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Abstract. For a K3 surface S and a class β ∈ Pic(S), we study
motivic invariants of stable pairs moduli spaces associated to 3-
fold thickenings of S. We conjecture suitable deformation and
divisibility invariances for the Betti realization. Our conjectures,
together with earlier calculations of Kawai-Yoshioka, imply a full
determination of the theory in terms of the Hodge numbers of the
Hilbert schemes of points of S. The work may be viewed as the
third in a sequence of formulas starting with Yau-Zaslow and Katz-
Klemm-Vafa (each recovering the former). Numerical data suggest
the motivic invariants are linked to the Mathieu M24 moonshine
phenomena.

The KKV formula and the Pairs/Noether-Lefschetz correspon-
dence together determine the BPS counts ofK3-fibered Calabi-Yau
3-folds in fiber classes in terms of modular forms. We propose a
framework for a refined P/NL correspondence for the motivic in-
variants of K3-fibered CY 3-folds. For the STU model, a complete
conjecture is presented.
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0. Introduction

A beautiful connection between curve counting on K3 surfaces and

modular forms was conjectured in 1995 by Yau and Zaslow [39]: the

generating series of the counts of rational curves in primitive classes

was conjectured to equal the inverse of the discriminant

∆(q) = q
∞∏

n=1

(1− qn)24 .

By work of Göttsche [13], ∆(q)−1 was already known to arise as the gen-

erating series of the Euler characteristics of Hilbert schemes of points

of K3 surfaces S,

∑

n≥0

χ
(
Hilbn(S)

)
qn−1 =

1

∆(q)
.

An argument by Beauville [2] in 1997 provided a geometric link be-

tween curve counting in primitive classes and the Euler characteristics

of Hilbn(S).

A connection between the higher genus curve counts on K3 surfaces

and the generating series of χy genera of Hilbn(S),

∑

n≥0

χy

(
Hilbn(S)

)
qn−1 =

1

q
∏∞

n=1(1− yqn)2(1− qn)20(1− y−1qn)2
,

was proposed in 1999 [17]. The conjectures of [17] govern all classes on

K3 surfaces via a subtle divisibility invariance for multiple classes. In

the genus 0 primitive case, the Yau-Zaslow conjecture is recovered. A

proof of the KKV conjecture was recently found [31]. The moduli of

sheaves (via stable pairs [28]) on K3 surfaces play a central role.

We propose here a third step in the sequence of conjectures start-

ing with Yau-Zaslow and KKV. We conjecture the Betti realization

of the motivic stable pairs theory of K3 surfaces is connected to the
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generating series of Hodge numbers of Hilbn(S),

∑

n≥0

χHodge

(
Hilbn(S)

)
qn−1 =

1

q
∏∞

n=1(1− u−1y−1qn)(1− u−1yqn)(1− qn)20(1− uy−1qn)(1− uyqn)
,

where the variables u and y keep track of the Hodge grading. Our con-

jecture governs all curve classes and specializes to the KKV conjecture

after taking Euler characteristics.

In addition to the surprising divisibility invariance already present

in the KKV conjecture [17], we propose a new deformation invariance

of the Betti realization of the motivic invariants of K3 geometries. To

support our conjectures, we provide a few basic calculations.

The KKV formula and the Pairs/Noether-Lefschetz correspondence

[25, 31] together determine the BPS counts of K3-fibered Calabi-Yau

3-folds in fiber classes in terms of modular forms. We propose a frame-

work for a refined P/NL correspondence for the motivic invariants of

K3-fibered Calabi-Yau 3-folds. For the STU model, a complete con-

jecture is provided.

In the Appendix by R. Thomas, the Gopakumar-Vafa perspective on

the motivic invariants of K3 surfaces is discussed. The relevant moduli

spaces [18] are shown to be nonsingular even in the imprimitive case.

The results of the Appendix may be viewed as supporting our mo-

tivic stable pairs conjectures in the larger framework of the conjectural

Pairs/Gopakumar-Vafa correspondence.1
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1. Curve classes on K3 surfaces

Let S be a nonsingular projective K3 surface. The second cohomol-

ogy of S is a rank 22 lattice with intersection form

(1.1) H2(S,Z)
∼
= U ⊕ U ⊕ U ⊕ E8(−1)⊕E8(−1) ,

where

U =

(
0 1
1 0

)

and E8(−1) is the (negative) Cartan matrix. The intersection form

(1.1) is even.

The divisibility mβ is the maximal positive integer dividing the lat-

tice element β ∈ H2(S,Z). If the divisibility is 1, β is primitive. Ele-

ments with equal divisibility and norm square 〈β, β〉 are equivalent up

to orthogonal transformation [38].

The Picard lattice of S is the intersection

Pic(S) = H2(S,Z) ∩H1,1(S,C) .

For a family of nonsingular K3 surfaces

π : X → (∆, 0)
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with special fiber X0
∼= S and trivial local system R2π∗Z, the Noether-

Lefschetz locus associated to γ ∈ H2(S,Z) is

NLγ = {p ∈ ∆ | γ ∈ Pic(Xp) } .

The Noether-Lefschetz locus is naturally a subscheme NLγ ⊂ ∆.

2. Stable pairs motivic invariants

Let S be a nonsingular projective K3 surface. Curve counting on

S may be approached via the reduced virtual fundamental class of the

moduli space of stable maps to S or the stable pairs theory of Calabi-

Yau 3-fold thickenings of S. An equivalence relating these two counts

is proven in [31] essentially using [25, 27]. We are interested here in the

motivic invariants associated to S. Since no motivic theory is available

on the Gromov-Witten side, we will consider here the moduli spaces of

stable pairs.

BPS counts for S via stable pairs were defined in [31]. The construc-

tion usesK3-fibrations sufficiently transverse to Noether-Lefschetz loci.

We follow the geometric perspective of [31] to define a motivic theory

associated to S.

Let α ∈ Pic(S) be a nonzero class which is both positive (with respect

to any ample polarization of S) and primitive. Let T be a nonsingular

3-dimensional quasi-projective variety,

ǫ : T → (∆, 0) ,

fibered in K3 surfaces over a pointed curve (∆, 0) satisfying:

(i) ∆ is a nonsingular quasi-projective curve with trivial canonical

class,

(ii) ǫ is smooth, projective, and T0
∼= S,

The class α ∈ Pic(S) is m-rigid with respect to the family ǫ if the

following further condition is satisfied:
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(⋆) for every effective decomposition2

mα =

l∑

i=1

γi ∈ Pic(S) ,

the local Noether-Lefschetz locus NL(γi) ⊂ ∆ corresponding to

each class γi ∈ Pic(S) is the reduced point 0 ∈ ∆.

Let Eff(mα) ⊂ Pic(S) denote the subset of effective summands of mα.

The existence of m-rigid families is easy to see [31, Section 6.2].

Assume α is m-rigid with respect to the family ǫ. By property (⋆),

there is a compact, open, and closed component

P ⋆
n(T, γ) ⊂ Pn(T, γ)

parameterizing stable pairs3 supported set-theoretically over the point

0 ∈ ∆ for every effective summand γ ∈ Eff(mα). We define

(2.1) W⋆
n,γ(T ) ∈ Kµ̂

var[L
−1]

to be the motivic4 stable pairs invariant associated to the component

P ⋆
n(T, γ) following Joyce and collaborators [4].

The motivic invariant (2.1) takes values in the Grothendieck ring of

varieties carrying actions of groups of nth roots of unity Kµ̂
var extended

by the inverse of the Tate class,

L = [A1] .

The product in Kµ̂
var is not induced by the ordinary product of varieties,

but rather defined explicitly by motivic convolution with a Fermat

curve [9, 24].

2An effective decomposition requires all parts γi to be effective divisors.
3For any class γ ∈ Pic(S), we denote the push-forward to H2(T,Z) also by γ.

Let Pn(T, γ) be the moduli space of stable pairs of Euler characteristic n and class
γ ∈ H2(T,Z).

4At the moment, W⋆
n,γ(T ) is defined only after a choice of orientation data is

made. Our discussion implicitly assumes either that there is a canonical choice or
that the choice does not affect the motivic class for our K3 geometry (or, at the
very least, does not affect the Poincaré polynomials of the motivic classes here).
Certainly P ⋆

n(T, γ) is often simply connected. If π1 is trivial, then the orientation
is unique. Perhaps P ⋆

n(T, γ) is always simply connected?
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Let ρ denote the canonical action of the finite group scheme

µ2 = {±1}

on itself. We obtain an element

[µ2, ρ] ∈ Kµ̂
var .

Straightforward calculation using the definition of the product or the

motivic Thom-Sebastiani formula yields the relation

(2.2) (1− [µ2, ρ])
2 = L,

so we define L
1
2 by

(2.3) L
1
2 = 1− [µ2, ρ] ,

see [23, Remark 19]. The ring Kµ̂
var[L

−1] therefore contains all powers

of L±1/2.

Definition. Let α ∈ Pic(S) be a primitive, positive class. Given a

family ǫ : T → (∆, 0) satisfying conditions (i), (ii), and (⋆) for mα, let

∑

n∈Z

Vǫ
n,mα(S) q

n =

Coeffvmα


log


1 +

∑

n∈Z

∑

γ∈Eff(mα)

qnvγ W⋆
n,γ(T )




 .

The motivic invariant Vǫ
n,mα(S) is the main topic of the paper. The

superscript ǫ records the family

ǫ : T → (∆, 0)

used in the definition.

For positive β ∈ Pic(S), we may write β = mα where α ∈ Pic(S) is

positive and primitive and m = mβ is the divisibility of β. Hence,

Vǫ
n,β(S) = Vǫ

n,mα(S)

is defined.
7



3. Conjectures A and B

3.1. Poincaré polynomial. We formulate here several conjectures

and speculations concerning the motivic stable pairs invariants V ǫ
n,β(S)

introduced in Section 2. Let

Hǫ
n,β(S) ∈ Q[u]

denote the virtual Poincaré polynomial of the motivic invariant Vǫ
n,β(S).

Conjecture A. The virtual Poincaré polynomial Hǫ
n,β(S) is indepen-

dent of the family

ǫ : T → (∆, 0)

satisfying conditions (i), (ii), and (⋆) for α = 1
mβ

β and m = mβ.

Assuming the validity of Conjecture A, we may drop the ǫ superscript

and write Hn,β(S) for the virtual Poincaré polynomial.

Conjecture B. The virtual Poincaré polynomial Hn,β(S) is invariant

under deformations of S for which β remains algebraic.

The divisibility mβ and the norm square

〈β, β〉 = 2h− 2

are the only deformation invariants of the pair (S, β) with β ∈ Pic(S).

Assuming the validity of Conjecture B, we write

Hn,β(S) = Hn,mβ ,h ,

replacing (S, β) by mβ and h.

3.2. Motives. Conjecture A for the motivic invariant Vǫ
n,β(S) seems

not unreasonable: Vǫ
n,β(S) is independent of ǫ. However, Conjecture B

is certainly false with Vǫ
n,β(S) in place of Hn,β(S) since the class

[S] ∈ Kvar

often appears in Vǫ
n,β(S). Examples of the latter phenomenon can be

found already for elliptically fibered K3 surfaces in the fiber class.
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The classes of K3 surfaces derived equivalent to S also appear in the

elliptically fibered cases.

We define a new quotient ring of varieties:

KD
var = Kµ̂

var / ID ,

where ID is the ideal generated by all differences

[X ]− [X̃ ] ∈ Kµ̂
var

where X and X̃ are K3 surfaces which are derived equivalent.5 Then,

we could hope the class

V
ǫ

n,mα(S) ∈ KD
var[L

−1] ,

obtained from Vǫ
n,mα(S), is a universal polynomial in the motivic powers

of the class of the underlying K3 surface,

[SymrS] ∈ KD
var[L

−1] .

The coefficients of such a polynomial would lie in Q[L, L−1].

An interesting related question immediately arises. Let S be nonsin-

gular projective K3 surface with a positive irreducible class α ∈ Pic(S).

The moduli space Pn(S, α) is known to be nonsingular [20, 29]. Is there

a formula for

[Pn(S, α)] ∈ KD
var[L

−1]

as a universal polynomial in the motivic powers [SymrS]?

While we have (modest) computational evidence for Conjectures A

and B constraining Hǫ
m,β(S), the above hopes for Vǫ

m,β(S) are simply

speculations.

4. Calculation of Kawai-Yoshioka

In order to formulate Conjecture C which completely determines

Hn,m,h, we first review the calculation of Kawai-Yoshioka.

5Or perhaps I
D should be the ideal generated by the differences of all derived

equivalent nonsingular projective Calabi-Yau varieties. Alternatively, Chow mo-
tives may be a more natural framework for the entire discussion.
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Let Pn(S, h) denote the moduli space of stable pairs on the K3 sur-

face S for a positive irreducible class α satisfying

2h− 2 = 〈α, α〉.

The moduli space Pn(S, h) is nonsingular of dimension 2h−1+n. The

Poincaré polynomial6 of Pn(S, h),

H̃(Pn(S, h)) =

2h−1+n∑

i=0

dimQ H2i(Pn(S, h),Q) u2i ∈ Z[u] ,

has been calculated by Kawai-Yoshioka. By Theorem 5.158 of [20],

(
u2ỹ − 1

) (
1− ỹ−1

)
·

∞∑

h=0

∞∑

n=1−h

H̃(Pn(S, h)) u
−2hỹnqh =

∞∏

n=1

1

(1− ỹqn)(1− u2ỹqn)(1− qn)20(1− ỹ−1qn)(1− (u2ỹ)−1qn)
.

In order to fit our motivic conventions in Section 6, we define

H(Pn(S, h)) = u−2h+1−n
H̃(Pn(S, h))

and rewrite the Kawai-Yoshioka formula as

u−1
(
u2ỹ − 1

) (
1− ỹ−1

)
·

∞∑

h=0

∞∑

n=1−h

H(Pn(S, h)) u
nỹnqh =

∞∏

n=1

1

(1− ỹqn)(1− u2ỹqn)(1− qn)20(1− ỹ−1qn)(1− (u2ỹ)−1qn)
.

After the substitution y = uỹ, we find

(uy − 1)
(
u−1 − y−1

)
·

∞∑

h=0

∞∑

n=1−h

H(Pn(S, h)) y
nqh =

∞∏

n=1

1

(1− u−1y−1qn)(1− u−1yqn)(1− qn)20(1− uy−1qn)(1− uyqn)
.

The right side of the above formula is the generating series of Hodge

polynomials of the Hilbert schemes of points of S.

6All the cohomology of Pn(S, h) is even.
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5. Refined Gopakumar-Vafa invariants

5.1. Definition. Refined Gopakumar-Vafa invariants were defined math-

ematically in [7] via refined stable pairs invariants.7 Following [7], we

will define refined invariants

Rh
jL,jR

∈ Z

for K3 surfaces for all h ∈ Z and all half-integers

jL, jR ∈
1

2
Z≥0 =

{
0,

1

2
, 1,

3

2
, . . .

}
.

The definition uses formula (8.1) of [7] and the generating series of

Hodge numbers of the Hilbert schemes of points of K3 sufaces of Sec-

tion 4. If h < 0, the definition is simple:

Rh<0
jL,jR

= 0 .

For the h ≥ 0 case, we will use the following notation. For j ∈ 1
2
Z≥0,

we define

[j]x = x−2j + x−2j+2 + · · ·+ x2j−2 + x2j .

We define the refined invariants Rh≥0
jL,jR

for K3 surfaces by

(5.1)

∞∑

h=0

∑

jL

∑

jR

R
h
jL,jR

[jL]y[jR]u q
h =

∞∏

n=1

1

(1− u−1y−1qn)(1− u−1yqn)(1− qn)20(1− uy−1qn)(1− uyqn)
.

Here, the sums over jL and jR are both taken over 1
2
Z≥0.

The above definition of Rh
jL,jR

will be discussed further in Section

6. Formula (5.1) will be shown there to be consistent with the Kawai-

Yoshioka calculation of Section 4 via the definition of the refined invari-

ants in [7]. In fact, consistency with the Kawai-Yoshioka calculation

forces formula (5.1) for Rh
jL,jR

.

7Other definition has been proposed in [14, 21]. Connecting the refined invariants
for K3 surfaces Rh

jL,jR
defined here to the geometry of [14, 21] is the topic of the

Appendix by R. Thomas.
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The refined invariants Rh
jL,jR

may be viewed as arising from the coho-

mology of Pn(S, h), the moduli space of stable pairs on the K3 surface

S with positive irreducible class α satisfying

〈α, α〉 = 2h− 2 .

Formula (5.1) also agrees with the refined invariant for K3 surfaces

calculated in [15].8

Formula (5.1) uniquely determines Rh
jL,jR

for h ≥ 0. As a conse-

quence, the following stabilization property holds: for fixed i and j,

the refined invariant Rh
h
2
−i,h

2
−j

is independent of h for sufficiently large

h.9

R0
i
2
, j
2

i=0

j=0 1

R1
i
2
, j
2

j=0 1

i=0 20
1 1

R2
i
2
, j
2

j=0 1 2

i=0 231
1 21
2 1

R3
i
2
, j
2

j=0 1 2 3

i=0 1981 1
1 252
2 1 21
3 1

R4
i
2
, j
2

j=0 1 2 3 4

i=0 13938 21
1 2233 1
2 21 253
3 1 21
4 1

Table 1. All nonvanishing Rh
jL,jR

for h ≤ 4 for K3 surfaces

5.2. Unrefined BPS invariants. Let X be a nonsingular projective

Calabi-Yau 3-fold, and let β ∈ H2(X,Z) be a curve class.

The relation of the refined BPS invariants Nβ
jLjR

ofX to the unrefined

BPS invariants nβg of X is obtained by from their definitions in terms

8See equations (8.3) and (8.4) of [15] as well as Table 8 in Appendix D.2.
9Refined invariants for local P2 were found to stabilize in [CKK]. We expect

stabilization to hold more generally.
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of traces on the BPS Hilbert space HBPS arising from wrapping M5

branes on curves in X . The Hilbert space HBPS carries an

SU(2)× SU(2) = SU(2)L × SU(2)R

action. We denote the irreducible representations of SU(2)×SU(2) by

pairs [jL, jR] where jL, jR ∈ 1
2
Z≥0. The refined invariants arise via the

formula:

(5.2) TrHBPS
yσ

L
3 uσR

3 qH =
∑

β

∑

jL,jR∈ 1
2
Z≥0

N
β
jL,jR

[jL]y [jR]u q
β .

Similarly, the unrefined invariants arise as:

(5.3) TrHBPS
(−1)FRyσ

L
3 qH =

∑

β

∑

g∈Z≥0

nβg

(
y

1
2 + y−

1
2

)2g
qβ .

Here, (−1)FR acts as (−1)2jR on [jR]. The matrix

σ3 =

(
1 0
0 −1

)

is twice the Cartan element of SU(2) measuring the spins of the BPS

state. The operator H measures the mass of the BPS state.

Let Ig denote the SU(2) representation associated to the cohomology

of an abelian variety of dimension g,

Ig =

(
2[0] +

[
1

2

])⊗ g

.

By taking the trace on Ig, we obtain the following identity:

TrIg y
σ3 =

(
y

1
2 + y−

1
2

)2g
.

Setting u = −1 in (5.2) and using (5.3), we obtain the basic relationship

between the refined and unrefined invariants:

(5.4)
∑

jL,jR∈ 1
2
Z≥0

(−1)2jR(2jR + 1)Nβ
jL,jR

[jL] =
∑

g∈Z≥0

nβg Ig .

If we specialize (5.4) to the refined invariants Rh
jL,jR

of K3 surfaces

and change variables

y 7→ −y
13



in (5.1), we obtain
∑

jL,jR∈ 1
2
Z≥0

(2jR + 1)Rh
jL,jR

[jL]y =
∑

g∈Z≥0

(−1)grhg

(
y

1
2 − y−

1
2

)2g

and recover the KKV formula for the BPS counts rhg of K3 surfaces

from (5.1),

∞∑

h=0

∑

g≥0

(−1)grhg

(
y

1
2 − y−

1
2

)2g
qh =

∞∏

n=1

1

(1− y−1qn)(1− yqn)(1− qn)20(1− y−1qn)(1− yqn)
,

in accordance with [25, 31].

rhg h = 0 1 2 3 4
g = 0 1 24 324 3200 25650
1 −2 −54 −800 −8550
2 3 88 1401
3 −4 −126
4 5

Table 2. All nonvanishing rhg for h ≤ 4 for K3 surfaces

5.3. Mathieu moonshine. The important conceptual difference be-

tween the invariants N
β
jL,jR

and nβg is that the former are actual BPS

degeneracies. Hence, we expect Nβ
jL,jR

to always be nonnegative. More-

over, if there is a symmetry acting on the Hilbert space which com-

mutes with H and the spin operators, the multiplicities must fall in

representations of the symmetry group. For En del Pezzo surfaces, the

invariants N
β
jrjR

were observed in [15] to fall naturally in representa-

tions of En. The Weyl group of En acts on the geometry by Lefshetz

monodromy.

Greg Moore pointed out to us at String Math 2014 during the presen-

tation [19] that the number R2
0,0 = 231 is the dimension of an irreducible

representation of the Matthieu group M24, a sporadic group of order
14



244823040, which is conjecturally [11] related to the elliptic genus of

the K3 surface. The dimensions of the 26 irreducible representations

of the group M24 are

1, 23, 45, 231, 252, 253, 483, 770, 990, 1035, 1265,
1771, 2024, 2277, 3312, 3520, 5313, 5544, 5796, 10395 ,

where the representations of dimension 45, 231, 770, 990, 1035 come in

complex conjugated pairs. There is an extra real representation of

dimension 1035.

We have checked all the values taken by refined invariants Rh
jL,jR

in

Table 1, except for the values 20 (and 21 = 20+1), are expressible in a

simple way in terms of the dimensions of the irreducible representations

of M24. Beside the dimensions which occur directly, we have:

R3
0,0 = 1981 = 2 · 990 + 1 R4

0,0 = 13938 = 2 · 5313 + 3312
R4

1
2
, 1
2

= 2233 = 2 · 990 + 253 R5
1,1 = 2254 = 1771 + 483

R6
3
2
, 3
2

= 2255 = 1265 + 990 .

Since the dimensions of the representations of M24 are small, the sig-

nificance is somewhat limited. The decompositions with a minimal

numbers of summands given above are not always unique. For exam-

ple,

R6
3
2
, 3
2
= 2024 + 231 and R4

0,0 = 10395 + 3520 + 23 .

Nevertheless, the action of the Matthieu group is expected10 in the

string compactification on K3 × T 2 and the refined spacetime BPS

spectrum is a natural place to see its action.

6. Conjecture C

Our motivic convention is the following.11 If the moduli space of

stable pairs P is a nonsingular variety of complex dimension d, then

10See [5, 12] for related constructions and [6] for subsequent developments.
11Our conventions here distribute the signs in a slightly different manner than

the conventions of [7], but there is no essential difference.
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the associated motivic invariant is defined12 to be

L−
d
2 [P ] ∈ Kµ̂

var[L
−1] .

Here, [P ] is the usual element associated to P in the Grothendieck ring

of varieties. When considering the virtual Poincaré polynomial,

H̃ : Kµ̂
var(L

−1) → Z[u, u−1] ,

we map L±
1
2 7→ u±1. We define H(P ) to be the virtual Poincaré poly-

nomial of L−
d
2 [P ].

Let α ∈ Pic(S) be a positive irreducible class of norm square

〈α, α〉 = 2h− 2 .

Then Pn(S, h) is nonsingular of dimension 2h − 1 + n. Hence, the

relation

H(Pn(S, h)) = u−2h+1−n H̃(Pn(S, h))

of Section 4 is consistent with our motivic conventions.

An elementary verification based upon the interpretation of the Kawai-

Yoshioka calculation in Section 4 and the definition of the refined in-

variants in Section 5 yields the following identity: the vα coefficient of

the product

(6.1)
∏

jL,jR,mL,mR,m,j

(
1 + u−m+1+2j−2mR ym−2mL vα

)(−1)2(jL+jR)
R
h
jL,jR

exactly equals

(6.2)
∞∑

n=1−h

H(Pn(S, h)) y
n .

The product
∏

jL,jR,mL,mR,m,j in (6.1) signifies

(6.3)
∏

jL∈
1
2
Z≥0

∏

jL∈
1
2
Z≥0

jL∏

mL=−jL

jR∏

mR=−jR

∞∏

m=1

m−1∏

j=0

where mL and mR increase by steps of 1.

12The motivic invariant of P may depend on a choice of orientation. We have
made an implicit choice here as explained in Section (7.1) – the only choice possible
if Pic(P ) has no 2-torsion.
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The product (6.1) occurs in the definition of the refined invariants

[7, Equation (8.1)]. The equality of (6.1) and (6.2) is a geometric con-

straint verified by definition (5.1). In fact, definition (5.1) is uniquely

determined by the above constraint.

To state our last conjecture, let α ∈ Pic(S) be a positive, primitive

class of norm square

〈α, α〉 = 2h− 2 .

We will consider the motivic partition function for classes which are

multiples of α,

Zh = exp

(
∞∑

k=1

∑

n∈Z

Hn,kα ynvkα

)
.

For fixed k, the motivic invariant Hn,kα vanishes for sufficiently negative

n. Assuming Conjectures A and B, we rewrite the partition function

as

Zh = exp

(
∞∑

k=1

∑

n∈Z

Hn,k,h[k] y
nvk

)

where we define

2h[k]− 2 = 〈kα, kα〉 = k2(2h− 2), h[k] = k2(h− 1) + 1 .

The variable vα has now been replaced by just v.

Conjecture C. For all h, the partition function

Zh = exp

(
∞∑

k=1

∑

n∈Z

Hn,k,h[k] y
nvk

)

equals the product

∞∏

k=1

∏

jL,jR,mL,mR,m,j

(
1 + u−m+1+2j−2mR ym−2mL vk

)(−1)2(jL+jR)
R
h[k]
jL,jR .

The product
∏

jL,jR,mL,mR,m,j appearing in Conjecture C is just as

before (6.3). Conjecture C determines every Hn,k,h[k] in terms of the
17



refined Gopakumar-Vafa invariants obtained from primitive class ge-

ometry. Such a relation may be viewed as a divisibility invariance

property.

If we substitute u = −1 in Hn,kα, we recover the stable pairs invari-

ants Rn,kα defined in [31] for K3 surfaces. An unwinding of the defini-

tions then shows Conjecture C implies the KKV conjecture (proven in

[31]) for stable pairs invariants in all classes.

7. First predictions

7.1. Virtual motives. Before presenting examples, we quickly review

the theory of virtual motives following [4, 16].

Joyce and collaborators introduce the notion of an oriented d-critical

locus as a framework for defining motivic invariants within classical

(non-derived) algebraic geometry. Moduli spaces of stable pairs carry

such a structure. We review the aspects which are most relevant for us

and refer the reader to [16] for the omitted details.

A d-critical locus is a variety M which can locally be realized as

Crit(f) for a holomorphic f on a smooth space U (a critical chart),

with a weak notion of compatibility among the critical charts. The

compatibility is strong enough however to define a virtual canonical

bundle

Kvir
M ∈ Pic(M red).

Given a critical chart (U, f), there is a canonical isomorphism

(7.1) Kvir
M |Crit(f) ≃ K⊗2

U |Crit(f).

An orientation is a choice of square root of the virtual canonical bundle

(Kvir
M )1/2 ∈ Pic(M red) .

From the data of a oriented d-critical locus, a virtual motive [M ]vir

can be defined. There are two ingredients:

• The motivic vanishing cycle of Denef and Loeser [8],

• A principal Z2 bundle determined by the choice of orientation.
18



A local virtual motive can be associated to the motivic vanishing cycle.

After a motivic twist by the principal Z2 bundle, Joyce and collabora-

tors [16] show the local motives glue together.

We review the motivic vanishing cycle following [8]. For our exam-

ples, we will only require the case where f is of the form

f =

n∏

i=1

zni

i .

Here (z1, . . . , zn) are coordinates in a neighborhood U of the origin in

Cn. Put U0 = f−1(0).

For an index set I ⊂ {1, . . . , n} define EI by the equations zi = 0

for all i ∈ I, and define

E◦
I = EI − ∪j 6∈IEj .

Let mI = gcd{ni | i ∈ I} and define ẼI → E◦
I by

ẼI =

{
(z, w) ∈ E◦

I × C | wmI =
∏

j 6∈I

z
nj

j

}

with a natural projection to E◦
I .

The group µmI
of roots of unity acts on ẼI by its action on w. In

fact, ẼI is a Galois µmI
-cover of E◦

I . Denoting the action by ρI , we

obtain an element [ẼI , ρI ] in the ring of equivariant motives over U .

The motivic nearby cycle of f is

(7.2) MFmot
U,f =

∑

I 6=∅

(1− L)|I|−1 [ẼI , ρI ],

where L = [A1] as before.

The motivic vanishing cycle of f is

MFmot,φ
U,f = L− dimU/2

(
[U0]−MFmot

U,f

)

We only need the motivic vanishing cycle in three special cases:

• f = 0

• f = z21z
2
2

• f = z21z2
19



In case f = 0, we have X = U0 = U is nonsingular, MFmot
U,f is empty,

and so the motivic vanishing cycle is L−dimU/2[U ]. Here, we match the

conventions of Section 6.

In case f = z21z
2
2 , for every nonempty I ⊂ {1, 2}, we have mI = 2

and ẼI is a disconnected double cover of E◦
I . So each summand in the

motivic nearby cycle (7.2) is the product of the respective E◦
I with the

absolute equivariant motive

[µ2, ρ]

where ρ denotes the action of µ2 on itself. We therefore obtain

MFmot
U,f = [µ2, ρ] ([E

◦
1 ] + [E◦

2 ] + (1− L) [E◦
12]) .

Using (2.2), we find the following expression:

MFmot,φ
U,f =

L−dimU/2
(
L1/2 ([E◦

1 ] + [E◦
2 ]) +

(
1−

(
1− L1/2

)
(1− L)

)
E◦

12

)

which simplifies to

(7.3) L−dimM/2
(
[M ] + [E◦

12]
(
L1/2 − L

))
.

In case f = z21z2, we have m1 = 2 and mI = 1 otherwise. Thus,

MFmot
U,f = [Ẽ1, ρ1] + [E◦

2 ] + (1− L) [E◦
12]

and

(7.4) MFmot,φ
U,f = L

−dimU/2
(
[E◦

1 ]− [Ẽ1, ρ1] + L[E◦
12].
)

As expected, E◦
2 has cancelled out (E◦

2 is not part of Crit(f)).

The principal Z2 bundle associated with a choice of orientation is

given by the local isomorphisms

(
Kvir

M

)1/2
|Crit(f) ≃ KU |Crit(f)

which are square roots of the canonical isomorphism (7.1).

In the case f = 0 or f = z21z
2
2 , the principal bundle Z2 bundle is

trivial in a punctured neighborhood of each E◦
I , essentially since there

is no ramification in the Galois µ2 covers described above. As we
20



shall see, the principal Z2 bundle plays an important role in the case

f = z21z2.

Next we globalize the f = 0 geometry. Suppose M is nonsingular.

As a d-critical locus, M can be described by a single critical chart

(M, 0), so

Kvir
M

∼= K⊗2
M .

For the natural choice of orientation KM , we have

[M ]vir = L−dimM/2[M ],

If there is no 2-torsion in Pic(M), then KM is the only possible orien-

tation, as will be the case in our example.

In a second geometry which will arise, M red is a union of two non-

singular components E1, E2 meeting transversally along a nonsingular

irreducible divisor E12. In such case, M must be nonreduced. We will

also have E1−E2 and E2−E1 nonsingular, so nilpotents can occur only

along E12. We assume the simplest possible scheme structure compat-

ible with the situation: (z21z2, z1z
2
2) in the neighborhood of any point

of any Eij , where z1 = 0 and z2 = 0 are local equations for E1 and E2

respectively. In other words, we take

f = z21z
2
2

as the superpotential.

Consider the natural isomorphism

Kvir
M |E◦

1

∼= K⊗2
E◦

1

These bundles extend to respective line bundles Kvir
M |E1 and K⊗2

E1
on

E1. Direct computation shows the isomorphism vanishes to order 2

along E12. So

Kvir
M |E1

∼= K⊗2
E1

(−2E12, )

with the analogous identification on E2.

So there is again a natural orientation (Kvir
M )1/2 determined by

(
Kvir

M

)1/2
|Ei

∼= KEi
(−E12)

21



for i = 1, 2. If in addition there is no 2-torsion in Pic(E1) or Pic(E2),

then the orientation is unique. Such uniqueness will occur in our ex-

ample.

With the unique orientation, we have a globalization of (7.3),

(7.5) [M ]vir = L−dimM/2
(
[M ] + [E12]

(
L1/2 − L

) )
.

A third geometry will arise: M red is irreducible, nonsingular, and

contains a nonsingular divisor D ⊂ M precisely along which M is

nonreduced. We assume the simplest possible scheme structure com-

patible with the situation, (z21 , z1z2) in the neighborhood of any point

of D, where z1 = 0 is a local equation for M red and z1 = z2 = 0 are

local equations for D. In other words, we take

f = z21z2

as the superpotential,13 locally identifying E1 with M red and E12 with

D.

Consider the natural isomorphism

Kvir
M |M red−D

∼= K⊗2
M red−D

These bundles extend to respective line bundles Kvir
M and K⊗2

M red on

M red. Direct computation shows the isomorphism vanishes to order 1

along D. So

(7.6) Kvir
M

∼= K⊗2
M red (−D) .

It is apparent that there is no natural orientation (Kvir
M )1/2 in this

general situation.

For the moduli space of stable pairs, we know that M is an oriented

d-critical locus by general theory. Hence, we conclude D must be even:

OM red(D) ≃ L⊗2

13The superpotential z21z2 together with the associated Z2-monodromy was first
analyzed in [33, Example 4.5] to calculate nontrivial refined stable pairs invariants
of local P1.

22



for some line bundle L on M red.14 Then, we have an orientation

(
Kvir

M

)1/2
= KM red ⊗ L−1 ,

which is the only possibility if Pic(M) has no 2-torsion.

In the above oriented situation, the principal Z2 bundle of square

roots of (7.1) in a critical chart naturally ramifies when extended to D.

Let

π : M̃ → M

be the double cover ofM branched alongD, with the natural involution

ι and ramification divisor D̃. The principal Z2 bundle modifies the local

virtual motive L− dimM/2[M −D] of M −D to15

L−(dimM+1)/2
(
[M −D]− [M̃ − D̃, ι]

)
.

Comparison with (7.4) shows how to extend the motive globally. The

result is

(7.7) L−(dimM+1)/2
(
[M −D]− [M̃ − D̃, ι] + L[D]

)

We now compute the virtual Poincaré polynomial of (7.7). To con-

vert a Z2-equivariant motive [V, ι] to a virtual Poincaré polynomial,

decompose H∗
c (V ) into its even and odd parts under ι∗:

H∗
c (V ) = H+

c (V )⊕H−
c (V )

and then take the virtual Poincaré polynomial, which we write as

H̃ (V ) = H̃+
c (V ) + H̃−

c (V )

In our conventions the virtual Poincaré polynomial of [V, ι] is then

(7.8) H̃(V, ι) = H̃+
c (V )− uH̃−

c (V ) ,

14The same calculation was applied in [16, Example 2.39] to the situation

(M red, D) = (P1, p)

to show that a certain d-critical locus was not orientable since the class of a point
is not even in Pic(P1).

15In [4], the Z2 twists are only defined in a quotient of the equivariant motivic
ring. We presume the computation holds in the equivariant motivic ring itself if
other approaches to virtual motives are followed [23].
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see [24, Corollary 7.2]. The minus sign in (7.8) is consistent with the

evaluation

H̃(L1/2) = H̃
(
1− [µ2, ρ]

)
= u .

Finally, the virtual Poincaré polynomial of (7.7) is

(7.9) u−(dimM+1)
(
uH̃−

c (M̃) + u2H̃c(D)
)
.

7.2. Poincaré polynomials. Some elucidation of (7.8) is in order

here. Let K µ̂
0 (HS) denote the Grothendieck ring of the category of

Hodge structures with a µ̂-action. There is a Hodge characteristic map

[24],

χh : K µ̂
var → K µ̂

0 (HS) ,

which can be extended to

(7.10) χh : K µ̂
var[L

−1] → K µ̂
0 (HS)

since χh(L) is invertible. We will define a virtual Poincaré polynomial

map

P : K µ̂
0 (HS) → Z[u, u−1]

which then determines a virtual Poincaré polynomial16 map

H̃ = P ◦ χh : K µ̂
var[L

−1] → Z[u, u−1] .

The definition of P is chosen so that H̃ is a ring homomorphism.

For simplicity of exposition, we focus on the special case of µ2-

equivariant Hodge structures (the only case which appears in the ex-

amples considered here) and say a few words about how to extend to

the general case.

By [24, Cor. 7.2], the motivic convolution product inK µ̂
var descends to

a product in K µ̂
0 (HS), denoted ∗. Restricting to elements of Kµ2

0 (HS),

the product is shown to satisfy

(7.11) H ∗H ′ =

H+ ⊗ (H ′)+ +H+ ⊗ (H ′)− +H− ⊗ (H ′)+ +H− ⊗ (H ′)−(−1),

16Equivalent definitions have appeared before, see [34, Appendix A.4] and the
references there.
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where H± are the even and odd parts of the µ2-action on H (and

similarly for H ′).

Forgetting the µ2 action, we let Q(H) be the Poincaré polynomial of

a Hodge structure H . Equation (7.8) can be rephrased as defining P

to be

P(H) = Q(H+)− uQ(H−).

Then (7.11) implies P(H ∗H ′) is

Q(H+⊗ (H ′)+)−uQ(H+⊗ (H ′)−)−u(H−⊗ (H ′)+)+u2Q(H−⊗ (H ′))

which equals P(H)P(H ′) as desired.

The full result [24, Cor. 7.2] extends (7.11) to a formula for ∗ valid

for any

H,H ′ ∈ K µ̂
0 (HS) ,

expressed in terms of characters of µ̂. Then P(H) can be defined by

Q(H) for H a trivial representation of µ̂ and −uQ(H) if H transforms

by a nontrivial character of µ̂. The verification of

P(H ∗H ′) = P(H)P(H ′)

in the general case is a bit more involved, relying on the precise form of

[24, Cor. 7.2] and of the computation of the characters of the cohomol-

ogy of the Fermat curves used in the definition of motivic convolution

[32]. The result from [32] also appears as [24, Lemma 7.1].

7.3. Elliptically fibered K3 surfaces. Let S be an elliptically fibered

K3 surface,

π : S → P1 ,

with section s and fiber class f . No singular point of any fiber lies on

s. We will compute motivic stable pair invariants in classes

s, f, s+ f ∈ Pic(S)

with small Euler characteristic following the method of [16]. For our

definition in Section 2, we will consider various families

ǫ : T → (∆, 0)
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depending upon the class.

We start with the fiber class f ∈ Pic(S). If (F, τ) is a stable pair of

class [F ] = f and χ(F ) = 0, then F = OE for some fiber E of π. Since

the fibers are parametrized by P1,

P0(S, f) ≃ P1

and

[P0(S, f)]
vir = L−1/2[P1].

Note Pic(P1) has no torsion, so there is no choice in the motivic invari-

ant.

If χ(F ) = 1, then the coker(τ) of the stable pair (F, τ) is a point,

and P1(S, f) ∼= S, so

[P1(S, f)]
vir = L−1[S].

Again, Pic(S) has no torsion, so there is no choice in the motivic in-

variant.

Next consider the section s ∈ Pic(S). We see P1(S, s) is a point and

P2(S, s) ∼= P1 .

Hence, the coefficient of vs in the motivic partition function Zmot is

q + L−1/2[P1]q2 + . . . .

Since s, f ∈ Pic(S) are irreducible classes, for any 1-rigid family ǫ, the

above moduli identifications are valid on T .

The class s + f is primitive but not irreducible. In the Euler char-

acteristic 0 case,

P0(S, s+ f) ∼= P1

is determined by the location of a fiber of π. Hence,

[P0(S, s+ f)]vir = L−1/2[P1] .

Again, T plays no interesting role.

The more interesting geometry occurs in Euler characteristic 1. The

moduli space P1(T, s + f) has two components, E1 where the point is

on the fiber and E2 where the point is on s:
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• E1
∼= S

• E2
∼= P1 × P1

For E2, the first P1 parametrizes the point of the fiber and the second

P1 parametrizes the location of the point coker(τ) on the section. The

two components meet along

E1 ∩ E2
∼= P1

embedded in S as the section s and in P1 × P1 as the diagonal.

We assume the local superpotential is the second form discussed in

Section 7.1. By (7.5), we have

[P1(X, s+ f)]vir = L−1
(
[P1(X, s+ f)] + [P1](L1/2 − L)

)

For the classes s, f, s+ f ∈ Pic(S) to order q, the motivic partition

function is

Z
mot = 1 + vs (q + . . .)

+ vf
(
L−1/2[P1] + qL−1[S] + . . .

)

+ vs+f
(
L−1/2[P1] + qL−1

(
[P1(X, s+ f)] + [P1](L1/2 − L)

)
+ . . .

)

+ . . . .

We now calculate the coefficient of vs+f in log(Zmot). The q0 coefficient

is simply L−1/2[P1]. The q coefficient is

L−1
(
[P1(X, s+ f)] + [P1]

(
L1/2 − L

) )
− L−1/2[P1]

= L−1
(
[S] + [P1 × P1]− [P1] + [P1]

(
L1/2 − L

) )
− L−1/2[P1]

= L−1[S] + L−1[P1]
(
[P1]− 1 + L1/2 − L

)
− L−1/2[P1] .

The last expression is easily simplified to L−1[S]. We conclude the

q0 and q1 coefficients of vs+f in log(Zmot) agree with the q0 and q1

coefficients of vf in log(Zmot).

The above calculation provides nontrivial evidence for Conjectures

A and B. In fact, if more naive approaches to the motivic theory are

taken (for example using the actual moduli spaces or even the Behrend

function on the moduli spaces), the agreement we have found fails. We
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have verified the prediction to order q2, but we do not include the more

involved calculations here.

We next turn to the class 2f . We have

P0(S, 2f) ∼= Sym2(P1) ∼= P2 .

However, in the algebraic twistor family, the scheme structure is not

reduced17 precisely along the diagonal curve D ⊂ P2, a plane conic.

The discussion of Section 7.1 therefore applies. The virtual canonical

bundle is

K⊗2
P2 (−D) ∼= OP2(−8) ,

and the algebraic twistor family is uniquely oriented by OP2(−4).

The double cover of P2 branched along D is a nonsingular quadric

surface Q containing an isomorphic copy D̃ ofD. The motive ofD ∼= D̃

is L+ 1, so the motive of Q− D̃ is L2 + L and the motive of P2 −D is

L2. Therefore the odd part of the motive of Q − D̃ is L. Hence (7.9)

yields

H0,2,0[2] = H̃
(
[P0(X, 2f)]vir

)
= 1 +

(
u+ u−1

)
,

in complete agreement with Conjecture C.

8. Duality and Noether-Lefschetz theory

8.1. Heterotic-Type II duality. The Yau-Zaslow conjecture origi-

nates in heterotic-Type II duality in 6d, where the heterotic string

is compactified on the four torus T 4 and the Type II string on K3.

By the adiabatic argument [37], this can be extended to 4d N = 2

supersymmetric theories, which are obtained from dual pairs of het-

erotic string compactifications on K3 × T 2 and Type II string com-

pactifications on Calabi-Yau 3-folds X . The latter are K3 fibations

over P1. This construction of dual pairs requires a match between the

vector- and hypermultiplet moduli spaces of the heterotic and the type

II compactifications. The heterotic moduli parametrize the metric of

K3 × T 2, the bundle data of the heterotic compactification, and the

17We thank R. Thomas for the verification.
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heterotic dilaton S, which is in a vector multiplet. In Type IIA com-

pactifications, the complexified Kähler moduli (t, S) of X parametrize

the vector multiplet moduli space18, which is of complex dimension

h11(X). In particular, the heterotic dilaton

S =
4π

g2het
+ iθ

is identified with the complexified volume of the base P1.

The simplest example is the STU-model, see [22] for review. Here,

the Calabi-Yau 3-fold X is an elliptic fibration over P1 × P1 and a K3

fibration over P1 with

h11(X) = 3 .

The three vector moduli are identified on the heterotic side with the

heterotic dilaton S, the complex modulus T , and the complexified

Kähler modulus U of the heterotic torus T 2 19.

An impressive consequence of the proposed duality is that a pertur-

bative heterotic one-loop amplitude predicts all higher genus ampli-

tudes

F (λ, t) =
∑

g

λ2g−2Fg(t)

of X in the infinite base limit (the dependence on the K3 fiber classes).

For the STU model,

(8.1) lim
S→∞

F (λ, S, T, U) = F 1−loop
het (λ, T, U) .

We will use this relation in the holomorphic limit to extend Conjecture

C to a proposal for the refined invariants of the STU model.

8.2. Refined Noether-Lefschetz theory.

18The complex moduli of X together with the Ramond fields and the type II
dilaton parametrize the hypermultiplet moduli space, which is of quaternionic di-
mension h21(X) + 1. This makes the duality much richer, but we focus on the
vector moduli.

19As h21(X) = 243, the heterotic hypermultiplet moduli space is of quaternionic
dimension 244.
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8.2.1. Overview. We pass now from the string point of view to the

more precise mathematical perspective advanced in [25, 31] as Noether-

Lefschetz correspondences. For our study of refined invariants, the

Noether-Lefschetz numbers of [25, 31] also require refinement.

8.2.2. Λ-polarization. Following the notation of [31, Section 1.1], let Λ

be a fixed rank r primitive20 sublattice

Λ ⊂ U ⊕ U ⊕ U ⊕E8(−1)⊕ E8(−1)

with signature (1, r − 1), and let v1, . . . , vr ∈ Λ be an integral basis.

The discriminant is

∆(Λ) = (−1)r−1 det



〈v1, v1〉 · · · 〈v1, vr〉

...
. . .

...
〈vr, v1〉 · · · 〈vr, vr〉


 .

The sign is chosen so ∆(Λ) > 0.

A Λ-polarization of a K3 surface S is a primitive embedding

j : Λ → Pic(S)

satisfying two properties:

(i) the lattice pairs Λ ⊂ U3 ⊕ E8(−1)2 and Λ ⊂ H2(S,Z) are

isomorphic via an isometry which restricts to the identity on Λ,

(ii) Im(j) contains a quasi-polarization.

By (ii), every Λ-polarized K3 surface is algebraic.

The period domain M of Hodge structures of type (1, 20, 1) on the

lattice U3 ⊕ E8(−1)2 is an analytic open set of the 20-dimensional

nonsingular isotropic quadric Q,

M ⊂ Q ⊂ P
(
(U3 ⊕ E8(−1)2)⊗Z C

)
.

Let MΛ ⊂ M be the locus of vectors orthogonal to the entire sublattice

Λ ⊂ U3 ⊕ E8(−1)2.

Let Γ be the isometry group of the lattice U3 ⊕ E8(−1)2, and let

ΓΛ ⊂ Γ

20A sublattice is primitive if the quotient is torsion free.
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be the subgroup restricting to the identity on Λ. By global Torelli, the

moduli space MΛ of Λ-polarized K3 surfaces is the quotient

MΛ = MΛ/ΓΛ.

We refer the reader to [10] for a detailed discussion.

8.2.3. Noether-Lefschetz divisors. Let (L, ι) be a rank r + 1 lattice L

with an even symmetric bilinear form 〈 , 〉 and a primitive embedding

ι : Λ → L.

Two data sets (L, ι) and (L′, ι′) are isomorphic if and only if there exist

an isometry relating L and L′ which takes ι to ι′. The first invariant

of the data (L, ι) is the discriminant ∆ ∈ Z of L.

An additional invariant of (L, ι) can be obtained by considering any

vector v ∈ L for which21

(8.2) L = ι(Λ)⊕ Zv.

The pairing

〈v, ·〉 : Λ → Z

determines an element of δv ∈ Λ∗. Let G = Λ∗/Λ be the quotient

defined via the injection Λ → Λ∗ obtained from the pairing 〈 , 〉 on Λ.

The group G is abelian of order given by the discriminant |∆(Λ)|. The

image

δ ∈ G/±

of δv is easily seen to be independent of v satisfying (8.2). The invariant

δ is the coset of (L, ι)

By elementary arguments, two data sets (L, ι) and (L′, ι′) of rank

r + 1 are isomorphic if and only if the discriminants and cosets are

equal.

21Here, ⊕ is used just for the additive structure (not orthogonal direct sum).
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Let v1, . . . , vr be an integral basis of Λ as before. The pairing of L

with respect to an extended basis v1, . . . , vr, v is encoded in the matrix

Lh,d1,...,dr =




〈v1, v1〉 · · · 〈v1, vr〉 d1
...

. . .
...

...
〈vr, v1〉 · · · 〈vr, vr〉 dr

d1 · · · dr 2h− 2


 .

The discriminant is

∆(h, d1, . . . , dr) = (−1)rdet(Lh,d1,...,dr).

The coset δ(h, d1, . . . , dr) is represented by the functional

vi 7→ di.

The Noether-Lefschetz divisor P∆,δ ⊂ MΛ is the closure of the locus

of Λ-polarized K3 surfaces S for which (Pic(S), j) has rank r + 1,

discriminant ∆, and coset δ. By the Hodge index theorem22, P∆,δ is

empty unless ∆ > 0. By definition, P∆,δ is a reduced subscheme.

Let h, d1, . . . , dr determine a positive discriminant

∆(h, d1, . . . , dr) > 0.

The Noether-Lefschetz divisor Dh,(d1,...,dr) ⊂ MΛ is defined by the

weighted sum

(8.3) Dh,(d1,...,dr) =
∑

∆,δ

m(h, d1, . . . , dr|∆, δ) · [P∆,δ]

where the multiplicity m(h, d1, . . . , dr|∆, δ) is the number of elements

β of the lattice (L, ι) of type (∆, δ) satisfying

〈β, β〉 = 2h− 2, 〈β, vi〉 = di.

If the multiplicity is nonzero, then ∆|∆(h, d1, . . . , dr) so only finitely

many divisors appear in the above sum.

22The intersection form on Pic(S) is nondegenerate for an algebraic K3 surface.
Hence, a rank r + 1 sublattice of Pic(S) which contains a quasi-polarization must
have signature (1, r) by the Hodge index theorem.
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8.2.4. Refined Noether-Lefschetz numbers. Let X be a nonsingular pro-

jective Calabi-Yau 3-fold fibered in K3 surfaces,

π : X → P1 .

Let L1, . . . , Lr ∈ Pic(X) determine a 1-parameter family of Λ-polarized

K3 surfaces,

(X,L1, . . . , Lr, π) .

The 1-parameter family determines a morphism

ι : P1 → MΛ .

The Noether-Lefschetz number NL
π
h,d1,...,dr

is defined [25, 31] by the

following conditions:

• if ∆(h, d1, . . . , dr) < 0, then NL
π
h,d1,...,dr = 0,

• if ∆(h, d1, . . . , dr) = 0, then NL
π
h,d1,...,dr

= −2,

• if ∆(h, d1, . . . , dr) > 0, the Noether-Lefschetz number is defined

by the classical intersection product

NL
π
h,(d1,...,dr)

=

∫

P1

ι∗π[Dh,(d1,...,dr)].

Our refinements of NLπh,(d1,...,dr) will not be numbers, but rather rep-

resentations23 of SU(2)× SU(2) lying in the space

Z≥0 [0, 0]⊕ Z≥0 [0,
1

2
] .

The first refinement is defined by

RNL
π,◦
h,d1,...,dr

= NL
π
h,d1,...,dr

[0, 0]

and carries no more data than the Noether-Lefschetz number.

The definition of the second refinement RNL
π,⋄
h,d1,...,dr

is more subtle.

Again, we consider three cases based upon the discriminant:

• if ∆(h, d1, . . . , dr) < 0, then RNL
π,⋄
h,d1,...,dr

= 0,

• if ∆(h, d1, . . . , dr) = 0, then RNL
π,⋄
h,d1,...,dr

= [0, 1
2
].

23As before, We denote the irreducible representations of SU(2)×SU(2) by pairs
[jL, jR] where jL, jR ∈ 1

2Z≥0.
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If ∆(h, d1, . . . , dr) > 0, we divide the effective sum (8.3) defining

Dh,(d1,...,dr) into two parts

Dh,(d1,...,dr) = Sι + Tι

where Sι is the sum of the divisors on the right side of (8.3) not con-

taining ι(P1) and Tι is the sum of such divisors containing ι(P1). The

final case of the definition is:

• if ∆(h, d1, . . . , dr) > 0, then

RNL
π,⋄
h,d1,...,dr

=

∫

P1

ι∗πSι · [0, 0]−
1

2

∫

P1

ι∗πTι · [0,
1

2
] .

The motivation of the second refinement is to record the geometric

components of the Noether-Lefschetz locus over the base P1. Such loci

here are unions of points and lines — the points correspond to the

representation [0, 0] and the lines to the representation [0, 1
2
].

8.3. Refined Pairs/Noether-Lefschetz correspondence. We pre-

dict a refined Pairs/Noether-Lefschetz correspondence which intertwines

three theories associated to the 1-parameter family

π : X → P1

of Λ-polarized K3 surfaces with Calabi-Yau total space:

(i) the refined Noether-Lefschetz theory of π,

(ii) the refined Gopakumar-Vafa invariants of X in fiber classes,

(iii) the refined invariants Rh
jL,jR

of the K3 fibers.

Let RX
jL,jR,(d1,...,dr)

denote the refined Gopakumar-Vafa invariants of

[7] defined via the stable pairs moduli spaces of X for π-vertical curve

classes of degrees d1, . . . , dr with respect to line bundles L1, . . . , Lr cor-

responding to a basis of Λ. An r-tuple (d1, . . . , dr) is positive if the

associated degree with respect to a quasi-polarization λπ ∈ Λ is posi-

tive.

For our proposed R/NL refined correspondence, the K3 invariant

Rh
jL,jR

must be divided into two parts,

(8.4) Rh
jL,jR

= R
h,◦
jL,jR

+ R
h,⋄
jL,jR

.
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Speculation [Refined P/NL correspondence]. A 1-parameter

family of Λ-polarized K3 surfaces

π : X → P1

with Calabi-Yau total space determines a division (8.4) satisfying the

following property. For degrees (d1, . . . , dr) positive with respect to the

quasi-polarization λπ,

∑

jL,jR

N
X,(d1,...,dr)
jL,jR

[jL, jR] =
∑

jL,jR

∞∑

h=0

R
h,◦
jL,jR

[jL, jR]⊗ RNL
π,◦
h,(d1,...,dr)

+
∑

jL,jR

∞∑

h=0

R
h,⋄
jL,jR

[jL, jR]⊗ RNL
π,⋄
h,(d1,...,dr)

.

By vanishing properties of the Noether-Lefschetz numbers, the above

summations over h are finite for given (d1, . . . , dr). We expect the

counts RX
jL,jR,(d1,...,dr)

to be invariant under deformations of X as a fam-

ily of Λ-polarized K3 surfaces.

8.4. STU example. For the STU model, we have a precise conjecture

for the division (8.4) of Rh
jL,jR

which is consistent with several basic

calculations.

We follow the STU conventions of [22] with the lattice

Λ =

(
0 1
1 0

)
.

The Noether-Lefschetz numbers for the STU model

π : X → P1

are determined in [22] to be

NL
π
h,(d1,d2) = Coeffq1+d1d2−h

(
− 2E4(q)E6(q)

)

where E4 and E6 are the Eisenstein series,

−2E4(q)E6(q) = −2 + 528q + 270864q2 + 10393152q3 + . . . .

The refinement is easily seen to be given by

RNL
π,⋄
h,(d1,d2)

= [0,
1

2
]
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if 1 + d1d2 − h = 0 and

RNL
π,⋄
h,(d1,d2)

= NL
π
h,(d1,d2)

· [0, 0]

otherwise. The Betti number of X are

u−3[X ] = u−3 + 3u−1 + 488 + 3u+ u3 .

We define R
h,⋄
jL,jR

for the STU model by a formula parallel to (5.1)

but using only part of the generating series of Hodge numbers of the

Hilbert schemes of points of K3 surfaces:

(8.5)

∞∑

h=0

∑

jL

∑

jR

R
h,⋄
jL,jR

[jL]y [jR]u q
h =

∞∏

n=1

1

(1− u−1y−1qn)(1− u−1yqn)(1− uy−1qn)(1− uyqn)
.

R
0,⋄
i
2
, j
2

i=0

j=0 1

R
1,⋄
i
2
, j
2

j=0 1

i=0
1 1

R
2,⋄
i
2
, j
2

j=0 1 2

i=0 1
1 1
2 1

R
3,⋄
i
2
, j
2

j=0 1 2 3

i=0 1 1
1 2
2 1 1
3 1

R
4,⋄
i
2
, j
2

j=0 1 2 3 4

i=0 3 1
1 3 1
2 1 3
3 1 1
4 1

Table 3. All nonvanishing R
h,⋄
jL,jR

for h ≤ 4

We expect R
h,⋄
jL,jR

to always be nonnegative and bounded by Rh
jL,jR

.

Then, Rh,◦
jL,jR

is uniquely defined by equations (5.1), (8.4), and (8.5).
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Conjecture D. A refined P/NL correspondence holds for fiber classes

of the STU model:

∑

jL,jR

N
STU,(d1,d2)
jL,jR

[jL, jR] =
∑

jL,jR

∞∑

h=0

R
h,◦
jL,jR

[jL, jR]⊗ RNL
π,◦
h,(d1,d2)

+
∑

jL,jR

∞∑

h=0

R
h,⋄
jL,jR

[jL, jR]⊗ RNL
π,⋄
h,(d1,d2)

,

for degrees (d1, d2) positive with respect to the quasi-polarization.

Conjectures C and D together predict the refined invariants of the

STU model in fiber classes. Let (d1, d2) = (0, 1) be the fiber class of

the elliptic fibration

µ : X → P1 × P1 .

For refined invariants of the STU model in class (0, 1), the conjectures

predict:

(8.6) 488[0, 0] + [
1

2
, 0] + [

1

2
, 1] .

After expanding formula (8.1) of [7] with the refined invariants (8.6)

for the STU model X in class (d1, d2) = (0, 1), we obtain predictions

for the Betti realizations of the following stable pairs motives:

u−2[P0(X, (0, 1))] = u−2 + 2 + u2 ,

u−3[P1(X, (0, 1))] = u−3 + 3u−1 + 488 + 3u+ u3 .

The above predictions exactly match the expected geometry

P0(X, (0, 1)) ∼= P1 × P1 ,

P1(X, (0, 1)) ∼= X .

In fact, the predictions for the fiber class (0, 1) case match for the

moduli spaces Pm(X, (0, 1)) of stable pairs for all Euler characteristics

m.

Conjecture D proposes an exact solution for the Betti realization of

the stable pairs motivic invariants for the STU modelX in fiber classes.

Further values of the refined invariants for the STU model are given

below.
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Checking the above prediction for P0(X, (n, 1)) is easy for all n ≥ 0.

Further checks in the case (d1, d2) = (1, 1) have been completed (and

match Conjecture D). Determining the moduli space and the superpo-

tential becomes harder as the Euler characteristic and the curve class

increase.

N
(0,1)
i
2
, j
2

j=0 1 2

i=0 488
1 1 1

N
(1,1)
i
2
, j
2

j=0 1 2 3

i=0 280964 1
1 1 488 1
2 1 1

N
(2,1)
i
2
, j
2

j=0 1 2 3 4

i=0 15928440 2 1
1 2 281452 2
2 2 488 1
3 1 1

N
(3,1)
i
2
, j
2

j=0 1 2 3 4 5

i=0 410133618 4 488 1
1 3 16209892 4 1
2 488 4 281452 3
3 1 2 488 1
4 1 1

Table 4. Refined invariants for the STU model in fiber classes

9. Summary

Our goal in the paper is to present a conjectural framework for the

evaluation of the motivic stable pairs invariants of K3 surfaces in all

curve classes. The first step is a definition using suitably Noether-

Lefschetz transverse algebraic families. Conjectures A and B predict a

deformation invariance for the associated Betti realization. These new

Betti properties go beyond the older numerical invariance. Conjecture

C then reduces the entire theory to the primitive (and irreducible) case

which is determined by the Kawai-Yoshioka calculation.
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In Conjecture D, we propose a refined Pairs/Noether-Lefschetz cor-

respondence for the STU model X . Together, Conjectures A-D provide

a rich non-toric setting where motivic invariants are well-behaved.

For Calabi-Yau 3-folds, there are three basic approaches to curve

counting (along with several variations):

(i) the Gromov-Witten theory of stable maps,

(ii) the Donaldson-Thomas theory of stable pairs,

(iii) the Gopakumar-Vafa theory of stable sheaves with χ = 1.

While (i) and (ii) are foundationally well settled and proven equivalent

in many cases, the precise formulation of (iii) is not yet clear (and the

equivalence is not understood). As we have already mentioned, for a

motivic theory, only the sheaf theoretic approaches (ii) and (iii) are at

present possible.

When the moduli space of stable sheaves with 1-dimensional sup-

port and Euler characteristic 1 is nonsingular, approach (iii) yields a

clear proposal. Nonsingularity of the moduli spaces is certainly rare.

However, in the Appendix by R. Thomas, nonsingularity is proven

for the stable sheaves associated to K3 surfaces in algebraic families

transverse to the relevant Noether-Lefschetz divisors. Nonsingularity

is proven for all (even imprimitive) curve classes. The outcome pro-

vides a direct approach to the GV motivic theory of K3 surfaces which

matches precisely with our stable pair predictions. In particular, the

GV approach predicts the divisibility invariance of the original KKV

formula.

A path proving Conjectures A, B, and C is to start with the GV

moduli spaces as discussed in the Appendix and wall-cross to stable

pairs.24 Various difficulties aries: the most signficant of which may

be the inability to achieve Euler characteristic 1 by twisting by line

bundles in the imprimitive case. Nevertheless, proving a Pairs/GV

24See [36] where exactly the same strategy is applied to study the Euler charac-
teristics of moduli spaces of stable pairs on S × C. The difficulties left open [36]
arise here as well.
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correspondence appears the most promising approach to Conjectures

A, B, and C at the moment.
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Appendix A. Refined KKV from refined Gopakumar-Vafa

by R. P. Thomas

Gopakumar and Vafa have suggested a conjectural approach to defin-

ing BPS numbers via moduli of sheaves. S. Katz [18] proposed using

stable sheaves of Euler characteristic 1. The papers [14, 21] make BPS

and motivic predictions of GV invariants via the geometry of such

stable sheaves. We show here for fibre classes of sufficiently Noether-

Lefschetz transverse K3-fibred 3-folds, the proposals of [14, 21] work

perfectly for both the BPS numbers and their refinements: we recover

the generating series of Hodge numbers of Hilbert schemes of points on

K3 surfaces (5.1) as considered in the current paper.

By a flat family of stable sheaves on the fibres of a projective family

π : Y → B ,

we mean a coherent sheaf F on Y which is flat over B, such that Fb

is stable on Yb for any closed point b ∈ B. We will need the following

standard result.

Lemma A.1. Let F be a flat family of stable sheaves on the fibres of

π : Y → B. Then π∗Hom(F ,F) = OB.

Proof. Stable sheaves are simple, so

Hom(Fb,Fb)
/
C · id = 0

for all closed point b ∈ B. It follows by base change that

π∗Hom(F ,F)
/
OB · id = 0,

which gives the result. �

Now fix T
π
→ (∆, 0), a K3-fibred 3-fold with central fibre π−1(0)

given by

ι : S →֒ T .

Suppose the curve ∆ is transverse to NLβ for some fixed

β ∈ H2(S,Z) ∩H1,1(S).
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By shrinking ∆ if necessary, we may assume that π is smooth and

intersects NLβ only in 0.

Consider the moduli space M1,ι∗β(T ) of stable
25 dimension 1 sheaves

on T with fundamental class ι∗β and holomorphic Euler characteristic

χ = 1. The last condition ensures that no semistable sheaves exist, so

M1,ι∗β(T ) is projective. By simplicity, any stable sheaf must be scheme

theoretically supported on a single fibre of π. By the Noether-Lefschetz

condition, there is an open and closed component

M⋆ ⊂ M1,ι∗β(T )

of sheaves with scheme theoretic support on S. Hence, the obvious

map

(A.2) ι∗ : M1,β(S) −֒→ M⋆

is a set-theoretic bijection.

Proposition A.3. The map (A.2) is an isomorphism of schemes.

Proof. The statement is local, so we may work on a Zariski open subset

U ⊂ M. Shrinking U if necessary, we may assume there is a universal

sheaf F on U×T . We must show that F is the push forward of a sheaf

on U × S. The classifying map of the resulting flat family of stable

sheaves on S will define the inverse map to (A.2).

Consider the composition

Γ(O∆×U)
p∗

−→ Γ(OT×U)
id
−→ Hom(F ,F) ∼= Γ(OU ),

where the final isomorphism is given by Lemma A.1. The map is

Γ(OU)-linear so defines a U -point of ∆ × U . Its ideal is the kernel

of the above composition, and by its definition this ideal annihilates

F .

Thus we get a map

f : U −→ ∆

such that F is the pushforward of a sheaf F on T ×∆U ⊂ T ×U . Since

F is flat over U , so is F .

25Stability is taken with respect to a fixed polarization of T .
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On closed points f is the constant map to 0 ∈ ∆. To prove f is

a constant map of schemes, we may replace U by the formal neigh-

bourhood of any closed point. The result will follow below from Hodge

theory and the Noether-Lefschetz transversality condition.

We have shown that F is a flat family of stable sheaves on the smooth

family

T ×∆ U
π

−→ U

of K3 surfaces over U . The fundamental class of F lies in

F 1H2
dR(T ×∆ U/U),

the part of the Hodge filtration defined by Ω≥1
T×∆U/U .

Via the isomorphism [3, Proposition 3.8]

H2
dR(T ×∆ U/U) ∼= H2(S,C)⊗∆ OU ,

the class of F is β ⊗ 1. Since it lies in F 1, its projection

[β ⊗ 1]0,2 ∈ H2
dR

(
T ×∆ U/U

)/
F 1H2

dR

(
T ×∆ U/U

)

vanishes identically. This class is the pull back via f of the analogous

class

[β ⊗ 1]0,2 ∈ H2
dR

(
T̂ /∆̂

)/
F 1H2

dR

(
T̂ /∆̂

)
,

where ∆̂ is the completion of ∆ at 0, and ∆̂ is the completion of T

along S.

But the scheme theoretic Noether-Lefschetz locus is defined precisely

by the vanishing of [β⊗1]0,2, and we assumed this is {0} ⊂ ∆. Therefore

f |∆ is the constant map to 0 ∈ ∆. �

By Proposition A.3, M⋆ is a moduli space of stable sheaves on S.

By [40, Corollary 3.5], M⋆ is nonsingular, nonempty, and deformation

equivalent to Hilbg(S), where 2g − 2 = β2. In particular, M⋆ has

canonical orientation data.

We expect the Chow support map to the complete linear system in

class β,

(A.4) M⋆ −→ |O(β)|,
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to factor through a Lagrangian fibration onto a projective space

(A.5) Pg ⊂ |O(β)|.

The proof in most cases is well-known:

• If β2 > 0 and β is nef, then (A.4) is the classical Beauville in-

tegrable system, and the image Pg is the whole linear system

|O(β)|. The generic element C of |O(β)| is a nonsingular irre-

ducible curve of genus

g = 1 + β2/2 ,

and the fibre of (A.4) over C is the nonsingular Lagrangian

torus Picg C ⊂ M⋆.

• If β2 = 0 and β is nef of divisibility m > 0, then β/m is the

class of a fibre in an elliptic fibration S → P1. The sheaves

parameterized by M⋆ are (the pushforward to S of) rank m

sheaves on a single fibre, and the fibration (A.4) maps this sheaf

to its support in P1 = |O(β/m)|. In turn this P1 embeds in

Pm = |O(β)| as in (A.5) by the mth Veronese embedding.

• If β2 = −2, M⋆ is a single point, and the claim is trivial.

• If β2 < −2, M⋆ is empty.

The remaining case where β2 ≥ 0 with β not nef is likely to follow

from the above cases after using wall-crossing and the methods of [1,

Section 11]. Alternatively, it is not hard to show directly that the fibres

of the map (A.4) are Lagrangian; that the image should then be Pg is a

standard conjecture (proved by Hwang when the image is nonsingular).

We leave the matter open here.

Finally, for the cases treated above, we can follow the calculation of

[21, Section 8.3] (which in turn follows [14]) to determine the refined

Gopakumar-Vafa invariants using the perverse Leray filtration for the
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fibration.26 At the level of Poincaré polynomials, the generating func-

tion27 obtained is:
∏

m≥1

1

(1− tLtRqm)(1− t−1
L tRqm)(1− tLt

−1
R qm)(1− t−1

L t−1
R qm)(1− qm)20

.

Substituting (u, v) for (tL, tR) gives the refined KKV generating func-

tion (5.1) of KKP.

Acknowledgements. Grateful thanks are due to A. Bayer for generous

assistance in explaining the results of [1] and helping with (A.4).
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