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The goal of the present work is two-fold. First we prove the existence of a Hilbert mani-
fold structure on the space of immersed oriented closed surfaces with three derivatives
in L? in an arbitrary compact submanifold M™ of an Euclidian space R2. Second, using
this Hilbert manifold structure, we prove a lower semi-continuity property of the index
for sequences of conformal immersions, critical points to the viscous approximation of
the area satisfying a Struwe entropy estimate and a bubble tree strongly converging in

W2 to a limiting minimal surface as the viscous parameter is going to zero.

1 Introduction

Let M™ be a smooth m-dimensional submanifold of a Euclidian space R? and denote by
7y the orthogonal projection onto M™ defined in a neighborhood of M™.
Let ¥ be an arbitrary closed oriented 2D manifold. We define the Sobolev space

of maps between ¥ and M™ with three derivatives in L? as follows:
We2(s, M™) := {u e W32($,R?) : ux eM™ Vxe 2},

where the Sobolev space of W32 functions on X is defined with respect to any arbitrary

reference metric (they are all equivalent due to the compactness of ).
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2 T. Riviére

Since 3 x 2 = 6 > 2 = dim(X) the space W?(X,M™) inherits a natural Hilbert
manifold structure (see [11] lecture 2). Within this manifold we are considering the open

subset of W32-immersions
Imm32 (S, M™) := {é e WB2(S,M™) ;: ddAdd #£0 inZ} .

Since there is no ambiguity on the regularity we are choosing we shall simply omit the
superscripts 3, 2 and denote Imm(%, M™) for Imm?? (X, M™). For a given oriented closed
surface ~ we denote by b(Z) the sum of the 1st three Betti Numbers of T

b(E) 1= bo(Z) + by (X) + by(T).

There are obviously finitely many classes modulo diffeomorphisms of surfaces ¥ such
that b(2) < b. We will work from now on with one fixed representative in each of these
classes.

For any b € N* we denote by Imm, (M™) the Hilbert manifold obtained by taking
the disjoined union of the Hilbert manifold of W3?2-immersions of the finitely many
surfaces such that b(X) < b.

Starting from Imm,(M™) we are constructing a Hilbert manifold of W®%?2-
immersed surfaces in the following way. We are first marking each surface X by fixing
respectively 3, 1, or O distinct points on each component of ¥ of genus respectively
0, 1, and > 1. We are then considering the quotients of Imm(X, M™) by Diffj’;(E), the
positive W32-diffeomorphisms of ¥ preserving the points we have fixed and isotopic to

the identity. Then we denote by

SUtb(Mm) = |_| Imm(E,Mm)/Diffj;(E) and MM™) := |_| Imm(E,Mm)/Diffj;(E).
b(%)<b b(Z)<+o0

Our 1st main result is the following.

Theorem 1.1. For any b € NU{oo} there exists a Hilbert manifold Structure on 9, (M)

such that the canonical projection
I Imm,(M™) — 9,M™)

is a smooth map. [J
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Lower Semi-continuity in the Viscosity Method 3

Since Diff} (X) misses to be a Banach-Lie group but is only a topological group
(On the space of W32-diffeomorphisms the right multiplication is smooth but the left
multiplication is not differentiable, the inverse mapping is not C!, there is no canonical
chart in the neighborhood of the identity, the exponential map is continuous but not C!,
it is not locally surjective in a neighborhood of the identity, the Bracket operation in
the Tangent space to the identity is not continuous..., etc. See a description of all these
“pathological behavior” for instance in [4] or [8].) with a Hilbert manifold structure the
existence of a differentiable Hilbert structure on the quotient Imm(X, M™)/Diff} (%) is
not the result of classical consideration and deserves to be studied with care (Progresses
in this direction are given in [2] for W3?-embeddings but we are not going to follow this
approach and the one we choose is more specific to surfaces but more precise too).

We shall in fact make the previous theorem more precise and to that aim we
introduce some notations. Let X be a closed oriented 2D manifold, and e Wisr'nzm(E,M’")
and let g4 := 5>*ng. Denote by A% the canonical bundle of 1-0 forms over the
Riemann surface issued from (X, gg) and denote by Py the L? projection orthogonal
projection from (/\(1'0)2))®2 onto the space of holomorphic quadratic forms Hol,(XZ,g4)

on (X,9g;) and by Pg :=1Id — Py. Define the linear map
D% ¢ Tglmm(Z,M™) —> W22 ((/\(1'0)2)®2)
wo— PL(ow®d)
where in local complex coordinates for ® we denote
W Q9D :=d,w - 9,0 dz®dz

We are now going to prove the following theorem

Theorem 1.2. Let ® € Imm(X, M™), then there exists an open neighborhood Oy of
® in Imm(X, M™) invariant under the action of Diff}(X) and two smooth maps on O,

equivariant under the action of Diff} (%),

wg 1 05 — Ker(D}) C T3 Imm(E, M™)

S
ol

a
Sl

—s  Diff* (%)
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4 T. Riviere

satisfying

VEeOy  BoWy(E)=mym (cf> + Wé(é)) ,
where 7y, is the orthogonal projection onto M™ and T3 := (wg,Vs) realizes a
diffeomorphism from O onto Uy x Diff} (%), where Uy is a neighborhood of 0 in

Ker(D})). Moreover, the map 7 satisfies the following equivariance property: Vv Ee (OF}
and for all ¥, € Diff} (%) one has

Vi (BEoWy) =Wyl oW (B) and we(EoWy) = W (8)

The space My (M™) := Imm(X,M™)/Diff}(X) is Hausdorff and defines a Hilbert

manifold such that the projection map
Imm(Z, M™) — My (M™)
defines a Diff} (X)-bundle for which (73)4 represents a local trivialization. [J

Remark 1.1. The condition

* =2 . pl > - )
Diw := P (aw®ac1>) =0

corresponds (Observe that ow ® ad = 0 is the condition which, starting from a
conformal immersion ®, preserves the conformality of ® + tw at the 1st order for
the same Riemman structure on X. Similarly, dja = 0 is the 1st-order condition,
which, starting from a Coulomb gauge d} A = 0, preserves the Coulomb condition for
A + ta for the same covariant co-differentiation dj. Moreover, it is well known that
the conformality of an immersion ® can be interpreted as a Coulomb condition (see for
instance [12]) with respect to the action of the “gauge group” Diff} (X).) to the Coulomb

slice condition
d,a=0

in the gauge theory while studying the Hilbert bundle structure of the quotient of
HS connections by the Gauge group for s > n/2 and away from reducible connections
(see [5]). O

Once this Hilbert bundle structure will be established we shall be considering
the following application to the viscosity method for the area functional introduced by
the author in [13].
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Lower Semi-continuity in the Viscosity Method 5

For any immersion e Imm(X, M™) we denote
5o - 572
F(®) := /)S [1 +[I5) ] dvol,,_,

where ﬁ& = ﬂﬁ(de(i) is the 2nd fundamental form of the immersion ® in M™.
Observe that

VbeN 3C,>0 F(@®) <C, = b(Z)<bh. (1.1)

This is a direct consequence of Gauss—Bonnet theorem and Cauchy-Schwartz
inequality.

It is clear that F(<f>) only depends on the equivalence class [®] of ® in M, (M™).
Since F is a smooth functional on Imm(Z,M™) (see [13]) it descends to a smooth

functional on My (M™). We shall prove the following theorem.

Proposition 1.1. Let [®] be a critical point of F in 9(M™). Then the 2nd derivative of
F at [®] defines a Fredholm and elliptic operator. OJ

The viscosity method consists in studying the variations of the area Lagrangian
Area(®) = /Z dvolgq,)
by considering relaxations of the form
- - - - = 2
A% (®) := Area(d) + o2 F(d) = Area(d) + o2 / [1 + |]15,|2] dvol,,,
)

where o > 0. The work [13] has been devoted to the asymptotic analysis of sequences
of critical points of A°, with uniformly bounded A°* energy and satisfying Struwe’s

entropy condition

R 1
ofF(®p) =0 — as o, goes to zero. (1.2)
log oy
It is proved in these two works that, modulo extraction of a subsequence, the immer-
sions CTDk varifold converges toward a 2D integer rectifiable stationary varifold v, of
M™ that is parametrized. In [14] and [10] the regularity of the parametrized integer

rectifiable stationary varifold is established. Hence, we have the following theorem.

6102 1890100 §Z UO oSN younz HL13 Aq 8€L8OES/Z10ZUI/UIWIEE0L 0 /I0P/OBASHE-S]0IIE-90UBADE/UIY/WOD dNO"0lWapEoe)/:SdRY WO} POPEOJUMOQ



6 T. Riviéere

Theorem 1.3. [[13], [14], [10]] Let &)k be a sequence of immersions of a closed surface

3, critical points of A% and such that

q R 1
lim sup A% (®;) < 400 and o,f/ (14T 12)2 dvolg‘ =ol —— |-
k— +00 %9 k Pk log o,

Then there exists a subsequence @k, such that the corresponding associated varifold

(The associated varifold v associated to an immersion ® of X9 is given by

V¢ e COG,TM™) V() ::/ ¢ (d,T,x9) dvolg., )
9

v, converges toward the varifold v, associated to a smooth, possibly branched,
conformal minimal immersion \floo of a constant Gauss curvature nodal surface (S, h)

equipped with a locally constant odd multiplicity N € C*°(S,,,2N + 1) and such that

. 1 S
genus (S,,)) <g and lim Area(d;) = —/ N |dW |2 dvoly,.
k—+oo 2 /s,

The question of comparing the Morse index of the limiting surface for the area
with the Morse index of the sequence @k for the relaxed functionals A% was left open
in these works. The 2nd main result of the present work is the following lower semi-

continuity of the index.

Theorem 1.5. Let 5>k be a sequence of immersions of a closed surface X, critical points
of A%t and such that

B - 1
lim sup A°*(®;) < 400 and ‘713/ (141 12)2 dvolg, =ol —— |
k—>+00 %9 k Pk log oy,

Then there exists a subsequence &’k’ such that the corresponding immersed surface
converges in varifolds toward a parametrized integer rectifiable stationary varifold

Vo 1= (SOO,\TJOO,NOO). If N = 1 then we have

Ind(¥,,) < ligniannd"k’(cf)k,), (1.3)
—00
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Lower Semi-continuity in the Viscosity Method 7

where Ind(\floo) is the maximal dimension of a subspace of T[q;oo]é)ﬁ on which DZArea(\iloo)
is strictly negative and Ind”k(CBk) is the maximal dimension of a subspace of T[éklim on
which D?A% (®,) is strictly negative. [J

Remark 1.2, After the present work has been completed, the author in collaboration
with Alessandro Pigati proved that the condition N, = 1 always holds for the varifold
limit of sequences of critical points of F, satisfying the entropy condition (2) (see [9]).
Hence, the lower semi-continuity of the index always holds. Combining this result with
the main theorem of [7] the authors in [9] establish that the Morse index of any minimal
surface realizing the minmax of a k-dimensional homological (or cohomological) family

obtained by the viscosity method is bounded by k. OJ

The paper is organized as follows. In the next section we are proving
Theorem 1.2 from which we deduce Theorem 1.1. In a short intermediate section we
establish Proposition 1.3. Then, in Section 4, we are proving the lower semi-continuity

of the index in the viscosity method (i.e., Theorem 1.5).

2 A Proof of Theorem 1.2.

Let X9 be a closed connected oriented surface of genus g. Let Diff (X9) be the
topological group of positive W3?2-diffeomorphisms of ¥, isotopic to the identity. This
can be seen as an open subspace of W32(X, ) that itself defines a Hilbert manifold (see
[11]). For g = O we are marking three distinct points, which we denote a,, a,, a5, forg =1
we are marking one point that we denote a, and for g > 1 no point is marked. We denote
by Diff’, (¥9) the subgroup of Diff_  (X9), which is fixing the marked points. In particular
for g > 1 we have Diff’, (£9) = Diff (£9). We have the following lemma.

Lemma 2.1. The action of Diff’ (£9) on Imm(%9, M™) is free. O

Proof of Lemma 2.1. We first claim that every element in Diff’, (£9) possess at
least one fixed point. This is included in the definition for g = 0, 1. For g > 1 we have
that for any diffeomorphism W isotopic to the identity the Lefschetz number L(V) is
given by definition by

L(V) = Tr(V|Hy(T9)) — Tr(V|H, (£9)) + Tr(¥|Hy(T9)) = 2 — 2g.
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8 T. Riviére

Hence, for g > 1 we have L(¥) # 0 and then ¥ must have at least one fixed point. Due to
Lemma 1.3 in [3] we deduce that for any g € N the action of Diff} (X9) on Imm(X9, M™)
is free. O

Proof of Theorem 1.2. Let & € Imm(X, M™). A basis of neighborhoods of d is given by

[es )

VE = { = Tym (cf> + ?;) ;T eT32(*TM™) and [V sz < g} ,
for e > 0 small enough and where I'32(&*TM™) denotes the W32-sections of the pullback
bundle &*TM™, which is the subvector space of v € W32(%, R2) such that v(x) e T 29
for any x € ¥9.

For any v e I'32(®*TM™) we consider the tensor in I'22((T*29)0D g (T£9)(10)
given by

(x)

Tk o

Dgv L ggl where gq?)I =e 0,00 +0;®0,,
where
— | s . —o
Dy = Py (av ® aq>) .
P; is the L? projection orthogonal projection from (AOD$)® onto the space of
anti-holomorphic quadratic forms AHol,(X,gg) on (X, g4) and by 1_% := Id — Pg, and

where L is the contraction operator between covariant and contravariant tensors. In

particular we have in local complex coordinates
(bdz® dz)|_gqt>l =e?pdz®i,

We denote
T:={DevLg;'i veri2@Tmm}. (2.4)

Recall the definition of the 8 operator on A’ £9 given in local coordinates by
9(ad,) =0adzQ®d,.

Denote Hol, (29) the finite-dimensional subspace of I'*?(A1® £9) made of holomorphic
sections (Due to the Riemann-Hurwitz theorem, the holomorphic tangent bundle
71959, which is the inverse of the canonical bundle of the Riemann surface defined by

(X,94), has a degree given by

deg (T(”’)Eg) =/ 1 (T“'O)Zg) =2-2g;
>9
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Lower Semi-continuity in the Viscosity Method 9

therefore, Hol,(29) # 0 = g < 2.) of T19 29, We shall now prove the following lemma.

Lemma 2.2. Under the previous notations we have that

vvewd(2,RY 31fe@Hol () Nr32aAt0%9) st 9f =Dgv L gqgl. (2.5)

Moreover,
Iflwsz < Cg 1VlIyse. (2.6)

Proof of Lemma 2.2. We have for any o« = a d, € ['*2((T29)!°) and 8 = b dz®3d, €
FZ,Z((T* Eg)(O,l) ® (ng)(l,O))

P = L =2 2) =
/):g (0(ad,), b dz®82)gé dvol, 29{[5/29 dabe dzAdz}
=% [i dia b e*1 A dz} —% [i/ a ,1b €2 dz A dz}
2 /5o 2 /5o
_ B} -1 -1
_/Eg (o, (9 (BL95) L2 95 ) gy >% dvoly_,
where

9; =¥ 0,09+0,00,] , bdzedzeds)l,g;' =e*bdz, and

(e bdz)l g;l =e b,

where L and L, are, respectively, again the simple and double contractions between
covariant and contravariant tensors. Hence, we have proved that the adjoint of 3 on
r(r*=9)0bH @ (T29)19) is given by

3" Bel(T*=9)OD @ (Tz9)10) 5 3 = (a (BLgs) Ly gq?)l)l_ggl e M(AIO 59,
We have Im 9 = (Kerd')L. We have that
Kerd = {# e N(T" 29OV @ (T2 ; Plgg e AHoly(%%, 950 27
Observe that

VyeTl (((T*zg)@'l))@ ) VB e T((T*x9)O @ (T29)10) <V '—9§>115>g, ={r.BLgsly, -
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10 T. Riviere

This implies

)/l—g;1 elmd < ye (AHoly(29,g3)) . (2.8)

We deduce (2.5) from (2.8) and (2.6) follows by classical estimates for elliptic complexes
in Sobolev spaces. [
Continuation of the proof of Theorem 1.2. To f e (Hol;(29))* N I'32(A1059) solving

(2.5) we assign
X:=2R() =2R((fy +1ify) 9,) = (f) Oy, +120y,) = X; 0y, + X, 0y,

Observe that, if we denote X :=do - X, we have

5(}?-5&_%1) =5(92)‘(X1 +iXy) dZI_gq_»)I) — 3f.

Observe also that, since X is tangent to the immersion X9 (5<f> I_gq_»)l) = 0. Indeed in

local conformal coordinates we have
3 (5& L gqt)l) =0y d)dZ®0,,

and h® := d(e"2 . ®) dz@dz = e~ 2* nL(E)EzZ ®) dz®dz is nothing but the trace-free part of
the 2nd fundamental form (We denote by =, the orthogonal projection onto (CTD*TEQ)l in
TR?.) of the immersion viewed as an immersion into R2 and by which is then orthogonal

to the immersion. Hence,
af = @X-3P)Lg;".
Using Im 3 = (Kerd ') and the characterization of Kerd" given by (4), we have 3X - 9® =
qu; (3X - 3®) and hence
.
If =DgXLg . (2.9)
We denote
x32(s?) = X e I*4(TSY) ; X(a) =0 i=1,2,3},
X32(T?) = {X e T32(TT?) : X(a) = 0} ,

x32(x9) =1%%(29) forg > 1.
The space of the holomorphic vector field on T095? is a 3D complex vector space given

in C, after the stereographic projection, by

hz)=(+Bz+ yzz) 9, where(a,B,y) € cs.
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Lower Semi-continuity in the Viscosity Method 11

Whereas the space of the holomorphic vector field on TW9T? is a one-dimensional

complex vector space given in C by
h(z)=a 93, wherea €C,
while for g > 1 we have Hol, (£9) = {0}. Hence, for any g € N and any
fe @l (29Nt Nr32(ATD59) I1 he e Hol (29) s.t. R+ hy) € X¥2(29); (2.10)

moreover, the map f — hy from (Hol, (29))* N 32(A1959) into Hol, (£9) is linear and

smooth. Hence, we can summarize what we have proved so far in the following lemma.
Lemma 2.3. Let ® be a W32-immersion. Then the following holds:

Vv e32@*TM™) 31 X e X34(D9) s.t.

9 (x - ixt) =DgXLg;' =Dgvl gy,
where X = d® - X and such that

IXllwaz < Cg IVIips.2.

End of the proof of Theorem 1.2. Let g, be a smooth reference metric on X9 and
denote by exp9° the smooth exponential map from TX into ¥ associated to g,. Let ¢ > 0

be small and denote

X32(29) = {X € X32(29) ; Xl ypsz < s}

and
D, = {\y e Diff’ (2); 3IX e A34(B9) st Y = expﬁO(X(x))} :
We define
Ag : Vg) xD, — TI22(T*%)0D @ (T*x)0D)

(8, W) — Dj (i ° \11) Lozt

6102 1890100 §Z UO oSN younz HL13 Aq 8€L8OES/Z10ZUI/UIWIEE0L 0 /I0P/OBASHE-S]0IIE-90UBADE/UIY/WOD dNO"0lWapEoe)/:SdRY WO} POPEOJUMOQ



12 T. Riviere

The map is clearly C! and Lemma 2.3 gives that
90| (60 X =D (d-X)L g3}

realizes an isomorphism between X3? and Z (defined in (1)). The implicit function
theorem gives then the existence of a C! map \I%(é) defined in a neighborhood of )
such that

D (: ° %(é)) Lg;' =0,
and we denote ﬁ/@(é) =Ho \I/(B(é) - d.
For any element ¥, € Diff’, (¥) close to the identity and E close enough to ® one
has trivially

D (é oWy oWyl o w@(é)) Lg;'=o0.

Because of the local uniqueness of \I@(é) given by the implicit function theorem,

we deduce the equivariance property

oL

Wi (EoWg) =Wyl oWg(E) and Wg(Eo W) = EoWg(E) — ® = We(E).
We then naturally extend, by equivariance, the map 73 := (wg, ¥3) on a neighborhood
Oy of ® invariant under the action of Diff’ ().

We are now proving the Hausdorff property for M (29, M™) := Imm(%9, M™)/
Diff} (£9). Following classical considerations (see the arguments in [15, proof of Lemma
2.9.9]) it suffices to prove that

= {(é,& oW) : &eImm(Z9,M™) and W e Diff;z(zg)}

is closed in (Imm(X9, M™))2. This follows from the 1st part of the proof of the theorem.
Let (¥, B := Py o W) — (P, E,) in W32, For k large enough both &, and &, are

oo’

included in Og_ . Because of the continuity of the map ﬁ@m we have, respectively,

We_ (D) = Wg_(Po) =0 and w4 (Ep) — We_(Ey).

o]

Ve = 5)00 and this shows that I' is closed and then 91(X9, M™) defines a Hausdorff
Hilbert manifold and Theorem 1.2 is proved. [J

The equivariance of Wg, 8ives wg (Ep) = wg_(Py), hence wg (8,) = 0. Thus, E_ o
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Lower Semi-continuity in the Viscosity Method 13
3 A Proof of Proposition 1.1

From [6] (see also an alternative approach in [1]) we know that under the assumptions
that @ is a critical point of F, it defines a smooth immersion in conformal coordinates.
We shall be working in the chart in the neighborhood of [®] in M(X9, M™) given by wg

from Theorem 1.2. In other words we identify
T = fw e 3@ TM™) ; Pl (0w&dd) =0]. (3.11)
For such a w we denote by g, the holomorphic quadratic form given by

w*

After contracting with the tensor gq?>1, this equation becomes
T TH -1 570 -1
3 (w- dLg; ) = -7, (W) h° + g5 g3,

where we recall that =, is the orthogonal projection onto the normal space to ®,TS in
T,R? and kO is the trace-free part of the 2nd fundamental form of the immersion in R,
which is orthogonal to the tangent plane of the immersion and given in local coordinates
by

h =d; (e—“azc%) dz®a,.

z

Observe that since w is tangent to T3 M™ we have 7| (W) = 7;,(w) where 75 is the orthog-
onal projection onto the normal space to CTD*TE in TgM™. Using the characterization of

Imd = (Kerd )' given by (5) we deduce

(=2 s

7 (v 30Lg3") = — P (ma(w) -HS)
where B is the orthogonal projection onto (Hol,(XY,94) I_gdijl)l. Denote )?W the
projection of w onto the tangent plane (i.e., X;, = w — 7;(w)) and let X, be the vector

field on ¥ such that d® - X, = ;{‘7‘,. Following the computations from the previous

subsection we deduce

E(Xﬁ, - iXV%V) =P (nﬁ(ﬁz) : ﬁg) . (3.12)
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14 T. Riviere
Denote
mp : D32 TM™) — T32((Tx)10)
W o— X, — iX:

In view of the expression of the 2nd derivative D?F given by (20) we have that, modulo
compact operators (remembering that ® is smooth), we are reduced (The sum of a
Fredholm operator with a compact operator is Fredholm.) to study the Fredholm nature

of the operator generated by the following quadratic form:

QW) = [y +1Tg12 ) |m; (DIsdw)| 2. dvol, +2 [

(15, D93 dvi

2 dvol,,
94 9o
combined with (2). Hence, the symbols of the generated operator, in local conformal

coordinates, is given by
2e % 0 [(1 + IH@IS(i))IéI4 +2e7 3k g ® g 685 51] 0Ty
(%'1 + iéz) O TTp.

This is clearly the symbol defining an elliptic operator on r32(®*TM™) and D?F is
Fredholm on T4 M. This concludes the proof of Proposition 1.3.

4 A Proof of Theorem 1.4, the Lower Semi-continuity of the Index

We shall assume that X9 is connected. We shall present the computations for M™ = S™,
The general constraint generates lower-order terms whose abundance could mask the
true reason why the theorem is true whereas the same terms in the M™ = S™ case are
easier to present. The 1st part of the theorem is the main results of [13]. It remains to
prove the inequality (3) under the assumption of Theorem 1.5. The 1st derivative of the
area of an immersion (possibly branched) of a closed surface ©9 into R? is given by
(see [13])

DArea(®) - w = <dcf>,- dt7v>

dvol
9 9o

9o
and the 2nd derivative (A reader familiar to the rich literature in geometry on minimal
surface theory in three dimensions might not immediately recognize the most commonly
used expression of the 2nd derivative of the area by the mean of the Jacobi field. This
classical presentation of D?Area has the advantage to “reduce” this operator to an

operator on function by introducing the decomposition w = wn. This decomposition
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Lower Semi-continuity in the Viscosity Method 15

however is not “analytically” favorable since n has a priori one degree of regularity less
than w. This observation is at the base of the analysis of the Willmore functional as it

has been developed by the author in the recent years.)

D%Area(®) @, W) :/ [(dﬁ/; dvT/)g‘ + ‘<d§>; dvT/>
> [}

R |ad@dv + dwe dd| 2} dvol,_,
where we recall that in coordinates d® @ dw := i Bxié S0, W dx; ® dx;.

Since we are assuming N, = 1 a.e. on S, and, following the proof of the main
theorem of [13], we can extract a subsequence that we keep denoting &)k such that we
have a bubble tree strong W' convergence of aDk toward a minimal (possibly branched)
immersion W__ of a surface S__, which is the union of nodal surfaces and spheres. More
precisely, if one denotes {SI;O}]-EJ to be the connected components of S_, for every j € J
there exists NV points {af'l}lzl,,_Nj (containing in particular the possible branched points
of \floo and a converging sequence of constant scalar curvature metrics h;c of volume one
and for any § > 0 a sequence of conformal embeddings ¢{c from (S{)o \ U%‘LB(S (@, h’,'c) into
(Eg,gcf,k) such that

\fl{; = ik o qﬂc — liloo strongly inWllo’g(Séo \ LJ%‘ZAIB(s (aj'l)). (4.13)

For § small enough and k' large enough the subdomains Q;C(S) = dri(S];o \

U?ZlBa (@) are disjoint and

lim kLiTwArea o, [ =9\ U @) || =0
jeJ
Let w, - - - Wy a family of N independent smooth vectors in W32 (W* TM™) representing
N independent directions in T ;91 on the span of which D?Area is strictly negative. We
can assume without loss of generality that the w; are C*°. One modifies each of these
vectors in the following way. For eachi € {1---Q} foreachj e Jand eachle {1-- N7} we
introduce (after identifying for each j and I the tangent planes to M™ around 5>Oo(af'l)

with the one at exactly ®__ (/"))
w; () for|a/!t — x| > /8
w0 =1 w;x) x°(x—da))  fors <|d—x| <5

0 for |/t — x| < 8,
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16 T. Riviere

where we take x °(s) to be a slight smoothing of log(s/5)/log(1/+/8). A short computation
gives that

- s
w;

— w; stronglyin W'%(S.,R9).

Therefore, in view of the explicit expression of DzArea(kaoo) - (w,w), there exists §
small enough such that 171/1‘S e ‘71/1?, realizes a family of N independent smooth vectors
in W32(W2 TM™) on the span of which D?Area is strictly negative. We fix such a 5.

Let p > 0 small enough such that for any z € M™ the map \f/oo is injective on each
components of \ilo_ol (1%) - S{X,. Let {xs(P)}sef1.-my be a finite smooth partition of unity
of M™ c R? such that the support of every , is included in an m-ball of radius p. We
denote the connected components of WZ! (Supp(x,)) in Sy, by QL fort = 1---ny and !
are the corresponding characteristic functions. We have that XS(\fJOO(X)) oi(x) is smooth

foranyse{l1---N}and any ¢ € {1---n,} and moreover

d(xs (Voo (%)) @5()) = d(xs(¥ o, () 0E(x).

We can then write each w, in the form
N ns
W) = D xs(Woo (0) D V(W () o,
s=1 t=1

where v/  are smooth functions (This is due to the fact that \f/oo is smooth embedding

on each open set Qf). For any s =e {1 --- N} since the components Q_§ are disjoint to each

other for t € {1---n,} we can include them in strictly larger disjoint open sets Q% c Qi;

moreover, because of the strong W'2-convergence of &, toward ®__ in S, \ Uf\nga (@

19 = ool i) — O- (2)

We denote ! the characteristic functions of Qi: & := 15:. We still have of course

N ng
W () = D X (Voo (00) DV (W, (x)) L.
s=1 t=1
Because of (2), we have that

dist (\ik(afzg), \f/oo(afzg) — 0.
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Lower Semi-continuity in the Viscosity Method 17

Since y, is zero in an open neighborhood of each \floo(é)fzg) and since \flk is smooth, we

have for every s and ¢ and for k large enough
XsoW, =0 inan open neighborhoodU}  of 3<". (4.15)

Hence, in particular we have for every s and ¢ and k large enough
d(xs (V) @5x)) = A5 (¥ (%)) D4().

It is then clear that

N Ng . . 3
W) =D X (U () D v, (W () @ —> W (x) strongly inW,,% (Sh \ U, By (a'h).
s=1 t=1

(4)

k)=1 we extend the w/,, which we still denote

Using the compositions with the maps (¢
ﬁ/i‘?k to the whole of =9 by taking ﬁ/i‘fk =0 on 9 \ Ujer ], (5). We see (/T/i(?k as vectors
in R? and we denote by ni, the map from S, \ U%‘Z 1Bs (@) into the space of projection

matrices that to x € S, \ U%‘ZIBa(aj'l) assigns the orthogonal projection from T@L(X)]RO

into Ty (X)Mm. In other words, let P, be the C! map from M™ into the space of Q x Q
K .
matrices that assigns the orthogonal projection onto T,M™, we have ni, (x) =Py @ and
k/
we have
ni, — Py, strongly in le’g (S \ Ufz 1Bs (aj'l)). (5)
On S \ UfZIBs (@) we denote u’,, (x) := ni(x)(ﬁvi‘sk). Because of (5) we have
ﬁf’k — w strongly in wi2sl,). (6)
Consider now the symmetric matrix
D?Area(®y)(uf,, ul ) =
card) ‘ ‘
S5, 128 . g8 3. 378
D /SJ (i dudy),  +(aw]; duilk>g (awd; dui,,k>g | avly
j=1 7S ¥ W ) K
cardw)

k

-1 I o d7 8 =8 o A0 AT @ d7) 28 o A
2ty /SJ (AW & ditf + durfy @ AW, W)@ duf  + duf & dw]) dvol, .
j=1 IS
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18 T. Riviere

Let f and g be two smooth functions supported on M™ \ U \IJ (Ba(af 1)) then one has

/sf < d(f(¥p), d(g(¥y)) >g,, AVOlg, = /SJ < d(f(¥), d@(¥y) >, dvol,,,

o0 o0

and since th converges in any norms toward k., because of the strong W' convergence
of \ifk on S \ U?LB& (@) one has

/Sj < d(f(Fy), d(g(¥y) >4, dvoly, — /SJ | < (), dg(he)) g, dvoly, . ()

o0

, j o o
In a conformal chart for h]k we denote ' := [0y, | = |8X2\IJ{€,|. Because of the strong

W2 convergence (1) we have
J J - - . .
eV — e =19, U | =19, ¥, a.ein Sk.

. J i ) Y
Since e*> > 0 almost everywhere on S,, we have e"¥ —> e~*~ almost everywhere and

then fori=1,2
L L
BXi\IJ{(/eAk — Oy, vl /e*>  almost everywhere.

Let f,g, ¢, and y be four arbitrary smooth functions on M™. Assume that both f and g

are supported on M™ \ U \fl 0o (Bs (@/'1)). One has in local conformal coordinates

< d(fF(#)) © d@(¥), d(g(¥]) ® AW (#]) >, , dvoly ,

k k

ST ek, fOB]) 0, () b, g(¥]) 0, ¥ (¥]) dx; A dx,y.
n,v=1,2

Because of the above

j ) )
ek, FOU) 0, (W) 8, g(W)) B, (W) —> e P0, F(W) 0, @ (W) 0, g(Who) 0y, v (Whe)
almost everywhere and we have moreover

le —Zkkaxﬂf(xy ) By (W )BXLg(\I/ ) 0, (WD) < CIVW 2 - VWL |? strongly in L.
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Lower Semi-continuity in the Viscosity Method 19

Hence, the generalized dominated convergence theorem implies

/SJ < d(F(¥)) ® d@(¥)), d(g(¥]) ® d(W (¥])) >, dvoly

k k
— /SJ < d(f(¥he)) ® d(@ (W), d(g(¥ho)) ® AW (W) > dvol, .
Similarly we also have
i i i i
/S{)Q (dred), d(g(w’“))>9@k (d@ @), d(l//("yk))>g®k dvol,
i i i i
— /SJ;O (A0, dg(bon) (A (b, dw (i) dvol .

We have

N ng
Uik = > X (W) D Py (ﬁfs(\ffk(x))) k.

s=1 t=1

Because of (3) we have obviously from (20) that for any choice of s, t,s’, t/
D?F(®) (x5 (0)Pg, (71U 0 e (0P, (715 (B 0)) L)

< 112 )2 .

Combining all the above gives
2 r NGRS Sy 2 AN R
D Area(®p)(Ujp Uy ) —> D Area(P,)(w;, wy). (4.20)
Hence, for k large enough (DZA(CTDk)(ﬁfk,ﬁﬁ Wiy—1..y defines a strictly negative

quadratic form.

Using now Lemma A.1 below we deduce that for any i,i’ € {1--- N}
of D2 F(®p) (U, am < Co [F(cik) + Area(®;) /4 F(<f>k)3/4] = o(1). (4.21)
Combining (8) and (9) we obtain that for k large enough (Donk(&k)(afk,ag )i i=1.-N

defines a strictly negative quadratic form. This implies inequality (1.3) and Theorem 1.4

is proved. (]
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20 T. Riviére

Lemma A.1. Let M™ be a closed submanifold of the euclidian space R?. For any W?*-

immersion ® of an oriented closed surface ~ we denote

N > 5 2
F(d) ::/E(1+|]15,|%) dvol,,

where ﬁq*) is the 2nd fundamental form of the immersion into M™. The Lagrangian F is
C? and there exists a constant C depending only on M™ such that for any perturbation

w of the form v o ® one has
2002 T2 2
IDF($)(v(®))] < C /Z (1+10512,) [ +11512) 1091(®) + [l41g, 10%71(®)] dvoly,, (A1)
and

ID2F (&) (7(), 7)) < C /)E (1410512, [ +11512) 1091%(@) + 10%01%(®)] dvol, .
(A.2)

Proof of Lemma A.1. We give the proof of inequalities (1) and (2) in the case of
immersions into R?. The terms coming from the fact we restrict to immersions into
M™ c R@ are of lower order and do not contribute in clarifying the argument and the
successive estimates.

In local coordinates we denote the 2nd fundamental form
ﬁcﬁ = ﬂﬁ (dZ&)) = JTﬂ (3§1X]&>) dXi ® dX]

we have
512, = |ma (a20)|2, = > g gm;02,, & - w302, . (A.3)
ij.kl

Denote m, the projection onto the tangent plane of the immersion. We have in local

coordinates

2
X)) =Y gia,.® X axj& (A.4)
ij=1
Hence,

2
o == glo, b X, (anvT/) . (A.5)
ij=1

”dt
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Lower Semi-continuity in the Viscosity Method 21

We have clearly

dg;; o . >
dt" = 0y, ® - 0y W + Dy, W - 3, P
Hence,
dg¥ o S . . S G
% = _gikgl! [BXde - O W Dy W - achp] 1= —2 (dd@gdwn)Y. (A.6)
We have then
Al 12, . ) L
, L L .
%) =2 (7 (€2®) (Dgcpdw)>% — 4(g® @besdw)L14&15), (A7)

where L is the contraction operator between 4-contravariant and 4-covariant tensors

and

2

DIsdw := [a};ixjﬁ/ =D 90, P05, P axsﬁ/} dx; ® dx;. (A.8)
rs=1

This gives in particular that

d 5 5
E/Z(l +|]15>|§&))2 dvoly_ | ¢_q = DF(®)(wW)

—4 /Z (1+|ﬁé|§é)[<ﬁé,p%dw> - 2(g®(di>®sd!7v))l_(ﬁ@®ﬁ@)} dvol,,  (A.9)

T2 234 40
+ /E (1 + 13,2 (d; dw>% dvol,,

9o

-

Forw :=v (dg) we have

Q
W — D G0 @05, PO w= > 07 5, V(P) 3y, @ 3, ®F

rs=1 ao,f=1
+Za v(®) [ nga ®- 92, P axsia]
rs=1
We have
Ty (XLX] ) Zg“a}ixp b, ® 0, ®. (A.10)
rs=1
Hence,

05, @ — D g%, @07, @ 0, D =7y (95, D) = I

rs=1
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22 T. Riviére

This implies that

Q
DIsdw = Z 92 ZﬁV(CB) dé“@di5+232a‘7(cf>)ﬁg. (A.11)
o,f=1 a=1

We deduce
2N (ord 72 72 > 2 7. 252
|DF(&)(v(d))| < 0/2(1 +|11¢|%) [(1 + 1112, 1091(®) + [T, 10 V|(<I>)] dvol,_. (A.12)
We now compute the 2nd derivative

d DF(®
d¢

_2 (g@(d%@sdﬁ;))L(ﬁéc;ﬁé)} (ad; dﬁz)g dvol,,,
[}

BN
=4/2(1 +11512,) |:<H¢,D9®dw>

T2 2
+/E|1+|H¢|%|

B, d [ , S S
.12 - 9 "t - ” - -
+4 /2(1 + lHq’l%)dt |:<]I¢t,D ot dw>g¢t 2 (gq)t ® (d<I>t®de)) L (H®t®H¢t)i| dVOlgqs

9o

9%

P

<d<f>,- dﬁ;)

2 +8‘<ﬁ$,D9<i>d17v> (g® (dcb@sdw)) ( $&le ) 2

+/E(1 +1l412,)? (dw; dw),_ dvol,, —2 /2(1 + 11512, (d&a@sdﬁv) L(d&) ® dﬁz) dvol,,,
(A.13)

We have on one hand
I, =n, (D9sdw), (A.14)

on the other hand

2
d 2 - - d rs - -
&(E gg: 3xrq> 8XLX] ) E g*a rcD ’ 82 W+grs 8 32 (b + %ercb ’ 3§in<}[>
r=1

d )
gacba &

2
:Zgrsachfa.az W+ g8, W, (Xlxjd>)+ & o,
r=1

2
+ Z grS gkl BXT‘X/ : axkq3 axlq3 : a)i*Xj&);
r.k,l=1
(A.15)

dvol%
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Lower Semi-continuity in the Viscosity Method 23

we have

2
dg”, g kosly & TS P L.
2 g e ® 0k ® Z g% g0, B - 02, b [0, - 8B+ B0y, D)
=1 k=
' . (A.16)
= — Z g% gy li.agiquB By, W - 0, ®+g% g o, l@ . a}gﬁj&; 0 W - By P.
rk,l=1

Combining (A.15) and (A.16) we obtain

2
(ng 0, P - 02 ) Zg“a @ - (D98 dwir);; + > g™ 0, W L. (A.17)

r= r=1

Thus,

d g . 2 [< g o
T (DY%%dw) = — Z |:Zgrs Oy, @ - (DIPdW),; 3y W+ g'* By W - HU 8XSW:| dx;®dx;. (A.18)

ij=1Lr=1

Combining (A.6), (A.14), and (A.18) we obtain

4 [(ﬁ@, Dg‘f’tdvﬁv>gé - 2(94,® (dcf)t®sd17v))l_(ﬁ%t®ﬁ$t)}

D¢

2
= |m; (DYdw)| 7. - <11 ;> g9, @ DIdw 8Xj!7v> - 4[(dci> ®s dw) ® (AP ®g dsz)] L(I&1)
ij=1 9
—4 (g ® (dd ® dﬁz)) L (ﬁ ® 75 (DIAW) + 75 (DIAW) ® ﬁ) —2 (9® (dw ®g dw)) L(I&I).
(A.19)
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24 T. Riviére

Combining (A.13) and (A.19) gives

D2F(®)(w, W) =

) dvol%

s [ariiglt,) | (i pai) — 2 (0 @ @besdin) L (561) | (ad:aw)

o]

<dcf>; dﬁ;}

2 +8‘<ﬁa>,D%dW> ~2(9® @bdsdw) L (T;61;)

9o

T2 2
+/E|1+|H¢|%|

9o

2
+4 /2(1 +1T12,) | s (DIsdw)| 3. — <]I5, ;> g%9,, @ Dj. dw an‘7V> dvol,,
ij=1

+16 / (1 +1512,) [(dcﬁ ® di) ® (dd ®g dsz)] L(I3&l4) dvol,,
D)

9%

—16 / (1+1512,) (gi, ® (A ®g dvT/)) L (h ® 7,,(D9% dWr) + 7 (D95 dw) ® ﬁ%) dvol,,.
)

-8 / (1 +10413.) (95 ® (dw ®g dw) L (I4®T4) dvol,,
z

T2 N2 3o _ 2232 (Ade o 2 -
+/E(1+|11q,|%) (dw; dw),_ dvol,, —2 /E(1+|11q,|%) (dd&5dw) L (4% @ dw) dvol,, .

(A.20)

For w := v(d), using (11), we deduce

ID*F(®)(#(®), v(®))] < C /E (1+11512,) [ +11512) 1091%(@) + 10%712(®)] dvol,.
(A.21)

This concludes the proof of Lemma .1. (]
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