Minmax Methods in the Calculus of Variations of Curves and
Surfaces

Tristan Riviere*

I Lecture 4

Critical and Sub-critical Curvature Energies of Surfaces

In this lecture we shall develop our understanding of potential “smooth-
ing lagrangians” in order to implement the viscosity approach for the
study of minmax procedures for surfaces.

I.1 Elementary Notions related to the Immersions of Surfaces
in R3.

1.1.1 The 2 first Fundamental Forms.

We shall mostly restrict to immersions of surfaces in the 3 dimensional
euclidian space. ¥? will denote a two dimensional manifold that we assume
to be oriented and closed. The main objects of this lecture are immersions
® of X2 into R3. It is usual to assume the immersion to be at least (2
in order to define the curvature tensors associated to such an immersion,
however we shall need weak notions of immersions and we shall first assume
that the immersion is M/i%;lpm(EQLRg) for some p > 2.

For such a W?? immersion ® we define the 1st fundamental form,
the metric given by

VXY €Y gg(X,Y):=dx®-dyd

Assuming that ® is an immersion amounts to say that for any smooth
reference metric gg on X there exists a constant Cy > 1 such that

C=' (90) < (95) < C35' (90)

where the inequalities have to be understood in the sense of symmetric
positive bilinear forms on 7. When there is no ambiguity about the
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underlying immersion we simply write X :=d XCIS, the “realization” of X
in R? by ®.
The associated volume form dvol,; is given in a local chart by

dvoly. = \/g11 goa — g3o dzy Ndry  where g = (995(13 - 8%.(13
For such an immersion we define the Gauss map 7 given in local positive
charts! by
0:, P N0, P
5= —= S (L.1)
10,,P A 0., P|
Observe that, if & € W22 (%2, R?) the Gauss Map g € WH(X,5%). We

mm

n

can define the 2nd fundamental form of the immersion ® using the

Gauss map
I5(X,)Y)=—dxin-Y 7

Under the assumption that & € W22 (22 R?) we have that Ty € LP(%).

mm
If we extend locally X and Y, since we have 7-Y = 0 we deduce, denoting
by PT the projection onto the tangent plane of ®,7%? a we havend PV
the projection onto the normal direction

I5(X,Y) = dxV iz ity = PN(dxY) = dxY — P'(dxY) = VY - VFY

which is clearly symmetric since the two Levi-Civita connections V%3 and
V9 are both torsion free. We introduce the mean curvature vector

L 1 1
5= iTr {g_ll[} =5 %:g”]lij

where (g%) is the inverse matrix to g;; := (9;,,7(13 : 8%,(1;. Writing H = H i
we can identify Hg with the average of the two eigenvalues 1 and ko of
I=rig -]f(i; which is symmetric and hence diagonalizable in an orthonormal
basis of the tangent plane to the immersion :

K1+ Ko
Hg := 5
The Gauss curvature is given by
K = K1 K2

Since Uiis‘?;q; = g" g 1;11;; = K% + K3, the Gauss Identity says

iy = Tgls =4H> 2K (1.2)

1We are using the identification of 2—vectors with vectors for the canonical metric on R3.
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I.1.2 The Willmore Energy
Recall the Gauss Bonnet Theorem
/2 K =271 x(¥) = 4n(1 — genus(X))

where x(X) is the Euler characteristic of ¥.. Then, modulo a topological
term, the so called Willmore energy

W(®) = [ H dvol,,

is equal to the homogeneous W2 norm of the Gauss map. The Willmore
energy, which is zero exactly on minimal surfaces, has been extensively
studied in particular in conformal geometry. This is due to the following
property proved in [7].

Proposition I.1. For every conformal transformation ¥ of R3U{oo} and
any immersion ® of ¥ such that ®(X) N V1 ({cc}) = 0 one has
W (U o®) =W ()
O

The absolute minimizers among immersions of closed surfaces are char-
acterized by the following theorem whose proof can be found in [§]

Theorem 1.1. For any immersion d of a closed oriented 2-dimensional
manifold X2 one has

—

W(®) > 4n

with equality if and only if ¥ ~ S? and 5(52) is a canonical round sphere.
]

A much more involved results asserts that this bound is higher if one
assumes that the genus of the surface is non zero.

Theorem 1.2. [Marques, Neves 2011] For any immersion ® of a closed
oriented 2-dimensional manifold % of non zero genus into R® one has

W(®) > 27

with equality if and only if 613(22) s the tmage of the Clifford torus given
by 1/v/2 (S* x SY) ¢ 8% c C? by the composition of the stereographic
projection with a conformal transformation of R3 U {oo}. O



Remark 1.1. This question was left open by T.Willmore in his famous
1965 paper [11]. The so called Willmore conjecture is still open in
higher codimension. O

Isothermal charts are special coordinates that are going to play a central
in the study of the variations of surfaces.

Definition I.1. Let ®: ¥ — R3 be an immersion of ¥. A chart : D*> —
> is called isothermal or conformal for ®, if

(00, (D 0 1), 0y, (B o)) =0 in D2
B, 3} (L.3)
0., (P o)) = |0p, (P o) in D%

Here, (9, (D 0 1)), Dy, (P 0 1p)) denotes the usual inner product in R3. O

The following result is very specific to the two dimensional case. A proof
using moving frames can be found in [7]

Theorem 1.3. Let ® € W/ﬁ;me(E,R?’) and p > 2 then about every point in

Y there exist a conformal chart. O

In conformal charts many objects defined in the previous subsection take
an easier form, which we want to explore now.

Let ¢: D? — ¥ be an isothermal chart for the immersion . ¥ — R™

The first fundamental form in the coordinates provided by 1 is

Vg5 = e (dat + da3),

—

where ¢! = [0,,(® o ¥)| = |9,,(® 0 1)|. The volume element is given by
dvol, = e dxy A drg

Moreover, for the second fundamental form, we have

—

L = 100, 02,) = PV (02,0, (B 0 ). (L4)



Note that

= (0r,Or, ((I) 0 1), O, ((I) 0 1))
= Oy (0, (P 01)), 0y, (P 040)) —(02,(P 04)), Or, (P 0 9)))

=0

—(05,(P 0 1), 8,, (@ 0 ).

Similarly, one obtains that
(02,(D 0)), 00, (D 0 ¢h)) = —(02,(D 04)), Dy, (D 0 ). (L.6)
(L.4), (I.5) and (I.6) together imply that
]Tn + ]T22 = pN (A((ﬁ o ¢)> = A((I; 0 1)), (1.7)

where A = 92 + 02, denotes the negative flat Laplacian.
From expression of the intrinsic negative Laplace-Beltrami operator A,
in coordinates

rj i ( g” 8¢)
i 18:L‘Z \Jdet(gkh) Oz

the following relation follows immediately:

A, = e 2A. (L.8)

Using (I1.7) and (I1.8), the mean curvature vector takes the following form:
. 1 . 6—2)\ 2 —2)\ .

H= ETr(g*1 I) = Uzl 59 T; = - A(D o)) = ng(cp o). (1.9)

The Willmore functional has therefore the expression
L1 .
W(®) = JL18,®* dvol,,. (L.10)
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1.1.3 The Riemann Surface associated to an Immersion.

Assume & is a conformal immersion of the disc D2 Denote e := |8x1<f>\ =
0., P|. We consider the following orthonormal frame

(&1,8) = e (0,,®,0,,P)
A short computation gives
€y - Veéy = -~V (I.11)
where V4 = (=0,,- ,0,,+). Hence

— AN = —div (61 - V') = — Ve, - Ve,
(L12)
= 0y,€1 * Oy, @ — 0,1 - Or, &

Observe that
Oy, €1 - Oy, @ — 0y, €1 - Oy, 8 = PV (0,,€1) - PV (0,,6) — PV (0,,¢1) - P (0,,6)
and PN(0,,65) = e PN(f?xi@ijI;) = e * I;;. Recall that
K = det(g7'T) = e~ det(I)
Hence we have obtained the Liouville Equation
— AN=e?K (I.13)
More generally we have the following result.

Proposition 1.2. Let $: ¥ — R? be a smooth immersion and g .= 5*gR3
the induced first fundamental form. Let h be a conformally equivalent
metric on X satisfying
g = e*h.
Then
— Apa =K, — Kj, (I.14)
where K, and K}, are the Gauss curvatures of (X, g) and (X, h) respectively.

Proof of Proposition I.2. We have seen in theorem 1.3 that there exist
isothermal coordinates for @, i.e. locally g is of the form

g = e*Nda? + dad). (I.15)

Hence, we have
h = €% (da? + da3), (I.16)
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where 0 1=\ — .
Then we can apply (1.13) to (1.15) and (I.16) respectively and obtain

K, = —e 2 A\ (1.17)
and
Ky = —e 2A9AN - a) (1.18)
Combining (1.17) and (I1.18) yields
K, = ée* (Kg -+ e_”Aoc) = eQaKg + A,
where we used (I1.8) in the last identity. This finishes the proof. O

The following result, whose proof is a way beyond the scope of these
lectures and can be found for instance in [10], is central in surface theory
and is one of the variants of the so called uniformization theorem that
we apply to the special case of metrics induced by an immersion into R3.

Theorem 1.4. Let X be a closed oriented two dimensional surface. Then
there exists a conformally equivalent Riemannian metric h on X3,

g=e*h,
with
e constant (sectional) curvature K, and
e unit volume: vol,(X) = 1.

Such h is unique if the genus of the surface is larger or equal than one.
For ¥ ~ S? it is unique modulo the pull-back by elements of the Mdbius
group of conformal transformations of the sphere given by the maps of the
form

o 2—a
‘de’(z) - (1 - |CL|2) ’Z _ a—»‘g —a
where @ € B>
Moreover, we have
<0 > 2
Kps=0 if and only if genus(X) <=1
> 0 =0



1.2 Weak Closure of W2¢—Immersions.

On the Banach manifold W2Z (2, R?) equipped with the Finsler structure

mm
(see lecture 2 proposition 77)

jals = | 97

we introduce the following ¢—FEnergy

> p
By(®) = [ |1+ 1152,] dvoly,
where 2p = q. We have the following weak closure result

Theorem I.5. [Langer 1985] Let ®, be a sequence in W4
that

q/2 1/q .
2|7 dvolyy| 41| 1V5 |

0s T IV

§$+|ﬁ

Lo (%)

(2, R3) such

lim sup E,(®) < +00

k——+o0

Then there exists a subsequence Q;k/ and a sequence of W1— diffeomorphisms
Ui and a sequence of constant vectors Ay such that

f;; = QoW+ Ay — 5;0 weakly in W>1(3, R?)
moreover Ex, € WL (3, R3). O

The method adopted by Langer for proving theorem 1.5 in [?] is following
an “ambiant” approach where 5k(2) is the central object rather than Oy,
Due to the compact embedding of W24 into C* for ¢ > 2 one can locally
approximate the image <13k(2) by local graphs that are going to converge
weakly in W?24.. .etc. Before proving such a weak closure property one
might try first to control the underlying conformal class of the sequence
of W?4—immersions. We will prove the following result.

Theorem L.6. Assume genus(X) > 0. Let By, be a sequence in W21 (3, R3)
such that

: P
lim Sup/E [1 + |Ig, f@J dvoly, < +00

k—+o00
then the sequence of underlying constant curvature metric hy of volume
1 such that g5 = e hy, is pre-compact in any C'(X) topology (I € N)
modulo the pull-back action by diffeomorphisms. O

Proof of theorem I.6. We present the proof in the case of the torus :
% ~ T2, The proof for genus(X) does not differ much?. The uniformization

20ne argues by contradiction and one uses Mumford compactification of the Moduli Spaces of conformal structures (see
[2]). The estimates for the Flat tori in the T2 case can be carried over to the analysis of the size of the collar regions
that are assumed to be formed in order to get a contradiction (see [9])
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theorem (see for instance [3]) gives that modulo the composition with
diffeomorphisms (3, k) is a sequence of flat Tori of the form R?/(Z x 1,7)
where 7 = 71, + 1 77
1 1 :
T27k>0 _§<7-1,k<§ ‘Tk‘21 and 7’171420 if ‘Tk‘:1

and hy = 2% [dx? + dx3] where ¢, satisfies

2 cg

- IR2)(Zx7,Z) €

In order to prove the theorem we have to show that 7 is in fact uniformly

bounded. Consider in R?/(Z x 1,7Z) the foliation by circles given by
Vs () 1= (T2 + T1 1 + £, 22) V xy € [0, 7o)

The immersion P, is conformal from R2/(Z x 7.Z) into R®. Denote e :=
104, Px| = |02, P|. The unit tangent to the image by ®; of the circles
Vi, (t) is then given by

. _ = a4z
Erpi=e M 0Dy =e N %((I)k(/yk,xz(t)))

Fenchel theorem applied to the circle 7y ., (¢) says
dél

™= 'Yk,mz(t)H /W“’”(t) dt

Observe that |0;,€1 x|* = |0s,€14 - Eax|> + 02,7 - €1 4|? and since Vey x - o =
V1), we have

To+T1 p+1 5
dt :/ |ax1€1’k’ dl‘l

To+T1 &

+71 41
o < [T VA + | V|

To+T1 k

Integrating for xs going from 0 to 7 gives

2T Top < /

— 2
B2 /(Zxr,Z) |V>\k‘ + ’V?’Lk‘ dx (1.19)

This implies using Holder for an s € (0, 1) we are going to fix later

1/2 s/2
(1-s)/2 2 25X\ 7.2 N 7.2
2m Tk < Ty, </R2/(Z><TkZ) IV el“ e dx ) </R2/(ZXT]€Z) e~ dx )

1/2
1/2 L2 g9
+7olk (/R?/(Zxr,@ \Vig|* dx )

On R?/(Z x 7, Z) the Liouville equation reads
—A)\k = 62)\}“ K@k

(1.20)
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We multiply the equation by —e 2% and we integrate by parts. This
gives for s =1 —2/q

6—23)\;C |v>\k‘2 dl’2 _ 62(1—8))\;C Kq_ﬁk

2 /ﬂ:§2/(ZXTkZ) B /}R2/(ZXT/€Z)

2/q s

Iz |2 dvol 9, dx

| (1.21)

2/q

3, g*

/R2/(mez

Iz

< CTik

/ﬂv/(meZ) Py 9* dvoly,

Due to the conformal invariance of the Dirichlet energy we have

Viiy? da® = [

R? /(Zx74Z) [ Py

2/q

/11@2 /(Zx7,Z) 9* dvolys,

(1.22)

dvol dvol &,

/RQ/(ZXTICZ | ‘Pk'g* /IRiQ/(ZXTkZ)

Combining (I1.20), (I.21) and (1.22) we get the existence of a constant C|,
depending only on g € (2, +00) such that

1/q

dvol dvol =

Dy,

I

vV T2, S Cq

we deduce that 79 is uniformly bounded which implies the theorem I.6.
O

Py, 9* /HQQ/(ZXTkZ)

/R2/ ZXTkZ

One could wonder whether the previous result extends to the case when
one only assumes that the trace of the second fundamental form is bounded
: The answer to this question is negative.

Proposition I.3. Assume genus(X) > 0. There exists a sequence O in
W2 (S,R3) such that

mm

) U 52 q/2
hkrg_skgop H,(Pyr) := /2 [1 + |H<I>k‘9§>J dvoly, < +00
and the underlying conformal class of 93, has no pre-compact subsequence
in the Moduli Space 9(X) of X. In other words no subsequence of the
constant scalar curvature metric of volume 1 hy such that 95, = e?k hy,
converge. 0.

Proof of proposition 1.3. The glueing of two opposite hemispheres by a
tiny catenoid gives a surface with uniformly bounded mean curvature and
with boundary given by two fixed circles. It suffices to join the two circles
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by a fixed cylinder in order to produce a family of tori with degenerating
conformal class but with uniformly bounded area and mean curvature. O

However if one adds to the H, energy the Dirichlet energy of the oy
factor in (I.14) there is again a weak closure property.

Theorem L7. Let O be a sequence in W2 (3, R3) such that

lim sup F,(Py) := /2 [1 + ’H@';@J + 271 ‘d&k|2‘£k dvoly, < +00

k—+o0
(1.23)

Then there exists a subsequence ‘51@' and a sequence of W?1— diffeomorphisms
V. of X and a sequence of constant vectors Ay such that

é = CI;/{/ oW+ Ay — é’oo weakly in W“(E,H@)
moreover £, € W2I (32, R3). O
Before proving the theorem we shall make use of the following lemma.

Lemma I.1. Assume genus(X) > 0. Let @, be a sequence in W2 (3, R3)
such that

limsup §(Pp) := /z|ﬁ<f>k

k—+o00

2 -1 2
95, +2 \dak|g§k dvol%k < 400

then the sequence of underlying constant curvature metric hy of volume
1 such that g5 = e hy, is pre-compact in any C'(X) topology (I € N)
modulo the pull-back action by diffeomorphisms. O

Remark 1.2. In the case ¥ ~ T?, for immersions into R™ ,the F— Energy
has the following geometric interpretation?.

— . 1 2
5(P) = égﬁ 4/2 |dely,_ dvoly,
where F is the space of orthonormal frames associated to the immer-
sion, i.e. € = (€1, ¢e) where & € WY(T? S™ 1) and for almost every x
(€1, €2)(w) realizes an orthonormal basis of Ty, ®(%). In [5] the Willmore
conjecture for the Frame Energy in arbitrary co-dimension is proved. For

all immersion ® on has

3(®) > 272
with equality if and only if cf>(T2) is the image of the Willmore torus by
the composition of an isometry and a dilation. O

3The identity (124) below illustrates the link between F(®) and the Dirichlet energy of the frame given by local
conformal coordinates
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Proof of Lemma I.1. Again here we make the proof in the case ¥ ~ T2
The higher genus case is similar and can be found in [9]. We can import
inequality (1.19) from the proof of theorem 1.6 and we write

2T Top < /

— 2
B2 /(Zxr ) |V)\k‘ + |Vnk\ dx

S vV T2k \//Rz/(ZXTkZ) ‘V)\k|2 —+ ‘VﬁkP dl’?

Observe that A is just the sum of a with a constant. Thus Va = VA ,
moreover the Gauss equation (I1.2) we deduce that

T < CF(@)
which implies lemma I.1. O

Proof of theorem 1.7. From the previous lemma I.1 we know that the
underlying constant curvature metric of volume 1 is pre-compact in every
C! space modulo the pull-back by diffeomorphisms. So we can assume we
are in a system of charts in which the metric hy is strongly converging.
We can also these charts to be conformal with respect to A, and strongly
converging with respect to a reference system of chart. In these charts we
have
hy = €2% [dx] 4 dr3]  and 98, = M [da? + da3)

where 1, is converging in every C! space and aj;, = A\, — 0j,. Hence we have
by assumptions
lim sup /D2 IV | 2da? < +o0

k——+o0

Recall the computations (I.11) and (1.12) : for €4 := e~ (91;j<f>k we have
that
€k Ve, = -V

and the Liouville equation reads
— AN = Op €1k - OnyCok — 01, €1 - Oy, €k
Observe that
Ve, + [Véy]” = [Veér, - epl” + [Veéy - €1y
+IVeELy - Tig |* + | Ve - i |
1,k o), 2,k o),

Hence
IVELL? + |Vérr]? = 2|V + | Vil)? (1.24)
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Using the conformal invariance of the Dirichlet energy we have

/D2 Viig | do? = / L 17

Using Gauss identity and Gauss Bonnet theorem we have

2
93,

dvoly, < /E|dnq;k

35 dvoly, (I.25)

S |ditg [ dvoly, =4 [ |Hg [2 dvoly, — 47 x(X) (1.26)
Hence combining (1.24), (1.25) and (I.26) we obtain

lim sup /D2 Ve + | Véyil? do* < +oo . (L.27)

k—+o0

A mean value argument gives the existence of a radius p € [1/2, 1] such
that

[N 00) a8 < VBT |,

Hence there exists a sequence of constants \; such that

1/2
VA2 dx2]

I\Di )

lim sup [ Ay — Akl =(ap2) < +00 (1.28)

k—+o00

We recall Wente theorem which is a milestone in integrability by
compensation theory (see a proof for instance in [8]).

Theorem 1.8. Let a and b be in W12(D? R) and let ¢ be the Wb solution

of
{ Ap = 0,,00,,b — 0,,a0,,b  in D?

=20 on 0D?
then o € W2 N CY and
[llz=(n2) + [Vell2pz) < C |Vall 2oz VO]l 2(p2)
where C' 1s a universal positive constant. O

Let ¢ be the solution of

— — - — . 2
{ —Agﬁk - axlel,k : 8$262,k - al‘gel,k : 633162,]4} mn Dp

o =0 on 8D[2)
Because of (1.27) Wente theorem implies

lim sup || g (p2) < +00
k—+o0
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Since using the maximum principle we obtain
limsup [ Ay — A — @rllz(p2) = hmsup Ak = Al L(ap2) < +00
k—+o0 ——+00
Combining the two previous estimates give
lim sup || Ay — Mgl L= (p2) < 400
k—+o00

The covering by conformal charts is strongly converging, hence we could
have taken it fine enough in such a way that all the z~(D? J9) are covering
> and we deduce the existence of a sequence of constants &; on each
connected component of 3 such that

lim sup [Jay; — Q|| o (55 < +00 (1.29)

k——+00

The lower bound on Willmore energy given theorem I.1 implies

2/q 1-2/q
2 q
A < /iHi;k dvol%k < [/2 H<f>k dvol%J [/Z dvol%,J
hence the area is bounded from above and from below, which gives

lim sup |log Area((ﬁk(i))‘ < 400 (1.30)

k—+00

Therefore there exists p, € & such that

lim sup | (pr)| < +00
k—400

Since, by Wente theorem, o, € C°(X), we deduce from (1.29) that dy, is
uniformly bounded and hence

lim sup || || poe(ny < +00

k—+o00
Taking now the expression of the mean curvature vector ﬁq;k given by
(I.9), we obtain

6_2ak

— 1 —
Hy, = 5805 B = —5— A0, By

Since hy, is strongly converging (in every C’l norm) with respect to some

reference metric gy, Calderon Zygmund theory gives

lim sup H(I)k||W2q () < +00
k—+00

The theorem follows from this control of the W24 norm of <f>k in a system
of chart in which the fixed reference metric is C'™°. O
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1.3 The space of weak immersions.

The limiting case ¢ = 2 is more involved and requires additional work.
First of all we don’t have the embedding into C'' anymore

W22(S,R™) +» CHZ,R™)

and in general W22(X, N™) does not posses a Banach manifold structure.
Nevertheless we can still introduce the following notion.

Definition 1.2. [R. 2010] A map & € W12(S,R?) is called a weak
Immersion if the rank of d® is almost everywhere equal to 2 and

i) There exists Cg > 1 such that on X

Cz" (90) < (95) < Cg (90)
where gy is a fized reference metric* on the surface .
i) The weak Gauss map 7ig defined by (1.1) is in W*(Z).
We shall denote &y, the space of weak immersions of 3. O

A striking fact about these weak immersions is the existence of an un-
derlying smooth riemann surface.

Theorem 1.9. [R. 2010] Let & be a weak immersion in Es. Then there
exists « € L NW12(3, R) and a metric h of constant scalar Gauss cur-
vature on % such that
gg =€ h
O

This result is a consequence of integrability by compensation the-
ory in the continuity of the works by S.Miiller and V.Sverdk (see [6]) as
well as F.Hélein [1]. There are 3 main obstructions for extending the pre-
vious sequential weak closure results to the Willmore energy in the
space Ey. If we take a sequence Cﬁk such that

/2 [1 + ‘H(ﬁkl;:ﬁ]j dvoly, = Area(®y) +4W (Pr) — 47 x(¥) < +o00 (1.31)

i) The Willmore energy W is in particular dilation invariant and nothing
prevents that a sequence ®; for which (I.31) holds can collapse to a
point.

41t is straightforward to see that this condition does not depend on the initial choice of the reference metric since the
surface is assumed to be closed.
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ii) The Willmore energy W as well as the area are not coercive enough to
control the conformal class of (X, gq;k) and there is no pre-compactness
of the underlying riemann surface (3, hy) .

iii) Even if the sequence of surface is assumed not to collapse and have a
pre-compact conformal class, bubbling can occur at isolated points.

These are however the 3 sole possible degeneracies. We have the following
result.

Theorem 1.10. [R. 2010] Let ®, be a sequence of weak immersions of a
closed surface . Assume that

lim sup W (®,) < 400

k—+o00

and that a constant Gauss curvature metric hy of volume 1 such that

_ 2ap
95, =€ " hi

is pre-compact (modulo the pull back by diffeomorphism of ¥3) in C°, then,
modulo extraction of a subsequence, there exists a sequence of bi-lipschitz
diffeomorphisms ¥, of ¥ and a sequence = of bf conformal transfor-
mations of R3 U {oo} such that

é =T, 0d, 00, — é’oo weakly in VVZQOE(E \ {ai--- aQ},R?’)
where ay ---ag are () blow-up points in X. Moreover Eoo 1s a weak
immersion away from the blow-ups. O

Remark 1.3. The poof of this result is making use again of Wente inte-
grability by compensation theorem I[.8 combined with covering arguments

(see a proof in [7]). O

Remark 1.4. Within the space of conformal transformations of R? U {oo}
the use of tnversion is mostly necessary in order to preserve the topology
(see figure 1 below). If 3 is a 2 sphere one can simply restrict =y in the
space of compositions of translations and dilations. O

inversion

Figure 1: Loss of energy, no loss of topology.
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Remark 1.5. In the absence of any control of the underlying conformal
class, there is still a weak compactness result based on Mumford Com-
pactification of the Moduli Spaces of Riemann Surfaces (see for
instance [2]. In few words, there is a sequential weak closure result but
only in the so called thick parts of the limiting nodal surface. O

It remains now to confront our 2 main candidates respectively

/) = [[1+12]"

dvol%lc
or .
— — q o
Fy(®) = [ |1+ | Hgl2, | +27" |y, dvoly,
for being “ideal smoothers” to the Palais Smale Condition. This will
be one of the purposes of the next lecture.
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