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§l. Abelian varieties
A complex torus X of dimension g is a quotient

X =Cé&/N,
where A C C# is a lattice A =2 Z28 (independent over R).
Topologically,

X2=Stx...xSt.
————
2g

In dimension g = 1, complex tori are elliptic curves:

X=C/(1,7), Im(r)>0. . . ~:~=|+‘: .




The moduli space of elliptic curves A; = H1/SL2(7Z) is a quotient
of the upper half space

Hi={7€C|Im(r)>0}

by the action of SLy(Z) via linear fractional transformations:




While complex tori are always compact complex manifolds,
complex tori of dimension g > 2 are not always algebraic varieties.

A complex torus with an ample line bundle is an abelian variety.
The existence of an ample line bundle (a polarization) imposes
further conditions on the lattice A.

Abelian varieties with principal polarizations are of the form
X =C&/A,
where A C C8 is generated by the g basis vectors
(1,0,...,0), (0,1,0,...,0),..., (0,...,0,1)

together with the columns of a g X g symmetric matrix 7 with
positive definite imaginary part

Im(7) > 0.



The upper half plane for 7 in dimension 1 generalizes to the Siegel
upper half space for 7 in higher dimensions:

Hg = {7 € SymMat,,,(C)|Im(7) >0}.

The moduli space of principally polarized abelian varieties

. +1
Ag = Mg /Spog(Z), dime Ag = (g , ) :

is a quotient of the Siegel upper half space by the action of
Spag(Z) by a sort of linear fractional transformation:

A B
For (C D) € Spyg(Z) and 7 € Hg,

A B AT+ B €M,
c p) "~ Cr+D



§ll. Tautological classes on A,

The Hodge bundle E on A, is a C-vector bundle of rank g:

Ty, < [

The Chern classes of E are

A= C,'(E) S Hzi(.Ag,Q) .



A result parallel to the Madsen-Weiss Theorem for the moduli
space of curves holds:

Theorem (Borel 1974):
g|L>moo H*(Ag,Q) = Q[A1, A3, s, .. ]

Question: Why are no A classes of even degree needed?

Answer: Because of Mumford’s relation
c(E@E")=1€e H(Ag,Q)
which expands fully as

(T4+X+X+ 4+ 2) - (T=A+ X+ .+ (1)) =1.



For fixed dimension g, we take Borel’s result as motivation to
restrict our attention to the tautological algebra

R*(Ag) C CH*(Ag,Q)

defined (by van der Geer (1996)) to be generated by the A classes.



Question: What is the structure of the algebra R*(Ag)?

Question: What is the ideal of relations

0= Jg = Q[A1, X2,..., 0] = R*(Ag) =07

Theorem (van der Geer 1996):

Q[)\la)‘2a"'7)\g]
(Mg =0,c(E®E*)=1)

R*(Ag) =

The beautiful proof depends upon the
algebra satisfying Poincaré duality with
socle in degree (§).




§8111.Cycle questions

Question: Are there any classes of algebraic cycles in CH*(A)
which are not tautological?

e Are the classes of products
Agl X ‘Agz - Ag1+g2
tautological in CH*( Az 44,)?

The product loci are the simplest Nother-Lefschetz loci:
loci of abelian varieties with extra line bundles.

e Are the classes of more general Noether-Lefschetz loci
tautological?



The moduli of curves and abelian varieties are related via the
Torelli map:
. C
Tor: Mg — Ag

defined by the Jacobian of stable curves of compact type,
Tor([C]) = [Jac(C)].

A stable curve [C] € Mg of compact type is a connected nodal
curve with only separating nodes:

=

The Jacobian of multidegree 0 line bundles on C is a principally
polarized abelian variety of dimension g, [Jac(C)] € A,.




For a nonsingular curve C of genus g,
Jac(C) = H(C,QL)*/Hi(C, 7).
Question: Is Tor.[Mg] € CH*(Ag) tautological?
Question: Does the pull-back
Tor* : CH*(Ag) — CH*(Mg)

yield information about tautological cycles?

To say more, we return to cycles on the moduli space of curves.



§IV. Pixton's relations on M, ,

We define tautological classes Rg 4 associated to the data:

® g,n € ZL>g satisfying 2g —2+n> 0,
e A=(a1,...,an), a;€{0,1},

e d € Z>q satisfying d > %Z’Lla" )
Pixton's relations then take the form

RIA=0 € CHI (Mg, Q).

The formula for RgA requires more detail than can be given here,

but the shape can be easily shown.



We start with the following two series:

Bo(T) = i(zfﬁgi),(—ﬂ' =1-60T + 2772072 .- ,
- (21)1(37)!

. (6! 1+6i , )
=5 CT) =1484T — 3276072 .- .
Bi(T) par (2/)!(3i)!1—6i( ) +8 32760

e These series control the original set of Faber-Zagier relations.
e These series control Pixton's relations.

Let Gg , be the finite set of stable graphs of genus g with n legs.
For example, G5 has 5 elements:

2 l

i




The formula for R;A is a sum over stable graphs,

Rg,A: Z 2h1 ) [ H’C HWHA}

F€Gg.n
where M is the moduli space associated to T,
Ky, Vg, Ac € H*(ﬂr),

[T, TIK, [TV, I]A¢] is the push-forward to M, , of

1 -
m H Ky H Wy H Aeﬁ[Mr]

veVertex(T) Leleg(l) ecEdge(IN)

and [...]4 extracts the part in CH(M,_,).



Rg,A: Z 2h1 ) [ HIC HWHA}

FeGg.n

e Vertex ICy, leg W, and edge A, factors have explicit formulas in
terms of the x and v classes and the series By and Bj.

e Edge factor is the most interesting:




For e € Edge(I"), the formula for the edge factor is:

_ 2= Bo(¥)Bi(¥") — Bi(v) Bo(v")

A
€ 1/)’ + 1/)//

= —24 +5040(¢) + ")+ ... .

The numerator of A. is divisible by the denominator by the identity

Bo(T)Bi(—T) + Bi(T)Bo(—T) = 2.

Warning: A parity factor has been omitted for simplicity.



Theorem (P-Pixton-Zvonkine 2013): For 2g —2+4n > 0,

a; €{0,1}, and d > Lw, the Pixton relation holds

RgA_o € H*(Mg.n,Q) .

e By Janda’s results, Pixton's relations hold in the Chow theory of
algebraic cycles:

RIA=0 € CHI (Mg, Q) .
e Mumford, in his foundational paper (1983)
Towards an enumerative geometry of the moduli space of curves,
opened the study of the algebra of tautological classes.

Pixton's relations provide the first proposal for their calculus

parallel to the Schubert calculus.



Conjecture (Pixton 2012): These relations are the complete

set of relations among tautological classes on ng,,.

Pixton’s relations can be restricted to the moduli space Mg of
curves of compact type (by setting to 0 all terms associated to
graphs [ with non-separating edges).

Conjecture (Pixton 2012): Restriction to Mg , yields a

complete set of relations among tautological classes on Mg .




§8V. Pull-back via Torelli

The Hodge bundle E on Mg is defined by

Nc,we) <
|
[c] = A

The Torelli map Tor : Mg — A, respects the Hodge bundles

Tor*(E) = E.



The Chern classes of E — Mg lie in the tautological algebra by

Mumford’s calculations:
\i = ci(E) € RI(MS).
Let A*(Mg) C R*(Mg) be generated by A1, ..., \g, then
Tor* : R*(Ag) — N*(Mg).
In genus g =5, we have
dimg A*(M5) =11, dimg R*(Mg) =66,

so A*(Mg) is a small subspace of R*(Mg).



We return to the simplest question about cycles on Ay:
A1 x Ag1] € RET(A).
The idea is to compute the Torelli pull-back and ask
Tor'[ Ay x Ag_1] € AEL(ME).

A refined statement is possible:

Proposition (Canning-Oprea-P 2022): If [A; x Ag_1] € RE71(A,),
then we must have

_1)8
My x A1 = 8 e Rei(ay).

6B,




Motivated by the Proposition, define

1
Ag = [A1 x Ag_1] — ( B) g)\ c CHE1(Ay).
2g

The outcome is an obstruction:

[A1xAg_1] € RETY(Ag) = Tor'Ag =0€ CHETH(ME)

Can we calculate Tor*[A; x Ag_1]7

Yes, using Fulton's excess intersection theory.




We must study the subscheme
Torfl(.Al X Ag_1) C ./\/lgr.

e Irreducible components of Tor 1(A; x A,_1) are in bijective

correspondence with Part(g — 1):

Qlf a)_""‘ *ai. = 3“‘ |

e Irreducible components are usually excess dimensional and
intersect in a complicated configuration of strata in Mg.



e In genus g = 6, a complete list of strata (indexing intersections
of irreducible components) is:

[ [ ] . ) [ ® 4
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P
/N /N i I
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Excess intersection theory =

Tor*[A; x Ag_1] = Z Cont(l').

All strata I

e Sum is over all strata of Tor™1(A; x Ag—1).

e Cont(I") is a tautological class on M.

E"”Y'h: CM( /I\ ) T 3 Ay -5

“ ! / Aot HE ader
x | ¢ ¢, ()¢, (Nyy) - '°‘-(N2,Y)l
5
A thoc (B) ¢ (N () -0 ¢ (N, )G Wg,y)
Y 5N, ) - 3G () ¢ 5 ¢ (N, )
Z /!\ = X'\Y M Jw+% ”gl'hll L\vw
[}

4 E st pl boek of )[A,iA,,A‘



We are now in a position to check
* ? -1
Tor*Ag; =0€ R® (Mg)

using Admcycles (a SAGE package which calculates in the
tautological algebra of the moduli of curves using Pixton's

relations).
Admcycles calculations show
Tor*Ag,=0 for g =1,2,3,4,5.

We know Pixton’s relations are complete for Mg _g.

The most interesting case is g = 6.



8VI. Genus g =6
The first result provides full knowledge of R*(M§).

Theorem (Canning-Larson-Schmitt 2023): Pixton's relations
are complete for Mg.

e For all g, by Faber-P (2003),

R (Mg)=Q, R™*#73(Mg)=0.

e For Pixton's conjecture, non-vanishing must be proven after his
relations are imposed. The ranks of the pairings

RE(ME) x RITH(ME) — RO(M§) = Q

can be computed by Admcycles and show Pixton's relations are
complete in all cases with the possible exception of R°(M().



e Pixton predicts dimg R°(M§) = 72, but the corresponding
pairing rank has dimension 71.

e The proof is completed by establishing the exact sequence
R*(Msp) — R*(Mes) — R*(Mg) — 0

and computing with Admcycles:

dimg Im(e) = 916, dimg R5(Ms) = 988. A\ /9

cycles

e The result is the first case where Pixton’s conjecture is proven
without relying only upon the non-vanishings obtained from the
ranks of the pairings.



We can now use Admcycles to calculate Tor* Ag:

Theorem (Canning-Oprea-P 2023): Tor*Ag # 0 € R°(ME), so
[.Al X .A5] ¢ RS(A(,).

e The relevant pairing is
RY(ME) x RE(ME) — RO(ME) = Q
is of rank 71. By Canning-Larson-Schmitt,
dimg R*(M§) =71, dimg R°(M§) =T72.
Hence, there is a 1 dimensional kernel of the paring in R®>(M¢).

e The calculation shows that Tor*Ag # 0 is the generator of the
kernel of the pairing!



§VII. Projection
Tautological classes determine a Q-linear subspace
R*(Ag) C CH*(Ag).

The cycle theory of A, is special (compared to the other

moduli spaces that we study).

Theorem (Canning-Molcho-Oprea-P 2024): There is a canonical

ProJection:  yaut : CH*(A,) — R*(Ag),

taut

R*( ) IdR*( )

e Projection is defined via an integration map (which requires a

new vanishing result).



e Projection yields a canonical direct sum decomposition:
CH(Ag) = R*(Ag) © NT*(Ag),

where NT*(Ag) C CH*(Ag) is the Q-linear subspace of

purely non-tautological classes: classes with trivial projection.

e For any cycle class o € CH*(Ag), we can ask:

Question (i) What is taut(«) € R*(Ag)?

Question (ii) Is o — taut(a) # 07



Consider the classes of products
Agy X -+ x Ag, = Ag .
The following result by Canning-Molcho-Oprea-P (2024) answers

Question (i) for all products:

Theorem 6. For g1 + ...+ g¢ = g, the tautological projection of the product locus Ay % --- x Ay,
in Ag is given by a (g — ) x (g — €) determinant,

Ay A1+l oo Agitgr—t
gy Y, Mgy A v ABprgr—
taut([Ag, x -+ x Ag]) = u g1t Agepre| P B2 Paty=2|
Yy
Agpr=g 1 Agpe—grt2 oo Ag,e
for the vector
B=( —9i- 0 — 90— G G =G GGl g g G0)
g1 95 9
where g* = g —{ and g7 = g; — 1.
. _ 178 |Bail
The prefactors are defined by v, = [[7_; 5



Some examples:

‘ g
: 4, = —X, 1,
taut ([A; x Ag1]) 61Bag] 1

1 glg—1)

taut ([As x A, . A _1h—3,
aut ([A2 x A,—2]) 360 " Bagl By ] 9o
( ] 1 glg—1)(g—2) 2
taut (_Aii X Aq—li_) AL (I /\.,_1()\;71 — /\_,,_;;/\,,_r,) :

15360~ |Bay|[Bag_2|[Bag_1|

1 g9(g—1)(g—2)

taut ([ 4 Ao 4,-3]) — .= N T,
ut (o Az x Aosl) = 55 1, 1oy 211 By ]

Ag—1Ag—2Ag—1 1

g

i
taut Alx.“xAle, & II _— )‘v—l"'/\r k-
¥ ! i=g—k+1 6Bzl | ™ !



At the moment, the only product locus which we have proven to
have a non-vanishing non-tautological part is

[.Al X ./45] §é RS(.Aﬁ) .

But we expect most products to have interesting non-tautological
parts.

The product loci are the simplest to consider, but there are many
other Noether-Lefschetz loci with extra line bundles (and more
general loci with extra algebraic Hodge classes).
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