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Abstract

Gromov-Witten theory is used to define an enumerative geometry
of curves in Calabi-Yau 4-folds. The main technique is to find exact
solutions to moving multiple cover integrals. The resulting invariants
are analogous to the BPS counts of Gopakumar and Vafa for Calabi-
Yau 3-folds. We conjecture the 4-fold invariants to be integers and
expect a sheaf theoretic explanation.

Several local Calabi-Yau 4-folds are solved exactly. Compact cases,
including the sextic Calabi-Yau in P?, are also studied. A complete
solution of the Gromov-Witten theory of the sextic is conjecturally
obtained by the holomorphic anomaly equation.

0 Introduction

0.1 Gromov-Witten theory

Let X be a nonsingular projective variety over C. Let Mgm(X ,3) be the
moduli space of genus g, n-pointed stable maps to X representing the class
B € Hy(X,Z). The Gromov-Witten theory of primary fields’ concerns the

integrals
n

Ny = [ TTevitn), (1)

[Mg,n(X,0)]v ;4

where

evi: My, (X,0) — X

'We consider only primary Gromov-Witten theory in the paper.



is the i" evaluation map and ; € H*(X,Z). The notation

X
Ng,ﬁ:/ , 1
[Mgy(X,B)]vir

is used in case there are no insertions. Since the moduli space ng (X, 0) is
a Deligne-Mumford stack, the Gromov-Witten invariants (1) are Q-valued.

0.2 Enumerative geometry

The relationship between Gromov-Witten theory and the enumerative geom-
etry of curves in X is straightforward in three cases:

(i) X is convex (in genus 0),
(ii) X is a curve,
(iii) X is P2 or P! x PL.

For (i-iii), the Gromov-Witten theory with primary insertions equals the
classical enumerative geometry of curves. A discussion of convex varieties
(i) in genus O can be found in [11]. Examples (ii) and (iii) hold for all
genera and recover the étale Hurwitz numbers and the classical Severi degrees
respectively. Case (iii) certainly extends in some form to all rational surfaces
viewed as generic blow-ups. The genus 0 case is treated in [16].

The first nontrivial cases occur for irrational surfaces. When X is a min-
imal surface of general type, Taubes’ results exactly determine the primary
Gromov-Witten invariant for the adjunction genus in the canonical class,

;;yKX — (_1)X(X,OX)’
see [36, 37, 38, 39]. While much is known about surfaces of general type [23,
28], surfaces in between are more mysterious. For example, many questions
about the relationship of Gromov-Witten theory to the enumerative geometry
of the K3 and Enriques surfaces remain open [5, 20, 22, 28].

The enumerative significance of Gromov-Witten theory in dimension 3
has been studied since the beginning of the subject. For Calabi-Yau 3-folds,
essentially all Gromov-Witten invariants, even in genus 0, have large de-
nominators. The Aspinwall-Morrison formula [1] was conjectured to produce



integer invariants in genus 0. A full integrality conjecture for the Gromov-
Witten theory of Calabi-Yau 3-folds in terms of BPS states was formulated
by Gopakumar and Vafa [14, 15]. Later, integral invariants for all 3-folds
were conjectured in [32, 33]. Various mathematical attempts to capture the
BPS counts in terms of the cohomologies of associated moduli of sheaves on
X were put forward without a definitive treatment. However, the integral
invariants of [14, 15, 33| can be conjecturally interpreted in terms of the sheaf
enumeration of Donaldson-Thomas theory [25, 26, 40].

Our main point here is to show the integrality of Gromov-Witten the-
ory persists in higher dimensions as well. We speculate there exist universal
transformations in every dimension which express Gromov-Witten theory in
terms of Z-valued invariants. We conjecture the exact form of the trans-
formation for Calabi-Yau 4-folds. A sheaf theoretic interpretation of the
resulting invariants remains to be found.

0.3 Calabi-Yau 4-folds

Let X be a nonsingular, projective, Calabi-Yau 4-fold, and let 5 € Ho(X,Z)
be a curve class. Since

vir dim M (X, 3) = /cl(X) + (dim X —=3)(1—¢g)=1—g,
B

Gromov-Witten theory vanishes for ¢ > 2. We need only consider genus 0

and 1.

We measure the degree of § with respect to a fixed ample polarization L
on X,

deg(f) = /ﬁ er(L).

All effective curve classes® satisfy deg(8) > 0. We abbreviate the latter
condition by 4 > 0. We are only interested here in Gromov-Witten invariants
for classes satisfying 3 > 0.

2Integrality constraints for Gromov-Witten theory always exclude constant maps. The
constant contributions are easily determined in terms of the classical cohomology of X.
For D € H?(X,Z), the genus 1 invariant
1

Nl,o(D) = _ﬂ . Cg(X) ub

has denominator bounded by 24.



Integrality in genus 0 is expressed by the following generalization of the
Aspinwall-Morrison formula. Invariants ngg(71, ..., 7v,) virtually enumerat-
ing rational curves of class ( incident to cycles dual to the classes ~; are
uniquely defined by

> Nog(y-m)d” = nos(ne. o) Y d g (2)
d=1

B8>0 B>0

A justification for the definition via multiple coverings is given in Section 1.1.
Conjecture 0: The invariants nog(vi, ..., Vn) are integers.

Let Si,..., S, be a basis of H*(X,Z) mod torsion. Let

gl-j:/SiUSj
X

be the intersection form, and let

> g7 @S] € HY(X x X, Z)

i3

be the H*(X,Z) ® H*(X, Z) part of the Kiinneth decomposition of the diag-
onal (mod torsion).

For 1, By € Ho(X,Z), we define invariants mg, g, virtually enumerating
rational curves of class 3; meeting rational curves of class F;. The meeting
invariants are uniquely determined by the following rules.

(i) The invariants are symmetric,
Mgy,B2 = 33,61 -
(ii) If either deg(f3;) < 0 or deg(f32) < 0, then mg, 3, = 0.
(iii) If By # Bo, then,

me,,B, = Z 10,3 (SZ) gij nO,ﬁg(Sj) + Mg, ,6:—p1 + Mg, —pBs,8s-
i,J



(iv) In case of equality,

mps =no(c2(Tx)) + > nop(Si) g7 nop(S) = D mg, g,
i B1+Ba=p

A geometric derivation of the rules (i-iv) is presented in Section 1.2. The
conjectural integrality of the invariants ng s(y) implies the integrality of the
meeting invariants mg, g,.

In genus 1, we need only consider Gromov-Witten invariants N; g of X
with no insertions since the virtual dimension is 0. The invariants n; g vir-
tually enumerating elliptic curves are uniquely defined by

Z Nig ¢’ = Z nig Z —)qdﬁ (3)

B>0 B>0 d=1
+24Znoﬁ c2(Tx)) log(1 —¢”)
B8>0
1
_ﬂ Z mga, s log(l _ qﬁ1+62)'
81,82

The function o is defined by

ild

The number of automorphism-weighted, connected, degree d, étale covers of
an elliptic curve is o(d)/d.

Conjecture 1: The invariants ny g are integers.

The explicit form of (3) is derived from studying a particular solvable local
Calabi-Yau 4-fold in Section 2.

0.4 Examples

The last four Sections of the paper are devoted to the calculation of basic
examples of Calabi-Yau 4-folds. The two local cases,

OPQ(—l) @ OPQ(—Q) — Pz,

b}



Opiypi (=1, —=1) @ Opryp1 (—1, 1) — P! x P!,

are solved in closed form by virtual localization in Section 3. The local case
Ops(—4) — P?
and the compact Calabi-Yau 4-fold hypersurfaces
Xs C P,

X0 C P(1,1,2,2,2,2), Xp5 C P x P
Xoy C PP(1,1,1,1,8,12)

are solved by the conjectural holomorphic anomaly equation® in Sections 4 -6.
The compact cases are much more interesting than the local toric examples.
In all calculations, the integralities of Conjectures 0 and 1 are verified.

0.5 Physical interpretation

Type IIA string compactifications on Calabi-Yau 4-folds give rise to massive
theories with (2, 2) supergravity in 2 dimensions. Such theories and their BPS
states were extensively studied in general [6, 7] and in particular for type ITA
on Calabi-Yau 4-folds in [13, 18]. The effective action, worked out in [13],
contains an [ d?zR® term, and the topological string at genus 1 calculates
a 1-loop correction to this term. The latter comes from the famous 1-loop
term in 10 dimensional type ITA theory that was discovered in the context
of heterotic type II duality in [41] and gives the following contribution to the
10 dimensional effective action

58 = — / 4"z B Yy(R) . (4)

Here, B is the NS — NS 2-form of type IIA coupling to the string and Y3(R)

is an 8-form constructed as a quartic polynomial in the curvature. In 10

dimensions, the term can be directly calculated from the 1-loop amplitude

with 4 gravitons and the antisymmetric B-field as external legs. If the latter

is in the 2 non-compact din(l)e(glsions, in the absence of further flux terms, the
X

tadpole condition that —25~ vanishes is obtained. The topological string

3While mathematical approaches to the genus 1 invariants in the compact case are
available [12, 24, 27], the methods are much less effective than the anomaly equation.



computes the correction to the [d?zR® term calculated from a loop with 1
external graviton, 3 internal gravitons, and the B-field.*

As in [14, 15], the loop integral receives only contributions from BPS
states. The behavior of the topological string amplitude in the large volume
limit appears as the zero mass contribution and supports the claim that the
amplitude computes the reduction of (4). BPS states with a D2-brane charge
3 contribute ~ log(1 — ¢”) to the integral. The integer expansion (3) can be
alternatively written as

Y Mg’ = =D g log(l—q’)

£>0 B>0
1
Far S noglenTx)) log(1~ ¢?)
£>0
1
_ﬂ Z mga, g, log(l _ qﬁ1+62)'
B1,82

The integrality condition for the invariants n; g is equivalent to the con-
jectured integrality for n; 3. We intepret the 7, 3 as counting BPS states.
Futhermore, the structure of the

Mg, 5, log(l — ¢ %)
term suggest that the invariants mg, g, count bound states at the threshold
of BPS states with D2-brane charge (3, and (3, respectively.

0.6 Outlook

The meeting invariants make integrality in genus 1 for Calabi-Yau 4-folds
considerably more subtle than the corresponding integrality for Calabi-Yau
3-folds. The integrality transformations in the higher dimensional Calabi-Yau
cases should include all genus 0 meeting configurations. In the non Calabi-
Yau cases, higher genus meeting configurations should occur as well. Finding
the correct coefficients for such a universal transformation is an interesting
problem.

4Work in progress.
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1 GenusO

1.1 Aspinwall-Morrison
Let m and ¢ denote the universal curve and map over the moduli space,
7:C— Myo(Pd),
t:C— P
The Aspinwall-Morrison formula is

L e (B ©0a(-1) ©.0n(-1) =
Mo,0(P1,d)

By the divisor equation, we obtain

n

/M - Crop (R'ma f* (Op1 (=1) @ O (=1))) u [ [ evi([P) = d*, (5)

i=1

where [P] € H?(P!,Z) is the class of a point.
Let X be a Calabi-Yau 4-fold, and let

Vi,...,.V, X
be cycles imposing a 1-dimensional incidence constraint for curves. Let
ccX

be a nonsingular rational curve transversely incident to the cycles V. If the
rational curve has generic normal bundle splitting,

Nx/c = Op1(—1) ® Op1(—1) & Opn,

8



the contribution of C' to the genus 0 Gromov-Witten theory of X is

Z d73+nqd[C]
d=1

by (5). The constraints kill the trivial normal direction.

The justification for definition (2) for the virtually enumerative invariants
non(71s---,vn) is complete. Of course, since transversality and genericity
were assumed in the justification, we do not have a proof of Conjecture 0.

1.2 Meeting invariants
1.2.1 Rules (i) and (ii)

Let X be a Calabi-Yau 4-fold. The meeting invariant mg, g, virtually enu-
merates rational curves of class (3; meeting rational curves of class ;. Rules
(i) and (ii) have clear geometric motivation. In fact, rule (i) is consequence
of rules (ii-iv). Rule (ii) may be viewed as a boundary condition.

Ultimately, mg, g, is defined by rules (i-iv). Rules (iii) and (iv) are derived
by assuming the best possible behavior for rational curves. However, the
ideal assumptions are typically false. As in Section 1.1, our derivation can
be viewed, rather, as a justification for the definitions.

1.2.2 Boundary divisor

For nonzero classes 31, B2 € Hy(X,Z), let Ag, g, denote the virtual boundary
divisor
Aﬁlﬂz = MO,O(Xa ﬁl + 52)
corresponding to reducible nodal curves with degree splitting of type (51, B2).
In the balanced case 3; = [3,, an ordering is taken in Ag, 5,, and € is of degree
2.
The virtual dimension of Ag, g, is 0. Let

Mﬁl,ﬁQ :/ , 1 EQ
[Dpy,8,]7%

be the associated Gromov-Witten invariant. By the splitting axiom of Gromov-
Witten theory,

Mﬁl,ﬁQ = ZNoﬁl (Sl) gij NO,ﬁQ(Sj)a
i3

9



following the notation of Section 0.3. The meeting invariants mg, g,, defined
by rules (i-iv), may be viewed as an integral version of Mpg, 3,.
1.2.3 Rule (iii)

Ideally, the embedded rational curves in X of class (; occur in complete,
nonsingular, 1-dimensional families

F; C Moo(X, 3).
Let 7; and ¢; denote the universal curve and map over Fj,
m 1S — I,

LZSZ—>X

Since 31 # (s, the families F; and F, are distinct. Ideally, the surfaces S;
are nonsingular and the morphisms 7; are smooth except for finitely many
1-nodal fibers. The meeting number mg, s, is related to the intersection

Ll*(Sl) N L2*(52) C X. (6)

However, the intersection (6) is not transverse (even ideally). A fiber of m;
may be a component of a reducible fiber of my or vice versa.

The meeting number mg, g, is defined to count the ideal number of iso-
lated points of the intersection (6). Hence,

mgLﬁQ -+ (s = / Ll*[Sl] N LQ*[S2]
X

where the correction ¢ is determined by the non-transversal intersection loci.
The number of times a fiber of m; occurs as a component of a reducible
fiber of my is simply mg, g,—p,. Similarly, the opposite event occurs mg, _g, g,
times. The contribution to § of each non-transversal is easily determined.
Let
ccX

be a fiber of m; and a component of a reducible fiber of m5. Then
5(C) = [ ()
c

10



where
0 — Ng,jc ® Ns,jo — Nxjc — E — 0

is the normal bundle sequence. Certainly Ng, /¢ is trivial and Ng,,c has
degree —1. By the Calabi-Yau condition, Ny, is of degree —2. Hence,

5(C) = —1.

Rule (iii) is obtained by expanding the intersection (6) via the Kiinneth
decomposition of the diagonal. We have

R / LS N 0 [Ss) — 6

X
= n0,6,(S:) 9" 10,6,(S;) + M3, 8,—8, + M3~ 3,8,
J

,]

1.2.4 Rule (iv)

In case of equality, the meeting number is more subtle. While the surface Sg
is ideally nonsingular and
L Sﬁ — X

is ideally an immersion, ¢ is not (even ideally) an embedding. The correct
interpretation of mg g is twice the number of ideal double points of ¢. The
factor of 2 arises from ordering.

The double point formula [10] yields a calculation of mg g as a correction
to the self-intersection,

_ [ Ix)
Mg = /X (S5) N 1(S) /S s

where ¢(T'x) and ¢(Ts,) denote the total Chern classes of the respective bun-
dles. Expanding the correction term (and using the Calabi-Yau condition)
we find

/S chgj)) :/SC2(TX)+C1(Tsﬁ)2—02(Tsﬁ),

Certainly,

o 5(ca(Tx ) = / er(T).

Sp

11



There is a decomposition

a(Ts,) = =Y + c1(Fp)

where 9 is the cotangent line on Sz viewed as the 1-pointed space. Hence
/ o (Ts,)? = ? + 4x(Fp).
Sp Sp

An elementary geometric argument shows

=75 Z Mg1,82

Sﬁ ﬁJrﬁQ

where the right side is number of reducible fibers of m3. Since

/S c2(Ts,) = x(55) = 2x(Fp) + Z M3,,6,
B

ﬁ-f—ﬁ =p

only a calculation of the topological Euler characteristic x(F}3) remains. The
formula

X(F5) = —nop(ca(Tx)) + Y ma, g,
B+B2=p

is obtained via a Grothendieck-Riemann-Roch calculation applied to the de-
formation theoretic characterization of T,

0 — R'm (w)) — R'm.*(Tx) — Tr, — Op,(D) — 0,
where D C Fj is the divisor corresponding to nodal fibers of
m:S — Fp,

see [31] for a similar discussion.

Rule (iv) is obtained by expanding the self-intersection of ¢,[Ss] via the
Kiinneth decomposition of the diagonal and putting together the above sur-
face calculations. We have

- , - C(Tx)
mgg = / «[Sp] N [ Sl /S o(Ts,)
- Znoﬁ g n05(5)+nog CQ TX Z mg,,Bs-

B1+B2=0

12



2 Genus 1

2.1 Step I

The equation defining the virtually enumerative invariants n, g,

Shadt = Ymy Y Mg 7)

5>0 3>0 d=1
1
51 > nos(ea(Tx)) log(1l - ¢%)
>0
1
Y Z mg,,g, log(1 qﬁlJrﬁQ)
B1,82

is justified in three steps — one for each term on the right.

The first term is the easiest since the contribution of an embedded, super-
rigid, elliptic curve F C X of class 3 to the genus 1 Gromov-Witten theory
of X is .
3 o(d) ae),
d=1 d

See [32] for a discussion of super-rigidity and multiple covers of elliptic curves.

2.2 Step II

The second term of (7) is obtained from the contributions of families of
rational curves to the genus 1 Gromov-Witten invariants of X.

Let F' C Mgo(X, 3) be the ideal nonsingular family of embedded rational
curves (as considered in Section 1.2.3). We make two further hypotheses.

Condition 1. The family F' contains no nodal elements.

Hence, the morphism
m:8S — F

is a P-bundle. In fact, Condition 1 is rarely valid, even ideally, and will be
corrected in Step III.

The contribution of F' to Nj 45 is expressed as an excess integral over the
moduli space of maps M (S, d) to the P!-bundle representing d times the

13



fiber class. Let ™ and 7 denote the universal curve and map over the moduli
space, o
m:C — My(S,d),

7:C = S.
Condition 2. R7,7*(Nx/s) vanishes.

With the vanishing of Condition 2,

Contp(Nyg) = /

(M1 (S,d)]*r

Ciop (Rl%\*?kNX/S) .

Lemma 1. Under the above hypotheses,

1

COIltF(NLﬁ) = —% CQ(T)().
S

Proof. Consider the relative moduli space of maps to the fibers of 7,

My(7,d) — F. (8)
We will use the isomorphism
M(S,d) = M,(7,d).
The two virtual classes are easily compared,
[M (S, d)]"" =
— AN M7, d)]"" + x(F) - [M1(P', d)]"" € H.(M(S,d),Q). (9)

On the right, A is the Chern class of the Hodge bundle, X(F) is the topological
Euler characteristic, and M (P!, d) a fiber of (8).
Consider first the integral

— / A Cop (R'TT Nxys) - (10)
(M (7 d)]vir
Using the basic boundary relation®

1 _
A= EAO € H2(M1,1>@)

5The required marked point can be added and removed by the divisor equation.

14



and the normalization sequence, we can rewrite (10) as

1

_ﬂ T a(h ] (ev1 X eVz)*([ADmg]) . eVT(CQ(Nx/S)) * Ctop (Rl%\*?kNx/S) .
0,2(7, vir

Finally, using the Aspinwall-Morrison formula,

d—3+2

[ extvs)

For the second integral, we use the formula from [17] for genus 1 contri-
butions,

- / A+ iy (RIF.TNoss) =
[M1(7,d)]ver

X(F) /_ Crop (R'TT Nxys) =
[Ml(Pl,d)}“"
X(F) /_ Crop (RFT (Op1 (—1) @ Opa (—1))) = X
Ml(IP’l,d)

Summing the first and second integrals, we obtain, by (9),

1
Contp(Nig) = — | — / ca(Nxys) + 2x(F)
24d S
Finally, using the Calabi-Yau condition and the geometry of P'-bundles,

e2(Nxss) = oo(Tx)+a(Ts)? — co(Ts)
co(Tx) + co(Ts)
e2(Tx) + 2x(F),

concluding the Lemma. O

Modulo the corrections from nodal elements of F' to be discussed in Step
II1, the derivation of the second term of (7) is complete since

mﬂdﬂﬁz/@@ﬂ

S

15



2.3 Step III

We now relax Condition 1 of Section 2.2, but keep Condition 2 in following
stronger form. Let
7:S—F (11)

-~

be the ideal family of embedded rational curves of class 3. Let M1(S,3) be
the moduli space of maps to S representing a m-vertical curve class

B € H2(Sa Z)
The morphism (11) is the blow-up of a P*-bundle over finitely many points

corresponding to the
1
5 Z mMg,,62
B

B1+P2=

nodal fibers. Since 7 is not P!-bundle, B need not be a multiple of the fiber
class. As before let 7 and 7 denote the universal curve and map over the
moduli space M (S, ).

Condition 2'. R'7,7*(Nx/s) vanishes for every class B satisfying

~

B — [Fiber(m)] > 0.

The inequality is required in Condition 2’. Ideally, the inequality is vio-
lated for connected curves only if 5 equals a multiple of a single component
of a reducible nodal fiber of w. Then,

R'7.7*(Nxs) # 0.

We view F' as not contributing at all to the Gromov-Witten invariants in
classes violating the inequality (as these curves deform away from F).
With the vanishing of Condition 2/,

Cont (N, 5) = / oy (RFTNys)
’ [M1(S,B)vr
for classes a satisfying the inequality.

16



Since the family F' may contain nodal elements, Lemma 1 must be mod-
ified. We have

1
Contx g Msd®| = 51 "o s(e2(Tx)) log(1—¢°) (12)
B—[Fiber(m)]>0

diB1+d
+ E E ) Cdl,d2mﬂ1,ﬁ2 g Prtaape
d1 1d2=1B1+F2=

for universal constants cg4, 4,- The first term on the right is the uncorrected
answer of Lemma 1. The second term is the correction. The factor of 2 is
included for the double counting induced by the ordering.

The universal form of the correction terms follows from the canonical
local analytic geometry near the nodal fibers . Let

' (p) = E1 U By

be a nodal fiber. The local geometry of S near 7~ 1(p) is the total space of
the node smoothing deformation. The restriction of Ny/g splits in the form
Os(E1) @ Og(E>). The universality of the correction terms then follows.

Lemma 2. We have
! i i Cara g = — = 10g(1 = q1gs).
2 b 24
di=1d2=1
Lemma 2 concludes Step III and completes the justification of definition
(7) of the invariants ny g.
2.3.1 Proof of Lemma 2

By universality, we can prove Lemma 2 by considering any exactly solved
geometry that is sufficiently rich to yield all the constants cq, 4.

The simplest is the following local geometry. Let S be the blow-up of
P! x P! at the point (0o, 00),

S = BL(so,00)(P' x P') 5 P! x P,
Let Ly and Lo be line bundles on S,
L1 = V* (Oplxﬂml(—l, —1)) s LQ = I/>k (Oplxpl(—l, —1)) (E),

17



where FE is the exceptional divisor. Let X be the Calabi-Yau total space
X = L1 D L2 - S

Of course, X is non-compact.
The homology Hy(X,Z) is freely spanned by

Hy(P' x P',Z) = Z[C] @ Z[CY)]

and [E]. Let
B =[Ci] € Hy(X,Z).

Certainly, Fjz = P! and the associated universal family is
7:8—P!

obtained by composing v with the projection onto the second factor.
The morphism 7 has a unique nodal fiber over co € F' which splits as

B =Ch] - [E], B2 = [E].

Hence, the only nonzero meeting numbers for X are

mg, g, = Mgy 3 = 1.
Condition 2’ is easily verified for the family F.
Proposition 1. We have

5d1,d2
12d,

ContF(Nl,dlﬁlergﬁg) =

fO’f’ dl,dg > 0.
Proof. Let T? = C* x C* act on P! x P! by

(&1,&2) - ([0, 21, [yo, 11]) = ([§170, 1], [§290, ¥1])

with fixed points
(0,0), (0,00), (00,0), (00,00). (13)
The action of T? lifts canonically to S. We calculate

Cop (R'TT (L1 @ o)) (14)

COHtF (ledlﬂl‘f'dQﬂg ) = /
[M1(S,d1B1+dz282)] Vi

18



by T2-localization. With the correct T?-equivariant linearizations of L; and
Lo, the integral is possible evaluate explicitly.

Let s; and s, denote the weights of the two torus factors of T2. The
tangent weights of the T-action on P! x P! are

(_51,—32), (—31,32), (51,—32), (51752)

at the respective fixed points (13).
(i) Let T? act on Opiypi(—1,—1) with weights
$1+ S2, 51, 82, 0

at the respective fixed points (13). The choice induces a canonical
T?2-linearization on L.

(i) Let T? act on Opiypi(—1,—1) with weights
51, $1— 82, 0, —s9

at the fixed points (13). Together with the canonical linearization on
Os(E), the choice induces a canonical T?-linearization on L.

The T?%localization contributions of the integral (14) over 0 € F must
first be calculated. The contribution over 0 € F' certainly vanishes unless
di; = dy, An unravelling of the formulas shows

ContoGF(NLdﬁl +dﬁz) =

—51— A o

/ (17) Clop (=51 ® (R'7T(Op(—1) ® Op2(—1)))) .
My (PL,d) S1

Then, by a straightforward expansion similar to the proof of Lemma 1, we

obtain the vanishing

Contoer (N1,a8,+as,) = 0.

By the vanishing over 0 € F', the contribution over co € F' must be a
constant®,

ContooeF(Nl,d1ﬁl+d252) S Q

6By definition, the contribution over oo is a rational function in s; and ss.

19



The T?-action on S has 3 fixed points

Do, Poo, p/oo

over co € F. Here, pg is the fixed point lying over (0,00), poo is the node
of 771(00), and p’_ is the remaining fixed point. With the linearizations (i)
and (ii), L; has weight 0 over p.., p., and Ly has weight 0 over py, Peo-

Since the T2-weight of L; at ps and p._ is 0, each node of the fixed map
over these produces a T?-trivial factor of R'7,7*(L;) by the normalization
sequence. Bach T?-fixed component mapping to 3, produces a cancelling
T2-trivial factor of R'7,7*(L,). Similarly for L.

The only localization graphs’ which survive the T?-trivial factors from
the 0 weights of L; and Ly are double combs. A double comb is a connected
graph with a single vertex v, over py, a single vertex v/ over p._, and a single
path

Vo — Voo — V-

connecting po to pl, through p.:

Figure 1: A double comb

Since a double comb has no loops, one of the vertices must have genus 1.
The localization contribution of the double comb is understood to include all
possible genus 1 vertex assignments.

The final part of the analysis requires taking the nonequivariant limit

LimslﬂoContooeF(N17d151+d252). (15)

Since the contribution on the right is a constant, no information is lost.
Nonequivariant limits are often difficult to study, but for double combs
the analysis is simple. A factor of s; in the denominator of the localization

"We follow [17] for the graphical terminology for the virtual localization formula
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contribution of double comb can only occur if the two edges of the unique
path connecting py to pl have equal degrees

€ €

Vo — Voo — U,

o
The s, factor occurs here from the node smoothing deformation at v,,. Even
then, the s; factor in the denominator is cancelled by s; factors in the nu-
merator if either vy or v/, has valence greater than 1.

In case d; # do, the latter valence condition must be satisfied, and the
nonequivariant limit (15) can be taken for each double comb. In fact, each
nonequivariant limit is easily seen to vanish, proving the Proposition in the
unequal case.

If d; = ds, there is unique double comb which does not satisfy the valence

condition,
d d
Vo — Voo — Vs (16)
However, since the nonequivariant limit Limg, o exists for all other double
combs, the limit must exist as well for (16). As in the unequal case, the
nonequivariant limit vanishes for all double combs except (16). The limit for

(16) is explicit calculated to equal
1
12d;

in the equal case. O

To complete the proof of Lemma 2, we expand (12) for the local Calabi-
Yau X. Since c3(Tx) =0,

1 [e.e] [e.o] J
— +d
Cont g (Nl,d1ﬂ1+d2ﬂ2) = 5 Z Z Z Cdy,doaMB1 8o 1B1+d2/32
di=1dz=1 p1+062=0

= Cdy,do-
Hence,
Ody.dy
C =
DY
by Lemma 1. O
The justification for definition (7) of the invariants n, g is based on ideal
geometry. Since the ideal hypotheses are typically false in algebraic geometry,
Conjectures 0 and 1 are not proven. In fact, one may be suspicious of their
validity. In the remaining Sections, we will compute many examples and find
the Conjectures to always be valid.
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3 Local examples 1

3.1 Solutions

Proposition 1 already describes an exactly solved local Calabi-Yau 4-fold
geometry. However, a complete solution is not given by Proposition 1 since
only special curve classes of BL(o o) (P! x P') are considered.

The two simplest nontrivial local Calabi-Yau 4-folds are studied here.
The examples may be viewed as the analogues of the

Op1 (1) @ Op1(—1) — P* (17)

local Calabi-Yau 3-fold. As in (17), we find closed form solutions for all curve
classes.

3.2 Local P?

Let Y be the local Calabi-Yau determined by the total space of the rank 2
bundle
OPQ(—l) @ OPQ(—Q) — Pz.

Let P denote the point class on P?.

Proposition 2. We have

Nou(P) = (;;)d (Qd)’

> Niag' = 1—1210g (Z(—l)d(2j)qd>

d>0

1
— —log(1+4q).
240g(+q)

The Proposition is proven by localization. Let T? act on P? with fixed
points

[1,0,0], [0,1,0], [0,0,1] (18)

and respective tangent weights
(Sla 82)7 (_827 S1 — 82)7 (82 — 51, _81)
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Let P be the equivariant class of the fixed point [1,0,0]. Let T? act on
Op:(—1) with weights
07 S2, S1

at the respective fixed points (18). Similarly, let T? act on Opi(—2) with
weights
—S51 — 82, 2 — 51, 51— Sa2.

The above choices kill the localization contributions to Ny 4(P) and Ny 4
of all graphs with either a node over [1,0,0] or an edge connecting [0, 1, 0]
and [0, 0, 1]. The sum over remaining comb graphs is not difficult and left to
the reader.

The integral invariants ng 4(P) and n; 4 can be easily calculated from the
Gromov-Witten invariants by the defining formulas (2) and (3).

| |1 2 3 4 5 6 7 8 9 10 |
noa(P) -1 1 -1 2 -5 13 -35 100 -300 925
nma |0 0 -1 2 -8 27 -90 314 -1140 4158

The underlying moduli space of maps (with the point condition imposed)
for the invariants ng(P) and ngo(P) are projective spaces of dimension 1
and 4 respectively. It appears when the underlying moduli space is P¥, the
invariant is (—1)* reminiscent of Seiberg-Witten theory for surfaces.

The genus 1 invariants vanish in case there are no embedded genus 1
curves. The underlying moduli space for ny 3 is P?.

3.3 Local P! x P!

Let Z be the local Calabi-Yau determined by the total space of the rank 2
bundle
Opiypt (=1, 1) @ Opryp1 (—1, —1) — P! x P!,
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Appropriate localization formulas® for Y in genus 0 and 1 yield

No,(dy da) ( Z Z

mEP(d1) neP(d

d1 +d2

1
/ m)+(n)+1 Hz 1 (1 + m1¢z) HJ 1)(1 - nﬂﬁz(m +J)

and

N1 (ay,d5) = Z Z

meP(d1) neP dg)

dl +d2

1
/Mu )+e(n) Ham)(l + mit;) Han)(l — N e(m) )

Here, P is the point class on P! x P!, and P(d) denotes the set of partitions
of d. For p € P(d), the length is denoted by ¢(p). The function

3(p) = |Aut(p) sz

is the usual factor.
By evaluating the above localization sums, we obtain the following exact
solutions.

Proposition 3. We have,

1 dy + do\ 2
No,(di,d0) (P) = m( d ) :

1 dy +d
> Nwadie? = 13 08 <Z > ( ' 2) 932> :

(d1 dQ 75(0 O) d1>0d2>0

The integral invariants ng, (4, 4,)(P) and nq (g, 4,) can be easily calculated
from the Gromov-Witten invariants by the defining formulas (2) and (3).

8We now leave the optimal weight choice for the reader to discover.
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noan(P)JO 1 2 3 4 5 6
0 *1.0 0 0 0 0
1 111 1 1 1 1
2 01 2 4 6 9 12
3 0 1 4 11 25 49 87
4 0 1 6 25 76 196 440
5 0 1 9 49 196 635 1764
6 0 1 12 87 440 1764 5926

Niad) |0 1 2 3 4 5 6
0 ¥0 0 0 0 0 0
1 00 0 0 0 0 0
2 00 1 2 5 8 14
3 00 2 10 28 68 144
4 0 0 5 28 112 350 922
5 0 0 8 68 350 1370 4426
6 0 0 14 144 922 4426 17220

For ng (1,¢)(P) the underlying moduli space is P2¢. The elliptic invariants
vanish in classes in which there are no embedded elliptic curves. For ny ()
the moduli space is P8,

4 1-Loop amplitude and Ray-Singer torsion

Let X be a nonsingular Calabi-Yau n-fold. The string amplitude which
contains information about the genus 1 Gromov-Witten theory of X is the
twisted 1-loop amplitude

F = —/Sr—Trg{ [(—D)FFLFrQ™:Q"r] . (19)

Here, the integral is over the fundamental domain F of the mapping class
group of the world-sheet torus with respect to the SL(2, Z)-invariant measure.
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The trace is over the Ramond sector H of the twisted non-linear o-model on
X. The operators Fj, and Fg are the left and right fermion number operators,

F:FL+FRa

and Hj and Hpg are the left and right moving Hamilton operators. The
parameter 7 is the complex modulus of the world-sheet torus, and

Q = exp(2miT).

The object Fi is an index which depends either only on the complexified
Kahler structure moduli of X in the A-model or only on the complex struc-
ture moduli of X in the B-model. The dependence on the moduli is via the
spectra of Hy, and Hp.

We will use the B-model analysis to evaluate F} on the mirror X of X.
Predictions for the genus 1 invariants of X are then made by the mirror map.
By the world-sheet analysis of [7, 2], F} satisfies the holomorphic anomaly
equation . .

0,0;F, = iTrg{ [(—)FCZC]—] — ﬂTrg{(—)F Gij . (20)
Here Gj; is the Zamolodchikov metric and the derivatives are with respect
to the N = 2 moduli. For N = 2 og-models on Calabi-Yau n-folds, we can
specialize to the complex moduli on X. Then, Trge(—)F becomes the Euler
number y of the X and G7 becomes the Weil-Peterson metric on the complex
structure moduli space of X. The C; are genus 0, 3-point functions in the
A-model. In the B-model on X, the C; can be calculated from the Picard-
Fuchs equation for periods of the holomorphic (n,0) form on X. The indices
i,7 run from 1 to h,_11(X).

There two methods to integrate the equation (20). One can use the inte-
grability conditions of special geometry for Calabi-Yau n-folds or, somewhat
more generally, the tt*-equations. The latter apply to any N = 2 conformal
world-sheet theory. If the central charge satisfies

3c=n €,

then the tt*-equations imply the special geometry relations for Calabi-Yau
n-folds. The tt* equations are used in [7, 2] to obtain

1

Fi= g S () oy flogo)] = 0+ ol (21)
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The sum here is over the Ramond-Ramond degenerate lowest energy states
labeled by p,q which range for the o-model case in the left and the right
moving sector as follows

noonoy n
575 g
By the usual argument [42], the states are identified in the A-model with
harmonic

n n
(k,l>—(p+§,q+§)

forms. For 4-folds the (2,2) forms correspond to (p,q) = (0,0) and decouple
from the sum in (21). Finally, ¢ is the ¢¢* metric, K is the Kahler potential
for Weil-Peterson metric, and f is the holomorphic ambiguity.

The metric g is related to the Weil-Peterson metric by

oo

The Kéahler potential K is given by

eK:/QAQ, (23)

X

where €2 is the holomorphic (n, 0)-form on X — e X can be calculated from
the periods on X.
In summary, specializing to 4-folds® with hy; = 0, we evaluate (21) to

x(X)

F = (2+h11(X)—T)K—logdethLlong. (24)

For 3-folds, in our normalization®?,

1 X 1
RO =1 (3 b (X) - %) K~ SlogdetG +log [ [ (25)

The Gromov-Witten invariants are extracted in the holomorphic limit
of (24) in the large volume of X corresponding to the point P of maximal

9A1l of our compact examples will satisfy hoy = 0.
10This is, up to the normalization factor %, the result in [2].
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unipotent monodromy of X. Taking the holomorphic limit is very similar for
all dimensions. We introduce the flat coordinates near P
~X'(»)
T XO(Z) 9

(26)

which are identified with the complexified Kahler parameters of X. As the
coordinates z are the complex structure moduli of X, equation (26) defines
the mirror map between the complex structure on X and the complexified
Kahler structure on X. The function X° is the unique holomorphic period
at P, which we chose to lie at z; = 0. The functions
. 1 .
X' = — (Xlog(z) + holomorphic)
2mi
are the hyy(X) = hy,_1.1(X) single logarithmic periods. The existence of X°
and X satisfying the above conditions is part of the defining property of P.
Using further the structure of the periods in an integer symplectic basis at

P, we conclude

limg ;00 K = —log(X"),
ot (27)
8zj 7

After substitution in (24), we obtain the holomorphic limit of F} at P

limg o0 Gz’j =

0z

F = (1 — hyp — 2) log(X") + log det (—) +log |f]? . (28)
24 ot

Here, 0z/0t is the Jacobian of the inverse mirror map, and f(z) is the holo-
morphic ambiguity at genus 1. The latter is restricted by the space time
modular invariance of Fi(t,t). The first two terms in (24) can be shown to
be modular invariant. Therefore f(z) must be modular invariant as well.
The modular constraints together with the large volume behavior, which in
physical terms comes from a zero mode analysis,

(_1)7’L+1 hn—l,l

S /X o r(TYAHiy  t— o0, (20)

i=1

3:1—>

and the expected universal local behavior at other singular limits in the
complex structure moduli space fix the holomorphic ambiguity f(z).
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As explained in [3], the the genus 1 free energy Fj is related to the Ray-
Singer torsion [35]. The latter describes aspects of the spectrum of the Lapla-
cians of Ay, = avﬁ‘T/ + 8‘T/8v of a del-bar operator

Oy :NT*QV = NHT* @V

coupled to a holomorphic vector bundle V' over M. More precisely, with
a regularized determinant over the non-zero mode spectrum of Ay, one

defines' [35]

17(v) = [ (det Av) 70" (30)
q=0
The case V' = APT* with A, ; = Aper+ 4 leads to the definition of a family
index

F = % log [T T (det'2,q) "™ (31)

p=04=0

depending only on the complex structure of X.

5 Local examples II
We now consider the local Calabi-Yau geometry
O(—n) — P* 1

Since the space is toric, Batyrev’s reflexive cone construction produces the
mirror geometry: a compact Calabi-Yau (n — 1)-fold together with a mero-
morphic (n — 1,0)-form A. The latter can be obtained as a reduction of
the holomorphic (n,0)-form to the Calabi-Yau (n — 1)-fold and has a non-
vanishing residuum®. The n periods of X fulfill the Picard-Fuchs equation

n—1
LX = |0 = (=)"nz][(n0+k)|0X =0, (32)
k=1

11734] reviews these facts and relates the Ray-Singer torsion to Hitchin’s generalized
3-form action at one loop.

120ne can also consider the elliptic fibration over P™ given by the hypersurface of degree
6n in the weighted projective space P**1(1%,2n, 3n), apply Batyrev’s reflexive polyhederal
mirror construction, and take the large fiber limit on both sides.
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where 0 = z . The discriminant of the Picard-Fuchs equation is
A=(1-(—n)"z).

Equation (32) has a constant solution corresponding to the residuum of
A, a general property of non-compact Calabi-Yau manifolds. We normalize
constant period to X = 1. The system (32) has 3 regular singular points:

(i) the point z = 0 of maximal unipotent monodromy,

(ii) the point A = 0 corresponding to a nodal singularity (called the coni-
fold point),

(ili) the point z — oo (a Z, orbifold point).

Because of (iii), a single cover variable v is sometimes more convenient. It
is customary to introduce the latter as

(-

33
()" %)
so the conifold is at ™ = 1. More precisely we define the conifold divisor as
— (- (34)
Solutions to (32) can be obtained as
a k
XF = X 35
(375) X0) (35)
p=0
where we define
e Zker
=y (36)
D(—n(k+p)+ DI(k+p+ 1)n

k=0

Specializing to n = 4, we find the compact part of the mirror geometry
is related to the K3 given by the quartic in P? obtained by setting n = 4 in
the above equations. The meromorphic differential is given by

L[ az

21 )y D

A:
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where the contour 7y is around p = 0 and d¥ is the canonical measure on
P3. The single logarithmic solution is

1
X! = o (log(2) + 24 z + 1260 2* + 123200 2° + O(z*)) . (37)
™

We define ¢ = exp(2mit) and with t = X' /X% = X! we obtain by inverting
the mirror map the series

z=q—24q¢* —396¢° — 39104 ¢* + O(¢°) . (38)

The first term of (28) vanishes in the local case as X° = 1. The holo-
morphic limit of the Kahler potential term is trivial. We must determine the
holomorphic ambiguity. As f is a modular invariant, f can be expressed in
terms of 1*. As there is a non-degenerate conformal field theory description
at ¢ = 0 given by the o-model on the orbifold C"/Z,, F} cannot be singular
at this point. On the other hand the CFT degenerates at ¢ = 1 and at
1 = oo, and Fj is expected to be logarithmically divergent at the conifold
and at the point of maximal unipotent monodromy. The former behavior
can be argued by comparison with the 3-fold case while the latter follows
directly from (29) and the leading behavior of (37). Therefore, we are left
with the ansatz f = zlog(A), where z is unknown. We obtain

F, = log (%—f) - i log(A) . (39)

The first term comes from the holomorphic limit of the Weil-Peterson metric.
The z coefficient of the last term is matched to the first term in the localiza-
tion calculation that can be done in the local case. The leading behavior at
boundary divisors in the moduli space will only depend on the type of the
singularities. We expect therefore that the leading —5- log(A) behavior will
be universal at every conifold in 4-folds.

The series F; generates the genus 1 Gromov-Witten invariants of the local
Calabi-Yau O(—4) — P*,

fTrl :C‘l—ZNl’dqd

d>0

where C' is an integration constant. Our result for J; agrees up to degree
6 with the calculation of Mayr [30]. Mayr uses the localization and Hodge
integral formulas of [9, 17] to calculate up to degree 6.

The associated invariants ng4(L) and ny 4 are given in Table 1. We have
checked integrality of the invariants up to degree d = 100.
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d g=0 g=1
1 -20 0
2 -820 0
3 -68060 11200
4 -7486440 3747900
5 -965038900 963762432
6 -137569841980 225851278400
7 -21025364147340 50819375678400
8 -3381701440136400 11209456846594400
9 -565563880222390140 2447078892879536000
10 -97547208266548098900 531302247998293196352
11 -17249904137787210605980 115033243754049262028000
12 | -3113965536138337597215480 24874518281284024213236000

Table 1: Integer invariants ng4(L) and ny 4 for O(—4) — P?

6 Compact Calabi-Yau 4-folds

The holomorphic anomaly equation will now be used verify the integrality
conjectures for several compact Calabi-Yau 4-folds. The compact cases have
much more interesting geometry than the local models previously considered.

6.1 The sextic 4-fold

Batyrev’s mirror construction gives the 1-parameter complex mirror family
for degree n hypersurfaces in P! as

p:ZxZ—m/Jka:O
k=1 k=1

in'® P*~1/Z"=2. The holomorphic (n, 0)-form can be written as

1 [ ¢dS

2mi )y P

(40)

where the contour 7 is around p = 0. We obtain the Picard-Fuchs operator
for the period integrals me ) in this family parameterized by the variable

13The orbifold is essentially irrelevant for the B-model period calculation.
changes the normalization of the periods by a factor ﬁ

It only
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z=(—nyY)™" as
£:9"’1—nzH(n9+k) . (41)

The discriminant is A = 1—n"z, and z = 0 is the point of maximal unipotent
monodromy. Solutions as in (35) are obtained from

0 Tk +p)+1) 4,
X (z, p) ._; N(EEEIEE (42)

Here, there is a non-trivial holomorphic solution

[e.e]

—

X0=3 (Z?))n' o (43)

k=0

Let Xg C P? be the sextic 4-fold. For X§, the first few terms of the inverse
mirror map are

2= q — 6264 ¢* — 8627796 ¢* — 237290958144 ¢* + O(¢°) . (44)

The nonvanishing Hodge numbers of Xg up to the symmetries of the
Hodge diamond are

hoo = h470 = ]_, h11 = ]_, hgl = 426, hgg = 1752.

Further one has
X = / cy = 2610, ¢y = 15H? 3= —T0H?, / H*=6 (45)
X X

where H is the hyperplane class.

The holomorphic ambiguity can be fixed as follows. A simple analytic
continuation argument shows that X° ~ 1 at the orbifold point ¢ = 0.
As there is no singularity in F; at this point, only the combination X0 can
appear in F;. Furthermore, we use the universal behavior at the conifold

A=(1-9%=0

and obtain, using (28),

423 X0 0 1
I = 1 log (?) + log (a—f) ~ 2 log(A) . (46)
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d g=0 g=1
1 60480 0
2 440884080 0
3 6255156277440 2734099200
4 117715791990353760 387176346729900
5 2591176156368821985600 26873294164654597632
6 63022367592536650014764880 1418722120880095142462400
7 1642558496795158117310144372160 65673027816957718149246220800
8 | 45038918271966862868230872208340160 2828627118403192025358734275898400

Table 2: Integer invariants ng4(H?) and ny 4 for Xg

Mmd,,ds, d2 =1 2 3
d; =1 | 15245496000 111118033656000 1576410499948536000
2 809911567810170000 11490828530432030136000
3 163029083563567893374136000

Table 3: Meeting invariants for Xg

As a consistency check, equation (29) is fulfilled.
A further consistency check is obtained from classical methods for degrees
d < 4. The vanishing of the integer invariants

Ny =mnN12 = 0

is expected from geometrical considerations. The invariants n, 3 and n 4 are
enumerative. The number of elliptic cubics on a general sextic X5 C P5 can
easily be computed by Schubert calculus!# to be 2734099200. The number of
elliptic quartics on Xg was computed to be 387176346729900 by Ellingsrud
and Stromme in [8]. Finally, the integrality of n; 4, which we have checked
to d = 100, is highly non-trivial. The values for the first few n; 4 are listed
in Table 2.

We also report a few of the meeting invariants as they have an interesting
interpretation as BPS bound states at threshold in Table 3.

6.2 Quintic fibrations over P!

Genus 0 Gromov-Witten invariants for multiparameter Calabi-Yau 4-folds
have been calculated in [21, 29]. We determine the genus 1 Gromow-Witten
invariants and test the integer expansion of F} for two such cases.

14We used the Maple package Schubert written by S. Katz and S. Stromme.

34



We first consider the quintic fibration over P! realized as the resolution
of the degree 10 orbifold hypersurface X9 C P°(1,1,2,2,2,2). The non-
vanishing Hodge numbers are

h0,0 = h4,0 = 17 hll = 2, h31 = 1452

up to symmetries of the Hodge diamond.

We introduce the divisor F' associated to the linear system generated
by monomials of degree 2. For example, a representative would be x3 = 0
yielding a degree 10 hypersurface in P°(1,1,2,2,2). The dual curve to F lies
as a degree 1 curve in the quintic fiber with size ¢;. Another divisor B is
associated to the linear system generated by monomials of degree 1. Since
B lies in a linear pencil of quintic fibers, B? = 0. The dual curve is the base
P! with size t.

We calculate the classical intersection data by toric geometry as follows

F* =10, F?B =5, /Cg/\Fzzllo, /Cg/\BF:50,
M M (47)

/04 = 2160, /03/\F:—200, /chB:—ZﬂO.
M M M

By Batyrev’s construction the mirror is given also as an degree 10 hypersur-
face in P(1,1,2,2,2,2)/(ZZ3),

n+2 n—+2

2 2
STam Vet —2p [ — v ] o (48)
k=1 k=3 =1 k=1

with!® n = 4. We derive the Picard-Fuchs operators as
Ly =07 (20, —61) — (n+2) [ " (n+2)6; — k)] =1 (49)
LQ = 02 — (202 — 01 — 1)(202 — 01 — 2)22 s

1

where 0, = ZZ'% with z; = W and z9 = Ok The system has one

conifold discriminant A.,, and a ‘strong coupling’ discriminant A, at
Acon =1- (¢n+2 - ¢)27 As =1- ¢2 . (50)

Let us now turn to the calculation of ngg(S;) and ngg(cz). We denote
by A% = Jp and ALY = Jp the harmonic (1, 1)-forms dual to F and B. We

5These formulas apply to n-dimensional degree 2(n + 1) hypersurfaces in P(1,1,2").
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chose further a basis A(12) = J% and A§2) = JpJF for the vertical subspace of
H?*?(M). Toric geometry implies that the latter can be obtained from the
leading #-polynomials L, of the Picard-Fuchs operators. More precisely the
subspace is spanned by the degree two elements of the graded multiplicative
ring

R = CIA[, ., AL, y) - (51)

where the ﬁl are the formal limits ﬁ;z = lim,, .o £; of the Picard-Fuchs oper-
ators.

Following [19, 21, 29|, we calculate the genus 0 quantum cohomology
intersection

ijo

o) = / AWM A Ag.l) A A + instanton corrections. (52)
M
in the B model as follows. Using the flat coordinates

Xt 1
- | .

for the identification of the B-model structure at the point of maximal unipo-
tent monodromy with the A-model structure [19], we find

o
1 a
Chio = 00~ (53)

where given an A(O?) the dual period H(O?)

behavior in the logarithms as'®

is specified by the leading quadratic

n? 1 1 log(z;) log(z;)
- AV A AW A AR x V55 L 9(z) . (54
X0 2 ; /]\/[ t J «a (27.(.2)2 + (2) ( )
For example, using (47), the period Il.,, whose expansion in ¢; yields the
no,(c2), is specified by the leading logarithmic behavior

., 1

= = W(% log(z1)? + 501og(z1 ) log(z2)).

16Note that admixtures of periods with lower leading logarithmic behavior does not
affect C’Z-(jlo)[ due to the derivatives in (52).
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n dy =0 1 2 3 4
d; =0 * 0 0 0 0
1 12250 12250 0 0 0

2 6462250 35338750 6462250 0 0

3 5718284750 85125750000 85125750000 5718284750 0

4 6349209995000 192339896968750507648446407500192339896968750 6349209995000
n2 dy =0 1 2 3 4
d1=0 * 5 0 0 0
1 2875 9375 0 0 0

2 1218500 17669375 5243750 0 0

3 951619125 34150175000 50975575000 4766665625 0

4 969870120000 66623314796875253824223203750125716582171875 5379339875000
ni,p dg =0 1 2 3 4
d1=0 * 0 0 0 0
1 0 0 0 0 0

2 0 0 0 0 0

3 -2768250 7297250 7297250 -2768250 0

4 -17325370250 90447173500 699252105750 90447173500 -17325370250

Table 4: Integer invariants for the resolution of X;q C P5(1,1,2,2,2).

With this information, we calculate the invariants

as well as ng g(cz).
Finally, for the genus 1 Gromov-Witten invariants, we obtain

XO
F, = 861log (?) + log det (

7 2
5 = nos(AY)

0, ¢)

J(t1,t2)

1

) = 371088 — 57 08(A) . (65

The only difference from the calculation for the sextic is that the behavior
at Ay must be determined. The latter determination is made by imposing
(29) with [,,c3 A B = —410. The second condition in (29) is a check. At
A, = 0 we have divisor collapsing, which is an P! fibration over the degree 5
hypersurface in P3. Integer as well as meeting invariants are listed in Tables
4 and 5.
It is interesting to compare the above quintic fibration with a different
quintic fibration given by hypersurface of bidegree (2,5),

Xos € P x P*.

The Hodge diamond of the second fibration is the same as the previous case.
The divisors B and F' correspond to the pull-backs of the hyperplane classes




mpm [ (0,1 (0,2) (L) (L1 (L2) (2,0) 2. 1)
(O7 1) -10 -10 6500 0 0 4025250 4025250
(0, 2) 10 0 0 0 0 0
(17 O) 10781250 19237750 0 5310625000 43309206500
(1, 1) 10768250 0 10532668750 43309206500
(1, 2) 0 0 0
(2, O) 2555792968750 22836787744000
(2, 1) 124882678630250

Table 5: Meeting invariants for the resolution of X9 C P?(

1,1,2,2,2).

on P! and P* respectively. We use the same basis for the vertical subspace of
H?*?(M) as before A(12) = J% and A§2) = JpJr. Due to the different fibration
structure, the topological data differ from the previous case:

F* =2, F3B=5, /CQ/\F2:70, /Cg/\BF:50,
M M

/04 = 2160, /cg/\F:—zoo, /cg/\B:—33o.
M M M

We derive the Picard-Fuchs equations in the standard large volume variables

21 and zy [19] as

(56)

L1 =0} (561 — 20) — 572 [ [ (561 + 205 + k) + 425(56; + 265 + 1)

k=1

2

Lg = 02 — 29 H(E)QQ +291 ‘l—/{?) .

k=1

The system has only one conifold discriminant

(57)

A= (1—2%) —5xy(1 + 4ay) + 1025(1 — 1) — 25(10 — 5oy +23) . (58)

We have introduced rescaled variables z; = 5%z, and xo = 222,. Here, we
know no further regularity conditions in the interior of the moduli space.
Therefore, we simply impose (29) with

/03/\B:—330and/
M

C3 AN B = —200.

That fixes the coefficients of the log(z;) and log(2,) terms in the most general
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n dy =0 1 2 3
d; =0 * 0 0 0
1 9950 171750 609500 609500
2 5487450 533197250 9651689750 63917722000
3 4956989450 1342522028500 64483365881000 1152361680367750
4 5573313899000 3120681190272750 301443864603401500 10812807897775185750
n2 dy =0 1 2 3
d1=0 * 125 0 0
1 2875 195875 1248250 1799250
2 1218500 369229625 10980854250 101591346500
3 951619125 713334157250 53873269172000 1308427978728875
4 969870120000 1390949237651750 205222409245164750 9819953566670512000
ni,p dg =0 1 2 3
d1=0 * 0 0 0
1 0 0 0 0
2 0 0 0 0
3 -2768250 218986250 82508848750 2759605738750
4 -17325370250 2510820252500  1468762788741875 94873159058300000

Table 6: Integer invariants for X5 C P! x P4

ansatz of the ambiguity

1 1 22
F; = 861log (X?) +log det <M) — —log(A)+ ol log(z1) + 3 log(z2) -

J(t1,t2) 24 4
(59)
The integer invariants listed in Table 6 are compatible with the previous
quintic fibration — we get the same invariants in the fiber direction, as

expected.

6.3 Elliptically fibered Calabi-Yau 4-folds

A simple elliptic fibration over P3 compactifies the local model in Section 5.
Consider the resolution of the degree 24 orbifold hypersurface

Xy C P5(1,1,1,1,8,12)

in weighted projective space. The genus 0 invariants have be calculated in
[21]. The resolution has the following non-vanishing Hodge numbers

h070 - h470 - 1, hll - 2, h31 - 3878, h22 - 15564
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up to symmetries.

We introduce the linear system B generated by linear polynomials in the
four degree 1 variables. The linear system maps Xy, to P2 with fibers given
by elliptic curves. The second linear system FE is generated by polynomials
of degree 4. The curve dual to F is a curve extending over the fiber £ with
size denoted by t;. The curve dual to B is a degree one curve in P? with size
denoted by t5. The intersections of the divisors are

E*=64, E’B=16, E’B*=4, EB*=1, B'=0. (60)

Further topological data are

/ ¢, = 23328, / cs A B = —960, / cs N E = —3860,

/CQ/\B2 =48, /CQ/\BE:182, /CQ/\E2:728.
M M M

The mirror family is likewise given by an hypersurface of degree 24 in
]P)(la 17 17 17 87 12)/(Z§4>

n n n+2
Zx?n—l—xiﬂ—l—xiﬁ—n¢Hx?”—6anxi (62)
k=1 k=1 i=1

with!” n = 4. We derive the Picard-Fuchs operators as
£»1 = 91(91 — 7192) — 12(6 91 — 5)(6 91 — 1)2’1 (63)
£»2 = (93 — szl(n 92 — (91 — ]{])22 s

(="
(ng)"

where 6; = ZZ'% with z; = 22 and 2y =

... (ny)6
discriminants

. The system has two conifold

Ay=1—¢", NAy=1-¢", (64)

where we defined ¢ = ¢)%—¢. The solutions to the Picard-Fuchs equations can
be obtained similarly as in Section 6.1 using the methods outlined in [21].
For example the holomorphic solution at the point of maximal unipotent
monodromy is given by

X0 = ( Pl 65
koz;;o (2k1)!(3k1 ) ke (Ko ) ™ 72 (65)

1"These formulas apply to n-dimensional degree 6n hypersurfaces in P(1", 2n, 3n).
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nt s [d2=0 1 2 3 4
di =0 0 0 0 0 0
1 960 5760 181440 13791360 1458000000

2 1920 -1817280 -98640000 -10715760000 -1476352644480

3 2880 421685760 29972448000 4447212981120 783432258136320

4 3840 2555202430080 -6353500619520 -1273702762398720-285239128072550400
n2s [ d2=0 1 2 3 4
di =0 0 -20 -820 -68060 -7486440
1 0 7680 491520 56256000 7943424000

2 0 -1800000 -159801600 -24602371200 -4394584496640

3 0 278394880 35703398400 7380433205760  1662353371955200

4 0 623056099920 -6039828417600 -1683081588149760-478655396625235200
ni,p dg =0 1 2 3 4
dy = 0 0 0 11200 3747900
1 -20 -120 -3780 -7852120 -3536410200

2 0 45720 2245680 2858334000 1724679193440

3 0 -10662240 -719326800 -719497580160  -573686979645680

4 0 1638152760 160844654520  140278855296640 145314212874711600

Table 7: Integer invariants for the resolution of Xoy.

The considerations, which lead to the expression of Fj in the holomorphic
limit, are very similar to those of Section 6.1,

2
F1 =928 log (%0) + log det (%) + 3log(y) — i Zlog(Ai) . (66)
1,02 i—1

A new feature here is

. a(wagb) ~ -3
Jim log det <8(t1,t2)) v

as is shown by simple analytic continuation of X° and the two logarithmic
solutions to 1 = 0. To maintain the expected regularity at ¢» = 0, we have
to add the explicit 3log(1) term to the holomorphic ambiguity. As a check
of the result (66), we note again that (29) with (61) is fulfilled.

We chose further a basis A?) = +=(4J% + JgJp) and Af’ = J% and
calculate as before the genus 0 and genus 1 invariants. As a consistency
check we note that scaling the size of the elliptic fiber ¢; to infinity leaves us
precisely with the O(—4) — P? geometry. The corresponding invariants are
listed in Table 7 .
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