Energy Quantization for Harmonic Maps

Fanghua Lin^� Tristan Riviere^y

May 15, 2000

0 Introduction

Let M, N be smooth, compact Riemannian manifolds without boundary. Suppose u : M → N is a smooth harmonic map such that the homotopy class, [u], of u is not trivial. Then, it follows easily from the small energy regularity theorem of Schoen-Uhlenbeck (cf. [Sc]) that the total energy of the map u: E(u) = ∫ M |∇u|^2 dx ≥ ε_0(M, N) > 0. (0.1)

We should view the estimate (0.1) as the simplest energy quantization phenomena in harmonic maps. A more subtle statement is the following well-known theorem of Sacks- Uhlenbeck [SaU]: let 0 ≠ α ∈ π_2(N), and let u_i, i = 1, 2, . . . , be a sequence of minimizers of ∫ S^{2 (1 + |∇ui|2)pi dx with [ui] = α, and pi → 1+ as i → ∞. Then (by choosing subsequences}

if necessary) either {u_i} converges strongly in H^1 (S^2, N) to a smooth harmonic map u:

S^2 → N such that [u] = α, or {ui} converges only weakly in H^1 (S^2, N), and there is a

nonconstant, smooth harmonic map v : S^2 → N (obtained from a blow-up of u_i’s near a point of S^2) such that E(v) ≤ lim_i E(u_i).

In any case, one obtains, in particular, that the constant ε_0(M, N) in the estimate (0.1) can be replaced by the twice of the least possible area among all (so-called incompressible) minimal spheres in N. The Sacks-Uhlenbeck’s theorem has since then been generalized and improved to the case of pseudo-holomorphic curves, see [PW], [Y]; to the case of smooth harmonic maps from a Riemannian surface [J], [P]; and to the case of heat-flow and approximate harmonic maps, see [Q], [W] and [DT]. Naturally all those works require the domain dimension to be two. There is also a natural generalization of such statement for conformal invariant variational integrals in higher dimensions, see [MW] and the recent interesting work of Duzzar-Kuwert [DK] in which they obtained much refined statement than that of [SaU] for arbitrary energy minimizing sequences among continuous maps in given homotopy classes.

The situation becomes much more difficult to understand when the domain dimensions are larger than the conformal dimensions of variational integrals. For examples, for harmonic maps, the problem becomes much harder when the domain dimension n ≥ 3. The

�Research is partially supported by the NSF-grant DMS-9896391 ysupported by the Centre National de la Recherche Scientifique, France

only earlier works known to authors which might have something to do with this higher dimensional quantization phenomena are the work of Giaquinta-Modica-Souc̆ek [GMS] and that of Bethuel-Brezis-Coron [BBC]. In [L], one of the author established similar results as [SaU] for energy minimizing sequences among continuous maps in a given homotopy class. More precisely, let {u_i} ∈ C^0(M, N) be an energy minimizing sequence in the homotopy class α = [u_i] , i = 1, 2, . . . . Then (by taking subsequences if needed) u_i ⇀ u weakly in H^1(M, N), and |∇u_i|^2 dx ⇀ μ = |∇u|^2 dx + ν as Radon measures. Here u is a weakly harmonic map from M into N that is smooth away from a closed, rectifiable set of Σ of H^{n−2}(Σ) < ∞; and here ν ≥ 0 is a Radon measure of the form Θ^{n−2}(ν, x) H^{n−2}⌊Σ, with ε_0(M, N) ≤ Θ^{n−2}(ν, x) ≤ C(α, M, N). The crucial fact proved in [L] is that, for H^{n−2}–a.e. x ∈ Σ, Θ^{n−2}(ν, x) = inf{E(u) : u ∈ H^1(S^2, N), [u] = α_x ∈ π_2(N)} for some nontrivial class α_x ∈ π_2(N). Moreover,

Θ^{n−2}(ν, x) = ℓx∑ j=1 E(ϕ_j), (0.2)

for some smooth, nonconstant harmonic maps ϕ_j : S^2 → N such that ϕ_j, j = 1, . . . , ℓ_x, is energy minimizing in the homotopy class [ϕ_j], and that [ϕ_j]’s give simply a decomposition of the class α_x ∈ π_2(N) (see [DK] also).

On the other hand, let {u_i} be a sequence of stationary harmonic maps from M into N such that u_i ⇀ u weakly in H^1(M, N). Then |∇u_i|^2 dx ⇀ |∇u|^2 dx + ν as Radon measures. Here u is a weakly harmonic map from M into N which is smooth away from a closed, rectifiable set Σ ⊆ M with H^{n−2} (Σ) < ∞; and here ν = Θ^{n−2}(ν, x) H^{n−2} ⌊Σ (0.3)

satisfies ε_0 ≤ Θ^{n−2}(ν, x) < ∞ (see [L2]). Naturally, one believes that Θ^{n−2}(ν, x), for H^{n−2} – a.e. x, is a sum of energies of harmonic maps from S^2 into N. This is the issue the present article will address. We shall see the analytic issues involved are rather subtle and one of it is very much like our recent work concerning quantization phenomena for 3-D Ginzburg- Landau equations [LR]. To simplify the presentation, we shall assume through out this paper that N is the standard k-dimensional sphere (and in some of the results below, k = 2). One of the main results of the paper is the following.

Theorem A. Let N be the standard k-dimensional sphere, k ≥ 2, and let ν = Θ^{n−2}(ν, x) H^{n−2} be as in (0.3). Then for H^{n−2}–a.e. x ∈ Σ,

Θ^{n−2}(ν, x) = ℓx∑ j=1 E(ϕ_j ),

where, for j = 1, . . . , ℓ_x ϕ_j is a smooth, nonconstant harmonic map from S^2 into S^k = N.

The conclusion of Theorem A can also be viewed as a higher dimensional version of the “energy identity” for a weakly convergent sequence of harmonic maps which were shown earlier by Jost [J] and Parker [P] (see also [DT], [Q], [W] and [LW]); In the case N is the standard sphere S^2, then we have

Theorem B. Let u : R^3 → S^2 be a stationary harmonic map. Then lim_{r→∞} 1 r ∫ Br(0) |∇u|^2 dx = 8πn, (0.4)

n = 0, 1, 2, . . . , +∞. If u is, in addition, smooth, then lim_{r→∞} 1 r ∫ Br(0) |∇u|^2 dx = 16πn, (0.5) n = 0, 1, 2, . . . , +∞. The above result remains true when one studies the tangent map of u at 0 (i.e. one studies the limit as r ↓ 0).

We note that if u : R^2 → S^2 is a smooth harmonic map, then [SaU] says that ∫ R^{2 |∇u|2 dx = 8πn, for n = 0, 1, 2, · · · + ∞.} 1 Proof of Theorem B

We start with the following proposition.

Proposition 1. Let N be a smooth, compact Riemannian manifold without boundary, and let u : R^3 → N be an entire stationary harmonic map with bounded normalized energy:

sup_{r>0} 1 r ∫ Br(0) |∇u|^2dx ≤ Λ < ∞. (1.1)

Then any tangent map, u_0 at infinity of u can be described as follows:

(i) There is a sequence R_i → +∞ such that u_i(x) ≡ u(R_i x) ⇀ u_0(x) ≡ u_0 (_x |x| ) weakly in H^1_{loc}(R^3, N), where u_0 : S^2 → N is a smooth harmonic map.

(ii) μ_i = |∇u_i|^2(x) dx ⇀ μ = |∇u_0|^2(x) dx+ν, as Radon measures on R^3. Where the defect measure ν is a nonnegative Radon measure supported on finitely many rays emitted from the origin. Moreover on each ray ν is a constant multiple of the one-dimensional Hausdorff measure.

(iii) There is a balancing condition on energy density of u_0 and masses of ν on various rays: ∫ S^{2 x · |∇u0(x)|2 +} ℓ∑ i=1 Θ(x_i) x_i = 0.

(1.2)

Here x_i ∈ S^2, S = ⋃_ℓ i=1 Ox_i, and ν = ∑_ℓ i=1 Θ(x_i) H^1⌊Ox_i.

Proof. Let u be a stationary harmonic map from R^3 into N such that sup_{r>0}^1_r ∫ Br(0) |∇u| 2dx = Λ < ∞. We recall first the energy monotonicity formula (cf. [Sc]) for stationary maps in R^3: 1 R ∫ B_R(0) |∇u|^2dx − 1 r ∫ Br(0) |∇u|^2dx = 2 ∫ B_R(0) 1 ρ | | | ∂u ∂ρ | | | 2 dx, (1.3)

for all 0 < r < R < ∞. In particular,

Λ = sup_{r>0} 1 r ∫ Br(0) |∇u|^2dx = lim_{r→+∞} 1 r ∫ Br(0) |∇u|^2 dx. (1.4)

which is finite by our assumption.

Next, for any sequence of λ_i → +∞, we may find a subsequence of {u(λ_i, x)} that weakly converges in H^1_{loc} (R^3, N) to a map u_0(x). By taking subsequences if needed, we may assume that u_i(x) = u(λ_i x), u_i → u_0 weakly in H^1_{loc}(R^3, N), and that |∇u_i|^2dx = μ_i ⇀ μ = |∇u_0|^2dx + ν as Radon measures. It follows from (1.3)–(1.4) that ∫ R^3\BR(0) 1 ρ | | | | ∂u ∂ρ | | | | 2 dx → 0 as R → ∞. (1.5)

We thus obtain for a.e. 0 < r < R < ∞, that 1 R μ (B_R(0)) − 1 r μ (B_r(0)) = lim_{i→∞} { 1 R μ_i (B_R(0)) − 1 r μ_i (B_r(0)) ]

= lim_{i→∞} ∫ B_{λi} R(0)\B_{λi}r(0) 1 ρ | | |∂u ∂ρ | | |^2 dx = 0. (1.6)

and 1 R μ_0 (B_R(0)) = Λ.

(1.7)

In particular, for 0 < r < R < ∞, ∫ B_R(0)\Br(0) 1 ρ | | |∂u^0 ∂ρ | | |^2 dx < lim_i ∫ B_R(0)\Br(0) 1 ρ | | |∂u^i ∂ρ | | |^2 dx = 0. (1.8)

i.e.,^{∂u0}_{∂ρ} ≡ 0 or equivalently u_o(x) = u_0 (_x |x| ) . Next, we let ϕ = S^2 → R_+ be a smooth function, and let ψ ∈ C^∞_0 (0, 1) be such that ψ ≥ 0 and

∫_1 0 ψ(t) dt = 1. We consider, for 0 < a < ∞, 0 < ε ≪ a, the functions E(u, ϕ, a, ε) = ∫_∞ 0 ∫ S^2 [ (r + a)^2 | | | | ∂u_i ∂r | | | | 2 + | | | | ∂u_i ∂θ | | | | 2] (r + a, θ) ϕ(θ) · ψ_ε(r) dθdr, (1.9) here ψ_ε(r) =^1_ε ψ (_r ε ) . Then a direct computation using the fact that div [ δ_{kl}|∇u_i|^2 − 2D_k u_i D_l u_i ] = 0 in the sense of distribution

(1.10)

we obtain d da E (u_i, ϕ, a, ε) = 2 d da ∫_∞ 0 ∫ S^{2(r + a)2} | | | | ∂u_i ∂ r | | | | 2 (r + a, θ) ϕ(θ) ψ_ε(r) dθdr + 2 ∫_∞ 0 ∫ S^{2(r + a)} | | | | ∂u_i ∂r | | | | 2 (r + a θ) ϕ(θ) ψ_ε(r) dθdr − ∫_∞ 0 ∫ S^2 ∂ ∂r u_i ∂ ∂θ u_i (r + a θ) ( ∂ ∂θ ϕ(θ) ) ψ_ε(r) dθdr. (1.11)

Integration both side of (1.11) with respect to a ∈ (r, R), we get E(u_i, ϕ, R, ε) − E(u_i, ϕ, r, ε) = ∫_∞ 0 ∫ S^{2 2(ρ + a)2} | | |∂u^i ∂ρ | | |^2 (ρ + a, θ) ϕ(θ) ψ_ε(ρ) dθdρ | | | | a=R

a=r + 2 ∫_∞ 0 ∫_R r ∫ S^{2(ρ + a)} | | | | ∂u_i ∂ρ | | | | 2 (ρ + a, θ) ϕ(θ) ψ_ε(ρ) dθdadρ − ∫_∞ 0 ∫_R r ∫ S^{2 2} ∂u_i ∂ρ · ∂u_i ∂θ (ρ + a, θ) ϕ_θ(θ) ϕ_ε(ρ) dθdadρ

(1.12)

Now let ε → 0^+, we obtain for a.e. 0 < r < R < ∞, that ∫ S^2 [ R^2 | | | ∂u_i ∂ρ | | | 2 + | | | ∂u_i ∂θ | | | 2] (R, θ) ϕ(θ) dθ

− ∫ S^2 [ r^2 | | | ∂u_i ∂ρ | | | 2 + | | | ∂u_i ∂θ | | | 2] (r, θ) ϕ(θ) dθ

= 2 ∫ S^{2 R2} | | | | ∂u_i ∂ρ | | | | 2 (R, θ) ϕ(θ) dθ − ∫ S^{2 r2} | | | | ∂u_i ∂ρ | | | | 2 (rθ) ϕ(θ) dθ + ∫_R r ∫ S^{2 2ρ} | | | | ∂ ∂ρ u_i | | | | 2 (ρ, θ) ϕ(θ) dθdρ − ∫_R r ∫ S^{2 2} ∂ ∂ρ u_i ∂ ∂θ u_i(ρ, θ) ∂ϕ ∂θ dθdρ.

(1.13)

We write |∇u_i|^2 dx = [ ρ^2 | | |^{∂ui}_{∂ρ} | | |^2 + | |^{∂u}i_{∂θ} | |^2 ] (ρ, θ) dθdρ = dσ_i(ρ, θ) dρ, then (1.13) implies that ∫ S^n�^{1 ϕ(θ) dσi(R, θ) −} ∫ S^n�^{1 ϕ(θ) dσi(r, θ) → 0} (1.14)

as i → ∞. On the other hand, since μ_i = |∇u_i|^2 dx ⇀ μ as Radon measures on (0, ∞) × S^2,

i.e., dσ_i(ρ, θ) dσ ⇀ dμ. We may conclude, from (1.14), the translation invariance property of the weak limit of dσ_i(ρ, θ) in ρ to obtain dμ = dσ(θ) dρ. Note that the Radon measure dσ(θ) can be obtained also as a weak limit of measures dσ_i(r_i, θ) for a suitable sequence in r_i’s.

What we have shown is that the Radon measure μ has the property that μ_λ ≡ μ, for any λ > 0. Here μ_λ(A) =^{μ(λA)}_λ .

Finally, since μ = |∇u_0|^2 dx + v, and since v = Θ(x) H^1 ⌊S (by [L2]), we conclude that S is consistent of finitely many rays emitted from the origin, and Θ(x) is a constant on each ray. In the next section we shall show all such constant Θ(x) must be of the form ∑_ℓ j=1 E(ϕ_j), for some smooth harmonic maps ϕ_j, j = 1, . . . , ℓ_x from S^2 into N.

Finally, since each u_i is a stationary harmonic map, thus a simple first variation gives ∫ S^{2 x |∇ui|} 2 (x) dx = 2 ∫ S^2 ∂u_i ∂r · ∇u_i(x). (1.15)

Pass to the limit i → +∞, we obtain ∫ S^{2 x · |∇u0(x)|} 2 + ℓ∑ i=1 Θ(x_i) x_i = 0.

Here x_i ∈ S^2 and ⋃_ℓ i=1 ⇀ 0x_i = S. This complete the proof of proposition.

The statement of Theorem B now simply follows from the above proposition and Theorem A. Indeed, from Theorem A, one concludes that each Θ(x_i) is a sum ∑_{ℓi} j=1 E(ϕ_{ij}), for some harmonic maps ϕ_{ij} : S^2 → N = S^k. Hence if N = S^2, then lim_{r→∞}^1_r ∫ Br(0) |∇u| 2 dx = E(u_0) + ∑_ℓ i=1 ∑_{ℓi} j=1 E(ϕ_{ij}) = 8πn, for a nonnegative integer n.

Suppose the starting map u is also smooth, then it is easy to see that

deg(u_0) + ℓ∑ i=1 ℓ_i∑

j=1 deg(ϕ_{ij}) = 0.

Here deg denotes the degree of maps into S^2 into itself. Thus ∑_ℓ i=1 ∑_{ℓi} j=1 |deg ϕ_{ij} | + | deg u_0| is an even number, and so

E(u_0) + ℓ∑ i=1 ℓ_i∑

j=1 E(ϕ_{ij}) = 16π n, for some nonnegative integer n.

The remaining of the present article will be devoted to the proof of Theorem A.

2 Set up and Basic estimates

Let ν = Θ^{n−1}(ν, x) H^{n−2} ⌊Σ be as in (0.3). Then, by [L2, §2], one has for H^{n−2} –a.e. x_0 ∈ Σ, Σ has a unique classical tangent plane P_0 at x_0, and ν has the tangent measure at x_0 given by Θ^{n−2}(ν, x_0) H^{n−2} ⌊P_0. For simplicity, we take one of such x_0 to be the origin, and let P_0 be the (n − 2)-dimensional plane R^{n−2} × {(0, 0)} ⊆ R^n. We note that the measure Θ^{n−2}(ν, x_0) H^{n−2}⌊P_0 can be obtained from a sequence of stationary harmonic maps in the sense that, there is a weakly convergent sequence of stationary maps {u_i} such that u_i’s converge to a constant map weakly in H^1_{loc}(R^n, N) and such that |∇u_i|^2(x) dx ⇀ Θ^{n−2}(ν, x_0) H^{n−2} ⌊P_0 as Radon measures on R^n. In particular, if we restrict each map to Q_1 = {x ∈ R^n : |(x_1, . . . , x_{n−2})| < 1, |(x_{n−1}, x_n)| < 1}, we have u_i ⇀ a constant weakly in H^1(Q_1, N) and |∇u_i|^2 dx ⇀ Θ^{n−2}(ν, x_0) H^{n−2}⌊Σ_0 weakly as Radon measures on Q_1. Here Σ_0 = P_0 ∩ Q_1. Moreover, by discussions in [L2, §2] one has ∫ Q_1 n−2∑ k=1 | | | | ∂u_i ∂x_k | | | | 2 (x) dx → 0 as i → +∞. (2.1)

To prove Theorem A, it suffices to verify that such Θ^{n−2}(ν, x_0) is a finite sum of energies of smooth harmonic maps from S^2 into N.

Let us recall how the first harmonic map from S^2 into N is obtained from the blow-up analysis in [L2]. We let X_1 = (x_1, . . . , x_{n−2}), X_2 = (x_{n−1}, x_n),

f_i(X_1) = ∫ B^2_1(0) n−2∑ k=1 | | | | ∂u_i ∂x_k | | | | 2 (X_1, X_2) dX_2, X_1 ∈ B^{n−2}_1 (0).

(2.2)

Then Fubini’s theorem and (2.1) imply that f_i → 0 in L^1 ( B^{n−2}_1 (0) ) . By partial regularity theorem of Bethuel [B] for stationary harmonic maps (when N = S^K, see [E]), one has, for H^{n−2}-a.e. X_1 ∈ B^{n−2}_1 (0), u_i(x) is smooth near all points of (X_1, X_2) ∈ B^{n−2}_1 (0) × B^2_1 (0). By the weak-L^1 estimate for Hardy-Littlewood maximal functions, one can easily find a sequence of point {X^i_1}, i = 1, 2, . . . , such that

u_i(x) is smooth near all points (X^i_1, X_2) ∈ B^{n−2}_1 (0) × B^2_1 (0);

(2.3)

and that sup 0<r≤^1_2 r^{2−n} ∫ B^n�^2_r (X^i_1)

f_i(X_1) dX_1 → 0 as i → +∞.

(2.4)

As in [L2, §2], we may find, for all i sufficiently large, δ_i ∈ (0, 1/2) and X^i_1 ∈ B^2_{1/4}(0) that the maximum value of max X_2∈B^2_{1/2}(0) δ^{n−2}_i ∫ B^n�^2_{δi} (X^i_1)×B^2_{δi} (X_2)

|∇u_i|^2(X_1, X_2) dX_1 dX_2 = ε_0/c(n),

(2.5)

is achieved at X^i_2. Here ε_0 is a small constant appeared in the small energy regularity theorem of [B] and [E], and that c(n) is a suitable large dimensional constant (see [L2, §3]). Note the δ_i → 0^+ as i → +∞. Consider the sequence of new maps v_i(y) = u_i(X^i + δ_i y), X^i = (X^i_1, X^i_2), then it was shown in [L2, §3] that

v_i → v in C^{1,α}_{loc}

(R^{n−2} × R^{2)} as i → +∞.

(2.6)

Moreover, v(y) = v(y_{n−1}, y_n) is a non-constant, smooth harmonic maps from R^2 into N with a finite total energy. This gives rise to the first harmonic map ϕ_1 from S^2 into N.

The following lemma is the step where we require N to be a standard sphere S^k.

Lemma 1. Let u ∈ H^1(Q_1, S^k) be a weakly harmonic map, then for any 0 < r < 1, there is a f ∈ H_a (R^n.R^{k+1)} such that

−Δu = f in Q_r = B^{n−2}_r (0) ∩ B^2_r (0).

Here H_a denotes the Hardy space.

For the proof of Lemma 1 see [E] and [H, Lemma 3.2.10]. Note ‖f‖_{Ha} ≤ C(r, n) Λ which follows from proofs in [E] and [H].

As a consequence of the above lemma is the following.

Corollary 2. Let {u_i} be a sequence of weakly harmonic maps from Q_1 into S^k such that E(u_i) ≤ Λ, for each i. Then ‖u_i‖_W 2,1_{(Q2/3)} ≤ C(n, k) Λ. (2.7)

Since for each m ≥ 2, then space W^{1,1}(R^m) is continuous embedded in the Lorentz space L(^{mm}�^{1 ,1})(R^m) see [H, Theorem 3.3.10] and [T]), we obtained from (2.7) and the Fubini Theorem that

‖∇u_i‖_L(2,1)_{(B}2_{/3(0))}(X_1, ·) ≤ C^∗(n, k) Λ

(2.8)

for all X_1 ∈ E_i ⊂ B^{n−2}_{2/3} (0), i = 1, 2, . . . ,. Here we may assume L^{n−2}(E_i) ≥ 0.99 L^{n−2}(B^{n−2}_{2/3} (0)).

On the other hand, we may also find a set F_i ⊂ B^{n−2}_{2/3} (0) such that L^{n−2}(F_i) ≥ 0.99 L^{n−2}(B^{n−2}_{2/3} (0)) and that for all X^i_1 ∈ F_i, X^i_1 satisfies (2.3) and (2.4). From now on we should always work on “good slices” {X_1 = X^i_1} such that (2.3), (2.4) as well as the estimate (2.8) valid on such slices, X^i_1 ∈ F_i ∩ E_i.

Let u_i(X_2) = u_i(X^i_1, X_2) be the restriction of u_i on a “good slice” X^i_1 ∈ E_i ∩ F_i. From [L2, §3], it is easy to see that for L^{n−2}-a.e. X^i_1 ∈ E_i ∩ F_i,

lim_i E(u_i) = lim_i ∫ B^2_{1/2}(0)

|∇u_i|^2(X^i_1, X_2) dX_2 = Θ^{n−2}(ν, x_0).

(2.9)

Thus, in order to prove Theorem A, we must verify that

lim_i E(u_i) = m∑ j=1 E(ϕ_j ), (2.10)

where ϕ_j : S^2 → S^k are smooth harmonic maps, and E(ϕ_j) = ∫ S^{2 |∇ϕj|2, for j = 1, . . . , m.} Let δ_i be as in (2.5) , and X^i_2 → 0 as i → +∞ so that the maximum value (2.5) is achieved at X^i_2. Let v_i(X_2) ≡ u_i (X^i_1, X^i_2 + δ_i(X_2 − X^i_2)). Then as (2.6) one has that v_i converges strongly in H^1_{loc}(R^2, N) to a nonconstant harmonic map Ψ_1 : R^2 → S^k with a finite total energy. Then ϕ_1 = Ψ_1 ∘ Π is the first harmonic map from S^2 into S^k. Here

Π : S^2 \ {north pole} → R^2 is the sterographic projection.

Let A(R, i) = { X_2 ∈ R^2 : δ_iR ≤ |X_2 − X^i_2| ≤^1_2 } , then (2.10) is equivalent to

lim_{R→∞} lim_{i→∞} E (u_i, A(R, i)) = lim_{R→∞} lim_{i→∞} ∫ A(R,i) |∇ u_i|^2(X^i_1, X_2) dX_2 = m∑ j=2 E(ϕ_j). (2.11)

Here ∇ = ∇_{X2} .

For simplicity, we will assume X^i_1 = 0 ∈ R^{n−2} and X^i_2 = 0 ∈ R^2. Let (X_1, r, θ) ∈

R^{n−2} × R+ × S^1 be the cylindrical coordinates of R^n and, let Wi(X1, t, θ) = ui(X1, r, θ), r =

e^{−t}. Then E(u_i, A(R, i)) = E(W_i, B_i) where B_i = [log 2, |log δ_iR|] × S^1. we observe that W_i = B^{n−2}_{1/2} (0) × B_i → S^k is a stationary harmonic map and it satisfies the equation:

∂^2 ∂t^2 W_i +

∂^2 ∂θ^2 W_i + A(W_i)(∇W_i, ∇W_i) = −e^{−2t} ∇_{X1} W_i

(2.12)

here ∇W_i = ( e^{−t} ∇_{X1} W_i,^∂_{∂t} W_i,^∂_{∂θ} W_i ) . Let Q(0, M) = [log 2, log 2 + M] × S^1 and

Q(i, M) = [| log δ_iR| − M, | log δ_iR|] × S^2, for M > 0.

Then it is rather easy to check that E (W_i, Q(0, M)) → 0, E (W_i, Q(i, M)) → 0, (2.13)

as i → ∞ and R → ∞, for any given M > 0.

3 Proof of Theorem A

We are going to prove Theorem A by inducting on the numbers of harmonic spheres that arise in the blow-up analysis. That is the number m in the sum of the right-hand side of (2.11). We consider first the case m = 1.

In that case we must show that E(W_i, B_i) → 0 as i → ∞ and R → ∞. We claim first that for any ε_1 > 0, there are sufficiently large R and I such that, for all i ≥ I, one has e^{(n−2) t} ∫ |X1|≤e�t ∫_{t+1} t ∫ S^{1 |∇Wi|} 2 (X_1, t, θ) dθ dt dX_1 < ε_1, (3.1)

for all t ∈ [log 2 |log δ_iR| − 1].

Indeed, if the claim is false, then we may assume that, as i → ∞, there exists t_i such that e^{(n−2) ti} ∫ |X1|≤e�ti ∫_{ti+1} t_i ∫ S^{1 |∇Wi|} 2 (X_1, t, θ) dθ dt dX_1 is equal to the maximum of the left hand side of (3.1), for t ∈ [log 2, |log δ_iR| − 1], and it is larger than ε_1. In view of (2.13), we must have t_i → ∞ and | log δ_iR| − t_i → ∞.

Let X_1 = e^{−ti} Y_1, and define V_i (Y_1, t, θ) = W_i (e^{−ti} Y_1, t − t_i, θ). Then we can view V_i as a map defined on B^{n−2}_2 (0) × [−M_i, M_i] × S^1 with M_i → ∞. Moreover, ∫ |Y1|≤1 ∫_1 0 ∫ S^{1 |∇Vi|} 2 (Y_1, t, θ) dθ dt dY_1 ≥ ε_1. (3.2)

Here ∇V_i = ( e^{−t} ∇_{Y1} V_i,^∂_{∂t} V_i,^∂_{∂θ} V_i ) . From (2.12) one also sees that V_i is a stationary harmonic map on Q_i ≡ B^{n−2}_2 (0) × [−M_i, M_i] × S^1, and that V_i satisfies the equation

∂^2 ∂t^2 V_i +

∂^2 ∂θ^2 V_i + A(V_i) (∇V_i, ∇V_i) = −e^{−2t} Δ_{Y1} V_i.

(3.3)

Furthermore, by (2.4), we have that sup 0<r≤2 r^{2−n} ∫ B^n�^2_r (0) ∫_{Mi} −Mi ∫ S^1 | |e^{−t} ∇_{Y1} V_i | |^2 (Y_1, t, θ) dθdtdY_1 → 0 as i → ∞. (3.4)

Since the energy bound on {u_i}, we have the uniform energy bound on {V_i} defined on {Q_i}. Hence, we may assume (by taking subsequences if needed) that V_i ⇀ V_∞ weakly in H^1_{loc}(Q_i, S^k), as i → ∞.

(3.3)–(3.4) imply that V_∞ is a harmonic map with finite energy on R^1 × S^1. Since

R^1 × S^1 is conformally equivalent to S^1 \ {two poles}, we deduce, from [SaU] and [H], that

ϕ_∞ = V_∞ ∘ Π : S^2 → S^k is a smooth harmonic map. Suppose now the convergence of V_i to V_∞ is strong on B^{n−2}_i (0) × [0, 1] × S^1 then (3.2)–(3.4) imply that V_∞ is a nonconstant map. This contradicts to the assumption that m = 1.

Next, if the convergence of V_i to V_∞ is not strong on B^{n−1}_1 (0) × [0, 1] × S^1. Then we follow the arguments in [L2, §2] and using (3.2)–(3.4) to conclude that (note V_∞ is smooth) |∇V_i|^2 dθdtdY_1 ⇀ μ as Radon measures on B^{n−2}_2 (0) × R^1 × S^1. Moreover, μ = |∇V_∞|^2 dθ dt dY_1 + ∑_ℓ j=1 C_j H^{n−2} ⌊D_j . Here each C_j ≥ ε_0 is a constant, and D_j = B^{n−2}_2 (0) × (t_j, θ_j), for j = 1, . . . , ℓ. In particular, we have non-trivial energy concentrations of V_i on point (0, t_j, θ_j), j = 1, 2, . . . , ℓ. Then we can again follow the blow-up arguments in [L2, §3] to prove (as the first bubble described before) that there is another constant harmonic map from S^2 into S^k by a suitable scaling near each (0, t_j, θ_j). This again contradicts m = 1, and hence it shows the claim (3.1) is true.

Since W_i = B^{n−2}_{1/2} (0) × B_i → S^k is a stationary map, (2.12) and (3.1) imply that

|∇W_i|^2 = e^{−2t} |∇_{X1} W_i|^2 + | | | | ∂ ∂t W_i | | | | 2 + | | | | ∂ ∂θ W_i | | | | 2 ≤ C ε_1 (3.5)

on 0 × B_i (cf. [E]) for all i large. By taking partial derivatives with respect to x_1, . . . x_{n−2} we obtain equations for^{∂Wi}_{∂xk} , k = 1, . . . , n − 2, from (2.12). Using (3.5), we then obtain | | | ∂^2 ∂t∂θ W_i | | | 2 + | | | ∂^2 ∂t^2 W_i | | | 2 + | | | ∂^2 ∂θ^2 W_i | | | 2 + | |e^{−2t} ∇^2_{X1} W_i | |^2 ≤ C ε_1, (3.6)

for some constant C and for all (X_1, t, θ) ∈ 0 × B_i. Here near the boundary ∂B_i we may use the fact (2.13) and [E] again.

In the (X_1, r, θ)-coordinates system, estimate (3.5) should be viewed as the Lorentz space L^{2, ∞}-estimate on ∇_{X2} u_i (X_2). Indeed, (3.5) is equivalent to say | |X_2 − X^i_2 | | |∇_{X2} u_i(X_2)| ≤ C √ε_1, (3.7)

for R δ_i ≤ |X_2 − X^i_2| ≤^1_2 , and for i ≥ I, R ≥ R_0. Similarly, (3.6) is equivalent to | X_2 − X^i_2 |_2 | ∇^2_{X2} u_i(X_2) | ≤ C √ ε_1,

(3.8)

for R δ_i ≤ |X_2 − X^i_2| ≤^1_2 , i ≥ I, R ≥ R_0.

For suitably large R, it is not hard then to smoothly extend u_i(X_2) on {|X_2 − X^i_2| = δ_i R} inside {|X_2 − X^i_2| < δ_i R} in such a way that the extended map, say u^∗_i (X_2) on {|X_2 − X^i_2| ≤ δ_i R} satisfies, for all X_2, |X_2 − X^i_2| ≤ δ_i R

(i) u^∗_1(X_2) ∈ S^k; (ii) | |∇u^∗_i (X_2) | | ≤ C_∗ (δ_i R)^{−1} √ε_1;

(iii) | |∇^2u^∗_i (X2) | | ≤ C∗ (δi R)^{−2} √ ε_1 .

(3.9)

Let us denote ũ_i(X_2) be such that

ũ_i(X_2) = { u_i(X_2), if^1_2 ≥ |X_2 − X^i_2| ≥ R δ_i u^∗_i (X_2) if |X_2 − X^i_2| ≤ δ_i R.

Then with (3.7)–(3.9) and (2.7)–(2.8) that

‖∇ũ_i‖_{L2,1}ı_{B21/2(Xi2)}ȷ ≤ C_1 Λ

(3.10) and ‖∇ũ_i‖_{L2,}1ı_{B21/2(Xi2)}ȷ ≤ C_∗ √ ε_1

(3.11)

Indeed, (3.11) follows from a direct checking and (3.10) follows from (2.7) and (3.9).

Estimates (3.10)–(3.11) imply in particular that

‖∇ũ_i‖_{L2}ı_{B21/2(Xi2)}ȷ ≤ C (Λ, C_1, C_∗) ε^{1/4}_1 .

(3.12)

Hence E (W_i, B_i) ≤ C (Λ, C_1, C_∗) ε^{1/4}_1 . Since ε_1 > 0 is arbitrary, we proved (2.11) for the case m = 1.

Remark. In order to make the idea more transparent, we present here another proof which is modified from [SaU] and [DT] for the case m = 1. However, we will again need (3.10)–(3.11).

We want to estimate the energy of W_i(0, t, θ) on B_i. Let n be an integer such that d = [| log δ_i R| − log 2] /n ∈

(_1 2 , 1 ] . Let t_j = log 2 + jd for j = 0, 1, . . . , n. We simply write W (t, θ) for W_i(0, t, θ), and denote P_j = [t_j, t_{j+1}] × S^2, and S_j = {t_j} × S^1. Let h(t) be a

R^{k+1}-valued function, linear on each interval [tj, tj+1] and with h(tj) equals the mean value

of W on S_j . Consider h as a map from B_i into R^{k+1}. Then

∂^2 ∂t^2 (W − h) + ∂^2 ∂θ^2 (W − h) = −e^{−2t} (Δ_{X1} W ) (0, t, θ) − A(W )(∇W, ∇W )(0, t, θ) (3.13) = α on each (t_j, t_{j+1}) × S^1 for j = 0, . . . , n − 1. After taking the inner product of this equation with W − h and integrating over P_j , we obtain ∫ P_j | |∇(W − h) | |^2 dθdt = ∫ P_j (W − h) α dθ dt + ∫ S_{j+1} − ∫ S_j (W − h) (W_t − h_t) dθ.

Note that the boundary integrals of (W − h) h_t vanish. So we get ∫ P_j | |∇(W − h) | |^2 dθdt ≤ ∫ P_j (W − h) α dθdt + ∫ S_{j+1} − ∫ S_j (W − h) W_t dθdt. Summing the inequalities over j, we obtain ∫ B_i | |∇(W − h) | |^2 dθ dt ≤ ∫ S_0 (W − h) W_t − ∫ Sn (W − h) W_t + ∫ B_i (W − h) α dtdθ. (3.14)

Since (3.5), one has |W − h| ≤ C √ ε_1. On the other hand ∫ B_i |α| dtdθ = ∫ δ_i R≤|X_2−X^i_2|≤^1_2 | |Δ_{X1} u_i + |∇u_i|^2 u_i | | (X^i_1, X_2) dX_2 ≤ ∫ B^2_{1/2}(X^i_2)

|Δ_{X1} u_i| (X^i_1, X_2) dX_2 + ∫ B^2_{1/2}(X^i_2) |∇u_i|^2 ( X^i_1, X_2 ) dX_2. (3.15)

Using (2.7)–(2.8), one has ∫ B_i |α| dtdθ ≤ C. (3.16)

We thus obtain that ∫ B_i | ∇(W − h) |_2 dθ dt ≤ C √ ε_1.

(3.17)

In particular ∫ B_i | | | | ∂ ∂θ W | | | | 2 dθ dt ≤ C √ ε_1.

(3.18)

To estimate^∂_{∂t} W , we need to control the Hopf-differential. For any u(X_2), X_2 = (y_1, y_2),

we denote ϕ(u) be the Hopf-differential associated with u as follows ϕ(u) = (| | | | ∂u ∂y_1 | | | | 2 − | | | | ∂u ∂y_2 | | | | 2) − 2 ∂u ∂y_1 · ∂u ∂y_2 i . (3.19)

We note that if u : Ω ⊆ R^2 → N is a harmonic map, then ϕ(u) is holomorphic, and if, in

addition Ω = R^2 and E(u) < ∞, then ϕ(u) ≡ 0.

In the case m = 1, our previous arguments imply already that ∫ B^2_{1/2}(X^i_2)

|ϕ(u_i)| dX_2 ≤ C ε^{1/4}_1 , for all i ≥ I.

(3.20)

Indeed, we observe first that ∫ B^2_{δi R}(X^i_1) |ϕ(ui)| dX^2 = ∫ B^2_R(0) |ϕ(Vi)| dX^2 → ∫ B^2_R(0) |ϕ(ψ^1)| (X^2) dX^2

as i → ∞. This is valid because V_i → ψ_1 in H^1_{loc}(R^2, S^k), as i → ∞. The last term goes to zero as R → ∞ since ψ_1 : R^2 → S^k is a finite energy harmonic map. Next, by (3.12), we have also that ∫

δ_i R≤|X_2−X^i_2|≤^1_2

|ϕ(u_i)| (X_2) dX_2 ≤ C ε^{1/4}_1 .

This proves (3.20). Therefore ∫ B_i | | | ∂ ∂t W | | | 2 dθdt ≤ ∫ B_i | | | ∂ ∂θ W | | | 2 dθ dt + ∫ B^2_{1/2}(X^i_2) |ϕ(u_i)| dX_2 ≤ C ( ε^{1/2}_1 + ε^{1/4}_1 ) ≤ C ε^{1/4}_1 .

(3.21)

Here we note |ϕ(u_i)| (X_2) dX_2 is conformal invariant with respect to conformal change of variables (see [H]). In any case, we have completed the proof of the case m = 1.

4 Completion of the Proof of Theorem A

Let us consider the case m ≥ 2. As in [DT], the essential part of the proof is identical to the proof for the case m = 1. One has to distinguish more “bubble domains” where after a blow-up gives rise to harmonic maps from S^2 into S^k, and “neck domains” where one has to show that energy can be made arbitrary small. The general case can be done by an induction. We should simply sketch then proof for the case m = 2.

For this case, m = 2 (3.1) can no longer be valid. Then from (3.2), we have two possibilities. First, the convergence of V_i to V_∞ is strong in H^1_{loc}. Define a_i = t_i − log 2, b_i = | log δ_i R| − t_i. We want to show the energy of V_i on the cylinder [a_i, b_i] × S^1 is close to the energy of V_∞ on R × S^1. Indeed, we have lim M →∞ lim_{i→∞} E ( V_i, [−M, M] × S^1 ) = lim_{M →∞} E ( V_∞, [−M, M] × S^1 ) , by the strong convergence of V_i to V_∞ and by [SaU]. On the other hand, we shall follow the proof for the case m = 1 to verify that energies of V_i on cylinders [−a_i, −M] × S^1 and [M, b_i] × S^1 can be made arbitrary small if one let i → ∞, M → ∞ (and also R → ∞). In other words, E (W_i, B) = E(ϕ_2) + o_i(1). Here ϕ_2 is V_∞ ∘ G, G : S^2 → R × S^1 is a conformal mapping with north, south poles corresponding to {+∞} × S^1 and {−∞} × S^1. Note via [SaU], ϕ_2 : S^1 → S^k is a smooth harmonic map. To show E (V_i, [M, b_i] × S^1) → 0 is the same as to show E ( u_i, B_{ri/δiR} ) → 0, as i → ∞, M → ∞, R → ∞. (4.1)

Here r_i = e^{−ti−M} ≫ δ_i R. The proof of (4.1) is exactly the same as for the case m = 1 that follows from (3.12) with^1_2 replacing by r_i.

To show E (V_i, [−a_i, M] × S^1) → 0 is the same as to show E [ u_i, B^2_{1/2}(X^i_2) \ B^2_{Ri} (X^i_2) ] → 0. (4.2)

Here R_i = e^{−ti+M} . Here we note that on ∂B_{Ri}(X^i_2), u_i satisfies | |∇ u_i | |^2 (X_2) + | | |∇^2 ui | | | (X2) ≤ C R^{−2}_i ε1. (4.3)

As for the m = 1, we can extend u_i inside B^2_{Ri} (X^i_2) properly so that similar estimates as (3.11)–(3.12) are valid. That will lead to E [ u_i, B^2_{1/2}(X^i_2) \ B^2_{Ri} (X^i_2) ] ≤ C ε_1. (4.4)

Hence, we proved E (W_i, B_i) = E(ϕ_2) + o_i(1) for the first possibility.

The second possibility is that energy V_i may be concentrated near a point p ∈ (0, 1] × S^1. In this case, we apply the arguments for the case m = 1 to the map V_i : B^{n−2}_1 (0) × [−1, 2] ×

S^1 → S^k to obtain E (Vi, [−1, 2] × S^1) = E(ϕ2) + oi(1).

Then using (4.1) and (4.4), to show E ( V_i, [−a_i, −1] × S^1 ) + E ( V_i, [2, b_i] × S^1 ) ≤ C ε_1. (4.5)

We conclude that E (V_i, [−a_i, b_i] × S^1) = E (W_i, B_i) = E(ϕ_2) + o_i(1).

We would like also to note that one can also follow the arguments in [DT] but uses our estimates (3.18) and (3.20) and (3.21) to prove the same conclusion. This completes the proof of Theorem A.

References

[B] F. Bethuel, On the singular set of stationary harmonic maps, Manuscript Math. 78 (1993), 417–443.

[BBC] F. Bethuel, H. Brezis and J. M. Coron, Relaxed energy for harmonic maps, Variational Methods (1988), 37–52, Birkhäuser, Boston, M.A. 1990.

[BMR] H. Brezis, F. Merle and T. Rivière, Quantization effects for −Δu = u(1 − |u^2|) in

R^2, Arch. Rat. Mech. Anal. 126 (1994), 35–58.

[DK] F. Duzaar and E. Kuwert, Minimization of conformal invariant energies in homotopy classes, Cal. Var. & P.D.E. 6 (1998), 285–314.

[DT] W. Y. Ding and G. Tian, Energy identity for a class of approximate harmonic maps from surfaces, Comm. Anal. Geom. 3 (1995), 543–554.

[E] L. C. Evans, Partial regularity for stationary harmonic maps into spheres, Arch.

Rat. Mech. and Anal. 116 (1991), 101–113.

[GMS] M. Giaquinta, L. Modica and J. Souc̆ek, The Dirichlet energy of mappings with values into the sphere, Manuscripta Math 65(4) (1989), 489–507.

[H] F. Hélein, Harmonic maps, conservation laws and moving frames, 1997 Diderot Multimedia Diderot Editeur, Art’s et Sciences.

[J] J. Jost, Two-dimensional geometric variational problems, New York, Wiley, 1991. [L] F. H. Lin, Mapping Problems, Fundamental Groups and Defect Measures, Acta Math. Sinica, English Series, 15 (1999), 25–52.

[L2] F. H. Lin, Gradient estimate and blow-up analysis for stationary harmonic maps, Annals of Math. 149 (1999), 785–829.

[LR] F. H. Lin and T. Rivière, A quantization property for static Ginzburg-Landau vortices, preprint.

[LW] F. H. Lin and C. Y. Wang, Energy identity of harmonic map flows from surfaces at finite singular time, Cal. Var. & P.D.E. 6 (1998) No. 4, 369–380.

[MW] L. B. Mou and C. Y. Wang, Bubbling phenomena of Palais-Smale-like sequences of m-harmonic type systems, Cal. Var. & P.D.E. 4 (1996), 341–367.

[P] T. Parker, Bubble tree convergence for harmonic maps, J. Diff. Geom. 44 (1996), 545–633.

[PW] T. Parker and J. Wolfson, Pseudo-holomorphic maps and bubble trees, J. Geom.

Anal. 3 (1993), 63–98.

[Q] J. Qing, On singularities of the heat flow for harmonic maps from surfaces into spheres, Comm. Anal. Geom. (1995), 297–315.

[SaU] J. Sacks and K. Uhlenbeck, The existence of minimal immersions of 2-spheres, Annals of Math. 113 (1981), 1–24.

[Sc] R. Schoen, Analytic aspects of harmonic maps problems, Math. Sci. Res. Institute Pub. (2) Springer-Berlin (1984), 321–358.

[T] L. Tartar, Embedding theorems of Sobolev spaces into Lorentz spaces, Bull. U.M.I., 1.B. (1998), 479–500.

[W] C. Y. Wang, Bubbling phenomena of certain Palais-Smale sequences from surfaces to general targets, Houston J. of Math. 22 (1996).

[Y] R. Ye, Gromov’s compactness theorem for pseudo-holomorphic curves, Trans.

Amer. Math. Soc. 342 (1994), 671–697. ’