = G(L)
of L-rational points of G. It follows that ' - H (the Galois conjugate of H) is
again a finite subset of G(L) (note that I' acts canonically on G, and G(L)). The
subgroup of G(L) generated by I' - H is therefore finite, because G is Abelian.
This subgroup, denoted by Hr, is a finite subgroup scheme of G, which is in-
variant under the action of I'. By Galois descent, there exists a finite subgroup
H of G such that H;, = Hr. As H C Hyp, we have that H C Hj, proving the
claim.

Now, assume that L is a separable extension of E and thus subextension of a
separable closure F, of E. The base change homomorphisms yield the following
commutative triangle

T(Mg,)

T(ML)E T(M)E :

s bES
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By the above discussion, bg, /g is an isomorphism and bg, /7, is an epimorphism.
It follows that bg,,r is also a monomorphism and thus an isomorphism. This
implies that bg, is an isomorphism. This homomorphism is the extension to Ej
of the base change homomorphism b : T(Mp) — T(M)y. As this extension is an
isomorphism, we conclude that b is an isomorphism as well. O

Recall that if E is a field and L is a finite extension of F, then the Weil restriction
Resy/g is the right adjoint of the base change functor from the category of affine
schemes over E to the category of affine schemes over L, i.e., for every affine
FE-scheme X and every affine L-scheme Y we have a bijection of sets:

Mor(X,Y) = Morg(X,Resy/pY).

In fact, the Weil restriction is the restriction, to the full subcategory of affine
schemes, of the pushforward functor from the category of fppf sheaves over Spec L
to the category of fppf sheaves over Spec F. Explicitly, this functor sends an fppf
sheaf F over Spec L to the sheaf

T+ Resyp F(T) := F(171).

Recall also that the Weil restriction preserves the group objects, i.e., Resy g H
is an affine group scheme over E if H is an affine group scheme over L and the
above bijection restricts to a group isomorphism

Homp(Gr, H) = Hompg(G, Resy g H)

for every affine group scheme G over E. It also follows from the adjunction that
if H is an affine R-module scheme over L, then Res; g H is an affine R-module
scheme over I/ and the above isomorphism induces an R-module isomorphisms,
when restricted to the subgroup of R-linear homomorphisms. Finally, recall that
the Weil restriction commutes with base change, that is, if T" is an E-scheme,
then there exists a canonical isomorphism

(Resr/eY)r = Respyyryr(Y xgT).

Lemma 4.2.4. Let E be a field and L/E a finite field extension. Let M be an
affine R-module scheme over E and N an fppf sheaf of R-modules over Spec L.
Then there exists a canonical sheaf isomorphism

Resy/p Hom; (M, N) = Hom (M, Resy /g N)

which is the “sheafified” version of the Weil restriction, i.e., the global sections
of this isomorphism deliver the usual Weil restriction.
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Proof. Let T be a scheme over E. We have the following isomorphisms

I

HOIHE(M, RGSL/E N)(T) = HOH]T(MT, (RGSL/E N)T)

Homy(Mr, Resy, jr(N xg T) = Homyp(Myp, Resy, jr(N xp 11)) =
HOIIITL((MT)TL, N X TL)) = HomTL((ML)TL; N X, TL)) =
Hom, (Mg, N)(Tr) = Resy/p(Hom, (M, N))(T),

where the first isomorphism (not equality) follows from the fact that the Weil
restriction commutes with base change. The second isomorphisms is induced by
the canonical isomorphism N xg T = N x T;. The third isomorphism follows
from the adjunction property of the Weil restriction. The fourth isomorphism

Y

follows from the canonical isomorphism (Mr)r, = (Mp)r,. Finally, the last
isomorphism is given by the “definition” of the Weil restriction. [

Proposition 4.2.5. Let E be a field and L/E a finite field extension. Let
My, Ms, ..., M, and M be affine R-module schemes over E and N an fppf sheaf
of Abelian groups over L.

a) The bijection
MorL(Ml,L X X Mr,LaN) = MOI"E(Ml X X MT,RGSL/E N)

restricts to an isomorphism

Mult, (My g, X -+ X My, N) 2 Mult,(M; % - - x M,,Res,/p N).

R ——R
b) The isomorphism Mult; (M7, N) = Mult (M, Resy g N) of part a) restricts
to an isomorphism

Alty (M, N) = Altp(M, Res5 N).

—~—R —~—R
¢) The isomorphism Mult; (M7, N) = Mult (M, Resy g N) of part a) restricts
to an isomorphism

R r ~ G B
Sym; (M7, N) = Symg(M,Resg g N).

Proof.  a) We will proceed by induction on r. If r = 1, then the statement
follows from the adjunction of the Weil restriction or more generally of the
pushforward, discussed before Lemma [£.2.4] So, assume that r > 1 and
that we know the result for smaller integers. We have

——R
MultL(Ml,L X X Mr,LaN) =
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—~——R ind’n
MultL(MLL X X Mrfl,L;HomL(Mr,LpN» =
——R B2
Multz(M; x -+ x M,_y,Resy g Hom; (M, 1, N)) =

——R

MultE(M1 X X Mr_l,HOIIlE(MT,RBSL/E N)) =
——R
Multg (M x -+ x M,,Resp/g N).

b) By the adjunction property, we know that there exists a unique R-linear
homomorphism oy : (Resy/g N);, — N with the following universal prop-
erty: for every E-scheme X the map

MOI"E(X, ResL/E N) — MOI'L(XL, N)

induced by base change to L and composing with oy is an isomorphism. It
follows that if ¢ : M" — Resy g N is alternating, the morphism oy o ¢, is
alternating too and therefore, the R-linear isomorphism of part a) restricts
to an R-linear monomorphism

—~R —~R
AltE(MT,ReSL/E N) — AltL(ME, N)

We have to show that this is surjective too. Take an alternating morphism
¢ : M] — N. Because of part a), we know that there exists a pseudo-R-
multilinear morphism 1 : M" — Resy, gy such that ¢ = oy o1p. We want
to show that 1 is alternating. For any 1 <i < j <r, let

ro. r—1 r
Ai,j'M — M7, (ml,...,mr_1)|—>(ml,...,mj_l,mi,mj,...,mr)

denote the generalized diagonal embedding equating the i*" and j** com-
ponents. By functoriality of the Weil restriction, the following diagram
commutes:

~

—~—R —~—R
Multy(M",Resy /g N) Mult, (M, N)

AL-J/ iA;j

Multz(M™, Resy/p N) —= Mult, (M}, N).

Since ¢ is mapped to zero under the homomorphism
Mult, (M}, N) — Mult, (M}~ N)

(because it is alternating), the morphism 1 lies in the kernel of the homo-
morphism

Mult,(M", Resz /g N) — Multz(M"', Resg /s N),

and this holds for every pair ¢ < j. Hence 1) is alternating.
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¢) Similar arguments prove the desired isomorphism.
m

Proposition 4.2.6. Let E be a field and L/E a finite field extension. Let
My, Ms, ..., M, and M be finite R-module schemes over E. Then the three base
change homomorphisms

M ®p- Qr M, — (M ®p - Qg M),
N (M) = (\ M)
R

R

and
SN (M) — (3"M)r

are isomorphisms.

Proof. We prove the statement for the tensor product and drop the proofs for
the exterior and symmetric power, as they can be similarly proved.

Let N be an affine group scheme over L. By functoriality of the Weil restriction,
we have the following commutative diagram:

HOHIE(Ml Rr - Qp Mr, RGSL/E N) i>HOHlL((M1 XRr - Qp MT)L,N)

. |

MultE(Ml Xr* " Xp MT,RQSL/E‘ N) ?)MultL(MLL XR* " XR Mr,LaN)

where the vertical homomorphisms are induced by the universal R-multilinear
morphisms. The left vertical morphism is an isomorphism by the definition of
M, ®p -+ ®r M,. The horizontal morphisms are isomorphism by the Weil re-
striction. Thus the right vertical homomorphism is an isomorphism as well. The
base change morphism induces a commutative triangle

Homy ((M ®pg -+ ®r M,), N) —Homp (M, ®g - - ®r M1, N)

R

——R
MultL(MLL XRr+ "+ XR MT7L,N)

where the vertical and oblique morphisms are isomorphisms. In fact the vertical
arrow is an isomorphism because of the last diagram and the oblique arrow is
an isomorphism by the definition of M, ; ®g --- ®g M, . Consequently, the
homomorphism

Homy((M; ®g -+ ®p M,), N) = Hom (M ®p -+ ®r M, 1, N)

is an isomorphism, and this holds for every affine group scheme N over L. It
follows that the base change homomorphism is an isomorphism. O]
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4.3 Main properties of exterior powers

Proposition 4.3.1. Let M be an R-module scheme over S. If N"M = 0 then
R

we have N M =0 for all m > n.
R

ProoOF. We show that /\"+1M = 0; the result follows immediately by induction.
R

Let N be an R-module scheme. By the definition, we have an isomorphism

n+1
Hom™ (A" M, N) = AP (M, N).
R

Under the isomorphism
Mult(M"™ ™ H) = Mult(M", Hom(M, H))

given in Lemma the image of the sub-R-module Alt"(M"*' N) lies in
the sub-R-module Alt"*(M", Hom®(M, N)) of Mult®(M™ Hom"®(M, N)), i.e., we
have an isomorphism

AL (M N =2 Al (M, Hom® (M, N)).
Again by definition, we have

ALtR(M", Hom™ (M, N)) = Hom®( \ "M, Hom" (M, N)).
R

The latter R-module is trivial by hypothesis and thus, we have

Hom' (A" M, N) = AI* (M, N) = Alt"(M", Hom™ (M, N)) = 0
R

for all R-module schemes N, which implies that /\"HM = 0. O
R

Proposition 4.3.2. Let My, My and P be R-module schemes over S and ry, 79
two positive integers. We have a natural isomorphism

Ap s ARR(M] x Mg, P) = Hom™(\ "' My o N\ Mo, P).
R R

Proor. Using Proposition we have a natural isomorphism

AR (M x M2, P) = AR (MY, AltR (M52, P))
and by definition of A™M; this is isomorphic to Hom®™(A™ M, Alt®(M}?, P))
which is again by Progosition isomorphic to :

AR My x M2, P) 2 AR (M2, How®™( )\ My, P)) =
R R
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Hom"( A" My, Hom™(\" My, P)) = Mule®(\" My x N\ M, P) =
R R R R

I‘IOI’IIR(/\T1 Ml X /\TQMQ, P
R R

Remark 4.3.3.

1)

Let Apo : M{* x M3* — /\”Ml ®r /\TQMQ be the multilinear morphism in
AR (M x M2, /\”Ml ®R /\T2M2) that maps to the identity of

A" M, ®R/\ > M, by the 1somorphlsm given in the Proposition |4.3.2, Then,
R
one can easﬂy see that the R-module scheme A" M; @z A">M, has the

R R
following universal property: Given any R-multilinear morphism ¢ : M;* x
M3?* — P which is alternating in M{' and M;?, there exists a unique R-
linear homomorphism

G N\ ' Mior N\ My — P
R R

making the following diagram commute:

M x M2 ‘ P

Ao /

N M, @r N7 M.
R R

We can generalize the Proposition ie., if My,---, M, are R-module
schemes and rq,---,7, are positive integers, then there is a multilinear
morphism

Moom s M7 o M — N My @ - 0p N M,
R R

alternating in each M;" such that the homomorphism

Hom™(\ "M ®g - ©r \ "M, P) = AL(M]* x --- x MJ", P)
R R

@ PoAi.n

is an isomorphism.
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3) Let ¢; : M; — M, i = 1,2 be R-linear morphisms and 71,72 two posi-
tive natural numbers. We have a morphism ¢}' x ¢3* @ M{' x My* —
M"1#72 whose composition with A : M™1%72 — A2 lies in the module

R

AltR(M] x My2, A2 M). Using the isomorphism of Proposition [4.3.2

R
with P replaced by A2 M, we obtain an R-homomorphism

R
Tl(,Ol A\ /\r2g02 . /\Tle ®R /\T2M2 — /\TH—TQM.
R R R

That is, we have the following commutative diagram:

7‘1 x 7‘2
M x M52 fL AT
Algl lA
T1 72 r1+7
N'My@p N°My SATTEM
R R AN Le1AN2 2 R

If 7 (respectively ry) is equal to 1, we write p; A "9 instead of /\14,01 A
N2y (respectively A™¢1 A @, instead of A o1 A N s).

4) Let P be an R-module scheme over S. The homomorphism A™ @1 A Ao
induces an R-module homomorphism

r1+T2
Hom™(

R

that together with the isomorphisms of Proposition and Definition
[4.1.1] (i17) gives the following commutative diagram:

M, P) = Hom™(\" M, @r )\ M,, P)
R R

ALt (M7itr2) P AR (M x M52, P)

/\*lN lef,z

Hom"( /I}”JFWM, P) Hom"( /I}“M1 ®r /; My, P).

Lemma 4.3.4. Let ¢; : M; — M, i = 1,2 be R-epimorphisms of R-module
schemes over S and 11,79 two positive natural numbers. Then the morphism (cf.

Remark 3))

r1 2 r1 T2 r1+r2
901/\/\ @2:/\ M1®R/\ M2—>/\ M
R R R
18 an epimorphism. In particular, we have a canonical epimorphism

N'Meor Ny - N
R R R
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PROOF. The morphism ¢]' X @y : M{? x My*> — M™% is an epimorphism.
Therefore, for every R-module scheme P, the induced morphism

AltE (M2 PY — AR (M]? x M3?, P)
is injective.

Using the diagram of Remark 4), we conclude that the induced morphism
Hom R ( r1+r2

M, P) = Hom™(\ "M, @r )\ My, P)
R R R

is injective for all R-module schemes P. This proves the first part of the state-
ment. The second part follows from the first part by replacing ; with the identity
morphism of M. n

Notations. Let M’, M” be sub-R-module schemes of M and P and N R-module
schemes. By Alt"(M'™ x M" x P!, N) we mean the module of R-multilinear
morphisms that are alternating in M'", M"s and (M’ N M")"** (as a submodule
scheme of M""#)) and in P*. When we say that a multilinear morphism

M'™ x M" x Pt - N

is alternating, we mean that it belongs to the module Alt®(M'" x M"* x P* N).
Likewise, we define the module

AIE(M] x - x M x Pf* x -« x Psm N)
with M; sub-R-module schemes of M and P;’s arbitrary R-module schemes.

Lemma 4.3.5. Let 7 : M — M" be an epimorphism and let ¢ : M"" — H
be an R-multilinear morphism such that the composition ¢ o™ : M"™ — H s
alternating. Then ¢ is alternating as well.

PRrROOF. The morphism 7 induces a morphism A"r : A"M — A"M" between
diagonals and since the morphism 7 is an epimorphism, the morphism A"7 is an
epimorphism too.

Similarly, we have an induced epimorphism between A}, M C M" and Aj;M" C
M™ for all 1 <4 < j < r, which we denote by Af;w. In order to show that
@ is alternating, we must show that for any 1 < ¢ < 7 < r the composition
ALM" — M" —£5 N is trivial. But we have a commutative diagram

ALM BT AT M
MT - M//r N.

™ ¥
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and since the composite p o 7" is alternating, the composition ¢ o 7" o is trivial,
and so is the composition ¢ o " o Ar. The morphism A is an epimorphism,
which implies that ¢ o (" is trivial. O

Remark 4.3.6. Let M’ be a sub-R-module scheme of M and 7 : M — M" an
epimorphism. It can be shown in the same fashion that if the composition of a
multilinear morphism M"" x M$* x M'" — N with the epimorphism

7" x Idpps X Idppe - MT™ x M® x M — M"™ x M* x M"

is alternating (in the sense of the Notations above), then this multilinear morph-
ism is also alternating.

Lemma 4.3.7. Let My --- , M, be R-module schemes and ) : My x---xX M, —- N
an R-multilinear morphism. Assume that for some 1 < i < r we have an exact
sequence M —— M; —— M;" — 0. If the restriction |y x...xi!x-.xnm, 15 2€r0,
then there is a unique multilinear morphism

My X oo X M X <o x M, — N
such that ¢ =" o (Idp, X +++ x 7 X «-+ x Idpg, ) with m at the i™ place.

ProOF. By functoriality of the isomorphism in Proposition we have a com-
mutative diagram (we omit the superscript R to avoid heavy notations, and so the
homomorphisms and multilinear morphisms are all R-linear or R-multilinear):

Mult(M; x -+ x My, N) —> Hom (M, Mult(M; X --- x M; X -+ x M,,N))

) X

Mult(M; x - x My, N) ——> Hom(M;, Mult(M; x -+ x M; % -+ x M,, N))

| :

Mult(M; x -+ x My, N) ——= Hom(M!, Mult(M; X - - x M; x -+ x M,, N))

where the indicated morphisms are the obvious ones and M; means that this
factor is omitted. The right column is exact and 7* is injective, because the
sequence 0 — M/ —* M; "+ M! — 0 is exact and the functor Hom”(_, P) is
left exact for any R-module scheme P. Therefore, the left column is exact too
and 7 is injective. The morphism 1 is an element of Mult®(M; x --- x M,, N)
which goes to zero under the morphism 7 (restriction morphism). By exactness,
there is a unique multilinear morphism v’ € Mult®(M; x - - - x M/ x - -+ x M,, N)

which is mapped to 1) under 7. This proves the lemma. O]

Lemma 4.3.8. Let M, — My —"= Mz — 0 be an exact sequence of R-module
schemes over S and n a positive natural number. Then the sequence

0 — Alt®(MJ, N) — AIt®(MZ, N) — At (M, x My~', N)

15 exact.
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PROOF. Since 7 : My — Ms is an epimorphism, the morphism 7" : M3 — M3 is
also an epimorphism and so the induced morphism Alt* (Mg, N) — Alt™(My, N)
is injective.

Let ¢ : M3} — N be an alternating morphism and assume that the restriction
@l ar x My is zero. We will show that there is a multilinear morphism ¢’ : M —
N such that ¢ = ¢’ o ™. The result will then follow, since by Lemma [4.3.7, '
is also alternating, and it is thus inside the R-module Alt®(Mg, N). This will
prove the exactness at the middle of the sequence (the fact that the composite

AIR(ME, N) — AR(MZ, N) — At (M, x My~', N)

is zero follows directly from the fact that the composition 7 o ¢ is zero) and the
proof will be achieved.

Note that since ¢ is alternating and the restriction ¢|,, Myt 1s zero, the restric-
tions g0|M2ilexM;_i_1 are zero for any 1 <7 <n—1. Set ¢y = p. We sh'ow by
induction on 0 <7 < n that there is a multilinear morphism ¢, : Mg x My~ — N
such that ¢ = @; o (7 x IdM;ﬂ'). This is clear for ¢ = 0, so let ¢ > 0 and assume
that we have ;1 with the stated property. Consider the following commutative
diagram

Mt % My x My~ M3~ % My x My~

| P

i— —ic P i— _;Pi-1
Mt x My x My ™"~ Mi™ x My x My~ "=—= N

i—1 i—1

where 7 = 771 x Idy;, X Idyp-i, m = " x Idy, X Id - and p, p' are the
inclusion morphisms. We know that 0 = @ o p = ¢; 1 o 7 o p, which implies
that ¢;_1 0 p’ o = 0. The morphism 7 is an epimorphism and so ;1 o p/, the
restriction of ;1 to Mi~' x My x My~ is zero. We can therefore apply Lemma
and obtain a multilinear morphism ¢; : Mi x My~* — N such that

Vi = Pi—1 0 (IdMgfl X X IdM;ki).
We have thus ¢ = @; o (7" X IdM;H).

Now put ¢ = n, the statement says that there is a multilinear morphism ¢, :
M} — N with ¢ = ¢, on™. This ¢, is the required ¢'. O

For the following lemma, which is in some sense the “linearized” version of the
previous one, we use notations introduced in Remark 3).



4.3. MAIN PROPERTIES OF EXTERIOR POWERS 49

Lemma 4.3.9. Let M, —~ M, AN M3 — 0 be an exact sequence of R-module
schemes and n a positive natural number. Then the sequence

M, ®gr /\nilMQ M /\nMQ M} /\nM3 —0
R R R

18 exact.

PRrRoOOF. The statement follows essentially from Lemma and Proposition
[4.3.2] Indeed, the exactness of this sequence is equivalent to the exactness of the
sequence obtained by applying the contravariant functor HomR(—, N) on it for
all R-module schemes N over S. So, let N be an arbitrary R-module scheme over
S and consider the following diagram:

0 Hom(Q”M;}), N) Hom(Q”MQ, N) Hom(M; @z \" ™' My, N)
R

glkg gl)@ glA}jQ

0 — Alt®(ME, N) Alt® (Mg, N) AltR (M, x My~' N)

where the first two vertical morphisms, i.e., A3, A are given by the universal
property of the exterior powers and the last one by Proposition [£.3.2] The com-
mutativity of the first square follows from Remark 3) and that of the second

square from Remark 4). The second row is exact by Lemma 4.3.8] The ex-
actness of the first row follows immediately and this achieves the proof. m

Theorem 4.3.10. Assume that 0 — M; — My —=+ My — 0 is a short exact
sequence of R-module schemes over S. Let ny be a non-negative integer and write
ny = ny + n3 for non-negative integers n, and nz. Consider the diagram

AR (ME2 N) " AR (MM x MFs| N)

JA“*

ALR(M x M33, N)
where p is the restriction morphism.

(a) If N Mz = 0, then p is injective.
R

(b) If N My = 0, then p factors through m*.
R

(c) If both conditions hold, then there is a natural epimorphism

C: /\nlMl ®R /\n3M3 —» /\nQMQ.
R R R
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(d) If furthermore the sequence is split, then the epimorphism C is an isomorph-
18M.

PRrOOF. If ny = 0 then n; = 0 = n3 and all statements are trivially true, so
assume ns > 0. We prove each point of the proposition separately.

(a) Fix ny. We show by induction on ny, with 0 < n; < ng, that the restriction
morphism gives an injective morphism

AR (M2 N — AlLR(Mys, Mult® (M, N)).
If ny = 0 then n3 = ny, and p is the identity morphism, so there is nothing

to show. So assume that 0 < n; < ny and that the statement is true
for ny — 1 and n3 + 1 in place of n; and nz. Then /\"3+1M3 = 0 implies
R

/\n3+2]\/[3 = 0 by proposition 4.3.1; so by the induction hypothesis we have
R
an injection

AlR(M2 ) N) — AR (MY Mult® (M1 N)).

Since by hypothesis we have A™*'M; = 0 we can use Lemma [4.3.8] (note
R

that A" My = 0 implies that Alt?(MEs*! P) = 0 for every R-module
R
scheme P), and we have thus an injection
AR (M Mult® (M N)) — AR (M52 x My, Mult® (M~ N)).
The latter R-module is inside the R-module
ALt (M Hom™ (M, Mult® (M~ N))).

By proposition [2.2.10, Hom®™(M;, Mult® (M !, N)) = Mult®(M]", N).
Putting these together, we conclude that there is an injection

0 - Alt"(My2, N) — Al%(M® Mult™ (M, N)).

Following through the above isomorphisms and inclusions, one verifies that
this injection is induced by the restriction morphism. Under the isomorph-

1S1M
Mult®(As, Mult®™ (M7, N)) =2 Mult® (M52 x M, N)

given by Proposition the image of AIlt™(Mj2, N) by 6 lies inside the
submodule Alt®(My3 x M, N) of Mult®(M5* x M, N) and we can easily
see that the injection

AR (M2 N) — AltT(MF* x M, N)

thus obtained is given by the restriction morphism.
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(b) Choose an alternating multilinear morphism ¢ : MJ? — N and write ¢q for
the restriction ¢ s Forany 0 < j < ng — 1 the restriction of ¢o to

the submodule scheme M x Mg x My x MQ"L‘_]A_1 belongs to the R-module
ALR(M™M x ML x My x My* 771 N)
which injects into
AWM Mult (Mg, N)).

The latter R-module is isomorphic to

ni+1
Hom (A" My, Mult" (M55, N)),
R

ng—j—1 is

which is zero by assumption. So, the restriction ¢y M™ M My x M.
1 2 2

Zero.

Now we show by induction on 0 <17 < ng, that there exists a multilinear
morphism ¢; : M4 x M3*™" x M{" — N such that the composition

MEx My~ 5 M T Mix My~ x M -2 N

is o, where 7 = 7 X Id | ns-i X Idymi. If ¢ = 0 then we have nothing to
show, so let i < n3 and assume that we have constructed ¢; with the de-

sired property and we construct ;1. Consider the following commutative
diagram:

i o P . s
M x My x MP=70 5 M s M x MPS~ x M

Mix My x MP3~ 4 se M s Miox MJS™ x M 225 N
As we have said above, the restriction of ¢q, @gop, is zero. By the induction
hypothesis, we have ¢y = @; o™ and therefore, 0 = pgop = p,0oTo p =
; o p' o. The morphism 7 being an epimorphism, we conclude that the
restriction of ;, i.e., ¢; o p' is zero. This allows us to use Lemma in
order to find a multilinear morphism

Qir1: Mt x Mp» 7 x M — N
such that
i = piy1 0 (Idyg xm X IdM;rifl X Idel).
It follows at once that oy = ;41 0 (71 x Id ) nai2 X Idyy, ).

Put ¢ = ng, then the statement says that there is a multilinear morphism
Png + M3 x M{" — H such that o = @, o (7" x Idym ). Since ¢y is
alternating, by Remark [£.3.6] ¢, is also alternating.
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(c)

If both conditions hold, then by (a), p is injective and therefore the homo-
morphism Alt®(M3? H) — Alt(M"™ x M3*, H) defined in (b) is injective
as well. So we obtain

4.5.2

Hom™(/\"* My, N) = Alt(My2, N) < AUR(M" x Mj?, N) =
R

HomR(/\li ® /\nsMg, N)
R R
which is natural, in other words we have a natural injection of functors

T HomR(/\mMZ, -) = HomR(/\nlMl ® /\nBMg, -).
R R R

It is a known fact that any natural transformation between such functors
is induced by a unique morphism

¢: /\li ® /\n3M3 — /\n2M27
R R R

in fact, this morphism is the image of the identity morphism of A" M,
R

under this transformation. This means that for any R-module scheme N,

TN HomR(/\ngMg,N) — HomR(/\li ® /\ngMg,N)
R R R

sends a morphism f: A" M, — N to the morphism f o (. The injectivity
R
of 7 implies that ( is an epimorphism.

Let s : M3 — M, be a section of 7, i.e., mos = Idy, and r : My — M, the
corresponding retraction of ¢, that is, r ot = Id and that the short sequence

0— My =5 My~ M, -0
is exact. Then we show that the morphism
p AE(MY? N) — Al (M x M52, N)
whose composition with 7* is p (given by (b)) is induced by the inclusion
Joi=1" X " MP" x M3® — M2,

Indeed, given a morphism f € Alt(M52, N), we have p(f) = 7*(u(f)), or
in other words, u(f) o (Idy; x7") = fo (" x 1d}} ). Hence the following
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diagram is commutative

M % MG

/ N w(f)
S ] ‘ f
Id(Mlnl X My s M2
\ | %

M7 > M3

N

where s, 7 and i are respectively the morphisms Id}; xs" Id}y; x7" and
the inclusion /™ x Id}7 . Consequently, u(f) = f o j. This shows that p is
induced by j as we claimed.

Now define a morphism w : M3?* — M x M3 as follows: for any k-algebra
A w sends an element (g1, -, gn,) € M2(A)™ to

Z Sgn(U, T) (T(ga(l))v T 7r<go(n1))7 7T<g'r(1))7 T 77T<g‘r(n3)))

where the sum runs over all length n; subsequences o = (o(1),--- ,0(n1))
of (1,2, -+ ,n9) with complementary subsequences 7 = (7(1),---,7(n3))
and sgn(o, 7) is the signature of (o,7) as a permutation of ny elements.
This morphism induces a homomorphism

w* L AR(M x M3, N) — Mult®(M52, N)

and it is straightforward to see that in fact the image lies inside the sub-
module Alt®(M;?, N). We also denote by w* the homomorphism

ALR(M x M3® H) — Alt®(M5> N)

obtained by restricting the codomain of w*. Since the composites r o s and
m o are trivial and r o v and 7 o s are the identity morphisms, we see that
the composition w o j is the identity morphism of Mj" x Mj33. Therefore
the composite p o w* is the identity homomorphism. Consequently, the
homomorphism g : Alt®(M;2, N) — Alt®(M" x M$* N) is an epimorph-
ism. We know from (c¢) that it is a monomorphism, and hence it is an
isomorphism. We obtain thus

o)

Hom®(\ " Ma, N) = Al (M2, N) =
R

AWR(M]™ x M3, N) = Hom®(\ "' My @ N\ My, N).
R R
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As we know, this homomorphism is induced by the morphism
C:/\1M1®/\3M3—>/\2M2.
R R R

Since it is an isomorphism, the morphism ¢ must be an isomorphism as
well.

]

Lemma 4.3.11. Let M be an R-module scheme over S and r € R. Then for
every positive natural number n we have a commutative diagram

M Qpr /\n_lM (r)®rld M Qr /\n—lM
R R

IdAA™! Idi iId/\/\"‘l Id
A'M A" M.
R T R

PROOF. Remark 3) gives us the following commutative diagram:

(T.)XIdM ><~~~><Id]y[

Mx---xM Mx---x M. (3.12)
| I
A'M A'M
R T R

Using Remark 1), we can split this diagram into two squares:

n—1
(r.)xId},

Mx-- - xXM————Mx---xM
/\172 )\1,2

M ®R /\n—lM (r)®grld M ®R /\n—lM
R R

AAA" I IdAA™ T Id

A'M A'M
R R

with the top square commutative.

The commutativity of the bottom square follows from the commutativity of the
top diagram, diagram and the universal property of the morphism

n—1
Ma:tMx-oxM—=Meg \' M
R
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given in Remark 1); more precisely, we have:

Id/\/\ r) @grId) o Ay = Id/\/\ d) oMo (r) x Id" ! =

n—1
o(IdAN" Td)o A,

and the universal property of A; » implies that

o (AN 1d) = 1dAA" 1) o () @5 1d).

The fact that the vertical arrows in the diagram of the lemma are epimorphisms
has been proved in Lemma [4.3.4] O

Proposition 4.3.13. Let M be an R-module scheme over S, and () the cokernel
of multiplication by an element r € R, i.e., we have an exact sequence

M " M 25 Q — 0. Then, for any positive natural number n the following
sequence s exact:

AN'M - N A2 N'Q—o.
R R R

PRroOF. It follows from Remarks [4.1.6| and |4.3.3] that the composition
(IAAA""1d) o ((r.) ®g Id) as in previous lemma is equal to (r.) A A"~ ' Id. So,
the diagram of the previous lemma can be rewritten as:

M ®p /\on (r)AA™ " 1d N'M (3.14)
R R

Id /\/\m /
N"M.
R

Now, apply Lemma to the exact sequence M —— M -2+ @ — 0 in order
to obtain the following exact sequence:

M @5 /\"*1M (r)AA" " day >/\HMM/\11Q—>O.
R R R

Using diagram [3.14] we can factorize the first morphism of the sequence, so that
the following diagram is commutative with exact row

M ®p /\n—lM (r)AA™11d N'M N'p N'Q 0
R R R
Id/\/\%& /
N'"M.

R
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Since the morphism Id AA" " 1d : M @z A" 'M — A" M is an epimorphism, we
R R

conclude that the sequence
A'M = \N'm A2 A" 0.
R R R
is exact as well, and the proof is achieved. O

4.4 Dieudonné modules

We are going to study the covariant Dieudonné modules of tensor products and
exterior powers of R-module schemes over perfect fields of characteristic p > 2
and let k£ denote such a field for the rest of this section.

Definition 4.4.1. Let R be a ring and P an R-module endowed with four set-
theoretic maps F,V : P — P and ¢,v : A’P — A’P. Denote by )\ the alternat-
R R

ing morphism A : P x --- x P — A’P which sends (z1,--- ,2;) to £1 A -+ A z;.
R

(i) The following diagram is called the F'-diagram associated to ¢

PxPx---xP A /IyP
IdxVx-.xV

PxPx.---xP ®

FxId x---xId

PxPx.---xP QJP-

(ii) The following diagram is called the V -diagram associated to v

PxPx---xP A /}}JP

PxPx---xP /}}jp-

A

Definition 4.4.2. Let n be a positive natural number.

(i) Let My, ---, M, be left E; ®z R-modules. Consider the tensor product

Er @w My @we,r - Qweyzr Mp
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which uses the action W on E; by right multiplication. This is a left
E; ®z R-module with respect to left multiplication of E; on the first factor
and the action of R on the other factors. Define T'(M; x --- x M,,) to be
its quotient by the Ei-submodule generated by the elements

Veom @ ---@m, —1Vm ®- - Vm,,

FOmeaVme®@ - @Vm, —1QFm @ma® -+ @ my,

FOVmeVme®@:- - @Vm,_1@m, —190m @ma® - @my_1 ® Fm,

for all m; € M;

(ii) Let My, --- , M, be profinite topological left E; ®7 R-modules. Then each
M; is the inverse limit of all its finite quotients M/ by open E; ®7 R-
submodules. Define T(M; x --- x M,) to be the inverse limit of all finite
Ej ®z R-module quotients of T'(M} x --- x M])) for all M/', which is again
profinite topological left E; ®7 R-module.

(ili) Let M be a left E; ®; R-module. Define Ty, (M™) to be the quotient of
T(M"™) by the E; ®7 R-submodule generated by the elements:

[1@mi @ @mp] — [L@mya) ® - @ My(w)]

for all m; € M and all permutations o € 5,,.

Similarly, define Tyutisym(M™) to be the quotient of T'(M™) by the E; ®7 R-
submodule generated by the elements:

[1@m @ @mn] —sgn(e) - [1 ©mya) @ - @ My(m)).

Finally, define Tieakat(M™) to be the quotient of Tyngisym (M ™) by the Ei ®7
R-submodule generated by the elements [1 ® m; ® - - - ®@m,,] for all m; € M
of which at least two coincide and lie in the the submodule VM.

(iv) Let M be a profinite topological left E; ®z R-module. For any * € {sym,
antisym, weakalt}, define T,(M™) to be the inverse limit of finite E; ®7 R-
module quotients of T, (M"™) for all finite quotients M” of M.

Remark 4.4.3. Let R be a ring and M, ..., M;, M be E; ®z R-modules which
are of finite length as a W ®z R-module.
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1) There is a canonical morphism
T M1X"'XMJ' — T(M1><“'XM]'), (ml,...,mj) — [1®m1®®mj]

This morphism belongs to the R-module L (M x -+ -x M;, T(Myx- - -x M;))
and has the following universal property:
for every E; ®z R-module N, the homomorphism

7 Hom (T (M; x --- x M;),N) — L%(M; x --- x Mj, N)
induced by 7 is an isomorphism.

2) Similarly, there is a canonical morphism
A M7 — Tyearare(M7?),  (my, ... ,my) = [1®m @ - @ myl.

This morphism belongs to the R-module LE (M7 Tyeaaie(M7)) and has the
following universal property:
for every E; ®z R-module N, the homomorphism

N Hom (Tyearare(M?), N) — LE (M7, N)
induced by A is an isomorphism.

3) Finally, there exists a universal morphism o : M7 — Ti,,,(M7) inside the
R-module LE (M7, Ty, (M7)).

sym

Lemma 4.4.4. Let R be a ring and P an Ep ®z R-module which is of finite
length‘as aW ®z R-module. Assume further that we hqve two commuting maps

j j J j

¢o: N P— N\ P andrespectivelyv: N P— )\ P which are’  ©Id-
WezR WezR W®zR WezR

linear and respectively © @ Id-linear and make the F'-diagram associated to ¢ and

respectively the V -diagram associated to v commute. Then there is a natural
J

structure of Bx-module on  /\ P, where F and V act through ¢ and v and we

W®zR

have a canonical Ei ®7z R-linear isomorphism
A . ]

Tweakalt(-P]) = /\ P.

W®zR

Proor. We first show that ¢ o v = p. Indeed, we have for all dy,--- ,d; € P
QOOU(dl/\'”/\dj)ZQO(le/\"'/\Vdj):Fle/\dQ/\"'/\dj :pdl/\dg/\"'/\dj

where the first equality follows from the V-diagram and the second equality from
the F-diagram. As vo ¢ = powv, we have vo p = p ov = p. Now, since p is
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different from 2, the antisymmetry condition in the construction of Typytisym(P)
(cf. Definition m (iii) ) means that Tyeakatt(P?) = Tontisym(P?) and that this

J
module is the quotient of Ey @y A P by the submodule generated by the
W®zR
relations:

(p1) VeoamiA---Am;—1@VmyA--- ANVmy,
(p2) FomiAVmagA---AVm; —1®@ Fmy Ama A--- Am;

(note that the other relations follow from these two). Now, define a morphism

J J
0:Ep Qu /\ P - /\ P
W®zR WRzR

by
Fror— o(zr) and V'®xe v'(z).

Since v o = powv = p, this morphism is a well defined Ej-linear morphism. We
claim that this morphism factors through the quotient Typisym(P?). i.e., it is zero
on the relations p; and ps.

o (p1): Wehave (V@myA---Amj —1@Vmy A--- AVm;) =
vimi A Amj)—=VmiA---AVm; =0
by the V-diagram.
o (p1): We have 0(F @ mqy AVma A---AVm; —1®@ Fmy Amg A--- Amy) =
e(mi AVmg A~ AVm;) — Fmg Ama A---Amj =0

by the F-diagram.

J )
It is straightforward to see that the morphism ¢ : A P — Tontisym(P?) sending
W®ZR

_ . J
an element = to [1 ® z] is an inverse of 6 : Thntisym(P’) — A P induced by 6.
WQzR
Therefore,

J
Tantisym(P]) = /\ P
WQzR

The latter being a finite length module over W ®z R, we deduce that

J
Tweakalt(P]) = Tweakalt(Pj) = Tantisym(PJ) = /\ P
W®zR

and the proof is achieved. n
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Lemma 4.4.5. Let R be a ring and P,Q two Ep ®z R-modules which are of
finite length as W ®z R-modules. Assume further that the multiplication by V
on P is an isomorphism. Then there exists a natural structure of Eg-module on
P @we,r Q, where I acts as VI®F and V acts as V ®@ V. Furthermore, we
have a canonical Ey ®z R-linear isomorphism

T(PxQ)= P Que,r Q.

PROOF. The compositions (V! ® F)o (V@ V) and (V@ V)o (V! ® F) are
equal to multiplication by p and so there is a natural structure of E;-module on
the tensor product P @y, Q. It remains to show the stated isomorphism.

Since the modules P and @ are of finite length over W ®7 R, we have
T(Px Q)X T(P x Q).

We define morphisms
Q:T(PX Q) —>P®W®ZRQ

and
n:P Owe,r @ = T(PxQ)

as follows: (1@ rQy]) =2y, 0([FF@x®y]) =V " (z)® Fi(y) and §([V' @
r®y]) = Viz) ® Vi(y). And for n, we set n(z ® y) = [1 ® = ® y|, where by
elements in brackets, we mean their class in the quotient T'(P x Q). It is now
straightforward to check that 6 is well-defined, and these morphism are inverse
to each other. ]

The following proposition is a direct generalization of the theorem 5.6.2 in [Pink]
and its proof is the same as the proof of theorem 5.6.2 in [Pink] with the slight
and easy modifications due to R-linearity and R-multilinearity, and therefore we
omit the proof of the proposition. Note however that we should assume p # 2 in
the proposition, which is not the case in theorem 5.6.2 in [Pink].

Proposition 4.4.6. Let G1,G2 and G be pro-p R-module schemes over k, then
the tensor product Gy ®g Go, the symmetric power }ngG and the exterior power

/\jG exist and are again pro-p R-module schemes over k, and there are natural
R
1somorphisms

o D,(Gy®r Gy) = T(D,(Gy) x D,(Gy)),

« D(YC) = Tyym(Du(G)),

° D*(QjG) = Tweakalt(D*(G)j)'



4.4. DIEUDONNE MODULES 61

]

Remark 4.4.7. Let M be a finite p-torsion R-module scheme over k. According
to Remark [3.0.22] we have an isomorphism

LR (D /\ M) = A" (M, N M), (4.8)

We also explained in Remark that the universal morphism \ : D, (M)’ —
Teatats (D (M)7) induces an isomorphism

Hom ™ (Tyearars (D (M)7) /\ M)) — LE (D /\ M)) (4.9)

It follows that the isomorphism Tyeatars(Ds(M)7) = D, (A’ M) given in the pre-
R

vious proposition is mapped to the universal alternating morphism M7 — /\j M,

R
under the composition of the two 1somorphlsm and ( . In other words,

Y

using the isomorphism Tyeakale (Dy(M)7) = D, ( /\J M ) we obtain an isomorphism
Lflt(D*(M)]v Tweakalt(D*(M)])) = AItR(M], /\ M)
R

and under this isomorphism, the universal elements correspond to each other.

Lemma 4.4.10. Let R be a ring and G a finite R-module scheme over k of order

J
a power of p. Assume that there are commuting morphisms ¢ :  \ D.(G) —
W®zR

J J J

N D.(G) respectivelyv: N\ D.(G)—= N D.(G) which are” " ®1d respec-
WezR W®zR WRzR
tively © @ Id-linear and make the F—dmgmm associated to ¢ and the V-diagram

j
associated to v commute. Then )\ D.(G) is the covariant Dieudonné module
W®zR

of /\jG with F' and V' acting respectively through ¢ and v respectively.
R

ProOF. The existence of /\j GG is guaranteed by Proposition [4.4.6, So, assume

R
the existence of ¢ and v. We know that the Dieudonné module of G, D.(G), is a

J
finite length W-module, and therefore A D,(G) is a finite length module over
W®zR
W ®7z R. Now, according to Lemma [4.4.4] We have

/\ D = Weakalt(D (G)])

WQzR
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which is isomorphic to D,(A\’G) by Proposition [4.4.6/ and therefore, we have
R

A D)= DNG)
R

W®zR
and the proof is achieved. n

Remark 4.4.11. It follows from this lemma that the universal morphism

D.(GY - D.(N'G) = N'D.(G)

(cf. Remarks}4.4.3[and4.4.7)) is the “natural” one, i.e., the one sending (z1, ..., ;)
toxy Ao ANy

Lemma 4.4.12. Let R be a ring and G, Gy finite R-module schemes over k, of
order a power of p with G étale. Then the tensor product Gy ® Gy exist and its
Dieudonné module, D,(Gy ® Gs), is canonically isomorphic to the tensor product

D.(G1) ®we,r Di(G2), of Dieudonné modules of Gy and Gs.

ProOOF. The existence of the tensor product follows at once from the first part
of Proposition [£.4.6] (about the existence of tensor product).

In order to show the isomorphism, notice that the Dieudonné modules of G
and Gy are of finite length over the ring W ®z R and since G, is étale, its
Verschiebung morphism is an isomorphism. We can now apply Lemma to
obtain a canonical isomorphism

T(D.(G1) x D(G2)) = Du(G1) ®we,n Du(Go)

which together with the first isomorphism of Proposition [4.4.6], gives the desired
result. 0

Remark 4.4.13. If the ring R in the previous two lemmas is an S-algebra, where
S is a subring of the ring of Witt vectors W, and if the actions of R on GG1, G5 and
G are S-linear, then the statements of these lemmas remain true, if we replace Z
by S. This is so for example if the ring R is our discrete valuation ring O and S
is the ring of p-adic integers Z,. We will mainly use this version of these lemmas
in the sequel.



Chapter 5

Multilinear Theory of m-Divisible
Modules

In this chapter, O denotes a complete discrete valuation ring with a fixed uni-
formizing parameter 7 and finite residue field F, (¢ = p/). We denote by K the
fraction field of O. If O has mixed characteristic, then it is a finite extension of
Z, of degree ef where e is the ramification index of the extension K/Q, and f is
its residue degree and in this case, we have p = u - 7¢, with v a unit of O. In the
equal characteristic case, O is isomorphic to F,[r], the formal power series in 7.

5.1 First definitions

In this section, we would like to generalize the notion of a p-divisible group. Let
us fix some notations.

Definition 5.1.1. Let S be a scheme and M an fppf sheaf of O-modules over
S. We call M a w-Barsotti-Tate group or w-divisible O-module scheme over S if
the following conditions are satisfied:

(i) M is m-divisible, i.e., the homomorphism 7 : M — M is an epimorphism.
(ii) M is m-torsion, i.e., the canonical homomorphism lim M[7"] — M is an
—
n
isomorphism.

(iii) M(n] is representable by a finite locally free O-module scheme over S.

The rank of M|n] is of the form ¢", where h : S — Qs is a locally constant
function, called the height of M. If the ring O is clear from the context, we may
call M simply a m-divisible module. We denote by M; the kernel of multiplication
by .

63
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Remark 5.1.2.

1) Using the first property and induction on j, we can show that for every
J € N we have an exact sequence:

inclusion

0—>M1—>Mj+1L>Mj—>O.

2) It follows from this exact sequence that M, is finite locally free (flat) O-
module scheme over S and has rank (order) equal to ¢/".

3) Now, it can be shown easily that for every i,j € N, we have an exact

sequence
inclusion

0—>Mz—>MJ+zL>MJ—>O
The following remark gives another definition of 7-divisible modules:

Remark 5.1.3. Assume that we have a diagram
M1 L)MQL>M3—>

where the M; are finite locally free O-module schemes over S with the following
properties:

e the order of M; is equal to ¢’", with h a fixed locally constant map S —

QZU?
- j
e the sequences 0 — M; —2» M, —— M, are exact.

Then, the limit h_r)n(Mm tn) is a w-divisible O-module scheme over S, of height
h and Ker(7/-) = M; for every j > 0.

Remark 5.1.4. Let A be a Henselian local ring and M a m-divisible formal
O-module over A. The same arguments as in Remark 7) show that the
connected-étale sequence of M, as a formal group scheme over A,

0> M’ > M= M0

is in fact a sequence of formal O-module schemes over A. Using the functoriality
of this sequence, the multiplicativity of the order of finite flat group schemes
with respect to exact sequences and what we know about the orders of M,, (with
notations as in Deﬁnition, one can show that connected and étale factors of
M are m-divisible O-module schemes over A as well and that the connected-étale
sequence of M is the direct limit (over n > 0) of the connected-étale sequence of
M,, and in particular we have

o (M%), =(M,)? and
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° (Mét)n — (Mn)ét.

Proposition 5.1.5. Let M be an étale w-divisible O-module scheme over a base
scheme S. Then there exists a finite étale cover T — S such that Myt is the
constant w-divisible module with My = (O/7™)", where h is the height of M.
If S is connected, we can take a connected finite étale cover T'.

Proof. We can assume that the base scheme is connected, since otherwise, M is
a disjoint union of 7-divisible O-module schemes over each connected component
of S and having the result for each of them, provides a finite étale cover of S
satisfying the required property. By “étale dictionary”, the category of finite
O-module schemes is equivalent to the category of finite O-modules with a con-
tinuous action of the étale fundamental group, 7$(9,5), at a (fixed) geometric
point, s, of S. It means that for any given finite O-module scheme M, there
exists a connected finite étale cover S’ of S such that the action of the étale
fundamental group at a geometric point of S’ (mapping to 5) on Mg is trivial.
In other words, Mg is a constant O-module scheme.

Let T" — S be a finite connected étale cover such that M, 1 is a constant O-
module scheme. Fix geometric points 5§ of S and t of T, with ¢ mapping to 5.
We want to show, by induction on n > 1, that M,, r is the constant O-module
scheme (O/7™)". If n = 1, the we know that M; is a constant O-module scheme

corresponding to a O-module M with ¢" elements and annihilated by 7. By
the structure theorem of finitely generated modules over principal ideal domains,
there is only one possibility for such an O-module, namely, (O/m)". Consider the
short exact sequence

0— MI,T — Mn+1,T LI Mnj — 0.
This gives rise to a short exact sequence
0— Mi(t) = M (t) = M, (t) =0

of O-modules with continuous 7$*(7T,f)-action. Since the action of 7$(T,f) on
two terms (the left and the right terms) of this sequence is trivial, it acts trivially
on the third (one can use the long exact sequence of group cohomology to deduce
this fact), and therefore, M,,+1 7 is also a constant O-module scheme. We know
that M, (f) & (O/n)" and M, () = (O/7™)", and that M, (f) is a finite O-
module annihilated by 7! and of order ¢"*V". The only @-module that fits to
the above exact sequence and has these properties is (O/7""1)". This achieves
the proof. O

Remark 5.1.6. In the mixed characteristic case, any m-divisible module of height
h is canonically a p-divisible group of height efh. Indeed, let M be a w-divisible
module. As p = u - n° with v a unit in O, the morphism p". : M — M
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(multiplication by p") is equal to the composition M —“— M —— M and so
with the notation of Definition Me = Ker(p-) =: M/, for all n > 1. Now:

e 7: M — M is an epimorphism if and only if p =u -7 : M — M is an
epimorphism (multiplication by u is an isomorphism).

e the subset {ne | n > 0} of N is cofinal, so we have
M= M, =M. = M,

e according to Remark 2), M| = Ker(p-) = M, is finite and the order
of M) is ¢ = p/h.

Hence, M is a p-divisible group of height efh.

If the base scheme is the spectrum of a field, then the converse is also true, in other
words, every p-divisible group with an O-action is canonically a w-divisible O-
module scheme. By what we have said above, the first two conditions of Definition
are satisfied. Since the kernel of multiplication by 7 is a subgroup of the
kernel of multiplication by p, and we are over a field, the third condition is also
satisfied.

Definition 5.1.7. Let M be a 7 divisible O-module scheme over S and denote by
M the Cartier dual of M,,, i.e., we have M} = Homg¢(M,,,G,,). The inductive

system

M= M5 = M5 — ..

induced by the homomorphisms M, — M, (cf. Remark [5.1.2)), is called the
dual 7m-divisible O-module scheme of M.

Remark 5.1.8. By functoriality of Cartier duality, the action of O on M,, in-
duces an action on M. The exacts sequences

0—-> M, > M1, > M, =0
are then transformed to the exact sequences

0—= M) =M, . — M; —0.
Since the order of M?* over S is equal to the order of M,,, which is equal to p™",
it follows from Remark [5.1.3] that the dual of a m-divisible O-module scheme is
again a m-divisible O-module scheme of the same height.
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5.2 Some properties

Lemma 5.2.1. Let R be an integral domain over a field k which is infinite di-
mensional as k-vector space and let M be a finite free R-module. Assume that
we have a ring automorphism o : R — R which restricts to a ring automorph-
ism of k, i.e., o(k) = k and we have a o-linear morphism ¢ : M — M, i.e.,
o(rm) = o(r)p(m) for all v € R and m € M. If the dimension (as k-vector
space) of the cokernel of ¢ is finite, then ¢ is injective.

Proor. Take an R-basis of M, say mq,---,m,. For every i = 1,--- ,n write
@(mi) = Y0  rjm; with 75 € R. Take an element m € M and write it as
S xim;. We have

p(m) = @(Z Tim;) = Z p(zim;) =

Za(ﬂfi)@(mi) = Z o(z;) erimj = Z<Z rjio (i))m;.

It follows that ¢ is the following composition of morphisms:
M3R SRS RS M

where the first and last morphisms are the R-linear isomorphisms given by the
choice of the basis {mq,--- ,m,} and p is the R-linear morphism given by the
matrix (r;;). The morphism ¢ : R® — R" is a o-linear isomorphism. It follows
from these observations that ¢ is injective if and only if p is injective and that
the cokernel of ¢ is isomorphic (as R-module) to the cokernel of p. So, we have
reduced the problem to the case, where ¢ is an R-linear morphism and not only
o-linear. So, we assume that ¢ : M — M is an R-linear morphism.

We claim that cokernel of ¢ is a torsion R-module. Indeed, take a non-zero el-
ement m € Coker(¢) and an infinite set of k-linearly independent elements of
R, say {ri,r2,---}. Since dimg(Coker(¢)) < co we have that > x;(r;m) =0
for some n € N and a subset {xy,x9, -+ ,2,} # {0} of k. Since r; are linearly
independent, the sum r := > | x;7; is not zero but rm = 0, which shows that
m is a torsion element. This proves the claim.

Let us denote the fraction field of R by (). Cokernel of ¢ being a torsion R-
module implies that the tensor product Coker(p) ®g @ is zero. It follows that
pRId: M®rQ — M ®pr Q is surjective. The Q-vector space M Qg () has
finite dimension, which implies that the morphism ¢ ® Id is injective too. By
flatness of @ over R, we have Ker(¢) ®r @ = Ker(p ® Id) = 0. Since M is
a torsion-free R-module, its submodule Ker(y) is also torsion-free and therefore
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embeds in Ker(y) ®g @ which is a trivial module. Hence Ker(¢) = 0 and ¢ is
injective. [l

Lemma 5.2.2. Let O = F,[n] and M be a w-divisible O-module scheme over a
perfect field k containing F,. Then the contravariant Dieudonné module of M,
D(M), is a finite free module over O ®g, k = k[r].

PROOF. Let us write M = [JM,, where M,, are kernels of 7" and write D
(respectively D,,) for D(M) (respectively D(M,)). Then D = lim D,. The
Dieudonné module D,, is finite over W (k), the ring of Witt vectors on k, but
p - M =0, which implies that p- D = 0 and thus D, is finite over W(k)/p = k.
Let dq,--- ,d, be elements in D whose images in D; is a basis over k£ and define
a morphism k7" — D by sending basis elements to d;. This morphism induces
morphisms (k[7]/(7"))" — D/x"D = D, which are surjective (since modulo
7 they are surjective) an so, being an inverse limit of surjective morphisms,
k[r]" — D is surjective. This implies that D is a finite module over k[r]. The
action of m on M is surjective and therefore its action on D is injective. It
follows that D is a torsion-free k[r]-module and hence is free over it, since k[r]
is a principal ideal domain. O

Theorem 5.2.3. Finite dimensional m-divisible O-module schemes are formally
smooth.

Proor. Note that we may assume that the base scheme is an algebraically closed
field k.

Let M be a m-divisible O-module scheme over k. If k is has characteristic dif-
ferent from p, then M is étale and so it is smooth. So, we can assume that the
characteristic of k£ is p. Since k is perfect, M splits into the étale and connected
factors and so, M is smooth if and only if both the étale and connected parts are
smooth. The étale factor is smooth and so we may assume that M is connected.
As for connected formal schemes, being smooth is equivalent to the Frobenius
morphism being an epimorphism, we will show that the Frobenius morphism is
an epimorphism.

In the mixed characteristic case, by Remark [5.1.6] every m-divisible module
is p-divisible. Since the multiplication by p factors through Frobenius, i.e.,
p = Fu 0 V), and multiplication by p is an epimorphism, we see that Fly is
an epimorphism too.

Now, assume that O has characteristic p and so O = Fy[r]. By Lemma [5.2.2]
the contravariant Dieudonné module of M, D := D(M) is a finite free k[r]-
module. Denote by o : kK — k the Frobenius morphism of k, i.e., o(x) = 2P for all
x € k. It has a natural extension to k[7] by sending 7 to itself, and also denote
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this extension by . Since the action of 7 on M is a morphism of formal group
schemes, it commutes with the Frobenius of M and thus the Frobenius morphism
of D is o-linear morphism. The dimension of the tangent space of M is equal
to the dimension of M and the tangent space of M is isomorphic to the dual of
the cokernel of the Frobenius of D. This shows that the cokernel of D has finite
dimension over k. It follows from Lemma that Frobenius of D is injective
and therefore the Frobenius of M is an epimorphism. Hence the smoothness of

M. ]

Remark 5.2.4. What we have shown in the last Theorem is that the Frobe-
nius morphism of the contravariant Dieudonné module of a m-divisible O-module
scheme is injective. We will see in the next lemma that similarly, the Verschiebung
of the covariant Dieudonné module of a w-divisible O-module scheme is injective
as well.

Lemma 5.2.5. Let M be a finite dimensional m-divisible O-module scheme over
a perfect field of characteristic p, then the Verschiebung morphism of the covariant
Dieudonné module of M 1is injective.

PROOF. Let D and respectively D; (for any natural number ¢) denote the covari-
ant Dieudonné module of M and respectively of M;, the kernel of 7 : M — M.
Let us also denote by K; the kernel of the Verschiebung of D;. We know that
K; = Lie(M;), and so dimy K; < dimy Lie(M) < oo. Since the inclusion
n: D; — D,;.; (j a natural number) is compatible with the Verschiebungen, it in-
duces a morphism between kernels of V', which we denote also by  : K; — K ;.
Similarly, the epimorphism ¢ : D;;; — D; induces the morphism ( : K;;; — Kj,

and as we have seen before, the composition K ; EN K; SN K;i; is the multi-
plication by 7/ (we have seen it for the composition of the morphisms between
Dieudonné modules, but as K; is a submodule of D;, this is also true for the
morphisms between these kernels).

Now, since the dimension of K; is bounded above, and we have inclusions K; <
K1, there exists a natural number ngy, such that for all ¢ > ny, we have
dimy K; = dimy K,,, and so n : K; — K;;; is an isomorphism for any natu-
ral number j and any ¢ > ng. We claim that the morphisms ¢ : K;,, = K,
are zero for all + > 1. Indeed, the composition K;,, — K; — K;i,, is the
multiplication by 7", and so, composed with the inclusion K,,, — K;i,, is zero
(note that K,, C D,, and D,, is killed by 7"), which implies that the compo-
sition K, < K;yn, — K is zero (K; < Ky, is injective). But, the morphism
K,, = Kiin, is actually an isomorphism by the choice of ng, and therefore the
morphism K;;,, — K is zero and the claim is proved.

For every natural number i, we have an exact sequence 0 — K; — D; Y D;.
Taking the inverse limit over ¢ with the transition morphisms (, and recalling that
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D is the inverse limit of D;, we obtain the exact sequence 0 — lim K; — D %D
(note that the inverse limit is a left exact functor). But, since foﬁvery 1> 1, the
transition morphism K;,,, — K, is zero, it follows that the inverse limit 1<i_mKi
is trivial, and hence V' : D — D is injective. [

Theorem 5.2.6. Let S be a scheme and M a w-divisible O-module scheme over
S. Then the height h(M) : S — Qx¢ takes integer values.

PROOF. Since the height is invariant under base change, we may assume that S is
the spectrum of an algebraically closed field k. The order of finite group schemes
is multiplicative with respect to exact sequences and it follows from Remark [5.1.4]
that the height of M is the sum of the heights of its connected and étale parts.
So, we prove the statement for étale and connected w-divisible O-modules.

Assume that M is étale. Then by Remark [5.1.4] M, is also étale, and since k
is separably closed, M is a constant group scheme, and so, the order of M;
is equal to the order of the group M, (k), which is a module over O/m = F,.
The height of M is by definition equal to log, |[M;| = log, | M (k)|. But being a
vector space over the field F,, the order of M, (k) is a power of ¢ and therefore
the height of M is a natural number.

Now, assume that M is connected and so k has characteristic p. By Theorem
b.2.3) M is smooth and therefore it is a commutative formal Lie group. Again,
we consider the problem in mixed and equal characteristic cases separately. If O
has characteristic zero, then by Remark [5.1.6, M is a p-divisible group of height
efh(M). Note that for p-divisible groups, the height is always a natural number,
which follows from its definition (the residue degree is 1), i.e., efh(M) € N. From
Theorem 1 of [Wat74], we know that the height of M, regarded as a p-divisible
group, is divisible by the degree of the extension K/Q,, which is ef. Therefore,
h(M) is a natural number.

Now, assume that O has characteristic p and therefore is isomorphic to F,[r].
The Dieudonné module of M, D := D(M), is a finitely generated module over
the ring k£ ®r, O (see Lemma [5.2.2)). This ring is isomorphic to the product

II #es0= ] k®s 0,

Gal(Fq/Fp) jmod f

where we identify the Galois group Gal(FF,/F,) with the group Z/fZ by sending
the Frobenius to 1 and the isomorphism is given explicitly by

0: k@, Fo[r] = [] ks, Folnl = [] klnl

jmod f jmod f
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r® (Y am') = (@ 0 (3 ar); = (3 (wa?)w).

This decomposition of k®g, O gives a decomposition of D, so D = [] C; where
jmod f
each Cj is a module over k[r]. We know from Lemmal[5.2.2] that D is a finite free
module over k[r], it follows that C; are also finite free modules over k[7]. Let us
denote by h; the rank of C; over k[x]. Then the rank of D is 3=, 4 h;. Using
the isomorphism 6 one can show that the Frobenius morphism of D restricted
to C; maps to C;_; (note that the addition j — 1 is modulo f), i.e., we have
F : C; — Cj_1. As we have seen in the proof of Theorem [5.2.3] Lemma [5.2.1]
implies that the Frobenius of D is injective, therefore, we have h; < h;_;. This
being true for every j mod f, we conclude that h; = hj for all j and j' in Z/ fZ.
Call this common number h. As we said above, we have then that the rank of
D as a module over k[r] is equal to fh. But we know from Dieudonné theory
that the rank of D (which is equal to the length of D(M;) over k), is equal to
log, |IMi| = fh(M). Hence, h(M) = h and it is a natural number. O

5.3 Exterior powers

In this section, we define the notion of exterior powers of m-divisible O-module
schemes. These are the objects that we will be interested in and their existence
and construction are the main challenge of this work.

Definition 5.3.1. Let M, ..., M,, M and N be w-divisible O-module schemes
over a scheme S.

(i) A O-multilinear morphism ¢ @ My X --+ x M, — M, is a system of
O-multilinear morphisms {¢,, : My, X -+ X M, ,, = Mg}, over S, com-
patible with the projections 7. : M, 41 — M, and 7. : Mg 01 = Mo p.
In other words, it is an element of the inverse limit

{EﬂMUltS(MLn XX Mr,naMO,n)a

n

with transition homomorphisms induced by the projections 7. : M; 41 —
M, .. Denote the group of O-multilinear morphisms from M; x --- x M,
to Mg by Multg(/\/ll X o X My, My).

(ii) A symmetric O-multilinear morphism ¢ : M" — A is a system of sym-
metric O-multilinear morphisms {y, : M! — N}, over S, compatible
with the projections 7. : M, 4 - M, and 7. : N,.1 — N,. In other
words, it is an element of the inverse limit hinSymg(M;,Nn), with tran-

n
sition homomorphisms induced by the projections 7. : M, 1 - M, and
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7. : Nug1 = N,. Denote the group of symmetric O-multilinear morphisms

from M" to N by Sym§ (M", N).

(i) An alternating O-multilinear morphism ¢ : M"™ — A is a system of al-
ternating O-multilinear morphisms {p, : M! — N, },, over S, compatible
with the projections 7. : M, .1 — M, and 7. : N,,41 — N,. In other
words, it is an element of the inverse limit l(iinAltg(MfL,./\/‘n), with tran-

n
sition homomorphisms induced by the projections 7. : M, 1 — M, and
7. : Nugy1 — N,. Denote the group of alternating O-multilinear morphisms

from M" to N by AltS(M", N).

Remark 5.3.2. The same arguments as in the proof of Proposition show
that under this functor, the group of multilinear, respectively symmetric and re-
spectively alternating morphisms of p-divisible groups (respectively of truncated
Barsotti-Tate groups of level i) over X is isomorphic to the group of multilin-
ear, respectively symmetric and respectively alternating morphisms of p-divisible
groups (respectively of truncated Barsotti-Tate groups of level 7) over X.

Definition 5.3.3. Let M, M’ be w-divisible O-module schemes over S. An
alternating O-multilinear morphism A : M"™ — M’ or by abuse of terminology,
the m-divisible O-module scheme M’, is called an r* exterior power of M over
O, if for all w-divisible O-module scheme N over S, the induced morphism

A Homg(M/, N) = ALS(M", N), =)o),

is an isomorphism. If such M’ and A exist, we write A" M for M’ and call X\ the
o
universal alternating morphism defining A" M.
o

5.4 The main theorem: the étale case

The category of finite étale group schemes is equivalent to the category of finite
Abelian groups with a continuous action of the étale fundamental group of the
base. Also, under this equivalence, finite étale O-module schemes correspond to
finite O-modules with a continuous. This “dictionary” allows us to construct
the tensor objects and in particular the exterior powers of finite étale O-module
schemes and m-divisible O-module schemes. This is what we do in this section.

Proposition 5.4.1. Let S be a base scheme.

e Let H be a finite étale O-module scheme over S. Then there exists a

finite étale O-module scheme \"H over S and an alternating morphism
@)
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A: H" — N\"H such that for all O-module schemes X over S the induced
@

homomorphism

A HomG (N H, X) — At (H", X)
o

1s an isomorphism. Furthermore, if T' is an S-scheme, then the canonical
homomorphism N (Hr) — (N H)r, induced by the universal property of
@) @)

N (Hr) and Ar, is an isomorphism. In other words, the exterior powers
o

of H exist, are again étale and their construction commutes with arbitrary
base change.

o Let G be an étale w-divisible O-module over S of height h. Then there exists
a w-diwisible group \"G over S, of height (if), and an alternating morphism
o

A G" — NG such that for all m-divisible O-module Y over S the induced
o)

homomorphism

A HomG (N G,Y) — AlS(G",Y)
O

1s an isomorphism. Furthermore, if T is an S-scheme, then the canonical
homomorphism N\ (Gr) — (N G)r, induced by the universal property of
o @)

N (Gr) and A, is an isomorphism. In other words, the exterior powers

o
of G exist, are again étale and their construction commutes with arbitrary
base change.

Proof.

e Assume at first that S is connected and choose a geometric point § of S.
Then the functor
J +— J(5) = Morg(s, J)

from the category of finite étale O-module schemes over S to the cate-
gory of finite O-modules with a continuous action of the étale fundamental
group at 5, i.e., w€*(S,5), is an equivalence of categories. Moreover, this
functor preserves multilinear and alternating morphisms. The category of
O-modules with a continuous 7¢*(S, 5)-action is a tensor category and has in
particular all exterior powers. It follows that the category of finite étale O-
module schemes over S possesses all exterior powers over S. The universal
alternating morphism H(3)" — A" (H(5)) induces the universal alternating
o

morphism A : H" — A"H with the universal property stated in the propo-
@)

sition.
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If S is not connected, the finite étale group scheme H decomposes into
disjoint union of finite étale @-module schemes over connected components
of S. The above construction yields exterior powers of each of them over
a connected base and these exterior powers glue together to produce ex-
terior powers of the whole O-module scheme H. One has to verify that
these exterior powers satisfy the universal property of exterior powers, but
this is true since homomorphisms and multilinear morphisms of O-module
schemes over S decompose into homomorphisms and multilinear morph-
isms of O-module schemes over each connected component. This proves
the existence of the exterior powers.

Now assume that 7" is an S-scheme. For the statement on the base change,
we can assume that S and T are both connected. Fix a geometric point ¢
of T lying over the fixed geometric point s of S. The structural morphism
f: T — S induces a O-module homomorphism f, : 7T, t) — 7$(.S, 3).
For every finite étale scheme J over S, the map of sets J(5) — Jr(t) is a
bijection and the action of 7$'(T,#) on Jr(f) is the restriction, under the
homomorphism f,, of the action of 7(S,5) on J(3), after identifying the
two sets J(5) and Jr(t). In other words, the base extension from S to T
of étale group schemes over S corresponds to the restriction of the action
of the étale fundamental group of S at 5 to that of T" at ¢t. It follows at
once that the O-module scheme homomorphism A"(Hr) — (A H)r is an
o o

isomorphism.

Similarly, assuming S is connected and fixing a geometric point § of S,
the functor that assigns to an étale w-divisible O-module its Tate module
(at §) defines an equivalence of categories between the category of étale -
divisible O-module over S and the category of finite free O-modules with a
continuous action of the étale fundamental group of S at 5. Also, Multilin-
ear (respectively alternating) morphisms are preserved under this functor.
The category of finite free O-modules with a continuous 7$*(.S, 5)-action is a
tensor category and therefore possesses all exterior powers. It implies that
the category of étale m-divisible O-modules over S has all exterior pow-
ers in the sense stated in the proposition, with the universal alternating
morphism A : G" — A"G obtained from the universal alternating morph-
o

ism T,(G)" = N'T,(G) 2 T,(N"G).
o o
The height of an étale w-divisible group is equal to the rank over O of
its Tate module. Thus, the height of A"G is equal to the rank over O of
@)

Tp(/O\TG) = /O\T(TP(G)), which is equal to (").



5.5. THE MAIN THEOREM: OVER FIELDS OF CHARACTERISTIC P 75

The same arguments as in the last case (of finite étale O-module schemes)
show that this construction commutes with arbitrary base change.

O
Remark 5.4.2.

1) Note that if M is an étale m-divisible O-module scheme over a scheme S,
then for every positive natural number n, we have \"(M,,) = (A" M),.

2) For details on the étale fundamental group of a scheme and the equivalence
of categories mentioned in the above proof, we refer to [SGA1] and [Mil80].

5.5 The main theorem: over fields of character-
istic p

In this section, we want to construct the exterior powers of 7-divisible modules
over fields of characteristic p. In this section, unless otherwise specified, k is field
of characteristic p.

Let M be a w-divisible O-module scheme over k& and let us denote as usual M;
for the kernel of 7 : M — M. For every i > 0, we have a natural monomorphism
L : M; = M1 and a natural epimorphism IT : M;;; — M; (multiplication

i
by m) such that the both compositions M; < M1 — M, and respectively

I L e .
M1 —» M; — M4, are just the multiplication by m on M, and respectively
on M;,; and give rise to the following exact sequences:

0= M; % Myt ™ My, and (5.1)

Mi—i—l 1; Mi—H E) Mz — 0. (52)

Therefore, if k is a perfect field, whether we use the covariant or contravariant
Dieudonné theory (and if we denote by D the Dieudonné functor), we have an
injection n : D(M;) — D(M;;1) and a surjection ¢ : D(M;;1) = D(M;) such
that the compositions

and
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are multiplication by 7 and we have the following exact sequences:

1

D(Mi—H) D(Mz—I—l) £> D(Ml) — 0 and

0 — D(M,) 5 D(Mys1) 5 D(Myy1)

(in the covariant case, we use the sequence (5.2) in order to obtain the first
sequence and we use (5.1)) to obtain the second one, and in the contravariant case
we use the sequence ((5.1)) for the first sequence and ((5.2)) for the second one).

Definition 5.5.3. Assume that k is perfect and let M be a m-divisible O-module
scheme over £.

(i) We define the Dieudonné module of a m-divisible O-module scheme M to
be the inverse limit hin(D(Ml), ¢). It is called the covariant Dieudonné

T
module, if it is the inverse limit of covariant Dieudonné modules and is
called the contravariant Dieudonné module in the other case.

(ii) The morphism induced on the Dieudonné module of M by the Frobenius
morphisms (respectively Verschiebungen) of D(M;) is called the Frobenius
(respectively Verschiebung) and is denoted by F' (respectively V).

Construction 5.5.4. Let My, M,..., M, be n-divisible O-module schemes
over a perfect field £ of characteristic p and for every ¢ = 0,...,r, denote by D;
the Dieudonné module of M;. Let f: Dy X --- x D, — Dy be an O-multilinear
morphism (of W (k) ®z, O-modules) satisfying the V-condition, i.e.,

Vi(xry,...,x.) = f(Vay,...,Va,)

for every x; € D;. For every n > 1, this morphisms induces a morphism D; X - - - X
D, — Dy/m™ Dy, and using the multilinearity of f, we obtain an O-multilinear
morphism

Dy/m"Dy X «-- X D, /7" D, — Dy/7" Dy

that we denote by f,. It follows from its construction, that f, satisfies the V-
condition. We claim that it satisfies also the F-conditions, i.e., that for every
i=1,...,r,and every (z1,...,2,) € Dy X -+ X D, we have

an(vxla e '7vxiflaxi7vxi+l7' . '>Vx7“) = fn(xla s 7xi717F$iaxi+1a s 7'7:1")-

In fact, we claim that f itself satisfies the F-condition, and therefore, f,, inherits
this property. Let (z1,...,x,) be an arbitrary element of the product Dy x --- X
D,. We have

VFf(VSL’l, ey VJIZ'_l, i, V,I'H_l, ey VSL’T) ==

pf(V.CEl, ey V.Clji_l, Xy, VZEH_l, ceey V.CET) =
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fWay, ...\ Va,_,pr;, Vaia,...,Va,) =
f(VZEh ceey VZEZ‘_l, VF?L’Z, Vl'i—s—l, ceey Vl'r) =
Vf(l’l, e ,Ii_l,FLUi,$i+1, e ,.Tr)

and since by Lemma V' is injective, we cancel V' from both side of the
equality and conclude that

Ff(Vay, ..., Vo, x5, Vaga, ..., V) = f(z,. .., 21, Fry, mig, ..., x,)

as claimed. Let us denote by Mult®(D; x --- x D,, Dy) the O-module of all
O-multilinear morphisms from Dy X --- X D, to Dy that satisfy the V-condition.
Thus, the construction of f,, from f defines an O-linear morphism

 : Mult®(Dy x - -+ x Dy, Dg) — L2(Dyyy X -+ X Dy, Do),

where we denote by D, , the Dieudonné module of M, ,, = Ker(7" : M; — M,),
which is canonically isomorphic to D;/n™D;. These morphisms are compatible
with the canonical morphisms

LO(Dl,n+1 X X Dr,n-l—l) — LO(Dl,n X X Dr,na DO,n)
given by the projections D; ;.41 — D;,, and therefore define an O-linear morphism

o : Mult®(Dy x -+ X Dy, Do) = Um L9(Dy X -+ X D).

n

Similarly, we define the @-modules Sym© (D7, Do) and Alt® (D7, Dy) and the O-
linear morphisms

Sym® (D, Do) = lim LS, (D} . Do,.)
and
A® (D}, Dy) — lim L, (D}, Do.0)

n

which are the restrictions of a.

Lemma 5.5.5. Let My, M1,..., M, be w-divisible O-module schemes over a
perfect field k of characteristic p. The O-linear morphisms

o Mult®(Dy x --- x D,, Dy) — lim LO(D1 % -+ X Dy, Do),

n

SymO(DL DO) — I(El Lg/m(DI,’rw Do,n)
and
Alt?(Df, Do) — lim L (D] .. Do)

n

constructed above are isomorphisms.
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Proof. Let us at first show that « is an isomorphism. Define a map

W : @LO(DM X+ X Dy, Do) — Mult®(Dy x -+ x D,, Dy)

n

as follows. Take an element g = (g,), in the inverse limit. By assumption, the
following diagram commutes:

gn+1
Dl,n+1 X X Dr,n+1 DO,n+1 )

i i

Dl,n X X Dr,n DO,TL

gn

where the vertical morphisms are the canonical projections. Let
w(g): Dy X -+ x D, = Dy

be the following morphism

((@1g)5 (wag)y - (urg)s) = (g5(urg, - ung))

where (u; ;); is an element of D; = lim D, ;. The commutativity of the above dia-
P
J
gram implies that (gj (Wi, um))j is an element of the inverse limit hin Dy ; =

J
Dy, and by construction, w(g) satisfies the V-condition. It is now straightforward

to check that the compositions « o w and w o a are identities, showing that « is
an isomorphism.

If My = My = -+ = M, and for all n > 1, g, is symmetric (respectively
alternating), then w(g) is symmetric (respectively alternating), which implies
that the restriction of a to Sym® (D7, Dy) (respectively Alt® (D7, Dy)) induces an
isomorphism

Sym® (D7, Dy) —>1i£nL0 (D}

sym 1,n>

DO,n)

n

(respectively
ALtO(D}, Dy) = im L,(D},,. Dy,0)).

n

]

Corollary 5.5.6. Let Mg, My, ..., M, be w-divisible O-module schemes over
a perfect field k of characteristic p. For every i = 0,...,r, denote by D; the
(covariant) Dieudonné module of M;. There exist natural isomorphisms

Mult®(Dy X - - x Dy, Dg) = Mult{ (M x -+ x M., My),
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Sym®(Df, Dy) = Symg (M7, M)

and

Alt9(D}, Dg) =2 AltS (M5, M)
functorial in all arguments.

Proof. We prove only the first isomorphism; the proofs of the other two are
similar. Let us use the notations of the Construction £.5.4. It follows from
Corollary [3.0.21| that for every n > 1, there exists a natural isomorphism

LO<D1,n X X Dr,nyDO,n) = Mult]?(-/\/ll,n KXo X Mr,nyMO,n)-
As these isomorphisms are functorial in all arguments, we obtain an isomorphism

lim LO(Dy, X -+ X Dyp, Do) 22 lim Multd (Mg, X -+ X My, Mon).
— —

n n

Now, applying the previous Lemma and using Definition we obtain the
required isomorphism

Mult®(Dy X - - x Dy, Dg) = Mult{ (M x -+ x M., My),
functorial in all arguments. O

Let us fix some notations for the rest of this section.

Notations:
e We fix a natural number j.
e Unless otherwise specified, k is a perfect field of characteristic p > 2.

e M is a m-divisible O-module scheme of dimension 1 and height h over k,
and for every natural number ¢, M; is the kernel of 7¢. : M — M.

e IV is the ring of Witt vectors over k£ and L is the fraction field of W.

e D := D(M) is the covariant Dieudonné module of M and A’D := A’ D.

W®g,0
e For every natural number i, D; := D,(M;) is the covariant Dieudonné
module of M; and A’D; .= A’ D;.
W®Zp%

e Denote by ¢ the surjection ¢ : D — D; and by /\]C the surjection /\jD —»
N’ D;. Note that ¢ doesn’t have any index (to avoid complexity) and we
use the same letter for different indices.
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e Denote by T (respectively v) the morphism NV i NND — ND (re-
spectively A’V : A’D; — A’D;) sending an element d; A --+ A d; with
di, - ,d; € D (respectively in D;) to Vdy A--- AV d;.

Remark 5.5.7. Note that we have A’Co T = v o \/C.
Lemma 5.5.8. Let k be algebraically closed.

a) There exist a ring A, a ring homomorphism Z, — A and a decomposition

Wz, 0= [ Wea0,
Z/fZ

where W ®4 O is a discrete valuation ring with residue field k and maximal
1deal generated by 1 ® 7.

b) The decomposition in a) gives the following decomposition of the completed
tensor product W®z,O as a product of complete discrete valuation rings
with mazimal ideal generated by 1Q7m and residue field equal to k:

W&z,0 = [[ W&a0.
77

c) Let N be a W@)ZPO—module endowed with a ?-linear morphism ¢ : N — N,
i.e., for every x € W®z,0 andn € N, we have p(z-n) = (“®1d)(z)- ¢(n).
Then there is a decomposition of N as a product Hiez/fz N; into W& 40-
modules, according to the decomposition of W@ZPO given above, such that
the morphism o restricts to morphisms ¢ : N; — N;_1 for all i € 7/ f7Z.

PROOF.
a) We prove this lemma in equal and mixed characteristic cases separately.

— Equal characteristic: Set A := F, and let Z, — F, be the canonical
ring homomorphism. In this case, O is isomorphic to F,[7] and there-
fore, the tensor product W ®z, O is isomorphic to k ®g, Fy[7] which
decomposes as

1 # s, Folrl = [] #I7]

Z]fZ Z]fZ

as we have seen in the proof of Theorem |5.2.6| It is then clear that the
ring k[x] is a discrete valuation ring with residue field k£ and maximal
ideal generated by 7.
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— Mixed characteristic: Let E be the maximal unramified subextension
of K (recall that K is the fraction field of O) and denote by A its ring
of integers. We then have a canonical ring extension Z, < A. Since
k is algebraically closed, there is a copy of A inside W. As F is the
maximal unramified subextension of K, the degree of the extension
E/Q, is equal to f and therefore we have an A-algebra isomorphism

Weg, A= [[Wead= [ W
Z]fZ 7] fZ

given on elements by w ® a — (a - w”');, where 7 : A — A is the
Frobenius of A, induced by the Frobenius of W. It follows that

W@z, O=W @, A, 0= [[ W®a0
Z/fZ.
and the Frobenius, i.e., the morphism ? ® Id interchanges the factors.
This shows the first statement. Now, as K is totally ramified over £, O
is generated over A by an Eisenstein element and since L is unramified
over I/, the same element is again Eisenstein over W. Hence, L ®g K
is a field and W ®4 O is the valuation ring in it. Again, since E/Q, is
the maximal unramified extension inside K, the residue degree of the

extension K/F is one and therefore O and A have the same residue
fields F,. Therefore, we have

W ®4 O
(1emW®,s O

where the first equality follows from flatness of W over Z,,. This proves
the other statement.

=W O0/n =W g, Fy=k

b) Since for every s > 0, p°O C 7% O for some s’ (in the equal characteristic
case, s = 1 and in the mixed characteristic s’ = s), the submodule p* ®
O+W@n"O of W®z, O is equil to W @ 7" O for some r’, and therefore
the completed tensor product W&z, O is equal to

) W @z, O . @)
g, w0~ WO o

where the last equality follows from flatness of W over Z,. Now using part
a), we have

: @ . O . @,
@(W@Zp F) = @HW@A F = H@(W@A F)
As we have seen in a), W®4 O is a discrete valuation ring with uniformizer
1 ® m, and this implies that @W R4 % is the 1 ® m-adic completion of

it, which is a complete discrete valuation ring with uniformizer 1&= and
residue field equal to k.
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c) Let t e be the primitive idempotent for the i** factor of the decomposition of
W®Z O. This decomposition gives a decomposition of N, say N =1[N,
where N; = e;N. Now, for any n € N, we have ¢(e;n) = (°®1d)(e;)p(n) C
€Z'_1N = Ni—l- Hence, CP(NZ) C Ni—l-

O]
Remark 5.5.9.

1) The proof of part a) of the lemma in the mixed characteristic case is inspired
by the proof of the lemma in [Wat74].

2) Part b) of the lemma implies that

W&z O W40 @ @
- = = W4 — =W Rz —.
(1®7T’ W®Z H 1®7T’ W®AO H 4 I Zp Tt

Lemma 5.5.10. Assume that k is algebraically closed. The Dieudonné module
of M, s a free W@Zp(’)—module of rank h. If M is connected, then there exists
an element € € D such that the set {e, Ve ---  V=DIc) s q basis of D over
W&z, 0.

PROOF. From Lemma ¢), we know that there is a decomposition of the
Dieudonné module D = Hiez/fz M;, where each M; is a module over W® 40

and that the Verschiebung permutes them cyclically (since it is 7 -linear). We
want to show that each M; is a free W® 4O-module of rank h. The Dieudonné
module D is a W-module of finite length, which implies that it is a finite length
module over W ®4 O, where A is the ring defined in Lemma [5.5.8) but 7D; =0
and therefore D; is a module of finite length over W ®4 O/m = k and we know
that its length is log, M| = fh. Take fh elements in D such that their images in
Dy generate Dy over k, then by Nakayama lemma, they generate D over W& 40.
Note that the action of m on D is free, this follows from the fact that the kernel
of m on each D; is the same module Dy, and the transition morphisms from D,
to D; is multiplication by 7, and therefore the kernel of 7 on D is the inverse
limit of D; with trivial transition morphisms, and hence it is trivial. Therefore D
is a finitely generated torsion-free W& 4O-module and since by Lemma b)
W& 40 is a discrete valuation ring (and in particular a principal ideal domain),
D is free over W® 4. The rank of D over W&40 is equal to the length of D,
over W ®4 O/m = k, which is fh. It follows that M; are free W& 4O-modules of
finite rank. As V' : D — D is injective by Lemma [5.2.5 and its restriction to M;
is a morphism M; — M, (for all i € Z/fZ), the M; will all have the same rank
h over W& 4. This shows that D is free of rank h.

Now, assume that M is connected. If we find elements ¢; € M; (i € Z/fZ)
such that the set {&;,V/e;, - -, VUi is a basis of M; over W40 (note
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that VI/(M;) C M; for every j > 0) , then the element ¢ := &) + g9+ + &
will be the desired element and we are done. Since W&40 is a local ring
with maximal ideal generated by 1®m and since M; is a free module of rank
h over it, in order to find ¢;, it suffices (by Nakayama lemma) to find an element
z € Coker(w M; — M;) := M; such that the set {&;,V /7, - ,V(h DIg}is a
basis of M; over W@A(’)/W > k (M; being free of rank h over W® 40, we have
that M, has dimension h over k) and then define ¢; to be a lift of Z; in M;.

From the deﬁnﬁon of_M ; we have that D, = HZ M, and that Verschiebung is a
morphism V' : M; — M;,,. Since the dimension of M is 1, the Hopf algebra of

k
[qa::] (cf. [Wat79] p.112, §14.4, Theorem), and so F, = 0if

and only if r > fh. It follows that V" : D; — Dy is the zero morphism if and only
if 7 > fh. Set ¢ := V/. As stated above, we have ga(M ) C M;, and so we have
a ' -linear morphism ¢ : M; — M;. We claim that ©"~!: M; — M, is not the
zero morphism. Indeed, if we have V=7 |57 = "1 = 0 for some 4, then for

M is isomorphic to

every j and every element x € M;, we have VZ ( ) € M;, where i — j > 0 is the
class of i — j modulo f and so VD=3 (3) = 0. But (h—1)f + (i — j) < hf.
This implies that V"/~! is the zero morphism on D;, which is in contradiction
with what we said above. Now, let & € M; be an element with ¢"~1(z;) # 0.
Then the set {z;, 0(5;), -+ ,¢"1()} is linearly independent over k, for if we
have a non-trivial relation Z;‘;;O a;p’ (g7) = 0 with a; € k and aj, # 0, then

h—1

(h 1— Jo) Q0" 0 gl (7 — a0 el
a]SO (&) a; 2 (&) = aj, " (E),

J=Jjo J=jo

because ¢" = 0 for r > h. But ¢"71(;) is not zero, and so a;, = 0, which is
in contradiction with the choice of j;. As the dimension of M; over k is h and
the set {&, (7)), -+, 0" 1(5)} is linearly independent and has h elements, we
deduce that this set is in fact a basis of M; over k and the proof is achieved. [

Remark 5.5.11.

1) Note that the first part of the Lemma, i.e., that the Dieudonné module is
free of rank h, is true without assuming that M has dimension 1.

2) Since D; is the cokernel of 7 on D and the projection from D to D; com—
mutes with V', it follows from Lemma 0 that D; is a free W ®z, Trl
module of rank h and that the set {&, V g, -, V=Dfzl where ¢ is the
image of € in D;, is a basis of D; over W ®Zp Q

3) In the above proof, let i be such that restriction of V*/~! to M; is not zero

and choose ; € M; with V*~1(¢;) # 0. Then for every 0 <j<f-1
we have V("=1f(Vig;) £ 0. Since for these j, we have Vie; € M, ;, we see
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that we could take £;,; to be V7e;. This shows that we have a sequence of
o' linear isomorphisms

T V. o a7 V. 37 \4 V. 37
M; T> Mi-l—l T> MH_Q T> T) M;_1.

Now, by Nakayama lemma, and the fact that V is injective on D, we con-
clude that V induces ' -linear isomorphisms

V. Mj — Mj+1
for every j # ¢ — 1. It follows that
VD%JVMf,1 X VMO X VMl X X VMf,Q =

Mo X Ml X e X Mi—l X VMi_l X Mz’—i—l X o+ X Mf_l.
Thus, the Lie algebra of M is isomorphic to

D/VD = M;/VM;_, = M;/VIM,.

Lemma 5.5.12. Assume that M is connected. Then the morphism T : N'D —
N’ D is injective.

PROOF. Since the extension k < k is faithfully flat, we may assume that k is
algebraically closed. We know that a semi-linear endomorphism of a free module
of finite rank over a (commutative) ring (with 1) is injective if and only if its
determinant is a non-zero divisor. As D is a free W@ZP O-module of rank h, \’D

is a free W@)Zp(’)—module of rank (?) Now, the determinant of T = /\j V' is equal

to det(V)(?:ll) and from what we said at the beginning of the proof, it follows
that V' is injective if and only if T is injective, and since by Lemma Vs
injective, T is injective too. O

Remark 5.5.13. Assume that M is connected. Then, by previous lemma, there
exists at most one ' ®Id-linear morphism ® : A’D — A’ D such that To® = p.

Definition 5.5.14. Assume that M is connected and k is algebraically closed.
(i) Denote by @ the morphism A’D — A’D which is defined on the basis
{(VI“g A AVI%e|0<ay <ag < - <a; <h—1}

by
Vitg N AVI%e iy PV AT g Ao AV

and is defined on the whole space, /\j D, by ' ® Id-linearity.
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(ii) Denote by ¢ the morphism A’D; — A’D; which is defined on the basis
{Visg o AVI%E|0< g <ag <o <a; <h—1}

by
Vfalg/\_,, /\Vfajé:H vam&:/\ Vfazflg/\ .../\Vfo‘j*Ig

and is defined on the whole space, /\j D;, by ' ® Id-linearity.
Remark 5.5.15. Note that we have A\’Co ® = p o A/¢C.
Lemma 5.5.16. Assume that M is connected and k is algebraically closed.

a) We have oY = p =T o ® and the F-diagram associated to ® and the
V -diagram associated to T are commutative.

b) We have pov = p = v o ¢ and the F-diagram associated to ¢ and the
V-diagram associated to v are commutative.

PROOF. Although the statements a) and b) are very similar, the proofs are differ-
ent and in fact b) follows from a) and a) can be regarded as an auxiliary statement
for the proof of b).

a) First of all we check the equality T o & = p. It is sufficient to calculate
T o ® on the basis elements V/%eg A ... A V/%e:

To @(Vfalé?/\ N Vfajg) _ T(vaalg AVIe—la a0 A Vfajflg) =

VEVIdg N AVI%e = pVTotg Ao AV

where the first and second equality follow respectively from the definition
of ® (cf. Definition [5.5.14] (i) ) and T (cf. Notations), and the last equality
follows from the equality V F' = p. Hence the equality T o ® = p.

Now, we calculate Yo ® o (IdAV A--- AV):
Todo(IdAVA---AV)=po(IdAVA---AV)=pAV A--- AV =

VEAVA--- AV =To(FAIdA---AId)

where the first equality follows from the equality T o ® = p and the other
equalities follow from the definition of T and the equality V F = p. But we
know from Lemma [5.5.12[that T is injective and therefore, we have

Do (IdAV A--AV)=FAIdA---AId.
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Denoting by A the universal alternating morphism D x --- x D — /\j D
sending an element (xq,---, ;) to 1 A--- A x;, the last equality gives rise
to the following diagram:

A .
Dx---xD N'D
idxVx.-xV Id/\V/\.y
A J
Dx---xD N'D ®
FxId x---xId
F/\Id/\-k
J
Dx---xD S N'D

with the right triangle commutative. It follows that the whole diagram is
commutative and thus the F-diagram associated to ® is commutative. The
commutativity of the V-diagram associated to T follows from its definition
(in fact it is equivalent to the definition of Y!). It remains to show that
®oT =p. We have:

QoY (1N -Axj) = (Vg A---AVxj) = FVx i AzaA- - Ay = priA---Ax;

where the second equality follows from the V-diagram associated to Y, the
third one from the F-diagram associated to ® and the last once, again,
from the equality 'V = p. This completes the proof of a).

b) The compatibility of T and v, and of ® and ¢ with respect to the epi-
morphism ¢ : D — D; (cf. Remarks[5.5.7 and [5.5.15)) and statement a) of
the lemma imply the following properties:

1. vopo NC=voNCod=N(oTod=ACop=poNC.

2. povoNC=poNCov=NCo®oT =N Cop=poNC.

3. podo(IdxV x - xV)old =gpodolo(IdxV x---xV) =
o N Codo(IdxV x---xV)=AN(oPolo(IdxV x---xV)=
NCodo(FxIdx---xId)=Xo¢lo(F xIdx---x1Id) =
Ao (FxIdx---x1Id)o (.

Since the morphism ¢ : D — Dj is surjective, the morphisms A’¢ : A’D —
/\j D;and ¢7: DV — DZ‘-j are surjective as well and thus we can cancel them
from the right and conclude from properties 1 and 2 that vop = p =
powv and from 3 that the F-diagram associated to ¢ is commutative. The
commutativity of the V-diagram associated to v follows once more from
the definition of v. The part b) is now proved.

]



5.5. THE MAIN THEOREM: OVER FIELDS OF CHARACTERISTIC P 87

Proposition 5.5.17. Assume that k is algebraically closed. Then the Dieudonné
module of N’ M; is isomorphic to N\’ D; and in particular the order of N M is
@) @)

equal to q’@ More precisely we have:

a) if M is étale, then the module scheme N\’ M; is isomorphic to the constant
o

module scheme /\j(%)h, which has order ql(?) and
@

b) if M is connected, then the covariant Dieudonné module of N M, is iso-
o

morphic to /\jDi with the actions of F respectively V' defined by ¢ respec-
tively v.

PROOF. Before proving a) and b), let us explain how these two parts will im-

ply the first two statements of the proposition: For the first part (about the

Dieudonné module of the exterior power), note that if M is étale, each M, is

étale and, since k is algebraically closed, M; are constant O-module schemes.

In a) we show that in fact M, is isomorphic to the constant O-module scheme

(£)" and \’M; is isomorphic to the constant O-module scheme A?(£)". The
o o)

e
7t

Dieudonné module of M; is therefore isomorphic to

@)
)" (W @y,

™

(@) @
) (W s, )t

T Tt

W@Zp(

and the Dieudonné module of A’ M, is isomorphic to
@

i
Wz, Wz, 7

) J J
W &z /\j(g)h =~ N\ (W@, O)h ~ A D
(@)

7t

If M is connected, b) is exactly what we need to show. Now, in the general case,
write M; as the direct sum, M@ MY, of its étale and connected parts (which is
possible, since k is algebraically closed). Using the universal properties of exterior
power, tensor product and direct sum, we obtain a canonical isomorphism:

J

N M= PN M N M),

r=0

Applying the covariant Dieudonné functor on the both sides of this isomorphism,
and using the fact that the Dieudonné functor preserves direct sums, we get
the following isomorphism (in the following isomorphisms, we omit the subscript
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W ®z, O from the exterior powers and tensor product in order to avoid heavy
notations):

DN M) = @ DN\ MEe N M),

Now, applying Lemma {4.4.12] to M? and the étale O-module scheme MS', we
can interchange the Dieudonné functor with the tensor product and we obtain:

DN M) = (DN M @ DN M),

r=0
Finally, using parts a) and b) of the proposition, we get the following isomorphism
. J .
J T ¢ j—r
DN\ M) =P D e\ DY)
r=0

where D§* and D{ denote respectively the Dieudonné module of M and M.
But the right hand side of the isomorphism is isomorphic to A?(DS* & D?) which
is itself isomorphic to /\j D;, again since the Dieudonné functor commutes with
direct sums. Hence, the canonical isomorphism

D*(/\j/\/li) o /\jDi.

For the statement about the order, using the fact that the Dieudonné module of

. J
N’ M; is isomorphic to A\ D; and recalling from Remark [5.5.11} that D; is a
o W®Zp%

O

o

J
free W ®gz, Q—module of rank h, we deduce that A D, is a free W Rz,
s W®ZPQZ'
module of rank (?) and that the order of A’ M, is equal to
(@)

7t

pZW(/\jDi) = p(i;)éw (Wez, %) .

Using Lemma a), we have that

O @
bw (W @z, F) =f-lw(W ®a ;)

Now recall from the proof of Lemma that in the equal characteristic case the
ring A is F, and in the mixed characteristic case it is the ring of integers of the
maximal unramified subextension of K/Q,. Therefore, in the equal characteristic

case we have
Fylr ., Al

T mt

@
W®Aﬁgk®ﬂ7q
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and in the mixed characteristic case we have

o _w o _w
W®A—:—i®4—i —
p T p

since 1% =~ O Tt follows that in either case we have (y (W ®4 <) = i. Hence the

order of /\j/\/li is equal to pfi(?) = qu) Now we prove parts a) and b).
(@)

s

a) Since k is algebraically closed, the finite group schemes M; are constant
and by abuse of notation, we will denote by M; the abstract group of k-
rational points of M,;. Again, since k is algebraically closed, we have exact
sequences

for all natural numbers m and n (here we mean the exact sequence of O-
modules and not O-module schemes). For i = 1, we have that M, is an
F,-vector space of dimension  and so it is isomorphic to (F,)" = (£)". For
1 = 2, we know that My is an %-module of order equal to the order of
(£)" and that it is an extension of (2)" by (£)", more precisely, we know
that we have the following exact sequence:
O—>(9)h—>/\/121>(9)h—>0
7 T

It is now an straightforward calculation to see that the only possibility
for such an extension is the following one (we use the structure of finitely
generated modules over principal ideal domains):

O, 0O
0= (=)L (S = (3" =0
Oy ()= ()
where v : (£)" — (£)" is the canonical injection (i.e., given by the injec-
tion € — 5 2 — 7z) and ()" - (£)" in the canonical projection (i.e.,
. . . 10) O . . RT .
given by the projection 5 — =, which is not the multiplication by 7 any
more!). Proceeding in the same fashion and using the exact sequences (%),
we conclude that for every i > 1, we have M; = (O) which is also an iso-

morphism of O-module schemes and thus /\J M; = /\J ( 2)" (the underline

here is to emphasize that we are dealing w1th a Constant group scheme). By
Proposition 4.1.8| ¢), we know that /\] (G)h = /\j ( >)". Now the universal

property of exterior powers (and some stralghtforward calculations) imply
h
that /\] = /\] (£)" which is isomorphic to (%)(J> This finishes the

Trl

proof of a).
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b) We know from Lemma b) that ¢ and v are commuting morphisms
making the F-diagram associated to ¢ and the V-diagram associated to v
commute. We can therefore apply Lemma [4.4.10| and conclude that the co-
variant Dieudonné module of A’ M, is isomorphic to A?D; with the actions

(@)

of F' and respectively V' throdrgh the actions of ¢ and respectively v.

Remark 5.5.18.
1) In the proof of @) we have shown that if M is étale, then M; = (9)"

and the injections ¢ : M; < M, correspond to the canonical injections
(8)" < (=85)" given by multiplication by 7. It follows that as a constant

T

formal O-module scheme, M is isomorphic to (K/O)".

2) Note that in the proof of the proposition, we didn’t made any assumption
on j (i.e., we didn’'t assume j < h). If j > h, then in the étale case,

NM,; = /\j(wg)(?) = 0 and in the connected case, M;; = 0 and so in any
0 0

h

J

case, A’ M; = 0 and therefore it has order 1 = q( ).
0

Corollary 5.5.19. Let k be a perfect field of characteristic p > 2. Then the
Dieudonné module of N\ M; is canonically isomorphic to N\’ D; and the order of
[6)

. -(h
N M, is equal to ql(ﬂ’).
o

Proof. Fix an algebraic closure k of k. In order to simplify the notations, fix an

i and set M := M;. By Proposition |4.2.3| we know that the canonical homo-

morphism A’(Mz) — (A’ M) is an isomorphism. We then obtain the following
o o

series of isomorphisms:
DN M) @w Wk) = DN M) = DN (M) = N Do)
o o o
N (D.(M) Sy WE) = N\ D.(M) @y W (k)

where the first and fourth isomorphisms are the base change property of the
Dieudonné functor and the third property is given by the previous proposition,
and finally, the last isomorphism is the base change property of the exterior
powers in the category of modules. It follows from the construction of these
isomorphisms that the resulting isomorphism

/\jD*(M) Qw (k) W(/%) = D*(/\jM) QW (k) W(/;:)
o
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is the extension of scalars of the canonical homomorphism

9 /\JD*(M) — D*(/\TM) = Tweakalt(Mj)
(@]

(cf. the proof of Lemma for the definition of this homomorphism). As

the ring homomorphism W (k) — W (k) is faithfully flat, and ¥ @@ Id is an

isomorphism, it follows that 9 is an isomorphism as well. The free W (k) ®70 /n'-

module A’D,(M) has rank (];) and therefore, the order of A’M is equal to
(@

7). 0

Proposition 5.5.20. Let k be a field of characteristic p > 2 and let £/k be a
field extension. Then the base change homomorphism

£\ Mag) = (N M)

18 an isomorphism.

Proof. First assume that /¢ is an algebraically closed field and consider the homo-
morphism

r —~ O
A Hom (N (Mie), Gi) = Alty (M), Gi)
o
obtained by universal property of A"(M,,,) and sheafification. This homomorph-
0

ism induces an isomorphism on the ¢-valued points (this is the universal property
of A"(Myy)). For every finite group scheme I over ¢, we have a commutative
o

diagram

Hom (1, Homy (" (M) Gon)) S22 Hom (1, ATt (M3, G)

n,s

Alty (M2, Hom, (1, G)).

Since I is a finite group scheme over ¢, Hom,(I,G,,) is a (finite) group scheme
over ¢ and so, by the universal property of A\"(M.,,), the bottom morphism
@

of the diagram is an isomorphism, which implies that the top morphism is an

isomorphism too. We can know apply Lemma [1.0.7] and conclude that A\* is an

isomorphism. In particular, since by Corollary [5.5.19, A" (M, () is finite over ¢,
o

Ne)}

—0
it follows that Alt, (M, ,, G,,) is finite over £ as well. From the isomorphism

—~ 0O —~ O
&kz (M:ﬂ Gm)f = &Z ( ;,b Gm)
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— 0
and the finiteness of Altg (M, 1, Gy) over £ we deduce that Alt, (M7, G,,) is finite
over k. Now, let £ be any extension of k. By Theorem 4.1.4] A" M,, is isomorphic
0

—~ O e
to Alt, (M?,G,,)* which is equal to the Cartier dual of Alt, (M!,G,,) (since it is
finite). So, we have shown that for every field k, we have a canonical isomorphism

/\ M, = Alt, (M, G-

—~0
As the Cartier duality and the construction Alt commute with base change, we
conclude that the base change homomorphism

£\ Mg = (N M)

is an isomorphism as desired. O
Remark 5.5.21.

1) If the ground field k, of characteristic p, is not perfect, we still have that the
order of /\j/\/li is equal to q(?) This follows from Proposition |5.5.20 and

@)
the fact that the order of a group scheme is invariant under field extensions.
So, we may assume that k is algebraically closed and apply Corollary|5.5.19|

2) It follows from Corollary [5.5.19 m 9| that the universal alternating morphism
/\/lJ — /\J M, and the universal alternating morphism

MY — N Do(M;) =D AM
correspond to each other under the isomorphism
L9.(D, AM m%WAA1

explained in Remark [3.0.22]

Notations. From now on, unless otherwise specified, k is a field of characteristic
p > 2 (not necessarily perfect) and M is a one dimensional 7-divisible O-module
over k.

We know by Proposition [4.3.13| that we have the following exact sequence:

J am A d J
n+m n+m m
A Mosmn = N Mo =\ M =0
o o o
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and since the composition 7™ o 7™ is zero on A\’ M, 1, the morphism
0

IMyim i M, m, factors through the epimorphism j/\/ln+m — N M,,:
@) i @) " @) @)

{Q\jMner 7" {g\jM’”m (5.22)

N A
é\]Mm.

Lemma 5.5.23. The morphism n : /\ij — /\j/\/ln+m s a monomorphism.
o @)

PrOOF. We know from Remark|5.5.21|1), that /\j M1 is a finite group scheme,
@)

and therefore the morphism /\j Mim LN /\j M1 factors through its image, i.e.,
o o

we have a commutative diagram:

N Mo i N Mo (5.24)
@ @
Im(7")
and by Proposition we have an exact sequence:
N Mo ™ N\ Mo = \' M, = 0. (5.25)
o o o

It follows from diagram ([5.24]) and exact sequence ([5.25)) that the sequence

0 — Im(7") — /\j./\/ln+m — /\j./\/ln —0
o o

is exact and thus we have the following relation on orders of these group schemes:

. j j
| Im(7")] - |/\ M,| = |/\ M gml-
(@ @

But we know from Remark [5.5.21| 1), that |A\/M,,| = qn(?) and [N M| =
o o

h

q("+m)(ﬂ) which imply that |Im(7")| = qm(?)

The commutativity of diagrams (5.22)) and ([5.24)) and the fact that 7" on™ is zero
on A’ M, 4., imply that the epimorphism A’ M, ., — Im(7™) factors through
o @
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the epimorphism /\j Moy — /\j M,,, and therefore we have a commutative
0 0

diagram:

{9\ Mo
\ /

and so A\’ M,, = Im(7") is an epimorphism. But the two group schemes A\’ M
@ (@

and Im(7™) have the same order qm(?), and therefore the morphism A’ M,, —
(@

Im(7") is an isomorphism. Now, 7 being the composition of the isomorphism
N M,, — Im(7") and the monomorphism Im(7") < A’M,.,, (use diagrams
o o

5.22) and (5.24)), and the fact that A’ M, 4m — A’ M,y is an epimorphism), we

o @)
conclude that it is a monomorphism as well and the proof is achieved. O]

Remark 5.5.26. The arguments in the proof of the lemma show that for every
two natural numbers m, n, the following sequence is exact:

0= N Mu 2 N Muir = N M, 0.
o @ (@)

Moreover, observing diagram (5.22)) with m and n switched, we obtain the fol-
lowing commutative diagram:

00— /\]Mm s /\jMn-l—m S /\jMn —0
o o @)
lﬂm /
/\jMn—i-m
o
from which we obtain the following exact sequence:

0 /\j M, L /\j Mo = /\j Mo (5.27)

If we regard /\j/\/l as a submodule scheme of /\ ‘M 4m, using the mono-
morphism 7 : /\] M, — /\] nim, We may as Well denote the epimorphism

N M — /\] M,, by ©™, i.e., multiplication by 7™ and rewrite the first exact

o @)
sequence of the remark as:

0 A'My =5 N Mo = N'M, = 0. (5.28)
(@) o (@)
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Proposition 5.5.29. Let k be a field of characteristic p and let M be a one
dimensional 7-divisible O-module scheme over k, of height h. Denote by A’ the
following inductive system

/\le i) /\jMQ i> /\ng e
@] @ @

viewed as an ind-object in the category of finite group schemes over k. Then A is
a m-divisible O-module scheme over k, of height (?), and together with the system

of universal alternating morphisms \,, : MJ — /\j./\/ln, it is the j"-exterior power

‘ o
of M, i.e., we have N =2 N M.
o

Proof. Fix a natural number m. By Lemma|4.4.10, we know that /\ij exists as
@)

an O-module scheme, and its order is equal to qm(;) by Remark[5.5.21{1). Setting
n =1 in the exact sequence (5.27)), we obtain the following exact sequence:

0— /\JMm i> /\ij-H ﬂ) /\ij+1~
o @ @

We have seen in Remark|5.1.3 that these two properties (the equality | A’ M,, | =
o

qm(};) and the exact sequence) imply that the direct limit AY = hgl( N M, n) is
@
a m-divisible O-module scheme and we have

Ker(n™: AV — A) = /\j/\/lm.
@

The height of A7 is equal to log, | NM | = ("), as claimed.
o

J
The projections A’ M1 — A'M,, are induced by the universal alternating
o 0

morphisms

; J
/\n+1 : qum—i-l — /\ Mn—H
o
and the alternating morphisms

. ()7 . r
My = M2 A M,
(@]

Thus, the system of alternating morphisms A := (\,),>1 is an element of the
O-module Alt] (M, A7) with the following universal property:
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for every m-divisible O-module scheme A over k the O-linear homomorphism
A - Homy (A, N) — Alt] (M, N)
induced by A is an isomorphism. This proves the last part of the proposition. [

Proposition 5.5.30. Let M be a one dimensional w-divisible O-module scheme
over a perfect field k of characteristic p > 2. Then the covariant Dieudonné

module of \' M is isomorphic to N’ D.
0

PROOF. By definition, the covariant Dieudonné module of A’ M is the inverse
@

limit of the system D, (A’ M) 5 D.(AN’M,). By Corollary [5.5.19, we know
0 0

that D,(A’M;) = N'D;. So, we have only to show that
o

N lim D; = lim N D

W@ZPO W®Zp %

Writing D for the inverse limit lim D; as before, we have natural and compatible

morphisms A’D — A’D; (for all i > 1) that we denoted by A’¢ and were
induced by the natural morphisms ¢ : D — D;. So, by the universal property
of the inverse limit, we obtain a morphism ) : /\j D — hin /\j D;. Explicitly, ¥
sends an element d; A --- Ad; € N’D to the element (Gi(dy) A --- A Gi(dy)) €
l(iLn/\J D; (here we write down the index ¢ for the morphism ( to emphasize
that the element (;(di) A -+ A (;(d;) is the i*" component). Now, the result
is a formal consequence of the fact that D is a finite free W@Zp(’)—module (cf.
Lemma and, D; = D/7'D is a free W ®z, O/r"-module. Indeed, if we
choose a basis {e1,---,ep} of D over W®z O, then the images €, € D;,r =
1,...,h form a basis of D; over W ®z, O/ 7', The morphism v sends an element
Dy N Ney, 10 (D0 @y, 0@ A- - ANEy;) Where Gy, ., is the image of
Ay, oy I W g, O/rt. As W@ZPO is complete, this implies that v is bijective
and hence an isomorphism. O

Lemma 5.5.31. Let B be a discrete valuation ring with valuation v : B —
Z U {oo} and endowed with an automorphism w : B — B. Let x; : M; — N;
(i =1,...,n) be w-linear morphisms between finite free B-modules of the same
rank. Then, we have

U5(Coker(x)) = v(det(x1) - det(xz) - - - det(xn))

where x : My & My @ --- D M, — N1 B Ny @ --- D N, is the direct sum of x;.
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PROOF. Since M; are free B-modules, the automorphism w induces an w~!-linear
automorphism, w;, of M;, more precisely, if we choose a basis {m,, |« € A} of M;,
then w;(3°,cp bamMa) = D gep W H(ba)mq. Now, the composite x; o w; : M; — N;
is w-linear and we have Coker () = Coker(€D(x;ow;)) and det(y;) = det(x; ow;)
for all 1 <1 < n. Replacing x; by x; o w;, we may assume that y; are B-linear.

We first prove the lemma when n = 1. By the elementary divisor theorem we
know that there is a basis of M; and a basis of N; such that the matrix of y; in
this basis is diagonal (Smith normal form), say

aq 0o ... 0
0 Ao ... 0
0 0 a,

with a; € B for all 1 <[ < r. It follows that the determinant of x; is equal to
ai - as - - - a, and that the cokernel of y; is isomorphic to

which implies that the length of Coker(

b (1 <1 <r). But we have that ¢5(

(ar)

1) is equal to the sum of the lengths of

| =

) = v(@;), and therefore

—~

al)
lp(Coker(x1)) = v(a1) +v(az) + -+ - +v(a,) = v(ar - - - a,) = v(det(x1))
(note that if 7 is less than the rank of M; over B, the both side of the equality

are equal to infinity).

In the general case, we have that
Coker(y) = Coker(x;) @ Coker(xz2) @ - - - & Coker(x,).

Now, from the result in the case n = 1, we know that for every i, {z(Coker(x;)) =
v(det(x;)), and so

n

(5(Coker(x)) = > £p(Coker(y;)) = Y v(det(x:)) = v(det(x1) - - - det(xa)).

i=1 =1
]

Lemma 5.5.32. Let N be a finite dimensional w-divisible O-module scheme over
a perfect field k. Then we have

dim N =y (Coker(Vp, (v))) = bz, 0(Coker(Vp, (v)))
where A is the ring defined in Lemma[5.5.§
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PROOF. As N is finite dimensional, there is a natural number ng, such that the
dimension of A is equal to the dimension of N for all ¢ > ng, where as usual N
denotes the kernel of 7. Now, we have an isomorphism Ker(Vp_ (v;)) = Lie(N;),
which implies that

dimN; = dimy, Ker(Vp, (wv)) = bw (Ker(Vp, (). (5.33)

Since V' : D,(N;) — D.(N;) is a morphism between finite length W-modules,
its kernel and cokernel have the same length over W, and the inverse limit (over
i) of the cokernel of Vp_(n;) is isomorphic to the cokernel of the inverse limit
of Vp, (), which is the Verschiebung of the covariant Dieudonné module of N.
The projections D,(N;11) — D,.(N;) induce surjections between the cokernels
of Vp,nvi;,) and Vp,(n;), and since for large enough 4, cokernels of Vp (n;,,) and
Vb, ;) have the same length over W (here we use the fact that Nii1 and N have
the same dimension and so by , the kernels of Vp, (. ,) and Vp, ;) have
the same length over W and finally by what we said above, the cokernels have
the same length), the induced surjections are isomorphisms for large i. It follows
that the cokernel of Vp, (n is isomorphic to the cokernel of Vp, ;) for large i,
and in particular, we have

Cw (Coker(Vip, (vy)) = bw (Vb)) = tw (Ker(Vp, v;)))
for large ¢. Putting this together with and dim A = dim N, we deduce:
dim N = by (Coker(Vp, (n)))-
This is the first equality of the lemma. We should now show that
lw (Coker(Vp,))) = bwg ,o(Coker (Vp, ()))-

As we discussed above, we have Coker(Vp, ) = Coker(Vp, (n;)) for large enough
7 and so, it is sufficient to show the equality

by (Coker(Vp, vy)) = bz ,o(Coker(Vp, (v;)))-
As D, (N;) is killed by 7%, and (W®40)/7° =W @4 QZ., we have
m

lwe ,o(Coker(Vp,(v))) = €W®A%(Coker(VD*(M))).

Now, as we have seen before (in the proof of Proposition [5.5.17)), we have
O

W ®4 — = —, and therefore we obtain
ﬂ-l p'L

Uy, 0 (Coker(Vp, (w;))) = Cw (Coker(Vp,(n;))) = Lw (Coker(Vp, n;)))-

These equalities together with the last one imply the desired equality and finish
the proof of the lemma. n
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Theorem 5.5.34. Let M be a w-divisible O-module scheme of height h and
dimension 1 over a field k of characteristic p > 2. Fix a natural number j. Then
the j"-exterior power of M in the category of w-divisible O-module schemes over

k exists, and has height (?) and dimension (?j) Moreover, for every positive

natural number n, we have (N M), = N (M,).
@ 0

PRrROOF. We already know by Proposition [5.5.29| that A" M is a w-divisible O-
@)

module scheme over k, of height (?) So, we should only calculate the dimension

of /\j M. Since the dimension is invariant under the base change, by Proposition

@
5.5.20] we may assume that £ is algebraically closed. Using Lemma [5.5.32} we
know that the dimension of A’ M is equal to the length of the cokernel of the Ver-
o

schiebung of the covariant Dieudonné module of /\j M, which is by Proposition
o

5.5.30| isomorphic to A’D, and thus, we have to calculate KW(@AO(Coker(/\jV)).
By Lemma 7 we have D = My x My x --- x My_y, where M, are W& 40-
modules and the Verschiebung induces o~ @1d-linear morphisms V' : M; — M,
for all © € %Z, which we denote by V;. Again, by Proposition |5.5.30, the Ver-

schiebung of /\j D is the morphism T = /\j V. Tt is now straightforward to check

that , , , ,
/\JD = /\]M() X /\]Ml X+ X /\JMf—l

and that the morphism ( NV)i o NM; = N M, induced by A’V is equal to
N (V;). Now, recalling from Lemma that W®40 is a discrete valuation
ring, and denoting its valuation by v, we have by Lemma [5.5.31] (here we are
using the fact that D and A’D are free W& 4O-modules; cf. Lemma [5.5.10)):

lwa ol Coker(N'V)) = v(det( \'1A) - - det(\V))) =

w(det(V) (=) - det(v,) (7)) = (?: i) ~o(det(Vi) - - det(V;)) =

<ﬁ: i) tys,o(Coker(V)) = (h - 1) - dim M = (h - 1)

J J—1 J—1
where the second equality is true because V; are semi-linear morphisms between
finite free modules and we have the relation between the determinant of V; and
that of /\j V; which we mentioned in the proof of Lemma , and the one
before the last equality follows from Lemma [5.5.32

The last statement follows from the way we constructed A\’ M (cf. Proposition
@

5.5.29)). The proof is now achieved. O]
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5.6 The main theorem: over arbitrary fields

In this section, we combine the results of the last two sections to prove that the
exterior powers of m-divisible O-module schemes over any base field exist.

Theorem 5.6.1. Let M be a w-divisible O-module scheme of height h over a base
field k. Assume that the dimension of M is at most 1. Fiz a positive natural
number j. Then the j"-exterior power of M in the category of m-divisible O-
module schemes over k exists, and has height (?) If the dimension of M is 1,

i . . h—1 . . . .
then N\’ M has dimension (j—l)’ otherwise, it has dimension zero. Moreover, for
@)

every positive natural number n, we have (N’ M), = N (M,,).
@ @

Proof. 1f the characteristic of k is different from p or the dimension of M is zero,
then M is étale and the statements of the theorem follow from Proposition [5.4.1]
and Remark [5.4.2] So, we can assume that the characteristic of k is p and the
dimension of M is 1. The statements of the theorem now follow from Theorem

b.5.34 O



Chapter 6

Multilinear Theory of Displays

In this chapter, after recalling basic definitions, constructions and results of the
theory of display developed by Zink, we develop a multilinear theory of displays,
which, in the next chapter, will be related to the multilinear theory of group
schemes developed by Pink. For more details on displays, we refer to [Zin02].
Unless otherwise specified, R is a ring and F'® : W(R) — W (R) is the Frobenius
morphism of the ring of Witt vectors with coefficient in R, and V# : W(R) —
W (R) its Verschiebung. We denote by I the image of the Verschiebung. We
sometimes denote the Frobenius and Verschiebung without the superscript R,
when it is clear what is meant.

6.1 Recollections

Definition 6.1.1. A 3n-display over R is a quadruple P = (P,Q, F, V'), where
P is a finitely generated W (R)-module, @ C P is a submodule and F,V~! are
FE.linear morphisms F' : P — P and V! : Q — P, subject to the following
axioms:

(i) IgP € @ C P and there is a decomposition of P into the direct sum
of W(R)-modules P = L & T, called a normal decomposition, such that
Q=Lo IgT.

(i) V71 : Q — P is an Ff-linear epimorphism (i.e., the W (R)-linearization
(V1 W(R) ®@prw(ry @ — P is surjective).

(iii) For any € P and w € W(R) we have

VI VE(w)r) = wF(z).

Remark 6.1.2. Note that from the last axiom, it follows that F' is uniquely
determined by V~!. Indeed, we have for every x € P:

F(z) =V Y (VEQ)).

101
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It follows also from this relation and F*-linearity of V!, that for every y € Q,
we have
F(y) =V 1 (VE(L)y) = FRVEWV Hy) = pV 7 (y).

Construction 6.1.3. According to lemma 10, p.14 of [Zin02], there exists a
unique W (R)-linear map V* : P — W(R) Qpw ) P, satisfying the following
equations:

ViwF(z)) =pw@x, wecW(R),z€P

and

ViwV i (y) =wey, weW(R),ycQqQ.
If we denote by F* : W(R) @pw gy P — P the W(R)-linearization of F' : P — P,
we have the properties:

FfoVi=plIdp and VFo F* =p Idw(r)epymP - (1.4)

Denote by V™ the composition

P Y5 W(R) @p P 922 W(R) @p2 P — -+ =922V J/(R) @pon P,
Construction 6.1.5. Let P = (P,Q, F,V~!) be a 3n-display over a ring R and
let ¢ : R — S be a ring homomorphism. We are going to construct a 3n-display,
which will be the 3n-display obtained from P by base change with respect to
¢:R—S. Set Ps := (Ps,Qs, Fs, Vg''), where:

e Pgis W(S) Qw (R) P,
e (g is the kernel of the morphism W (S) ®@w ) P — S ®r P/Q,
e Fg: Py — Pg is the morphism F° ® F and

° VS’1 : Qs — Ps is the unique W (S)-linear homomorphism, which satisfies
the following properties:

Villwey)=F(w) @V ' (y), weW(S),yeq

and
Vil(Vi(w) @) =2 ® F(x), weW(S),zeP.

If P= L &T is a normal decomposition of P, then one can show that Py =
Ls ® Ty is a normal decomposition of Ps, where Lg := W(S) ®@wr) L and
Ts = W(S) ®wry T and that we have Qg = Lg @ Is @w gy T (note that [Ty =
Is @wry T). For the details of this construction, in particular to see why this
construction produces a 3n-display, refer to Definition 20 and the discussions
following it, p.20 of [Zin02].
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Definition 6.1.6. Let P = (P,Q, F,V ') be a 3n-display over R. Assume that
p is nilpotent in R. Then P is called display if it satisfies the nilpotence or
V -nilpotence condition, i.e., if there exists a natural number N such that the
morphism

VNP — W(R) @pn gy P

is zero modulo I + pW (R).
Remark 6.1.7.

1) If p is not nilpotent in R, but is topologically nilpotent, one defines a display
as follows, however, in the sequel, we will only work with displays over rings
where p is nilpotent. Let R be a linearly topologized ring, with topology
given by a filtration by ideals:

R=aqOyD---Da,>D...,

such that a;a; C a,4;. By assumption, p is nilpotent in R/a;, and hence
in every ring R/a;. We also assume that R is complete and separated with
respect to this filtration. In particular it follows that R is a p-adic ring.
We call a 3n-display P a display, if the 3n-display obtained from P by base
change over R/a; is a display.

2) Displays are sometimes called nilpotent displays, whereas 3n-displays are
“not necessarily nilpotent”. In order to emphasize that displays satisfy
V-nilpotence condition, we will also sometimes stress the adjective “nilpo-
tent”.

For more details on the following construction, refer to Example 14, p.16 of
[Zin02].

Construction 6.1.8. Let k be a perfect field of characteristic p > 0. A Dieudonné
module over k is an Ei-module M, which is finitely generated and free as W (k)-
module. It is therefore equipped with two operators F' : M — M and V : M —
M, which are respectively F : W (k) — W(k) and F~! : W(k) — W (k) linear,
such that FV =V F = p. We obtain from M a 3n-display P = (P,Q, F, V1), by
setting P := M, Q) := VM and F being F : M — M and finally V-1 : VM — M
being the inverse of V : M — VM (note that since F'V = p and M is a free
W (k)-module, V is injective). Moreover, P is a display, if and only if the morph-
ism V : M/pM — M/pM is nilpotent. Thus, if G is a p-divisible group over
k, the Dieudonné module, D,(G), of G gives rise to a 3n-display. Since we are
working with the covariant Dieudonné theory, we observe that G is connected, if
and only if the corresponding 3n-display is a (nilpotent) display.

Definition 6.1.9. Let R be a ring and P = (P, Q, F, V') a 3n-display over R.
The tangent module of P, denoted by T(P), is the R-module P/Q.
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Definition 6.1.10. Let R be a ring and P = (P,Q, F, V') a 3n-display over R.
The rank of P, is the rank of its tangent module over R and the height of P, is
the rank of P over W(R).

Remark 6.1.11.

1) Using the normal decomposition P = L& T and Q = L @ IgT, we observe
that the tangent module of P is isomorphic to T'/IgT, which is a projective
R-module and therefore the rank of the tangent module over R is equal to
the rank of 7" over W(R). It follows that the height of P is equal to the
sum of ranks of L and T" over W (R).

2) If R is a perfect field of characteristic p > 0 and P is the display associated
to a connected p-divisible group G, then the tangent module of P, which
is an R-vector space, is canonically isomorphic to the tangent space of the
p-divisible group G. The rank and height of P are respectively equal to the
dimension of G and its height.

The following construction is extracted without proofs from example 23, p. 22 of
[Zin02].

Construction 6.1.12. Let P = (P,Q, F,V™!) be a 3n-display over a ring R
with p.R = 0. Denote by Frob: R — R the absolute Frobenius morphism of R,
i.e., Frob(r) = P for any r € R. Denote by P® = (PP Q@ F V=) the base
change of P with respect to Frob. More precisely, we have

P®) = W(R) ®@pwr) P
and
QW = Ip @pwr) P+ Im(W(R) @pwr Q = W(R) @rwr) P).
The operators F, V! are uniquely determined by the relations:
Flu®z)=F(w)® F(z), weW(R),x€ P,

VI3 Vwer)=w® F(r), weW(R),z€P

and
V3 wey)=Fw) eV 'y, weW(R),ycq.

The map V* in Construction satisfies V#(P) C Q™ and using the fact that
P is generated as a W(R)-module by elements V~1(y) with y € Q, one shows
that V* commutes with £ and V! and therefore induces a homomorphism of
3n-displays

Frp:P — PW.
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Similarly, F* satisfies F#(Q®) C Iz P and commutes with F' and V! and thus
induces a homomorphism of 3n-displays

Verp : P? — P.
From the equations (1.4)), we obtain the equations
FrpoVerp =p.1dpw and Verpo Frp =p.1dp.

For the next construction, we fix a 3n-display P = (P,Q, F,V~!) over a ring R,
where p is topologically nilpotent, with a fixed normal decomposition P = L& T,
and a nilpotent R-algebra N. Set S := R @ N. This has a natural structure of
an R-algebra. This construction is a recapitulation of some of the constructions
and results in section 3 of [Zin02].

Construction 6.1.13. Set P(N) = W\(N) Qwr) P and QN) := Py N Qs,
where Qg is the base change of @ (as in 3n-display), i.e.,

Then, one sees that

~ —

QWN) =WWN) Qwr L ® f/\/ Qwr) T.

We extend the maps F : P — P and V=': Q — P to maps F : P(N') — P(N)
and V-1 : Q(N) = P(N) as follows. We set F := FN®@F, where FV : W(N) —
W () is the Frobenius morphism. We let V=" act on W(N\) QwryLas FQV™!
and on fN Qwr) T as V-1 ® F (since the action of V on the Witt vectors is
injective, the map V= : Iy — W(N) is well-defined). If we want to look at Py
and Q as functors on Nilg, we denote Py by G%(N) and Qy by G5 (N).

Denote by BTp(N') the cokernel of the map V' —Id : G5'(N) — G%(N). By
theorem 81, p. 77 of [Zin02], the following sequence is exact:

0 — Gzl (W) L= GO(W) — BTp(N) — 0

and the functor BTp : Nilgp — 2(b is a finite dimensional formal group. Moreover,
if P is a display (nilpotent), then BTp is a p-divisible group (corollary 89, p.83
of [Zin02]). By corollary 86, p. 81 of [Zin02], the construction of BTp commutes
with base change of 3n-displays. Now, assume that pR = 0. By functoriality,
the Frobenius map Frp : P — P® gives rise to a map BTp(Frp) : BTp —
BTpp) = BTg’ ). where by BT;DP ) we mean the base change of the formal group
BTp with respect to the extension Frob: R — R. Proposition 87, p.81 of [Zin02]
states that this homomorphism is the Frobenius morphism of the formal group
BTp. Similarly, the induced morphism BTp(Verp) : BT7(5D ) o BTpw) — BTp is
the Verschiebung of BTp.
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For future reference, we summarize these results in the following proposition.
Proposition 6.1.14. Let P be a 3n-display over a ring R, then:

e BTp is a finite dimensional formal group and the construction P ~~ BTp
commutes with base change, i.e., if R — S is a ring homomorphism, then
there exists an canonical isomorphism (BTp)s = BTp,.

e [f p is nilpotent in R and P s nilpotent, then BTp is an infinitesimal p-
divisible group.

e If pR = 0, and P is nilpotent, then the Frobenius and respectively Ver-
schiebung morphisms of the p-divisible group BTp are BTp(Frp) and re-
spectively BTp(Verp).

Notations 6.1.15. For a nilpotent R-algebra N, we denote by [b] the class of
an element b € G%(N) modulo (V= —1d)Gp' (V). If [b] is annihilated by p",
we write [b], to emphasize the fact that this element belongs to the kernel of
p™. In this case, p"b belongs to the subgroup (V! —Id)G5" (V) of G%(N), and
therefore, since V! —Id : Gp'(N) — G%(N) is injective, there exists a unique
element ,gp(b) € Gp' (N) with (V=1 —1d)(,gp (b)) = p"b.

Remark 6.1.16. It follows from the construction of BTp that for any nilpotent
R-algebra N, any w € W(N) and any x € P, we have [Fw ® x] = [w ® V]
and [Vw ® z] = [w® Fz]. Indeed, by Construction [6.1.13 we know that (V! —
[d)(w®@Vz) = Fu®@r—w®Vzand that (V! —Id)(Vw®zr) =w® Fr—Vw®r.

We will need theorem 103, p.94 of [Zin02], which states:

Theorem 6.1.17. Let R be an excellent local ring or a ring such that R/pR
s of finite type over a field k. The functor P — BTp gives an equivalence of
categories between the category of (nilpotent) displays over R and infinitesimal
p-divisible groups over R.

6.2 Multilinear morphisms and the map

Definition 6.2.1. Let Py, Py, ..., P, and P be 3n-displays over a ring R.

(i) A multilinear morphism ¢ : Py X -+ - X P. — Py is a W(R)-linear morphism
p: P x---x P, — Py satisfying the following conditions:

— ¢ restricts to a W (R)-multilinear morphism ¢ : Q1 X « -+ X @, — Q.
— For any ¢; € Q;:

V_lso(ql? s 7Q7’> - QO(V_1(I17 EIR) V_1Q7‘)'
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— Forany 1 <i<r, z; € P,and ¢; € Q; (j #1):
F90<q17 ey Qi1 Ty iy 1y - - 7q7“) =

oV lq,... .V gy, Fay, Vg, ...,V ig).

The group of multilinear morphisms P; x - - - X P, — Py is denoted by
Mult(Py x - -+ X P,, Po).

(ii)) A symmetric multilinear morphism ¢ : P" — Py, is a multilinear morph-
ism such that the underlying W (R)-multilinear morphism ¢ : P" — Fy is
symmetric. The group of symmetric morphisms P" — P, is denoted by

Sym(P", Py).

(iii) An antisymmetric multilinear morphism ¢ : P" — Py, is a multilinear
morphism such that the underlying W (R)-multilinear morphism ¢ : P" —
Py is antisymmetric. The group of antisymmetric morphisms P — Py is
denoted by Antisym (P, Py).

(iv) An alternating multilinear morphism ¢ : P — Py, is a multilinear morph-
ism such that the underlying W (R)-multilinear morphism ¢ : P" — Py is
alternating. The group of alternating morphisms P" — Py is denoted by
Al (P, Po).

Remark 6.2.2.

1) We call the second and respectively the third property of a multilinear
morphism the V-condition and respectively the F'-condition.

2) Note that the F-condition of a multilinear morphism follows from W (R)-
multilinearity and the the first property and the V-condition. Indeed, by

Remark [6.1.2, we have

2]

(6
FSD(Qh o Qi1 Ti Qi 1y - - - ,qT)

V_l V(U@(Qh e i1, iy Qig 1y - - 7q7’>) =
Vo>olar, oo qimn, VD@, gy -, 40) =
QD(V_lql, ey V_lqi_l, V_I(V(l)l'z), V_lqz‘+1, ey V_qu)

oV g, ...,V gy, Fay, Vg, ...,V ig).

Construction 6.2.3. Let Py,...,P,., Py be 3n-displays over a ring R and ¢ :
P1 X -+ x P. = Py a multilinear morphism of 3n-displays.
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e Let R — S be a ring homomorphism. We extend ¢ to a multilinear morph-
ism g : P1g X -+ X Pg — Pos as follows. For all w; € W(S) and all
r, €P (i=1,...,r), we set

vs(w @ 1, ..., w @ xy) = w1 ... W QP(T1,...,1T,)
and extend W (S)-multilinearly to the whole product Py g X - -+ X P, g.

e Given a nllpotent R—algebra N we extend ¢ to a W(N )-multilinear morph-
ism @ : P, x ---x P. — P, as follows. For all w; € W(N ) and all z; € P,
with ¢ = 1,...,7‘, we set:

Pl Xy, ..y wr @Ty) =Wy .. Wy Q@ O(T1, ..., T;).
Now, we extend @ multilinearly to the whole product ﬁl X oo X ﬁr.

Lemma 6.2.4. The multilinear morphisms ¢g and o constructed above satisfy
the V-F' conditions.

Proof. The proof of the lemma for the two multilinear morphisms are similar
and thus, we only prove the lemma for the multilinear morphism @. Let P =
(P,Q,F,V~1) be a 3n- display over R. Take elements w € W(N) and x € P. By

construction of F and V on Py (cf. Construction , we have
Flu®r)=F(w)® F(z)=Fw) oV Y(V(1) x)=
Vi we V() )=V I V(0w ).
Thus, by the same arguments as in Remark it is enough to show that &
satisfies the V-condition. So, for each ¢ € [1,7] take an element ¢; in @Q; n. As
we already know that @ is multilinear (by its construction), we can assume that
either ¢; € W(N) ® L; or §; € Iy ® T}, where for each ¢, we have fixed a normal

decomposition P; = L; & T;, and that each of ¢; is a pure tensor (i.e., of the form
x ®y). Since the construction of @ is symmetric with respect to i and for the

sake of simplicity, we can assume that ¢; = w; ® ¢; € W(./\/') ®Ljfor1 <j<s
and ¢; = V(w;) ®t; for s+1 < j <r for some 0 < s < r. We divide the problem
into two cases: when s < r and when s = r. In the first case, we have:
@(qua s 7(jr> = (,/0\(101 ® qi...,Ws ® qs, V(werl) & ts+17 ceey V<wr> ® tr) =
wy . wsV (wsir) V(W) @ 0(qy -y sy tsity ey tyr) =
V(F(wl cowsV(Wsg1) - V(wr,l)) . wr) Q O(q1y -y sy tsity oy lr).
The element V (F(w; ... wsV (wet1) ... V(w,—1)) - w,) being in the ideal Ly, it
follows that @(qi,...,q¢.) € @QN- In the second case, we have:
@(417"‘747') = @(Wl ®q1--'7wr®qr) :wl---wr®¢(q1a'-'7%”)~

As by assumption ¢(qi, ..., ¢.) € Qo, we conclude again that p(gi, ..., q) € @07/\/
(note that Qg n contains elements coming from W(N) ® Qo). ]
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Construction 6.2.5. Given displays Py,...,P., Py over a ring R, with a V-F
multilinear morphism
g0:731 X"'XPT—)'P(),

we construct for any natural numbers n, a map
ﬁ%n : BT’phn X oo X BTpT,n — BTpO’n,

where BTp, ,, is the kernel of multiplication by p™ on the p-divisible group BT, .
Take a nilpotent R-algebra N and elements [2;],, € BTp, ,(N') and set

T

Bg&,n([ml]ru R [l’r}n) = (_1)7“71 Z [@(V71917 ) Vﬁlgifb Liy Git1y - -+ 7g1“)}7

i=1

where for all 1 < j <r, we have abbreviated , gp,(x;) (from Notations [6.1.15] to

gj. We show in the next lemma that this is a well-defined multilinear morphism.

Remark 6.2.6. Note that if r = 1, then ,,, : BTp, ,, = BTp, », is the restriction
of the homomorphism BT, : BTp, — BTp, (using the functoriality of BT') to
BTp, .

Proposition 6.2.7. The maps B, : BTp, , X -+ X BTp, ,, = BTp,,, satisfy the
following properties:

(1) Byn are well-defined multilinear morphisms.
(1t) By are compatible with respect to projections p. : BTp, ny1 — BTp, .

(11i) If the 3n-displays Py ..., P, are equal, then if v is symmetric, antisymmet-
ric or alternating, then ., has the same property.

(iv) The construction of B,, commutes with base change, i.e., if R — S is a
ring homomorphism, then (B,,)s and Pygn are equal as multilinear morph-
isms BTp, n X -+ X BIp, n — Blp,_n, using the identification BTp, =
(BTPz‘)S'

Proof. We fix a nilpotent R-algebra N.

(i) For each 1 < i < r, take elements [z;], € BTp, ,(N). If we show that
the element S, ,,([z1]n, - .., [r]n) does not depend on the representatives x;
of the class [z;] and that the map [, is multilinear, then it follows that
Bon([Z1]n, - -, [2,]n) lies in the kernel of multiplication by p™ (note that
p"[z;] = 0). By multilinearity of @, in order to show the independence of
Bon([Z1]n, - -, [z:]n) from the choices of the elements w;, it is sufficient to
show that if one z; is in the subgroup (V~' —1d)G5' of G% , then the

element S, ([#1]n, - .-, [#,],) is in the subgroup (V' —Id)Gp! of G,. So,
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assume that z; = (V=1 — 1d)(z;) for some z; € G;jl and for every i, set
9i = n9p,(x;). We then have

(V7 =Td)(g;) = p"z; = p" (V"' = 1d)(2;) = (V7' = 1d)(p"2)
and since V1 — Id is injective, it implies that g; = p"z;. Set also:

o A:= (_1)T_1 Zz;ll @(V_lgla R V_lgi—la Lis Jit1s - - - ’gT’)7
o B:=(-1)""'¢(V'g,....V gj1,25, gj41, .-, 9r) and
o (:= (_]‘)Til Z::j-i-l @(V71917 s 7V71.gi—1a Ly Jit1s - - - ’g"")'

We then have B, ([x1]n, - - ., [2:]n) = [A+ B+ C]. If we develop each of the
terms separately, by replacing x; and respectively g; with (V1 —1d)(z;)
and p"z;, we obtain:

[ A = (—1)T_1 23;11 @(V_lgl, e ,V_lgi_1,$i,gi+1, e ,anj, e ,gr),

where the vertical arrow below p"z; is to emphasize thaﬂ:T only the term
at the j* place does not follow the pattern of the sequence g1, . .., g
We will use this convention for the other sums too, in order to avoid
heavy notations. By multilinearity, we can pass the coefficient p" of
zj to z; and get

Vg1, Vg, 0" it % )
1 )

(~1y!

j—1
1=

Now, p"z; is equal to (V! —1d)(g;) and therefore A becomes:

j—1
(_1)T_1 Z @(V_lglv s 7V_1gi—1a (V_l - Id)gw Git1y- -3 %5, .- 797")
1=1

1
j—1
- (_1)T_1 Z @(V_lglu ey V_lgi—l) V_lgiu Gi+1s- - - 7Zj7 s 7g'r>_
i=1 t
j—1
(_1)T_1 Z @(V_lglﬂ teey V_lgi—lvghgi-i-la L ZIEEE 7g7")'
i=1 T

All but one term in the two sums cancel out (which becomes clear
with an index shift in the first sum) and hence, we obtain

A= <_1)r71()/0\(vilgla R Vﬁlgjfla Zjy Jj+1y - 7gr)_

(_1)1”71{5(91’.“’ jflazjangrlw'-;gr)' (28)
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e B= (_1)T_19/0\(V_lgl> R V_lgj—la (V_l - Id)zj7 gj+1, - - - 797“) =
<_1)T71§5<V71917 ) vilgjflv vilzjﬁ gj+1,--- 7g7“)_
(_1)7’—1{5(‘/—191’ s 7V_lgj—17 Zja gj+17 ce agT)‘ (29)

e Finally, performing the same calculations and using the similar argu-
ments as for A, we obtain

C = (_1)1”—1{5(‘/—191’ ey V_lgjfla V_lzj7 V_lgj+17 ey v_lgr>_
(—1)7171(70\(‘/7191, ey Vﬁlgj_l, Vﬁlzj, gj+17 e 797’)' (210)
Now, adding up A, B and C and use equations ({2.8)), (2.9) and (2.10)), we

observe that four terms of the six terms cancel out and we obtain
ﬁwm([:pl]na SR [wr]n) = [A + B+ C] =
[(_1>T71(1/5(V71917 SR Vﬁlgjflv V712j7 Vﬁlgj+17 LI Vﬁlgr)_
(1) B(G1,- -+ s Gj=1s 245 Gjt1s - - -, Gr)] =
(VT =1d) ((=1)" ' 31, Gjm15 25 Gt 1s - - - Gr))]-

Since the vector (g1, ...,9j-1, %j, Gj+1. - - - » gr) belongs to @17/\/ X - X @r,/\/

and therefore by Lemma [6.2.4, @(g1,...,9j-1,%j, gj+1,-- -, gr)) belongs to

C/Q\O,N = G5!, we conclude that B,,([21]n. ..., [x.]s) is the zero element of
the quotient BTp,. This proves the independence from the choices of rep-
resentatives.

It remains to prove the multilinearity. Since the map V! —Id is a homo-
morphism and is injective, and @ is multilinear, a straightforward calcula-
tion shows that (3, is multilinear too. This proves part (7).

(ii) Take elements [z;],11 € BTp, ,(N). If we set ¢; := ., 19p,(xit1), we have
pr(pta) = p" e = (VT - 1d)g;

and therefore ,gp,(z;) = g;. Thus, we have B, ([pz1]n, ..., [pr:]n) =

r

(_1)7"_1 Z [@(V_lgla R 7V_lgi—1apxi7 Git1y--- agr>] =

1=1

p(=1)"" > BV gV g it 00)] =

=1
PBon1([T1]ng1s - -5 [Tr]ng1)

where we have used the multilinearity of @ for the second equality. This
proves part (7).



112

CHAPTER 6. MULTILINEAR THEORY OF DISPLAYS

(iii) Denote by P the equal 3n-displays P;, ..., P.. Let o € S, be a permutation

of n elements and define a new map ¢ : P — Py by setting

Y(a, ... a.) =c-sgn(0)(ao(1)s - - - s Qo))

where ¢ € {1,—1} is a fixed sign. Since ¢ is a multilinear morphism of
3n-displays, it follows from the definition that the new map v is also a
multilinear morphism of 3n-displays (i.e., multilinear satisfying the V-F
conditions). We claim that for any natural number n, any 1 < ¢ < r, any
[z;] € BTp,,(N) and any permutation o € S,, we have

Byn(z1], ..., [2]) = € -5gn(0) B n([Zo)], - - -, [Toim)])-

If we have this result, it follows at once that if ¢ is symmetric (respec-
tively antisymmetric), then 3, is symmetric (respectively antisymmetric).
We prove the claim and then show the statement about the alternating
morphism. In order to prove the claim, it suffices to assume that o is a
transposition of the form (¢,t+4 1) with ¢ € [1,r — 1] (because they generate
the group S,). Again, we set g; := ,,gp(x;). We then have

T

Boa([ri], - [2,]) = (1) Z [12(‘/491’ Vg T g, 0]

=1
t—1 N
= (_1)7”71 [w<vilgla R V719i717 Tis Git1y - - - 791")"’
=1
(_1)7“*11#(‘/*191’ CIRI) Vﬁlgt—lv Tty 41, - - - >g7“)+
(_1)7"—112(‘/—1917 ety V_lgt7 Li4+1, Jt+25 - - - 7g7")+

(_1)7171 Z QZ(V71917 R Vﬁlgifla Tiy Jit1y--- agr)] =

i=t+2

t—1
—6(—1)7”71 < Z [@(Vﬁlgl, ce Vﬁlgi_l, Ty Git1y - - -

i=1
3 615 Gt 1y Gt Gev2, Geass - Gr )+
@(v_lglv ey V_lgt—lu Gt+1, Tty Jt425 Jt+35 - - - ug'f’>+
@(Vﬁlgla VT, T4, Vg, G425 Gt43> - Gr)+

r

Z Vg, VT, Vg, Vg, Vs, Vigis,
=42

... ,V_lgi—1,$i79i+1, s 7g’F)j|n)
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Now, we calculate
_55%7‘&([1;1]7 R [xt—l]v [It+1]7 [xtL [It-&-?]v [xt+3]7 R [er

This is equal to

t—1
—e(=1)"" (Z BV g1, Vg, 6, giva,s -

i=1
o G=1, G415 9t Gi42, Git3s - - -5 Gr)F

POVl VT g, e, 9 G2, Gerss - Or)
@(V_lgl, Vg, V_19t+17 Tt 942, Getss -5 gr)

r

Z POVl VT, Vg, Vs Vol gire, Vi, -

i=t+2

Vg, m, gis, - ,gr)}n).
Thus, the difference

Byallza], -, [2r]) — esgn(o)Ben([zom)], - - -, [To(m)])
is equal to the following (by using the multilinearity of @ and the formulae
(V=1 —1d)g; = p"xy and (V' —1d) g1 = p"41)
5(_1)r_1 [@(V_lgla cee V_lgt—la V_19t+1 — Ot+1, Tt Gt+2, Gt+3,5 - - - 79r)_

POV g VT g, 2o, VUG = G Grv2, Givss - -5 00)], =
e(=1)" OV gr, o VT g1, P T, T, G, Geass -5 Gr)—
PV, VT g1, T, D", G2 Gotss - - ’grﬂn -
(=) "BV g, VT Gt Bt T, Grgs Getsy - o5 Gr)—
P"e(V7lgr, VT g T, T Gevas Geass -5 )], = 0.

Now, assume that ¢ is alternating. It is therefore also antisymmetric. We
have to show that if two components of the vector [z] := ([z1],...,[z,]) €

-

BTp ,,(N)" are equal, then S, ,([z]) = 0. Since by the first part, we know
that 3., is antisymmetric, without loss of generality, we can assume that

-

the first two components of [x] are equal. Note also that ¢ being alternating,
the extended multilinear morphism @ is alternating as well. We have

ﬁw,n([xl]a ['771]7 [x3]’ SRR [x?“]) = (_1)T_1 [9/5(5517 91, 93,94, - - - agr)+



114 CHAPTER 6. MULTILINEAR THEORY OF DISPLAYS

@(V_lgla T1,493,94, - - 7gr)+

Z PV, Vg, Vg, Vitgs, o VT gy, @, 961, 90)] s

=3
where as before g; = ,gp(z;). The last sum is zero, because @ is alternating
and if we use the fact that ¢ is antisymmetric, the sum of the first two
terms will be equal to

(=1 [@(V_191,$1,93,94, s Gr) — P91, 21, 93, 9 - - 7gr)}n =
(=D @V g1 — g1, 21,93 94 - - 90)], =
(=D @@ x1, 71, 93 94 - - - 90)]
= (-1 [pn@(fl, 1,93, 94 - - - 7gr)}n7
which is zero, since @ is alternating.

(iv) This follows from the fact that for every nilpotent S-algebra M, the two
groups G4 (M) = W(M) @wr) P and G (M) = W(M) Qw(s) Ps are
canonically isomorphism and this isomorphism induces an isomorphism be-
tween the subgroups G5' (M) and G (M), and the canonical isomorphism
(BTp)s = BTp,.

O
As a direct consequence of this Proposition, we obtain the following Corollary.
Corollary 6.2.11. The construction of B yields homomorphisms
B Mult(Py X -+ X P, Py) — Mult(BTp, X --- x BTp,, BTp,),
Sym(Py, Po) — Sym(BTp, , BTp,)

and
Alt(P{, Po) — Alt(BT;l, BTP@)-

Question 6.2.12. Are the morphisms [ in the Corollary|6.2.11| isomorphisms?

6.3 Exterior powers

Construction 6.3.1. Let P = (P,Q,F,V™!) be a 3n-display with tangent
module of rank one. We want to define a new 3n-display denoted by A\"P =
(A"P,A"Q,A"F, A"V ~1). Fix a normal decomposition

P=L&T and Q=L IzT.

Although we use a normal decomposition for the construction, we will show in
the next lemma, that this construction is in fact independent from the choice of
a normal decomposition.
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Define A" P to be the exterior power of P, A" P, over the ring W(R).

Define A"Q to be the image of the homomorphism A"Q SANCIN NP, where
t: ) — P is the inclusion.

Since by assumption, 1" is projective of rank one, we have
T r—1
AP=xANLe N\ LeT

and

r r—1
NQ NLe /\ Lol
Define A"F : A"P — A"Ptobe A" 'V IAF.

Define A"V~ : A"Q — A"P to be A"V~ : A"Q — A"P restricted to A"Q
(note that A”Q is a direct summand of A"Q = @;_ (A" 'L® N'IrT) ).

Lemma 6.3.2. The construction of N"P = (A"P,A"Q,A"F,A\"V 1) does not
depend on the choice of a normal decomposition of P and defines a 3n-display
structure. The height and rank of \"P are respectively (?) and (i”j), where h s

the height of P. If P is a display, then \'P is a display as well. Furthermore,
this construction commutes with the base change.

Proof. Assume that we have shown that the morphism A"V ~! is independent
from the choice of a normal decomposition and that this construction defines a
3n-display structure. Then, as we know that for any 3n-display, the morphism F'
is uniquely determined by the morphism V! (cf. Remark , the morphism
A"F will be independent from the choice of a normal decomposition as well. So,
we prove at first the canonicity of A"V ~! and then show that with this construc-
tion, we obtain a 3n-display.

Set N := @_,(N LN IRT). Since A\"Q = A"Q@ N and since the morphism
AV~ A"Q — AP is independent from the choice of a normal decomposition,
if we show that the restriction of this morphism to the submodule N is the zero
morphism, then it follows that the canonical morphism A"V ™! factors through
the quotient A"@Q — A"Q. Thus, the resulting morphism A"Q — A" P, which is
equal to A"V ™1, is independent from the choice of a normal decomposition. So,
it is enough to show that for every ¢+ > 1, the morphism

ANV N Lo N — \'P

is trivial. For any w € W(R) and z € P, we have V~1(V(w).z) = wF(x). Tt
implies that this morphism factors through the image of the morphism

N VIANFN La NT— AP
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The module /\iT‘being trivial for ¢ > 1, we conclude that the morphism A"V ™!
restricted to A" 'L ® \'Ig is zero, as desired.

As P is a projective W(R)-module, its exterior powers are projective too. We
have AP = N'L®& N 'L®T and A"Q = N'L & N 'L ® IxT, and since
If(N 'L®T) = N\"'L® IgT, we conclude that the direct sum

/\TL EB /\r—lL ® T

is a normal decomposition of A"P. We have to show that the morphism A"V !
is an F'f-linear epimorphism. But we know that V! : Q — P is an F*-linear
epimorphism and therefore A"V~ : A"Q — A"P is an Ff-linear epimorphism as
well. As this morphism factors through the quotient A"Q — A"Q, the morphism
A"V~ is also an F'®-linear epimorphism.

Now, we show that the morphism A"F has the right properties, i.e., it is F'#-
linear and satisfies the relation wA”F(x) = A"V =YV (w).z) for every w € W(R)
and every x € A"P. The fact that it is F'f-linear follows from its construction
and the fact that V! and F are F¥-linear. Now take an element w € W (R) and
@1\ Agr—1 ®tin the submodule /\rilL ® T, we have

WA F (@A N1 @) =wV g A AV g i ANF(t) =

VI3 An-- AV g  AwF) =V ig A AV  AVTHV(1).2) =
ATV_I(V(]_>.(]1 VANKERIVAN Gr—1 &® t)

A similar calculation shows that for any w € W(R) and any x € A\"L, we have
wA"F(z) = A"V-1(V(1).z), and therefore A"P = (A"P,A"Q,A\"F, A"V 1) is a
3n-display.

By definition, the height of A"P is the rank of the projective W (R)-module A" P,
which is equal to (f), with h the rank of P. The rank of A\"P is equal to the
rank of the projective W (R)-module A" 'L ® T, which is equal to (ffj), since L
has rank i — 1 and T has rank one (cf. Remark [6.1.11)).

Since the construction of exterior powers of modules commutes with the base
change, a straightforward calculation shows that, under the identification

W(R) ®pwr AP =N (W(R) @pwr P),

the morphism
(AN AP — W(R) @pwr) AP

(cf. Construction [6.1.3)) is equal to the morphism
A (VI 2 AP — A" (W(R) ®@pw(r) P).
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Again, since \" commutes with base change, A"(V™*) is the zero module I +
pW (R), if V¥ is the zero modulo Ig+pW (R). This shows that A"P is a display,
if P is a display.

Finally, we have to show that if R — S is a base extension, then there exists
a canonical isomorphism A"(Pg) = (A\"P)s. This is a straightforward calcu-
lation. We explain why the pairs ((A"P)s, (A"Q)s) and (A"(Ps),A"(Qs)) are

canonically isomorphic, and leave the verification of the equality of the pairs
((A"F)g, (A"VY)g) and (A"(Fs), A" (Vg!)) to the reader. By definition, we have

(A"P)s = W(S) @wr \ P = /\ (W(S) @wr P) = A" (Ps)

and using a normal decomposition, we have

(N Q)s = W(S)wm/\ L) @ (Is @wim N L Swiny T) =

r r—1
/\ (W(S) QW (R) L) D (]S Ow (s) W(S) QW (R) /\ L QW (R) T) =
T r—1
/\ Ls & (W(S) @wr) /\ L) ®@ws) (Is @wr) T) =
T r—1

/\TLS @ (/\T_ILS Qw(s) IsTs) = A (Qs).

The above isomorphisms are induced by the canonical isomorphism (A"P)s =
N (Ps), i.e., this isomorphism restricts to an isomorphism (A"Q)s = A"(Qs).
Thus, the latter isomorphism does not depend on the choice of a normal decom-
position either. O

Proposition 6.3.3. Let P be a 3n-display of rank one over a ring R. The map
)\:P’”—>/\TP, (X1, ..y Tp) > X Ao Ay

defines an alternating morphism of 3n-displays X : P — NP with the following
universal property:

For every 3n-display P' over R, the homomorphism
Hom(/\'P, ') — Alt(P", P')

induced by A is an isomorphism.
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Proof. Tt follows from the construction of \"P = (A"P,A"Q,A"F,A"V~!) that
A is an alternating morphism of 3n-displays. We therefore only need to show
the universal property. Let P’ = (P, Q', F,V~!) be a 3n-display over R and let
¢ : P" — P’ be an alternating morphism of 3n-displays. We ought to show that
there exists a unique morphism of 3n-displays from A"P to P’, whose composition
with A is ¢. The morphism ¢ : P" — P’ is an alternating morphism of R-
modules and the restriction of ¢ to Q)" is an alternating morphism ¢ : Q" —
Q'. By the universal property of A"P = A"P, there exists a unique R-modules
homomorphism @ : A"P — P’ such that o A = ¢ and we claim that this
morphism defines a morphism of 3n-displays from A"P to P’. Consider the
following diagram:

Qr = N\'Q
v \pf A \/\TP
Q. ¢ f
.
P

From what we said above and the definition, this diagram commutes. We want to
show that the image of A"Q) under ¢ lies inside @)'. Since by construction, A" is
the image of the morphism A"Q — A" P, and since the morphism A : Q" — A"Q
is surjective, it is enough to show that the image of the composition

Q@ Ne- NP2 P

lies inside '. This follows from the commutativity of the above diagram. Now,
we have to show that o A"V =1 = V~log. Take an element q := ¢ A@A---Aq, €
A"Q. We have

o NV =V @) A AVTH@)) = (V@) V()

=V'o(q,. .., q) =V ""op(q),

where the third equality follows from the fact that ¢ satisfies the V-condition.
This implies that for every ¢ € A"Q, we have po A"V ~1(q) = V1o p(q) and the
claim is proved. By construction of ¢, we have ¢ o A = . It remains to show
the uniqueness of @. Since the morphism A : P* — A" P is a surjective map (as
sets), any morphism ¢; : \"P — P’ with ;0 A = ¢ is equal to ¢ as a morphism
from A\"P to P’ and therefore is equal to ¢ as a morphism of 3n-displays. The
proof is now achieved. O]



Chapter 7

Comparisons

The aim of this chapter is to compare the Cartier module, the Dieudonné module
and the display of a connected p-divisible group over a perfect field of character-
istic p. In fact, we would like to show that these three linear algebraic gadgets are
isomorphic, a result which floats around and is known to the experts, but lacks
a written proof (at least not accessible to the author). According to [Bre79],
the isomorphism between the Cartier module and the Dieudonné module of a
connected p-divisible group over a perfect field of characteristic p is due to W.
Messing. We would also like to emphasize that we need explicit isomorphisms
and therefore the knowledge of the existence of such isomorphisms is not suffi-
cient for the purpose we have in mind.

In this chapter G denotes a p-divisible group over a perfect field k, of characteristic
p>0.

Definition 7.0.1. The Cartier module of a formal group G, denoted by M(G),
is by definition the Ei-module Hom(W,G), with the action of Frobenius and
Verschiebung through their action on W.

7.1 Cartier vs. Dieudonné

Construction 7.1.1. Assume that G is local-local. We want to construct a
homomorphism 7 : D,(G) — M(G). Fix natural numbers M and m with FA' =0
and V&' = 0. It follows that every v € D,(G,) = Hom(W, G,,) factors through the
projection W — W, »y and we also denote the induced morphism, W,, ;y = G,
by v. Now, if we take an element u € D,.(G) and denote by [u], the class of
uw modulo p"D,(G) in D,(G,,), for m, M > 0, we can view [u],, as a morphism
Wm — Gy, or as a morphism W — G,

119
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Fn FM—n . -
The sequence Wy, py —— Wiy iy ——— W, is exact and the composition

F’VL n n
Wonat —s Wonas — Wias =425 G,

is zero (since G,, is annihilated by p™, and V"™ o F™ = p"). Therefore, the com-
M—n
posite [u], o V™ : W,y — G, factors through W, s SN W, inducing a
morphism
N : Win = Gp — G.
These morphisms are compatible with respect to inclusions W, ,, < Wy, in-
duced by 7 (which is not a group homomorphism) and the natural inclusion
Wi < Wi s, 1e., we send an element (zo, ..., 2,—1) € Wy, to the element
(Zoy -+, 0-1,0,0,...,0) € Wi . As W = U, T(Win ), the morphisms
n(u), induce a unique morphism 7(u) : W — G, extending all n(u),. Hence a
map
n:D.(G) = M(G).

The following commutative diagram illustrates the constructed maps n(u), and
n(w):

Win it — e Wi e T (1.2)
vnl nuonl ln&d
Wm,M [u] Gn( G

We will now generalize the above construction to define a homomorphism 7 :
D.(G) — M(G) when G is a connected p-divisible group (that can contain a
multiplicative part).

Construction 7.1.3. Let G be a connected p-divisible group over a perfect
field of characteristic p. By definition, the covariant Dieudonné module of G is
the inverse limit l<i_mD*(Gn) = l}_mD*(G;kl) where D*(G,,) is the contravariant

Dieudonné module of the Cartier dual of GG,, and the transition homomorphisms

*

are induced by the inclusions G}, — G}, ;. Since G}, is unipotent, we have
D*(G%) = Hom(G?, CW*), where CW" is the group functor of unipotent Witt
covectors. The group scheme G being annihilated by p”, every homomorphism
G; — CW* factors through CW*"[p"]. As G} is the image of the multiplication
by p of G, the transition homomorphism

Hom (G, CW"“[p"™]) — Hom(G%:, CW"[p"])
is given by the following commutative diagram:
G:Hrl I Cwu[anrl]

i |»

Gy, —— CW*[p"].
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Applying the Frobenius morphism to the power n to such a homomorphism, we
obtain a homomorphism G¥ — CW"[V"], i.e., we have a homomorphism

Hom(G:, W) 225 Hom(G:, CW™ V™).

The group scheme CW*"[V"] is canonically isomorphic to the group of finite
Witt vectors of length n, i.e., W,,. We have thus for every n a homomorph-
ism D*(G}) — Hom(G},W,). These homomorphisms are compatible with the
projections G| — G}, and W,; — W, and therefore induce a homomorphism

lim D*(G},) — lim Hom(G,, W,) = Hom(lim G}, lim W,,) = Hom(lim G}, W).
— — — — —

n n n n n

Now, using the Artin-Hasse exponential in order to obtain a perfect pairing
W x W — G,,, we can take the Cartier duals of homomorphisms lim G} — W,
(;

n

and obtain an isomorphism Hom(l{i_m Gi W) = Hom(W, G) = M(G). Compos-

ing the homomorphisms and isomorphisms we constructed above, we obtain a
homomorphism 7 : D, (G) — M(G).

Remark 7.1.4. As we noticed before the above construction, the homomorph-
isms 7 : D,(G) = M(G) defined in Construction and Construction
coincide, when G is local-local. The reason that we considered the special case
of p-divisible groups of local-local type separately is that we will later need this
explicit construction and in this form (cf. Theorem [8.1.14)).

Let H be a unipotent group scheme over a perfect field of positive characteristic
and let v : H — CW" be an element of the contravariant Dieudonné module
of H. There exists a natural number n such that V*"H = 0 and therefore, v
factors through the kernel of V™ on C'W™, which is canonically isomorphic to
W,. We can thus consider v as a group scheme homomorphism v : H — W,
and composing this with the morphism 7,, : W,, — W, we obtain a morphism of
schemes (not a homomorphism!) H — W that we denote simply by 7,,v or 7v.

Lemma 7.1.5. Take an element v € D.(G), a nilpotent k-algebra N and an
element w € /W(N) annihilated by F™. Denote by [u], the class of u modulo
p", seen as an element of D.(G,) = D*(G}) = Hom(G:,CW™"), and by E the
Artin-Hasse exponential. Then, under the identification G, = Hom(G%, G,,), the
homomorphism

E(w - m,[F"ul,(2); 1) : G — Gy,
is equal to the element n(u)(w) € G,(N).

Proof. Since F™w = 0, the element n(u)(w) lies inside the group G, (N) and
E(w-r,[F™ul,(-); 1) is indeed a homomorphism from G, to G,, (note that [F™ul, :
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G; — CW* factors through W,,). It follows from the construction of n that for
every g* € G5 (N') we have

E(w -7, [F"u]n(g%); 1) = E(w - 7, F"[u]a(g%); 1) = g"(n(w)(w))

and the first equality is true because [F"ul,, and F"[u],, seen as homomorphisms
G — CW™" are equal (note that the Frobenius of G corresponds to Verschiebung
of G,, and the Frobenius on the covariant Dieudonné module is induced by the
Verschiebung). Under the identification G,, = Hom(G}, G,,), we have

9" (n(u)(w)) = (n(u)(w))(g")-
These two equalities imply that E(w - 7,,[F"ul,(2); 1) = n(u)(w). O

Lemma 7.1.6. Let S be a k-scheme, x,2' elements of W(S) and y an element of

/W(S) such that x and x' have the same image in the group Wy, (S) and F™y =0
for some natural number m. Then we have

Proof. As x and 2’ have the same image in the group W,,(S), there exists an
element z € W(S) such that z — 2’ = V"™z. We have thus

E-y;1)=E@ -y+V"z-y;1) = B2 y;1) - E(V"z-y;1).

We also have E(V™z-y;1) = E(z- F™y; 1) which is equal to 1, because F"™y = 0.
Hence E(z -y;1) = E(z’ - y;1). O

Construction 7.1.7.

e The projection G, .1 — G, induces a homomorphism
fo: Hom(W/p"™, Giy) — Hom(W/p"*, G,,) = Hom(W/p", G.,)

where the isomorphism is due to the fact that G,, is annihilated by p™ and
every map W/p"™! — G, factors through the quotient W/p"*1 — W /p".
Denote by lim Hom(W/p™, G},) the corresponding inverse limit.

In

e The map p.: W/p™® — W/p"*! induces a homomorphism
- Hom(W /p"™ Gph) — Hom(W/p™, Gryr) = Hom(W /p™, G,,),

where the isomorphism is due to the fact that W/p™ is annihilated by p™
and G, is the kernel of multiplication by p™ on G, 1, and therefore any
map W/p" — G, factors through the inclusion G,, < G, 1. We denote
by h£1 Hom(W /p", G,,) the corresponding inverse limit.

gn



7.1. CARTIER VS. DIEUDONNE 123

e Likewise, the map F : W/F" — W/F™"! induces a homomorphism
Hom(W/F" G,.1) — Hom(W/F" G, 1) =< Hom(W/F",G,,)

and we have an isomorphism because W/F" is annihilated by p". The
corresponding inverse limit will be denoted by lim Hom(W/F" G,).

n

Lemma 7.1.8. The two inverse limits constructed above, l(gn Hom(W/p", G,,)

fn
and hin Hom(W/p" G,,), are equal, i.e., a sequence (vy,) belongs to the one if

gn
and only if it belongs to the other.

Proof. We show that for every n, the transition homomorphisms f, and g,
are equal. Take an element a € Hom(W/p™, G,+1). By construction, f,(a) :
W/p* — G, is the unique homomorphism making the following diagram com-
mutative

W/ pn+1 —— Gyt

| i”‘

W/pr —
/p o Gn

and g,(a) : W/p" — G, is the unique homomorphism making the following
diagram commutative

AN

p.

W/p"t —— G

Gy

Putting these two diagrams together, we obtain the following diagram

W/an —— Gn1

| e I
fa(e)

W/p™ G,

£ gn()
.

W/p ™ —— G,

where the compositions of vertical arrows on left and respectively on right are
multiplication by p on W/p"™! and respectively on G,;. Therefore, compos-
ing f,(a) and g,(a) from right with the monomorphism G,, < G,;; and from
left with the epimorphism W/p"*t — W /p" gives the same homomorphism pa
Consequently, f,(a) = gn(®). O
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Remark 7.1.9. Since by the previous lemma the two inverse limits are equal,
we will drop the subscripts f,, and g, from them and denote this inverse limit by
lim Hom (W /p™, G,,). It follows that in order to show that a sequence of maps («,)

n
belongs to this inverse limit, it is sufficient to show one of the two compatibilities
(commutativity of either of the first two diagrams in the proof of the previous
lemma).

Lemma 7.1.10. There is a canonical isomorphism

lim Hom(W/p", G,,) = D.(G).

n

Proof. By definition, we have

and as we have seen before, Hom(W, G,,) = Hom(W/p", G,,) and thus D,(G) =
lim Hom(W/p", G,,). A short calculation shows that the transition homomorph-

n
isms in this inverse limit is the one given in Construction [7.1.7] O

Lemma 7.1.11. Assume that G is unipotent (has local dual). Then for every
n, there is a canonical isomorphism Hom(W[F"],G,) = Hom(W,,,,G,) for a
sufficiently large m. Consequently, there is a canonical isomorphism

h£1 Hom(W/F", G,,) = M(G).

n

Proof. As G is unipotent, for every n there exists an integer m, such that
V™G, = 0 and therefore any homomorphism W[F"| — G, factors through the
quotient W[F"| — Wi, ». This proves the first part of the proposition. For the
second part, we first show that there is a canonical isomorphism W/F™ = W[F™"].
For every m > n and every i, we have an exact sequence

Wi —— Wiy — Wi — 0.

Now taking the inverse limit over all ¢ and m > n we obtain the following exact
sequence (note that the Mittag-Leffler condition is satisfied):

. Fn . .
lim W, ,,, — lim W;,,, — lim W;,, — 0
— — —

i,m i,m 7
which is isomorphic to the following exact sequence:

WL W — WEY — 0
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and this proves the claim.

Now, we show that lim Hom(W[F"],G,) = M(G), which will prove the proposi-

n
tion, using the above isomorphism and the fact that the above isomorphisms are
compatible with the transition homomorphisms in the inverse systems {W[F"]},,
and {W/F"},. We have from the first statement of the proposition that

1<i7m Hom(W[F"],G,,) = k%n Hom(Wi,, 1, Gin). (1.12)

We also have

M(G) = Hom(|_J Win,n, G) 2 lim Hom(| Wi, G) =

lim Hom(| Wi, Gr) = lim Hom(Wip,, n, Go), (1.13)

where the second isomorphism follows from the fact that W,, ,, is annihilated by
p" and therefore every homomorphism W, ,, — G factors through the inclusion
G, — G and the last isomorphism follows from the fact that V"G, = 0. It
follows from ((1.12)) and (1.13)) that lim Hom(W[F"],G,) = M(G). O

n

Lemma 7.1.14. For all n, the following sequences are exact:

G, = avr Y g, ¢ X g, s at,

Consequently, we have the following eract sequences:
D.(G)/p" == D.(G)/p" = D.(G)/p",
D.(G)/p" == D.(G)/p" —— D.(G)/p".
Proof. We show the exactness of the sequence

G, 2 e X q,

and the exactness of the other sequence is proved similarly. Since p"G,, = 0
and V" o F™ = p", the homomorphism F” : G, — GP") factors through the
inclusion Ker(V") — G Now, take a scheme X over k and an element
x € Ker(V™)(X). The homomorphism p" : Gy, — G,, is an epimorphism, and
so there exists an fppf cover Y — X and an element y € Go,(Y) such that
p"y = x|y, where by |y we mean the restriction homomorphism G, (X) — G,(Y).
We have p"(V"y) = V*(p"y) = V*(z|y) = V"(z)|y = 0, which implies that
Vry € Go(Y). As zly = p"y = F*"(V™y), we deduce that the homomorphism
F™: G, — Ker(V") is an epimorphism, and therefore the sequence

G, 2 e X q,
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is exact.

Now, applying the Dieudonné functor on this sequence, and identifying D,(G,,)
with D.(G)/p", we obtain the exact sequence

D.(G)/p" —— D.(G)/p" —— D.(G)/p"
O

Remark 7.1.15. Note that since W/F™ is annihilated by F™, any homomorph-
ism h: W/F" — G, factors through the kernel of F", i.e., through G,[F"]. But

according to the previous lemma, G,[F"] = el n), and therefore we can view
h as a homomorphism W/F" — VnG¥"),

Lemma 7.1.16. Assume that G is local. Then for all n, there exists an n’ > n,
such that p" (G [V™]) = 0.

Proof. Since G is local, for every n there exists an n’ > n such that F*' G, = 0.

"

Using the previous lemma, we have G, [V"] = F" G} ") and so

’
’ i

pn 7n(Gn’ [Vn’]) _ pn’ann’Gg;_n ) _ Fn’pn’fntf/’_n ) _ Fn’G%lf" ) — 0.
OJ

Lemma 7.1.17. Assume that G is local. Then for every n, there exists an
n' > n and a homomorphism 7, : V"' G — G, making the following diagram
commutative:

/
vn ’
Gn’ v Gn/
-
-

n' —n s Tt

,

Proof. Since the homomorphism V" : G,y — V" G,/ is an epimorphism, it is
enough to show that there exists an integer n’ > n such that the homomorphism
p" " : G, — G, vanishes on the kernel of V| i.e., on G,,[V™]. The existence
of such an n' is guaranteed by previous lemma. O]

Remark 7.1.18.

1) As p" " G, — G, is an epimorphism, the map Tn/m : V"G, — G, is an
epimorphism as well.

2) Since the map V" : G, — V"G, is an epimorphism, any two maps
V"G, — G,, making the diagram in the previous lemma commutative,
are equal.
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Construction 7.1.19. For every n, the morphism V" : W/F™ — W /p™ induces
a homomorphism

Hom(W /p", G,,) =225 Hom(W/F",G,,).

Since the diagram
W/ W /pn

r| v

W/Fn+1 5 W/pn+1

Vn+1

is commutative for every n, we obtain a homomorphism

.1 n (-)ovm : n
\VE 1%11 Hom(W/p", G,) =2=— {%n Hom(W/F™,G,,).

Lemma 7.1.20. Assume that G s local and that we have a system of maps
Om : W/V™ — G, (for every m), such that for every pair of integers n > m > 0,
the following diagram commutes :

w/vr

e

W/vm 2 G,
Then for every m, the map o, is the zero map.

Proof. The group scheme W/V™ is annihilated by V" and therefore the homo-
morphism §,, factors through the inclusion G,[V"| < G,, and we can rewrite the
top square of the above diagram as follows:

W/Vr 2 GV

L

W/vm 2 G

This holds for every pair of natural numbers n > m. If we fix m and choose
n > m according to Lemma [7.1.16], such that p"~™G,[V"] = 0, the composition

wW/vr ey G v 2 G
will be zero and so the composition
W/V™ - W/ V™ 2my G

is zero as well. It implies that ¢,, = 0, because W/V™ — W /V™ is an epimorph-
ism. [
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Construction 7.1.21. Assume that G is local and that we are given an element
(;) of the group lim Hom(W/F, G;). Fix a natural number n. Choose a natural

number n’ and the map r,/, : VG, — G, satisfying the statement of the
Lemma [7.1.17. Now, consider the following composition

_n'
7(P )

W/p" - W/ s VY G,y — G,
where vg,fn) is the twist of v, by the Frobenius to the power —n’ (note that

the base field is perfect). Since the group scheme G, is annihilated by p™, this
composition factors through the quotient W/ P > W /p™ and therefore we obtain
a map ’Yif,n : W/p™ — G,, which a priori depends on both n’ and n.

Lemma 7.1.22. Let (v;) be an element of the group lim Hom(W/F" G;). Then

for every pair of natural numbers n > m, the following diagram commutes:

—-n

(p

W/pt —=W/F" — VG, aF ™

| -

W/p" —W/F™ VrG,,—— G%im)c—> Ggpfm)‘

o
Proof. By assumption, (;) is an element of the group h£1 Hom(W/F, G;), and

thus in the diagram

7”)

W/Fn Tn G%p—n)

(=)

W/Fm ™ ™ ™)

anl

W/ Fm G

—m n 9
we)

the bottom square commutes. Since the homomorphism W/F" — W/F™ is an
epimorphism and the outer diagram is commutative (due to the fact that m(f )
is a group schemes homomorphism and so commutes with Frobenius), the top

diagram commutes as well. Finally, the diagram

W/p" ——W/F"

T

W/p™ —W/F™
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being commutative, it follows that the diagram in the statement if the lemma is
commutative and this finishes the proof. m

Lemma 7.1.23. Assume that G is local. Then the map ”yi/ﬂ :W/p" — G, does
not depend on the choice of n'.

Proof. 1t is enough to show that the homomorphisms yi, ,, and 72, 41 are equal.
The Frobenius homomorphism F' : Giﬁﬂ B Gﬁfﬂ ) vestricts to a homomorph-
ism V¥*'Guyy — VPG, that we denote again by F (this is true because
FoV"+l = pV™ = V" op and pGri1 = G,). We have then a commuta-

tive diagram:
Vﬂ,/+1

!
Gn’+1 vn Jr1G’n’—i—1
pi vl
v

/

G VG
'I'L/—
p ni T’VL/ n

G.

It follows from Remark that 7,11, = 1,0 F. Now, consider the following
diagram:

@'Y
/ ’ Tt ’
W/pn +1 W/Fn +1 +1 \VaL +1Gn’+1
i .o
(1;7” )
W /pr W/ — "y,
W/pn ’yi/7n Gn-

If we show that the outer diagram commutes, then by construction of fyfl, +1., and
the fact that r,1, = 7y, o F, we will conclude that 7i’+1,n is equal to yg,’n.
Since the bottom square commute, it is enough to show that the top square is
commutative as well. But the commutativity of the top square is equivalent to
the commutativity of the following diagram

(p_”/_1>
’ ’ Tt ’ —n/—
W/pr' e W+t Ly an
lF
W/p W/ P VG Gl G,

’)/(17 )

n
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whose commutativity is given by Lemma [7.1.22] O

Notations 7.1.24. With regard to the previous lemma, we will denote the map
”Yi',n :W/p" — G, by ~E.

Lemma 7.1.25. Assume that G is local. Then the sequence of maps (4%),, belongs
to the group 1<£n Hom(W/p', G;).

7

Proof. Fix a natural number n and choose a large n’ such that the maps 7,/ ;41
and 7, , are defined (cf. Lemma [7.1.17). Now consider the following diagram:

!
, ®™ ")

G v VG, < W/F ~— W /p
pn/ —A %le ,\/ﬁ i
Gn+1 n+1 W / pn+ 1
pi i
G, W/p™.

Ve
We need to show that the (bottom) square is commutative and we know that
the upper left triangle and the top trapezoid are commutative (cf. construction
of 7 +1). By previous lemma, we also know that the outer diagram (i.e., after
removing the homomorphism ’yi .1 from the diagram) is commutative, because
DO Tyl mt1 O V" o Gy — G, is equal to p' " and therefore by uniqueness of
Tw n (cf. Remark , we have 7, = porypne1. The commutativity of the
bottom square follows at once, since the homomorphism W/p™ — W /p*+! is an
epimorphism. ]

Proposition 7.1.26. Assume that G is local. Then the homomorphism

\/ lim Hom(W/p", G,) — lim Hom(W/F" G,)

n

s an isomorphism.

Proof. We show at first the injectivity of this homomorphism. So, take an el-
ement (a,) € l(gn Hom(W/p", G,,) such that \/(a,,) = 0, i.e., for every n, the

n
composition

W/ L W/t 2 G,

is the zero homomorphism. The cokernel of the homomorphism W/F" SUAEN

W/p™ being W/p" — W/V" we obtain, for every n, a homomorphism @, :
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W/V™ — G, whose composition with W/p™ — W/V"™ is «,,. Now consider the
following diagram (with n > m)

W/pt — =W/ 22 s g,

L
By assumption, the outer diagram commutes, and since the homomorphism
W/p™ — W/V™ is an epimorphism and the left square is commutative, we con-

clude that the right square commutes too. It follows from Lemma |7.1.20| that all
a, are zero, and consequently, all «,, are zero. This shows that \/ is injective.

Now, we show the surjectivity of \/. Take an element (7,,) € lim Hom(W/F" G,).

We have constructed above an element (v#) € lim Hom(W/p", G,,) (cf. Lemma

n
7.1.25)). We want to show that this element maps to (7, ) under the homomorph-
ism \/, i.e., we want to show that for every n, the composition

W/F Y Wt e G

is equal to the given ~,. Consider the following diagram:

W/pr — W /" (1.27)
’Y’rjfpn)i \ /
Gglpn)

Since ¥# is a group schemes homomorphism, it commutes with the Verschiebung
and therefore the outer diagram commutes. If we show that the left square is
commutative, the fact that the homomorphism W/p™ — W/F™ is an epimorph-
ism, will imply that the right triangle commutes and the proof is achieved. So,
we show the commutativity of the left square.

/

Using definition of 7,/ , and the fact that F’ n'=n o ' = ph'=nYn e see that the

following diagram commutes.

Vn Ve GglP;")
G
/ pm
el ; Ge™.
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In the following diagram, the right square is the above diagram (without the
internal groups and homomorphisms). The outer diagram is commutative by

Lemma|7.1.22| It follows that the left square is commutative (note that GP "
Gfﬁ”” is a monomorphism):

!
—n
A

W/p" —= W/ ey G e g

Tn/,nl/

Gn Fn'—n

an
Wy e W/F" e Gl G
Vi

;
If we rewrite this diagram and insert the homomorphism W/p" —» G,,, we
obtain the following diagram:

»=")

, f Y ,
W/p" —=W/F" VG,
i ~h i o
W /p™ G,
| -
W/Fn G(P_")
SO "

Since the outer diagram and the top one are commutative (cf. construction of
7E), and W /p™ — W /p" is an epimorphism, we conclude that the bottom square
commutes. Taking the Frobenius twist of this diagram, we obtain a commutative

diagram, which is the left square of the diagram ([1.27)). This finishes the proof.
m

Remark 7.1.28. Note that in the proof of the last proposition, we have con-
structed explicitly an inverse to \/, namely the construction (_)*, i.e., we have
shown that for every element (v;) € lim Hom(W/p", G,,) and every n, we have

n

f
(\/(%))n = Tn-
Theorem 7.1.29. Let G be a connected p-divisible group. The homomorphism
n: D.(G) — M(G)

s an isomorphism of Ei-modules.
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Proof. Since the base field k is perfect, the p-divisible group G splits into the
direct sum of its local-local and local-étale parts and since the Dieudonné functor
and the Cartier functor preserve direct sums, we can treat the local-local and
local-étale case separately. So, assume at first that G is local-local. It is enough
to show that under the identifications of Lemmas [7.1.10] and [7.1.11], the maps 7
(cf. Construction and \/ (cf. Construction are identified, i.e., the

following diagram commutes:

D.(G) L M(G)
Lemma ml o o i Lemma [ 1111
lim Hom(W/p", G,,) lim Hom(W/F" G,)

Take an element u € D,(G). We have to show that for every natural number n,
the following diagram commutes:

v n(u)n

W/p? Gy,

[uln

where we have also denoted the induced homomorphism W/p" — G, by [ul,.
We insert this diagram (as a face) into the following 3D diagram, with m and M
such that FMG,, = 0 and V"G,, = 0:

W/Fr —=> W[F"] — Wy

~

FM—n
W ¥ n‘/ Wm,M n(u)n
n D
vn W/p Gn
/ L fuln
W% Wm,M-

By construction of n(u),, (cf. Construction |7.1.19)) and using Lemmas [7.1.10{ and
7.1.11] we see that the five other faces of this parallelepiped commute. As the

homomorphism W — W/F™ is an epimorphism, it implies that the other face is
commutative too and this finishes the proof.
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Now assume that G is multiplicative. The homomorphism 7 is an isomorphism
if and only if it is an isomorphism after passing to an algebraically closed field
containing k. Indeed, this is true since the Dieudonné module and the Cartier
module constructions commute with base change. So, we may assume that k is
algebraically closed. In this case, the p-divisible group G is isomorphic to a direct
sum of finite copies of iy~. Since the Dieudonné functor and the Cartier functor
preserve direct sums, we may further assume that G is isomorphic to j,. By
construction of 7 (cf. [7.1.3)), we observe that it is sufficient to show that in this
situation, for every n, the homomorphism

Hom(G:, CW[p"]) =295 Hom(G*, CW V"))

is an isomorphism. The group scheme G is isomorphic to the constant group
scheme Z/p", and therefore, homomorphisms Z/p" — CW are identified with
k-rational points of CW i.e., elements of CW (k) and the above homomorphism
F™o () is identified with the homomorphism

s OWp|(k) — CWV™ (k).

As k is perfect, the Frobenius homomorphism of CW (k) is an isomorphism and
therefore the induced homomorphism

F CW[p)(k) — CWV™)(k)

is injective. It is also surjective, because I : CW (k) — CW (k) is surjective and
P = VT, O

7.2 Cartier modules vs. Displays

The following proposition is proposition 90, p. 84 of [Zin02]:

Proposition 7.2.1. Let P = (P,Q, F,V 1) be a 3n-Display over a ring R. There
18 a canonical surjection

Er @wry P - M(BTp), e®x— (u— [ue® z])

—~

where Eg is the Cartier ring, the ring opposite to the ring End(W). The kernel
of this morphism is the Er-submodule generated by the elements F®x —1® Fx,
forx € P, and V@V ly—1®y, foryc Q.

Proposition 7.2.2. Let P be a Dieudonné display over k. Then the following
morphism is an isomorphism of Ei-modules:

i P — M(BTp),

r (§ = [f@a]).
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Proof. Let us denote by I the kernel of the morphism in the last proposition
(with R = k). Then the morphism

sending the class of e ® x modulo I to the morphism (u — [ue ® z]), is an
isomorphism. Now, we have a canonical morphism

sending an element x to [1 ® x|, the class of 1 ® z in the quotient. The composi-
tion of this morphism with the above isomorphism is the morphism given in the
statement of the proposition. So, it is enough to show that ¢ is an isomorphism.
Since by assumption P is the 3n-display of a p-divisible group, it is endowed with
a Verschiebung and so we can define a map

by sending F' ® x to Fiz and V7 ® y to VJy with 4, j natural numbers and z,y
arbitrary elements of P. We claim that this is a well-defined homomorphism of
E;-modules and is the inverse to the morphism ¢, defined above. It follows from
the definition that v is a homomorphism of Ei-modules. Again, by definition,
elements of the form F®z —1® Fxor V®V 1y —1®y map to zero and since
they generate the ideal I, we see that our map v , is well-defined. It is clear that
the composition v o ¢ is the identity of P. As in the quotient, elements F' ® x
and 1 ® F'z, respectively V7 @ y and 1 ® V7y, are identified, it follows that the
composition po) is the identity of (E; ®w ) P)/I and this finishes the proof. [

Proposition 7.2.3. Let G be a connected p-divisible group and denote by P the
associated display. Consider the map

X : BTp — G, [w @ u] = n(u)(w)

with N a nilpotent k-algebra, w € W(N) and u € D,(G). This is a canonical
and functorial isomorphism.

Proof. As the Cartier functor is an equivalence of categories, it is sufficient to
prove that x is an isomorphism after applying the Cartier functor M on it. Since
the homomorphism p : D,(G) — M(BTp) defined in the previous proposition is
an isomorphism, it suffices to show that the composition

M(x) o p: D(G) = M(G)

is an isomorphism. By construction, this homomorphism sends element u €
D.(G) to the homomorphism n(u) : W — G, in other words, this composition is
the homomorphism 7 : D.(G) — M(G), which is an isomorphism by Theorem
C1.29 O
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Remark 7.2.4.
1) If we denote the composition
pton:DJ(G) = M(G) —=— P
by 9/,\ then for all u € D,(G), all n, all nilpotent k-algebra N and all
¢ € W(N) annihilated by F", we have
[€ @ 0(u)] = p(0(w))(€) = n(u)(€) = E(§ - m[F"0(u)]n(-); 1),

where E(§ - 7,[F"0(u)],(.); 1) is seen as an element of G, (N) under the
identification Hom(G%, G,,,) = G,, and we have used Lemma for the
last equality.

2) If G is local-local, and £ belongs to W, pr(N) with m and M such that
FM@G, =0 and V™G, = 0, then we have

[Wla (V7€) = [FY7"7(€) ® 0(u)]a € Ga(N).



Chapter 8

The Main Theorem for
p-Divisible Groups

In this chapter, we prove that the exterior powers of étale p-divisible groups and
p-divisible groups of dimension 1 (at points of characteristic p) over arbitrary base
exist and that the construction of the exterior power commutes with arbitrary
base change.

8.1 Technical results and calculations

Throughout this section, unless otherwise specified, k is a perfect field of charac-
teristic p and G is a p-divisible group over k.

Proposition 8.1.1. Assume that G is connected. Then the action of the Ver-
schiebung on the Dieudonné module of G is topologically nilpotent, i.e., for every
x € D(G), we have lim V"x = 0.

n—oo

Proof. The topology on D := D,(G) is the p-adic topology. So we ought to prove
that for every x € D and every n € N, there exists an my € N such that for all
m > mg, we have V™x € p"D. Since G is local, there exists a natural number
myg such that G,, is annihilated by the Frobenius to the power mgy and therefore
V™ D, (G,) = 0 (note that we are working with the covariant Dieudonné theory).
We have a short exact sequence

0—p"D— D — D,(G,) —0,

which commutes with the action of Verschiebung. Since V™D, (G,,) = 0 for all
m > mg, we have V™D C p"D, which finishes the proof. n

Lemma 8.1.2. Assume that G is connected. Then for every natural number n,
there exist a natural number m such that V" D,(G) C F"D,.(G).

137
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Proof. From the previous lemma, we know that the action of Verschiebung is
topologically nilpotent. It is therefore enough to show that for every natural
number n, the submodule F"D,(G) is open in D := D,(G). Indeed, if for every
x € D, there exists an m such that V™z € F"D, since D is finitely generated
over the ring of Witt vectors over the base field, then there exists an m such that
VmD C F™D (and in fact, we showed in the proof of the previous lemma that
there is an m with V™D C p"D). We have p"D = V"F"D C F"D. Hence, F"D
is open in the p-adic topology. O

Notations 8.1.3. Assume that G is local-local and that we are given an element
u € D,(G). We denote by [v],, the composition

VW W G,

Fix natural numbers m and M such that FMG, = 0 and V™G,, = 0. The map
[u],, : W — G,, factors through the quotient W — W, »r, therefore, the map [v’],,
too, factors through the quotient V"W — V"W, »s and since G, is annihilated by
p", this map factors through the quotient V"W, pr — V"W, 2 /p™, and by abuse
of notation, we denote the resulting maps V"W, py — G, and V"W, y /D" — G,
by [u],, as well, and we have the following commutative diagrams:

[u"]n

VW W

BRI

VnWm,M - Wm,M — G

[W]n

and
V"W ——= VnWm,M — > VnWm,M/pn

[ub]n
["]n J« %
G

n-

Note also that by the functoriality of Verschiebung, the image of the map [u’],
lies inside the subgroup VrGP"). And once again, by abuse of notation, we will
also denote by [u’], the induced map going to vnGP",

Remark 8.1.4. Assume that G is local-local and we are given an element
u € D,(G). Keeping the above notations, we have the following commutative
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diagram:
Wm M L Wm M( I//-V\
vn Wm M )n n(w)
oh G.

Lemma 8.1.5. Assume that G is local-local and we are given an element u €
D.(G). Then for every n and every m and M with FMG, =0 and V"G, = 0,
the following diagram is commutative, where \/(u), denotes the image of \/(u)
under the map lim Hom(W/F", G;) — Hom(W/F", G,,):

i

VoW /pr o W/ pr YW

|

V"WmM/p"

vn G%P")

Proof. Tt is enough to show that the two homomorphisms
VoW fpr ey et

and
VW /" = VWi /0" s VG

are equal after composing with the inclusion vrGP) o G,. Since the com-
position of [u"],, with this inclusion is equal to the composition of the inclusion
V*W/p"* — W/p™ with the homomorphism [u],, we are reduced to show that
the following diagram commutes:

vew pr Y g
M

We know that the composition
VWt s W/pr ey G

is equal to \/(u), and since homomorphisms [u],, and respectively \/(u), factor
through W, ar/p™ and respectively V"W, 1, we obtain the commutativity of the
above diagram as desired. O]
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Lemma 8.1.6. Assume that G is local-local and we are given an element u €
D.(G). Then for every n, n' > n and m, M with FMG,y = 0 and V"G, = 0,
the following diagram is commutative:

Proof. 1t is enough to show that this diagram commutes after composing it from
left with the epimorphism W — W, s (the right triangle commutes by definition

of r,,) and since the homomorphisms [u,, and [ub]fff_n) land in G,, we can

replace W, »; and respectively V™' W, y; with W/p™ and respectively V"W /p™’.
From the last lemma we know that the composition

b](P

VYW /" = VY W [0 Wy G

is equal to \/(u)fff_n) and therefore, we are reduced to show that the following

diagram commutes:

W/pn’ Vn; Vn’w/pn’

Mni iwu)ffi"’)

Gn<—7— V"G

The commutativity of this diagram follows from Remark or Proposition
(. 1.26l ]

Lemma 8.1.7. Let P be a Dieudonné display over k and write G for the p-
divisible group BTp. Given an element u € D,(G), a nilpotent k-algebra N and
an element & € W(N'), we have for all n' > n and m, M with FMG,, = 0 and
VmGn/ =0:

(i) [ (V) = [E® 1@ VM 0(w)]w and
(i) [uln(&) = p" "€ @ 2(w)]w = [P E® 2(u)]n € Gu(N),
where & is the image of & under the composition
WN) = W (N) = W(N)

and z(u) € P is any element such that F™ z(u) = VM= 0(u).
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Proof.

(i)

(i) By Remark we have

W] (V7€) = [ulw (V7€) = [FM € ® f(u)]

and since we want to calculate the twisted homomorphism [ub]ffﬁ_") on

(V™'€), we obtain
WV = [y (v = [FY T E e 1w f(w)
(cf. Construction . Finally, by Remark , we know that
[FM e 1@ 0(u)] = [E@1e VY 0(u)]

and we obtain the desired equality

)2V E) = [E 1@ VI ()],

n/

By the last equality and the previous lemma, we have

’
n

[u] (&) = rnﬁn([ub]gi )(anf)) = rn’,n([g(@ I® VM_nle(u)]n’)'

In order to calculate the latter, we have to find an element in G,/ (N') such
that when we apply V™ on it, we obtain the element [@1®V " 0(u)], and
then r, , ([€®@1Q VM ="0(u)],) will be p” =" times that element. We claim
that [§ ® z(u)], is such an element. Indeed, we have by the construction of

Verschiebung on BTp (cf. Construction [6.1.12)) that
VY [E®z(u)] = Verpl€ @ 2(w)] = (@10 F"2(u)] = [ 10 VY ™0(u)).
Hence the equality

[u]n<§) = rn’,n([g@) I® VM_HIQ(U)]H’ =p" _n[§ ® Z(u)]n’ = [pn’—ng@) Z(u)]n

[]

Remark 8.1.8. Let us use the notations of the previous lemma. From the
construction of V! given in Construction [6.1.13} we have the following equalities

inside

the module P:

b —1d)( MZ @ VMTig(u)) =

=0

M-1

M-
Z ®VM 19 ) ZFZ+1E® VMfifle(u) _

=0 =0
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EQVMI(u) — FYE@0(u) = £ @ VMO(u),

where the latter equality follows from the fact that FM¢ = 0. Further, we have
E@VMO(u) =@ VPV o(u) = £ VT F 2(u) = £ @ p" 2(u) = pYE® 2(u).
It follows that

w0 TE@ 2(u) = = Y FIER VY TO(u). (1.9)

i=0
Lemma 8.1.10. Let Py, Py, ..., P, be Dieudonné displays over k and
w:Pr X xP.—= Py

a multilinear morphism satisfying the V-F conditions. Fiz natural numbers N
and M and a vector (dy,...,d,) € N'. Assume that for alli = 1,...,r we have
elements y;, z; € P; such that FNz = VMy;. Then

FN (p(r_l)Ngo(lezl, e Vdrzr)) = VM(,O(leyl, e Vdryr).
Proof. Set z := pr=WNp(Vdiz .. V¥z). We have
VVNEN2) = pNe = pNop(Vhzy, . V8 2) = p(pV V82, pN VP 2,) =
(VAVNEN 2 VEVNEN ) = (VB NV My vy Ny My ) =
VNVMp(Viy,,..., Viy,)),

where the third equality follows from the fact that ¢ is multilinear and the last
one from the fact that ¢ satisfies the V' condition. Since V' : Py — F is injective,
it follows that FNz = VMp(Vdy,, ... Viry,). O

Construction 8.1.11. Let Py, Py, ..., P, be Dieudonné displays over k£ and
p:Pr X xP.—= Py

a multilinear morphism satisfying the V-F' conditions. For all 0 < i < r; set
G; := BTp,. The map ¢ induces a multilinear map P, x --- x P, — Py/p™ and
since it is linear in each factor, we obtain a multilinear map

P /p" x---x P./p" — Py/p".
As P;/p" = D,(G, ), we have a V-F multilinear map
Sﬁn : D*(Gl,n) XX D*(Gr,n) — D*(GO,n)

i.e., an element of the group L(D.(Gi,) X -+ X D(Gyn), Di(Go,)) which is
isomorphic to the group Mult(Gy,, X - - - X Gy, Go) by corollary [3.0.21] Hence,
we obtain a multilinear map

V_l ¢} A((ﬁn) : Gl,n X e X Gr,n — GO,n-

where we have abbreviated A(GM ..... GrniGon) and respectively V(Gl,n ,,,,, GrmiGon) 1O
A and respectively V.
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Construction 8.1.12. Let us fix a positive natural number M. We set §;, =
[1, M —=1]"'x{0} x [0, M —1]"~*"! C N". Then the sets S;, and S;, are disjoint
if i # j and their union is the set Zg ;. We define a map & : Zg _p, — Zg
as follows. Take an element d = (dy, ...,d,) € Zj .y, and set d := maxd. Define
d(d) = (d—dy,...,d—d,).

Lemma 8.1.13. The map & is well-defined and is an involution, i.e., is its own
muverse.

Proof. We show at first that this map is well-defined, i.e., we show that 8(d) €
Zj o5 (for all d). Take an element d in Zg ), and set d := maxd. As d is the
maximum of all d; and it is smaller than M it follows that all components of 5(d)
are in [0, M —1] and at least one of them is zero. This shows that § is well-defined.

Now we show the second statement. Since the set Zg _,, is finite, it is enough to
show that the composition 6 o 8 is the identity of Zg _,,. So, take an element d
and let d be the maximum of the d;. Since at least of the d; is zero, the maximum
of the vector 8(d) = (d — dy,...,d —d,) is again equal to d and thus

5(5(d) = (A~ (d—dv),....d— (d—d)) = (dy,....d,) = d.

Theorem 8.1.14. Let Py, P, ..., P, be (nilpotent) displays over k and
o P X X Py P

a multilinear morphism satisfying the V-F conditions and set G; := BTp,. Then
the two morphisms V= o A(p,) and B,,, are equal.

Proof. It r = 1, then 3, is the restriction of BT, : BTp, — BTp, to a morphism
BTp, ,, = BTp, , and this is theorem is just a restatement of the Theorem|6.1.17]
which states that the functor BT is an equivalence of categories.

So, we assume that » > 2. The p-divisible groups G; are connected, because they
correspond to nilpotent displays. Assume that there exists an ¢ € [1, 7] such that
G, is of multiplicative type. Then, by lemma 4.5.6, p.51 of [Pink], for all positive
natural numbers n, the group Mult(Gy,, X - -+ X Gy, Go ) is the trivial group.
Indeed, we have

Mult(Gy X -+ X Grpy Go) & Mult(Grpy X -+ X G X Gy Gra),

which is the trivial group by the aforementioned lemma. As the two morphisms
V~to A(g,) and B,,, belong to the group Mult(Gy,, X - -+ X G,.pn, Go), they are
both the zero morphism and hence equal. We can therefore assume that for every
1 <4 <r, the p-divisible group G; has no multiplicative part and therefore has



144 CHAPTER 8. THE MAIN THEOREM FOR P-DIVISIBLE GROUPS

connected dual. We denote by D; (respectively by D, ,,) the Dieudonné module of
G, (respectively of G; . Fix a positive natural number n and choose n’ > n such
that r, ., : V"'Gi,n/ — G, is defined for every i = 1,...,r (cf. Lemma .
Also fix M > n' and m > M such that the group schemes Gy, ...,G,, are
annihilated by F™ and V™ and for every i = 0, ...,7 we have VM= D, C F" D,
(cf. Lemma and FMGy,, = 0. We prove that the two maps A(4,) and
V(Byn), from Dy, x -+ x D,,, to Mult(W", Gy ,,), are equal. Take for every
i =1,...,r, arbitrary elements u; € D;, £ € W and chose z; € P; such that
Fz = VM="0(u;) (cf. Lemma [8.1.2). For every j € N, denote by 5](.1) the

projection of ¢® under m; : W — W[F’] and by E;l) its projection under

W —Ls W[FI] 255 W, 5.
So, for every s < j, we have

P o P g wa PEo0 (g

Jj—s’

Set zg := pU V" p(Vhzy, ..., V2, 0; := 0(u;) and g; := ngpi(p"/_”gg\? ® 2;).
Using Lemma [8.1.10] we know that

FV g = VMoV, . .. V¥0,). (1.16)

By Remark and using the equations (1.15]), we have

M-1 M-1
R MG TS S LA Ry
=0 6;=0

and

M-1 M-1
Vilg == FYED e vVl =~ S e e v e, (L18)
j=0

6;=1

Let us at first calculate V := V(B,,)([t]n, - - -, [ur]n) (€D, ... €M), By defini-
tion, this is equal to

B ([tr]n(€D), . [ ]n(€)) = Bon ([P "Exp @ 1], -, [P "Erp © 1)),

where we are using Lemma for the last equality. Now, by definition of 3,
the latter is equal to

r

(DS (B g Vg TE © 2 i 0] =

i=1
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7“ n n — =)
1Zp V glv"-vv lgi—lan®2i7.gi+1a"'7g’r)j|‘

Using identities and (| , this sum becomes:

M-1
' n —(i-1
ZP [ 25M 5 @ VIO, Z fgw ;Z , © VM- 191—17§M®Zza
61=1 i—1=1

M
Z 51\715“ VM_6i+19i+1;-~7Zg§\T4) N ® VM=org )}

H—l =0 (57“:

an n|: Z gM 01 ° Eg\?—ér ®90(VM_61917'"7'2Ti7"'7VM_5T97“):|7 (119)

ES; r

where the vertical arrow under z; is to emphasize that the i*"-entry doesn’t follow
the pattern of the other entries (cf. notations at the beginning of the thesis). We
claim that this sum is equal to the following sum:

nlfn _(1) —(’I“) r— n/ -
> 0" iy - Carra, @D (V2L V). (1.20)

deZg

We know by Lemma that the two index sets of these sums are in bijection
and we want to show that in fact, under the bijection given in the aforementioned
lemma, the corresponding summands are equal. Take an index d € Zg _), and
assume that 0 := d(d) belongs to S;, (i.e., d; is the first maximum occurring in
d). In the summand corresponding to the index d of the sum , using the
multilinearity of o, distribute the factor p" =" into ¢, except at the i*"-place.
The term

® =0 i !
[Enisar - Enra, RpU M p(Vhizy, . VY z)]

becomes:
(1) _(T) dy, n' d; dy 0’
[ZM+d1~--fM+d, ®p(Vp Z1,...,VTzi,...,V p Zr)]
Writing p™ as V" F™ and using the identity F "'zj =M _”'Gj, this term becomes:

|:§M+d1 5;2)+d & QO(VdH_Mel, ceey VdiZi7 Ceey VdT+M9T)} .
T

As by assumption ¢ satisfies the V-F conditions, we can factor out V% and using

Remark [6.1.16] we obtain the term

=1 T —(d— (d.—
[Fdz (55\4)—‘,-(11 fgw)err) ® SO(VM (d dl)eh LA Z’Tizﬁ LA VM (i dr)gr)} .
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Now, using the fact that Frobenius is a ring homomorphism and the second
equality of ((1.15]), we obtain

1 =(r) —(di— _(d—
[€0i— () - - - Eri—(dy—a,) ® (VM Wzdﬂeh.”,?,“.J/M (di=dr)g )]
By definition of §(d), we have d; — d; = d; and therefore, this term is equal to

—(1 —(r _ .
KVaf~£VaA®¢U”1&%w-w?wnyVM5W0]

This term multiplied by p =" is exactly equal to the the summand corresponding

to d € S, in the sum (1.19) and thus (1.20) and (1.19)) are equal. This proves

the claim. Thus the element V of G, (N) is equal to

S B 9] = X B 0 )

d€L5, <t d€Zh <
Set wy = 51(\/1[)+d1 . .fj(\?err and let wy be its image under the morphism

W = War — W,

Set also () := @(V10;...,V¥0,) and N := M —n’' +n. As FMw, = 0, we
have that FN (p"' ~"w,) = 0, and thus, by Remark- 7.2.4] the element [p™ ”wd®zj
is equal to

/

!

Wy - TN[FN2gn ()i 1) = E(wg - p" "rv[FN 2gw(0); 1) =

By V" [P Vel (051) = By VY ey [FY P 2y (O)31)
By V" ey [P VI (0] (5 1) =
By V"oV p(0)] v (5 1). (1.21)

We claim that V' =75 [pM " (0,)]x (L) and 7ar[(04)] (L) are equal as morphisms
G§., — W (note that the former is a morphism Gf  — W, and we are restricting
it to the subgroup scheme G7 ). It is enough to show that the compositions of
these two morphisms with the projection 7 : Gg .., — Gf,, are equal. Take a
section g of G . The element z := [p(0a)],(7(g)) belongs to Wy, because by
assumption, FMGy,, = 0. The element y := [p" " (6,)]x(g) belongs to Wy and
we know that z and y are equal as elements in CW*. Thus, V"' "y = VM-Ny = ¢
and so V"' "1y (y) = TM( ). This proves the claim. It follows from the claim and
equation (T:2I)) that [p" "W, ® z4] is equal to E(Wg - Tar[9(04)]n(-);1). Asr > 1

and for every i € [1, r]] we have F'¢ M) +a, = 0, we can use Lemma|7.1.6| twice and
deduce that the element F(wg-ar[¢0(04)]n(2); 1) is equal to E(wg-mar[¢(04)]n(2); 1)
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(note that EE\Z) +q, and 51(\? 4, have the same image inside W,,,). The latter is by
definition equal to ®4(EM ... M [©(0,)].(0)). Recalling that [p(6y)], is equal
to G, (Va [uy]n, ..., VO [u,],), the above calculations show that V is equal to the

suim
Z q)d(g(l)a cee 7£(T)7 Qﬁn(vdl [ul]na R Vdr [ur]n)(*»?

deZ

where

®q(€, .. €7 G (VI ur]ns o, VI [wln) (1) Gop = G

is seen as a section of G . This equality means that the two multilinear morph-
isms V(Byn)([uln, -, [u]n) and A(@n)([ti]n, - .., [ur],) from W" to Gy, are
equal. As every element of D,(G,,,) is of the form [u;],, for some u; € D,(G;), it
implies the equality of A(4,) and V(B,.,). O

Corollary 8.1.22. Let Py, P1,..., P be (nilpotent) displays over k. The homo-
morphisms

B Mult(Py % -+ x Py, Py) — Multy(BTp, % - - x BTp,, BTp,),
Sym(Py, Po) — Sym(BTp, , BTp,)

and
Alt(PT, Poy) — Alt(BTp, , BTp,),
gwen in Corollary[6.2.11| are isomorphisms.
Proof. As usual, we only prove the first isomorphism, and leave the similar proofs
of the other two. For every i =0,...,r, we set GG; := BTp,, the p-divisible group

associated to P; and denote by D; the (covariant) Dieudonné module of G;. Using
the previous Theorem, we obtain a commutative diagram

Mult(Pl X oo X PT,Po)

\

Mult(Gy % -+ x Gy, Go)

1%

1%

Mult(Dy X -+ X D,, Dy),

where the vertical isomorphism is given by the identifications of displays and
Dieudonné modules and the oblique isomorphism is given by Corollary It
follows at once that 3 is an isomorphism. O

Remark 8.1.23. The author believes that using this isomorphism and a similar
argument as that given in [Zin02] (to prove that the functor BT is an equivalence
of categories), one can prove that the morphism / is an isomorphism over any
excellent local ring or a ring R such that R/pR is of finite type over a field. In
other words, that the answer to Question [6.2.12]is affirmative.
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8.2 The affine base case

In this section, we show the existence of the exterior powers of p-divisible groups
over complete local Noetherian rings with residue field of characteristic p, whose
special fiber are connected p-divisible groups of dimension 1. We also calculate
the height of these exterior powers and their dimension at the closed point of the
base. Furthermore, we show that these exterior powers commute with arbitrary
base change. The prime number p is assumed to be different from 2.

Construction 8.2.1. Assume that p is nilpotent in R. Let P be a display over
R, with tangent module of rank at most 1 and denote by A% the p-divisible
group associated to /\"P. The universal alternating morphism X\ : P" — A" P
(cf. Proposition induces an alternating morphism f\,, : G, = A%,, which
gives rise to a homomorphism

A (X)) Hompg (AR, X) — Alth(Gn, X)

for every group scheme X. Sheafifying this morphism, we obtain a sheaf homo-
morphism

A_;‘;(X) : HO—mR(AE,m X) — &%(Gn7 X)

Remark 8.2.2. Note that by Lemma [6.3.2] and Proposition [6.1.14] the construc-
tion of AP, and therefore the formation of A7, commutes with the base change,
i.e., if A is any R-algebra, then we have canonical isomorphisms (\"P)s =
N (P4) and (A)a = A’y (note that since p is nilpotent in R it is so also in
A and therefore A"y is a p-divisible group).

Theorem 8.2.3. If R is a perfect field of characteristic p, then for every group
scheme X over R, the morphism

A5(X) s Homp(Af,, X) = Alth(Gr, X)

1s an isomorphism. Consequently, we have a canonical and functorial isomorph-
sm

A

for all positive natural numbers n.

Proof. We know that for each n, the exterior power \"G, exists (Proposition
4.4.6)), is finite and its Dieudonné module is isomorphic to A" D,(G,) (corollary
5.5.19) which is isomorphic to (A"D.(G))/p". This shows that the canonical
homomorphism A"G, — A%, (induced by the universal property of \"Gy) is an
isomorphism. We have also shown (Remark [5.5.21]) that the universal alternating

morphism 7,, : G7 — "G, corresponds via the isomorphism

L(DA(Go), \ DulGr)) —= Mult(G, N G
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(cf. corollary and Remark , to the universal alternating morphism
D.(G,)" — N'D.(G,), which is the reduction of the morphism A : D,(G)" —
N D.(G) modulo p™. It follows from the previous theorem, and after identifying
the two group schemes A"G,, and A% ., that the two alternating morphisms 7, and
Bxn are equal, i.e., that the morphism £, ,, is the universal alternating morphism.
This means exactly that for every group scheme X over R, the homomorphism

A (X)) Hompg (AR, X) — Alth(Gn, X)
is an isomorphism. O]

Proposition 8.2.4. Assume that p is nilpotent in R. For every group scheme X
over R, and every ring homomorphism R — L, with L a perfect field, the morph-
ism N5 (X) is an isomorphism on the L-rational points, i.e., the homomorphism

/\;(X)(L) : I‘IOIHL(AEJI7 XL) — AltE(GL,ny XL)
18 an isomorphism.

Proof. This follows from Remark and the previous theorem, noting that L
has characteristic p, since p is nilpotent in R. O

Proposition 8.2.5. Let R be a perfect field of characteristic p. Then, for every
group scheme X over R, the morphism ﬁ(X) 1S an isomorphism.

Proof. Let I be a finite group scheme over R. Then the sheaf of Abelian groups
Homp (1, X) is representable and we have a commutative diagram

Hom(I,A} (X))
Homp(1, Homg (A%, X)) — Hompg(I, Alth (G, X))

~l l~

Homg (A%, Homg(1, X)) Alt’, (G, Homg (1, X)).

An(Homp(1,X))

The bottom homomorphism of this diagram is an isomorphism by the Theorem
and therefore the top homomorphism is an isomorphism as well. We also
know from the previous proposition that the homomorphism A*(X) is an iso-
morphism on the L-valued points, for every perfect field L, and in particular
for the algebraic closure of R. It follows from the Proposition that this
homomorphism is an isomorphism. O

Proposition 8.2.6. Assume that p is nilpotent in R. The homomorphism

Au(Gr) - Homp (AR, Gin) = Altg(G, G)

18 an isomorphism.
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Proof. Let L be a perfect field and s an L-valued point of the scheme Spec(R).
By Remark , the group scheme (A% ,)r is canonically isomorphic to the
group scheme A7 and therefore, the fiber of the homomorphism ) (G,,) over s
is the homomorphism o

)‘_:(Gm)s : ML(AZJN Gm,L) — &E(GLJ’L’ Gm,L)7

which is an isomorphism by the previous proposition. Since Hompg (A% ,, Gnm),
being the Cartier dual of the finite flat group scheme A%, is a finite flat group
scheme over R, and the group scheme Alt%(G,,G,,) is affine and of finite type

over Spec(R) (cf. Remark [2.2.11]), we can apply Remark and Proposition
1.0.5{ and conclude that the homomorphism A (Gy,) is an isomorphism. O

Proposition 8.2.7. Assume that p is nilpotent in R. For every finite and flat
group scheme X over R, the morphism

A5(X) - Homp (AR, X) — Alty (G, X)

is an isomorphism. Consequently, B, : G;, — A%y, is the rth-exterior power of
G, 1n the category of finite and flat group schemes over R.

Proof. As X is finite and flat over R, there exists a canonical isomorphism
X = Homgx(X* G,,), where X* is the Cartier dual of X. We then obtain a
commutative diagram

r A5(X)
I—IO—IHR(‘/\RJw)()

I—IO_mR(A%m’ HOmR(X*, Gm)) Ar (Hom i (X*,Gm))

|

Homp(X™, Homp (A%, Gin))

Altp(Gn, X)

lg

&?{(CEHI—IO_IHR(X*a Gm))

lg

Hom g (X™*,A7 (Gm))

Since by the previous proposition, the homomorphism A\*(G,,) is an isomorph-
ism, the bottom homomorphism of this diagram is an isomorphism as well, and
thus also the homomorphism A (X). Taking the global sections of A (X) (i.e.,
taking the R-valued points), we conclude that the homomorphism A\ (X) is an
isomorphism, and therefore 8y, : G}, — A%, is the r*f_exterior power of G,, in
the category of finite and flat group schemes over R. [

Question 8.2.8. Is the morphism
A (X) : Hompg(AR ., X) — Alty (G, X)

an isomorphism for every group scheme X over R?
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Proposition 8.2.9. Let R be a complete local Noetherian ring with residue char-
acteristic p and G a p-divisible group over R such that the special fiber of G is a
connected p-divisible group of dimension 1. Then there exists a p-divisible group
N G over R and an alternating morphism 7 : G* — N\ G, such that for every
p-divisible group H over R the induced group homomorphism

7 : Homs(/\ G, H) — Alts(G", H)
s an isomorphism. Furthermore, for all n, the canonical homomorphism

A (Ga) = (N G

induced by the universal property of N (Gn) is an isomorphism. Finally, the
height of \"G is equal to (lj) and its dimension at the closed point of R is equal
to (h_l).

r—1

Proof. First assume that R is a local Artin ring. Then p is nilpotent in R and G
is infinitesimal. Set A\"G := A%. By Proposition [8.2.7} the alternating morphism
Ban : G — (N'G), is the rP-exterior power of G,, over R and therefore, the
canonical homomorphism (A"G),, — A" (G,) is an isomorphism and the induced
homomorphism

Homp(/\ Gn, H,) = Alty(Gy, H,)

is an isomorphism. Taking the inverse limit of this isomorphism and noting that
by definition,
Alth(G,H) = {iinAlt}"%(Gm H,)

and
Homg(G,H) = {iinHomR(Gn, H,)

n

we deduce that the canonical homomorphism
Hompg(G, H) — Alt(G, H)
induced by the system {0, : G, = (A"G)n}n is an isomorphism.

In the general case, set X := Spec(R), X := Spf(R) and for all i, X; :=
Spec(R/m’), where m is the maximal ideal of R. Let G(i) denote the base
change of G to X;. From above, we know that \"G(i) exists for all i and we have
a universal alternating morphism A(i) : G(i)" — A"G(i). We also know that the
construction of the exterior power commutes with base change (note that G(3) is
infinitesimal), and thus the universal alternating morphism

AMi+1):Gli+ 1) — N Gli+1)
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restricts over X; to A(i) : G(1)" — A\'G(i). By Proposition and Remark
, there exists a p-divisible group A"G over X and an alternating morphism
A1 G" — A"G which restricts over each X; to A(7). It follows from the universal
property of A\"G(i) and Remark that the alternating morphism A is the

universal alternating morphism making /"G the r*-exterior power of G over X.

The same arguments show that the truncated Barsotti-Tate groups A" (G(i),)
(of level n) form a compatible system and therefore define a truncated Barsotti-
Tate group of level n over X. Using again Proposition and Remark [5.3.2]
we obtain a truncated Barsotti-Tate group of level n over X, denoted A"(G,)
and an alternating morphism A, : G7 — A'(G,). Like above it is the univer-
sal alternating morphism making A"(G,) the rtf-exterior power of G, over X.
Since for all 7 the canonical homomorphism A"(G(i),) = (A"G(i)), is an iso-
morphism, it follows from Proposition that the canonical homomorphism
N (G,) = (A G), is an isomorphism as well.

The dimension of a p-divisible group over a field is invariant under field extensions
and the height of a p-divisible group (over any base scheme) is invariant under
any base change. We also know that the construction of the exterior powers of a
p-divisible group (of dimension 1) over a field of characteristic p commutes with
field extensions (cf. Remark 8.2.2). Thus, in order to determine the height of
A\"G, and its dimension at the closed point of S, we can assume that the residue
field of R is algebraically closed (note that (A\"G)r = A"(Gy)). By Remark[6.1.11]
the dimension and respectively the height of a p-divisible group is equal to the
rank and respectively to the height of the corresponding display. The result on
the dimension and height of A"G follows at once from Lemma m O]

Remark 8.2.10. Note that by construction of \"G (respectively of A"(G,,), the
canonical homomorphism A"(Gy) = (A\"G)x (respectively A" (Gnx) = (A Gn)k)
is an isomorphism, where k£ denotes the residue field of R.

Now, we would like to show that the exterior powers constructed in the above
proposition commute with arbitrary base change, that is, the base change of the
exterior powers of G are the exterior powers of the base change of G.

Notations 8.2.11. Let R be a complete local Noetherian ring with residue field
k of characteristic p. Let G be a p-divisible group over R, of height h, such that
the dimension of G at points of S := Spec(R) of characteristic p is 1 and that the
special fiber of GG is a connected p-divisible group. Fix a positive natural number
n and set: H := G, X := Homz(A\"H,G,,) and Y := Alt(H,G,,). Denote by
a the canonical homomorphism « : X — Y induced by the universal alternating
morphism A : H" — A\"H.

Note that all (rational) integers prime to p are invertible in R, i.e., R is Z,)-
algebra. Indeed, if n is an integer prime to p, then n is invertible k, so, it is not



8.2. THE AFFINE BASE CASE 153

contained in the maximal ideal of R. Since R is local, it is therefore invertible
in R. This implies that for all ring homomorphisms R — L with L a field, the
characteristic of L is either p or zero.

Lemma 8.2.12. Let s be a geometric point of S. Then the group scheme Y5 is
h
a finite group scheme of order p"\r) over s.

Proof. Assume that s = Spec(2). We know that the exterior powers of Hg exist
and we have a canonical homomorphism

f : Homg (A (Ha), Gua) — Alth(Ha, Ga) = Yo.

If Q has characteristic p, then by assumption G has dimension 1 and therefore
by Proposition f is an isomorphism. By Proposition [8.2.9] we know that

the order of A\"(Hg) is equal to p”(,:), and therefore its Cartier dual, which is
h

isomorphic to Yo has order p™"\v) as well. Now assume that € has characteristic
zero. Then Homg (A" (Hq),Gma) is a finite étale group scheme over . By
definition of \"(Hg) the homomorphism

F() : Homa (' (Ha), Gua) — Alth(Ha, Gua) = Ya ()

is an isomorphism. The group of homomorphisms Homgq (A" (Hg), Gmq), being
the Q-valued points of a finite group scheme over €2, is finite. Since the group
scheme Yy, is of finite type over {2 and has finitely many (-valued points, it is a
finite group scheme over (). It is thus étale. Since €2 is algebraically closed, the
two finite étale group schemes Xq and Y, are constant. So f is an isomorphism,
because it is so on the 2-valued points. Again, the order of Yy is equal to the

order of A\"(Hg), which is equal to p”( ) by Proposition |5.4.1| O

Proposition 8.2.13. The homomorphism « is an isomorphism.

Proof. Set A:= O(X) and B := O(Y'). We know that A is a finite flat R-module

of rank p"(’:) and B is a finitely generated R-algebra. Denote by f: B — A the
ring homomorphism corresponding to o and by C' the cokernel of f. By Remark
and Proposition[8.2.6] «, is an isomorphism, which means that C®@zk = 0.
Since A is finite over R, C' is also finite over R and applying Nakayama’s lemma,
we conclude that C' = 0. This implies that f is an epimorphism. Let § = Spec({2)
be a geometric point of S. By previous lemma B ®g {2 has dimension, over

), equal to p"(’rl), which is equal to the dimension, over €2, of B ®r Q. As f
is an epimorphism and therefore also f ®g 2, we conclude that f ®g €2 is an
isomorphism. This proves that a; is an isomorphism. It follows by Remark
and Proposition that o is an isomorphism. O
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Proposition 8.2.14. Let T be an S-scheme and Z a finite flat group scheme
over T'. The canonical homomorphism

Xy - Homy (N H)r, Z) — Alty(Hr, Z)

induced by the alternating morphism \r : Hy. — (N"H)7 is an isomorphism. In
particular, (\"H)r is the r*-exterior power of Hy in the category of finite flat
group schemes over T and Ar is the universal alternating morphism.

Proof. As Z is finite and flat over T, there exists a canonical isomorphism
Z = Hom,(Z*,G,,r), where Z* is the Cartier dual of Z. We then obtain a
commutative diagram

Az

Hom, ((A"H)r, Z)

d

Hom,((A"H)r,Hom;(Z*, G, 1))

|

Homy (2", Homy (A" H )7, Gm,1))

Alty(Hr, Z)

lg

Alty(Hr, Homy (2", Gy 1))

l~

) Homy (Z*, Alty(Hr, Ginyr)).

Hom,(Z*,ar

Since « is an isomorphism by the previous proposition, ar and thus also the
homomorphism Hom(Z*, ar) are isomorphisms. It follows that A7, is an iso-
morphism as well. Taking the global sections of the homomorphism A7, we
obtain an isomorphism

Homr((/\ H)r, Z) = Alty(Hr, Z),

which makes Ap : H. — (A" H)r the universal alternating morphism. O

Corollary 8.2.15. Let T be an S-scheme. The base change to T of the al-
ternating morphism 7 : G* — NG given by Proposition s the universal
alternating morphism, i.e., for every p-divisible group G' over T, the induced
homomorphism

77+ Homz((/\ G)r,G') — Alty(Gr, G)
18 an isomorphism.
Proof. By definition, we have Homz((A"G)r, G') = lim Homz((A"G,)r, G,,) and
Alty(Gr, G') = lim Alty (G, @) and the homomorphism

7 Homr (N Gu)r, GL) — Al (Grr, Gl)

is induced by the alternating morphisms 7,7 : G}, 7 — (A"Gyn)r. By previous
proposition, 7, 7 is the universal alternating morphism, and therefore the homo-
morphisms 7, - are isomorphisms. Hence 77 is an isomorphism as well. O
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Remark 8.2.16. In virtue of the previous corollary, the r*'-exterior power of G
exists and we can write \"Gr instead of (A"G)r and A" (Gr). The same holds
(by Proposition [8.2.14]) for the truncated Barsotti-Tate groups G, 7.

8.3 The general case

In this section we would like to prove the main theorem over any base scheme.
The prime number p is again different from 2. We first show a result which will
serve as an auxiliary tool to transfer the question of the existence of exterior
powers over an (almost) arbitrary base, to the question over a special complete
local Noetherian base, where we know the answer. We then prove some faithfully
flat descent properties, which together with the mentioned proposition and the
results from the last chapters, will provide a proof of the main theorem.

The following proposition and its proof are due to Lau. We include the proof
for the sake of completeness. Since the proof is not due to the author and its
contents are not used (even partially) elsewhere in this writing, we will not prepare
its ingredients. We refer to [LMBO0], [TI85] and [Wed01] for more details.

Proposition 8.3.1. Let Gy over F), be a connected p-divisible group of dimension
1 and height h, and G over R := Z,[z1,...,xn_1] the universal deformation of
Gy. Let H be a truncated Barsotti-Tate group of level n > 1 and of height h over
a Zy)-scheme X. We assume that the fibers of H in points of characteristic p of
X have dimension 1. Then there exist morphisms

X <&y Spec R
with o faithfully flat and affine, such that p*H =2 4*G,.

Proof. Let Y over Z, be the algebraic stack of truncated Barsotti-Tate groups
of level n and height h and let )y C ) be the substack of truncated Basrsotti-
Tate groups as in the proposition. The inclusion ) < ) is an open immersion
because for a morphism X — ) corresponding to a truncated Barsotti-Tate
group H over X, the points of characteristic p of X in which the dimension of H
is not equal to 1 form an open and closed subscheme X; of X x Spec,, and we
have X xy Yy = X \ Xj. The group G,, over R defines a morphism

a: Spec R — ).
We claim that « is faithfully flat and affine. Then for H over X as in the propo-

sition, which corresponds to a morphism X — )}, we can take Y = X Xy Spec R.

The morphism « is affine, because Spec R is affine and the diagonal of ) is affine.
It is easy to see that « is surjective on geometric points. Indeed, let k be an al-
gebraically closed field. If k has characteristic zero, then Y(k) = Vy(k) has only
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only one isomorphism class. If & has characteristic p, then Jy(k) has precisely
h — 1 isomorphism classes corresponding to the étale rank. These isomorphism
classes all occur in the fibers of G,, over R. It remains to show that « is flat.

Let T be the following functor on Z,)-schemes: T'(X) is the set of isomorphism
classes of pairs (H,a) where # : H — X is an open object of )y and where

a: O’)’: = m.Og is an isomorphism of Ox-modules. Then T is representable
by a quasi-affine scheme of finite type over Z,; see [Wed01]. The morphism
T — Y defined by forgetting a is a G'L,nn-torsor and thus smooth. By [III83],
the algebraic stack ) is smooth over Z,). Hence the same is true for J and T'.

Let t € T' be a closed point with residue field F,, such that the associated group
over F,, is Gy ,,. The image of t in Y(F,) is also denoted by ¢t. The homomorphism
of tangent spaces T, — Ty, is surjective, because T" — ) is smooth. Let Z — T
be a regular immersion (thus Z is smooth) with ¢ € Z such that T, — Ty, is
bijective.

After shrinking Z we can assume that Z — ) is smooth. Indeed, let U = Z xy T
and let w € U be a closed point with residue field F, lying over (¢,t) € Z x T.
Then the second projection 1y, — T is surjective. Since U and T are smooth,
the projection U — T' is smooth in u. Thus there is an open subscheme Uy of
U containing u such that Uy — T is smooth. If we replace Z by the image of
Uy — Z, which is open, because this map is smooth, then Z — )Y is smooth.

Let S = @Z’t and let H over S be the truncated Barsotti-Tate group correspond-
ing to the given morphism Spec .S — ). The special fiber of H is isomorphic to
Gon- By [III85] there is a p-divisible group G’ over S with special fiber Gy such
that G, is isomorphic to H. Since the first-order deformations of Gy and of Gy,
coincide, it follows that G’ is a universal deformation of Gy. Thus the morphism
« can be written as a composition

Spec R = Spec S — Z — ).

Here Z — Y is smooth and thus flat, and Spec.S — Z is flat, because it is a
completion of a Noetherian ring. thus the composition is flat as well. O

Now we prove the faithfully flat descent of the universal alternating morphism
and the exterior powers.

Lemma 8.3.2. Let f: T — S be a faithfully flat morphism of schemes and let
H (respectively G) be a finite flat group scheme (respectively a p-divisible group)
over S.
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1) Assume that we are given an alternating morphism 7 : H" — A (respec-
tiely 7 = G" — A), with A a finite flat group scheme (respectively a p-
divisible group) over S, such that for all morphisms g : T" — T, the pull-
back g* f*7 . g* f*H" — g* f*\ (respectively g* f*1 : g* f*G" — g* f*\) is the
universal alternating morphism in the category of finite flat group schemes
(respectively p-divisible groups) over T'. Then T is the universal alternating

morphism in the category of finite flat group schemes (respectively p-divisible
groups) over S, i.e., N = \"H (respectively A = \'G).

2) Assume that we have an alternating morphism 7" : f*H" — N (respec-
twely 7 2 f*G" — N ), with A" a finite and flat group scheme (respectively
a p-divisible group) over T, such that for all morphisms g : T" — T, the
pullback g*7v' : g*f*H" — g*N (respectively g*1' : ¢* f*G" — g*\') is the
unwversal alternating morphism in the category of finite flat group schemes
(respectively p-divisible groups) over T'. Then there ezists a finite flat group
scheme (respectively a p-divisible group) A over S and an alternating morph-
ism T : H" — A (respectively 7 : G" — A), such that for every morphism
h:S" — S, the pullback h*T is the universal alternating morphism in the
category of finite flat group schemes (respectively p-divisible groups) over
S, ie, WA = N'(h*H) (respectively h*A = N (h*G)). In particular,
A= NA"H (respectively A = \'G).

Proof. Since alternating morphisms and homomorphisms of p-divisible groups
are defined as compatible systems of alternating morphisms and homomorphisms
of finite flat group schemes (their truncated Barsotti-Tate groups), we will only
prove the lemma for truncated Barsotti-Tate groups, and the result for the p-
divisible groups follows at once.

For the proof of both parts of the lemma, we use faithfully flat descent.

1) Take a finite flat group scheme X over S. We have to show that the
canonical homomorphism

7" : Homg (A, X) — Alty(H, X)

induced by 7 is an isomorphism. So, take an alternating morphism ¢ :
H" — X. Letting g be the identity morphism of 7', we see that in particular,
ffr o f*H" — f*A is the universal alternating morphism, and therefore
there exists a unique group scheme homomorphism o' : f*A — f*X such
that o' o f*7 = f*p. We want to descend the homomorphism d’ to a
homomorphism a : A — X. Then since f is faithfully flat, we have aoT = ¢
and a with this property is unique. Set 7" :=T xgT and let p; : T — T
(1 = 1,2) be the two projections. We have to show that pja’ = pja’. But
this is true, since pjf* = p5f* and by assumption, for ¢+ = 1,2, we know
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that pff*r : pi f*H" — p;f*A is the universal alternating morphism and

we have pfa’ o pff*r = pl f*p.

2) We want to descend the finite flat group scheme A’ to a group scheme over
S. Set T":=T xgT and let p; : T" — T (1 = 1,2) be the two projections.
We should prove that the base changes of A’ via p; and py are canonically
isomorphic. By assumption, we know that pfA" = N (p; f*H) (i = 1,2).
The two compositions pjf* and p;f* are equal and thus, there exists a
unique isomorphism piA’ = p3A’ by the uniqueness of the exterior powers.
This shows that the group scheme A’ descends to a group scheme over S.
Since f is faithfully flat and A’ is finite flat over T', we conclude that A is
finite flat over S. The same arguments show that the alternating morphism
7/ descends to a morphism 7 : H” — A, and again by the faithfully flatness
of f, it should be alternating.

Now let 7" be the base change T x ¢S’ and denote by A’ and respectively f’
the projection 7" — T and respectively 7" — S’. The morphism f’, being
the base change of f, is faithfully flat. By construction of 7 (f*r = 7’) and
the assumptions on 7/, we observe that all the hypotheses of the first part
of the lemma are satisfied for the alternating morphism h*7 : h*H" — h*A
(note that we are considering the lemma for the faithfully flat morphism
f':T"— 5"). Consequently, the alternating morphism h*7 is the universal
alternating morphism in the category of the finite flat group schemes over
S’

]

Now, we would like to show the existence of the exterior powers over arbitrary
base. We need two lemmas before.

Lemma 8.3.3. Let S be a scheme over Zy and H a truncated Barsotti-Tate
group of level n and height h over S, such that the dimension of the fibers at points
of characteristic p of S is 1. Then there exists a truncated Barsotti-Tate group
A, over S of level n and height (f), and an alternating morphism A, : H" — A,
such that for all morphisms h : S — S and all finite flat group schemes X over
S’, the induced homomorphism

Homg: (h*An, X) — Alt, (h*H, X)

is an isomorphism, i.e., A, = N"H and h*\"H = N (h*H). Moreover fibers of

A, at points of characteristic p have dimension (?j)

Proof. Let Gy, R and G be as in the statement of the Proposition [8.3.1, The
assumptions of Proposition and corollary [8.2.15| are satisfied (cf. Nota-
tions [8.2.11, Thus, the p-divisible group \'G exists over R and we have the
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universal alternating morphism 7 : G" — A’G. Furthermore, there exists a

canonical isomorphism A"(G,) = (A"G),, induced by the alternating morphism

Tn : G" = (AN"G), (which is then the universal one). Also, for every morphism

¢ : T" — Spec R, we have ¢*\'G, = N ¢*G, (cf. Proposition [8.2.14). By
h

Proposition [8.2.9 the height of A"G is equal to p(v'), and its dimension at the

closed point of R is equal to (’;j) So, the order of A"G,, over R is equal to p”(?),
in other words, \"G, is a truncated Barsotti-Tate group of level n and height
(’;), and its dimension at the closed point of R is (}le)
The group scheme H satisfies the hypotheses of the Proposition [8.3.1| and there-
fore, there exists a faithfully flat and affine morphism f : T"— S and a morphism
g : T — Spec R such that f*H = ¢*G,. By the above discussions, we have an
alternating morphism

g*Tn . f*HT ~ g*g’;rl _)g*/\ gn

such that for all morphisms ¢’ : 7" — T, the pullback ¢"¢*7, is the universal
alternating morphism

g/*f*HT ~ gl*g*g’; N g/*g*/\ gn

It follows from the second part of the Lemma that there exists a finite flat
group scheme A,, over S and an alternating morphism A, : H" — A,, which
has the desired properties stated in the lemma. Since f is faithfully flat and
A, =2 g* N\ G, is a truncated Barsotti-Tate group of level n and height (:f), the
group scheme A, is also a truncated Barsotti-Tate group of level n and height

(if) The dimension of A, at points of characteristic p of S is equal to (ﬁj) O

Lemma 8.3.4. Let S be a scheme over Zy and G a p-divisible group over S
of height h, such that the dimension of G at points of characteristic p of S is 1.
Let \"G,, be the truncated Barsotti-Tate group of level n over S provided by the
previous lemma (applying it to Gy, ). Then there exist natural monomorphisms i, :
N Gn = N Gni1, which make the inductive system (N G,)n>1 a Barsotti-Tate
group over S of height (f) and dimension (:f_l) at points of S of characteristic

-1
.
Proof. For every n we have an exact sequence

Gpi1 2 G =225 G, — 0.

by Proposition 4.3.13, the induced sequence

N Gt 2 N\ Grr L5 NG — 0
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is exact as well. Since by previous lemma /"G, 11 is a truncated Barsotti-Tate
group of level n + 1, we have p""'A\"G,,1 = 0. It implies that there exists
a unique homomorphism i, : A"G,, = A\"G,;1 making the following diagram
commutative:

r " r "&n r
A Gn+1L>A Gn+1L>/\ Gn—=0

A

N G

We would like to show that i, is a monomorphism and it identifies \"G,, with
(N Grni1)[p"]. Since p" \"G,, = 0, there exists a homomorphism j, : A"G, —
(A Gri1)[p"] whose composition with the inclusion ¢ : (A"Gri1)[p"] = N Gnia
is equal to 4, (look at the diagram below). Also, as A"G,41 is a truncated
Barsotti-Tate group of level n+ 1, the image of multiplication by p is equal to the
kernel of multiplication by p" and therefore the homomorphism p : A"G,y1 —
N Gy factors through the inclusion ¢ : (A"Gpi1)[p"] = A Gni1 and induces
an epimorphism ¢, : A"Gni1 — (A Guni1)[p"]:

00— (/\TGn-&-l) [pn] - /\an-i-l s /\an+1
N Gn

el

/\an—H-

dn p

The composition of A\"&, 0 j, and g, with ¢ are equal and since ¢ is a monomorph-
ism, we have A\"&,07, = gn. So, the j, : N"G,, = (A Gny1)[p"] is an epimorphism
(¢n is an epimorphism). The two group schemes A\"G, and (A"Gny1)[p"] have
the same order over S (note that (A"G,41)[p"] is a truncated Barsotti-Tate group
of level n) and thus the epimorphism j, is in fact an isomorphism. Hence i, is
a monomorphism identifying A"G,, with (A"G,11)[p"]. By previous lemma, the

order of \"G,, is equal to p"(’rl). This proves that the inductive system
NG NGy NGy

is a Barsotti-Tate group over S of height (if) The statement on the dimension
follows from Theorem [5.5.34] O

Theorem 8.3.5 (The Main Theorem). Let S be a base scheme and G a p-divisible
group over S of height h, such that the fibers of G at points of S of characteristic
p have dimension 1. Then, there exists a p-divisible group \'G over S of height
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(ﬁ), and an alternating morphism X : G* — N\'G such that for every morphism
f: 8" = S and every p-divisible group H over S’, the homomorphism

Homyg (f*/\ G, H) — Alty (f*G, H)

induced by f*\ is as isomorphism. In other words, the r'*-exterior power of G
exists and commutes with arbitrary base change. Moreover, the dimension of \'G
at points of S of characteristic p is (’Zj)

Proof. We have flat morphisms
Spec Z[%] '+ SpecZ «2 Spec Zp)
which define a faithfully flat morphism
L H p: Spec Z[%] H Spec Z,) — SpecZ.

Let S [%] and respectively Sy, be the pullbacks of S — SpecZ, via ¢ and re-
spectively p. The two morphisms S [%] — S and Sy — S induce a morphism
T S[%] [ISw) — S, which is the base change of t[[p via § — Z. It is there-
fore faithfully flat. We define G[%] over S [%] and G, over S, in the same fashion.
The Barsotti-Tate group (A" G p)n)n>1 provided by Lemmal8.3.4] gives rise to a p-
divisible group A\"G(y) over S of height ("), such that (A"G))n = N Gp)n- The
universal alternating morphisms Ay, © G(, ,, — N G ) provided by Lemma

are compatible with the projections \"Gynt1 = N Gpyn- Indeed, the

projections . . .
/\ gn : /\ G(p),n—H - /\ G(P),”

are induced by the universal property of \"G(y)n+1 applied to the alternating
morphism
r r A(p),n T
Gt = Gy —2 N\ G

Therefore, the system (Ap)n)n>1 give rise to an alternating morphism A, :
Gl — N G- It follows from Lemma that for every morphism f : S —
S(p) and every p-divisible group H over S’, the induced homomorphism

Homg (f*/\ G, H) = Alts (f*Gy), H)
is as isomorphism.

Since p is invertible on S [], all p-divisible groups over it are étale. Thus, we
can apply Proposition and obtain a p-divisible group \"G[]] over S[7] of
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height (if), and an alternating morphism )\[]l)] ; G[%]T — /\TG[]%] such that for
every morphism f : S’ — S [%] and every p-divisible group H over S’, the induced

homomorphism
e AT Al .|
Homg: (f /\ GI). H) = Alts (£ G ], H)
is as isomorphism.

The same arguments as in the proof of the Proposition [5.4.1) show that the
disjoint union of the two universal alternating morphisms A[%] and Ag,) glue to
an alternating morphism

)‘[%]HA(P) ]G = ( [%]HG(M —>/\G TN Go

and this morphism is the universal alternating morphism over .S [ [T Sy, iee.,

NGEITTA €o = N @ T 6o

Since both )\[%] and A, stay the universal alternating morphism after any base
change, their disjoint union has the same property. The pullback of G via the
faithfully flat morphism 7 is G [ [ ITG . It follows from Lemma that the
p-divisible group A" (G [5] LI G( ) and respectively the disjoint union )\[ 1T A
descend to a p-divisible group /\ G over S and respectively to an alternatmg
morphism A : G — A"G over S, and this is the universal alternating morphism
over S and after any base change of S, as stated in the theorem.

The statement on the dimension follows from the previous lemma.

Quod Erat Demonstrandum. O

Remark 8.3.6. When the base scheme is locally Noetherian, there is a rather
elementary way to bypass Lau’s result (Proposition . We will pursue this
way in the next chapter, when dealing with 7-divisible O-module schemes, where
we don’t possess a generalization of Lau’s result. For more details, we refer to
the results following Corollary to the end of chapter 9.



Chapter 9

The Main Theorem for
m-Divisible Modules

Let O be a mixed characteristic complete discrete valuation ring, with finite
residue field F, (¢ = p/) and 7 a fixed uniformizer. We denote by K the fraction
field of O. In this chapter we would like to generalize the main theorem of the
previous chapter to the case of w-divisible O-module schemes. In fact, we are
going to explain how the results from chapters 6, 7 and 8, that led to the main
theorem, can be modified (generalized) so as to imply the generalized version
of the theorem. Recall that a main ingredient of these chapters is display, or
more precisely the equivalence of categories between the category of p-divisible
groups and the category of displays. We used displays in order to find potential
candidates for the exterior powers of a p-divisible group. Therefore, if we want to
use the same methods, we should have a variant of displays for 7-divisible mod-
ules. These are ramified displays. They have been studied in the Ph.D. thesis
of T. Ahsendorf (cf. [Ahs]). We also need a refined version of Dieudonné theory
adapted to m-divisible modules. The rest of the generalization can be carried on
quite easily. From now on, we only consider n-divisible modules that are defined
over schemes over O and assume that the action of O on their tangent space is
given by scalar multiplication.

9.1 Ramified displays

We begin with ramified Witt vectors and ramified displays and use the notations
above.

Definition 9.1.1. Let R be an O-algebra. The set of ramified Witt vectors,
denoted by Wo(R), is the set

Wo(R) == {(xo,71,...) | 7 € R} = R".

163
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The map

Wi Wo(R) = R, z:=(wg,21,...) > 2l +m2f  +--+ 7"z,
is called the n*® Witt polynomial.

Remark 9.1.2. The association R — Wy (R) is functorial on the category of
O-algebras.

We state the following results without proof, and refer to [Ahs] for details.

Theorem 9.1.3. For any O-algebra R, there exists a unique O-algebra structure
on Wo(R) with following properties:

a) The Witt polynomials w,, : Wo(R) — R are O-algebra homomorphisms.

b) For every O-algebra homomorphism R — S, the induced map Wo(R) —
Wo(S) is an O-algebra homomorphism.

Remark 9.1.4. It follows from the theorem that Wy is a functor from the cate-
gory of O-algebras to itself. Also, if we denote by Idp.a; the identity functor on
the category of O-algebras, the Witt polynomials define natural transformations
of functors w,, : Wo — Ido.alg.

Proposition 9.1.5. For every O-algebra R, there are O-linear endomorphisms
F. and V; on Wo(R), called respectively Frobenius and Verschiebung, with the
properties:

1) for every x € Wo(R), we have

Wo(Vw@ = Oa Wn(sz) = an—l(g) and Wn(Fﬂ'g) = Wn+1 (&)

2) Fy is an O-algebra homomorphism.
3) FxVe = Vil =7 and for every x,y € Wo(R), we have

Va(Fr(z)y) = 2V (y).

The following result will be used later. It is proved in [Ahs| and therefore we
omit its proof.

Proposition 9.1.6. There exists a unique natural transformation of functors
w: W — We such that w, o u = wyg, for all natural numbers n. If R is an
O-algebra, we have for all a € R and all w € W(R):

o u([a]) = [d]
o u(Ffw) = Fy(p(w))
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o p(Vw) = (D)Vau(F/1w).
Remark 9.1.7.

1) Note that the first property above determines uniquely the morphisms F;
and V, and the other properties follow from the first one. It is not hard
to see that V,(xg,z1,...) = (0,20, x1,...), thus we have Ig := Im(V},) =
Ker(wy).

2) If O is the ring of p-adic integers, then we obtain the usual ring of Witt
vectors.

Notations. Let r = p™ be a power of p. We denote by Z, the ring W([F,.).
Proposition 9.1.8. Let k be a perfect field of characteristic p.

1) The O-algebra Wo (k) is a complete discrete valuation ring with residue field
k and maximal ideal generated by .

2) If k contains F,, then there exists a canonical O-algebra isomorphism

O&,W (k) = Wo(k).

Proof. The first statement is a standard one, stated e.g. in [Dri76]. For the
second statement, note that Wy (k) is an O-algebra and contains also W (k) as
subring. There exists therefore a canonical O-algebra homomorphism

@ ®Zq W(k) — W@(k)

The subring Z, of O is the ring of integers of the maximal unramified subextension
of K. This is the ring A in Lemma [5.5.8f As we have seen in that lemma,
the completion O@ZqW(k) is a m-adically complete discrete valuation ring with
residue field k. Since by the first assertion We (k) is also m-adically complete, the
above homomorphism extends to an O-algebra homomorphism

ORg, W (k) — Wo(k).

As both completed discrete valuation rings have the same residue field and the
same uniformizer, this homomorphism is an isomorphism (note that every element
in the codomain can be written as a power series in 7 and with coefficients in a
system of representatives of elements of k). O

Corollary 9.1.9. Let k be perfect field of characteristic p, containing F,. There
exists a canonical O-linear decomposition

08z, W(k) = T[ Wo(k).
7] fZ
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Proof. This follows from the last proposition and Lemma [5.5.8| m

Now we define the ramified displays.

Definition 9.1.10. Let R be an O-algebra. A ramified 3n-display over R is a
quadruple P = (P,Q, F,V '), where P is a finitely generated Wo(R)-module,
Q C P is a submodule and F,V~! are F,-linear morphisms F : P — P and
V~1:Q — P, subject to the following axioms:

(i) IgP € @ C P and there is a decomposition of P into the direct sum
of W(R)-modules P = L & T, called a normal decomposition, such that
Q =L& IgT.

(i) V7' : Q — P is an Fy-linear epimorphism (i.e., the Wo(R)-linearization
(V1% Wo(R) Qp, wo(r) @ — P is surjective).

(iii) For any z € P and w € Wp(R) we have

VA (Ve(w)z) = wF ().

Remark 9.1.11.

1) Note that from the last axiom, it follows that F' is uniquely determined by
V1. Indeed, we have for every z € P:

F(x) =V V. (1)z).

It follows also from this relation and Fy-linearity of V=1, that for every
y € Q, we have

Fy) =V ' (Va(1)y) = EV()V Hy) =7V (y).

2) Since Wo(R) is an O-algebra, P and @) have a natural O-module structure
and the morphisms F and V! are O-linear (note that F is O-linear).

Similar constructions, remarks and propositions, as in chapter 6, hold for ramified
3n-displays. Because of these similarities, we will only mention them in a list,
without giving the details. More details can be found in [Ahs|. In the following,
R is an O-algebra and P = (P,Q, F,V~!) is a 3n-display over R.

1) The tangent module, rank and height of a ramified 3n-display are defined
analogously (cf. Definitions [6.1.9[and [6.1.10])
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Similar to Construction [6.1.3] we have a Wo(R)-linear morphism
Vi P — Wo(R) ®r, wo(r) P,
satisfying the following equations:
VHwF(z)) =mw®z, weWo(R),z€P

and
ViwV (y) =wey, weWo(R),yeEQ.

If we denote by F* : W(R) ®r, wor) P — P the Wo(R)-linearization of
F . P — P, we have the properties:

FloVi=ml1dp and Vo F'=mldwyme,,

Wwom) P -
We define V™ similarly.

Like Construction we construct the base change of a 3n-display, with
respect to a ring homomorphism R — S.

Assume that pR = 0. Denote by P@ the base change of P with respect
to the ring homomorphism Frob/ : R — R, sending r to r9. Analogous to
Construction [6.1.12, we construct morphisms of ramified 3n-displays

Frp:P —=P9 and Verp:P? =P,
such that

FrpoVerp =m.1dpw and Verpo Frp=mn.1dp.

Now we can define ramified (nilpotent) displays:

Definition 9.1.12. Let P = (P,Q, F,V~!) be a ramified 3n-display over R. Let
7 be nilpotent in R. Then P is called ramified display if it satisfies the nilpotence
or V -nilpotence condition, i.e., if there exists a natural number N such that the
morphism

VNP WO(R) ®F7{V,WO(R) P

is zero modulo I + 7Wo(R).

Definition 9.1.13. Let k& be a perfect field of characteristic p, which is an O-
algebra. A ramified Dieudonné module over k is a finite free Wy (k)-module M
endowed with an Fy-linear morphism F : M — M and an F-'-linear morphism

V.M — M, such that FV =7 =VF.

We continue our list:
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5) As in the classical case, there is an equivalence of categories between the
category of ramified 3n-displays and the category of ramified Dieudonné
modules. Under this equivalence, nilpotent displays correspond to ramified
Dieudonné modules on which V' is topologically (in the m-adic topology)
nilpotent (cf. [Ahs| for more details).

6) Let A be a nilpotent R-algebra. We construct P(N), Q(N), G%(N) and
G5'(N) as in Construction|6.1.13] Also, we define the morphism V! —1Id :
G5 (N) — G%(N) and set BTp(N) to be the cokernel of this morphism.

The following results are proved in [Ahs]:

7) For every nilpotent R-algebra N, we have an exact sequence

0 — Gl (W) L= GO(W) — BTp(N) — 0.

8) The functor BTp from the category of nilpotent R-algebras to the category
of O-modules is a finite dimensional formal O-module. The construction
P ~~ BTp commutes with base change, i.e., if R — S is a ring homomorph-
ism, then there exists an canonical isomorphism (BTp)s = BTp,.

9) If 7 is nilpotent in R and P is nilpotent, i.e., is a display, then BTp is an
infinitesimal m-divisible O-module scheme.

10) If pR = 0, then the Frobenius and Verschiebung morphisms of the -
divisible module BTp are BTp(Frp) and respectively BTp(Verp).

11) Assume that 7 is nilpotent in R and that R is a Noetherian ring. Then
the functor BT, from the category of (nilpotent) displays over R to the
category of infinitesimal 7-divisible modules is an equivalence of categories.

The following are again analogue constructions and results from chapter 6:

12) O-Multilinear, symmetric, antisymmetric and alternating morphisms of
ramified 3n-displays are defined as in Definition with the obvious
additional requirement due to the presence of O. Let R — S be a ring
homomorphism and A a nilpotent R-algebra. Let ¢ : Py X -+ X P, — Py
be a O-multilinear morphisms of ramified 3n-displays. The base change,

¢s:Prs X XPrs—=Pos

and the O-multilinear morphism ¢ : 181 X - X ﬁr — 160 are constructed
similarly to Construction [6.2.3]
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13) The O-linear
B Mult®(Py x - x P,, Py) — Mult®(BTp, x --- x BTp,, BTp,)

is constructed as in Construction [6.2.5] It maps alternating morphisms to
alternating morphisms and commutes with base change (cf. Proposition

6.2.7). Note that the O-linearity follows from the construction of 5 and the
fact that we are considering O-multilinear morphisms.

14) Now let P be of rank 1. Exterior powers of P are constructed as in Con-
struction [6.3.1 They enjoy the same properties as the exterior powers of a
3n-display, stated in Lemma[6.3.2] That is to say, the construction is inde-
pendent of the choice of a normal decomposition, and commutes with base
change. If P is nilpotent, then the exterior powers of it are also nilpotent.
If P has height h, then A"P, the r't-exterior power of P, has height (f,)

o

and rank (fj) :

9.2 The main theorem

In this section k denotes an algebraically closed field of characteristic p > 2.

Construction 9.2.1. We have the isomorphism

W&z,Z — [ W &z,0 Z,
i€Z)fT

sending an element (w ® a) to the element (w ® a); = (wa® ' ® 1);. The auto-
morphism ¢ ® Id on the left hand side induces an automorphism on the right
hand side, permuting the factors. More precisely, if we denote by e; the primitive
idempotent for the i*® factor, then, under this automorphism, e; is mapped to
ei—1 (for every i € Z/fZ). Tensoring with O over Z,, we obtain an isomorph-
ism W@ZPC’) > HW@Z(IW(’), with ¢ ® Id permuting the factors. Let D be a
Dieudonné module over k, endowed with an action of O, which acts on the tan-
gent space of D (i.e. on D/V D) through the scalar multiplication. Let us call
such an action a scalar action. The Dieudonné module D is a W@)Zp(’)—module
and therefore decomposes into a product My x My X --- x M¢_;, where each M;
is a W@Zqﬂi O-module. The Verschiebung of D is a o~! @ Id-linear morphism
and so, for every i € Z/ fZ, induces a semi-linear monomorphism V' : M; — M, ,
(cf. Lemma[5.2.5). As in the proof of Lemma we can show that each M;
is a free W®z, O-module of rank h. Let us denote My by H(D). It is a free
Wo(k)-module of rank h and is endowed with an injective = "linear O-module

homomorphism V; := V/. If D is the Dieudonné module of a 7-divisible module,
we call H(D) the ramified Dieudonné module of M and denote it by H(M).
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Lemma 9.2.2. Let D be a Dieudonné module over k, with a scalar O-action.
There exists an = -linear O-module homomorphism Fy : H(D) — H(D) such that
F.oV,=V.oF, =m.

Proof. We show at first that the tangent space of D is canonically isomorphic
to H(D)/V;H(D). With the notations of the above construction, we have D =
My x -+ x My_y and therefore,

VD=VMipy x VMyx VM X - x VM;_s.

Thus, the tangent space of D is isomorphic to the product

M, M, M;_y
X X X0/
VM, VM, VM,

Since by assumption the action of O on this k-vector space is via scalar multiplica-

M;
tion, for every i € Z/ fZ~{0}, the quotient A trivial and so VM;_, = M,;.
i—1
Consequently, V/ My = V M;_; and so, the tangent space of D is isomorphic to

Mo/ V' My, which is by definition equal to H(D)/V,H(D). This proves the claim.

Since m goes to zero in k and the the action of O on the tangent space of D is
by scalar multiplication, we have 7 (H(D)/V,H(D)) = 0, i.e., H(D) C V,H(D).
Set

F, =V 't :H(D) — H(D).

This is a well defined #=-linear @-module homomorphism and by definition, we
have F,oV, =V, 0 F, = . O

Remark 9.2.3. We have seen in the proof of the previous lemma that VM, | =
M; for every i € Z/ fZ ~ {0}. Since by Lemma V' is injective, we conclude
that V' : M;_; — M, is a semilinear isomorphism, for every ¢ € Z/fZ ~ {0} and
we have

D =2 H(D) x VH(D) x VH(D) x --- x VI7'H(D).

Corollary 9.2.4. The quadruple P = (H(D), V,H(D), F,,V."') is a ramified 3n-

display over k of height h and its rank is equal to the dimension of the k-vector
space D/V D.

Proof. This follows from the fact that H(D) is a ramified Dieudonné module
over k and the equivalence of ramified Dieudonné modules over k and ramified
3n-displays over k (cf. point 5) from the list in the previous section). ]

Construction 9.2.5. In Construction [9.2.1, we have constructed a functor, H,
from the category of Dieudonné modules over k£ with a scalar O-action to the
category of ramified Dieudonné modules over k£ with scalar O-action. Now, we
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want to construct a functor in the other direction, which will be a an inverse to
H. Let H be a ramified Dieudonné module over k such that the action of O on
it is scalar. For every i =0,...,f —1, set H; := W(k) ®,-i w) H and let D(H)
be the finite free W (k)®z, O-module

H(]XHlX"'XHf,l.

Lemma 9.2.6. There exists operators V. and F on D(H) that make D(H) a
Dieudonné module with scalar O-action.

Proof. Define operators V' and F on D(H) as follows:
V(zg,1®x1,...,1@x51) = (Va(zpo1), 1 ®@20...,1 @ x5 9)
and
F(ro,1®@zy1,...,1®xs1) = (pr1,1 @ pra, ..., 1 @ prs_1,1 @ V. (p10)).

These are well-defined maps for the following reasons. Every element of H; can
be written as 1 ®z; with x; € H, because o : W (k) — W (k) is an automorphism.
AspH C wH C V. H and V; is injective on H (this follows from the fact that H is
a free Wo(k)-module, that F, oV, = m and that 7 is a non-zero divisor of Wy (k)),
the element V"!(pz) is well-defined. Tt is now straightforward to check that F
and V are respectively “ and 7 -linear and that FoV = p = VoF. Therefore, we
have a Dieudonné module endowed with an O-action. By definition, the tangent
space of D(H) is isomorphic to D(H)/VID(H) = H/V,H, since by assumption,
the action of O on this vector space is by scalar multiplication, we conclude that
the action of O on D(H) is scalar. ]

Lemma 9.2.7. The functors D and H are inverse one to the other.

Proof. Let D be a Dieudonné module over k with scalar O-action. Then, as we
explained before, we have

DgM()XMlX---XMf_l

with V : M;_; — M; a ® '-linear isomorphism for every i € Z]fZ ~ {0}. There-
fore, we have linear isomorphisms

W(k) @o-1wxy Miz1 — M;

induced by V' and so isomorphisms W (k) ®,-i w) Mo = M; for every i. Since
by definition, we have H(D) = My, we conclude that M; = W (k) @i w k) H(D).
This shows that D(H(D)) = D.

Now, let H be a ramified Dieudonné module over k with scalar O-action. Then,
by construction, D(H) = Hy x Hy X -+ x Hy_y, where H; = W(k) ®,-i w H.
If we decompose the Dieudonné module D(H) as the product My x - -+ x M;_,
as in Construction [9.2.1] then by construction, we have M; = H;. In particular,
H(D(H)) = My = Hy = H. m
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Remark 9.2.8. The above arguments and the fact that the category of 3n-
displays (respectively ramified 3n-displays) over k is equivalent to the category
of Dieudonné modules (respectively ramified Dieudonné modules) over k, show
that we have functors H and ID which define an equivalence of categories between
the category of 3n-displays over k with a scalar O-action and the category of
ramified 3n-displays over k with a scalar O-action.

Lemma 9.2.9. Let Dy, ..., D, (respectively Py, ..., P,) be Dieudonné modules
(respectively 3n-displays) over k with scalar O-action. There exist canonical iso-
morphisms

Mult® (H(D;) x - -- x H(D,), H(Dg)) = Mult®(D; x --- x D,., D)
and

Mult® (H(Py) x --- x H(P,), H(Pp)) = Mult® (P x --- x Py, Po)
functorial in all arguments.

Proof. Since the category of 3n-displays (respectively ramified 3n-displays) over
k is equivalent to the category of Dieudonné modules (respectively ramified
Dieudonné modules) over k, it is enough to show the result for Dieudonné mod-
ules). Let us denote H(D;) by H; and let ¢ : Hy X --- X H,. — Hy be a Wp(k)-
multilinear morphism satisfying the V,-condition. Define

Xx(@) : Dy x -+ x D, — Dy

as follows. For every i = 1,...,r, take an element z; € D;. We know that every
element of D; can be written in a unique way as a sum ag+ Va;+---+ Vf_laf,l
with a; € H(D;) (cf. Remark [9.2.3). Therefore, we may assume that each ; is
of the form V®y; with y; € H(D;) and 0 < o; < f — 1. Set

fop=a==a =«
otherwise

o1 a Ve Yy
X(@)(VAyy, ..., Vy,) ::{ w1 ; Yr)

It follows from the construction that x(y) is a W (k) ®z, O-multilinear morphism.
We have to check that it satisfies the V-condition. If « is strictly smaller that
f—1,then a+1 < f—1, and by definition, we have

Vx(e) (Ve ..., V%,) = VO‘H((p)(yl, e Yy) = X(gp)(Vo‘“yl, o Vo‘+1yr).

If a = f — 1, then we have Vx(o)(V/ lyy, ..., V/7ly) = VIp(yy,. .., y,.). Since
¢ satisfies the V-condition, and on H(Dy), V; is equal to V¥, we conclude that

Viey, .. ou0) = oV iy, V) = x(0) Vi, .., Vy,).
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This shows that x(¢) belongs to the @-module Mult®(D; x --- x D,, Dy) and
that we have an O-linear homomorphism

X : Mult®(H(D,) x --- x H(D,), H(Dy)) — Mult®(D; x --- x D,, Dy).

Now, we want to define a homomorphism, =, in the other direction, which will be
the inverse of x. Let ¢ : Dy x---x D, — Dy be a W ®z, O-multilinear morphism
satisfying the V-condition. We then obtain a Wy (k)-multilinear morphism

=(¢) : H(D,) x - - - x H(D,) — H(Dy)

just by restricting ¥ on the first components of D;. As 1 satisfies the V-condition,
it also satisfies V/-condition, and thus, Z(1) satisfies the V,-condition. Conse-
quently, we have a O-linear homomorphism

= Mult®(Dy x --- x Dy, Dy) — Mult®(H(D;) x --- x H(D,.), H(Dy)).

By construction, the composition = o y is the identity. As for the composition
X © =, we have

XoZE(W) (V... VoY) = VOEW) (Y1, Yr) =

Vaw(yh R 7yr) = ¢(Vay17 teey vayT)

where the last equality follows from the fact that 1 satisfies the V-condition.
This implies that the composition x o = is also the identity. The proof is now
achieved. O]

Remark 9.2.10.

1) Let Py,...,P. be 3n-displays over k with scalar O-action. Then the O-
linear homomorphism y given in the above Lemma is given by the following
formula. Take elements ¢ € Mult®(H(P;) x --- x H(P,), H(P)) and x :=
(Z1,...,%,) € Py x --- x P,. Write &; = (x;0,...,%;7-1) according to the
decomposition P; = Pjg X -+ X P; y_1. Then

x(p)(x) = (gp(m,o, o @r0), Voo(V g, V), .

s Vf_lgo(V_f“fo_l, ceey V_f+1£L‘T7f_1))

note that for every j > 0, we have P,; = V/P,, and the formula makes
sense.

2) Let D be a nilpotent Dieudonné module over k (i.e., the corresponding p-
divisible group is connected) with scalar O-action and such that the dimen-
sion of its tangent space is 1. Then, by results of chapter 5 (cf. Proposition
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5.5.17)), the exterior power A" D is again a nilpotent Dieudonné module
W&z,0

with scalar O-action (we are using the equivalence of p-divisible groups with
O-actions and 7-divisible modules). We have a canonical isomorphism

HN D)= /\]HI

W®Zp O

Indeed, if D = My x -+ x My_y, then

/\D—/\M0 x N My

W®Zp @) W@ k)

It follows that under the isomorphism of the previous lemma, the univer-
sal alternating morphism A\ : D" — /" D corresponds to the universal
W®g,0
alternating morphism A : H(D)" — A" H(D).
Wo (k)

Construction 9.2.11. Let D be a Dieudonné module over k with a scalar O-
action. Define a map Tr : D — H(D) as follows. Take an element x of D. It
can be written uniquely as a sum zo + Vry + -+ + V7 ey with 2; € H(D).
Now set Tr(z) := xo + 1 + --- + xy_;. Since the Verschiebung is an O-linear
homomorphism, the map Tr is also an O-linear homomorphism. In the same
fashion, if P = (P,Q,F,V~!) is a 3n-display over k, we obtain an O-linear
homomorphism Tr : P — H(P) (cf. Remark [0.2.8). Now, let A be a nilpotent

k-algebra, we want to define similarly, an O-linear homomorphism Tr : p (N) —

E@(N ). We have decompositions
P:P()X ...Pf_l

and
Q=Qox - xQs

and we know that in fact, for every i = 1,..., f — 1, the two Wy (k)-modules P,
and ); are equal (and are equal to ViF)). We also know that Qo = V/ . Thus,
we have a decomposition

—~

W(N) @way P =WN) Qway Pox WN) @way Qu X -+ x WN) @y Qro1-

Note that each component /W(/\/') Qww @ (1 = 1,...,f — 1) is a submodule
of @N and on it the morphism V=% is defined. So, we can define an O-linear
homomorphism Tr : Py — H/(F) v by sending an element (o, q1, ..., qs—1) to the
element (u @ Id)(xg + Vg + -+ + Vg ), where u : W(N) = Wo(N) is
the canonical morphism given in Proposition [9.1.6]
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Notations. Let P be a ramified 3n-display over k with an O-action. In the
following proposition and the theorem that follows it, we denote by BTS the
formal group associated to P (in order to stress the ring O). So, if P is a 3n-
displays in the classical sense, we denote its formal group by BT%”.

Proposition 9.2.12. Let P be a 3n-display over k with a scalar O-action. The
homomorphism Tr induces an isomorphism

Tv: BTy" — BT
of formal O-modules.

Proof. We have to show that
(V! = 1)Q) € (V! — L) (H(Q),).
So, take an element (qo,...,qr-1) € @N. We have
Te((V™! = 1d)(qo, - - -, gs-1)) =

(V' =g,V e — @1,V igp — qp2, Vo — qp1) =
(pOI)V ' g =g+ V' G-+ +V g1 —qrat+V g —qr1) =
(p@1d) (V70— qo) = (n @ 1d) (V' g0) — (10 ® 1d)(go)-

It is thus sufficient to show that
(n®@1d)(Vg0) = V! (1 @ 1d)(qo). (2.13)

We can assume that either ¢go = £ ® 1o with £ € /W(N), Yo € Qo or qo = VIE®@ w0
with £ € W(N), yo € Py. In the first case, we have

(RI)(V ) = (R I (FIE@ VT yo) = n(F1E) @V yo =

Fepa(€) @ Vo lyo = Vi (p @ 1d) (€ @ yo) = Vit (@ 1d) (qo)

where we have used Proposition for the third equality. In the second case,
we have

(n@1d)(V7q) = (n@1d)(€ © Flag) = (&) @ Flag = p(€) @ VI (VIFTz) =
u(&) @ Vit (plao) = p’ 7 u(€) @ Vit (pro) = p(p’ ) @ Vit (pao) =
W(EIVITI) © Vo (pro) = u(FVIT) @ Vi w(Sag) =

p(FIvie Fﬂ(gwo) =V (Vep(FVIT ) @ gl’o) =

™
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VA EV(PIV ) @ ) = Vi (VI €) @ o) = Vi (02 1d) ()

where for the penultimate equality we have used Proposition [9.1.6| This proves
the claim (equality and it follows that Tr induces an O-linear homomorph-
ism

Tr: BTp" — BISp)

and we have to show that it is an isomorphism. Let us construct ﬁ& N Q\O, ~ and
the monomorphism V =/ —1d : Qo — Py in the same way that we constructed
Py,Qn and V71 —1Id : Qu — Pu. Let us denote by BT% (NV) the cokernel of

V= —1d: C/Q\O,N — ﬁo,N- It follows that the homomorphism Tr is equal to the
composition

/

ﬁ/\/’ ﬁO,N u®1d /]HI/(F)N

where Tr' is the homomorphism sending (2o, q1, - - ., ¢f—1) to the sum zo+V g +
oo+ Vg L Tt also follows from the above calculations that

T (V™ —1d)Qn) € (V™ —1d)(Qon)

and
(p@IA) (V! = 1d)(Qon)) C (V; —1d)(H(Q) -

In other words, we have a commutative diagram:

Tr
~ m —
Py Py — H(P),

| i |

BTE ()~ BTZ(N) === BTSn, V).

Tr

It therefore suffices to show that Tr" and p ® Id are isomorphisms.

The homomorphism Tt : ﬁ/\/ — ﬁo,/\/ is surjective, since Tr'(xz,0,...,0) = x¢
for every xg € Py . Thus, Tt is surjective as well. Let (zq,21,...,25-1) be an

element in the kernel of Tr’. It means that there is an element gy € Qo such
that

T (20, 1,2 1) = a0+ Ve + -+ VI a ) = (VT —1d) (o).

Define, recursively, elements y; € @ v, with ¢ =0,..., f — 1, as follows: yy := qo
and for 0 < i < f —1, set y; := Vty;.1 — x; where we calculate i + 1 modulo f,
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e.g., yr—1 =V 'yo—x;_1 and so on. It follows that the element (yo, y1,...,ys-1)
belongs to Qx and we have

(V_l - Id)(y07y17 cee 7yf—1> -

Vg — o, .- -, Vﬁlyffl —Yr-2, Vlyo — yr-1) = (o, 1,...,25_1)

and so (xo, 21, ...,2f_1) represents the zero element in BT%” (N). Tt implies that
" is injective too, ans hence an isomorphism.

It remains to prove that p® Id : Bng N) — BT]}(HQ(P) (N) is an isomorphism.
We can reduce to the case, where N2 = 0. Under this condition, there exist
commutative diagrams (for details, we refer to [Ahs] or [Zin02]):

0 @O,NC ﬁO,N N ®k T(Po) —0
V‘l—Idl expl
0 Qonv —i = Do BT (N) —0
and
0—H(Q),—H(P)y N @i T(H(P)) —=0

Vl—IdJ( expl

0— H/(@N H/(F)N BTip)(N) ——0

V-1l-1d

where the vertical morphisms V' ~! —Id in the middle are extensions of the usual
(horizontal) V! —Id and the exponential morphism, which is O-linear, is given by
these diagrams. What is proved in [Ahs| and [Zin02] is that the vertical V' —Id
are isomorphisms and so are the exponential morphisms.

Note that the tangent spaces T (Pp) and T (H(P)) are equal (P, = H(P) and
Qo = H(Q)) and the equality implies that we have a commutative diagram:

exp

N @i T(Po) BTy (N)

Idi lu@ld

N & T(H(P)) === BTG 5 ().

exp

Since the exponential morphisms are isomorphisms, we conclude that p ® Id is
also an isomorphism. This achieves the proof. O]

Remark 9.2.14. The proof of the above proposition is partly inspired by a
similar result in [Ahs].
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Remark 9.2.15. Let M,, ..., M, be w-divisible O-module schemes over a base
scheme S. Let ¢ : My x --- x M, = M be an O-multilinear morphism, when
M, are considered as p-divisible groups with O-action. Then ¢ is not an O-
multilinear morphism of w-divisible modules, but an appropriate “twist” of it
will be. Indeed, if we set f_ := ﬁgpn, then

1
Ws%ﬂ(gb e Gr) =

e

ﬂegpi(nﬂ)(gl, ceyGp) =T

1 1
—u(nﬂ)(r,l)HP@nﬂ(gl, s Gr) = m%%(pgl, s DGr) =
]' e e _ 1 e e _
w( D (r—1)+1 on(urtgr, ..., urg,) = W%(W Gy TGr) =

o (7°gr,...,7g,).
Thus, the system {¢f 1}, belongs to the inverse limit
lim Mult? (M e X -+ X My e, Mone) 2 lim Mult® (M 5 - X My, Mou) =
Mult®(M; x - -+ x M,, My).

So, in the sequel, if we identify the O-module of multilinear morphisms of m-
divisible modules with the O-module of such morphisms of the corresponding
p-divisible groups with O-action, we are implicitly using the above twist.

The following lemma will be used in the proof of the next proposition.

Lemma 9.2.16. Let A be a ring and o € A a non-zero divisor. Let My, ..., M,
be A-modules and ¢ : My x --- x M, — My an A-multilinear morphism. Let
n be a positive natural number and y;o,Yi1, - Yin—1, Wi0, Wil, .-, Win € M,;
(i=1,...,1) be elements subject to the following relations

Vi=1,...,r and Vj=0...n—1, w1 =w;;+ay,;.

Then the following equality holds

r n—1

Y 0D (Wit Wis1 g1 Yigs Wik Wry) =
i—1 j—=0

r n—1

E E gp(wlﬁba sy Wim1my Yiygy Witk1,05 - - - 7w7“,0>'

i=1 j=0
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Proof. For every i =0,...,r, let M, be the free A-module with basis {em, | m; €
M;}, in other words, M; = AM: = @mieMi Ae,,, and define an A-multilinear

morphism @ : ]Téﬂ X oo X ]\Z — Mo by setting on a basis element (e, .., €m,)

(P(emu cee 7€mr) = €u(m1...,my)

and extend @ to the whole product Ml X -ee X ]\7; multilinearly. Also, for every
1=0,...,r, define A-module homomorphisms h; : M; — M; by sending a basis
element e,,, to m;. The A-linear homomorphisms h; are surjective and from their
definition and the definition of @, we have

hoop=@o (hy X -+ Xh,)

i.e., the following diagram is commutative

—~ —

Ml X X Mr MO
h1><~~-><hri \Lho
M1 X X Mr Mo.
For everyt=1,...,r and every j = 0,...,n—1 take elements w;, 9; ; € ]\Z such

that hz<U~JZ70) = W0 and hz(?jz,]) = VYij and set recursively wi7j+1 = UNJZ‘,]‘ + agi,j-
Then, because of the choice of w;y and g;; and the relations among w;; and
Yij € M;, we have

hi(W; ;) = w; (2.17)

foreveryt =1,...,r and every j =0,...,n.

Assume that we have the “tilde” version of the equality in the statement of the
lemma, i.e.,

r n—1
Y O B, Wimt g, Gigs Wi ) =

i=1 j=0
r n—1

Z Z P(Wins - - s Wim1n; Ui js Wit1,05 - - - Wrp)-

i=1 j=0
Then, applying the A-linear homomorphism hy on this equality, using the fact
that the above diagram commutes and the relations [2.17], we obtain the desired
equality of the lemma. So, we may assume that M is a free A-module. Call the
left hand side of the equality £ and its right hand side $R. Using the multilinearity
of ¢ and the relations given in the lemma, we have

n—1 r
al = E g 90(101,j+1, vy Wi 41, QY5 5y Wit 1 55+ - - awr,j) =
j=0 i=1
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n—1 r
E E w(w1,j+1, cey Wit 41, Wig41 — Wi, Wi 5y - - - >wr,j) =
j=0 i=1

T

n—1
E E (So(wl,j+17 ceey Wie1 541, Wig+1, Wit 5y - - - >w7",j)_

j=0 i=1
P(W1j15 - ey Win 1,1, Wiy Wit s - - - ,wr,j)).

Taking the sum over i, the terms cancel each other, except for the first and last
terms (it is a telescopic sum) and the resulting sum will be

—_

n—

(90(w1,j+1a e 7wr,j+1> - ¢(w1,j7 e 7wr,j)) =

<
Il
o

(;D(wlﬂu CI 7w7“,n) - SO(U)LO, LI ;wT,O)

again, because the terms cancel each other, except for the first and last terms.
Similarly, we have

r n—1
ozi)‘i = E E QO(’U}LH, . ,’U}i,Ln, OéyiJ', Wi4+1,0y - - - ,wr,o) =
i=1 7=0
r n—1
E E 90(w1,n, sy Wi—1my Wi 41 — Wyj, Witk1,05 - - - ,wr,o) =
i=1 j=0
r n—1
E g (sﬁ(wm, coy Wim1n, Wij41, Witk1,0y - - - 7wr,0)_
i=1 5=0
gD('lULn, e ,wi,l’n, U}i’]’7 wi+1707 . ,’wno)) =

T

E (@(wl,m sy Wim1n, Win, Wit1,05 - - - 7wr,0)
i=1

—SO(UJM, sy Wim1n, Wi, Wit1,0y - - - 7wr,0)> =
¢<w1,n7 . 7w7‘,n) - (,0('11]17()7 .. 7w7",0>

note that in this case we first sum over j and then over i. It follows that o = afR
and since M, is a free A-module and « is a non-zero divisor of A, we conclude
that £ = MR and this completes the proof. O]

Remark 9.2.18. Note that the assumption that « is a non-zero divisor is not
necessary and a similar “universalization” technique implies the equality of the
two sums for an arbitrary element o € A. However, we will use this lemma in
the case where A is the ring O and « is a non-zero element.
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Proposition 9.2.19. Let Py, ..., P, be 3n-displays over k with scalar O-action.
Let us denote by G; (respectively G;) the formal O-module BT%:’ (respectively
BTE?(PI_) ). Then the following diagram is commutative

Mult®(Py x -+ X Py, Po) ——= Mult®(H(Py) x - - - x H(P,), H(Py))

0| E

Mult®(Gy x - -+ x Gy, Gy) Mult®(Gy x -+ x G, Go)

Tr*

where = and Tr* are respectively the O-linear homomorphism given in Lemma

and the O-linear homomorphism induced by the isomorphisms Tr : G; — G,
given in Proposition [9.2.12,.

Proof. Take an O-multilinear morphism ¢ € Mult® (H(P;) x - - - x H(P,), H(Py)),
a nilpotent k-algebra A, and a vector x = (71, ..., %) € G1,(N) x - X G, (N).
Using Remark [9.2.15] we have to show that

1

un(r=1)

Tr(B(x(9))(x)) = B(e)(Te(Z1), . .., Tr(3}))

where x is the isomorphism given in the proof of Lemma [9.2.9| and the equality
should hold in the O-module Gy ,.(N). By definition (cf. Construction [6.2.5)),

we have

r

B ) = (1) SV GV G, B G- )]

i=1

where elements g; are given by the formula p"%; = (V! — 1d)(g;). By definition

of x (cf. Lemma and Remark [9.2.10))

Tr([X(@)(V_lgla ey V_lgi—lu f’h §i+1a cee 7§7’)]) =

f-1
p@IADY (V7 g, VI g, Vi, Vi gings - Vi)
=0
where Z; = (2,0, ..., s-1) and G; = (gio, - .-, gi,;—1). Therefore, we have
1 (—)1 I .
WTY(ﬁ(X(SD))(X)) = e M ® Id[; ZO<$(V_J_Igl,j+17 -
=1 j=

VI G, V20, Vg Vi grg)))- (2.20)
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Again, by the definition of 8, we have 5(¢)(Tr(z,),...,Tr(Z,)) =

r

(—1>T_1 Z[@(Vﬂ__lhl, ceey Vﬂ_lhi_l, Tr(fl), hi+1, Ce ,h,,«)]
i=1
where 7"¢Tr(Z;) = (V"' — Id)(h;). Since p"Z; = (V! —1d)(g;), for every j =
0,...,f—1, we have

1 ..
T = ﬁ(v YGijr1 — 9ij) (2.21)
and therefore
. 1 _ 1.
" Tr(7;) = E(’“‘ QI (Vg0 — gip) = ﬁ(v,r ' 1d) (@ 1d)gs

which implies that h; = (4 ® Id)uingiyo. Thus,
[@(Vﬂ,—lhh ey Vﬂ__lhi_h Tl‘(fz), hi+17 ey hr)] =

f—1
[@(Vﬂ_lhb ) Vw_lhi—b (M ® Id) Z V_jxi,j7 hi+l> ) hr)] =

<.

1
un(r—l)

F-1
@ Id Z[@(v_fgl,(b VT gi10, V24, givn0, - - -, 9rp))-
=0

Consequently, we have B(¢)(Tr(Zy),...,Tr(%,)) =

r -1

(=1 PO _ iy
WN@)MZZ[SO(V Tg10, 3Vl gim10, Va4, giv10 -5 9ro)]-

i=1 j=0

So, in order to show that

L TE(B((9)) (%) = B@)(Tx(@), .. Te(&))

u

it is sufficient to show the following equality

r f-1
Z Z PV g VI i, Vi, Vg, Vilgey) =
=1 j=0
r f—1
Z Z Vg0, Vg0, V25, givi0s - -5 Gro)- (2.22)
=1 j=0

For every i = 1,...,r and j = 0,..., f, set w;; := Vg ; and y;; := V Iu; ;.
Since V! is an O-linear homomorphism, it follows from the relations that

n,_ne _ —7 _ —7—1 -7 _
Ty =V iy =V g0 = Vg = Wi — wiy
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If we define o := u"7"¢, then « is a non-zero divisor of O and we have w; ;11 =
ay; ; + w; ;. With these new notations, the equality becomes

r f-1
> Y B(wr s Win g1, Yigy Wigr g Weg) =
i—1 j=0
r f-1
E iP(%ULf, sy Wi, f5 Y, Witk1,05 - - - 7wr,0)
i=1 j=0
which we know holds thanks to Lemma [9.2.16 m

Corollary 9.2.23. Let Py,..., P, be ramified displays over k. The O-linear
homomorphism

B Mult®(Py x --- x P, Py) = Mult®(BTp, X --- x BTp_, BTp,)
18 an isomorphism.

Proof. For every i =0,...,r, let P; be a display (non-ramified) over k such that
H(P;) = P; (cf. Remark [9.2.8). We know by Corollary [8.1.22] that

B Mult(Py x -+ x Py, Py) — Mult(BTp x -+ x BT, BTz )

is an isomorphism. Since [ preserves the O-module structure, it induces an
isomorphism

Mult®(Py x -+ x Py, Po) — Mult®(BTp, x - x BT, BTz ).

Now, consider the diagram in Proposition 9.2.19, As =, Tr* and £ on the left
hand side are isomorphisms, it follows that

B Mult®(Py x --- x P, Py) = Mult®(BTp, X --- x BTp_, BTp,)

is an isomorphism as well. O

One of the main results of section 8.3 is the existence of the exterior powers of
truncated Barsotti-Tate groups of dimension 1 over local Artin rings with residue
characteristic p (cf. Propositions and . The proof of this result is
based on the fact that § is an isomorphism when the base is a perfect field of
characteristic p. Now that we have the above isomorphism, we can prove in the
same way, the similar statement. We therefore omit its proof and the auxiliary
statements leading to it.

Let R be a local Artin O-algebra with residue characteristic p and M a 7-
divisible O-module scheme over R of height h, whose special fiber is a connected
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m-divisible module of dimension 1. Let us denote by P the ramified display
associated to M. The exterior power \"P exists (cf. point 14 from the list in
the previous section) and we denote by A%, the w-divisible O-module associated
to A"P (cf. point 11). The universal alternating morphism A : P — A"P
induces an alternating morphism g, : M" — A;. So, we obtain an alternating
morphism By, : Mj, = A% . As in Construction for every group scheme
X, we obtain the morphism

X,(X) : Hompy (A, X) = Alt(M], X),

Note that Homp (A% ,,, X) is the O-module of group scheme homomorphisms. If

R is a perfect field, then by Remark [9.2.10| 2), Corollary [9.2.23| Corollary
and Remark [5.5.21} A%, is the r*"-exterior power of M,, and S, is the universal

alternating morphism.

Proposition 9.2.24. For every finite and flat group scheme X over R, the
morphisms

X5 (X) : Homp(Ay,, X) — Alty (M7, X)

and
X (G - Homp(Aly,, Gp) — Alty (M, G,p)

are isomorphisms. Consequently, B, @ M — A%, is the rth_exterior power
of M., in the category of finite and flat group schemes over R (in the sense of

Definition .

—~0
Corollary 9.2.25. The O-module scheme Aty (M, G,,) is finite and flat over
R and its order is equal to q”(ﬁ).

We will reduce the general case to the situation over a local Artin ring, but before,
we need few technical lemmas.

Lemma 9.2.26. Let S a base scheme, A a ring and b an element of A such that
A/b is finite (as a set). Let

O—>N—>ML>A_/Z)—>O

be a short exact sequence of finite A-module schemes over S, where A/b denotes
the constant A-module scheme over S corresponding to the A-module A/b. As-
sume that b annihilates M and there exists an scheme-theoretic section s : S — M
such that its composition with the projection pr : M — A/b is the closed embed-
ding S < A/b corresponding to the element 1 € A/b (note that A/b is the disjoint
union HZGA_/bS). Then there exists an A-module scheme sectiWA_/b — M, of
the projection pr : M — A/b and so the above short exact sequence is split.
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Proof. We have
Homg (A/b, M) = Hom"(A/b, M(S)) = M(S)[b] = M(S)

where for the last equality, we used the fact that M is annihilated by b. Let
g : A/b — M be the A-linear homomorphism mapping to the section s under
this isomorphism. We have a commutative diagram

Homs(_/ )*>Hom5_/ﬁ)
M(S

where the horizontal morphisms are induced by the projection pr, the left ver-
tical isomorphism is the one given above and the right vertical isomorphism is
given similarly. By assumption, prg(s) is the closed embedding S < A/b cor-
responding to the element 1 € A/b and thus, under the isomorphism A/b(S) =2
HomS(A/b A/b), it is mapped to the identity morphism. It follows from the

definition of g and the commutativity of the above diagram, that pr o g is the
identity of A/b. O

IR

A/b(S)

) s

Lemma 9.2.27. Let S be a scheme whose underlying set consists of one point.
Let A be a ring and by, ..., b, elements of A such that the quotient ring A/b; is
a finite set (for everyi=1,...,n). Let

(€) 0—>N—>Mﬂ>é%—>0

be a short exact sequence of finite flat A-module schemes, such that for every
1 = 1,...,n, b; annihilates M. Then there exists a finite and faithfully flat
morphism T — S such that the above short exact sequence splits after extending
the base to T'.

Proof. For every j =1,...,n, let us denote by N; the kernel of the projection

M A o ) A
i=1 =1

and set Ny := M. Then, for every 7 = 0,...,n — 1, we have a short exact
sequences

(f]) : 0—>Nj+1—>Nj—>A/bj+1 — 0.

Assume that for every j = 0,...,n — 1, we can find a finite and faithfully flat
morphism 7; — S such that the short exact sequence (&) is split over 7; and set
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T =TyxsTyx---xgT, 1. Then, since (&;)r, is split, (§;)r = ((§;)1;)r splits too.
These splittings, provide a splitting of (§)r. As each Tj is finite and faithfully
flat over S, their product, T, is finite and faithfully flat over S as well. So, it is
enough to show the existence of T}.

We show the following assertion: let
0—=P—=Q-">A/b—0

be a short exact sequence of finite flat A-module schemes over S, where b € A
is an element annihilating ¢ and such that A/b is a finite set, then there exists
a finite and faithfully flat morphism 7" — S such that this short exact sequence
splits over T

We can write ) as a disjoint union [, ., /b Q. of closed submodule schemes, with
Qo = P. Set T := ;. Since @ is finite and flat over S, all @), and in particular
T are also finite and flat over S. By assumption, S has a single point and so,
T — S is surjective. This shows that T is faithfully flat and finite over S. The
embedding T" — () induces a morphism T" — Q)7 over T, i.e., a section of the
structural morphism Q7 — T. By definition, this section has the property that
its composition with the projection Qr —» A_/bT = [.ea I is the embedding
corresponding to the element 1 € A/b. Now, we are in the situation of the
previous lemma, and applying it, we deduce that the short exact sequence

0—>PT—>QTL>A/bT—>O
is split. This proves the above assertion.

By assumption, b;;; annihilates M and since NN; is a submodule scheme of M, it
annihilates V; too. We apply the above assertion to the sequence (§;) and obtain
the desired 7Tj. O]

Lemma 9.2.28. Let M be a w-divisible O-module scheme over a local Artin ring
R. Then, for every positive natural number n, there exists a finite and faithfully
flat morphism T — Spec(R) such that M, becomes isomorphic a the direct
sum (M2)p @ (O™, where M° is the connected component of M and h®
denotes the height of the étale part of M.

Proof. Fix a positive natural number n and set S := Spec(R). By Proposition

5.1.5| there exists a connected finite étale cover S" — S such that Mg, is the

constant O-module scheme (O/ W”)hét over S’. Consider the short exact sequence

0— (Mg)s/ — ./\/lmsf — (O/Wn)hét 0
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induced by the connected-étale sequence of M,, over S (cf. Remark [5.1.4). The
O-module M,, ¢ is annihilated by 7. Since S’ is finite over S, it is the spectrum
of a finite R-algebra R’. Thus, the Krull dimension of R’ is equal to the Krull
dimension of R, which is zero. Since R is Noetherian and R’ is finite over it, R’
is also Noetherian. This shows that R’ is an Artin ring. Further, S’ = Spec(R')
is connected, which means that R’ is local. Consequently, S’ is a scheme with
1 point. We can now apply the previous lemma and find a finite faithfully flat
morphism 7" — S’ that splits the above short exact sequence. Hence M, ; =
(M%) & (O/a™)" . Since T — S’ is finite and faithfully flat and S’ — S is
finite, surjective (it is a cover) and étale, the composition 7' — S" — S is finite
and faithfully flat. O

From now on, we assume that M is a w-divisible O-module scheme over a base
scheme S (defined over Spec(Q)) and of height A and dimension at most 1.

— 0
Lemma 9.2.29. The O-module scheme Altg (M, G,,) is finite and flat over S,
when S is the spectrum of a local Artin O-algebra. Moreover, its order is the

constant function q"@.

Proof. 1f the dimension of the special fiber of M is zero, then it is an étale m-
divisible module and we know by Proposition|5.4.1|that the exterior power A" M,,
o

h
exists and is a finite étale O-module scheme of order q”(r). We also know that the
construction of this exterior power commutes with arbitrary base change. Thus

Altg (M, Gyn) = Homg(\ M, Gyn)
o

The latter, being the Cartier dual of A" M,, is a finite flat O-module scheme of
o

h
order q"(r). So, we may assume that the dimension of M at the closed point of
S is one and so, the closed point of S has characteristic p.

If we can find a finite and faithfully flat morphism 7" — S such that the base

change of &S(M;,Gm) to T is finite and flat over T, then &?(M;,Gm) is
finite and flat over S (a module over a ring is finite and flat if and only if it is so
after base change to a faithfully flat ring extension). So, it is enough to find such
aT. Let T"— S be a finite faithfully flat morphism such that

(x)  Mur= M)z e (O/x")"

(provided by the previous lemma) and to simplify the notations, write I' :=

ét ~ 0
O/, Set Y := Altg (M%), G,,). Since MY is a connected m-divisible
module of dimension 1, by Corollary [9.2.25 Y is finite and flat over S. Thus

Yr = Altg (M), Gp)r = Alty (MO), Gy
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is finite and flat over 7". By isomorphism (x) and adjunction formulas given in
Proposition [2.2.17] we have

) —~ 0
Alty (M), 7, Gr) = Alty (My)7 @ T7,Gp,) =

Aty (I, Alty (MO, G,n)) = Alty (I", Yr).

By Proposition [5.4.1| (and its proof), the exterior power A\'T exists, and is iso-
o

morphic to the constant @O-module scheme (O/ W")(hj ). We therefore have

Alty (I, V) = HomQ(A'T, V) = @ HomQ(O/x", V7).
(@]

Thus, it is sufficient to show that Hom$ (O /n", Yy) is finite and flat over T.
We claim that this O-module scheme is isomorphic to Y. Indeed, since M,, is
annihilated by 7", its connected component M? is annihilated by 7" too, and
therefore Y7 is annihilated by 7™ as well. It follows that for every T-scheme T”,
we have isomorphisms

I‘IO_H’I?(O/?T”, YT)(T/> = H0m$/<0/ﬂ-n7 YT’) =

Hom®(O/7", Y (T")) = Hom® (O, Y (T")) 2 Y/(T") = Yz (T").
This proves the claim. Hence the finiteness and flatness of Hom® (O /7™, Yr).

—0
To prove the statement on the order of Alty (M, G,,), it suffices to assume that
S is the spectrum of an algebraically closed field. The statement then follows

from the fact that the exterior power "M, has order q”@) (cf. Theorem [5.5.34
o

—o0
and therefore its Cartier dual Homg(A" M, G,,) = Altg(M!,G,,) has order
@
7). O

— 0
Lemma 9.2.30. The O-module scheme Altg (M, G,,) is finite and flat over S,
when S is the spectrum of a complete local Noetherian O-algebra.

— 0
Proof. By Remark [2.2.11] we know that Altg (M!,G,,) is an affine scheme of
finite type over S, and so is separated over S. Let R be a local Artin O-algebra
and f : Spec(R) — S an O-scheme morphism. We have

—~ 0O —~ O
Altg (M, Gn)r = Altg(MF,, Gpn).

)
By previous lemma, Alty( ’j{’n,Gm) is a finite flat @-module scheme over R.

—0
We can now apply Lemma |1.0.1| and conclude that Altg (M7, G,,) is finite and
flat over S. O
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—0
Lemma 9.2.31. The O-module scheme Altg (M, G,,) is finite and flat over S,
when S is a locally Noetherian O-scheme. Moreover, its order is the constant

function q"(};)

Proof. Set X = &S(M;, Gn). We show at first that X is flat over S. We can
assume that S is the spectrum of a local ring R. By assumption, R is a Noetherian
ring and therefore, the completion R — R is a faithfully flat morphism. Thus,
X is flat over R if and only if X5 is flat over R. But

—~ O @
X = Altg (M}, Gn) g = Altg(ME, , Gr)

which is finite and flat over R by previous lemma. This shows the flatness of X
over S.

We now prove that X is finite over S. We can assume that S is affine, say
S = Spec(R) and then X is affine too, say X = Spec(A). Let L be a field and
f :Spec(L) — S be a morphism. Again, we have

—0
Xy = Altg(M;,,Gyp)L AltL( L Gm)

which is finite over L by Lemma It follows that X is quasi-finite over S.
If we show that X is proper over S, then it will follow that it is finite over S. We
use the valuative criterion of properness. So, let D be a valuation ring and F its
fraction field. Denote also by D and respectively E the completions of D and E.
Assume that we have a commutative “solid” diagram

R —D (2.32)
i, Vr
/
*>g E
where the vertical ring homomorphisms are the obvious ones, and we want to lift
g to a homomorphism g : A — D filling the diagram (note that X is separated
over S and therefore if such a morphism exists, it is unique). We can complete

this diagram to the following diagram

R*)D(—jf
A—>E—FE.

If we can find a homomorphism g : A — D making the above diagram commu-
tative, then since £ N D = D, the image of § will be inside D and we are done.
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So, we may replace D and respectively E by D and E and assume that D is
a complete valuation ring. Then, by assumption A ®g D is finite over D and
therefore Xp is proper over D. Consider the following diagram

R =D
[
AT 7
/ 9o
75
A®RprD F

induced by base change. The valuative criterion of properness, applied to A®Qg D,
implies that there exists a unique gp : A ®r D — D making the above diagram
commutative. Let § be the composition A — A ®pr D —22+ D, then § fills the
diagram and this proves that X is proper over S.

As the order of a finite flat group scheme is a locally constant function on the base,
which is preserved under base change, we may assume that S is the spectrum of
a field. The statement on the order now follows from Lemma [0.2.29 n

Proposition 9.2.33. Let S be a locally Noetherian O-scheme. The exterior
power \"M,, exists in the category of finite flat group schemes over S, and com-
o

mutes with arbitrary base change. Moreover, its order is the constant function

q"(}TL). Furthermore, for every S-scheme T, the canonical base change homo-
morphism N\ (Mur) = (N My)r is an isomorphism.
o o

—o0
Proof. Set A}, := Homg(Altg (M), G,,),G,,). According to the previous lemma,

0
being the Cartier dual of Altg (M7, G,,), this is a finite flat O-module scheme
over S. By Cartier duality, we have a canonical isomorphism

~ —~0
a: Homg (A, G,,) — Altg (M. G,,)

and by adjunction formulas (cf. Proposition [2.2.17)), we have an alternating
morphism A, : M) — A]. More precisely, we have isomorphisms

Altg (M7, A7) = Altg (M?, Homg(Alte (M, G,p), Gyp))

Hom (Altg (M, Gy,), Altg (M, G,))

and )\, corresponds, via this isomorphism, to the identity morphism. Let G
be a finite flat group scheme over S. We have a canonical isomorphism G =
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Homg(G*, G,,), where as usual, G* denotes the Cartier dual of G. Now consider
the following diagram

An(G)

Homg(A;, G) Alts (M7, G)

- lg

i . N (Homg(G* Gm))
Homg (A}, Homg(G*, Gyn)) : Altq (M, Homg(G*, Grn))

- lg

Homs(G", Homg (A7, Gyn)) o> Homg (G, Altg (M, Gyn)).

Since « is an isomorphism, Homg(G*, ) is an isomorphism too, which implies
that \*(G) is an isomorphism. Thus, A’ is the r"-exterior power of M, in

the category of finite flat group schemes over S, and we can write A" M, =
@)

— 0
AT, As A"M,, is the Cartier dual of Altg(M",G,,) and by previous lemma,
o)
— 0
Altg (M!,G,,) has order equal to q"(:}), we deduce that A" M, has order equal
0)

h
to the constant function q”<r).

—~ 0
What we have proved above is that if Altg (M, G,,) is finite and flat over S (for
any base O-scheme S), then A"M,, exists and it is isomorphic to the Cartier
o

—0
dual of Altg(M!,G,,). Now, let T be an S-scheme. Since by assumption, S is
—~0
locally Noetherian, Altq (M7, G,,) is finite and flat over S by previous lemma

and therefore, the base change
—~ 0O —~ O
Altg (M, G = Alty (M, 7, Grn)
is finite and flat over T. It follows that A\"(M,, r) exists and since the Cartier
@
duality commutes with base change, the two O-module schemes A" (M, 1) and
@
(A" M,,)r are canonically isomorphic. ]
o

Proposition 9.2.34. Let S be a locally Notherian O-scheme. There exist nat-

ural monomorphisms i, : \' M, <= N M1, which make the inductive system
o o

(A" My)n>1 a m-Barsotti-Tate group over S of height (") and dimension a locally
0
constant function

dim : S — {0, (h N 1)}’ 5 {0 if Mg is étale

r—1 ("71)  otherwise.
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Proof. By previous proposition, A\"M,, are finite flat O-module schemes over S.
@)
—~ 0
Since M,, is annihilated by 7", the O-module scheme Altg (M, G,,) is also an-
nihilated by 7". Thus, its Cartier dual, A" M,, is annihilated by 7" as well. We
@)

also know by previous proposition that /"M, has order equal to the constant
o
function q"(}:> Now, the similar arguments as in the proof of Lemma pro-
vide monomorphisms 4, : A'M, < A"M,,1 and imply this proposition. We
@) o
therefore omit the proof. m

Remark 9.2.35. Since A, are the universal alternating morphisms, they are
compatible with respect to the projections M}, ; — M} and A'M, 11 — A'M,,
@ 0

and therefore define an alternating morphisms A : M" — A" M.
o

Theorem 9.2.36 (The Main Theorem for 7-divisible O-module schemes). Let S

be a locally Notherian O-scheme and M a mw-divisible O-module scheme over S

of height h and dimension at most 1. Then, there exists a w-divisible O-module

scheme \"M over S of height (if), and an alternating morphism A : M" — \'M
o o

such that for every morphism f : S’ — S and every w-divisible group N over S,
the homomorphism

Hom (£ /\" M, N) = ATeg (£ M), N)
@

induced by f*\ is as isomorphism. In other words, the r'*-exterior power of M
exists and commutes with arbitrary base change. Moreover, the dimension of
N M is a locally constant function

o
dim : S — {0, (h_ 1)}, s {Oh—l if M s étale

r—1 ("Z)) otherwise.

Proof. By Proposition [9.2.33 f*/A\"M,, is the r**-exterior power of f*M,, in the
@)

category of finite and flat group schemes over S’. So, the homomorphism

Homs (/7 \ Mo, N) — At (M), ;)
@

induced by f*A, : (f*M,)" — f*A"M,, is an isomorphism. Taking the inverse
o

limit of these isomorphisms, we conclude that

Homg (f* \' M, ') = Alt ((f* M), N)
O
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is an isomorphism. The statement on height and dimension follows from the
previous proposition.

Quod Erat Demonstrandum. O
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Chapter 10

Examples

In this chapter, p is an odd prime number, f is a positive natural number and
.
q=p.

Example 10.0.1. Let O be the ring of integers of a non-Archimedean local field

with residue field F, and S an O-scheme. Let F' be a O-Lubin-Tate group of

height h and dimension 1 over S. When S is the spectrum of a field or O is an

extension of Q,, then by the results of chapters 5 and 9 (cf. Theorems and

9.2.36)), the exterior power \"F exists and is an O-Lubin-Tate group of height
o

(';) and dimension (ﬁj) In particular, the highest exterior power é\hF is an O-
Luni-Tate group of height and dimension 1. Now, assume that O is an extension

of Q, and fix an O-Lubin-Tate group Fj of height & and dimension 1 over F,,.
Let k/F, be a perfect field. Define the deformation functor that assigns to any
local Artin O-algebra R whose residue field is an overfield of k, the set

Def(Fy)(R) = {(F, )} /isomorphisms
where F' is a 1 dimensional formal @-module over R and
a:F XR R/mR i) Fo X, R/mR

is an isomorphism of formal O-modules. Then the functor Def(Fp) is repre-
sented by Spf(Wo(k)[t1,...,th1]), called the Lubin-Tate (moduli) space of Fj
(cf. |Cha96] or [HG94]). Taking the highest exterior power induces in a natural
way a morphism

det : Spf(Wo(k)[t1, - .- th-a]) = SpE(Wo(k))
of formal O-schemes. Indeed, let R be as above and let (F,a) be a deformation

of Fy over R. Then (N\"F, \") is a deformation of \"F, over R, of dimension
o o @

195
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1. This is so, because the construction of exterior powers commutes with base
change:

(N'F) xnRjmp = N'(F xp Rfmg) = N\ (Fy xe, R/mp) = (\'F) <z, R/mp.

o o o o
Example 10.0.2. Let C' be a smooth geometrically connected projective curve
over [F, and oo a closed point of C. Let A be the ring of functions on C' which
are regular outside oo, i.e., A = I'(C' \ {00}, O¢). Let L/F, be a field with an
A-structure, i.e., an F -algebra homomorphism A — L. Finally, let p : A —
Enqu(Ga, ) be a Drinfeld module. This defines an A-module scheme structure
on G, . Take a prime ideal p of A. The closed subscheme p[p”] of G, is a
finite and flat A/p"-module scheme of order pfranke) — gnrank(e)  If we fix a
uniformizer 7 of the completion A\p of A with respect to p, then for every n > 0,
we have short exact sequences

™

0= plp] = plp™*'] —= p[p"] = 0

(cf. |Gek00] or [Ros03]). It follows that we have a m-Barsotti-Tate module or a

m-divisible A,-module, that we denote by p[p>°]. Its height is rank(p) and has

dimension 1. Therefore, we can construct the exterior power A" p[p]. Its height
Ap

and dimension are respectively equal to (ranl:(p )) and (ran:f(_pl) 71).

Example 10.0.3. Let L/Q be an imaginary quadratic field extension and denote
by Oy, its ring of integers and let p > 2 be a prime number that splits in Oy, say
pOr = q-p, where p and q are different prime ideals of Op. Let S be an Op-scheme
defined over Spf(Z,) and A an Abelian scheme over S of relative dimension g.
Assume that Oy, acts on A, i.e., we have a ring homomorphism O — Endg(A)
and the induced action on the relative Lie algebra of A has signature (¢ — 1, 1).
More precisely, the decomposition Op®7;0s = Ogx Og, according to the splitting
of p, induces a decomposition of the relative Lie algebra of A into a product of
two locally free Og-modules and the component corresponding to p has rank 1
and the other component, corresponding to q, has rank g — 1. The p-divisible
group, A[p>], associated to A has a natural structure of O, ® Z,-module. We
can decompose Or, ®z Z, into a product O x Or,, where Op 4 and Oy, are
respectively the completions of O with respect to q and p. Since p is split in
Oy, they are both isomorphic to Z,. So, we have O ®z Z, = Z, x Z,. This
decomposition induces a decomposition A[p>] = A[q*°] x A[p>] of A[p™] into
p-divisible groups of height g over S. By assumption on the action of Oy on A,
A[p] has dimension 1 and A[q*] has dimension g — 1. So, for every r > 0, the
exterior power \"A[p™] exists and its height and dimension are respectively (?)
and (_}). Note that there exists a natural number m < n such that A[p>] has
slopes zero and ﬁ with multiplicities respectively m and n —m, and A[q>] has

slopes zero and ﬁ with multiplicities respectively m and n — m.
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Example 10.0.4. Let £ be an elliptic scheme (i.e., Abelian scheme of relative
dimension 1) over a base scheme S. Then, the associated p-divisible group &[p™]
has rank 2 and dimension 1 at points of characteristic p. Thus, the second exte-
rior power /\Qg[poo] is a p-divisible group of height 1 and dimension 1 at points
of characteristic p. This means that at these points, \’E[p™] is a multiplicative
group of height and dimension 1 and so is isomorphic to fi,-. At points of char-
acteristic zero, /\25 [p™] is an étale p-divisible group of height 1 and if we pass
to an algebraic closure, we obtain the constant p-divisible group Q,/Z,, which is
again isomorphic to j,. Thus, at all geometric points, /\25 [p™] is isomorphic
to fipos.

The Weil pairing w,, : E[p"] x E[p"] — ppn is a perfect pairing and induces an
alternating morphism w : E[p>°] x E[p®] — . We want to show that w is in
fact the universal alternating morphism and A*E[p™] is canonically isomorphic
to pip~. Indeed, by the universal property of /\25 [p>], we have a homomorphism
& N’E[p™] — pp~ such that w = @ o X (where X is the universal alternating
morphism of A’€[p>]) and we have to show that & is an isomorphism. This
homomorphism is an isomorphism, if and only if it is so over every geometric
point, and therefore, we may assume that S is the spectrum of an algebraically
closed field. Then, as we explained above, /\25 [p™] is isomorphic to ppe. So
we have a homomorphism @ : pipe — fipe and we want to show that it is an
isomorphism. By Cartier duality, we can consider the dual of this homomorphism,
namely @* : Q,/Z, — Q,/Z,. If this is not an isomorphism, it factors through
multiplication by p. Thus, @ factors through multiplication by p. It follows that
on p-torsion points, w; = w; o Ay is the zero morphism, which is in contradiction
with the fact that the Weil pairing is a perfect pairing.
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