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8 M. MOREIRA, A. OBLOMKOV, A. OKOUNKOV, AND R. PANDHARIPANDE

subject to the natural relations
Ay) = An(a),
n(+7) = () +7A)
for A € @ and v,75 € H*(X). The subalgebra D} < DY, of stationary descendents is

generated by

{r(v)|i=0,ve H*(X,Q)}
We will use Getzler’s renormalization a, of the Gromov-Witten (l(rsc(fud(.‘nt:-ﬂ: Oﬂ %l\.ﬁ
w0 n—1 n—
9 _ 70 (212 ) 1 (212 ) o .
9) 3 ST E o GW Side
7" = —ZS_;'_IH_; — 2722
a
where we use standard notation for the Pochhammer symbol T (‘) € 0 (1)
['a+n) k K¢ |

(@) = I'(a)

For (.-xzunpl(a e
1
(10) n() = )+ 5 [ e,

1
(11) n(y) = 502(?) —ai(y-a).
For k = 2 and v € H>"(X), we have the general formula

u)* o)1 :
(l.( +) 1)! a1 (y) — % (Z 71) ap(y - a)

lu)*" (2 1

(k—1)! 4 4?

0.6. The GW/PT correspondence for essential descendents. The subalgebra
Dt c B

of essential descendents is generated by

{chi(v)|(i = 3,7y € H**(X,Q)) or (i = 2,y H™*(X,Q)) }.

While closed formulas for the full GW/PT descendent transformation of are not known
in full generality, the stationary theory is much better understood The transformation
takes the simplest form when restricted to essential descendents.

(12) m(v) =

1€i<j<k—1

"We use 2 for the square root of —1. The genus variable u will usually occur together with 2.
3The constant term 31-1 S\. ey in the formula does not contribute unless v € H*(X).

q < e . .

9See for an earlier view of descendents and descendent transformations.
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VIRASORO CONSTRAINTS FOR STABLE PAIRS ON TORIC 3-FOLDS

The GW/PT transformation restricted to the essential descendents is a linear map
¢ : DY — Dow
satisfying

1) =1

and is defined on monomials by

¢* (CT'lkl (1) -- -CT"k..,(".-'m)) —

2

P set partition of {1

[Te([Tehwt0)-

m} SeP €S

The operations €° on Dp are

f~ 1 (2u)~! a,,a,,(v-¢)
13 - hy. 217 = — g T 7
(13) € (chi2() = gy () + S Py
(2ae)=2 a0 (y - &) (1) Oy Oy O (7 - )
e > , + > ' :
ky! I F—2 Aut () (ky —1)! Wlermlift Aut ()
X )t tu)~?
(1) € (a2 Pis2()) = ~ B eka(r7) = bk o i (77 )

(1u)™?
AT

2

|| =ky +h2—2

Ay Ay,

Aut () Or'-e),

max(max(ky, ko), max(pn + 1, o + 1))

I "

s ~ ” 1) 2|k
(15) € (Ghurre)his sz ()2 = a7y

I'he above sums are over partitions of pu of length 2 or 3.
integers, and we always write

|I\l = ,\'1 o l\'g -} l\';; .

The parts of p are positive

o= (py, o) and  po= (pay, pro, p13)

with weakly decreasing parts. In equations ({I3)-(15), we have k; = 0, and all occurrences
of ay and a_; are set to 0.

The above formulas for the GW/PT descendent correspondence are proven here from
the vertex operator formulas of [17] by a direct evaluation of the leading terms. In the
toric case, we have the following explicit correspondence statement

Theorem 6. Let X be a nonsingular projective toric 3-fold. Let
m
[ [ che.(v) € D

i=1

07 straightforward exercise using our new conventions is to show the abstract correspondence of The-
orem [0] is a consequence of [25] Theorem 4]. The novelty of Theorem [6] is the closed formula for the
transformation.
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Let 3 € Hy(X.Z) with dg = §,c;(X). Then, the GW/PT correspondence defined by
formulas ([I3)-([1Z) holds:
X.GW

o ([Tt = (e ([T )
i=1 ‘ i=1 ‘

after the change of variables —q = ¢™.
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