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Preface

These are notes for the lecture course “Differential Geometry I” held by the
second author at KETH Ziirich in the fall semester 2010. They are based
on a lecture course held by the first author at the University of Wisconsin—
Madison in the fall semester 1983.

In the present manuscript the sections are roughly in a one-to-one corre-
spondence with the 26 lectures at ETH, each lasting two times 45 minutes.
(Exceptions: Of Section 2.6 only the existence of a Riemannian metric was
covered in one of the earlier lectures; Sections 1.9/1.10 together were two
lectures, as well as 4.4/4.5; some of the material in the longer Sections like
1.6 and 2.4 was left as exercises.)
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Chapter 1

Foundations

In very rough terms, the subject of differential topology is to study spaces up
to diffeomorphisms and the subject of differential geometry is to study spaces
up to isometries. Thus in differential geometry our spaces are equipped
with an additional structure, a (Riemannian) metric, and some important
concepts we encounter are distance, geodesics, the Levi-Civita connection,
and curvature. In differential topology important concepts are the degree
of a map, intersection theory, differential forms, and deRham cohomology.
In both subjects the spaces we study are smooth manifolds and the goal
of this first chapter is to introduce the basic definitions and properties of
smooth manifolds. We begin with (extrinsic) manifolds that are embedded
in Euclidean space and their tangent bundles and later examine the more
general (intrinsic) definition of a manifold.

1.1 Manifolds
1.1.1 Some examples
Let k,m,n be positive integers. Throughout we denote by
2] == /2] + -+ 2

the Euclidean norm of a vector = (z1,...,2,) € R"™. The basic example of
a manifold of dimension m is the Euclidean space M = R™ itself. Another
example is the unit sphere in R™+1:

S™ = {z e R™ | |z| =1} .

1



2 CHAPTER 1. FOUNDATIONS

In particular, for m = 1 we obtain the unit circle
St cR?*C.
The m-torus is the product
T :=8'x - xSt ={z2=(21,...,2m) €C™| |21]| = - - - |2m| = 1}.
A noncompact example is the space
M :={z=(20,...,2) €ER™ |2+ +22 =1+z3}.
Other examples are the groups
SL(n,R) := {4 € R™"| det(A) =1}, O(n):={AeR"™"[ATA=1}.

Here 1 denotes the identity matrix and A7 denotes the transposed matrix
of A. An example of a manifold that is not (in an obvious way) embedded
in some Euclidean space is the complex Grassmannian

Gr(C") :={E Cc C"| E is a complex linear subspace of dimension k}

S

Figure 1.1: The 2-sphere and the 2-torus.

of k-planes in C™.

1.1.2 Recollections about smooth maps and derivatives

To define what we mean by a manifold M C R¥ we recall some basic concepts
from analysis [12]. Denote by Ng = NU {0} the set of nonnegative integers.
Let k,¢ € Ny and let U ¢ R* and V C R be open sets. Amap f:U =V
is called smooth (or C*°) if all its partial derivatives

o 8041+"'+06kf "
af:m, Oé:(Oél,...,Oék)GNo,
exist and are continuous. For a smooth map f = (f1,...,fs) : U — V and

a point € U we denote by

df (z) : RF — R*
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the derivative of f at x defined by

flz+t€) — f(x)
- ,

df(2) = 2| fla+1€) =lim ¢ ERE.

t=0

This is a linear map represented by the Jacobi matrix of f at x which will
also be denoted by

) - G
df (z) := : : e Rk,
gl(z) - Ft(@)

The derivative satisfies the chain rule. Namely, if U ¢ R*, V c R¢,
W C R™ are open sets and f: U — V and g : V — W are smooth maps
then go f : U — W is smooth and

d(go f)(x) =dg(f(z)) o df (z) : RF - R™

for every x € U. Moreover the identity map is always smooth and its differ-
ential at every point is the identity matrix. This implies that, if f: U — V
is a diffeomorphism (i.e. f is bijective and f and f~! are both smooth)
then k = ¢ and the Jacobi matrix df(z) € R¥** is nonsingular for every
x € U. A partial converse is the inverse function theorem which we restate
below. For a proof see [12] or any textbook on first year analysis.

Inverse Function Theorem. Let Q@ C R* be an open set, f : Q — R
be a smooth map, and xo € . If det(df(zo)) # O then there is an open
neighborhood U C 0 of xg such that V := f(U) is an open subset of R¥ and
flu : U =V is a diffeomorphism.

Implicit Function Theorem. Let Q C R* x R be open and f : Q — R¢
be a smooth map. Let (xo,y0) € Q such that

f(zo,90) =0, det <g—£($o,yo)> # 0.

(Here g—;(azo,yg) € R? denotes the Jacobi matriz of the map y — f(xo,%)

at the point y = yo.) Then there are open sets V.C RF and W C R? and a
smooth map g : V. — W such that (zo,y0) € V x W C Q, g(zo) = yo, and

fla,y) =0 = y = g(x).
for all (z,y) €V x W.
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Now let X € R* and Y C R? be arbitrary subsets, not necessarily open.
A map f: X — Y is called smooth if for every zg € X there is an open
neighborhood U C RF of 2y and a smooth map F : U — R’ that agrees with
fonUNX. Amap f: X — Y is called a diffeomorphism if f is bijective
and f and f~' are smooth. If there exists a diffeomorphism f : X — YV
then X and Y are called diffeomorphic.

Exercise 1.1. (i) Let k,/,m € Ny and X ¢ RF, Y ¢ RY, Z C R™ be
arbitrary subsets. If f: X — Y and ¢g: Y — Z are smooth maps then so is
the composition go f : X — Z. The identity map id : X — X is smooth.

(ii) Let £ C R¥ be an m-dimensional linear subspace and let vy, ..., v, be
a basis of E. Then the map f : R™ — E defined by f(z) :=>_", z;v; is a
diffeomorphism.

We also recall that any subset M C R inherits a topology from R¥,
called the relative topology of M. A subset Uy C M is called relatively
open (or in short M-open) if there is an open set U C R¥ such that
Up=UnNM. A subset Ay C M is called relatively closed (or in short
M-closed) if there is a closed set A C R¥ such that 49 = AN M.

Exercise 1.2. Show that the relative topology satisfies the axioms of a
topology (i.e. arbitrary unions and finite intersections of M-open sets are
M-open, and the empty set and M itself are M-open). Show that the
complement of an M-open set in M is M-closed and vice versa.

1.1.3 Submanifolds of Euclidean space

Definition 1.3. Let k,m € Ny. A subset M C RF is called o smooth
m-dimensional submanifold of R* (or a smooth m-manifold) if every
point p € M has an open neighborhood U C R¥ such that U N M is diffeo-
morphic to an open subset Q@ C R™. A diffeomorphism ¢ :UNM — Q is
called a coordinate chart of M and its inverse v :== ¢~ 1 : Q = UNM is
called a (smooth) parametrization of U N M.

Figure 1.2: A coordinate chart ¢ : U " M — Q.
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Lemma 1.4. If M C R is a nonempty smooth m-manifold then m < k.

Proof. Let ¢ : UNM — Q be a coordinate chart of M onto an open subset
Q C R™, denote its inverse by ¢ := ¢! : Q - UNM, and let p € UnN M.
Shrinking U, if necessary, we may assume that ¢ extends to a smooth map
® : U — R™. This extension satisfies ®(¢(x)) = ¢(¢»(z)) = x and, by the
chain rule, we have

d®(¢(x))dy(z) =id : R™ — R™

for every = € Q. Hence di)(z) : R™ — R* is injective for € Q and, since
Q # (), this implies m < k. O

Example 1.5. Consider the 2-sphere

M:=8%={(z,y,2) e R*|2® +y* + 2* =1}
depicted in Figure 1.1 and let U C R? and € C R? be the open sets

U:={(z,y,2) eR*|z >0}, Q:={(z,y) eR?*|2® +y* < 1}.
The map ¢ : U N M —  given by
Oa.y,2) = (a,)
is bijective and its inverse 1 := ¢! : Q — U N M is given by
(z,y) = (z,y, V1 - 2% —y?).

Since both ¢ and ¢ are smooth, the map ¢ is a coordinate chart on S2.
Similarly, we can use the open sets z < 0, y > 0,y < 0,z > 0, z < 0
to cover S? by six coordinate charts. Hence S? is a manifold. A similar
argument shows that the unit sphere S C R™*! is a manifold for every
integer m > 0.

Example 1.6. Let Q C R™ be an open set and h : Q — RF™ be a smooth
map. Then the graph of A is a smooth submanifold of R™ x R~ = R¥:

M := graph(h) = {(z,y) |z € Q, y = h(z)} .

It can be covered by a single coordinate chart ¢ : U N M — V where
U :=Q x RF™, ¢ is the projection onto 2, and ¢ := ¢~! : Q@ — U is given
by ¢(z) = (z, h(z)).
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Exercise 1.7 (The case m = 0). Show that a subset M C RF is a 0-
dimensional submanifold if and only if M is discrete, i.e. for every p € M
there is an open set U C R¥ such that U N M = {p}.

Exercise 1.8 (The case m = k). Show that a subset M C R™ is an
m-dimensional submanifold if and only if M is open.

Exercise 1.9 (Products). If M; C R¥ is an m;-manifold for i = 1,2 show
that M; x My is an (m + ms)-dimensional submanifold of RF1+%2. Prove
by induction that the n-torus T" is a smooth submanifold of C".

The next theorem characterizes smooth submanifolds of Euclidean space.
In particular condition (iii) will be useful in many cases for verifying the
manifold condition.

Theorem 1.10 (Manifolds). Let m and k be integers with 0 < m < k.
Let M C RF be a set and p € M. Then the following are equivalent.

(i) There is an M-open neighborhood Uy C M of p, an open set Qy C R™,
and a diffeomorphism ¢g : Uy — Q.

(ii) There are open sets U, C R* and a diffeomorphism ¢ : U — Q such
that p € U and
dp(UNM)=Qn(R™ x{0}).

(iii) There is an open set U C RF and a smooth map f : U — RF™
such that p € U, the differential df (q) : RF — R¥=™ is surjective for every
qgeUNM, and

UNM=f"10)={qeU|f(q)=0}.

Moreover, if (i) holds then the diffeomorphism ¢ : U — Q in (i1) can be
chosen such that U N M C Uy and ¢(p) = (¢o(p),0) for everyp e UNM.

Proof. We prove that (i) implies (ii). Let ¢¢ : Uy — Qo be the coordi-
nate chart in (i), let ¢y := anl : Qo — Up be its inverse, and denote
zo = ¢o(p) € Qo. Then, by Lemma 1.4, the differential di)g(xg) : R™ — R¥
is injective. Hence there is a matrix B € RF*(+=m) guch that

det(dipo(zo) B) # 0.
Define the map 1 : Qo x RF=™ — RF by

¥(z,y) = Yo(x) + By.
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Then the k x k-matrix
dy(z0,0) = [dpo(z0) B] € RF*F

is nonsingular, by choice of B. Hence, by the inverse function theorem, there
is an open neighborhood € C Qg x RF™™ of (10, 0) such that U := () is
open and |5 : @ — U is a diffeomorphism. In particular, the restriction of

1 to € is injective. Now the set

Uy := {1/10(36) | (2,0) € Q} - {q € Uy | (d0(q),0) € ?2} cM

is M-open and contains p. Hence, by the definition of the relative topology,
there is an open set W C R* such that Uy = W N M. Define

U:=0nwW, Q:=Qny ' (W).

Then 9 restricts to a diffeomorphism from Q to U and, for (z,y) € Q, we
claim that
Y(z,y) € M = y=0. (1.1)

If y = 0 then obviously ¥ (z,y) = () € M. Conversely, let (z,y) € Q and
suppose that g := ¢¥(z,y) € M. Then

qeUNM=UNWNM=U,CU,
and hence (¢(q),0) € Q, by definition of Uy. This implies that

Y(h0(q),0) = Yo(¢0(q)) = q = ¥(x,y).

Since the pairs (z,y) and (¢o(q),0) both belong to the set Q and the restric-
tion of 1 to 2 is injective we obtain x = ¢o(q) and y = 0. This proves (1.1).
It follows from (1.1) that the map ¢ := (Y|q)~! : U — Q satisfies (ii) and
agrees with the map ¢ — (¢9(q),0) on UN M. Thus we have proved that (i)
implies (ii).

That (ii) implies (iii) is obvious. Just define f : U — RF™™ as the
composition of ¢ with the projection of R¥ onto the last k —m coordinates.

We prove that (iii) implies (i). Let f : U — R¥=™ be as in (iii) and
denote

X :=ker df (p) C R¥.

By (iii) this is an m-dimensional linear subspace of R* and we choose a
(k — m)-dimensional linear subspace Y C R* such that

RF=XaY.
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Then the restriction of df (p) to Y is a vector space isomorphism from Y to
R*=™_ Hence, by the implicit function theorem, there are open neighbor-
hoods V C X and W C Y of the origin and a smooth map g : V — W such
that

Q={p+r+ylzeV,ye W} CU, g(0) =0,
and, for all z € V and y € W, we have
flp+z+y)=0 == y=g().
Hence assertion (i) holds with
U =QNM={p+z+g(x)|zecV}, Qo :=V C X =R",

and the diffeomorphism ¢g : Uy — Qg given by ¢o(p + = + y) := x with
inverse ¢ ' (x) := p+ x + g(2). This proves the theorem. O

Definition 1.11. Let U C R* be an open set and f : U — RY be a smooth
function. An element ¢ € RY is called a regular value of f if, for allp € U,
we have

flp)=c — df (p) : RF — R s surjective.

Otherwise ¢ is called a singular value of f. The set of singular values of
f will be denoted by

Sp:={f()|p € U, rankdf(p) < £} .

and the set of reqular values by
Rj:=R"\ S;.
Theorem 1.10 asserts that, if ¢ is a regular value of f the preimage

M:=f"Ye)={peU|f(p)=c}

is a smooth k — ¢-dimensional submanifold of R¥. Sard’s theorem asserts
that every smooth map f : U — R’ has a regular value.

Sard’s theorem. For every smooth map f : U — RY, defined on an open
set U C R*, the set Sy of singular values of f has Lebesgue measure zero.

Proof. §3 in Milnor’s book [8]. O
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Sard’s theorem implies that the set of singular values does not contain
any open set and hence the set R\ S ¢ of regular values is everywhere dense
in RY. In other words, for every ¢ € RY there is a sequence of regular values
converging to c¢. In fact, it follows from Sard’s theorem that the set of
regular values is residual in the sense of Baire, i.e. it contains a countable
intersection of open and dense sets. By Baire’s category theorem residual
sets (in a complete metric space) are always dense and, by definition, a
countable intersection of residual sets is still residual. Thus any countable
collection of smooth maps into the same target space R’ still has a dense
set of common regular values.

We also emphasize that, if ¢ > k the differential df (p) : R¥ — R’ can
never be surjective and so the set of singular values is just the image of f. In
this case Sard’s theorem asserts that the image of f has Lebesgue measure
zero and this remains valid for every continuously differentiable function.
When k > ¢ Sard’s theorem continues to hold for maps of class C*~*! (see
Abraham-Robbin [1]).

1.1.4 Examples and exercises

Example 1.12. Let A = AT € RF** be a nonzero symmetric matrix and
define f : R¥ — R by
f(z) = 2T Az.

Then df (2)¢ = 22T A¢ for x, ¢ € RF and hence the linear map df (z) : R¥ — R
is surjective if and only if Az # 0. Thus ¢ = 0 is the only singular value of f
and, for ¢ € R\ {0}, the set

M:=f1(c) = {CE e RF | 2T Az = c}
is a smooth manifold of dimension m = k — 1.

Example 1.13 (The sphere). As a special case of Example 1.12 take
k=m+1, A=1, and ¢=1. Then f(z) = |z|* and so we have another
proof that the unit sphere

sm = {x e R™| |z = 1}

in R™*! is a smooth m-manifold. (See Example 1.5.)

Example 1.14. Define the map f:R3 x R? = R by f(z,y) := |z — y[2.
This is another special case of Example 1.12 and so, for every r > 0, the set

M = {(x,y)ER3XR3| |x—y|:r}

is a smooth 5-manifold.



10 CHAPTER 1. FOUNDATIONS

Example 1.15 (The 2-torus). Let 0 < r < 1 and define f : R? — R by
flz,y,2) = (@® + 2+ 12— 22 —1)2 —4(2® + 92 (r? = 22).
This map has zero as a regular value and M := f~1(0) is diffeomorphic to
the 2-torus T? = S' x S. An explicit diffeomorphism is given by
(e, et) — ((1 4 rcos(s)) cos(t), (1 + 7cos(s)) sin(t), rsin(s)).
This example corresponds to the diagram in Figure 1.1.

Exercise: Show that f(z,y, z) = 0 if and only if (\/22 + 2 — 1)% + 22 = 2.
Verify that zero is a regular velue of f.

Example 1.16 (The real projective plane). The set
M := {(x27y27227y272x7xy) ’x7y7z € R? 12 + y2 + 22 = 1}

is a smooth 2-manifold in RY. To see this, define an equivalence relation on
the unit sphere S? C R3 by p ~ ¢ iff ¢ = +p. The quotient space (the set of
equivalence classes) is called the real projective plane and is denoted by

RP? := S%/{+1}.

It is equipped with the quotient topology, i.e. a subset U C RP? is open,
by definition, iff its preimage under the obvious projection S? — RP? is an
open subset of S2. Now the map f : S? — RS defined by

f(x7 y? Z) = (x2’y2’z2’yz’ Z'I"’ xy)

descends to a homeomorphism from RP? onto M. An atlas on M is given
by the local smooth parametrizations

Q= M: (z,y) = fz,y, V1 - 2% —y?),
Q= M:(z,2)~ flz,V1—122—222),
Q= M:(y,2) = f(V1-y* = 2%y,2),

defined on the open unit disc Q C R%2. We remark the following.

(a) M is not the preimage of a regular value under a smooth map R6 — R*,
(b) M is not diffeomorphic to a submanifold of R3.

(c) The projection ¥ := {(yz,zx,xy) |2, y,2 €ER, 22 + 9% + 22 = 1} of M
onto the last three coordinates is called the Roman surface and was dis-
covered by Jakob Steiner. The Roman surface can also be represented as
the set of solutions (£,7,¢) € R3 of the equation 72¢? + ¢2¢2 + £2n? = &nC.
It is not a submanifold of R3.

Exercise: Prove this. Show that M is diffeomorphic to a submanifold of R*.
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Exercise 1.17. Let V : R® — R be a smooth function and define the
Hamiltonian function H : R” x R™ — R (kinetic plus potential energy) by

1
Hr,y) =3 Iy + V(o).
Prove that c is a regular value of H if and only if it is a regular value of V.

Exercise 1.18. Consider the general linear group
GL(n,R) = {g € R™"| det(g) # 0}
Prove that the derivative of the function f = det : R"*™ — R is given by

df (g)v = det(g) trace(g~1v)

for every g € GL(n,R) and every v € R"*". Deduce that the special linear

group
SL(n,R) :={g € GL(n,R) | det(g) = 1}

is a smooth submanifold of R"*"™.

Example 1.19. The orthogonal group
O(n) := {g e R™"|g"g = 1}

is a smooth submanifold of R"*"™. To see this, denote by
Iy = {S e R8T =8}

the vector space of symmetric matrices and define f : R"*"™ — ¥, by

flg)=9g"9g.
Its derivative df(g) : R™*" — ., is given by df(g)v = g'v + vTg. This
map is surjective for every g € O(n): if g g = 1 and S = ST € .7, then the
matrix v := %gS satisfies df (g)v = S. Hence 1 is a regular value of f and so
O(n) is a smooth manifold. It has the dimension

dim O(n) = n? — dim %, = n* — n(n; b _ "(ng_ 0}

Exercise 1.20. Prove that the set
M = {(z,y) € R*|zy = 0}

is not a submanifold of R?. Hint: If U C R? is a neighborhood of the origin
and f : U — R is a smooth map such that UNM = f~1(0) then df(0,0) = 0.
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1.2 Tangent spaces and derivatives

The main reason for first discussing the extrinsic notion of embedded mani-
folds in Euclidean space (and postponing the more general intrinsic defini-
tion of a manifold via a system of coordinate charts on a topological space)
is that the concept of a tangent vector is much easier to digest in the em-
bedded case: it is simply the derivative of a curve in M, understood as a
vector in the ambient Euclidean space in which M is embedded.

1.2.1 Tangent spaces

Definition 1.21. Let M C R* be a smooth m-dimensional manifold and fix
a point p € M. A vector v € RF is called o tangent vector of M at p if
there is a smooth curve v : R — M such that

7(0) = p, 7(0) = v.

The set
TpM = {5(0) |7 : R = M is smooth, v(0) = p}

of tangent vectors of M at p is called the tangent space of M at p (see

Figure 1.3).

Figure 1.3: The tangent space T, M.

M

Remark 1.22. Let p € M C R* be as in Definition 1.21 and let v € R*.
Then

Je>0 Iy:(—e,e) > M >
veI,M A ~ is smooth, v(0) = p, ¥(0) = v.

To see this suppose that v : (—¢,2) — M is a smooth curve with v(0) = p
and ¥(0) = v. Define ¥ : R — M by

(t) = (ﬁ) . teR

Then 7 is smooth and satisfies 7(0) = p and 5(0) = v. Hence v € T,M.
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Theorem 1.23 (Tangent spaces). Let M C R* de a smooth m-dimensio-
nal manifold and fix a point p € M. Then the following holds.

(i) Let Uy € M be an M-open set with p € Uy and ¢g : Uy — Qo be a
diffeomorphism onto an open subset Qo C R™. Let xg := ¢o(p) and let
Py = qﬁal : Qo — Uy be the inverse map. Then

T,M = im (dzpo(xo) . R™ - Rk> .
(ii) Let U, Q C R* be open sets and ¢ : U — Q be adiffeomorphism such that
peU and p(UNM) =N (R™ x {0}). Then
T,M = dp(p)~" (R™ x {0}).

(iii) Let U C R* be an open neighborhood of p and f : U — RF™™ be a
smooth map such that 0 is a reqular value of f and U N M = f~1(0). Then

T,M = ker df (p).
(iv) T,M is an m-dimensional linear subspace of RE.
Proof. We prove that
im dyo (o) C T,M C d(p)~" (R™ x {0}) . (1.2)

To prove the first inclusion in (1.2) we choose a nonzero vector { € R™ and
choose € > 0 such that

B:(zg) :={z € R™| |x — zo| < e} C V.

Define the curve v: (—¢/|¢|,e/|¢]) = M by

¥(t) == dolao + ), [t < %
Then ~ is a smooth curve in M with
d
7(0) =vo(xo) =p,  H(0) = T Yo(zo + t&) = dio(20)¢.
t=0

Hence it follows from Remark 1.22 that diy(zo)¢ € T,M, as claimed. To
prove the second inclusion in (1.2) we fix a vector v € T,M. Then, by
definition of the tangent space, there is a smooth curve v : R — M such
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that v(0) = p and 4(0) = v. Let U C R¥ be as in (ii) and choose ¢ > 0 so
small that v(t) € U for |t| < e. Then

¢(v(t)) € o(U N M) CR™ x {0}
for |t| < ¢ and hence

do(p)v = do(r(0))13(0) = L|  6(+(1) € R™ x {0}.

dt 1=

This shows that v € dé(p)~! (R™ x {0}) and thus we have proved (1.2).

Now the sets im dvg (o) and d¢(p)~' (R™ x {0}) are both m-dimensional
linear subspaces of R¥. Hence it follows from (1.2) that these subspaces agree
and that they both agree with T,M. Thus we have proved assertions (i),
(ii), and (iv).

We prove (iii). If v € T,M then there is a smooth curve v : R — M
such that v(0) = p and 4(0) = v. For ¢ sufficiently small we have v(¢) € U,
where U C R is the open set in (iii), and hence f(vy(t)) = 0. This implies

df (p)v = df (7(0))3(0) = — - f((#)) = 0.

Thus we have proved that T,M C ker df(p). Since the kernel of df(p)
and T,M are both m-dimensional linear subspaces of R* we deduce that
T, M = ker df(p). This proves (iii) and the theorem. O

Example 1.24. Let A = AT € R¥** be a nonzero matrix as in Example 1.12
and let ¢ # 0. Then, by Theorem 1.23 (iii), the tangent space of the manifold

M= {x ERk|xTAx:c}
at a point x € M is the k — 1-dimensional linear subspace
T,M = {5eRk|xTA5:o}.
Example 1.25. As a special case of Example 1.24 with A = 1 and ¢ =1

we find that the tangent space of the unit sphere S™ c R™*! at a point
x € S™ is the orthogonal complement of z:

T,8™ =zt = {£ e R™ | (2,6) =0} .

Here (z,&) = >°i" x;&; denotes the standard inner product on R™*1.



1.2. TANGENT SPACES AND DERIVATIVES 15

Exercise 1.26. What is the tangent space of the 5-manifold
M = {(:U,y) e R? XR3| |z — y| :’I“}
at a point (z,y) € M7 (See Exercise 1.14.)

Example 1.27. Let H(z,y) := % ly|? + V(z) be as in Exercise 1.17 and let
¢ be a regular value of H. If (z,y) € M := H !(c) Then

Here VV := (0V/0x1,...,0V/0xy) : R™ — R™ denotes the gradient of V.

Exercise 1.28. The tangent space of SL(n,R) at the identity matrix is the
space

sl(n,R) := T1SL(n,R) = {£ € R™™ | trace(¢) = 0}
of traceless matrices. (Prove this, using Exercise 1.18.)
Example 1.29. The tangent space of O(n) at g is
T,0(n) = {v e R™"|g"v +vTg = 0}.

In particular, the tangent space of O(n) at the identity matrix is the space
of skew-symmetric matrices

o(n) :=T10(n) = {£ e R [¢T + ¢ =0}

To see this, choose a smooth curve R — O(n) : ¢ — g(t). Then we have
g(t)Tg(t) = 1 for every t € R and, differentiating this identity with respect
to t, we obtain g(t)Tg(t) + g(t)Tg(t) = 0 for every t. Hence every ma-
trix v € T,0(n) satisfies the equation g'v 4+ vTg = 0. The claim follows
from the fact that ¢”v + vTg = 0 if and only if the matrix ¢ := ¢ v is
skew-symmetric and that the space of skew-symmetric matrices in R™*"
has dimension n(n —1)/2.

Exercise 1.30. Let Q € R™ be an open set and b : © — R¥=™ be a smooth
map. Prove that the tangent space of the graph of h at a point (z, h(z)) is
the graph of the differential dh(x) : R™ — RF=™:
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1.2.2 The derivative

A key purpose behind the concept of a smooth manifold is to carry over
the notion of a smooth map and its derivatives from the realm of first year
analysis to the present geometric setting. Here is the basic definition.

Definition 1.31. Let M C R* be an m-dimensional smooth manifold and
f: M — R’ be a smooth map. The derivative of f at a point p € M is the
map

df (p) : TyM — R’

defined as follows. Given a tangent vector v € T,M choose a smooth curve
v : R — M satisfying v(0) = p and 4(0) = v; now define the vector

df (p)v € R
by
Fo= 5| T6l0) = i T = Je) (13)

That the limit on the right in equation (1.3) exists follows from our
assumptions. We must prove, however, that the derivative is well defined,
i.e. that the right hand side of (1.3) depends only on the tangent vector
v but not on the choice of the curve v used in the definition. This is the
content of the first assertion in the next theorem.

Theorem 1.32 (Derivatives). Let M C R¥ be an m-dimensional smooth
manifold and f : M — Rt be a smooth map. Fix a point p € M. Then the
following holds.

(1) The right hand side of (1.3) is independent of ~y.
(ii) The map df (p) : TyM — R’ is linear.
(iii) If N C R? is a smooth n-manifold and f(M) C N then

df(p)TpM C Tf(p)N

(iv) (Chain Rule) Let N be as in (iii), suppose that f(M) C N, and let
g: N = R? be a smooth map. Then

d(go f)(p) = dg(f(p)) o df (p) : T,M — R".

(v) If f =id: M — M then df (p) =id : T,M — T, M.
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Proof. We prove (i). Let v € T,M and v : R — M be as in Definition 1.31.
By definition there is an open neighborhood U C R¥ of p and a smooth map
F : U — R such that F(q) = f(q) for every ¢ € UN M. Let dF(p) € R***
denote the Jacobi matrix (i.e. the matrix of all first partial derivatives) of
F at p. Then, since v(t) € U N M for t sufficiently small, we have

d d

== t:OF(v(t)) == tzof(v(t))-

The right hand side of this identity is independent of the choice of F' while
the left hand side is independent of the choice of 4. Hence the right hand
side is also independent of the choice of v and this proves (i). Assertion (ii)
follows immediately from the identity df (p)v = dF (p)v just established.

Assertion (iii) follows directly from the definitions. Namely, if « is as in
Definition 1.31 then

dF(p)v = dF(7(0))7(0)

B:=foy:R— N

is a smooth curve in N satisfying

B(0) = f(v(0)) = f(p) =:q,  B(0) =df(p)v =: w.

Hence w € T;N. Assertion (iv) also follows directly from the definitions. If
g : N — R%is a smooth map and 3, ¢, w are as above then

|, a6

d
RO

= dg(qw
= dg(f(p))df (p)v.

Assertion (v) is obvious. This proves the theorem. O

d(go f)(p)v =

Corollary 1.33 (Diffeomorphisms). Let M C R* be a smooth m-mani-
fold and N C R* be a smooth n-manifold. If f - M — N is a diffeomorphism
then m = n and the differential df (p) : T,M — Ty N is a vector space
isomorphism for every p € M.

Proof. Denote g := f~': N — M. Then go f is the identity on M and fog
is the identity on N. Hence it follows from Theorem 1.32 that, for p € M
and q := f(p) € N, we have

dg(q) o df (p) =id : T,M — T, M, df (p) odg(q) =id : TyN — T, N.

Hence df (p) is a vector space isomorphism with inverse dg(q). O
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1.2.3 The inverse and implicit function theorems

Corollary 1.33 is analogous to the corresponding assertion for smooth maps
between open subsets of Euclidean space. Likewise, the inverse function
theorem for manifolds is a partial converse of Corollary 1.33.

Theorem 1.34 (Inverse Function Theorem). Let M C R* and N C R*
be smooth n-manifolds and f : M — N be a smooth map. Let pg € M
and suppose that the differential df (po) : Tp, M — Tr(po)N 1s a vector space
isomorphism. Then there is a relatively open neighborhood U C M of py such
that V := f(U) C N is a relatively open subset of N and the restriction of
f to U is a diffeomorphism from U to V.

Proof. Choose a coordinate charts ¢g : Uy — (70, defined on an M-open
neighborhood Uy C M of py onto an open set (70 C R™ and ¢g : Vy — ‘70,
defined on an N-open neighborhood Vo C N of g := f(po) onto an open set
Vo € R™. Shrinking Uy, if necessary we may assume that f(Up) C Vy. Then
the map

Fr=voofogy':Up— Vo

is smooth and its differential df(zp) : R™ — R"™ is bijective at the point
xo := ¢o(po). Hence it follows from the inverse function theorem for smooth
maps on open subsets of Euclidean space that there is an open set UcC (70
such that V := f(ﬁ) is an open subset of TN/O and the restriction of fto U
is a diffeomorphism from U to V. Hence the assertion of the theorem holds
with U := qﬁal(ﬁ) and V := ¢61(‘7) O

Definition 1.35 (Regular value). Let M C R be a smooth m-manifold
and N C RY be a smooth n-manifold. Let f : M — N be a smooth map. A
point ¢ € N is called a regular value of f if the differential

df(p) : TpM — Tf(p)N
is surjective for every p € M with f(p) = q.

Theorem 1.36 (Implicit function theorem). Let f : M — N be as in
Definition 1.835 and let ¢ € N be a regular value of f. Then the set

Pi=f"Yg)={pe M| f(p)=q}
is a manifold of dimension m —n and its tangent space is
T,P = kerdf (p) = {v € T,M | df (p)v = 0}

for every p € P.
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Proof. Fix a point pg € P C M and choose a coordinate chart ¢g : Uy — R™
on an M-open neighborhood Uy C M of py. Let U C R* be an open set
such that U N M = Uy. Likewise, choose a coordinate chart g : Vo — R”
on an N-open neighborhood Vj C N of ¢q. Shrinking U (and hence Uy), if
necessary, we may assume that f(Up) C Vj. Then the point ¢y := 1p(q) is a
regular value of the map

for=100 fody': go(Up) = R
Hence, by Theorem 1.10, the set

fo M eo) = {z € ¢o(U0) | f(d5" (2)) = q} = do(Uy N P)

is a manifold of of dimension m —n contained in the open set ¢o(Up) C R™.
It now follows directly from Definition 1.3 that Uy N P = U N P is also
a manifold of dimension m — n. Thus every point pg € P has an open
neighborhood U C R¥ such that U N P is a manifold of dimension m — n.
Hence P is a manifold of dimension m —n. The assertion about the tangent
space is now an easy exercise. O

1.3 Submanifolds and embeddings

The implicit function theorem deals with subsets of a manifold M that are
themselves manifolds in the sense of Definition 1.3. Such subsets are called
submanifolds of M.

Definition 1.37. Let M C R" be an m-dimensional manifold. A subset
L C M is called o submanifold of M of dimension £, if L itself is an
£-manifold.

Definition 1.38. Let M C RF be an m-dimensional manifold and N C R¢
be an n-dimensional manifold. A smooth map f : N — M is called an
immersion if its differential df (q) : TyN — Tyq)M is injective for every
q € N. It is called proper if, for every compact subset K C f(N), the
preimage f~Y(K) = {q € N| f(q) € K} is compact. The map f is called an
embedding if it is a proper injective immersion.

Remark 1.39. In our definition of proper maps it is important that the
compact set K is required to be contained in the image of f. The litura-
ture contains sometimes a stronger definition of proper which requires that
f~1(K) is a compact subset of M for every compact subset K C N, whether
or not K is contained in the image of f. If this holds the image of f is nec-
essarily M-closed. (Exercise!)
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Theorem 1.40 (Submanifolds). Let M C R¥ be an m-dimensional man-
ifold and N C R be an n-dimensional manifold.

(1) If f : N = M is an embedding then f(N) is a submanifold of M.
(ii) If P C M is a submanifold then the inclusion P — M is an embedding.

(iii) A subset P C M is a submanifold of dimension n if and only if for
every pg € P there is a coordinate chart ¢g : Uy — R™ defined on an M -open
netghborhood Uy C M of py such that

$0(Uo N P) = ¢o(Up) N (R™ x {0}).

(See Figure 1.4.)

Po(Uo)

e

Figure 1.4: A coordinate chart adapted to a submanifold.

Lemma 1.41 (Embeddings). Let M and N be as in Theorem 1.40 and
let f: N — M be an embedding. Denote P := f(N) and let qo € N and
po := f(qo) € P. Then there is an M-open neighborhood U C M of pg, an
N -open neighborhood V- C N of qo, an open neighborhood W C R™™" of the
origin, and a diffeomorphism F :V x W — U such that, for all g € V and
z € W, we have

F(q,0) = f(q) (1.4)

and
F(q,z) e P = z=0. (1.5)

Proof. Choose a coordinate chart ¢g : Uy — R™ on an M-open neighbor-
hood Uy C M of py. Then the differential

d(¢o o f)(q0) = déo(f(qo)) o df (qo) : Tge N — R™

is injective. Hence there is a linear map B : R™™" — R" such that the map
TN x R™™" = R™ : (w, () — d(¢o o f)(q0)w + B¢ (1.6)
is a vector space isomorphism. Define the set

Q= {(q.2) € N xR™""| f(q) € Vo, ¢o(f(q)) + Bz € ¢o(Up)} -
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This is an open subset of N x R™~"™ and we define F': Q — M by

F(q,2) = ¢y (¢0(f(q)) + B2).

This map is smooth, it satisfies F'(¢,0) = f(q) for all ¢ € f~1(Up), and
the derivative dF'(qo,0) : TyoN x R™™™ — T, M is the composition of the
map (1.6) with dgo(po)™! : R™ — T, M and hence is a vector space iso-
morphism. Thus the Inverse Function Theorem 1.34 asserts that there is an
N-open neighborhood V C N of gy and an open neighborhood Wy C R™™"
of the origin such that Vp x Wy C Q, the set Uy := F(Vy x Wp) C M is
M-open, and the restriction of F' to Vy x Wy is a diffeomorphism onto Uy.
Thus we have constructed a diffeomorphism F': Vy x Wy — Uy that satis-
fies (1.4). We claim that its restriction to the product V' x W of sufficiently
small open neighborhoods V- C N of ¢y and W C R™™" of the origin also
satisfies (1.5). Otherwise there are sequences ¢; € Vj converging to ¢qp and
zi € Wy \ {0} converging to zero such that F(g;,z;) € P. Hence there is a
sequence ¢, € N such that

F(gi, z) = [(q))-

This sequence converges to f(qp). Since f is proper we may assume, passing
to a suitable subsequence, that ¢, converges to a point ¢, € N. Since f is
continuous we have
flao) = lim f(g;) = lim F(gi,z) = f(qo)-
1—00 71— 00

Since f is injective we have ¢ = ¢qo. Hence (¢;,0) € Vy x Wy for 4 suffi-
ciently large and F'(q},0) = F(g;, ;). This contradicts the fact that the map
F : Vo x Wy — M is injective. Thus we have proved the lemma. [l

Proof of Theorem 1.40. We prove (i). Let gy € N, denote py := f(qo) € P,
and choose a diffeomorphism F': V x W — U as in Lemma 1.41. Then the
set UNP is P-open, the set V' C N is diffeomorphic to an open subset of R"
(after schrinking V' if necessry), and the map V. — UNP : g+ F(q,0) is a
diffeomorphism. Hence a P-open neighborhood of pq is diffeomorphic to an
open subset of R™. Since py € P was chosen arbitrarily, this shows that P
is an n-dimensional submanifold of M.

We prove (ii). The inclusion ¢ : P — M is obviously smooth and injective
(it extends to the identity map on R¥). Moreover, T,P C T,M for every
p € P and the differential du(p) : T,P — T,M is the obvious inclusion
for every p € P. That ¢ is proper follows immediately from the definition.
Hence ¢ is an embedding.
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We prove (iii). If a coordinate chart ¢¢ as in (iii) exists then the set
Uy N P is P-open and is diffeomorphic to an open subset of R™. Since the
point pg € P was chosen arbitrarily this proves that P is an n-dimensional
submanifold of M. Conversely, suppose that P is an n-dimensional subman-
ifold of M and let pg € P. Choose any coordinate chart ¢g : Uy — R of M
defined on an M-open neighborhood Uy C M of py. Then ¢o(Uy N P) is an
n-dimensional submanifold of R™. Hence it follows from Theorem 1.10 that
there are open sets V, W C R™ and a diffeomorphism v : V' — W such that

do(po) €V, PV Ngo(Uo N P)) =W N (R" x {0}).

Shrinking Uj if necessary, we may assume that ¢g(Up) C V. Then the
coordinate chart ¥ o ¢ : Uy — R™ has the required properties. U

Example 1.42. Let S ¢ R? = C be the unit circle and consider the map
f: S = R? given by

f(@,y) = (z,zy).
This map is a proper immersion but is not injective (the points (0,1) and
(0, —1) have the same image under f). The image f(S!) is a figure 8 in R?
and is not a submanifold: see Figure 1.5.

Figure 1.5: A proper immersion.

Example 1.43. Consider the restriction of the map f in Example 1.42 to
the submanifold N := S'\ {(0,—1)}. The resulting map f : N — R? is an
injective immersion but it is not proper. It has the same image as before
and hence f(NV) is not a manifold.

Example 1.44. The map f : R — R? given by
F(t) = (,1%)

is proper and injective, but is not an embedding (its differential at x = ¢ is
not injective). The image of f is the set

fR)=C = {(z,y) e R?|2® =y}

and is not a submanifold: see Figure 1.6. (Prove this!)
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Figure 1.6: A proper injection.

Example 1.45. Define the map f : R — R2? by f(t) := (cos(t),sin(t)).
This map is an immersion but is neither injective nor proper. However,
its image is the unit circle and hence is a submanifold of R2. The map
R — R? : ¢ — f(#3) is not an immersion and is neither injective nor proper,
but its image is still the unit circle.

1.4 Vector fields and flows

1.4.1 Vector fields

Definition 1.46 (Vector fields). Let M C R¥ be a smooth m-manifold.
A (smooth) vector field on M is a smooth map X : M — R such that
X(p) € TyM for everyp € M. The set of smooth vector fields on M will be
denoted by

Vect(M) := {X : M — RF| X is smooth, X(p) € T,M Vp € M}

Exercise 1.47. Prove that the set of smooth vector fields on M is a real
vector space.

Example 1.48. Denote the standard cross product on R? by

T2Y3 — T3Y2
T XYy = T3y — T1Y3
T1Y2 — T2Y1

For x,y € R3. Fix a vector ¢ € S? and define the maps X,Y : §2 — R3 by
X(p)=&xp,  Y(p):=(§xp) xp.
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These are vector fields with zeros +¢. Their integral curves (see Defini-
tion 1.51 below) are illustrated in Figure 1.7.

2 Q

Figure 1.7: Two vector fields on the 2-sphere.

Example 1.49. Let M := R2. A vector field on M is then any smooth map
X :R? = R?. As an example consider the vector field

X(Cﬂ,y) = (CE, _y)'

This vector field has a single zero at the origin and its integral curves are

illustrated in Figure 1.8.

Figure 1.8: A hyperbolic fixed point.

Example 1.50. Every smooth function f : R” — R determines a gradient
vector field

X=Vf:=| 2 |:R" 5 R™
of
0rm
Definition 1.51 (Integral curves). Let M C R* be a smooth m-manifold,
X € Vect(M) be a smooth vector field on M, and I C R be an open interval.
A smooth map v : I — M is called an integral curve of X if it satisfies

the equation 4(t) = X (v(t)) for every t € I.
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Theorem 1.52. Let M C R* be a smooth m-manifold and X € Vect(M) be
a smooth vector field on M. Fix a point pg € M. Then the following holds.
(i) There is an open interval I C R containing 0 and a smooth curve
v : I — M satisfying the equation

YO = X(v(®),  v(0) = po (1.7)
for every t € I.

(ii) If y1 : L = M and v2 : Iy — M are two solutions of (1.7) on open
intervals Iy and Iy containing 0, then v1(t) = vo(t) for every t € Iy N I.

Proof. We prove (i). Let ¢g : Uy — R™ be a coordinate chart on M, defined
on an M-open neighborhood Uy C M of pg. The image of ¢ is an open set

Q= ¢o(Up) C M

and we denote the inverse map by g = ¢, 1. Q — M. Then, by Theo-
rem 1.23, the differential diyo(z) : R™ — R” is injective and its image is the
tangent space Ty, ()M for every x € Q. Define f: Q2 — R™ by

f(x) = dpo(x) 1 X (Wo(z)), z€Q.

This map is smooth and hence, by the basic existence and uniqueness the-
orem for ordinary differential equations in R™ (see [11]), the equation

w(t) = f(z(t),  2(0) =20 := do(po), (1.8)

has a solution x : I — € on some open interval I C R containing 0. Hence
the function v :=¢gox : I — Uy C M is a smooth solution of (1.7). This
proves (i).

The local unqueness theorem asserts that two solutions ~; : I; — M
of (1.7) for i = 1,2 agree on the interval (—e,e) C I} N5 for € > 0 sufficiently
small. This follows immediately from the standard uniqueness theorem for
the solutions of (1.8) in [11] and the fact that = : I — €2 is a solution of (1.8)
if and only if v := g0z : I — Uy is a solution of (1.7).

To prove (ii) we observe that the set I := I; N I3 is an open interval
containing zero and hence is connected. Now consider the set

A={teI|n(t)=(t)}
This set is nonempty, because 0 € A. It is closed, relative to I, because the
maps v1 : I — M and 79 : I — M are contionuous. Namely, if ¢; € [ is a
sequence converging to ¢ € I then 7 (t;) = 12(t;) for every i and, taking the
limit ¢ — oo, we obtain ~;(t) = 72(¢) and hence t € A. The set A is also

open by the local uniqueness theorem. Since I is connected it follows that
A = I. This proves (ii) and the theorem. O
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1.4.2 The flow of a vector field

Definition 1.53 (The flow of a vector field). Let M C R* be a smooth
m-manifold and X € Vect(M) be a smooth vector field on M. For po € M
the maximal existence interval of py is the open interval

) = {1

By Theorem 1.52 equation (1.7) has a solution ~y : I(pg) — M. The flow
of X is the map

and there is a solution x : I — M of (1.7)

I C R is an open interval containing 0 }

6:D— M
defined by
D :={(t,po)po € M, t € I(po)}
and
o(t,po) == (t), where 7y : I(pg) — M 1is the unique solution of (1.7).

Theorem 1.54. Let M C R* be a smooth m-manifold and X € Vect(M)
be a smooth vector field on M. Let ¢ : D — M be the flow of X. Then the
following holds.

(i) D is an open subset of R x M.
(i) The map ¢ : D — M is smooth.
(iii) Let po € M and s € I(py). Then

I(¢(s,po)) = 1(po) — s (1.9)
and, for every t € R with s+t € I(pg), we have
(b(s + t7p0) = (b(t? ¢(37p0))' (110)

Lemma 1.55. Let M, X, and ¢ : D — M be as in Theorem 1.54. Let
K C M be a compact set. Then there is an M-open set U C M and an
e >0 such that K C U, (—e,e) x U C D, and ¢ is smooth on (—¢,e) x U.

Proof. In the case where M = {2 is an open subset of R™ this was proved
in [12]. Using local coordinates we deduce (as in the proof of Theorem 1.52)
that, for every p € M, there is an M-open neighborhood U,, C M of p and an
ep > 0 such that (—¢p,e,) x U, C D and the restriction of ¢ to (—ep,gp) x U,
is smooth. Using this observation for every point p € K (and the axiom of
choice) we obtain an M-open cover K C Upe x Up. Since K is compact there
is a finite subcover K C Uy, U---UU,, =: U. With € :== min{ep,,,...,epy }
we obtain that ¢ is smooth on (—¢,¢) x U. This proves the lemma. O
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Proof of Theorem 1.54. We prove (iii). The map 7 : I(pg) — s — M defined
by v(t) := ¢(s+t, po) is a solution of the initial value problem (t) = X (y(t))
with v(0) = ¢(s,po). Hence I(pg) —s C I(¢(s,po)) and (1.10) holds for
every t € R with s +¢ € I(pp). In particular, with ¢ = —s, we have
po = ¢(—s,é(s,pp)). Thus we obtain equality in (1.9) by the same argument
with the pair (s.pg) replaced by (—s, ¢(s,po)).

We prove (i) and (ii). Fix a pair (fg,pp) € D so that pg € M and
to € I(po). Suppose tg > 0. Then the set

K :={¢(t,po) |0 <t < to}

is a compact subset of M. (It is the image of the compact interval [0, %]
under the unique solution 7 : I(pg) — M of (1.7).) Hence, by Lemma 1.55,
there is an M-open set U C M and an € > 0 such that

KcU, (—e,e) xU C D,

and ¢ is smooth on (—e,e) x U. Choose N so large that to/N < €. Define
Up :=U and, for k =1,..., N, define the sets U, C M inductively by

U := {p eU ’ ¢(t0/N,p) S kal}-

These sets are open in the relative topology of M.

We prove by induction on k that (—e, ktg/N +¢) x Uy C D and ¢ is
smooth on (—¢,ktg/N + ¢) x Ug. For k = 0 this holds by definition of
and U. If k € {1,..., N} and the assertion holds for £ — 1 then we have

pelUy = pevy, gb(t()/Nap) € Uk
—  (—&,e) CI(p), (=&, (k = Dto/N +¢) C I(¢(to/N, p))
s (—¢,kto/N +¢) C I(p).

Here the last implication follows from (1.9). Moreover, for p € Uy and
to/N —e <t < ktg/N + ¢, we have, by (1.10), that

¢(tap) = gb(t - 750/]\[’ gb(t()/N’ p))

Since ¢(to/N,p) € Ug_1 for p € Uy, the right hand side is a smooth map on
the open set (to/N — &, ktg/N + &) x Ug. Since U C U, ¢ is also a smooth
map on (—e&,e) x U, and hence on (—¢,ktg/N + ¢) x Ug. This completes
the induction. With k = N we have found an open neighborhood of (¢, po)
contained in D, namely the set (—¢,ty+¢) x Uy, on which ¢ is smooth. The
case tg < 0 is treated similarly. This proves (i) and (ii) and the theorem. O
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Definition 1.56. A wvector field X € Vect(M) is called complete if, for
each pg € M, there is an integral curve v : R — M of X with v(0) = py.

Lemma 1.57. If M C R* is a compact manifold then every vector field on
M is complete.

Proof. Let X be a smooth vector field on M. It follows from Lemma 1.55
with K = M that there is a constant € > 0 such that (—e,e) C I(p) for
every p € M. By Theorem 1.54 (iii) this implies I(p) = R for every p € M.
Hence X is complete. O

Let M C R* be a smooth manifold and X € Vect(M) be a smooth vector
field on M. Then

X is complete <= I(p)=RVpeM <+ ©D=RxM.

If X is complete and ¢ : R x M — M is the flow of X we define ¢! : M — M
by
¢'(p) = ¢(t.p)

for t € R and p € M. Then Theorem 1.54 says, in particular, that the map
¢t : M — M is smooth for every t € R and that

g =90t ¢’ =id (1.11)

for all s,t € R. In particular this implies that ¢f o ¢t = ¢t 0 @' = id.
Hence ¢ is bijective and (¢')~! = ¢, so each ¢ is a diffeomorphism.

Exercise 1.58. Let M C R* be a smooth manifold. A vector field X on M
is said to have compact support if there is a compact subset K C M such
that X (p) = 0 for every p € M \ K. Prove that every vector field with
compact support is complete.

1.4.3 The group of diffeomorphisms
Let us denote the space of diffeomorphisms of M by

Diff(M) :={¢: M — M| ¢ is a diffeomorphism} .

This is a group. The group operation is composition and the neutral element
is the identity. Now equation (1.11) asserts that the flow of a complete vector
field X € Vect(M) is a group homomorphism

R — Diff (M) : t — ¢'.
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This homomorphism is smooth and is characterized by the equation

d
0P =X('P), S =p
for all p € M and t € R. We will often abbreviate this equation in the form
d ¢ 0_ .
Lot =Xogt, 0 =id (1.12)
dt
Exercise 1.59 (Isotopy). Let M C R* be a compact manifold and I ¢ R
be an open interval containing 0. Let
Ix M —RF: (t,p) = Xi(p)

be a smooth map such that X; € Vect(M) for every ¢. Prove that there is
a smooth family of diffeomorphisms I x M — M : (t,p) — ¢(p) satisfying

d .
Egbt = X0 ¢y, ¢o = id (1.13)

for every t € I. Such a family of diffeomorphisms I — Diff (M) : t — ¢y
is called an isotopy of M. Conversely prove that every smooth isotopy
I — Diff (M) : t — ¢, is generated (uniquely) by a smooth family of vector
fields I — Vect(M) : t — X;.

1.5 The Lie bracket

Let M C R¥ and N C R’ be smooth m-manifolds and X € Vect(M) be
smooth vector field on M. If ¢ : N — M is a diffeomorphism, the pullback
of X under v is the vector field on N defined by

(¥*X)(q) = dv(q) ' X (¥(q)) (1.14)

forge N. If ¢ : M — N is a diffeomorphism then the pushforward of X
under v is the vector field on N defined by

(6:X)(q) == do(¢™(a) X (¢ (a)) (1.15)
forge N.

Exercise 1.60. Prove that ¢.X = (¢~!)*X. Prove that for two diffeomor-
phism ¢ : M — N and ¢ : N — P and two vector fields X € Vect(M) and
Z € Vect(P) we have (1) 0 ¢), X = 9,0, X and (¢ 0 ¢)*Z = ¢p** Z.
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We think of a vector field on M as a smooth map X : M — RF that
satisfies the condition X (p) € T,M for every p € M. Ignoring this condi-
tion temporarily, we can differentiate X as a map from M to R and its
differential at p is then a linear map dX(p) : T,M — R¥. In general, this
differential will no longer take values in the tangent space 7,,M. However,
if we have two vector fields X and Y on M the next lemma shows that the
difference of the derivative of X in the direction ¥ and of Y in the direction
X does take values in the tangent spaces of M.

Lemma 1.61. Let M C R¥ be a smooth m-manifold and X,Y € Vect(M)
be complete vector fields. Denote by

R — Diff (M) : t — ¢, R — Diff (M) : t +— o

the flows of X and Y, respectively. Fix a point p € M and consider the
smooth map v : R — M defined by

Y(t) = ¢' ot o p 0o (p).

50 = | @)L
d t\ *
- 4l wroe

= dX(p)Y(p) — dY (p)X(p) c T,M.
Exercise 1.62. Let v : R — R* be a C2-curve and assume
$(0) = 0.
Prove that the curve [0,00) — R¥ : ¢ s (/) is differentiable at ¢ = 0 and

4w = S,

dt|,_g
Proof of Lemma 1.61. Define the map 3 : R? = M by
B(s,t) == ¢ ol 0 ¢~ 0 9p™"(p)

for s,t € R. Then
V(t) = B(t.1)
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and
920,1) = X(0) — v (0~ () X (), (1.16)
9D (5,0) = a6 (6~ )Y (6~ ) ~ Y o) (1.17)
Hence 5 5
3(0) = 22(0,0) + 20,0 = 0.
Moreover,

B(s,0) = B(0,1) =
for all s and ¢. This implies

0% 0%
952 (0,0) = 92 (0,0) =0
and hence 825
~(0) = 8 at(O 0). (1.18)
Combining (1.17) and (1.18) we find
1 d 0
590 = & G0
d S —S —S
= ol dp* (¢~ ()Y (67°(p))
d S
- &L

Note that the right hand side is the derivative of a smooth curve in the tan-
gent space T, M and hence is itself an element of T, M. Likewise, combining
equations (1.16) and (1.18) we find

1 d op

710 = G| 500
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Moreover, we have

1 0

770 = o ., de* (¢~ (p))Y (6% (p))
a a s t —5
= a| oot
9 9 S t -8
= L o 9s S:0¢ o)’ o ¢™*(p)
= S| (xwe) - aw'exe)
t=0
8 8 t S
= dX(P)Y(p) - 5 B 8201/1 o ¢*(p)
0 0 t s
= dX@)Y(p) - 5, o t:Ow o ¢*(p)
= XEY0)- | V)
= dX(p)Y(p) —dY (p)X(p).
This proves the lemma. U

Definition 1.63. Let M C R be a smooth manifold and X,Y € Vect(M)
be smooth vector fields on M. The Lie bracket of X and Y is the vector
field [X,Y] € Vect(M) defined by

(X, Y](p) == dX(p)Y (p) — dY (p) X (p). (1.19)

Warning: In the literature on differential geometry the Lie bracket of two
vector fields is often (but not always) defined with the opposite sign. The
rationale behind the present choice of the sign will be explained below.

Lemma 1.64. Let M C R* and N C R be a smooth manifolds. Let X,Y,Z
be smooth vector fields on M and let b : N — M be a diffeomorphism. Then

VX Y] = T X, 9T, (1.20)
(X, Y]+ [Y,X] =0, (1.21)
[X’ [Y’Z]]+[K [Z’X]]+[Z’ [X’YH = 0. (1'22)

The last equation is called the Jacobi identity
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Proof. Denote by ¢* the flow of X. Then the map s — ¥~ 0 ¢* 01 is the
flow of the vector field ¢* X. Hence it follows from Lemma 1.61 that

(W og®oy) W'Y

s=0

WX, 9TY] =

d
ds
d

| ey
* d S
= Vgl @)Y

— XY

This proves equation (1.20). Equation (1.21) is obvious and the proof
of (1.22) is left to the reader. (Hint: Prove this in local coordinates.) O

Definition 1.65. A Lie algebra is a real vector space g equipped with a
skew symmetric bilinear map g x g — g : (&,n) — [£,n] that satisfies the
Jacobi identity.

Example 1.66. The Vector fields on a smooth manifold M C R* form a Lie
algebra with the Lie bracket defined by (1.19). The space gl(n,R) = R"*"
of real n x n-matrices is a Lie algebra with the Lie bracket

[€,n] == &n —ng.

It is also interesting to consider subspaces of gl(n, R) that are invariant under
this Lie bracket. An example is the space

o(n) == {€ € gl(n,R) | ¢T + ¢ =0}

of skew-symmetric n x n-matrices. It is a nontrivial fact that every finite
dimensional Lie algebra is isomorphic to a Lie subalgebra of gl(n,R) for
some n. For example, the cross product defines a Lie algebra structure
on R? and the resulting Lie algebra is isomorphic to o(3).

Remark 1.67. There is a linear map
R™*™ — Vect(R™) : £ — X¢

which assigns to a matrix £ € gl(m,R) the linear vector field X¢ : R™ — R™
given by X¢(x) := &x for x € R™. This map preserves the Lie bracket, i.e.
[Xe, Xyy] = X[¢,y), and hence is a Lie algebra homomorphism.
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To understand the geometric interpretation of the Lie bracket consider
again the curve

1(t) == ¢" o)l 0 ¢ 0TI (p)
in Lemma 1.61, where ¢! and 1! are the flows of the vector fields X and Y,
respectively. Since 4(0) = 0 we have

XY = 3500 = 5| 6V ewV oo Vou Vi), (123)
=0

(See Exercise 1.62.) Geometrically this means following first the backward
flow of Y for time e, then the backward flow of X for time &, then the
forward flow of Y for time ¢, and finally the forward flow of X for time e,
we will not, in general, get back to the original point p where we started but
approximately obtain an “error” £2[X,Y](p). An example of this (which I
learned from Donaldson) is the mathematical formulation of parking a car.

Example 1.68 (Parking a car). The configuration space for driving a car
in the plane is the manifold M := C x S', where S! C C denotes the unit
circle. Thus a point in M is a pair p = (z,A) € C x C with |[A\] = 1. The
point z € C represents the position of of the car and the unit vector A € S*
represents the direction in which it is pointing. The left turn is represented
by a vector field X and the right turn by a vector field Y on M. These
vector field are given by

X(z,A) :== (A iN), Y(z,A) == (A, —i)).
Their Lie bracket is the vector field
[X,Y](z,\) = (—=2i),0).

This vector field represents a sideways move of the car to the right. And a
sideways move by 22 can be achieved by following a backward right turn
for time e, then a backward left turn for time ¢, then a forward right turn
for time ¢, and finally a forward left turn for time €.

This example can be reformulated by identifying C with R? via z = z+iy
and representing a point in the unit circle by the angle § € R/27Z via
A = ¢, In this formulation the manifold is M = R? x R/277Z, a point in M
is represented by a triple (x,y,0) € R3, the vector fields X and Y are

X(z,y,0) := (cos(0),sin(f),1), Y(x,y,0) := (cos(0),sin(9), —1),

and their Lie bracket is [X,Y](x,y,0) = 2(sin(6), — cos(f), 0).
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Lemma 1.69. Let X,Y € Vect(M) be complete vector fields on a manifold
M and ¢t, 4t € Diff (M) be the flows of X and Y, respectively. Then the Lie
bracket [X,Y] vanishes if and only if the flows of X andY commute, i.e.

¢’ ot =ytod®  Vs,teR.
Proof. 1If the flows of X and Y commute then the Lie bracket [X, Y] vanishes
by Lemma 1.61. Conversely, suppose that [X,Y] = 0. Then we have
(6, ¥ = (6. L (@).Y = (). 1X.Y] =0
ds o *dr o W E

for every s € R and hence

(¢*)Y =Y. (1.24)
Now fix a real number s and consider the curve v : R — M given by
(1) =" (¥'(p) -
This curve satisfies 7(0) = ¢*(p) and the differential equation
Y(t) = do* (V' ()Y (V' (p) = ((¢°), Y) (v(1)) = Y (4(1)).

Here the last equation follows from (1.24). Since ¢! is the flow of Y we
obtain v(t) = ¥!(¢*(p)) for every t € R and this proves the lemma. O

1.6 Lie groups

Combining the concept of a group and a manifold it is interesting to consider
groups which are also manifolds and have the property that the group op-
eration and the inverse define smooth maps. We shall only consider groups
of matrices.

1.6.1 Definition and examples

Definition 1.70 (Lie groups). A nonempty subset G C R™*" is called a
Lie group if it is a submanifold of R™*" and a subgroup of GL(n,R), i.e.

(where gh denotes the product of the matrices g and h) and
geG = det(g) #0 and g~! € C.

(Since G # (0 it follows from these conditions that the identity matriz 1 is
an element of G.)
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Example 1.71. The general linear group G = GL(n,R) is an open subset
of R™*™ and hence is a Lie group. By Exercise 1.18 the special linear group

SL(n,R) = {g € GL(n,R)| det(g) = 1}
is a Lie group and, by Example 1.19, the special orthogonal group
SO(n) := {g € GL(n,R) |gTg =1, det(g) = 1}

are Lie groups. In fact every orthogonal matrix has determinant +1 and so
SO(n) is an open subset of O(n) (in the relative topology).
In a similar vein the group

GL(n,C) := {g € C"*"| det(g) # 0}

of complex matrices with nonzero (complex) determinant is an open subset
of C™*™ and hence is a Lie group. As in the real case one can prove that
the subgroups

SL(n,C) := {g € GL(n,C) | det(g) = 1},
U(n) :={g € GL(n,C) |g"g = 1},
SU(n) :={g € GL(n,C) |g*g = 1, det(g) = 1}

are submanifolds of GL(n,C) and hence are Lie groups. Here g* := g
denotes the conjugate transpose of a complex matrix.

T

Exercise 1.72. Prove that SO(n) is connected and deduce that O(n) has
two connected components.

Exercise 1.73. Prove that the group GL(n,C) can be identified with the
group

G:={® € GL(2n,R) | ®Jy = Jo®},  Jp:= < ?1 —g >

Hint: Use the isomophism R™ x R" — C™ : (z,y) — = + iy. Show that a
matrix ® € R?"*27 commutes with .Jy if and only if it has the form

_ X -Y nxn
<1>_<Y X), X,Y € RV,

What is the relation between the real determinant of ® and the complex
determinant of X +1iY?

Exercise 1.74. Prove that SL(n,C), U(n), and SU(n) are Lie groups.
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Let G C GL(n,R) be a Lie group. Then the maps
GxG—=G:(g,h)— gh

and

G—-G:grgt
are smooth. This was proved in Analysis II [12]. Fixing an element h € G
we find that the derivative of the map G — G : g — gh at g € G is given by
the linear map

T4G — Ty, G : v = vh. (1.25)

Here v and h are both matrices in R™*™ and vh denotes the matrix product.
In fact, if v € T,G then, since G is a manifold, there is a smooth curve
v : R — G with v(0) = ¢g and §(0) = v. Since G is a group we obtain a
smooth curve §: R — G given by [(t) := v(¢t)h. It satisfies 5(0) = gh and
so vh = 3(0) € T,,G.

The linear map (1.25) is obviously a vector space isomorphism with
inverse T, G — T4G @ w wh~!. It is sometimes convenient to define the
map Ry : G — G by Ry(g9) := gh (right multiplication by h). This is a
diffeomorphism and the linear map (1.25) is just the derivative of Ry at g
so that

dRy,(g)v = vh

for every v € T,G. Similarly, for every g € G we have a diffeomorphism
Ly, : G — G given by Ly(h) := gh for h € G and its derivative at a point
h € G is again given by matrix multiplication:

TG = TgpG :w = gw = dLg(h)w. (1.26)

Since Ly is a diffeomorphism its differential dLy(h) : T,G — T, G is again
a vector space isomorphism for every h € G.

Exercise 1.75. Prove that the map G — G : g — ¢! is a diffeomorphism

and that its derivative at g € G is the vector space isomorphism

TG = Ty1G:ve —g tog™h.

Hint: Use [12] or any textbook on first year analysis.
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1.6.2 The Lie algebra of a Lie group

Let G C GL(n,R) be a Lie group. Its tangent space at the identity is called
the Lie algebra of G and will be denoted by

g= Lle(G) = TI[G.

This terminology is justified by the fact that g is in fact a Lie algebra, i.e. it
is invariant under the standard Lie bracket operation [, n] := &n—n€ on the
space R™*™ of square matrices (see Lemma 1.76 below). The proof requires
the notion of the exponential matrix. For £ € R™*™ and ¢ € R we define

o

exp(t§) =
k=0

tkfk
T (1.27)
It was proved in Analysis II (see [12]) that this series converges absolutely
(and uniformly on compact t-intervals), that the map ¢ — exp(t&) is smooth
and satisfies the differential equation

< exp(t€) = € explte) = expltE)e, (1.28)
and that
exp((s + 1)) = exp(s€)exp(te),  exp(0§) =1 (1.29)

for all s,t € R.

Lemma 1.76. Let G C GL(n,R) be a Lie group and denote by g := Lie(G)
its Lie algebra. Then the following holds.

(1) If £ € g then exp(t&) € G for every t € R.
(ii) If g€ G and n € g then gng™* € g.
(iii) If &,m € @ then [§,n] = &n — € € g.

Proof. We prove (i). For every g € G we have a vector space isomorphism
g="T1G = T,G: {— g asin (1.25). Hence every element £ € g determines
a vector field X¢ € Vect(G) defined by

Xe(9) == &g € T,G, g€ G. (1.30)
By Theorem 1.52 there is an integral curve v : (—¢,e) — G satisfying

V() = Xe(v(®) = &v(8),  ~(0) =1
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By (1.28), the curve (—e,e) — R™ "™ : ¢ — exp(t) satisfies the same initial
value problem and hence, by uniqueness, we have exp(t§) = (t) € G for
|t|] < e. Now let t € R and choose N € N such that {%‘ < €. Then
exp(%¢) € G and hence it follows from (1.29) that

¢ N
exp(t§) = exp <N£> e G.

This proves (i).
We prove (ii). Consider the smooth curve v : R — R"*" defined by
Y(t) == gexp(tn)g "
By (i) we have y(t) € G for every ¢t € R. Since 7(0) = 1 we have

gng~' =4(0) € g.

This proves (ii).
We prove (iii). Define the smooth map n: R — R"*" by

n(t) == exp(t&)n exp(—tf).

By (i) we have exp(t{) € G and, by (ii), we have n(t) € g for every ¢t € R.
Hence [£,n] = 1(0) € g. This proves (iii) and the lemma. O

By Lemma 1.76 the curve v : R — G defined by ~(t) := exp(t)g is the
integral curve of the vector field X¢ in (1.30) with initial condition v(0) = g.
Thus X¢ is complete for every § € g.

Lemma 1.77. If€ € g and v : R — G is a smooth curve satisfying
Vs+t)=7(s(t), ~0)=1,  4(0)=¢ (1.31)
then ~(t) = exp(t§) for every t € R.

Proof. For every t € R we have

0= | et =] A0 =500 = &0

Hence + is the integral curve of the vector field X¢ in (1.30) with v(0) = 1.
This implies y(t) = exp(t§) for every t € R, as claimed. O
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Example 1.78. Since the general linear group GL(n,R) is an open subset
of R™*™ its Lie algebra is the space of all real n x n-matrices

gl(n,R) := Lie(GL(n,R)) = R™*".
The Lie algebra of the special linear group is
sl(n,R) := Lie(SL(n,R)) = {£ € gl(n,R) | trace(¢) = 0}
(see Exercise 1.28) and the Lie algebra of the special orthogonal group is
so(n) = Lie(SO(n)) = {¢ € gl(n,R) [¢" + & =0} = o(n)
(see Example 1.29).

Exercise 1.79. Prove that the Lie algebras of the general linear group
over C, the special linear group over C, the unitary group, and the special
unitary group are given by

gl(n,C) := Lie(GL(n,C)) = C™*",
sl(n,C) := Lie(SL(n,C)) = {¢ € gl(n,C) | trace(§) = 0},
u(n) := Lie(U(n)) = {€ € gl(n,R) |§* + & = 0},
su(n) := Lie(SU(n)) = {£ € gl(n,C) | £" + £ = 0, trace(§) = 0} .

These are vector spaces over the reals. Determine their real dimensions.
Which of these are also complex vector spaces?

Exercise 1.80. Let G C GL(n,R) be a subgroup. Prove that G is a Lie
group if and only if it is a closed subset of GL(n,R) in the relative topology.

1.6.3 Lie group homomorphisms

Let G and H be Lie groups and g and h be Lie algebras. A Lie group
homomorphism from G to H is a smooth map p : G — H that is a group
homomorphism. A Lie algebra homomorphism from g to b is a linear
map that preserves the Lie bracket.

Lemma 1.81. Let G and H be Lie groups and denote their Lie algebras by
g := Lie(G) and b := Lie(H). Let p: G — H be a Lie group homomorphism
and denote its derivative at 1 € G by

pi=dp(l):g—bh.

Then p is a Lie algebra homomorphism.
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Proof. The proof has three steps.
Step 1. For all £ € g and t € R we have p(exp(t€)) = exp(tp(§)).

Fix an element ¢ € g. Then, by Lemma 1.76, we have exp(t§) € G for every
t € R. Thus we can define a map v : R — H by () := p(exp(t£)). Since p is
smooth, this is a smooth curve in H and, since p is a group homomorphism
and the exponential map satisfies (1.29), our curve + satisfies the conditions

s+ =(s)y(),  ~(0) =1, §(0) = dp(1)§ = p(§)-
Hence it follows from Lemma 1.77 that (t) = exp(tp(§)). This proves Step 1.
Step 2. For all g € G and n € g we have p(gng=') = p(9)p(n)p(g™1).
Define the smooth curve v : R — G by 7(t) := gexp(tn)g~'. By Lemma 1.76

this curve takes values in G. By Step 1 we have

p(7(t)) = p(g)p(exp(tn))p(g) " = plg) exp(tp(n))p(g)
1

-1

for every ¢. Since v(0) = 1 and 4(0) = gng~" we obtain

plgng™") = dp(v(0))%(0)

_ %tzopw»
_ % p(g) exp(tp(n))p(g™")

=0
= pl9)p(m)p(g™).
This proves Step 2.

Step 3. For all &, n € g we have p([€,n]) = [p(€), p(n)].

Define the curve n : R — g by n(t) := exp(t§)nexp(—t§). By Lemma 1.76
this curve takes values in the Lie algebra of G and 7(0) = [£,n]. Hence

plem) = S| plexp(iemesp(~1)

t=0

_ % p (exp(t€)) p(n)p (exp(—t€))
t=0

d

= &P (tp(€)) p(n) exp (—tp(€))

= [p(&),p(n)] .
Here the first equation follows from the fact that p is linear, the second

equation follows from Step 2 with g = exp(t{), and the third equation
follows from Step 1. This proves Step 3 and the lemma. O
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Example 1.82. The complex determinant defines a Lie group homomor-
phism det : U(n) — S1. The associated Lie algebra homomorphism is
trace = det : u(n) — iR = Lie(S").

Example 1.83 (The unit quaternions). The Lie group SU(2) is diffeo-
morphic to the 3-sphere. Namely, every matrix in SU(2) can be written in
the form
_ xo +iry w2 + i3 2, 2, 2, 2
g = < —x2+ix3 xo—ixl ), 1’0"‘1’1"‘1}2"‘1}3—1. (132)

Here the x; are real numbers. They can be interpreted as the coordinates
of a quaternion
T =z + izx1 + jro + kag € H.

There is a product structure on the quaternions defined by
iP=j2=k>=-1, ij=—ji=k, jk=-kj=i, ki=—-ik=].

This product structure is associative but not commutative. Conjugation on
the quaternions reverses the sign of the coordinates x1, z2, x3. Thus

T :=1xg—iry — jro — kxg
and we have
=gz, xz=|z",  |eyl = |z/]y

for 2,y € H, where |x| denotes the Euclidean norm of a vector x € H = R%.
Thus the unit quaternions form a group

Sp(1) = {z € H| Jo| = 1}
with inverse map = — Z and the map Sp(1) — SU(2) : z — ¢ in (1.32) is a
Lie group isomorphism.

Exercise 1.84 (The double cover of SO(3)). Identify the imaginary part
of H with R3. Thus we write a vector ¢ € R? = Im(H) as a purely imaginary
quaternion £ = i€y + j&; + k&s. Define the map p : Sp(1) — SO(3) by

p(x)§ ==z, x € Sp(1), ¢ € Im(H).
Prove that p(z) is represented by the 3 x 3-matrix

w3 +a? — a3 -2 2(xi32 — wOT3) 2(z1x3 + z02)
p(z) = 2(z129 + x0x3) X3+ a3 — 23 — 27 2(wows — wow1)
2123 — woze)  2(woms + xoz1)  af+ a3 — xf — 23

Show that p is a Lie group homomorphism. For z,y € Sp(1) prove that
p(z) = p(y) if and only if y = +x.
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Example 1.85. Let g be a finite dimensional Lie algebra. Then the set

Aut(g) := {¢>:g—>g‘

® is a bijective linear map, }

PE,n] =[P, Py VEneg

of Lie algebra automorphisms of g is a Lie group. Its Lie algebra is the
space of derivations on g denoted by

Der(g) = {A:g—>g' A is a linear map, }

Al m = [AE,n] +[§, AV En e g

Now suppose that g = Lie(G) is the Lie algebra of a Lie group G. Then
there is a map

ad : G — Aut(g), ad(g)n := gng~*, (1.33)

for g € G and n € g. Lemma 1.76 (ii) asserts that ad(g) is indeed a linear
map from g to itself for every g € G. The reader may verify that the map
ad(g) : ¢ — g is a Lie algebra automorphism for every g € G and that the
map ad : G — Aut(g) is a Lie group homomorphism. The associated Lie
algebra homomorphism is the map

Ad:g— Der(g),  Ad(&)n:= [ ], (1.34)

for £,m € g. To verify the claim Ad = ad we compute

d

= —|  ad(exp(t§)n = 4 exp(t§)n exp(—t€) = (€, 7).

ad(é)n 7,
t—

t=0

Exercise 1.86. Let g be any Lie algebra and define Ad : g — End(g)
by (1.34). Prove that Ad(§) : g — g is a derivation for every £ € g and that
Ad : g — Der(g) is a Lie algebra homomorphism. If g is finite dimensional,
prove that Aut(g) is a Lie group with Lie algebra Der(g).

Example 1.87. Consider the map
GL(n,R) — Diff(R") : g — ¢y

which assigns to every nonsingular matrix g € GL(n,R) the linear diffeo-
morphism ¢4 : R™ — R™ given by ¢4(z) := gz. This map g — ¢, is a group
homomorphism. The group Diff (R™) is infinite dimensional and thus cannot
be a Lie group. However, it has many properties in common with Lie groups.
For example one can define what is meant by a smooth path in Diff (R™) and
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extend formally the notion of a tangent vector (as the derivative of a path
through a given element of Diff (R")) to this setting. In particular, the tan-
gent space of Diff (R™) at the identity can then be identified with the space
of vector fields TigDiff (R") = Vect(R"™). Differentiating the map g — ¢4 one
then obtains a linear map

gl(n,R) = Vect(R") : £ — X¢

which assigns to every matrix { € gl(n,R) the vector field X¢ : R — R”
given by X¢(x) := &x. We have already seen in Remark 1.67 that this map
is a Lie algebra homomorphism.

1.6.4 Lie groups and diffeomorphisms

There is a natural correspondence between Lie groups and Lie algebras on
the one hand and diffeomorphisms and vector fields on the other hand. We
summarize this correspondence in the following table

Lie groups Diffeomorphisms
G c GL(n,R) Diff (M)
g = Lie(G) = ThG Vect(M) = TiqDiff (M)
exponential map flow of a vector field
t — exp(t€) t— ¢t = “exp(tX)”
adjoint representation pushforward
£ g€yt X = 6. X
Lie bracket on g Lie bracket of vector fields
(€2n] = n— € X,Y] = dX .Y —dY - X.

To understand the correspondence between the exponential map and the
flow of a vector field compare equation (1.12) with equation (1.28). To
understand the correspondence between adjoint representation and pushfor-
ward observe that

d
Y= =
¢ dt

gexp(tn)g ™",
t=0

d
t -1 -1_ @
pop o, g9 =

t=0

where ! denotes the flow of Y. To understand the correspondence between
the Lie brackets recall that

Xy =2

pm exp(t&)n exp(—t§),

t=0

RN X R

t=0

where ¢! denotes the flow of X. We emphasize that the analogy between
Lie groups and Diffeomorphisms only works well when the manifold M is
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compact so that every vector field on M is complete. The next exercise gives
another parallel between the Lie bracket on the Lie algebra of a Lie group
and the Lie bracket of two vector fields.

Exercise 1.88. Let G C GL(n,R) be a Lie group with Lie algebra g and
let £,m € g. Define the smooth curve v : R — G by

Y(t) := exp(t€) exp(tn) exp(—t§) exp(—tn).
Prove that 4(0) = 0 and 3%(0) = [¢,7]. Compare this with Lemma 1.61.
Exercise 1.89. Let G C GL(n,R) be a Lie group with Lie algebra g and let
&,n € g. Show that [¢,n] = 0 if and only if exp(s§) exp(tn) = exp(tn) exp(s&)
for all s,t € R. How can this result be deduced from Lemma 1.697
1.6.5 Vector fields and derivations
Let M be a compact smooth manifold and denote by

F (M) :=C>*(M,R)

the space of smooth real valued functions f : M — R. This is an algebra
with addition and multiplication of functions. An automorphism of .% (M)
is a bijective linear map ® : # (M) — .# (M) that satisfies

o(fg) = (f)e(9),  @(1) =1
A derivation of .# (M) is a linear map 6 : .# (M) — % (M) that satisfies
5(fg) = 6(f)g + £i(g).

The automorphisms of .%#(M) form a group denoted by Aut(.%(M)) and
the derivations form a Lie algebra denoted by Der(.# (M)). We may think
of Der(.#(M)) as the Lie algebra of Aut(.#(M)) with the Lie bracket given
by the commutator. Now there is a natural map

Diff (M) — Aut(F(M)) : ¢ — ¢. (1.35)
Here the pullback automorphism ¢* : .# (M) — % (M) is defined by
¢ f = foo.

The map ¢ — ¢* can be thought of as a Lie group anti-homomorphism.
Differentiating it at the identity ¢ = id we obtain a linear map

Vect(M) — Der(#(M)) : X — Lx. (1.36)



46 CHAPTER 1. FOUNDATIONS

Here the operator Lx : .# (M) — F(M) is given by the derivative of a
function f in the direction of the vector field X, i.e.

Lxf:=df -X = 4

t
AR

t
where ¢! denotes the flow of X. Since the map (1.36) is the derivative of
the “Lie group” anti-homomorphism (1.35) we expect it to be a Lie algebra
anti-homomorphism. Indeed, one can show that

Lixy)=LyLx —LxLy = —[Lx,Ly] (1.37)

for X, Y € Vect(M). This confirms that our sign in the definition of the
Lie bracket is consistent with the standard conventions in the theory of
Lie groups. In the literature the difference between a vector field and the
associated derivation Lx is sometimes neglected in the notation and many
authors write X f := df - X = Lxf, thus thinking of a vector field on a
manifold M as an operator on the space of functions. With this notation one
obtains the equation [X,Y]|f =Y (X f) — X (Y f) and here lies the origin for
the use of the opposite sign for the Lie bracket in many books on differential
geometry.

Exercise 1.90. Prove that the map (1.35) is bijective. Hint: An ideal in
F (M) is a linear subspace # C .# (M) satisfying the condition

feFM), ge 7 = fge 7.

A maximal ideal in .% (M) is an ideal # C .#(M) such that every ideal
J' C F(M) containing ¢ must be equal to _#. Prove that if ¢ C .F#(M)
is an ideal with the property that, for every p € M, there is an f € _# with
f(p) #0 then ¢ = .#(M). Deduce that every maximal ideal in .# (M) has
the form 7, := {f € #F(M)| f(p) = 0} for some p € M. If & € Aut(M)
and p € M show that ®~! #p is a maximal ideal and hence there is a unique
element ¢(p) € M such that &~ 7, = o). Show that ¢ : M — M is a
diffeomorphism and that ® = ¢*.

Exercise 1.91. Prove that the map (1.36) is bijective. Hint: Fix a deriva-
tion § € Der(.#(M)) and prove the following. Fact 1: If U C M is an open
set and f € .% (M) vanishes on U then §(f) vanishes on U. Fact 2: If p € M
and the derivative df (p) : T,M — R is zero then (§(f))(p) = 0. (By Fact 1
the proof of Fact 2 can be reduced to an argument in local coordinates.)

Exercise 1.92. Verify the formula (1.37).
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1.7 Vector bundles and submersions

1.7.1 Submersions

Let M C R* be a smooth m-manifold and N C R’ be a smooth n-manifold.
A smooth map f : N — M is called a submersion if df (q) : TyN — Ty M
is surjective for every g € M.

Lemma 1.93. Let M C R¥ be a smooth m-manifold, N C R’ be a smooth
n-manifold, and f : N — M be a smooth map. The following are equivalent.
(i) f is a submersion.

(ii) For every qo € N there is an M-open neighborhood U of po := f(qo) and
a smooth map g : U — N such that g(f(qo)) = qo and fog=id: U — U.
Thus f has a local right inverse near every point in N (see Figure 1.9).

Figure 1.9: A local right inverse of a submersion.

Proof. We prove that (i) implies (ii). Since df (qo) : Tgo N — Ty M is surjec-
tive we have n > m and dimker df (¢o) = n —m. Hence there is a linear map
A : RY = R™™ whose restriction to the kernel of df(qo) is bijective. Now
define the map ¢ : N — M x R"™" by

¥(q) == (f(q), Alq — q0))

for ¢ € N. Then ¢(qo) = (po,0) and dip(qo) : TyoN — Tpy M x R"™™ sends
w € Ty, N to (df (go)w, Aw) and is therefore bijective. Hence it follows from
the inverse function theorem for manifolds (Theorem 1.34) that there is an
N-open neighborhood V' C N of gy such that W := ¢(N) C M x R*™™ is
an open neighborhood of (pg,0) and 9|y : V. — W is a diffeomorphism. Let

U:={peM|(p,0) e W}

and define the map g : U — N by g(p) := ¥~ (p,0). Then py € U, g
is smooth, and (p,0) = ¥(g(p)) = (f(9(p)), Alg(p) — qo)). This implies
f(g(p)) =pforall pc U and g(pg) = 1" (po,0) = go. Thus we have proved
that (i) implies (ii). The converse is an easy consequence of the chain rule
and is left to the reader. O
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Corollary 1.94. The image of a submersion f: N — M is open.

Proof. If pg = f(qo) € f(N) then the neighborhood U C M of py in
Lemma 1.93 (ii) is contained in the image of f. O

Corollary 1.95. If N is a nonempty compact manifold, M is a connected
manifold, and f : N — M is a submersion then f is surjective and M is
compact.

Proof. The image f(M) is an open subset of M by Corollary 1.94, it is a
relatively closed subset of M because N is compact, and it is nonempty
because N is nonempty. Since M is connected this implies that f(N) = M.
In particular, M is compact. ]

Exercise 1.96. Let f : N — M be a smooth map. Prove that the sets
{q € N |df(q) is injective} and {q € N |df(q) is surjective} are open (in the
relative topology of N).

1.7.2 Vector bundles

Let M C R* be an m-dimensional smooth manifold. A (smooth) vector
bundle (over M of rank n) is a smooth submanifold £ C M x R’ such
that, for every p € M, the set

E, = {v e R (p,v) EE}

is an n-dimensional linear subspace of R? (called the fiber of E over p). If
E C M x R’ is a vector bundle then a (smooth) section of E is smooth
map s : M — R’ such that s(p) € E, for every p € M. A vector bundle
E ¢ M x Rt is equipped with a smooth map

T E—M

defined by 7(p,v) := p, called the projection. A section s : M — R’ of E
determines a smooth map ¢ : M — E which sends the point p € M to the
pair (p, s(p)) € E. This map satisfies

moo =id.

It is sometimes convenient to abuse notation and eliminate the distinction
between s and o. Thus we will sometimes use the same letter s for the map
from M to E.
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Example 1.97. Let M C R¥ be a smooth m-dimensional submanifold. The
set
TM := {(p,’U) |p € M’ vE TpM}

is called the tangent bundle of M. This is a subset of M x R* and its fiber
T,M is an m-dimensional linear subspace of R* by Theorem 1.23. However,
it is not immediately clear from the definition that T'M is a submanifold
of M x RF. This will be proved below. The sections of T'M are the vector
fields on M.

Exercise 1.98. Let f : M — N be a smooth map between manifolds. Prove
that the tangent map TM — TN : (p,v) — (f(p),df (p)v) is smooth.

Exercise 1.99. Let V C R’ be an n-dimensional linear subspace. The
orthogonal projection of R onto V is the matrix IT € R that satisfies

=1 =17, imIl =V. (1.38)

Prove that there is a unique matrix IT € R* satisfying (1.38). Prove that,
for every symmetric matrix S = ST € R, the kernel of S is the orthogonal
complement of the image of S. If D € R**™ is any injective matrix whose
image is V, prove that det(D” D) # 0 and

I1=D(D'D)"'DT. (1.39)

Theorem 1.100. Let M C R* be a smooth m-dimensional manifold and
let E C M x R be a subset. Assume that, for every p € M, the set

E, = {v e RY| (p,v) € E} (1.40)

is an n-dimensional linear subspace of Rt. Let I : M — R be the map
that assigns to every p € M the orthogonal projection of Rt onto E,, i.e.

II(p) = l_I(p)2 = H(p)T, imII(p) = E,. (1.41)

Then the following are equivalent.

(i) E is a vector bundle.

(ii) The map II: M — R*¢ is smooth.

(iii) For every pg € M and every vy € E,, there is a smooth map s : M — R¢
such that s(p) € E, for every p € M and s(po) = vo.

Condition (i) implies that the projection 7 : E — M is a submersion. In (iii)
the section s can be chosen to have compact support, i.e. there is a compact
subset K C M such that s(p) =0 forp ¢ K.
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Corollary 1.101. Let M C RF be a smooth m-manifold. Then TM is a
vector bundle over M and hence is a smooth 2m-manifold in R¥ x R¥.

Proof. Let ¢ : U — ) be a coordinate chart on an M-open set U C M with
values in an open subset 2 C R™. Denote its inverse by 1 := ¢~ : Q — M.
By Theorem 1.23 the linear map di(x) : R™ — RF is injective and its image
is Toy(z)M for every = € Q). Hence the map D : U — RF>™ defined by

D(p) := di)(¢(p)) € RF*™

is smooth and, for every p € U, the linear map D(p) : R™ — R¥ is injective
and its image is T, M. Thus the function TI"™ : M — R*** defined by (1.41)
with F, = T,,M is given by

™ (p) = D(p) (D(p)"D(p)) " D(p)"

for p € U (see Exercise 1.99). Hence the restriction of II to U is smooth.
Since M can be covered by coordinate charts it follows that II”™ is smooth
and hence, by Theorem 1.100, T M is a smooth vector bundle. This proves
the corollary. O

Let M C R¥ be an m-manifold, N C R’ be an n-manifold, f : N — M
be a smooth map, and E C M x R? be a vector bundle. The pullback
bundle is the vector bundle f*F — N defined by

FE = {(q,v) e NxRY|ve Ef(q)}
and the normal bundle of E is the vector bundle E+ — M defined by
Et .= {(p,w) e M xR (v,w) :0Vv€Ep}.

Corollary 1.102. The pullback and normal bundles are vector bundles.

Proof. Let I1 = I1¥ : M — R%*? be the map defined by (1.41). This map is
smooth by Theorem 1.100. Moreover, the corresponding maps for f*FE and
E* are given by

I7F =P of: N R>™  IF =1-1F: M — R>?,

These maps are smooth and hence it follows again from Theorem 1.100 that
f*E and E+ are vector bundles. O
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Proof of Theorem 1.100. We first assume that E is a vector bundle and
prove that m : ' — M is a submersion. Let ¢ : M — E denote the zero
section given by o(p) := (p,0). Then moo = id and hence it follows from the
chain rule that the derivative dr(p,0) : Ty, o) — T, M is surjective. Now it
follows from Exercise 1.96 that for every p € M there is an € > 0 such that
the derivative dr(p,v) : Tpw)EE — TpM is surjective for every v € Ej, with
|v| < e. Consider the map fy : E — E defined by fy(p,v) := (p, Av). This
map is a diffeomorphism for every A > 0. It satisfies # = 7w o f) and hence

dr(p,v) = dr(p, \v) o df\(p,v) : T(p) E — TpM.

Since dfy(p,v) is bijective and dr(p, Av) is surjective for A < e/ |v| it follows
that dm(p,v) is surjective for every p € M and every v € E,. Thus the
projection 7 : F — M is a submersion for every vector bundle £ over M.

We prove that (i) implies (iii). Let po € M and vy € E,,. We have
already proved that 7 is a submersion. Hence it follows from Lemma 1.93
that there is an M-open neighborhood U C M of py and a smooth map oy :
U — E over U such that m ooy =1id : U — U and o¢(pg) = (po, vo). Define
the map s : U — R’ by (p, s0(p)) := oo(p)). Then sq(pg) = vo and so(p) €
E, for all p € U. Now choose € > 0 such that {p e M| [p—po| <e} C U
and choose a smooth cutoff function 8 : R*¥ — [0, 1] such that B(pg) = 1 and
B(p) = 0 for |[p — po| > &. Define s : M — R’ by

s(p) = { 3(1))50(1)), ;ig ; g

This map satisfies the requirements of (iii).

That (ii) implies (iii) follows by choosing s(p) := II(p)vy for every p € M.

We prove that (iii) and (ii). Thus we assume that E satisfies (ii). Choose
a point pp € M and a basis vy,...,v, of E,. By (ii) there are smooth
sections s1,...,8, : M — R’ of E such that s;(po) = v; for i = 1,...,n.
Now there is an M-open neighborhood U C M of pg such that the vectors
51(p)s - -, Sn(p) are linearly independent, and hence form a basis of E,, for
every p € U. Hence, for every p € U, we have

E,=imD(p),  D(p):= [s1(p)--- su(p)] € RZ™.
By Exercise 1.99 this implies
1(p) = D(p) (D(p)"D(p)) ' D(p)"

for every p € U. Thus we have proved that every point pg € M has a
neighborhood U such that the restriction of II to U is smooth. This shows
that (iii) implies (ii).
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To prove that (iii) also implies (i) we fix a point pg € M and choose
D : U — RY" as above. Shrinking U if necessary, we may assume that
there is a coordinate chart ¢ : U — 2 with values in an open set @ C R™.
Consider the open subset

7 (U) ={(p,v)|p e U, ve E,}

of E and define the map ® : 7~ }(U) — Q x R" by
®(p,v) := (6(p), (D) D(p) " D))

This map is a diffeomorphism with ®~!(z,¢) = (¢~ *(z), D(¢~*(2))¢) for
r € Qand ¢ € R™. Hence ® is a coordinate chart on 7—(U). Thus we have
proved that (iii) implies (i) and this completes the proof of the theorem. [

Remark 1.103. Let D : U — R*™ be as in the above proof. Then the map
®: 7 H(U) — ¢(U) x R"™ in the above proof is called a local trivialization
of the vector bundle E. It fits into a commutative diagram

71 (U) QxR".
ﬂt pry
U i QO

It is sometimes convenient to consider local trivializations that leave the first
coordinate unchanged. For example in our setting we could take the map
71 (U) = U xR": (p,v) = (p,(D(p)"D(p))~'D(p)"v). The restriction of
this map to each fiber is an isomorphism E, — R".

Exercise 1.104. Construct a vector bundle E C S' x R? of rank 1 that
does not admit a global trivialization, i.e. that is not isomorphic to the trivial
bundle S' x R. Such a vector bundle is called a Mdbius strip. Define
the notion of an isomorphism between two vector bundles £ and F' over a
manifold M.

1.8 The theorem of Frobenius

Let M C R* be an m-dimensional manifold and n be a nonnegative integer.
A subbundle of rank n of the tangent bundle T'M is a subset £ C T M
that is itself a vector bundle of rank n over M, i.e. it is a submanifold of
TM and the fiber E, = {v € T,M |(p,v) € E} is an n-dimensional linear



1.8. THE THEOREM OF FROBENIUS 93

subspace of T,M for every p € M. Note that the rank n of a subbundle
is necssarily less than or equal to m. In the literature a subbundle of the
tangent bundle is sometimes called a distribution on M. We shall, however,
not use this terminology in order to avoid confusion with the concept of a
distribution in the functional analytic setting.

Definition 1.105. Let M C RF be an m-dimensional manifold and E C
TM be a subbundle of rank n. E is called involutive if, for any two vector
fields X,Y € Vect(M), we have

X(p),Y(p) e E,Vpe M = [(X,Y](p) e BE,Vpe M. (1.42)

FE is called integrable if, for every pg € M, there exists a submanifold
N C M such that pg € N and T,N = E, for every p € N. A foliation
box for E (see Figure 1.10) is a coordinate chart ¢ : U — Q on an M-open
subset U C M with values in an open set Q@ C R™ x R™™" such that the set
QN (R™ x {y}) is connected for every y € R™™ ™ and, for every p € U and
every v € T,M, we have

vek, = do(p)v € R™ x {0}.

& =7

Figure 1.10: A foliation box.

Theorem 1.106 (Frobenius). Let M C R* be an m-dimensional manifold
and E C TM be a subbundle of rank n. Then the following are equivalent.

(i) E is involutive.
(i) E is integrable.
(iii) For every pg € M there is a foliation box ¢ : U — Q with py € U.

It is easy to show that (ili) = (ii) = (i) (see below). The hard part of
the theorem is to prove that (i) = (iii). This requires the following lemma.

Lemma 1.107. Let E C TM be an involutive subbundle and X € Vect(M)
be a complete vector field such that X (p) € E, for every p € M. Denote by
R — Diff(M) : t — ¢ the flow of X. Then, for allt € R and p € M, we
have

do' (p)Ep = Egt(p).- (1.43)
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Lemma 1.107 implies Theorem 1.106. We prove that (iii) implies (ii). Let
po € M, choose a foliation box ¢ : U — ) for E with py € U, and define

N:=(peU|p(p) € R" x {yo}}

where (z9,v0) := ¢(po) € Q. Then N satisfies the requirements of (ii).

We prove that (ii) implies (i). Choose two vector fields X,Y € Vect(M)
that satisfy X(p),Y (p) € E, for all p € M and fix a point pg € M. By (ii)
there is a submanifold N C M containing pg such that T, N = E, for every
p € N. Hence the restrictions X |y and Y|y are vector fields on N and so is
the restriction of the Lie bracket [X,Y] to N. Hence [X,Y](py) € Tp,N =
E,, as claimed.

We prove that (i) implies (iii). Thus we assume that F is an involutive
subbundle of TM and fix a point pyp € M. By Theorem 1.100 there exist
vector fields X1, ..., X, € Vect(M) such that X;(p) € E, for all ¢ and p and
the vectors Xi(po), ..., Xn(po) form a basis of T,,,E. Using Theorem 1.100
again we find vector fields Y1,..., Y, —, € Vect(M) such that the vectors

X1(po),---» Xn(po), Y1(P0)s - - - » Ym—n(po)

form a basis of T),, M. Using cutoff functions as in the proof of Theorem 1.100
we may assume without loss of generality that the vector fields X; and Y
have compact support and hence are complete (see Exercise 1.58). Denote
by ¢!, ..., ¢! the flows of the vector fields Xy, ..., X, respectively, and by

Lot the flows of the vector fields Yi,...,Y,,—,. Define the map
P R" x R™™™ — M by

P(x,y) = @7 oo dpm ot oo h (o).
By Lemma 1.107, this map satisfies

oY
for all z € R™ and y € R™~". Moreover,
O 0 0y = x. O 00y = v
9, (000 = Xilpo),  5(0,0) = Y;(om).

Hence the derivative di(0,0) : R® x R™™" — T, M is bijective. By the
inverse function theorem 1.34 it follows that there is an open neighborhood
Q C R"xR™™" of the origin such that the set U := ¢ (Q2) C M is an M-open
neighborhood of py and ¥|q : @ — U is a diffeomorphism. Thus the vectors
O /0x;(x,y) are linearly independent for every (x,y) € 2 and, by (1.44),
form a basis of Ey,,). Hence the inverse map ¢ := (¢lo) 1 : U = Qis a
foliation box. This proves the theorem. O
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To complete the proof of the Frobenius theorem it remains to prove
Lemma 1.107. This requires the following result.

Lemma 1.108. Let E C TM be an involutive subbundle. If B : R? — M is
a smooth map such that

B B
g(s, 0) € Eg(s,0), E(S,f) € Eg(s1)s (1.45)
for all s,t € R then
B
E(S’t) € Eﬁ(s,t)a (146)

for all s,t € R.

Lemma 1.108 implies Lemma 1.107. Let X € Vect(M) be a complete vec-
tor field satisfying X (p) € E, for every p € M and let ¢' be the flow of X.
Choose a point pg € M and a vector vy € Ep,. By Theorem 1.100 there is a
vector field Y € Vect(M) with values in E such that Y (py) = vo. Moreover
this vector field may be chosen to have compact support and hence it is
complete (see Exercise 1.58). Thus there is a solution v : R — M of the
initial value problem

Define 8 : R? — M by

for s,t € R. Then

op :

22 (5,0) = () = Y(5(9)) € Bgapy
and o5

57 (8:1) = X(B(s,1)) € Epsyp)
for all s,t € R. Hence it follows from Lemma 1.108 that
op . op
t ¢
d¢* (po)vo = 25 (7(0))7(0) = g(oﬂf) € Egt (p)

for every t € R. This proves the lemma. O

Proof of Lemma 1.108. Given any point pg € M we choose a coordinate
chart ¢ : U — €, defined on an M-open set U C M with values in an open
set 2 C R™ x R™ ™, such that

po €U, do(po) Ep, = R"™ x {0}.
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Shrinking U, if necessary, we obtain that d¢(p)E, is the graph of a matrix
A e Rm=m)xn o1 every p € U. Thus there is a map A : Q — R(m—n)xn
such that, for every p € U, we have

do(p)Ep = {(§, A(z,y)§) | £ € R"}, (z,y) == ¢(p) € Q. (1.47)

For (z,y) € Q we define the linear maps

0A 0A
v - R™ R(mfn)xn va . Rm—n R(mfn)xn
5 (oY) R = " (z,9) —
by
DA " 0A A = 04

for &€ = (&1,...,&) € R and n = (1,...,Nm—n) € R™ ™. We prove the
following,.

Claim 1. Let (z,y) € Q, £, € R™ and definen,n’ € R™™ ™ byn := A(x,y)¢
and n' := A(z,y)¢’. Then

9A DA Y Y ,

The graphs of the matrices A(z) determine a subbundle E C Q x R™ with
fibers

E.:={(&n) €R" xR |5 = A(z,y)¢}
for z = (x,y) € Q. This subbundle is the image of

Ely :=A{(p,v)|p €U, v € Ep}

under the diffeomorphism TM|y — Q x R™ : (p,v) — (¢(p),do(p)v) and
hence it is involutive. Now define the vector fields ¢, : Q — R™ by

((2) = (& A2)€),  ((2):=(£,A()¢), zeq.
Then ¢ and ¢’ are sections of E and their Lie bracket [¢, ('] is given by
[€,¢1(2) = (0, (dA(2)¢ (2)) &(2) — (dA(2)¢(2)) €' (2)) -

Since E is involutive the Lie bracket [¢,¢'] must take values in the graph
of A. Hence the right hand side vanishes and this proves Claim 1.



1.8. THE THEOREM OF FROBENIUS o7

Claim 2. Let I,J C R be open intervals and z = (z,y) : I> — Q be a
smooth map. Fiz two points sg € I and tg € J and assume that

0 0
SL(s0sto) = Alw(s0,t0):y(s0.10)) 5 (s0.t0), (1.48)
oy B ox
E(S’t) - A(CE(S,t),y(S,t))E(S,t) (149)
forallsel andt e J. Then
oy ox
%(So,t) = A(CU(So,t),y(So,t))%(So,t) (1.50)

forallt € J.

Equation (1.50) holds by assumption for ¢t = ¢y3. Moreover, dropping the
argument z(sg,t) = z = (z,y) for notational convenience we obtain

0 (@_A 3x> 0%y AB% <3A 8x+8A @) Ox

ot \ 9s " Os 0sot T 0sot \ox ot Oy ot) os
2 2
_ 0%y A(?:c <8A.6x+%.<1463:>>%

dsot " 9sot  \ox Ot Oy ot ) ) ds
2 2

L Py P (94 D DA ( 0w\ Do
0sot dsot dr Os 0Oy ds ot

Py Pu (94 0x 0A O\ ou
0sot dsot dr Js Oy 0s) Ot

0A [0y Oz ox
o)) =
* <0y <as as>> ot
(04 (3 jor\\ o
N oy 0s 0s ot
Here the second equation follows from (1.49), the third equation follows from

Claim 1, and the last equation follows by differentiating equation (1.49) with
respect to s. Define n: J — R™™" by

n(t) := %(so,t) — A(x(so,t),y(so,t))%(so,t).

By (1.48) and what we have just proved, the function 7 satisfies the linear
differential equation

i) = (G (@lon. ) plo0,0) - 0(0)) G lsant). altn) =0,

Hence n(t) = 0 for all ¢ € J. This proves (1.50) and Claim 2.
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Now let 8 : R? — M be a smooth map satisfying (1.45) and fix a real
number so. Consider the set W := {t € R| g—f(so,t) € Eg(so.1) ;- By going
to local coordinates, we obtain from Claim 2 that W is open. Moreover, W
is obviously closed, and W # () because 0 € W by (1.45). Hence W = R.
Since sy € R was chosen arbitrarily, this proves (1.46) and the lemma. [

Any subbundle F C T'M determines an equivalence relation on M via

there is a smooth curve « : [0, 1] — M such that
7(0) = Do, 7(1) = D1, 7(75) € E’y(t) Vie [0’ 1]

If F is integrable this equivalence relation is called a foliation and the
equivalence class of pg € M is called the leaf of the foliation through py.
The next example shows that the leaves do not need to be submanifolds

po~pL = (1.51)

Example 1.109. Consider the torus M := S' x S' C C? with the tangent
bundle

TM = {(zl,zg,i)\lzl,i)\QZQ) € (C4| lz1] = |z2| =1, A1, Ag € ]R}.
Let w1, wsy be real numbers and consider the subbundle
E = {(zl,zg,itwlzl,itwng) € (C4| |21| = |22| =1, t € R}.
The leaf of this subbundle through z = (21, z2) € T? is given by
L= {(eitwlzl, eitw222> ‘t € R} .
It is a submanifold if and only if the quotient w;/wy is a rational number
(or wy = 0). Otherwise each leaf is a dense subset of TZ.

Exercise 1.110. Prove that (1.51) defines an equivalence relation for every
subbundle £ C T'M.

Exercise 1.111. Each subbundle F C T'M of rank 1 is integrable.

Exercise 1.112. Consider the manifold M = R3. Prove that the subbun-
dle E ¢ TM = R? x R? with fiber B, = {(£,7,() € R*|{ —y& =0} over
p = (z,y,2) € R3 is not integrable and that any two points in R® can be
connected by a path tangent to E.

Exercise 1.113. Consider the manifold M = S3 ¢ R* = C2 and define
E:={(2,0) €C*xC?||2]=1,( LziCLz}.

Thus the fiber E, C T,5% = 2+ is the maximal complex linear subspace
of T, S3. Prove that E has real rank 2 and is not integrable.
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Exercise 1.114. Let £ C T'M be an integrable subbundle of rank n and
let L C M be a leaf of the foliation determined by E. Call a subset V C L
L-open if it can be written as a union of submanifolds N of M with tangent
spaces T,N = E,, for p € N. Prove that the L-open sets form a topology on L
(called the intrinsic topology) Prove that the obvious inclusion ¢ : L — M
is continuous with respect to the intrinsic topology on L. Prove that the
inclusion ¢ : L — M is proper if and only if the intrinsic topology on L
agrees with the relative topology inherited from M (called the extrinsic
topology).

Remark 1.115. It is surprisingly difficult to prove that each closed leaf L
of a foliation is a submanifold of M. A proof due to David Epstein [4] is
sketched in Subsection 1.9.7 below.

1.9 The intrinsic definition of a manifold

It is somewhat restrictive to only consider manifolds that are embedded in
some Euclidean space. Although we shall see that (at least) every compact
manifold admits an embedding into a Euclidean space, such an embedding is
in many cases not a natural part of the structure of a manifold. In particular,
we encounter manifolds that are described as quotient spaces and there are
manifolds that are embedded in certain infinite dimensional Hilbert spaces.
For this reason it is convenient, at this point, to introduce a more general
intrinisc definition of a manifold. This requires some background from point
set topology that is not covered in the first year analysis courses. We shall
then see that all the definitions and results of this first chapter carry over
in a natural manner to the intrinsic setting.

1.9.1 Definition and examples

Definition 1.116. Let m be a nonnegative integer. A smooth m-manifold
is a topological space M equipped with an open cover {Uy}q and a collection
of homeomorphisms ¢q : Uy — 00 (Us) C R™ (one for each open set in the
cover) onto open subsets ¢o(Uy) C R™ such that the transition maps

Ppa = Pp 0 dnt : pa(Ua NUs) — ¢5(Uy N Ug) (1.52)

are diffeomorphisms for all o, B (see Figure 1.11). The maps ¢ : Uy — R™
are called coordinate charts of M. The collection o7 = {U,, ¢po },, is called
an atlas on M. It is also sometimes called a smooth structure.
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Figure 1.11: Coordinate charts and transition maps.

Remark 1.117. The coordinate charts ¢, determine the topology on M.
Namely, for every subset U C M, we have

Uisopen <= ¢,(UNU,) is open for all a. (1.53)

This observation gives rise to a slightly different, but equivalent, formulation
of Definition 1.116. A manifold can be defined as a pair (M, <) where M
is a set and &7 is a collection of bijective maps ¢, : Uy — ¢ (U, ) onto open
subsets ¢, (Uy) of R™, the sets U, cover M, and the transition maps (1.52)
are diffeomorphisms between open subsets of R™. One can then define a
topology % C 2M (the collection of open sets) by (1.53). It is easy to verify
that (1.53) indeed defines a topology on M and that the coordinate charts
¢o are homeomorphisms with respect to this topology. (Prove this!)

The atlas @/ = {Uq, ¢a}, is an intrinsic part of the structure of a mani-
fold. This allows for a great deal of freedom as we may add more coordinate
charts without changing anything else about the manifold M. Thus we
shall identify two manifolds (M, <) and (M,.o/’) if each coordinate chart
of &/ is compatible with each coordinate chart of </’ in the sense that
the transition maps (1.52) are all diffeomorphisms. In this case the union
o/ U /' is also an atlas on M. Thus we can turn an atlas & into a max-
imal atlas @7,,x by adding to &/ each homeomorphism ¢ : U — Q from
an open subset U C M onto an open set 2 C R™ such that the map
po bt po(UNUy) — ¢(UNdy) is a diffeomorphism for every coordinate
chart ¢, of &7. The resulting atlas is maximal in the sense that each atlas
&/’ on M whose coordinate charts are compatible with the coordinate charts
in .y is already contained in @#,,«. Thus we can also define a manifold as
a set M equipped with a maximal atlas. Although the coordinate charts are
part of the structure of a manifold we will often not mention them explicitly
and just say “let M be a manifold”, assuming the atlas as given.
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Exercise 1.118. Prove that for every atlas .7 there is a unique maximal
atlas @, containing & and that @/,,.x induces the same topology as <.

Remark 1.119. One can consider manifolds where the transition maps
$po in (1.52) satisfy additional conditions. For example we can require
the transition maps to be real analytic or even polynomials, leading to the
subject of real algebraic geometry. Or we can consider the case where
m = 2n is even, identify R?" with C", and require the transition maps
to be holomorphic, leading to the subject of complex geometry. Still
in the case m = 2n we could require the transition maps to be canonical
transformations in the sense of classical mechanics and this is the subject
of symplectic geometry. One can also weaken the requirements on the
transition maps and only ask that they are of class C*. In the case k = 0
there can be dramatic differences. For example, there are 4-dimensional
C%-manifolds that do not admit any smooth structure.

Example 1.120. The complex projective space CP" is the set
CP" = {€ c crtt | £ is a 1-dimensional complex subspace}
of complex lines in C"*1. It can be identified with the quotient space
CP" = (€ {0)) /C

of nonzero vectors in C"*! modulo the action of the multiplicative group

C* = C\ {0} of nonzero complex numbers. The equivalence class of a
nonzero vector z = (2, ..., z,) € C""! will be denoted by
2] =[z0:21:  :2n] i ={ X2\ € C"}

and the associated line is £ = Cz. This space is equipped with the quotient
topology. Namely, if 7 : C"*1\ {0} — CP™ denotes the obvious projection,
a subset U C CP" is open by definition if and only if 7=(U) is an open
subset of C"*1\ {0}. The atlas on CP" is given by the open cover

Ui:={[z0::2n]| 2 #0}

and the coordinate charts ¢; : U; — C" are

Gi([z0: -+ 1 zn]) == (Z—O, e Zifl, Zi+1,...,z—n> (1.54)

Zq 2 Zq Zq

for i =0,1,...,n. Exercise: Prove that each ¢; is a homeomorphism and
the transition maps are holomorphic.
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Example 1.121. The real projective space RP" is the set
RP" = {/ C R™*1 | £ is a 1-dimensional linear subspace }
of real lines in R™*!. It can again be identified with the quotient space
RP" = (R"*1\ {0}) /R"

of nonzero vectors in R”*! modulo the action of the multiplicative group
R* = R\ {0} of nonzero real numbers, and the equivalence class of a nonzero
vector x = (zq,...,7,) € R""! will be denoted by

[x] =[xo a1t ap] = { Az | e R*}.

As before this space is equipped with the quotient topology. Namely, if
7 : R\ {0} — RP" denotes the obvious projection, a subset U C RP"
is open if and only if 771(U) is an open subset of R**1\ {0}. An atlas on
RP" is given by the open cover

Ui :={[zo: 2] |z # 0}

and the coordinate charts ¢; : U; — R™ are again given by (1.54), with z;
replaced by x;. Exercise: Prove that each ¢; is a homeomorphism and that
the transition maps are real analytic.

Example 1.122. The real n-torus is the topological space
T .= R"/Z"

equipped with the quotient topology. Thus two vectors x,y € R™ are equiv-
alent if their difference x — y € Z" is an integer vector and we denote by
7w : R™ — T"™ the obvious projection which assigns to each vector x € R" its
equivalence class

m(x) = [z] :=x + Z".

Then a set U C T™ is open if and only if the set 771(U) is an open subset
of R™. An atlas on T" is given by the open cover

Uy ={lz] |z e R", |z —a| < 1/2},

parametrized by vectors a € R", and the coordinate charts ¢, : U, — R”
defined by ¢q([z]) := « for z € R™ with |x —a| < 1/2. Exercise: Show
that each transition map for this atlas is a translation by an integer vector.
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Example 1.123. Consider the complex Grassmannian
Gi(C") :={V c C"|v is a k — dimensional complex linear subspace} .

This set can again be described as a quotient space G (C™) = F.(C")/U(k).
Here

Fi(CM) = {D e C™*F | D*D = 11}

denotes the set of unitary k-frames in C" and the group U(k) acts on Fj(C")
contravariantly by D — Dg for g € U(k). The projection

7 Fr(C") — Gi(C")

sends a matrix D € Fi(C") to its image V := w(D) := im D. A subset
U C Gi(C") is open if and only if 7~ (U) is an open subset of F;(C"). Given
a k-dimensional subspace V' C C™ we can define an open set Uy C Gi(C") as
the set of all k-dimensional subspaces of C™ that can be represented as graphs
of linear maps from V to V. This set of graphs can be identified with the
complex vector space HomC(V, Vl) of complex linear maps from V to V+
and hence with C(=%)*k_ This leads to an atlas on Gj(C") with holomorphic
transition maps and shows that G;(C") is a manifold of complex dimension
kn — k%. Exercise: Verify the details of this construction. Find explicit
formulas for the coordinate charts and their transition maps. Carry this
over to the real setting. Show that CP™ and RP™ are special cases.

Example 1.124 (The real line with two zeros). A topological space
M is called Hausdorff if any two points in M can be separated by disjoint
open neighborhoods. This example shows that a manifold need not be a
Hausdorff space. Consider the quotient space

M :=Rx{0,1}/ =

where [z,0] = [z,1] for x # 0. An atlas on M consists of two coordinate
charts ¢9 : Up — R and ¢ : Uy — R where U; = {[z,i]|z € R} and
¢i([z,i]) ==« for i = 0,1. Thus M is a 1-manifold. But the topology on M
is not Hausdorff, because the points [0,0] and [0, 1] cannot be separated by
disjoint open neighborhoods.

Example 1.125 (A 2-manifold without a countable atlas). Consider
the vector space X = R x R? with the equivalence relation

either y1 = yo # 0, t1 + x1y1 = to + T2yo

t1,21, = |t9, T2,
1:71,92] = [f2, 2,32 ory1 =y2 =0, t1 = t2, 1 = 2.
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For y # 0 we have [0, z,y] = [t,z — t/y, y], however, each point (x,0) on the
x-axis gets replaced by the uncountable set R x {(z,0)}. Our manifold is the
quotient space M := X/ =. This time we do not use the quotient topology
but the topology induced by our atlas via (1.53). The coordinate charts are
parametrized by the reals: for ¢ € R the set Uy C M and the coordinate
chart ¢; : U; — R? are given by

Ut = {[tvxay] ‘xay € R}7 (bt([taxay]) = (.%',y)

A subset U C M is open, by definition, if ¢;(U NU;) is an open subset of R?
for every t € R. With this topology each ¢; is a homeomorphism from Uy
onto R? and M admits a countable dense subset S := {[0,z,]|z,y € Q}.
However, there is no atlas on M consisting of countably many charts. (Each
coordinate chart can contain at most countably many of the points [¢, 0, 0].)
The function f : M — R given by f([t,z,y]) := t + xy is smooth and each
point [¢,0,0] is a critical point of f with value t. Thus f has no regular
value. Exercise: Show that M is a path-connected Hausdorff space.

1.9.2 Paracompactness

The existence of a countable atlas is of fundamental importance for almost
everything we will prove about manifolds. The next two remarks describe
several equivalent conditions.

Remark 1.126. Let M be a smooth manifold and denote by % C 2M the
topology induced by the atlas via (1.53). Then the following are equivalent.

(a) M admits a countable atlas.

(b) M is o-compact, i.e. there is a sequence of compact subsets K; C M
such that K; C int(K;41) for every i € Nand M = |J;2, K.

(c) Every open cover of M has a countable subcover.

(d) M is second countable, i.e. there is a countable collection of open sets
B C Y such that every open set U € % is a union of open sets from the
collection . (4 is then called a countable base for the topology of M.)

That (a) = (b) = (¢) = (a) and (a) = (d) follows directly from the
definitions. The proof that (d) implies (a) requires the construction of a
countable refinement and the axiom of choice. (A refinement of an open
cover {U; }icr is an open cover {V;};es such that each set V} is contained in
one of the sets U;.)



1.9. THE INTRINSIC DEFINITION OF A MANIFOLD 65

Remark 1.127. Let M and % be as in Remark 1.126 and suppose that M
is a connected Hausdorff space. Then the existence of a countable atlas is
also equivalent to each of the following conditions.

(e) M is metrizable, i.e. there is a distance function d : M x M — [0, 00)
such that % is the topology induced by d.

(f) M is paracompact, i.e. every open cover of M has a locally finite
refinement. (An open cover {V;};es is called locally finite if every p € M
has a neighborhood that intersects only finitely many V}.)

That (a) implies (e) follows from the Urysohn metrization theorem
which asserts (in its original form) that every normal second countable topo-
logical space is metrizable [9, Theorem 34.1]. A topological space M is called
normal if points are closed and, for any two disjoint closed sets A, B C M,
there are disjoint open sets U,V C M such that A C U and B C V. It
is called regular if points are closed and, for every closed set A C M and
every b € M \ A, there are disjoint open sets U,V C M such that A C U
and b € V. It is called locally compact if, for every open set U C M and
every p € U, there is a compact neighborhood of p contained in U. It is easy
to show that every manifold is locally compact and every locally compact
Hausdorff space is regular. Tychonoff’s Lemma asserts that a regular
topological space with a countable base is normal [9, Theorem 32.1]. Hence
it follows from the Urysohn metrization theorem that every Hausdorff man-
ifold with a countable base is metrizable. That (e) implies (f) follows from a
more general theorem which asserts that every metric space is paracompact
(see [9, Theorem 41.4] and [10]). Conversely, the Smirnov metrization
theorem asserts that a paracompact Hausdorff space is metrizable if and
only it is locally metrizable, i.e. every point has a metrizable neighborhood
(see [9, Theorem 42.1]). Since every manifold is locally metrizable this shows
that (f) implies (e). Thus we have (a) = (e) <= (f) for every Hausdorff
manifold.

The proof that (f) implies (a) does not require the Hausdorff property
but we do need the assumption that M is connected. (A manifold with
uncountably many connected components, each of which is paracompact, is
itself paracompact but does not admit a countable atlas.) Here is a sketch.
If M is a paracompact manifold then there is a locally finite open cover
{Ua}aeca by coordinate charts. Since each set U, has a countable dense
subset, the set {a € A|U, N Uy, # (0} is at most countable for each ag € A.
Since M is connected we can reach each point from U,, through a finite
sequence of sets Uy, ...,Us, with Uy, , N Uy, # 0. This implies that the
index set A is countable and hence M admits a countable atlas.
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Remark 1.128. A Riemann surface is a 1-dimensional complex manifold
(i.e. the coordinate charts take values in the complex plane C and the transi-
tion maps are holomorphic) with a Hausdorff topology. It is a deep theorem
in the theory of Riemann surfaces that every connected Riemann surface is
necessarily second countable (see [2]). Thus pathological examples of the
type discussed in Example 1.125 cannot be constructed with holomorphic
transition maps.

Exercise 1.129. Prove that every manifold is locally compact. Find an ex-
ample of a manifold M and a point pg € M such that every closed neighbor-
hood of pg is non-compact. Hint: The example is necessarly non-Hausdorff.

Exercise 1.130. Prove that a manifold M admits a countable atlas if and
only if it is o-compact if and only if every open cover of M has a countable
subcover if and only if it is second countable. Hint: Every open set in R™
has a countable base and is o-compact.

Exercise 1.131. Prove that every manifold M C R* (as in Definition 1.3)
is second countable.

Exercise 1.132. Prove that every connected component of a manifold M
is an open subset of M and is path-connected.

Our next goal is to carry over all the definitions from embedded manifolds
in Euclidean space to the intrinsic setting.

1.9.3 Smooth maps and diffeomorphisms

Definition 1.133. Let (M,{Uq, ¢a}aca) and (N,{Vs,¥g}secn) be smooth
manifolds. A map f: M — N is called smooth if it is continuous and the
map

foa =10 oot ¢aUa N f7H(Va)) = ¥5(Vp) (1.55)

is smooth for every a € A and every B € B. It is called a diffeomorphism
if it is bijective and f and f~' are smooth. The manifolds M and N are
called diffeomorphic if there exists a diffeomorphism f: M — N.

The reader may check that the notion of a smooth map is independent
of the atlas used in the definition, that compositions of smooth maps are
smooth, and that sums and products of smooth maps from M to R are
smooth.
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Exercise 1.134. Let M be a smooth m-dimensional manifold with an atlas
A = {Uq; Pa}qea - Consider the quotient space

M = | J{e} x ¢a(Ua)/ ~

aEA

where (a,z) ~ (8,y) iff o5 (z) = gbgl(y) Define an atlas on M by

U = {l,2] |2 € $a(Ua)},  dal(,2]) := 2.
Prove that M is a smooth m-manifold and that it is diffeomorphic to M.

Exercise 1.135. Prove that CP! is diffeomorphic to S2. Hint: Stereo-
graphic projection.

Remark 1.136. Sometimes one encounters a situation where a topological
space M admits in a natural way two atlases &/ and &’ such that the
coordinate charts of &/ are not compatible with the coordinate charts of
o/'. However, this does not necessarily mean that (M, <) and (M, .o")
are not diffeomorphic; it only means that the identity map on M is not
a diffeomorphism between these different smooth structures. For example
on M = R the coordinate charts ¢,9 : R — R given by ¢(x) := z and
Y(x) := 23 define different smooth structures but the resulting manifolds
are diffeomorphic.

A fundamental question in differential topology is to decide if two given
smooth manifolds are diffeomorphic. For example, one can ask if a given
manifold that is homeomorphic to R™ is in fact diffeomorphic to R™. A
surprising and deep fact in dimension m = 4 is that there are uncountably
many smooth manifolds that are all homeomorphic to R* but no two of them
are diffeomorphic to each other.

1.9.4 Submanifolds

Definition 1.137. Let M be an m-manifold andn € {0,1,...,m}. A subset
N C M is called an n-dimensional submanifold of M if, for every p € N,
there is a local coordinate chart ¢ : U — Q for M, defined on an an open
neighborhood U C M of p and with values in an open set 2 C R™ x R™™",
such that p(UNN) = QN (R™ x {0}).

By Theorem 1.10 an m-manifold M C RF in the sense of Definition 1.3
is a submanifold of R¥ in the sense of Definition 1.137. By Theorem 1.40 the
notion of a submanifold N C M of a manifold M C R* in Definition 1.37
agrees with the notion of a submanifold in Definition 1.137.
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Exercise 1.138. Let N be a submanifold of M. Show that if M is Hausdorff
so is N, and if M is paracompact so is V.

Exercise 1.139. Let N be a submanifold of M. Prove that there is an
open set U C M such that N is closed in the relative topology of U.

Exercise 1.140. Let N be a submanifold of M and P be a submanifold
of N. Prove that P is a submanifold of M. Hint: Use Theorem 1.10.

1.9.5 Tangent spaces and derivatives

If M is a submanifold of Euclidean space and p € M we have defined the
tangent space of M at p as the set of all derivatives 4(0) of smooth curves
v : R — M that pass through p = v(0). We cannot do this for manifolds
in the intrinsic sense, as the derivative of a curve has yet to be defined. In
fact, the purpose of introducing a tangent space of M is precisely to allow
us to define what we mean by the derivative of a smooth map. There are
two approaches. One is to introduce an appropriate equivalence relation on
the set of curves through p and the other is to use local coordinates.

Definition 1.141. Let M be a manifold with an atlas &/ = {Uy, da}aca
and let p € M. Two smooth curves vy,v1 : R — M with ~y(0) = 1(0) =p
are called p-equivalent if for some (and hence every) a € A with p € U,

we have
d d

p o Pa(10(t)) = p7 o Pa(11(t))-

We write g £ Y1 if Yo is p-equivalent to 1 and denote the equivalence class
of a smooth curve v : R — M with v(0) = p by [y],. The tangent space
of M at p is defined as the set of equivalence classes

ToM = {[v]p|v:R—= M is smooth and v(0) = p}. (1.56)

Definition 1.142. Let M be a manifold with an atlas o/ = {Uy, da}aca
and let p € M. The tangent space of M at p is defined as the quotient
space
T,M := | ] {a} xR™/ £ (1.57)
PEU

where the union runs over all « € A with p € U, and

(&) ~ (B,m) = d(pgody’) (@E=n, x:=¢a(p).

The equivalence class will be denoted by [a,&],.
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In Definition 1.141 it is not immediately obvious that T),M is a vector
space. However, the quotient space (1.57) is obviously a vector space of
dimension m and there is a natural bijection given by

%mm] (1.58)

p

d
Np = [O@ 7 o
for a smooth curve v : R — M with v(0) = p. Hence the set (1.56) is a vector
space as well. The reader may check that the map (1.58) is well defined and is
indeed a bijection between the quotient spaces (1.56) and (1.57). Moreover,
for each smooth curve v : R — M with v(0) = p we can now define the
derivative 4(0) € T, M simply as the equivalence class

50 =Bl = o 4

%mm]e%M

t=0 P

If f: M — N is a smooth map between two manifolds (M, {Uy, ¢a}aca)
and (N, {V3,18}gep) we define the derivative

df(p) : TpM — Tf(p)N
by the formula

df (P)[V]p == [f oY) (1.59)

for each smooth curve v : R — M with v(0) = p. Here we use (1.56). Under
the isomorphism (1.58) this corresponds to the linear map

df(p)[aaé.]p = [B7df5a(m)§]f(p)7 T = ¢a(p)7 (160)
for « € A with p € U, and 8 € B with f(p) € Vg, where fgo is given
by (1.55).

Remark 1.143. Think of N = R" as a manifold with a single coordinate
chart, namely the identity map 3 = id : R — R". For every ¢ € N = R"
the tangent space T, NV is then canonically isomorphic to R™ via (1.57). Thus
for every smooth map f : M — R™ the derivative of f at p € M is a linear
map df (p) : T,M — R", and the formula (1.60) reads

df (), Ep = d(f o ¢ )@)€, := ¢u(p).

This formula also applies to maps defined on some open subset of M. In-
particular, with f = ¢, : Uy, — R™ we have

dpa(p)a; E]p = €.

Thus the map d¢o(p) : T,M — R™ is the canonical vector space isomor-
phism determined by a.
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With these definitions the derivative of f at p is a linear map and we have
the chain rule for the composition of two smooth maps as in Theorem 1.32.
In fact, all the theorems we have proved for embedded manifolds and their
proofs carry over almost word for word to the present setting. For example
we have the inverse function theorem, the notion of a regular value, the
implicit function theorem, the notion of an immersion, the notion of an
embedding, and the fact from Theorem 1.40 that a subset P C M is a
submanifold if and only if it is the image of an embedding.

Example 1.144 (Veronese embedding). The map

CP? s CP°: [20 : 21 1 29) [zg : z% : z% 2129 1 2220 ¢ 2071
is an embedding. (Exercise: Prove this.) It restricts to an embedding of
the real projective plane into RP® and also gives rise to embeddings of RP?
into R* as well as to the Roman surface: an immersion of RP? into R3. (See
Example 1.16.) There are similar embeddings

cP" »CPNl, N .= <”;’d>,

for all n and d, defined in terms of monomials of degree d in n + 1 variables.
These are the Veronese embeddings.

Example 1.145 (Pliicker embedding). The Grassmannian G(R*) of 2-
planes in R* is a smooth 4-manifold and can be expressed as the quotient
of the space F2(R*) of orthonormal 2-frames in R* by the orthogonal group
O(2). (See Example 1.123.) Write an orthonormal 2-frame in R* as a matrix

To Yo

p=|* Y prp=1
T2 Y2
T3 Y3

Then the map f : Go(R*) — RP5, defined by
f([D]) = [p01 *Po2 : Po3 : P23 P31 1p12]7 Pij ‘= TiYj; — T5Yi-,
is an embedding and its image is the quadric
X := f(Ga(RY)) = {p € RP®| po1pas + po2ps1 + pospiz2 = 0} .

(Exercise: Prove this.) There are analogous embeddings

f:CGe(RY) = RPN-1, N .= <Z>

for all k and n, defined in terms of the k x k-minors of the (orthonormal)
frames. These are the Pliicker embeddings.
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1.9.6 The tangent bundle and vector fields

Let M be a m-manifold with an atlas &/ = {Us, ¢a}ocy- The tangent
bundle of M is defined as the disjoint union of the tangent spaces, i.e.

™™ := | J{p} x T,M = {(p,v) |p € M, v € T, M}.
peEM

Denote by 7 : TM — M the projection given by m(p,v) := p.

Lemma 1.146. The tangent bundle of M is a smooth 2m-manifold with
coordinate charts

Qza : ﬁa = 7T_1(Ua) — ¢a(Ua) X Rm’ Qza(pav) = (¢a(p)’d¢a(p)v) .

The projection m : TM — M is a submersion (a smooth map with surjective
derivative at each point). If M is second countable and Hausdor(f so is T M.

Proof. For each pair «, 8 € A the set ia(f]a N (75) = ¢pa(Us NUg) x R™ is
open in R™ x R™ and the transition map

Gpa = 05 0 Oa : ba(Ua NUg) — d5(Ua N Up)
is given by _
Pa(T,€) = (Ppa(z), ddpa(T)E)
for x € ¢po(UaNUp) and § € R™ where ¢gq := ¢3 o¢;t. Thus the transition
maps are all diffecomorphisms and so the coordinate charts gga define an
atlas on T'M. The topology on T'M is determined by this atlas via (1.53).

If M has a countable atlas so does T'M. The remaining assertions are easy
exercises. [l

Definition 1.147. Let M be a smooth m-manifold. A (smooth) vector
field on M is a collection of tangent vectors X (p) € T,M, one for each
point p € M, such that the map M — TM : p — (p, X(p)) is smooth. The
set of smooth vector fields on M will be denoted by Vect(M).

Associated to a vector field is a smooth map M — T'M whose composi-
tion with the projection 7 : TM — M is the identity map on M. Strictly
speaking this map should be denoted by a symbol other than X, for exam-
ple by X. However, it is convenient at this point, and common practice, to
slightly abuse notation and denote the map from M to T'M also by X. Thus
a vector field can be defined as a smooth map X : M — T'M such that

moX =1id: M — M.

Such a map is also called a section of the tangent bundle.
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Now suppose & = {Uq, @atacy is an atlas on M and X : M — TM
is a vector field on M. Then X determines a collection of smooth maps
Xa : 0a(Uy) — R™ given by

Xo(@) :=doa(p)X(p),  pi= ¢y (2), (1.61)

for © € ¢o(U,). We can think of each X, as a vector field on the open set
00 (Us) C R™, representing the vector field X on the coordinate patch U,.
These local vector fields X, satisfy the condition

X3(9pa(r)) = ddpa(r) Xa(z) (1.62)
for x € ¢po(Uy NUg). This equation can also be expressed in the form

Xolpa(Uans) = PpaX8lsUanvs)- (1.63)

Conversely, any collection of smooth maps X, : ¢o(U,) — R™ satisfy-
ing (1.62) determines a unique vectorfield X on M via (1.61). Thus we can
define the Lie bracket of two vector fields X,Y € Vect(M) by

[X,Y]a(2) = [Xa, Ya](z) = dXo(2)Yy(z) — dYy(2) X (2) (1.64)

for a« € A and = € ¢o(Uy). It follows from equation (1.20) in Lemma 1.64
that the local vector fields [X, Y], : ¢o(Us) — R™ satisfy (1.63) and hence
determine a unique vector field [X,Y] on M via

[X,Y](p) := doa(p) ' [Xa, Yal(¢a(p), € U (1.65)

Thus the Lie bracket of X and Y is defined on U, as the pullback of
the Lie bracket of the vector fields X, and Y, under the coordinate chart
¢o. With this understood all the results in Section 1.4 about vector fields
and flows along with their proofs carry over word for word to the intrin-
sic setting whenever M is a Hausdorff space. This includes the existence
and uniquess result for integral curves in Theorem 1.52, the concept of the
flow of a vector field in Definition 1.53 and its properties in Theorem 1.54,
the notion of completeness of a vector field (that the integral curves exist
for all time), and the various properties of the Lie bracket such as the Ja-
cobi identity (1.22), the formulas in Lemma 1.61, and the fact that the Lie
bracket of two vector fields vanishes if and only if the corresponding flows
commute (see Lemma 1.69). We can also introduce the notion of a subbun-
dle E C TM of rank n by the condition that E is a smooth submanifold
of TM and intersects each fiber T, M in an n-dimensional linear subspace
E, :={veT,M|(p,v) € E}. Then the characterization of subbundles in
Theorem 1.100 and the theorem of Frobenius 1.106 including their proofs
also carry over to the intrinsic setting.
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1.9.7 Leaves of a foliation

Let M be an m-dimensional paracompact Hausdorff manifold and £ C T'M
be an integrable subbundle of rank n. Let L C M be a closed leaf of the
foliation determined by E. Then L is a smooth n-dimensional submanifold
of M. Here is a sketch of David Epstein’s proof of this fact in [4].

(a) The space L with the intrinsic topology admits the structure of a mani-
fold such that the obvious inclusion ¢: L — M is an injective immersion.
This is an easy exercise. For the definition of the intrinsic topology see
Exercise 1.114. The dimension of L is n.

(b) If f : X — Y is a continuous map between topological spaces such thatY
is paracompact and there is an open cover {V;}jes of Y such that f=1(V;)
is paracompact for each j, then X is paracompact. To see this, we may
assume that the cover {V}};es is locally finite. Now let {U,}aca be an open
cover of X. Then the sets U, N f~1(V;) define an open cover of f~1(V;).
Choose a locally finite refinement {Wij}ielj of this cover. Then the open
cover {Wi;}jes ier, of M is a locally finite refinement of {Us}aca-

(c) The intrinsic topology of L is paracompact. This follows from (b) and
the fact that the intersection of L with every foliation box is paracompact
in the intrinsic topology.

(d) The intrinsic topology of L is second countable. This follows from (a)
and (c) and the fact that every connected paracompact manifold is second
countable (see Remark 1.127).

(e) The intersection of L with a foliation box consists of at most countably
many connected components. This follows immediately from (d).

(f) If L is a closed subset of M then the intersection of L with a foliation
box has only finitely many connected components. To see this, we choose
a transverse slice of the foliation at pg € L, i.e. a connected submanifold
T C M through pg, diffeomorphic to an open ball in R~ whose tangent
space at each point p € T'is a complement of E,. By (d) we have that TN L
is at most countable. If this set is not finite, even after shrinking 7', there
must be a sequence p; € (T'NL)\{po} converging to py. Using the holonomy
of the leaf (obtained by transporting transverse slices along a curve via a
lifting argument) we find that every point p € T'N L is the limit point of a
sequence in (T'N L)\ {p}. Hence the one-point set {p} has empty interior in
the relative topology of T'N L for each p € TN L. Thus T'N L is a countable
union of closed subsets with empty interior. Since T'N L admits the structure
of a complete metric space, this contradicts the Baire category theorem.

(g) It follows immediately from (f) that L is a submanifold of M.
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1.9.8 Coordinate notation

Fix a coordinate chart ¢,, : Uy, — R™ on an m-manifold M. The components
of ¢, are smooth real valued functions on the open subset U, of M and it
is customary to denote them by

', 2™ Uy — R
The derivatives of these functions at p € U, are linear functionals
de'(p) : T,M - R,  i=1,...,m. (1.66)
They form a basis of the dual space
T, M :=Hom(T,M,R).

(A coordinate chart on M can in fact be characterized as an m-tuple of real
valued functions on an open subset of M whose derivatives are everywhere
linearly independent and which, taken together, form an injective map.)
The dual basis of T,,M will be denoted by

0 0

@(p), e (%c—m(p) e T,M (1.67)

so that
0 - 1, ifi=j
7 . N v A ) )
da'(p) 55 (P) = 05 { 0, ifi# .
Thus 9/0x is a vector field on the coordinate patch U,. For each p € U, it

is the canonical basis of T,M determined by ¢,. In the notation of (1.57)
and Remark 1.143 we have

0
ort

where e¢; = (0,...,0,1,0,...,0) (with 1 in the ith place) denotes the stan-
dard basis vector of R™. In other words, for every vector

(p) = [0, ei]p = dda(p) e

=&, eRrR™
and every p € Uy, the tangent vector v := dd,(p) 1€ € T,M is given by

v=[a,¢]p = Z{iaaxi (p). (1.68)
i=1
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Thus the restriction of a vector field X € Vect(M) to U, has the form

Xlv, = 2526@4

where ¢1,..., 6™ : U, — R are smooth real valued functions. If the map
Xo @ ¢0(Us) — R™ is defined by (1.61) then X, o ¢t = (£,...,&m).
The above notation is motivated by the observation that the derivative of
a smooth function f : M — R in the direction of a vector field X on a
coordinate patch U, is given by

of
oxt’

Lxflo, =) ¢
i=1

Here the term Of/0x® is understood as first writing f as a function of
z', ..., 2™, then taking the partial derivative, and afterwards expressing this
partial derivative again as a function of p. Thus df/0z" is the shorthand

notation for the function (821 (foda!)) oda:Us—R.

1.10 Partitions of unity

In geometry it is often necessary to turn a construction in local coordinates
into a global geometric object. A key technical tool for such “local to global”
constructions is an existence theorem for partitions of unity.

1.10.1 Definition and existence

Definition 1.148. Let M be a smooth manifold. A partition of unity on
M is a collection of smooth functions 0, : M — [0,1] for a € A such that
each point p € M has an open neighborhood V- C M on which only finitely
many 0, do mot vanish, i.e.

#{a € AlbO,|lv £ 0} < oo, (1.69)

and, for every p € M, we have
> balp) = 1. (1.70)
acA

If {Ua} o is an open cover of M then a partition of unity {0a},ca (in-
dezed by the same set A) is called subordinate to the cover if each 0, is
supported in Uy, i.e.

supp(@a) = {p eEM ‘ aa(p) + 0} C Ua-
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Theorem 1.149 (Partitions of unity). Let M be a manifold whose topol-
oqy is paracompact and Hausdorff. For every open cover of M there exists
a partition of unity subordinate to that cover.

Lemma 1.150. Let M be a Hausdorff manifold. For every open set V. .C M
and every compact set K C V' there is a smooth function k : M — [0, 00)
wich compact support such that supp(k) C V and k(p) > 0 for every p € K.

Proof. Assume first that K = {pg} is a single point. Since M is a mani-
fold it is locally compact. Hence there is a compact neighborhood C' C V
of pg. Since M is Hausdorff C' is closed and hence the set U := int(C) is a
neighborhood of py whose closure U C C' is compact and contained in V.
Shrinking U, if necessary, we may assume that there is a coordinate chart
¢ : U — Q with values in some open neighborhood 2 C R™ of the origin
such that ¢(pg) = 0. (Here m is the dimension of M.) Now choose a smooth
function kg : Q — [0, 00) with compact support such that xo(0) > 0. Then
the function k : M — [0,1] defined by k|y := ko o ¢ and k(p) := 0 for
p € M\ U is supported in V and satisfies xk(pg) > 0. This proves the lemma
in the case where K is a point.

Now let K be any compact subset of V. Then, by the first part of
the proof, there is a collection of smooth functions x, : M — [0,00), one
for every p € K, such that x,(p) > 0 and supp(k,) C V. Since K is
compact there are finitely many points py,...,pr € K such that the sets
{p € M |kp,(p) > 0} cover K. Hence the function x := Zj Kp; is supported
in V and is everywhere positive on K. This proves the lemma. O

Lemma 1.151. Let M be a topological space. If {Vi},c; is a locally finite
collection of open sets in M then

U Vi = U Vi
i€lp i€lp
for every subset Iy C I.

Proof. The set ;¢ V; is obviously contained in the closure of Uier, Vi- To

prove the converse choose a point pg € M \ |J;c Io V;. Since the collection
{Vi}ier is locally finite there is an open neighborhood U of pg such that

I :={icI|V,nU# 0}

is a finite set. Hence the set Up := U \ U;cr,nr, V; is an open neighborhood

of po and we have Uy N'V; = () for every i € Iy. Hence py ¢ Uier, Vi- O
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Proof of Theorem 1.149. Let {Ua},c4 be an open cover of M. We prove in
four steps that there is a partition of unity subordinate to this cover. The
proofs of steps one and two are taken from [9, Lemma 41.6].

Step 1. There is a locally finite open cover {Vi},c; of M such that, for
every i € I, the closure V; is compact and contained in one of the sets Us.

Denote by # C 2M the set of all open sets V' C M such that V is compact
and V C U, for some a € A. Since M is a locally compact Hausdorff space
the collection 7 is an open cover of M. (If p € M then thereis an o € A such
that p € U,; since M is locally compact there is a compact neighborhood
K C U, of p; since M is Hausdorff K is closed and thus V' := int(K) is an
open neighborhood of p with V. C K C U,.) Since M is paracompact the
open cover ¥ has a locally finite refinement {V;};c;. This cover satisfies the
requirements of Step 1.

Step 2. There is a collection of compact sets K; C V;, one for each i € I,
such that M = ;¢ K.

Denote by # < 2M the set of all open sets W C M such that W c Vj for
some i. Since M is a locally compact Hausdorff space, the collection # is an
open cover of M. Since M is paracompact # has a locally finite refinement
{W;};cs. By the axiom of choice there is a map

J =151
such that
W,cV, Vjel
Since the collection {W;}; ey is locally finite, we have
K, = UWj: UW]‘CV,‘
ij=i ij=i
by Lemma 1.151. Since V; is compact so is K;.

Step 3. There is a partition of unity subordinate to the cover {V;}ier.

Choose a collection of compact sets K; C V; for i € I as in Step 2. Then,
by Lemma 1.150 and the axiom of choice, there is a collection of smooth
functions x; : M — [0, 00) with compact support such that

supp(k;) C V4, Kilr, >0 Viel.
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Since the cover {V;}icr is locally finite the sum

n::Zm:M—)R
i€l

is locally finite (i.e. each point in M has a neighborhood in which only
finitely many terms do not vanish) and thus defines a smooth function on M.
This function is everywhere positive, because each summand is nonnegative
and, for each p € M, there is an i € I with p € K; so that x;(p) > 0. Thus
the funtions x; := k;/k define a partition of unity satisfying supp(x;) C V;
for every i € I as required.

Step 4. There is a partition of unity subordinate to the cover {Uy}tacA-

Let {x:}icr be the partition of unity constructed in Step 3. By the axiom
of choice there is a map I — A : i — «; such that V; C U,, for every i € I.
For o € A define 0, : M — [0, 1] by

= Z Xi-
;=

Here the sum runs over all indices ¢ € I with a; = «. This sum is locally
finite and hence is a smooth function on M. Moreover, each point in M has
an open neighborhood in which only finitely many of the 6, do not vanish.
Hence the sum of the 6, is a well defined function on M and

S=Y Y=Y st

a€cA a€A ai=x el

This shows that the functions 6, form a partition of unity. To prove the
inclusion supp(f,) C U, we consider the open sets

Wi = {p € M|xi(p) > 0}

for ¢ € I. Since W; C V; this collection is locally finite. Hence, by
Lemma 1.151, we have

supp(fa) = |J W,

Q=

LJsuprZ UVCU

o=

HC

This proves the theorem. O
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1.10.2 Embedding in Euclidean space

Theorem 1.152. For every compact m-manifold M with a Hausdorff topol-
ogy there is an integer k € N and an embedding f : M — RF.

Proof. Since M is compact it can be covered by finitely many coordinate
charts ¢; : U; — 4, 1 = 1,...,£, onto open subset €2; C R™. By Theo-
rem 1.149, there is a partition of unity subordinate to the cover {U;}i=1,. s
Thus there are smooth maps 61,...,6, : M — [0, 1] such that supp(¢;) C U;
for all i and |J, U; = M. Let k := £(m + 1) and define f : M — R¥ by

t1(p)
01(p)¢1(p)
f(p) = :
Oe(p)
0¢(p)de(p)

This map is injective. Namely, if pg, p1 € M satisfy f(po) = f(p1) then
I:={i|6;(po) > 0} = {i|6;i(p1) > O}

and for ¢ € I we have 0;(po) = 6i(p1), hence ¢;(po) = ¢i(p1), and hence
po = p1. Moreover, for every p € M the derivative df(p) : T,M — RF is
injective, and f is proper because M is compact. Hence f is an embedding
as claimed. O

The number ¢ in the proof of Theorem 1.152 can actually be chosen less
than or equal to m + 1. However, this is a deep fact in algebraic topology
and we shall not address this question here. Assuming this, the proof of
Theorem 1.152 shows that every compact m-manifold M can be embedded
in R¥ with & = (m + 1)2. Using Sard’s theorem one can in fact reduce the
dimension of the ambient space to k = 2m + 1 and a further trick, due to
Whitney, shows that a compact m-manifold can always be embedded into
R?™. Moreover, Theorem 1.152 can in fact be extended to noncompact
manifolds and one can show that a manifold admits an embedding into a
finite dimensional vector space if and only if it is Hausdorff and second
countable. However, we will not address this issue here.

Remark 1.153. The manifold RP? cannot be embedded into R?. The same
is true for the the Klein bottle K := R?/ = where the equivalence relation
is given by [z,y] =[x + k, ¢ — y] for 2,y € R and k,/ € Z.
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Standing assumption

We have seen that all the results in the first chapter carry over to the in-
trinsic setting, assuming that the topology of M is Hausdorff and paracom-
pact. In fact, in most cases it is enough to assume the Hausdorff property.
However, these results mainly deal with introducing the basic concepts like
smooth maps, embeddings, submersions, vector fields, flows, and verifying
their elementary properties, i.e. with setting up the language for differen-
tial geometry and topology. When it comes to the substance of the subject
we shall deal with Riemannian metrics and they only exist on paracompact
Hausdorff manifolds. Another central ingredient in differential topology is
the theorem of Sard and that requires second countability. To quote Moe
Hirsch [6]: “Manifolds that are not paracompact are amusing, but they never
occur naturally and it is difficult to prove anything about them.” Thus we
will set the following convention for the remaining chapters.

We assume from now on that each intrinsic manifold M
is Hausdorff and second countable and hence is also paracompact.

For most of this text we will in fact continue to develop the theory for
submanifolds of Euclidean space and indicate, wherever necessary, how to
extend the definitions, theorems, and proofs to the intrinsic setting.



Chapter 2

Geodesics

2.1 The length of a curve

The length of a smooth curve 7 : [0,1] — R" is the number

Liy) = /O ()] d, (2.1)

where |v| denotes the Euclidean norm of a vector v € R™. More gener-
ally, the length of a continuous function 7 : [0,1] — R™ can be defined
as the supremum of the expressions S [y(t;) — y(t;i_1| over all partitions
0=tyg <ty <--- <ty =1 of the unit interval. By a theorem in first year
analysis [12] this supremum is finite whenever ~ is continuously differentiable
and is given by (2.1).

Remark 2.1. Every smooth curve v : [0,1] — R™ with endpoints v(0) = p
and (1) = ¢ satisfies the inequality

[l =p-a.

For (t) := p+t(q—p) we have equality and hence the straight lines minimize
the length among all curves from p to q.

L(y) >

Remark 2.2 (Reparametrization). If v : [0,1] — R" is a smooth curve
and « : [0,1] — [0,1] is a smooth function such that «(0) = 0, (1) = 1,
and &(t) > 0 for every t € [0,1] then

L(yoa) = L(7).

81
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To see this, we compute

L(’Yoa):/ol

Here second equation follows from the chain rule and the fact that &(¢) > 0
for all ¢ and the third equation follows from change of variables formula for
the Riemann integral. This proves the lemma.

d

1
%(v(a(t))' dt :/O 5 (a(t)] é(t) dt = L(7).

Remark 2.3. Choosing « in Remark 2.2 such that «(t) = 0 for ¢ sufficiently
close to 0 and «(t) = 1 for ¢ sufficiently close to 1, we can reparametrize ~y
to obtain a curve that is constant near ¢ = 0 and near ¢t = 1. And the
reparametrized curve has the same endpoints, the same image, and the
same length as the original curve.

Figure 2.1: Curves in M.

Let us now assume that M C R" is a connected smooth m-dimensional
submanifold. We examine the lengths of curves v : [0,1] — M with fixed
endpoints. Thus it may happen that two points on M have a very short
distance in R™ but can only be connected by very long curves in M (see
Figure 2.1). This leads to the notion of intrinsic distance in M. For p,q € M
we denote the space of smooth paths in M connecting p and ¢ by

Qpq:=1{7:[0,1] = M |~ is smooth and v(0) = p, v(1) = q}. (2.2)

Since M is connected the set €2, , is nonempty for all p,q € M. (Prove this!)
We define the intrinsic distance function d: M x M — [0,00) by

d(p,q) = yelng? ] L(v) (2.3)

for p,q € M. The inequality d(p,q) > 0 holds because each curve has
nonnegative length and the inequality d(p,q) < co holds because €, ;, # 0.
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Lemma 2.4. The function d : M x M — [0,00) defines a metric on M :
(i) If p,q € M with d(p,q) =0 then p = gq.

(ii) For all p,q € M we have d(p,q) = d(q,p).

(iii) For all p,q,m € M we have d(p,r) < d(p,q) + d(g,T).

Proof. By Remark 2.1 we have

d(p,q) > |p— ¢

for all p,q € R and this proves (i). Assertion (ii) follows from the fact that
the curve ¥(t) := v(1 — t) has the same length as v and belongs to Qg,
whenever v € Q, ,. To prove (iii) fix a constant € > 0 and choose v € €, ,
and 1 € €, such that

L) <d(p,q) +¢e,  L(m) <d(g,r) +e
By Remark 2.3 we may assume without loss of generality that
(1 —1) =n(t) =q
for t sufficiently small. Under this assumption the curve

(t) = Y0(2), for 0 <t <1/2,
= y(2t —1), for1/2<t<1,

is smooth and has endpoints v(0) = p and (1) = . Thus v € Q,,, and

L(y) = L(v) + L(1) < d(p,q) +d(g,7) + 2e.

Hence d(p,r) < d(p,q) + d(q,r) + 2¢ for every € > 0. This proves (iii) and
the lemma. O

Example 2.5. Let M = S? be the unit sphere in R and fix two points
p,q € S?. Then d(p,q) is the length of the shortest curve on the 2-sphere
connecting p and ¢. Such a curve is a segment on a great circle through p
and ¢ (see Figure 2.2) and its length is

d(p,q) = cos™ ' ((p,q)), (2.4)
where (p, q) denotes the standard inner product, and we have
0<d(p,q <.

(See Example 2.23 below for details.) By Lemma 2.4 this defines a metric
on S%2. Exercise: Prove directly that (2.4) is a distance function on S2.



84 CHAPTER 2. GEODESICS

N

Figure 2.2: A geodesic on the 2-sphere.

We now have two topologies on our manifold M C R™, namely the
topology determined by the metric d in Lemma 2.4 and the relative topol-
ogy inherited from R™. The latter is also determined by a distance function,
namely the extrinsic distance function defined as the restriction of the Eu-
clidean distance function on R™ to the subset M. We denote it by

do: M x M — [0, 00), do(p,q) == Ip—ql-

A natural question is now if these two metrics d and dy induce the same
topology on M. In other words is a subset U C M open with respect to dy
if and only if it is open with respect to d? Or, equivalently, does a sequence
Py, € M converge to pg € M with respect to d if and only if it converges to
po with respect to dy? Lemma 2.7 answers this question in the affirmative.

Exercise 2.6. Prove that every translation of R™ and every orthogonal
transformation preserves the lengths of curves.

Lemma 2.7. For every pg € M we have

d(p,q) _
p.a—po |p — q|

In other words, for every pyo € M and every € > 0 there is an open neigh-
borhood U C M of pg such that, for all p,q € U, we have

(1—e)lp—gl<dp.g) <1 +e)|p—gql.
Proof. We have already observed that

Ip—q| <d(p,q)

for all p,q € M (see Remark 2.1). Now fix a point pg € M. By Exercise 2.6
we may assume without loss of generality that

po = 0, ToM =R™ x {0}.
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Then there is a smooth function f : Q — R”™" defined on an open neigh-
borhood €2 C R™ of the origin such that

M > {(z,y) eER"xR" ™|z eQ, y=f(x)}, [f(0)=0, df(0)=0.

Moreover, the graph of f is an open subset of M in the relative topology.
Choose d > 0 such that, for all x € R™, we have

|z| <o = x € Qand |df(z)| <e

and define
U:={(z, f(x)) |z e R, |z| < d}.

This is an open subset M. We prove that § and U satisfy the assertion of
the lemma. Thus let p = (xq, f(z¢)) and ¢ = (z1, f(z1)) be two points in U
and consider the curve v : [0,1] — U defined by

V() = (2(@), f(z®),  x(t) = (1 = t)xo + ta1.
This curve satisfies v(0) = p, v(1) = ¢, and

FO1? = )+ |df (@ () ()]
< @) + |df (@ (1)) e )
< (14’
= (1+&%) |z — z1)?
< (1+e)?lp—d.

This implies
d(p,q) < L(y) < (1 +¢)|p— 4

and the lemma is proved. O
A next question one might ask is: Can we choose a coordinate chart
p:U—Q

on M with values in an open set {2 C R™ so that the length of each smooth
curve v : [0,1] — U is equal to the length of the curve ¢ := ¢o~y : [0,1] — Q7
We examine this question by considering the inverse map

vi=¢ 1: Q.
We denote the components of x and 1 (z) by
p= (@ e e ) = @ (). (@) €U
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Given a smooth curve [0,1] — Q : ¢+ c(t) = (c}(t),...,c™(t)) we can write
the length of the composition v =1 oc:[0,1] — M in the form

Lioc) = /O1
:L[\ <
_ /01\ Y <§: ?;ij(c(t))c'i(t)>2dt

= [ 3 SRt g emene o

d
ot

1 m
_ /0 S éit)giy(e(t)éd (t) dt,

where the functions g;; : 2 — R are defined by

- 31/11/ 8¢V _ 31/} aw
—rl oz’ (z) oxd () = <axz‘ (z), @($)> . (2.5)

Thus we have a smooth function g = (g;;) :  — R"*™ with values in the
positive definite matrices given by

g(x) = dy(z)" dy(x)

gij(z) ==

such that .
MW@=A¢@%MWWWt (2.6)

for every smooth curve ¢ : [0,1] — €. Thus the condition L(v) o ¢) = L(c)
for every such curve is equivalent to

9ij(x) = i
for all x € Q2 or, equivalently,
dip(z)T dyp(x) = 1. (2.7)

This means that 1 preserves angles and areas. The next example shows that
for M = S? it is impossible to find such coordinates.
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Example 2.8. Consider the manifold M = S2. If there is a diffeomorphism
Y : Q — U from an open set Q C S? onto an open set U C S? that
satisfies (2.7) it has to map straight lines onto arcs of great circles and it
preserves the area. However, the area A of a spherical triangle bounded by
three arcs on great circles satisfies the angle sum formula

a+p+y=nm+A.

(See Figure 2.3.) Hence there can be no such map .

Figure 2.3: A spherical triangle.

2.2 (Geodesics

Let M C R"™ be an m-dimensional connected submanifold. We will address
the following question. Given two points p,q € M is there is a smooth curve
v :[0,1] = M with endpoints v(0) = p and (1) = ¢ satisfying

L(vy) = d(p, q)

so that v minimizes the length functional L : ), , — R among all curves
in Q47 To address this question it is convenient to modify the problem and
consider instead the energy functional F : ), , — M defined by

1
B0) =5 [ O i

The advantage is that the function F is smooth in the appropriate sense (to
be made more precise below) while the length fnctional L is only smooth
at those points v € Q,, that satisfy 4(¢) # 0 for all . Our goal is to
examine the critical points of the functionals L and E. This requires some
preparation.
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2.2.1 The orthogonal projection onto 7),M
For p € M let II(p) € R™*™ be the orthogonal projection onto T,,M. Thus

I(p) = I(p)* = M(p)” (2.8)

and

II(p)v =wv = veT,M (2.9)
for p € M and v € R" (see Exercise 1.99). We have seen in Theorem 1.100
and Corollary 1.101 that the map II: M — R™*" is smooth.

Example 2.9. Consider the case n = m + 1. Thus M C R™*! is a sub-
manifold of codimension 1. By Corollary 1.102 the normal bundle TM~*
is a vector bundle of rank 1 over M and hence each fiber E, = T,M s
spanned by a single unit vector v(p) € R™. Note that the vector v(p) € S™
is determined by the tangent space T,M up to a sign. By Theorem 1.100
each point pg € M has an open neighborhood U C M on which there is a
smooth function v : U — R™+! satisfying

v(p) L T,M, lv(p)| =1 (2.10)

for p € U (see Figure 2.4). Such a map v is called a Gauss map. The
function IT: M — R™*™ is in this case given by

M(p) =1-vpw(p)", pel. (2.11)

Figure 2.4: A unit normal vector field.

Example 2.10. In the case M = S? C R? we have v(p) = p and hence

1—22 —ay —xZ
Op)=1—pp" = —yz 1-3y vz
—2x —zy 11—z

for every p = (x,y,2) € S2.
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Example 2.11. If f : U — R™* ™ is a smooth function, 0 € R"™" is a
regular value of f, and U N M = f~1(0) then T,,M = ker df (p) and

M(p) = 1 - df(p)” (Af ()df ()") " df (p)
for every p € U N M. (Prove this!)

Example 2.12. If ¢ : & — M is a smooth embedding of an open set
Q C R™ then

H(1(2)) = du(e) (do(e) do(x)) " di(2)”
for every x € Q. (See the proof of Corollary 1.101.)

Example 2.13 (The M&bius strip). Consider the submanifold M C R?
given by

x = (14 rcos(0/2))cos(6),
M = (z,y,2) € R®| y = (1+7cos(d/2))sin(h),
z=rsin(0/2), r,0 eR, |r| <e

for € > 0 sufficiently small. Show that there does not exist a global smooth
function v : M — R3 satisfying (2.10).
2.2.2 The covariant derivative

Let I C R be an open interval and v : I — M be a smooth curve. A vector
field along 7 is a smooth map X : I — R" such that X(t) € T, M for
every t € I (see Figure 2.5). The set of smooth vector fields along + is a real
vector space and will be denoted by

Vect(y) :== {X : I - R"| X is smooth and X(t) € T,(yM Vtel}.

Figure 2.5: A vector field along a curve.
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The first derivative X (t) of a vector field along « at t € I will, in general,
not be tangent to M. We may decompose it as a sum of a tangent vector
and a normal vector in the form

X () = T(y(£))X(8) + (1= TI(v(1))) X (1),

where IT: M — R"*" is defined by (2.8) and (2.9). The tangential compo-
nent of in this decomposition plays an important geometric role. It is called
the covariant derivative of X at ¢ € I and will be denoted by

VX(t) :=TI(v(t)X(t) € Ty M. (2.12)
This is a smooth vector field along . Thus the covariant derivative defines

a linear operator V : Vect(y) — Vect(y). A vector field X € Vect(y) is
called parallel if it belongs to the kernel of this operator so that VX = 0.

Remark 2.14. For every vector field X € Vect(y) and every ¢ € I we have

VX(t) =0 <~ X(t) 1 T'y(t)M-

In particular, 4 is a vector field along v and V4(t) = II(v(t))5(¢t). Hence,
for every t € I, we have V+(t) = 0 if and only if 4(t) L Ty M.

Remark 2.15. For any two vector fields X, Y € Vect(y) along v we have

%(X, Y) = (VX,Y)+ (X,VY). (2.13)

2.2.3 The space of paths

Fix two points p, ¢ € M. We may think of the space €2, ;, of smooth paths in
M connecting p to ¢ as a kind of “infinite dimensional manifold”. This is to
be understood in a heuristic sense and we use these terms here to emphasize
an analogy. Of course, the space €}, , is not a manifold in the strict sense
of the word. To begin with it is not embedded in any finite dimensional
Euclidean space. However, it has many features in common with manifolds.
The first is that we can speak of smooth curves in €1, ,. Of course €, , is
itself a space of curves in M. Thus a smooth curve in €, , would then be a
curve of curves, namly a map

R—=Qpq:85m7s

that assigns to each real number a smooth curve 7 : [0,1] — M satisfying
7s(0) = p and (1) = g. We shall call such a curve of curves smooth if the
associated map R x [0,1] — M : (s,t) — 75(t) is smooth.
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Having defined what we mean by a smooth curve in ,, we can also
differentiate such a curve with respect to s. Here we can simply recall that,
since M C R™, we have a smooth map R x [0, 1] — R™ and the derivative of
the curve s — 7, in £, ;, can simply be understood as the partial derivative of
the map (s,t) — vs(t) with respect to s. Thus, in analogy with embedded
manifolds, we define the tangent space of the space of curves 2,, at 7y
as the set of all derivatives of smooth curves R — €, , : s — 7, passing
through ~v:

0
T’Yvaq = {&

Let us denote such a partial derivative by

Vs
s=0

R — Q4 : 8 75 is smooth and vy = ’y} .

X(t) = —

Os ’Ys(t) < T’y(t)M-

s=0

Thus we obtain a smooth vector field along v. Since v5(0) = p and 75(1) = ¢
for all s, this vector field must vanish at t = 0, 1. This suggests the formula

T,Qpq = {X € Vect(y) | X(0) =0, X(1) =0}. (2.14)
That every tangent vector of the path space 2, ; at «y is a vector field along
vanishing at the endpoints follows from the above discussion. The converse

inclusion is the content of the next exercise.

Exercise 2.16. Verify equation (2.14) for v € €, ,. Namely, for every
smooth vector field X € Vect(y) along + satisfying

- = = X. 2.15
Yo =", 5| (2.15)

Hint: Construct a smooth map [0,1] x Q — M : (t,x) — ¢ (z), for some
open neighborhood © C R™ of zero, such that each map 9 : 2 — M is a
diffeomorphism onto an open set Uy C M satisfying 1:(0) = ~(¢).
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2.2.4 Critical points of £ and L

We can now define the derivative of the energy functional £: Q, , —+ R
at « in the direction of a tangent vector X € 7,92, , by

d

dE(v)X = —
(7) as| .

E() (2.16)
for X € 17,9, 4, where R — €, , : s = 7, is a smooth curve of curves
satisfying (2.15). This defines rise to a linear map

dE(7y) : T, — R.

Similarly, the derivative of the length functional L : €, , — R at v is
the linear map
dL(v) : T,9Qp 4 — R,

defined by
d

dL(v) X = —
() |,

L(y,) (2.17)

for X € T,Q,, where s — ~, is chosen as before. However, care must
be taken. To even define the expressions (2.16) and (2.17) the functions
s +— FE(vs) and s — L(vs) must be differentiable at the origin. This is
no problem in the case of E but it only holds for L when #(t) # 0 for
all t € [0,1]. Second we must shos that the right hand sides of (2.16)
and (2.17) depend only on X and not on the choice of the curve of curves
s — s satisfying (2.15). Third one needs to verify that the maps dE()
and dL(y) are indeed linear. All this is an exercise in first year analysis
which we leave to the reader (see also the proof of Theorem 2.17 below). A
curve v € Q, , is called a critical point of E if dE(y) = 0 and, in the case
4(t) # 0 for all ¢, it is called a critical point of L if dL(vy) = 0.

Theorem 2.17. Let v € Q, 4. Then the following are equivalent.
(i) v is a critical point of E.
(ii) Either v(t)=p=q or

(@) =c#0
and v is a critical point of L.
(iii) VA(t) = 0.

Definition 2.18. Let M C R" be an m-dimensional submanifold and I C R
be an interval. A smooth curve v : I — M is called a geodesic if V4 = 0.
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Proof of Theorem 2.17. We prove that (i) is equivalent to (iii). Let
X eTlQ,,

be given and choose a smooth curve of curves R — Q,, : s — ~, that
satisfies (2.15). Then the function (s,¢) — |¥(¢)[* is smooth and hence we
can interchange differentiation with respect to the s-variable and integration
with respect to the t-variable. Thus

d

dE()X = —
(7) T

E(vs)

s=0
d 1

&l
_ ;A:%FJ%mﬁw
= [ o x0)

1
= - | Go.xw)

1
(0] dt

That (iii) implies (i) follows immediately from this identity. Conversely,
suppose that v is a critical point of E and that there is a point ¢y € [0,1]
such that V4(tg) # 0. Then, by Remark 2.14, 4(¢o) is not orthogonal to
Ty (15)yM. We assume without loss of generality that 0 <7y < 1. and choose
a vector vg € Ty4,)M such that (§(t),vo) > 0. Hence there is a constant
g€>0suchthat 0 <tg—e <ty+e<1and

to—e<t<to+e — {(3(6), I(v(t))vo) > 0.

Choose a smooth cutoff function 5 : [0,1] — [0, 1] such that () = 0 for
|t —to| > € and B(tg) = 1. Define X € T,Q, , by

X(t) == BOI(y(t))vo-
Then (%(t), X (t)) > 0 for all t and (5(to), X (to)) > 0. Hence

1
dmwX=—4<me@wﬁ<o

and this contradicts (i). Thus we have proved that (i) is equivalent to (iii).
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We prove that (i) is equivalent to (ii). Assume first that ~ satisfies (i).
Then v also satisfies (iii) and hence %(t) L T4 M for all ¢ € [0,1]. This
implies

1d

0= (3(6),3(1) = 5 3 HOP.

Hence the function ¢ — |(¢)|? is constant. Choose ¢ > 0 such that |¥(t)| = c.
If ¢ = 0 then ~(¢) is constant and thus v(¢) = p = ¢. If ¢ > 0 we have

dL(y)X = L(vs)

/m )| dt
s=0

5| o a
(4

|
[t g,
- [ Goxw) @

= 2dB()X

d
ds|_

d
ds

Thus, in the case ¢ > 0, =y is a critical point of F if and only if it is a critical
point of L. Hence (i) is equivalent to (ii) and this proves the theorem. [

As we have seen in Remark 2.2 the length of a curve remains unchanged
under reparametrization. This implies that if a path v € Q, , (satisfying
4(t) # 0 for all ¢) is a critical point of L then each reparametrization of ~ is
still a critical point of L; only the unique reparametrization for which |§(¢)]
is constant is also a critical point of F.

Exercise 2.19. Let v : [0,1] — M be a smooth curve satisfying (¢) # 0
for every t. Prove that there is a unique smooth map « : [0,1] — [0,1]
satisfying a(0) = 0, a(1) =1, &(t) > 0, such that the derivative of v o a has
constant norm.

Theorem 2.17 still does not answer the question of the existence of a
curve that minimizes the length among all curves with the same endpoints.
However it characterizes the critical points of the energy and length function-
als and thus gives us a necessary condition that energy-minimizing curves
must satisfy.
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2.3 Christoffel symbols

We examine the covariant derivative and the geodesic equation in local coor-
dinates on an embedded manifold M C R™ of dimension m. Let ¢ : U — Q
be a coordinate chart on an open set U C M with values in an open set
Q) C R™ and denote its inverse by ¥ : @ — M. Let

c= (..., :1—Q
be a smooth curve in §2, defined on an interval I C R, and consider the curve
y=voc:I—->M

(see Figure 2.6). Our goal is to understand the equation V4 = 0 or, more
generally, to describe the operator X +— VX on the space of vector fields
along ~ in local coordinates.

Figure 2.6: A vector field along a curve in local coordinates.

Let X : I — R" be a vector field along . Then
X(t) S T’y(t)M = Tw(c(t))M =im (dl/}(c(t)) :R™ — Rn)
for every t € I and hence there is a unique smooth function
E=(€....&M) T 5 R"

such that

X(1) = db(e)e(r) = 3 €0 2% c(1)). (2.18)
=1

X
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Differentiating this identity we obtain

X(1) =Y W0 (eln) + Y €O (1) gt (elr)).  (219)

Oxt0xI
i=1 ij=1

We examine the projection VX (t) = II(y(t))X (t) of this vector onto the
tangent space of M at v(t). The first summand on the right in (2.19) is
already tangent to M. For the second summand we simply observe that the
vector I1(1)(x))9% /0’ 0x7 lies in tangent space T,y M and can therefore be
expressed as a linear combination of the basis vectors 9 /dz?, ..., 0y /0x™
The coeflicients will be denoted by Ffj (). Thus there are smooth functions

I‘f“'j:Q—)Rfori,j,kzl,...,mdeﬁnedby

2 m
11()()) 32 awx] Z (%k (2.20)

forz € Qandi,j € {1,...,m}. The coefficients I’fj are called the Christof-
fel symbols. To sum up we have proved the following.

Lemma 2.20. Let c: I — Q be a smooth curve and denote v :=poc: I —
M. If§: T — R™ is a smooth map and X € Vect(y) is given by (2.18) then
its covariant derivative at time t € I is given by

Z( t) + (e ())£i(t)éj(t))@(c(t)), (2.21)

k=1
where the I’fj are the Christoffel symbols defined by (2.20).

Corollary 2.21. Let M C R™ be an m-dimensional submanifold and ¢ :
U — Q be a coordinate chart on M with inverse 1 := ¢~1 : Q — U. Let
I’fj : Q — R be the Christoffel symbols defined by (2.20). Let ¢: I —  be a
smooth curve. Then the curve v :=oc: 1 — M is a geodesic if and only
if ¢ satisfies the 2nd order differential equation

m
&4+ Th(e)éd =0 (2.22)
ij=1
fork=1,....m

Proof. This follows immediately from the definition of geodesics and equa-
tion (2.21) in Lemma 2.20 with X =4 and £ = ¢. O
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Corollary 2.22. Let M C R" be an m-dimensional submanifold.

(i) For every p € M and every v € T,M there is an € > 0 and a smooth
curve v : (—e,e) — M such that

Vi=0, 0 =p,  4(0) =0 (2.23)
(L) If 1 : I1 = M and 72 : Iy — M are geodesics and to € Iy N Iy with

Ti(to) =12(to),  F1(to) = F2(to)
then v1(t) = v2(t) for allt € Iy N I5.

Proof. Let ¢ : U — € be a coordinate chart on an open neighborhood
U C M of p and let Ffj : 2 — R be the Christoffel symbols defined by (2.20)
with 1 := ¢~ 1. Let ¢ := ¢(p) and & := dé(p)v. Then v : (—¢,e) — U is a
solution of (2.23) if and only if ¢ := ¢ oy is a solution of the second order
differential equation (2.22) with the initial condition ¢(0) = z¢ and ¢(0) = &o.
Hence it follows from the existence and uniqueness theorem for solutions of
ordinary differential equation that the initial velue problem (2.23) has a
solution 7 : (—e,e) — U for some € > 0 and that any two solutions of (2.23)
with images in U agree on the intersection of their domains. To prove the
global uniquess statement in Corollary 2.22 we define the set

A= {te LND|n(t) = (t), 1(t) = %(t)}

This set is obviously closed and nonempty because ty € A. Moreover, it is
open by the local uniqueness result just proved. Since I N I is connected
we obtain A = I1 N I5 and this proves the corollary. O

Example 2.23. Let S™ C R™*! be the unit sphere. Given a point p € S™
and a nonzero tangent vector v € T,5™ = pt, the geodesic v : R — S™
with v(0) = p and 4(0) = v is given by
sin(t |v])

|v]
for t € R. Indeed, #(t) is perpendicular to v(t) for every ¢t. With ¢ := ~(1)
we have L(7j,1) = |v| and, in the case 0 < |v| < 7 there is no shorter curve

in S™ connecting p and q. (Exercise: Prove this!) Hence the intrinsic
distance on S™ is given by

d(p,q) = cos™'({p,q)) (2.24)

y(t) = cos(t v])p +

for p,q € S™.
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Our next goal is to understand how the Christoffel symbols are deter-
mined by the metric in local coordinates. Recall from equation (2.5) that the
inner products on the tangent spaces inherited from the standard Euclidean
inner product on the ambient space R™ are in local coordinates represented
by the matrix function

9= (9ij)i5=1 : Q= R™™

_ (o o

We shall see that the Christoffel symbols are completely determined by the
functions g;; : 0 — R. Here are first some elementary observations.

given by

Remark 2.24. The matrix g(z) € R™*™ is symmetric and positive definite
for every x € Q. This follows from the fact that the matrix diy(z) € R"*™
has rank m and

(& 9(@)mpm = (dp(x)€, dip(z)n) gn
for all x € ) and &, € R™.

Remark 2.25. For x € Q we denote the entries of the inverse matrix
g(xz)~! € R™*™ by ¢gF(x). They are determined by the condition

“ , 1, ifi=F%
g .. ]k — k‘ — ) )
]:

Since g(x) is symmetric and positive definite, so is its inverse matrix g(z) .
In particular we have ¢*(z) = ¢**(z) for all z € Q and k,¢ € {1,...,m}.

Remark 2.26. Suppose X,Y € Vect(y) are vector fields along our curve
vy=1oc:I— Mand¢n:I— R™ are defined by

mo 9 mo 9
X() =Y 09 (el), V(1) =Dt (el)
=1 1
Then the inner product of X and Y is given by

(X, Y (1) =) g5 (c()E" (O (0).

i,j=1
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Theorem 2.27 (Christoffel symbols). Let 2 C R™ be an open set and
ij o 2 — R, i,j=1,...,m,

be smooth functions such that each matriz (gij(z));;—, is symmetric and
positive definite. Let I’fj : Q — R be smooth functions fori,j,k=1,...,m
Then the Ffj satisfy the conditions

ag Uk
k= 1k, Iy (gwrﬁk + gjgrffk> (2.26)
/=1

fori, i,k =1,...,m if and only if they are given by

N ol (Ogs  Ogej gy
rk — ké — : J 27U 2.2
K ;g 2 <3mﬂ T Dal (227)

If the I’fj are defined by (2.20) and the g;; by (2.25), then the I’fj sat-
isfy (2.26) and hence are given by (2.27).

Proof. Suppose that the I’fj are given by (2.20) and the g;; by (2.25). Let
c: 1 — Qand & n: I — R™ be smooth functions and suppose that the
vector fields X,Y along the curve

y:=voc:I—>M

are given by

Zgl 5xz ); 277] 335] (t))-

Jj=1

Then, by Remark 2.26 and Lemma 2.20, we have
(X, ) = > gi(0)&',
(X, VY) = > gule)e’ (il + Do)
it

(VX.Y) = 3 g5(0) (& + Thr(0)g'e* )
N4
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Here we have dropped the argument ¢ in each term. Hence it follows from
equation (2.13) in Remark 2.15 that

d
7

= Z <92j§77 +glj§Z J+Z 9@]52 J k)

Z

- Zg@eﬁ i = guliEnie

0 = —(X,Y)—(X,VY)—(VX,Y)

i,5,k,¢
—Zgéﬁ% - Z gZ]F
i,5,k,¢
> (‘9 W z)g
ik

Since this equation holds for all smooth maps ¢: I —  and &,n9: 1 — R™
we obtain that the I’fj satisfy the second equation in (2.26). That they are
symmetric in ¢ and j is obvious.

To prove that (2.26) is equivalent to (2.27) we define

m
Thij = Y grel's;- (2.28)

Then equation (2.26) is equivalent to
dgi:
Lrij = Tijis a—lez = Lijk + Tjir- (2.29)
and equation (2.27) is equivalent to

1 (Ogri | Ogk;  Ogij
Trii = = : = — . 2.
LA ((%UJ * oxt  Oxk (2:30)

If the I'y;; are given by (2.30) then they obviously satisfy I'y;; = I'yj; and

095, 09k _ 9gjk L 9% 99k 99i _ ,09ij
oxzk ~ Oxd  Qxt  Oxk  Oxt  Oxd &’ck
Conversely, if the I'y;; satisfy (2.29) then we have

2Tk + 20 ji, =

3%]‘

Dk Lijk + Tjik,

IGki

%j@ = Dkij + Likj = kij + Liji,
Gk

A Uji + Ljki = Trij + Ljik-



2.3. CHRISTOFFEL SYMBOLS 101

Taking the sum of the last two minus the first of these equations we obtain
Ogki | Ogr;  0Ogij
dzi Ozt OaxF

Thus we have proved that (2.29) is equivalent to (2.30) and hence (2.26) is

equivalent to (2.27). This proves the theorem. O

Exercise 2.28. Let Q C R™ be an open set and g = (g;5) : & — R™™
be a smooth map with values in the space of positive definite symmetric
matrices. Consider the energy functional

1
E(c) := / L(e(t), é(t)) dt
0
on the space of paths c: [0,1] — Q, where L : Q x R™ — R is defined by
1 . .
L&) =5 D> &gi(@)¢. (2:31)
i,7=1
The Euler—Lagrange equations of this variational problem have the form

d oL oL
g ogr e 0) = G (e ¢, k=1m. (2.32)

Prove that the Euler-Lagrange equations (2.32) are equivalent to the geo-
desic equations (2.22), where the I’fj : Q — R are given by (2.27).

Exercise 2.29. Consider the case m = 2. Let Q C R? be an open set and
A — (0,00) be a smooth function. Suppose that the metric g : Q — R2*2

is given by
o= ("5 20 )

Compute the Christoffel symbols I’fj via (2.27).
Exercise 2.30. Let ¢ : 52\ {(0,0,1)} — C be the stereographic projection,

given by
4! P2
p) = )
op) (1—1?3 1—p3>

Prove that the metric g : R? — R?*2 has the form g(z) = A(z)1 where the
function ) : R? — (0, 00) is given by

4

M) = T ey

for x = (x!,2%) € R2.
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2.4 The geodesic flow

2.4.1 The second fundamental form

Let M C R™ be an m-dimensional submanifold. We explain how geodesics
can be viewed as integral curves of a vector field on the tangent bundle 7'M .
This requires some preparation. Recall that, for each p € M, the orthogonal
projection II(p) € R™*™ of R™ onto the tangent space T,M is characterized
by the equations

U(p)* =L(p) =(p)",  im(p) =T,M (2.33)

and that the resulting map II : M — R™*" is smooth (see Theorem 1.100
and Corollary 1.101). Differentiating this map at a point p € M we obtain

a linear map
dll(p) : T,M — R™"

which, as usual, is defined by

Ay = & () em

for v € T,M, where v : R — M is chosen such that (0) = p and 4(0) = v
(see Definition 1.31). We emphasize that the expression dII(p)v is a matrix
and can therefore be multiplied by a vector in R".

Lemma 2.31. For allp € M and v,w € T,M we have
(dII(p)v)w = (dIl(p)w)v € T,M*.

Proof. Choose a smooth path v : R — M and a vector field X : R — R"
along ~ such that v(0) = p, ¥(0) = v, and X(0) = w. For example we can
choose X (t) := II(7(t))w. Then we have

for every t € R. Differentiating this equation we obtain
X (1) = T(v())X (1) + (dIL(v(1))F(6) X (1). (2.34)
Hence
(dIL((£)3()) X (1) = (1= TI(y(1))) X (1) € Ty M+ (2.35)

for every ¢ € R and, with ¢ = 0, we obtain (dII(p)v)w € T,M=.
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Now choose a smooth map R? — M : (s,t) — (s, t) satisfying

_ N 0 o) = N 0. 0) =
7(07 0) =D, %(07 0) =, ot (07 O) = w,

(for example by doing this in local coordinates) and denote

X(s,t) := 8—fY(

oy
. (

S,t) S T,y(&t)M, Y(S,t) = E

S, t) S T’y(s,t)M-

2 .
Then %Z gsgt = ‘98—)5 and hence, using

(dﬂ(v)%>% = dH(’Y)@>X

—~

2.35), we obtain

With s = t = 0 we obtain (dlI(p)w)v = (dlI(p)v)w. This proves the
lemma. 0

Definition 2.32. The collection of symmetric bilinear maps
hy : TyM x T,M — T,M~,

defined by
hp(v, w) := (dIl(p)v)w = (dI(p)w)v (2.36)

forpe M andv,w € T,M is called the second fundamental form on M.
The first fundamental form on M is the family of inner products on the
tangent spaces T, M induced by the Euclidean inner product on R™.

Example 2.33. Let M C R™*! be an m-manifold and v : M — S™ be
a Gauss map so that T,M = v(p)* for every p € M. (See Example 2.9.)
Then II(p) = 1 — v(p)v(p)” and hence

hp(v, w) = —v(p){dv(p)v,w)

forpe M and v,w € T,M.
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Exercise 2.34. Choose a splitting R” = R™ x R ™ and write the elements
of R™ as tuples (z,y) = (1,..., Tm, Y1, - - - s Yn—m) Let M C R™ be a smooth
m-~dimensional submanifold such that p =0 € M and

ToM =R™ x {0},  ToM* = {0} x R*™.

By the implicit function theorem, there are open neighborhoods 2 € R™
and V C R™™ of zero and a smooth map f : Q2 — V such that

M0 (2 x V) = graph(f) = {(z, f(y)) [z € 2} .

Thus f(0) = 0 and df(0) = 0. Prove that the second fundamental form
hy : T,M x T,M — TpML is given by the second derivatives of f, i.e.

b
0x;0x;
igj=1"""""

hp(v,w) = |0

(0)viw,

for v,w € T,M =R™ x {0}).

Exercise 2.35. Let M C R” be an m-manifold. Fix a point p € M and a
unit tangent vector v € T,M so that |v| = 1 and define

L={p+tv+w|teR, wlT,M}.

Let v : (—e,6) = M N L be a smooth curve such that v(0) = p, ¥(0) = v,
and |§(t)| = 1 for all t. Prove that

7(0) = hy(v,v).
Draw a picture of M and L in the case n = 3 and m = 2.

Equation (2.34) in the proof of Lemma 2.31 shows that the derivative of
a vector field X along a curve 7 is given by Gauss—Weingarten formula

X(t) = VX(t) + hy (7(8), X (1)) (2.37)

Here the first summand is tangent to M and the second summand is orthog-
onal to the tangent space of M at ~y(¢). Applying the Gauss—Weingarten
formula to the vector field X =+ we obtain

§ =V + hy(4,9). (2.38)

By definition 7 is a geodesic if and only if V4 = 0 and, by equation (2.38),
this means that - satisfies the equation

¥ = hy(V:)- (2.39)
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2.4.2 The tangent bundle of the tangent bundle

The tangent bundle T'M is a smooth 2m-dimensional manifold in R™ x R".
The tangent space of T'M at a point (p,v) € TM can be expressed in terms
of the second fundamental form as

Ty TM = {(p,0) € R" x R"|p € T, M, (1—T11(p))d = hy(p,v)} . (2.40)

By the Gauss—Weingarten formula the derivative of a curve t — (y(t), X (t))
in T'M satisfies (]l—H(y(t)))X(t) = hy ) (¥(t), X (¢)) for every t. This proves
the inclusion “C” in (2.40). Equality follows from the fact that both sides
of the equation are 2m-dimensional linear subspaces of R™ x R"™. Now it
follows from (2.40) that the formula

Y(p,v) = (v, hp(v,0)) € Tip) TM

for p € M and v € T, M defines a vector field on TM. By (2.38) the integral
curves of Y have the form (y,%), where vy : I — M is a geodesic. Hence, using
Theorem 1.52, we obtain another proof of Corollary 2.22 which asserts that,
for every p € M and every v € T, M, there is a geodesic v : (—¢,e) = M,
for some e > 0, satisfying v(0) = p and 4(0) = v. In fact, we also obtain
smooth dependence of the geodesic on the initial condition.

2.4.3 The exponential map

In general the geodesic through p in the direction v € T),M can be defined
on a maximal existence interval

Ly ::U{ICR

Define the set V,, C T, M by
Vpi={veT,M|1lel,,}. (2.41)

geodesic v : I — M satisfying v(0) = p, 4(0) = v

I is an open interval containing 0 and there is a }

The exponential map

exp,: Vp > M
of M at p assigns to every tangent vector v € Vj, the point exp,(v) := (1),
where 7 : I, , — M is the unique geodesic satisfying v(0) = p and ¥(0) = v.
It follows from Theorem 1.54 that the disjoint union of the V), is an open
subset of TM and that the exponential map

U {p} xVp, = M : (p,v) — expp(v)
peEM

is smooth.
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Figure 2.7: The exponential map.

Lemma 2.36. Letp € M and v € V). Then
I,={teR|tveV,}
and the geodesic vy : I, ,, = M with v(0) = p and ¥(0) = v is given by
v(t) = exp,(tv), t € Ipy.

Proof. Let 7 : I,, , — M be the unique geodesic with v(0) = p and §(0) = v.
Fix a nonzero real number A and define the map ) : )\_1Ip7v — M by

M(t) == v(At).
Then 4y (t) = My(At) and Fy(t) = A25(\t). Hence
VAa(t) = T ()3 (8) = NTI(y(A1))5(At) = N V(ML) = 0

for every t € A™1I, ,. Hence 7, is a geodesic and 7,(0) = p and 4,(0) = Av.
In particular, we have A_lfp,v C I, . Interchanging the roles of v and Av
we obtain )Fllpﬂ, = I, »p. Thus

AeElp, = lel = Av eV,
and y(\) = (1) = exp,(\v) for A € I),,,. This proves the lemma. O

Corollary 2.37. The map exp,, : V, = M is smooth and its derivative at
the origin is
dexp,(0) =id : T,M — T, M.

Proof. The set V,, is an open subset of the linear subspace T, M C R", with
respect to the relative topology, and hence is a manifold. The tangent space
of V,, at each point is T,M. That the exponential map is smooth follows
from Theorem 1.54. By Lemma 2.36 its derivative at the origin is

dexp,(0)v = % L exp,(tv) = ¥(0) = v,

where v : I, — M is once again the unique geodesic through p in the
direction v. This proves the corollary. O
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Corollary 2.38. Let p € M and, for r > 0, denote
B (p) =={veT,M]| v <r}.
If r > 0 is sufficiently small then B,(p) C V), the set
Ur(p) := exp,(B:(p))

is an open subset of M, and the restriction of the exponential map to By(p)
is a diffeomorphism from B,(p) to U.(p).

Proof. This follows from Corollary 2.37 and Theorem 1.34. U

Definition 2.39. Let M C R" be a smooth m-manifold. The injectivity
radius of M at p is the supremum of all v > 0 such that the restriction

of the exponential map exp, to B, (p) is a diffeomorphism onto its image
Ur(p) == exp,(B;(p)). It will be denoted by

inj(p) := inj(p; M) := sup {r >0

exp, : Br(p) — Uy (p) } .

is a diffeomorphism

The injectivity radius of M is the infimum of the injectivity radii of M
at p over all p € M. It will be denoted by

inj(M) := piéll\fd inj(p; M).

2.4.4 Examples and exercises

Example 2.40. The exponential map on R™ is given by
expy(v) =p+v

for p,v € R™. For every p € R" this map is a diffeomorphism from
T,R™ =R™ to R™ and hence the injectivity radius of R™ is infinity.

Example 2.41. The exponential map on S™ is given by

exp,(v) = cos(|v|)p + Wv

for every p € S and every nonzero tangent vector v € T,S™ = pt. (See
Exercise 2.23.) The restriction of this map to the open ball of radius 7 in
T,M is a diffeomorphism onto its image if and only if » < 7. Hence the
injectivity radius of S™ at every point is 7.
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Example 2.42. Consider the orthogonal group O(n) C R™*™ with the
standard inner product

(v, w) := trace(v w)
on R™ ™. The orthogonal projection II(g) : R"*" — T,0(n) is given by

M(g)o = 50— ")

and the second fundamental form by hy(v,v) = —gvTv. Hence a curve

v :R = O(n) is a geodesic if and only if v74 + 474 = 0 or, equivalently,

774 is constant. So geodesics in O(n) have the form ~(t) = gexp(t£) for

g € O(n) and £ € o(n). It follows that the exponential map is given by
exp,(v) = gexp(g—'v) = exp(vg™')g

for g € O(n) and v € T;O(n). In particular, for g = 1 the exponential map
expy : 0(n) — O(n) agrees with the exponential matrix.

Exercise 2.43. What is the injectivity radius of the 2-torus T? = S x S*,
the punctured 2-plane R?\ {(0,0)}, and the orthogonal group O(n)?

2.4.5 Geodesics minimize the length

Theorem 2.44. Let M C R” be a smooth m-manifold, fix a point p € M,
and let v > 0 be smaller than the injectivity radius of M at p. Let v € T,M
such that |v| < r. Then
d(p,q) = |v|, q := exp,(v),
and a curve y € Q, 4 has minimal length L(vy) = |v| if and only if there is a
smooth map B : [0,1] — [0, 1] satisfying B(0) =0, B(1) =1, B > 0 such that
v(t) = exp,(B(t)v).
Lemma 2.45 (Gauss Lemma). Let M, p, and r be as in Theorem 2.44.
Let I C R be an interval and w : I — V, be a smooth map whose norm
|w(t)| =: 1 is constant. Define
a(s,t) = exp,(sw(t))
for (s,t) € R x I with sw(t) € V,,. Then

bo 20\ _
s’ ot/

Thus the geodesics through p are orthogonal to the boundaries of the embed-
ded balls U,(p) in Corollary 2.38 (see Figure 2.8).
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Ur

Figure 2.8: The Gauss Lemma.

Proof. For every t € I we have a(0,t) = exp,(0) = p and so the assertion

holds for s = 0: 5 5
o o

Moreover, each curve s — af(s,t) is a geodesic, i.e.

Oa Do

By Theorem 2.17, the function s ‘g—g‘(s, t)| is constant for every ¢, so that

Oa

0o —<o,t>\ — f(t)] =

G| =

Os Os

for all s and ¢t. This implies

0 [0a da\ /g da da\  [Oa o Da
Os \ O0s’ Ot - 0s’ Ot ds’ C ot

g
Yo dson
Oa 32a>

|

oa|?

s

= 0.

Since the function (g—‘;‘, %—2‘) vanishes for s = 0 we obtain

<‘;—‘;‘(s,t),g—(j(s,t)> ~0

for all s and ¢. This proves the lemma. O
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Proof of Theorem 2.44. Let r > 0 be as in Corollary 2.38 and let v € T),M
such that 0 < |[v| =: ¢ < r. Denote ¢ := exp,(v) and let v € € ;. Assume
first that

v(t) € exp, (B:(p)) =U.  Vte|0,1].
Then there is a unique smooth function [0,1] — T,,M : t — v(t) such that
|v(t)] < e and (t) = exp,(v(t)) for every t. The set

Ii={t e [0,1]]7(t) #p} = {t € [0,1] ] v(t) # 0} C (0,1

is open in the relative topology of (0, 1]. Thus I is a union of open intervals
in (0,1) and one half open interval containing 1. Define 5 : [0,1] — [0, 1]
and w: I — T,M by

Then S is continuous, both § and w are smooth on I, 3(0) = 0, 5(1) = 1,
w(1l) = v, and

W)l =c, A1) = exp,(BHw()  Viel

We prove that L(y) > e. To see this let « : [0,1] x I — M be the map of
Lemma 2.45:

a(s,t) = exp,(sw(t)).
Then 7(t) = a(5(t),t) and hence

3(0) = B 92 (B0, 1) + o ((0). 1)

for every t > 0. Hence it follows from Lemma 2.45 that

2 2

Oo

O
2 (50).1)

+ 580,

A ()P = B(t)? > f(t)22

for every t € I. Hence

L(y) :/01 301 = [l == [ [3o] ar=e [ A=

The last equation follows by applying the fundamental theorem of calculus
to each interval in I and using the fact that (0) = 0 and (1) = 1. If
L(y) = ¢ we must have

Oa

S, (B®),1) =0, Bt)y>0 Vtel.
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Thus [ is a single half open interval containing 1 and on this interval the
condition %—i‘(ﬂ(t), t) = 0 implies w(t) = 0. Since w(1) = v we have w(t) = v
for every t € I. Hence (t) = exp,(B(t)v) for every ¢t € [0,1]. Tt follows
that (8 is smooth on the closed interval [0, 1] (and not just on I). Thus we
have proved that every v € ), , with values in U. has length L(y) > ¢ with
equality if and only if 7 is a reparametrized geodesic. But if v € €, , does not
take values only in U,, there must be a T' € (0, 1) such that ([0, T]) C U.
and y(T) € OU.. Then L(v|jo)) = &, by what we have just proved, and
L(7[gr,1)) > 0 because the restriction of vy to [T', 1] cannot be constant; so in
this case we have L(vy) > . This proves the theorem. O

The next corollary gives a first answer to our problem of finding length
minimizing curves. It asserts that geodesics minimize the length locally.

Corollary 2.46. Let M C R" be a smooth m-manifold, I C R be an open
interval, and v : I — M be a geodesic. Fix a point tyg € I. Then there is a
constant € > 0 such that

th—e<s<t<ty+e = L(is,) = d(v(s), (1))

Proof. Since + is a geodesic its derivative has constant norm

(see Theorem 2.17). Choose § > 0 so small that the interval [ty — d,tg + 9]
is contained in I. Then there is a constant r > 0 such that r < inj(vy(t))
whenever |t — tg| < §. Choose € > 0 such that

€ <9, 2ec < 1.
Iftg —e <s<t<tyg+ e then
V(t) = expy(s) (T = 5)7(s))

and
|(t —s)¥(s)| = |t — s| ¢ < 2ec < r < inj(y(s)).

Hence it follows from Theorem 2.44 that
L(¥lfs) = It = slc = d(y(s),7(t)).
This proves the corollary. O

Exercise 2.47. How large can you choose the constant € in Corollary 2.46
in the case M = S?? Compare this with the injectivity radius.
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2.4.6 Convexity

Definition 2.48. Let M C R" be a smooth m-dimensional manifold. A sub-
set U C M is called geodesically convex if, for any two points pg,p1 € U,
there is a unique geodesic y : [0,1] — U such that v(0) = po and (1) = p;.

Exercise 2.49. (a) Find a geodesically convex set U in a manifold M and
points pg, p1 € U such that the unique geodesic v : [0,1] — U with v(0) = po
and (1) = p; has length L(vy) > d(po, p1)-

(b) Find a set U in a manifold M such that any two points in U can be
connected by a minimal geodesic in U, but U is not geodesically convex.

Theorem 2.50 (Convex neighborhoods). Let M C R™ be a smooth m-
dimensional submanifold and fix a point pg € M. Let ¢ : U — Q0 be any
coordinate chart on an open neighborhood U C M of pg with values in an
open set Q C R™. Then the set

Ur:={p e Ullo(p) — d(po)| <7}

is geodesically convex for r > 0 sufficiently small.

Proof. Assume without loss of generality that ¢(pg) = 0. Let I’fj Q0 —-R
be the Christoffel symbols of the coordinate chart and, for x € €2, define the
quadratic function @, : R™ — R by

Qx(8) =) (5’“)2 + Y 2T ().
k=

1 ig.k=1

Then Qo(¢) = |¢* and so Q, continues to be positive definite for |z| suf-
ficiently small. In other words there is a constant p > 0 such that, for all
xz,& € R™, we have

2/ <p 40 = zeQ Q. >0

Let v : [0,1] — U, be a geodesic and define c(t) := ¢(y(t)) for 0 < ¢ < 1.
Then |c(t)| < p for every t and, by Corollary 2.21, ¢ satisfies the differential
equation & + doij I’fj(c)c'ic'j = 0. Hence

e _d, 2
dt2 2 dt <C, C> |C| + <C? C> QC(C) — 0

and so the function ¢ — |p(y(¢))[? is convex.
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Now choose § > 0 and 79 > 0 so small that, for all p,q € M, we have

p€U,, dlp,q) <9¢ = q e U, (2.42)
pelU, = 0 < inj(p), (2.43)
p,q € Uy, = d(p,q) <. (2.44)

We prove that U, is geodesically convex for 0 < r < rg. Fix two points
p,q € Up. Then p,q € U, by (2.42) and, by (2.43) and (2.44), we have

d(p,q) < § < inj(p).

Hence, by Theorem 2.44, there is a vector v € T,,M such that |v| = d(p, q)
and exp,(v) = q. Define

Y(t) := exp,(tv), 0<t<L

Then ~ is a geodesic with endpoints v(0) = p and v(1) = ¢q. Moreover, by
Theorem 2.44, we have

d(p,y(t)) = tlv] =td(p,q) <6

for 0 <t <1 and hence v(t) € U, by (2.42). This implies that the function
t — |p(y(t))|? is convex and therefore

6 (E)° < (L= 1) [o(v (@) + td(v(a)* < 7

for 0 <t < 1. Hence ¥([0,1]) C U,.

We prove that there is no other geodesic from p to ¢ whose image is
contained in U,. To see this, let 7/ : [0,1] — U, be any geodesic connecting
p to ¢. Then there is a vector v’ € T,,M such that

exp,(v)) =q,  7'(t) = exp,(tV)
for 0 <t < 1. Since v/(t) € U, C Uy, it follows from (2.43) and (2.44) that
d(p,7'(1)) <0 < inj(p)

for all ¢. If [v'| > inj(p) then there is a t € [0,1] such that 6 < ¢ |v/| < inj(p)
and then, by Theorem 2.44, we have

d(p,(t)) = d(p, exp,(tv")) = t [/ >4,
a contradiction. Hence |v/| < inj(p). Since
epr(U/) =4q= epr(’U)

it then follows from the definition of the injectivity radius that v = v and
so v'(t) = y(t) for all ¢. This proves the theorem. O
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Remark 2.51. Let M C R” be an m-dimensional submanifold. Fix a point
p € M and a real number 0 < r < inj(p) and denote

O ={zeR"|[z[<r},  U:={qeMld(p,q) <r}.
By Corollary 2.38 and Theorem 2.44 the map
exp, : {v € LM | |v| <71} = U,

is a diffeomorphism. Hence any orthonormal basis e1, ..., e, of T,M gives
rise to a coordinate chart

¢: U, — Q,, (b_l(x) = exp, (Z xiei)
i=1

This coordinate chart sends geodesics through p to straight lines through
the origin. One calls the components ', ..., 2™ of ¢ geodesically normal
coordinates at p.

Exercise 2.52. By Theorem 2.50 the set U, in Remark 2.51 is geodesically
convex for r sufficiently small. How large can you choose r in the cases

M=5% M=T>=5'xS" M=R*} M=R?*{0}.

Compare this with the injectivity radius. If the set U, in these examples is
geodesically convex, does it follows that every geodesic in U, is minimizing?

2.5 The Hopf-Rinow theorem

For a Riemannian manifold there are different notions of completeness. First
there is a distance function d : M x M — [0,00) defined by (2.3) so that
we can speak of completeness of the metric space (M, d) in the sense that
every Cauchy sequence converges. Second there is the question if geodesics
through any point in any direction exist for all time; if so we call a Rieman-
nian manifold geodesically complete. The remarkable fact is that these two
rather different notions of completeness are actually equivalent and that,
in the complete case, any two points in M can be connected by a shortest
geodesic. This is the content of the Hopf-Rinow theorem. We will spell out
the details of the proof for embedded manifolds and leave it to the reader
(as a straight forward exercise) to extend the proof to the intrinsic setting.
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Definition 2.53. Let M C R" be an m-dimensional manifold. Given a
point p € M we say that M is geodesically complete at p if, for every
v e T,M, there is a geodesic v : R — M (on the entire real axis) satisfying
7(0) = p and ¥(0) = v (or equivalently V,, = T,M where V,, C T,M s
defined by (2.41)). M is called geodesically complete if it is geodesically
complete at every point p € M.

Definition 2.54. Let (M,d) be a metric space. A subset A C M is called
bounded if

sup d(p, pg) < 00
peEA

for some (and hence every) point py € M.
Example 2.55. A manifold M C R"™ can be contained in a bounded subset

of R™ and still not be bounded with respect to the metric (2.3). An example
is the I-manifold M = {(z,y) e R*|0 <z < 1, y =sin(1/x)}.

Exercise 2.56. Let (M,d) be a metric space. Prove that every compact
subset K C M is closed and bounded. Find an example of a metric space
that contains a closed and bounded subset that is not compact.

Theorem 2.57 (Completeness). Let M C R" be a connected m-dimen-
stonal manifold and let d : M x M — [0,00) be the distance function defined
by (2.1), (2.2), and (2.3). Then the following are equivalent.

(i) There is a point p € M such that M is geodesically complete at p.
(ii) M is geodesically complete.

(iii) (M,d) is a complete metric space.

(iv) Every closed and bounded subset of M is compact.

Theorem 2.58 (Hopf-Rinow). Let M C R"™ be a connected m-manifold
and let p € M. Assume M is geodesically complete at p. Then, for every
q € M, there is a geodesic v : [0,1] — M such that

7(0)=p, (1) =g, L(v) = d(p, q).

Lemma 2.59. Let X be a vector field on M and ~ : (0,T) — M be an
integral curve of X such that the limit

po = lim (t)
exists. Define v : [0,T) — M by

L Do, fOT’t = 0’
Y0(t) = { y(@t), forO<t<T.

Then 7y is differentiable at t =0 and 50(0) = X (po).
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Proof. Fix a constant € > 0, choose p > 0 so small that
peEM, [p—pol<p = [ X(p) — X(po)| <,
and choose d > 0 so small that
0<t<9d — [7(t) — pol < p.

Then, for 0 < s <t < §, we have

(O =2(9) = ¢ = )Xo)| = | [ () = X(po)) dr

| X6 - X0 dr
X(2(r)) = X(po)] dr

S

(t—s)e
te.

ININ A

Taking the limit s — 0 we obtain

— — —(t—9)X
Y(t) —po X(po)| = 1im () —a(s) = (=) X(po)| _
t s—0 t
for 0 <t < §. This proves the lemma. O

Theorem 2.58 implies Theorem 2.57. We prove that (iv) implies (iii). Thus
we assume that every closed and bounded subset of M is compact and choose
a Cauchy sequence p; € M. Choose iy such that, for all ¢, 7 € N, we have

and define

= d ; 1.
¢i= max (p1,pi) +

Then, for i > iy, we have

d(p1,pi) < d(p1,piy) + d(Pig, i) < d(p1,pi) +1 < c.

Thus d(p1,p;) < c for every i € N. Hence the set {p; |7 € I} is bounded and
so is its closure. By (iv) this implies that the sequence p; has a convergent
subsequence. Since p; is a Cauchy sequence, this implies that p; converges.
Thus we have proved that (iv) implies (iii).
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We prove that (iii) implies (ii). Assume, by contradiction, that M is not
geodesically complete. Then there is a point p € M and a tangent vector
v € T,M such that the maximal existence interval I, is not equal to R.
Replacing v by —uv, if necessary, we may assume that there is a 7" > 0 such
that [0,T) C I, and T' ¢ I, ,,. Let v : I, = M be the geodesic satisfying
~7(0) = p and 4(0) = v. Then

()] = |v]
for every ¢t € [0,7") and hence
d(7(s),7(t)) < L(V]s,) < (E = 8) o]
for 0 < s <t < T. By (iii) this implies that the limit
=i t
pr = lim y(?)

exists in M. Now choose a compact neighborhood K C M of p; and assume,
without loss of generality, that y(t) € K for 0 < ¢t < T. Then there is a
constant ¢ > 0 such that

|hg(w, w)] < clw]?
for all ¢ € K and w € T, M. Hence
(0] = [y (1), 5(0)] < e3P =clol?,  0<t<T.

This in turn implies
t
is) =401 < [ 0] dr < (= 9)elol
S
for 0 < s <t <T. It follows that the limit
= lim (¢
v = g A0
exists in R™. Since 7(t) converges to p; as t tends to 7', we have
vr = lim T(v(2))¥(t) = H(p1)vy € T, M.
t—T

Thus (y(¢),7(t)) converges to (pi,v1) € TM as t tends to T. Since (v,7%)
is an integral curve of a vector field on T'M, it follows from Lemma 2.59
that v extends to a geodesic on the interval [0,7 + ¢) for some ¢ > 0.
This contradicts our assumption and proves that (iii) implies (ii). That (ii)
implies (i) is obvious.
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We prove that (i) implies (iv). Let K C M be a closed and bounded
subset. Then

r = sup d(po, q) < oo.
qgeK

Hence it follows from Theorem 2.58 that, for every ¢ € K there is a tangent
vector v € Ty M such that |v| = d(po,q) < r and exp,, (v) = q. Thus

K C epro(Er(po)), Br(pO) = {U € Tp0M| |U| < T} :
Consider the set
K = {veTpHM| Jv| <7, exp, (v) € K}.

This is a closed and bounded subset of the Euclidean space T}, M. Hence
K is compact and K is its image under the exponential map. Since the
exponential map exp,, : T, M — M is continuous it follows that K is
compact. Thus (i) implies (iv) and this proves the theorem. O

Lemma 2.60. Let M C R" be a connected m-manifold and p € M. Suppose
e > 0 is smaller than the injectivity radius of M at p and denote

Si(p) :={veT,M|jv|=1},  S.(p)={p' € M|d(p,p) =¢}.
Then the map
Y1(p) = Se(p) : v = exp,(ev)

is a diffeomorphism and, for all g € M, we have

d(p,q) > ¢ — d(S:(p),q) = d(p,q) —e.

Proof. By Theorem 2.44 we have d(p, exp,(v)) = |v| for every v € T,M with
lv| < e and d(p,p') > ¢ for every p' € M\ {exp,(v)|v € T,M, |v| < e} . This
shows that S (p) = exp,(¢¥1(p)) and, since € is smaller than the injectivity
radius, the map ¥1(p) — Se(p) : v = exp,(ev) is a diffeomorphism. To
prove the second assertion let ¢ € M such that

ri=d(p,q) > e.

Fix a constant § > 0 and choose a smooth curve v : [0,1] — M such that
v(0) = p, v(1) = ¢, and L(vy) < r + 6. Choose ty > 0 such that v(ty) is
the last point of the curve on S:(p), i.e. v(to) € S:(p) and y(t) ¢ Sc(p) for
to <t < 1. Then

d(v(t0),q) < L(lito,1)) = L(v) — L(Wljo,ee) S L(v) —e <r+6—e.
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This shows that
d(S:(p),q) <r+d—e¢

for every d > 0 and therefore

d(S:(p),q) <1 —e.

Moreover,
d(p',q) = d(p,q) — d(p,p) =7 —¢
for every p’ € S:(p). Hence d(S:(p),q) = r — ¢ as claimed. O

Proof of Theorem 2.58. By assumption M C R” is a connected submani-
fold, and p € M is given such that the exponential map

exp,, : Ty M — M
is defined on the entire tangent space at p. Fix a point ¢ € M \ {p} so that
0<r:=d(p,q) < .

Choose a constant € > 0 smaller than the injectivity radius of M at p and
smaller than r. Then, by Lemma 2.60, we have

d(Se(p),q) =7 —e.
Hence there is a tangent vector v € T, M such that
d(exp,(ev),q) =7 — ¢, lv| = 1.
Define the curve v : [0,7] — M by
Y(t) := exp,(tv).
Claim. For every t € [0,r] we have
d(y(t),q) =7 —t.

In particular, v(r) = q and L(vy) =r = d(p,q).

Consider the subset
I:={te0,r][d(y(t),q) =r—1t} C[0,7].
This set is nonempty, because € € I, it is obviously closed, and

tel — [0,t] C I. (2.45)
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Namely, if t € I and 0 < s <t then

d(y(s),q) < d(v(s),7(t)) +d(v(t),q) <t —s+r—t=r—s

and
d(v(s),q) > d(p,q) — d(p,¥(s)) > r —s.

Hence d(7(s),q) = r — s and hence s € I. This proves (2.45).

S(/(M) ORpéW

Figure 2.9: The proof of the Hopf-Rinow theorem.

We prove that I is open (in the relative topology of [0,7]). Let t € I
be given with ¢t < r. Choose a constant £ > 0 smaller than the injectivity
radius of M at «(¢) and smaller than r — ¢. Then, by Lemma 2.60 with p
replaced by 7(t), we have

d(Se(v(t),q) =7 —t —e.
Next we choose w € T, ;) M such that
|lw| =1, d(exp,y(t)(ew), q)=r—t—-c.
Then

d(y(t —€),expy(ew)) > d(y(t —¢€),q) — d(exp, ) (ew), q)
= (r—t+e)—(r—t—eg)
= 2e.

The converse inequality is obvious, because both points have distance € to
v(t) (see Figure 2.9). Thus we have proved that

d(y(t — €), exp ) (ew)) = 2e.

Since v(t — €) = exp.)(—e¥(t)) it follows from Lemma 2.61 below that
w = (t). Hence exp, ) (sw) = y(t + s) and this implies that

dv({t+e),q)=r—t—e.
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Thus ¢t + ¢ € I and, by (2.45), we have [0,t + €] € I. Thus we have proved
that I is open. In other words, I is a nonempty subset of [0,7] which is
both open and closed, and hence I = [0,r]. This proves the claim and the
theorem. O

Lemma 2.61 (Curve Shortening Lemma). Let M C R" be an m-mani-
fold and p € M. Let € > 0 be smaller than the injectivity radius of M at p.
Then, for all v,w € T,M, we have

lv| = |w| =€, d(exp,(v),exp,(w)) = 2¢ = v+w=0.

Figure 2.10: Two unit tangent vectors.

Proof. We will prove that, for all v,w € T,,M, we have

i d(exp,(6v), exp, (dw))

lim 5 =|v—w|. (2.46)

Assume this holds and suppose, by contradiction, that we have two tangent
vectors v, w € T, M satisfying

|| = Jw| =1, v+w#0, d(exp,(ev), exp,(ew)) = 2e.
Then |[v — w| < 2 (Figure 2.10). Thus by (2.46) there is a § > 0 such that
0 <e, d(exp,(dv), exp,(dw)) < 2.
The triangle inequality gives

d(exp,(ev),exp,(cw)) < d(exp,(ev), exp,(6v))
+d(exp,(dv), exp, (dw))
+d(exp,(dw), exp,(ew))
< €-0+20+e—9¢
= 2,

contradicting our assumption.
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It remains to prove (2.46). For this we use the ambient space R" and
observe that

i d(exp,(6v), exp,(dw))

50 )
_ d(exp, (6v), exp, (dw)) |exp,(6v) — exp,(dw)|
50 |exp,,(dv) — exp, (dw)| 0
i !expp(év) — expp(éw)‘
6—0 6
i exp,(6v) —p B exp,(6w) —p
6—0 6 )
=|v—w|.
Here the second equality follows from Lemma 2.7. U

2.6 Riemannian metrics

We wish to carry over the fundamental notions of differential geometry to the
intrinsic setting. First we need a notion of the length of a tangent vector
to define the length of a curve via (2.1). Second we must introduce the
covariant derivative of a vector field along a curve. With this understood all
the definitions, theorems, and proofs in this chapter carry over in an almost
word by word fashion to the intrinsic setting.

2.6.1 Riemannian metrics

We will always consider norms that are induced by inner products. But in
general there is no ambient space that can induce an inner product on each
tangent space. This leads to the following definition.

Definition 2.62. Let M be a smooth m-manifold. A Riemannian metric
on M is a collection of inner products

TpyM x T,M — R : (v,w) — gp(v,w),
one for every p € M, such that the map
M = R:p g,(X(p),Y(p))

is smooth for every pair of vector fields X,Y € Vect(M). We will also
denote it by (v,w), and drop the subscript p if the base point is understood
from the context. A smooth manifold equipped with a Riemannian metric is
called a Riemannian manifold.
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Example 2.63. If M C R" is a smooth submanifold then a Riemannian
metric on M is given by restricting the standard inner product on R" to
the tangent spaces T,M C R"™. This is the first fundamental form of an
embedded manifold.

More generally, assume that M is a Riemannian m-manifold in the in-
trinsic sense of Definition 2.62 with an atlas & = {U,, ¢a }aca. Then the
Riemannian metric g determines a collection of smooth functions

Ja = (ga,ij)%zl D 0o (Uy) — R™XM

one for each o € A, defined by

& ga()n = gp(v,w),  ¢a(p) =z, dPa(p)v =&, doa(p)w=n, (2.47)

for x € ¢o(Uy) and &, n € R™. Each matrix g,(z) is symmetrix and positive
definite. Note that the tangent vectors v and w in (2.47) can also be written
in the form v = [a,¢], and w = [, n],. Choosing standard basis vectors
§ =e¢; and n = e;j in R™ we obtain

0, eily = dbalp) i = 5 (1)

and hence
i) = ( (65 @) 00D

For different coordinate charts the maps g, and gg are related through the
transition map ¢gq := ¢p 0 dx ! : do(Us NUg) — ¢5(Us NUpg) via

9o () = dpga(z)" g3(dpa(x))ddsa(x) (2.48)

for x € ¢po(Us NUg). Equation (2.48) can also be written in the shorthand
notation go = ¢5,93 for o, § € A.

Exercise 2.64. Every collection of smooth maps g, : ¢o(Usy) — R™™ with
values in the set of positive definite symmetric matrices that satisfies (2.48)
for all o, B € A determines a global Riemannian metric via (2.47).

In this intrinsic setting there is no canonical metric on M (such as the
metric induced by R™ on an embedded manifold). In fact, it is not completely
obvious that a manifold admits a Riemannian metric and this is the content
of the next lemma.
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Lemma 2.65. Every paracompact Hausdorff manifold admits a Riemannian
metric.

Proof. Let m be the dimension of M and let &7 = {U,, ¢o}aca be an atlas
on M. By Theorem 1.149 there is a partition of unity {6, }aca subordinate
to the open cover {Uy}aca. Now there are two equivalent ways to construct
a Riemannian metric on M.

The first method is to carry over the standard inner product on R™ to
the tangent spaces T, M for p € U, via the coordinate chart ¢, multiply
the resulting Riemannian metric on U, by the compactly supported function
0., extend it by zero to all of M, and then take the sum over all .. This
leads to the following formula. The inner product of two tangent vectors
v,w € T,M is defined by

= Y 6a(p){dda(p)v, doa(p)w), (2.49)

peUq

where the sum runs over all & € A with p € U, and the inner product is
the standard inner product on R™. Since supp(f,) C U, for each o and the
sum is locally finite we find that the function M — R : p — (X(p), Y (p)), is
smooth for every pair of vector fields X,Y € Vect(M). Moreover, the right
hand side of (2.49) is symmetric in v and w and is positive for v = w # 0
because each summand is nonnegative and each summand with 6,(p) > 0 is
positive. Thus equation (2.49) defines a Riemannian metric on M.
The second method is to define the functions g : ¢o(Uy) — R™*™ by

=3 0(00 " (2)ddra () ddra(x) (2.50)

veEA

for © € ¢o(Us) where each summand is defined on ¢o(Uy NU,) and is
understood to be zero for x ¢ ¢(Uy N Uy). We leave it to the reader to
verify that these functions are smooth and satisfy the condition (2.48) for
all a, 8 € A. Moreover, the formulas (2.49) and (2.50) determine the same
Riemannian metric on M. (Prove this!) This proves the lemma. O

Once our manifold M is equipped with a Riemannian metric we can
define the length of a curve v : [0,1] — M by the formula (2.1) and it
is invariant under reparametrization as before (see Remark 2.2). Also the
distance function d : M x M — R is defined by the same formula (2.3). We
prove that it still defines a metric on M and that this metric induces the
same topology as the given atlas, as in the case of embedded manifolds in
Euclidean space.
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Lemma 2.66. Let M be a connected smooth Riemannian manifold and let
d: M x M — [0,00) be the function defined by (2.1), (2.2), and (2.3). Then
d is a metric and induces the same topology as the smooth structure.

Proof. We prove the following.

Claim. Fiz a point pg € M and let ¢ : U — ) be a coordinate chart onto an
open subset @ C R™ such that pg € U. Then there is an open neighborhood
V Cc U of pg and constants §,r > 0 such that

§16(p) — ¢(po)| < d(p,po) < " |6(p) — ¢(po)| (2.51)

for every p € V and d(p,po) > dr for everyp € M\ V.

The claim shows that d(p,pg) > 0 for every p € M \ {pp} and hence d
satisfies condition (i) in Lemma 2.4. The proofs of (ii) and (iii) remain
unchanged in the intrinsic setting and this shows that d defines a metric on
M. Moreover, it follows from the claim that a sequence p, € M satisfies
lim, o0 d(py,po) = 0 if and only if p, € U for v sufficiently large and
limy, 00 |@(py) — @(po)| = 0. In other words, p, converges to py with respect
to the metric d if and only if p, converges to py in the manifold topology.
This implies that the topology induced by d coincides with the original
topology of M. (See Exercise 2.68 below.)

To prove the claim we denote the inverse of the coordinate chart ¢ by
Y= ¢! :Q — M and define the map g = (9i5)i=1 + & — R™™ by

9ij(x) := <gfi (@), %(@%@

for x € Q. Then a smooth curve v : [0,1] — U has the length

T
Liy) = /0 VenTge)etyde, — elt) = o(:(1). (2.52)

Let ¢ := é(po) € © and choose r > 0 such that B,(xg) C Q. Then there is
a constant 0 € (0,1] such that

dlel < /€Tg(x)e <671 g| (2.53)

for all x € B,(xg) and &, n € R™. Define the open set V' C U by

V= ¢71(Br(5'30))-
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Now let p € V and denote x := ¢(p) € B,(x9). Then, for every smooth
curve v : [0,1] — V with v(0) = pg and (1) = p, the curve ¢ := ¢ o v takes
values in B,(z¢) and satisfies ¢(0) = zo and ¢(1) = z. Hence, by (2.52)
and (2.53), we have

L(fy)zé/ollc'(t)\ dtzé‘/olé(t)dt' S|z — a9

If v :[0,1] — M is a smooth curve with endpoints v(0) = pp and (1) = p
whose image is not entirely contained in V' then there is a time T" € (0, 1] such
that y(t) € V for 0 <t < T and v(T') € OV. Hence ¢(t) := ¢(y(t)) € Br(zo)
for 0 <t < T and |¢(T') — xo| = r. Hence the same argument shows that

L(vy) > or.

This shows that d(pg,p) > or for p € M\ V and d(po,p) > ¢ |é(p) — ¢(po)|
forpe V. IfpeV, z:= ¢(p), and c(t) := z¢ + t(x — x0) then y:=1ocis
a smooth curve in V' with endpoints v(0) = pp and (1) = p and, by (2.52)
and (2.53), we have

1
L(y) < 5_1/ le(t)] dt =6~ |z — o] .
0
This proves the claim and the lemma. U

Exercise 2.67. Choose a coordinate chart ¢ : U — Q with ¢(pg) = 0 such
that the metric in local coordinates satisfies

9i5(0) = i
Refine the estimate (2.51) in the proof of Lemma 2.66 and show that

lim d(p,q)
p.a—po |9(p) — ¢(q)]

This is the intrinsic analogue of Lemma 2.7. Use this to prove that equa-
tion (2.46) continues to hold for all Riemannian manifolds, i.e.

= 1.

1y, dlexp, (00). exp, (9u)
1m
6—0 1)

= v — w|

for p € M and v,w € T,M. Extend Lemma 2.61 to the intrinsic setting.
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Exercise 2.68. Let M be a manifold with an atlas &7 = {U,, ¢a }aca and
let d: M x M — [0,00) be any metric on M. Prove that the following are
equivalent.

(a) For every point py € M, every sequence p, € M, and every o € M with
po € U, we have

py € Uy for v sufficiently large and
limy o0 [¢a(pr) — da(po)| = 0.

(b) For every subset W C M we have

lim d(p,,pp) =0 <—
V—0o0

W is d-open <= ¢o(UsNW) is open in R™ for all a € A.

Condition (b) asserts that d induces the topology on M determined by the
manifold structure via (1.53).

Example 2.69 (Fubini-Study metric). The complex projective space
CP"™ carries a natural Riemannian metric, defined as follows. Identify CP™
with the quotient of the unit sphere $2"*t! ¢ C"*! by the diagonal action
of the circle S':
Ccp" = s* /st
Then the tangent space of the equivalence class
2] =[z20: " :2,] €ECP"

of a point z = (z0,...,2,) € S*"! can be identified with the orthogonal
complement of Cz in C"*'. Now choose the inner product on 11, CP™ to
be the one inherited from the standard inner product on C"*! via this
identification. The resulting metric on CP" is called the Fubini—Study
metric. Exercise: Prove that the action of U(n + 1) on C"*! induces a
transitive action of the quotient group

PSU(n+1) :=U(n+1)/5?
by isometries. If z € S prove that the unitary matrix
g:=2zz"—1

descends to an isometry ¢ on CP" with fixed point p := [z] and d¢(p) = —id.
Show that, in the case n = 1, the pullback of the Fubini-Study metric
on CP! under the stereographic projection

S\ (0.0, €PN {0+ 1)+ (o) o [ 15 S22

1—1‘3

is one quarter of the standard metric on S2.
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Example 2.70. Think of the complex Grassmannian Gg(C™) of k-planes
in C™ as a quotient of the space

Fu(CM) = {D e C"F | D*D = 11}

of unitary k-frames in C™ by the right action of the unitary group U(k).
The space Fi(C™) inherits a Riemannian metric from the ambient Eucliden
space C"**. Show that the tangent space of of Gj(C") at a point A = imD,
with D € F;(C") can be identified with the space

T\ Gy (C") = {f) e C™k | D*D = o} .

Define the inner product on this tangent space to be the restriction of the
standard inner product on C™** to this subspace. Exercise: Prove that
the unitary group U(n) acts on Gi(C™) by isometries.

2.6.2 Covariant derivatives

A subtle point in this discussion is how to extend the notion of covariant
derivative to general Riemannian manifolds. In this case the idea of project-
ing the derivative in the ambient space orthogonally onto the tangent space
has no obvious analogue. Instead we shall see how the covariant derivatives
of vector fields along curves can be characterized by several axioms and
these can be used to define the covariant derivative in the intrinsic setting.
An alternative, but somewhat less satisfactory, approach is to carry over
the formula for the covariant derivative in local coordinates to the intrinsic
setting and show that the result is independent of the choice of the coor-
dinate chart. Of course, these approaches are equivalent and lead to the
same result. We formulate them as a series of exercises. The details are
straightforward and can be safely left to the reader.

Let M be a Riemannian m-manifold with an atlas &/ = {Uy, ¢a}aca
and suppose that the Riemannian metric is in local coordinates given by

9o = (goz,ij)??jzl : ¢o¢(Ua) — RMX™
for « € A. These functions satisfy (2.48) for all «, 8 € A.

Definition 2.71. Let f : N — M be a smooth map between manifolds. A
vector field along f is a collection of tangent vectors X(q) € Tyq M, one
for each q € N, such that the map N — TM : q— (f(q), X (q)) is smooth.
The space of vector fields along f will be denoted by Vect(f).
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As before we will not distinguish in notation between the collection of
tangent vectors X(q) € Ty, M and the associated map N — T'M and
denote them both by X.

Remark 2.72 (Levi-Civita connection). There is a unique collection of
linear operators

V : Vect(y) — Vect(7)

(called the covariant derivative), one for every smooth curve vy : I — M
on an open interval I C R, satisfying the following axioms.

(Leibnitz rule) For every smooth curve vy : I — M, every smooth function
A: I — R, and every vector field X € Vect(y), we have

V(AX) = AX + AV X. (2.54)

(Chain rule) Let Q@ C R™ be an open set, ¢ : I — Q be a smooth curve,
v : Q — M be a smooth map, and X be a smooth vector field along ~.
Denote by V; X the covariant derivative of X along the curve z* — () (with
the other coordinates fixed). Then V,; X is a smooth vector field along v and
the covariant derivative of the vector field X o ¢ € Vect(yoc) is

V(Xoc)=Y dt)VX(c(t)). (2.55)
j=1

(Riemannian) For any two vector fields X,Y € Vect(y) we have

%(X, Y) = (VX,Y)+ (X,VY). (2.56)

(Torsion free) Let I,J C R be open intervals and v : [ x J — M be
a smooth map. Denote by V; the covariant derivative along the curve
s+ y(s,t) (with ¢ fixed) and by V, the covariant derivative along the curve
t — v(s,t) (with s fixed). Then

VsOyy = Vi0s. (2.57)
Exercise 2.73. Prove that the covariant derivatives of vector fields along

curves in an embedded manifold M C R" satisfy the axioms of Remark 2.72.
Prove the assertion of Remark 2.72. Hint: Use Theorem 2.27.
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Exercise 2.74. The Christoffel symbols of the Riemannian metric are
the functions

Cl{l] ¢CM( CV) — R.
defined by

m

2 : 1 éga[ 69(15' 69(1”
k ke ; ) )
I = g ( '74 .7 1)

i — ozt Oxt Ozt

(see Theorem 2.27). Prove that they are related by the equation

24, 0%, 06},
ﬁa k _ Bo Ba e}
ok Lo = 0rion | Z (Fﬁ 5’ © ¢5a> drt Oxd

Z‘/7j/
for all a, 8 € A.

Exercise 2.75. Denote 9, := ¢! : ¢4(Us) — M. Prove that the covariant
derivative of a vector field

Zsa (0922 (1)

along v =, 0cq : I — M is given by

=3 (80 + 3t odn | e e, @

k=1 2,7=1

Prove that VX is independent of the choice of the coordinate chart.

2.6.3 Geodesics

With the covariant derivative understood, we can again define geodesics
on M as smooth curves v : I — M that satisfy the equation V4 = 0. Then
all the results we have proved about geodesics will translate word for word to
general manifolds. In particular, geodesics are critical points of the energy
functional on the space of paths with fixed endpoints, through each point
and in each direction there is a unique geodesic on some time interval, and
a manifold is complete as a metric space if and only if the geodesics through
some (and hence every) point in M exist in each direction for all time.

Exercise 2.76. The real projective space RP"™ inherits a Riemannian metric
from S™ as it is a quotient of S™ by an isometric involution. Prove that each
geodesic in S™ with its standard metric descends to a geodesic in RP™.
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Exercise 2.77. Let f: 53 — S? be the Hopf fibration defined by
f(z,w) = <]2\2 — |w|?, 2Re zw, 2Im 2w>

Prove that the image of a great circle in S is a nonconstant geodesic in 52
if and only if it is orthogonal to the fibers of f, which are also great circles.
Here we identify 3 with the unit sphere in C2. (See also Exercise 1.84.)

Exercise 2.78. Prove that a nonconstant geodesic v : R — S§?"*1 descends
to a nonconstant geodesic in CP™ with the Fubini-Study metric (see Exam-
ple 2.69) if and only if 4(t) L Cy(t) for every t € R.

Exercise 2.79. Consider the manifold
Fe(R) = {D e Rk | DTD = 11}

of orthonormal k-frames in R”, equipped with the Riemannian metric in-
herited from the standard inner product

(X,Y) := trace(XTY)

on the space of real n x k-matrices.
(a) Prove that

TpFi(R") = {X e RV | DTX + XTD = 0} ,
TpFu(RY): = {DA |A=AT ¢ R’M} .
and that the orthogonal projection II(D) : R™** — TpFj(R™) is given by
(D)X = X — %D(DTX +X"D).
(b) Prove that the second fundamental form of Fj(R") is given by
hp(X)Y = —%D(XTY +Y7X)

for D € Fi,(R") and X,Y € TpFi(R").
(c) Prove that a smooth map R — Fi(R™) : t — D(t) is a geodesic if and
only if it satisfies the differential equation

D=-DDTD. (2.59)

Prove that the function D7D is constant for every geodesic in Fj(R™).
Compare this with Example 2.42.
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Exercise 2.80. Let Gi(R") = Fi(R™)/O(k) be the real Grassmannian of
k-dimensional subspaces in R", equipped with the Riemannian metric of
Example 2.70, adapted to the real setting. Prove that a geodesics

R — Fi(R™) : t — D(t)
descends to a nonconstant geodesic in G (R"™) if and only if
DTD =0, D £0.

Deduce that the exponential map on Gg(R™) is given by

GXpA(K) = im <D CcoS <<1A?Tl/j) 1/2> +D <ﬁTﬁ) e sin <(ﬁTﬁ> 1/2>>

for A € Fp(R") and A € ThFi(R") \ {0}. Here we dentify the tangent
space ThFi(R™) with the space of linear maps from A to AL, and choose
the matrices D € Fi,(R™) and D € R™** such that

A=imD, DT'D=0, AoD=D:R¥—AL=kerD".

Prove that the group O(n) acts on Gi(R™) by isometries. Which subgroup
acts trivially?

Exercise 2.81. Carry over Exercises 2.79 and 2.80 to the complex Grass-
mannian Gg(C™). Prove that the group U(n) acts on G (C™) by isometries.
Which subgroup acts trivially?



Chapter 3

The Levi-Civita connection

The covariant derivative of a vector field along a curve was introduced in
Section 2.2. For a submanifold of Euclidean space it is given by the orthogo-
nal projection of the derivative in the ambient space onto the tangent space.
In Section 2.3 we have seen that the covariant derivative is determined by
the Christoffel symbols in local coordinates and thus can be carried over to
the intrinsic setting. It takes the form of a family of linear operators

V : Vect(y) — Vect(7),

one for every smooth curve «v : I — M, and these operators are uniquely
characterized by the axioms of Remark 2.72 in Section 2.6. This family
of linear operators is the Levi-Civita connection. It can be extended in a
natural manner to vector fields along any smooth map with values in M
and, in particular, to vector fields along the identity map, i.e. to the space
of vector fields on M. However, in this chapter we will focus attention on the
covariant derivatives of vector fields along curves, show how they give rise
to parallel transport, examine the frame bundle, discuss motions without
“sliding, twisting, and wobbling”, and prove the development theorem.

3.1 Parallel transport

Let M C R"™ be a smooth m-manifold. Then each tangent space of M is an
m-~dimensional real vector space and hence is isomorphic to R"”. Thus any
two tangent spaces T, M and T, M are of course isomorphic to each other.
While there is no canonical isomorphism from T,M to T;M we shall see
that every smooth curve v in M connecting p to ¢ induces an isomorphism
between the tangent spaces via parallel transport of tangent vectors along ~y.

133
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Definition 3.1. Let I C R be an interval and v : I — M be a smooth curve.
A wvector field X along v is called parallel if VX (t) =0 for everyt € I.

Example 3.2. Assume m = k so that M C R™ is an open set. Then a
vector field along a smooth curve v : I — M is a smooth map X : I — R™.
Its covariant derivative is equal to the ordinary derivative VX () = X(t)
and hence X is is parallel if and only it is constant.

In general, a vector field X along a smooth curve v : I — M is parallel
if and only if X(t) is orthogonal to T,;)M for every ¢ and, by the Gauss—
Weingarten formula (2.37), we have

VX =0 — X = hy(%, X).

The next theorem shows that any given tangent vector vy € T',(;,)M extends
uniquely to a parallel vector field along ~.

Theorem 3.3. Let I C R be an interval and v : I — M be a smooth curve.
Let to € I and vg € Ty ;)M be given. Then there is a unique parallel vector
field X € Vect(ry) such that X (tog) = vg.

Proof. Choose a basis ey, ..., en of the tangent space T’ ;)M and let
X1,..., Xm € Vect(y)
be vector fields along ~ such that
Xi(to) = e, i1=1,...,m.

(For example choose X;(t) := II(7y(t))e;.) Then the vectors X;(ty) are lin-
early independent. Since linear independence is an open condition there is a
constant ¢ > 0 such that the vectors Xi(t),..., Xy (t) € T, M are linearly
independent for every t € Iy := (to — &,t0 + ) N I. Since T, M is an
m-dimensional real vector space this implies that the vectors X;(t) form a
basis of T’y M for every t € Iy. We express the vector VX;(t) € T,y M in
this basis and denote the coefficients by a¥(t) so that

VXi(t) =) af () Xk(t).

k=1

The resulting functions af : Iy — R are smooth. Likewise, if X : I — R™ is
any vector field along v then there are smooth functions & : Iy — R such
that

X(t) = i{i(t)Xi(t) for all ¢ € I.
i=1
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The derivative of X is given by
X(t) =Y (€)X +€0X(0)

=1
and the covariant derivative by

m

vX(@) = 3 (£0Xi0) +E0VX)
=1
= D EMX()+ D 1) db ) Xi(t)
=1 =1 k=1
_ Z gk(t)—i-Zaf(t){Z(t) X (t)
k=1 =1

E(t) +A@)ER) =0,  A(t) =

Thus we have translated the equation VX = 0 over the interval I into
a time dependent linear ordinary differential equation. By a theorem in
Analysis IT [12] this equation has a unique solution for any initial condition
at any point in Iy. Thus we have proved that every ¢y € I is contained in an
interval Iy C I, open in the relative topology of I, such that, for every t; € I
and every vy € T )M, there is a unique parallel vector field X : Ip — R"
along 7|y, satisfying X (¢1) = v1. We formulate this condition on the interval
Iy as a logical formula:

Viti €Iy Y € Tq/(tl)M X e Vect(’y\fo) 5 VX =0, X(tl) = 1. (3.1)

If two intervals Iy, Iy C I satisfy this condition and have nonempty intersec-
tion then their union Iy U I; also satisfies (3.1). (Prove this!) Now define

J = U {Io C I'| I is an [-open interval, I satisfies (3.1), to € Ip}.

This interval J satisfies (3.1). Moreover, it is nonempty and, by definition,
it is open in the relative topology of I. We prove that it is also closed in the
relative topology of I. Thus let (¢,),en be a sequence in J converging to a
point t* € I. By what we have proved above, there is a constant € > 0 such
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that the interval I* := (t* —¢,t* +¢) N I satisfies (3.1). Since the sequence
(tu)ven converges to t* there is a v such that ¢, € I*. Since t, € J there is
an interval Iy C I, open in the relative topology of I, that contains ¢¢ and ¢,
and satisfies (3.1). Hence the interval IoUI* is open in the relative topology
of I, contains t( and t*, and satisfies (3.1). This shows that t* € J. Thus
we have proved that the interval J is nonempty and open and closed in the
relative topology of I. Hence J = I and this proves the theorem. U

Let I C R be an interval and v : I — M be a smooth curve. For ty,t €
we define the map
‘py(t,to) : T’Y(tO)M — Tfy(t)M

by ®,(t,to)vo := X (t) where X € Vect() is the unique parallel vector field
along v satisfying X (¢9) = vg. The collection of maps ®.(¢,%o) for ¢,tp € I
is called parallel transport along 7. Recall the notation

VTM = {(s,v)|s €I, veT,yM}

for the pullback tangent bundle. This set is a smooth submanifold of I x R™.
(See Theorem 1.100 and Corollary 1.102.) The next theorem summarizes
the properties of parallel transport. In particular, the last assertion shows
that the covariant derivative can be recovered from the parallel transport
maps.

Theorem 3.4 (Parallel Transport). Let v : I — M be a smooth curve
on an interval I C R.

(i) The map ®,(t,s) : Tys\M — TyyyM is linear for all s,t € I.

(ii) For all r,s,t € I we have

Dy (t,5) 0 Oy (s,7) = Dy (1, 7), P, (t,t) = 0.
iii) For all s,t € I and all v,w € T, o\ M we have
(iii) v(s)
(D(t, s)v, Py (t, s)w) = (v,w).

Thus ®(t,s) : TysyM — TyyM is an orthogonal transformation.

(iv) If J C R is an interval and o : J — I is a smooth map then, for all
s,t € J, we have

Droalts s) = Dy(aft), afs))-
(v) The map I x y*TM — v*TM : (t,(s,v)) — (t, P (¢, s)v) is smooth.
(vi) For all X € Vect(y) and t,tp € I we have

%‘I’Woﬂf)X (t) = @ (to, ) VX (1).
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Proof. Assertion (i) is obvious because the sum of two parallel vector fields
along v is again parallel and the product of a parallel vector field with a
constant real number is again parallel. Assertion (ii) follows directly from
the uniqueness statement in Theorem 3.3.

We prove (iii). Fix a number s € I and two tangent vectors

vaw € T M.
Define the vector fields X,Y € Vect(vy) along « by
X(t) == @, (¢, s)v, Y (t) := @, (¢, s)w.
By definition of ®, these vector fields are parallel. Hence

%(X,Y) _ (VX,Y)+ (X,VY) = 0.

Hence the function I — R : ¢ — (X (t),Y (¢)) is constant and this proves (iii).
We prove (iv). Fix an element s € J and a tangent vector v € T4 (s)) M.
Define the vector field X along v by

X(t) = Q,(t, afs))v
for t € I. Thus X is the unique parallel vector field along v that satisfies
X(a(s)) =wv.

Denote _
yi=vyoa:J > M, X =Xoa:I—>R"

Then X is a vector field along 7 and, by the chain rule, we have

d ~ d .
aX(t) = EX(c)c(t)) = a(t) X (a(t)).

Projecting orthogonally onto the tangent space 1.4 (;))M we obtain
VX(t) = a(t)VX(a(t)) =0

for every t € J. Hence X is the unique parallel vector field along = that
satisfies X (s) = v. Thus

D5(t, s)v = X(t) = X(a(t)) = @, (alt), as))v.

This proves (iv).
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We prove (v). Fix a point tg € I, choose an orthonormal basis e1, ..., e,
of Ty 4,)M, and denote
Xz(t) = (I),y(t,to)ei

fort € I and i =1,...,m. Thus X; € Vect(y) is the unique parallel vector
field along 7 such that X;(tg) = e;. Then by (iii) we have

(Xi(t), X;(t)) = 0y

for all 4,5 € {1,...,m} and all t € I. Hence the vectors Xi(t),..., X (t)
form an orthonormal basis of T,;) M for every t € I. This implies that, for
each s € I and each tangent vector v € T ()M, we have

Since each vector field X; is parallel it satisfies X;(t) = ®,(t,s)X;(s). Hence

m

Oy (t,s)o =Y (Xi(s),v)Xi(t) (3.2)

i=1

for all s,t € I and v € T, M. This proves (v)
We prove (vi). Let X,..., X, € Vect() be as in the proof of (v). Thus
every vector field X along - can be written in the form

X(t) = Zﬁi(t)Xi(t% E(t) = (Xi(t), X (1))

Since the vector fields X; are parallel we have

m

VX(t) =) )Xt

i=1

for all £ € I. Hence
O, (o, )X (1) = > _ &) Xilto), Dyt )VX (1) = Y £'(1) Xi(to)-
i=1 i=1

Evidently, the derivative of the first sum with respect to ¢ is equal to the
second sum. This proves (vi) and the theorem. O



3.1. PARALLEL TRANSPORT 139

Remark 3.5. For s,t € I we can think of the linear map
D, (8, 8)I(v(s)) : R" = T,y M C R"

as a real n x n matrix. The formula (3.2) in the proof of (v) shows that this
matrix can be expressed in the form

m

D, (1, $)(1(s) = 3 Xi(t) Xi(s)" € RP™
=1

The right hand side defines a smooth matrix valued function on I x I and
this is equivalent to the assertion in (v).

Remark 3.6. It follows from assertions (ii) and (iii) in Theorem 3.4 that
D, (t,5)" = D, (s,t) = D (t,5)"

for all s, € I. Here the linear map ®.(¢,s)" : T,y M — T 5 M is under-
stood as the adjoint operator of ®,(t,s) : Ty M — T, ;)M with respect to
the inner products on the two subspaces of R™ inherited from the Euclidean
inner product on the ambient space.

Exercise 3.7. Carry over the proofs of Theorems 3.3 and 3.4 to the intrinsic
setting.

The two theorems in this section carry over verbatim to any smooth
vector bundle £ C M x R"™ over a manifold. As in the case of the tangent
bundle one can define the covariant derivative of a section of E along v as
the orthogonal projection of the ordinary derivative in the ambient space R"
onto the fiber £, ;). Instead of parallel vector fields one then speaks about
horizontal sections and one proves as in Theorem 3.3 that there is a unique
horizontal section along y through any point in any of the fibers £, ;). This
gives parallel transport maps from E, ) to E, ) for any pair s,¢ € I and
Theorem 3.4 carries over verbatim to all vector bundles £ C M x R™. We
spell this out in more detail in the case where E = TM+ C M x R™ is the
normal bundle of M.

Let v: I — M is a smooth curve in M. A normal vector field along
7 is a smooth map Y : I — R"™ such that Y (¢) L T, )M for every t € M.
The set of normal vector fields along v will be denoted by

Vect'(y) := {Y : I = R"|Y is smooth and Y'(t) L TyyM for allt € I}.

This is again a real vector space. The covariant derivative of a normal
vector field Y € Vectl(w) at t € [ is defined as the orthogonal projection of
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the ordinary derivative onto the orthogonal complement of T’ ;) M and will
be denoted by .
VY () = (1 - TI(y(t))) Y (). (3.3)

Thus the covariant derivative defines a linear operator
V4 Vectt () = Vect® (7).

There is a version of the Gauss—Weingarten formula for the covariant deriva-
tive of a normal vector field. This is the content of the next lemma.

Lemma 3.8. Let M C R"™ be a smooth m-manifold. For p € M and
u € T,M define the linear map hy(u) : T,M — T,M* by

hp(w)v == hy(u,v) = (dI(p)u)v (3.4)
forv e T,M. Then the following holds.
(i) The adjoint operator hy(u)* : T,M+ — T,M is given by
hp(u)*w = (dl(p)u)w, w e T,M*. (3.5)

(ii) If I C R is an interval, v : I — M is a smooth curve, and Y € Vect™(7)
then the derivative of Y satisfies the Gauss—Weingarten formula

Y (6) = VEY (1) — gy (3(0)7Y (1), (3.6)

Proof. Since II(p) € R™*™ is a symmetric matrix for every p € M so is the
matrix dII(p)u for every p € M and every u € T,M. Hence

(v, ()" 10) = (hy (), w) = ((dTL(p)u)v, w) = (v, (dT1(p)u)w)

for every v € T,M and every w € T,M*. This proves (i).
To prove (ii) we observe that, for Y € Vect*(y) and t € I, we have

()Y (1) = 0.
Differentiating this identity we obtain
I(v()Y () + (dII(y()(1)) Y (t) = 0
and hence
Y(t) = Y(t) = T((0)Y (1) = (d(v()5 ()Y (t)
= VY (1)~ by (3(0) Y (1)

for t € I. Here the last equation follows from (i) and the definition of V.
This proves the lemma. O
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Theorem 3.3 and its proof carry over to the normal bundle TM~. Thus,
if v : I — M is a smooth curve then, for all s € I and w € T,Y(S)ML,

there is a unique normal vector field Y € Vect™(v) such that V+Y = 0 and
Y (s) = w. This gives rise to parallel transport maps

€ . € L
‘1),\/ (t, S) : T’y(s)M — T’y(t)M

defined by <I>}/(t, s)w := Y(t) for s,t € I and w € T,Y(S)ML, where Y is
the unique normal vector field along v satisfying V1Y = 0 and Y (s) = w.
These parallel transport maps satisfy exactly the same conditions that have
been spelled out in Theorem 3.4 for the tangent bundle and the proof carries
over verbatim to the present setting.

3.2 The frame bundle

3.2.1 Frames of a vector space

Let V be an m-dimensional real vector space. A frame of V is a basis

€1,...,em of V. It determines a vector space isomorphism e : R™ — V via
m
j 1
el =) &e,  E=(¢,..., M eR™
i=1
Conversely, each isomorphism e : R — V determines a basis eq,..., e,

of V via e; = €(0,...,0,1,0...,0), where the coordinate 1 appears in the
ith place. The set of vector space isomorphisms from R™ to V will be
denoted by

Liso(R™ V) :={e:R™ — V|e is a vector space isomorphism} .

The general linear group GL(m) = GL(m,R) (of nonsingular real m x m-
matrices) acts on this space by composition on the right via

GL(m) X Liso(R™, V) = Liso(R™, V) : (a,€) — a*e :=eoa.
This is a contravariant group action in that
a*b*e = (ba)e, Tre=e

for a,b € GL(m) and e € Liso(R™, V). Moreover, the action is free, i.e. for
all a € GL(m) and e € Liso(R™, V), we have

afe=c¢e = a=1.
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It is transitive in that for all e, e’ € Liso(R™, V) there is a group element
a € GL(m) such that ¢/ = a*e. Thus we can identify the space Liso(R™, V)
with the group GL(m) via the bijection

GL(m) — LisoR™, V) : a +— a™eq

induced by a fixed element ey € Liso(R™, V). This identification is not
canonical; it depends on the choice of ey. The space Liso(R™, V) admits a
bijection to a group but is not itself a group.

3.2.2 The frame bundle

Now let M C R"™ be a smooth m-dimensional submanifold. The frame
bundle of M is the set

F(M) ={(p.e)|pe M, eec LisxcR™,T,M)}. (3.7)

We can think of a frame e € Liso(R™,T,M) as a linear map from R™ to R"
whose image is T, M and hence as a n x m-matrix (of rank m). The basis of
T, M associated to a frame is given by the columns of the matrix e € R™*™.
Thus the frame bundle of an embedded manifold M C R™ is a submanifold
of the Euclidean space R™ x R™*™,

The frame bundle F(M) is equipped with a natural projection
m: F(M)— M

which sends to each pair (p,e) € F(M) to the base boint 7(p,e) := p. The
fiber of F(M) over p € M is the set

F(M)p:={e e R™™|(p,e) € F(M)} = Liso(R™, T, M)
The frame bundle admits a right action of the group GL(m) via
GL(m) x F(M) — F(M) : (a,(p,e)) — a*(p,e) := (p,a”e).

This group action preserves the fibers of the frame bundle and its action on
each fiber F(M), = Liso(R™, T, M) is free and transitive. Thus each fiber
of F(M) can be identified with the group GL(m) but the fibers of F(M)

are not themselves groups.

Lemma 3.9. F(M) is a smooth manifold of dimension m + m? and the
projection 7 : F(M) — M is a submersion.
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Proof. Let pg € M, choose a local coordinate chart ¢ : U — ) on an open
neighborhood U C M of py with values in an open set {2 C R™, and denote
its inverse by 1) := ¢~ : Q@ — U. Define the open set U C F(M) by

U:=7"'U)={(p.e) € FM)|pcU} = (U x R™™) N F(M)
and the map 1; : Q x GL(m) — U by

(@, a) = (Y(x), dip(x) o a)

for z € 2 and a € GL(m). Then ¢ is a diffeomorphism from the open subset
Q= Q x GL(m) of R™ x R™*™ to the relatively open subset U of F(M).
Its inverse ¢ := 1~ : U — € is given by

o(p,e) = (¢(p),dd(p) o €)

for p € U and e € Liso(R™,T,M). It is indeed smooth and is the desired
coordinate chart on F(M). Thus we have proved that F(M) is a smooth
manifold of dimension m + m?.

We prove that the projection 7 : F(M) — M is a submersion. Let
(po,eo) € F(M) and vy € Ty, M. Then there is a smooth curve v : R — M

such that v(0) = po and 4(0) = vg. For ¢ € R define
e(t) = q),y(t,()) oep: R™ — Tfy(t)M-

Then e(t) € Liso(R™, Ty M) and the map 8 : R — F(M) defined by
B(t) == (v(t),e(t)) is a smooth curve in F(M) satisfying w(8(t)) = ~(t).
Differentiating this equation at ¢ = 0 we obtain

dﬂ'(po, 60)(1)0, é(O)) = 9.

Thus we have proved that the linear map dm(po, €o) : Tpg,eq)F (M) — Tpo M
is surjective for every pair (pg,eo9) € F(M). Hence 7 is a submersion, as
claimed. This proves the lemma. O

The frame bundle F(M) is a principal bundle over M with struc-
ture group GL(m). More generally, a principal bundle over a mani-
fold B with structure group G is a smooth manifold P equipped with
a surjective submersion 7 : P — B and a smooth contravariant action
G x P — P :(g,p) — pg by a Lie group G such that w(pg) = 7(p) for all
p € P and g € G and such that the group G acts freely and transitively
on the fiber P, = 7~ 1(b) for each b € B. In this manuscript we shall only
be concerned with the frame bundle of a manifold M and the orthonormal
frame bundle.
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3.2.3 The orthonormal frame bundle

The orthonormal frame bundle of M is the set
O(M) == {(p,e) e R" x R"™™|pe M, ime =T,M, e'e = Lyum} .

If we denote by
e :=¢(0,...,0,1,0,...,0)

the basis of T, M induced by the isomorphism e : R™ — T}, M then we have

T _ N €1,.-.,6m IS an

ce=1 {eirej) = 9 orthonormal basis.

Thus O(M) is the bundle of orthonormal frames of the tangent spaces 1), M
or the bundle of orthogonal isomorphisms e : R™ — T}, M. It is a principal
bundle over M with structure group O(m).

Exercise 3.10. Prove that O(M) is a submanifold of (M) and that the
obvious projection 7w : O(M) — M is a submersion. Prove that the action
of GL(m) on F(M) restricts to an action of the orthogonal group O(m) on
O(M) whose orbits are the fibers

O(M), = {e e R""™| (p,e) € O(M)} = {e € Lisw(R™, T,M) | e"e = 1}.

Hint: If ¢ : U — ) is a coordinate chart on M with inverse ¢ : Q — U then
ez = dip(z)(dyp(z)Tdyp(z)) 12 . R™ — Ty(zyM is an orthonormal frame of
the tangent space Ty(,) M for every x € (.

3.2.4 The tangent bundle of the frame bundle

We have seen in Lemma 3.9 that the frame bundle F(M) is a smooth sub-
manifold of R™ x R™"*™. Next we examine the tangent space of F(M) at a
point (p,e) € F(M). By Definition 1.21, this tangent space is given by

R— F(M) :t— (y(t),et))
F(M) =< (¥(0),€é(0)) | is a smooth curve satisfying
~v(0) = p and e(0) = e

Tip,e)

It is convenient to consider two kinds of curves in F (M), namely vertical
curves with constant projections to M and horizontal lifts of curves in M.
We denote by £(R™,T,M) the space of linear maps from R™ to T),M.
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Definition 3.11. Let~y : R — M be a smooth curve. A curve B : R — F(M)
is called a lift of ~ if

mofB=r.

Any such lift has the form B(t) = (y(t),e(t)) with e(t) € Liso(R™, Ty M).
The associated curve of frames e(t) of the tangent spaces T M s called
a moving frame along v. A curve 5(t) = (y(t),e(t)) € F(M) is called
horizontal or a horizontal lift of ~y if the vector field X (t) := e(t)¢ along
~ is parallel for every & € R™. Thus a horizontal lift of v has the form

B(t) = (v(), ®(t, 0)e)
for some e € Liso(R™, T 0)M).

Lemma 3.12. (i) The tangent space of F(M) at (p,e) € F(M) is the direct
sum
TipeyF (M) = Hpe) & Vippey

of the horizontal space
H, ey = {(v,hp(v)e) ‘ v e T,M} (3.8)
and the vertical space
Vip,e) == {0} x L(R™, T, M). (3.9)
(ii) The vertical space Vip,e) 15 the kernel of the linear map

dr(p,e) : Tipe) F (M) — T, M.

(iii) A curve B: R — F(M) is horizontal if and only if it is tangent to the
horizontal spaces, i.e. B(t) € Hgy) for everyt € R.

(iv) If B : R — F(M) is a horizontal curve so is a*3 for every a € GL(m).

Proof. If 5 : R — F(M) is a vertical curve with 7o = p then 8(t) = (p, e(t))
where e(t) € Liso(R™,T,M). Hence é(0) € L(R™,T,M). Conversely, for
every é € L(R™, T, M), the curve

R — LR™, T,M) : t —e(t) :=e+té

takes values in the open set Liso(R™,T,M) for t sufficiently small and sat-
isfies ¢(0) = €. This shows that V{, o) C T ¢)F (M).
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Now fix a tangent vector v € T,M, let v : R — M be a smooth curve
satisfying v(0) = p and 4(0) = v, and let 5 : R — F(M) be the horizontal
lift of v with 5(0) = (p,e). Then

B(t) = (v(t),e(t),  e(t) := By(t,0)e.

Fix a vector £ € R™ and consider the vector field

X(t) :=e(t) = D4(t,0)e

along ~. This vector field is parallel and hence, by the Gauss—Weingarten
formula, it satisfies

€(0)¢ = X (0) = hy(0)(7(0), X(0)) = hp(v)e€.

Here we have used (3.4). Thus we have obtained the formula

0) =0, €0) = hy(v)e

for the derivative of the horizontal lift of ~. This shows that the horizontal

space H, . is contained in the tangent space T{, .)F(M). Since

dim H, oy = m, dim V{,, o) = m?, dim T{y, o) F (M) = m + m?,

assertion (i) follows.
To prove (ii) we observe that

Vip,e) C ker dr(p, e)
and that dr(p,e) : T(, ) F (M) — T, M is surjective, by Lemma 3.9. Hence
dim ker dr(p, e) = dim T(, o) F (M) — dim T), M = m? = dim Vip,e)

and this proves (ii).

We have already seen that every horizontal curve 5 : R — F (M) satisfies
B(t) € Hpgy for every t € R. Conversely, if 3(t) = (y(t),e(t)) is a smooth
curve in F(M) satisfying 5(t) € Hpg( then

é(t) = hae) (3(2))e(t)

for every t € R. By the Gauss—Weingarten formula this implies that the
vector field X (t) = e(t)§ along ~ is parallel for every £ € R™ and hence the
curve (3 is horizontal. This proves (iii).

Assertion (iv) follows from (iii) and the fact that the horizontal tangent
bundle H C TF(M) is invariant under the induced action of the group
GL(m) on TF(M). This proves the lemma. O
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F(MTp=n‘”(p)
FM)
(p.e)
Tt
M p

Figure 3.1: The frame bundle.

The reason for the terminology introduced in Definition 3.11 is that one
draws the extremely crude picture of the frame bundle displayed in Fig-
ure 3.1. One thinks of F(M) as “lying over” M. One would then represent
the equation v = 7 o 8 by the following commutative diagram:

F(M) ;
)
R ! M

hence the word “lift”. The vertical space is tangent to the vertical line in
Figure 3.1 while the horizontal space is transverse to the vertical space. This
crude imagery can be extremely helpful.

Exercise 3.13. The group GL(m) acts on F(M) by diffeomorphisms. Thus
for each a € GL(m) the map

F(M) = F(M) : (p,e) = a”(p,e)

is a diffeomorphism of F(M). The derivative of this diffeomorphism is a
diffeomorphism of the tangent bundle T'F (M) and this is called the induced
action of GL(m) on TF(M). Prove that the horizontal and vertical sub-
bundles are invariant under the induced action of GL(m) on T'F(M).

Exercise 3.14. Prove that H, ) C T, O(M) and that
T(p,e)O(M) = H(p,e) D V(Ipﬁ), V(/p’e) = V(pﬁ) N T(p,e)O(M),

for every (p,e) € O(M).
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3.2.5 Basic vector fields
Every £ € R™ determines a vector field B € Vect(F(M)) defined by

Be(p,€) := (e, hp(e)e) (3.10)
for (p,e) € F(M). This vector field is horizontal, i.e.

Bg(p’ 6) € H(p,e)a

and projects to e€, i.e.
dm(p,e)Be(p,e) = €§

for all (p,e) € F(M). These two conditions determine the vector field By
uniquely. It is called the basic vector field corresponding to &.

Theorem 3.15. Let M C R"™ be a smooth m-manifold. Then the following
are equivalent.

(1) M is geodesically complete.
(ii) The vector field B¢ € Vect(F(M)) is complete for every & € R™.

(iii) For every interval I C R, every smooth map & : I — R™, every ty € I,
and every (po,eg) € F(M) there is a smooth curve B : I — F(M) satisfying
the differential equation

B(t) = Bey(B(t)) Vtel, B(to) = (po, eo)- (3.11)

Proof. That (iii) implies (ii) is obvious. Just take / = R and let £ : R — R™
be a constant map.

We prove that (ii) implies (i). Let pg € M and vy € Tp, M be given. Let
eo € Liso(R™, Ty, M) be any isomorphism and choose { € R™ such that

ep€ = vg.

By (ii) the vector field Bg¢ has a unique integral curve 8 : R — F(M) with
B(0) = (po,ep). Write 8 in the form S(t) = (v(¢),e(t)). Then

() =e()E, é(t) = hyp(e(t)E)e(?),

and hence

V() = ()€ = hoyy (e(t)€)e(t)€ = hoyy (7(2), 7(2))-

By the Gauss—Weingarten formula, this implies V4(t) = 0 for every ¢ and
so v : R — M is a geodesic satisfying v(0) = pg and §(0) = eg = vp. This
shows that M is geodesically complete.
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We prove that (i) implies (iii). Thus we assume that T' > g is such that
T € I and the solution of (3.11) exists on the interval [ty,T) but cannot be
extended to [tg,T + ¢) for any € > 0. We shall use the metric completeness
of M to prove the existence of the limit

(p1.e1) = lim B(T) € F(M) (3.12)

and this implies, by Lemma 2.59, that the solution can be extended to the
interval [tg,T], a contradiction. To prove the existence of the limit (3.12)
we write 5(t) =: (y(t),e(t)) so that v and e satisfy the equations

V() = e®)E(t),  e(t) = hyy (Y(®)et),  7(0) =po, e(0) =eo. (3.13)

on the half-open interval [to,T'). In particular, é(t)n is orthogonal to T’y M
and e(t)¢ € Ty M for all n,¢ € R™ and t € [tg,T'). Hence

et e(t)0) = (et e()) + (elthn, () = 0. (3.14)

In particular, the function ¢ — |e(t)n| is constant. This implies

le(®)] = sup LT _ gup leonl oy (3.15)
n#0 |77| n#£0 |77|
and thus
5(0)] = e(EWD)] < leoll €0)] < lleoll sup [€(s)] =t er  (3.16)

to<s<T

for tg <t < T. With the metric d : M x M — [0,00) defined by (2.3) we
obtain

d(v(s),7(#)) < L(V[js,) < (t = s)er

for tp < s <t < T. Since (M,d) is a complete metric space it follows
that ~(t) converges to some point p; € M as ¢ tends to T.. Thus there is a
constant ¢ > 0 such that

172 (v)

h
| == sup hp(v)ud < c|v| (3.17)
0#£ueT, M |ul

for tgo <t < T. Combining (3.13), (3.15), (3.16), and (3.17) we obtain

el = ||hyq (Y(1))e(t H
[y (7 ( )| lle

= |[hym GO |€0H
c|y(@)| lleoll

cer [leo]] -

IN

IAIN
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This implies

le(t) = e(s)]| < cer leoll (= 5)
for tg < s <t < T. Hence e(t) converges to a matrix e; €
to T'. The image of this limit matrix is contained in 7}, M because

(pr)er = lim T(y(8))e(t) = lim e(t) = e1.

R"X™ a5 ¢ tends

Moreover, the matrix e; is invertible because the function ¢ +— e(t)”e(t) is

constant, by (3.14), and hence the matrix
ele; = lim e(t)Te(t) = el e
t—T

is positive definite. Thus ((t) converges to an element (p1,e1) € F(M) as
t € [tg,T) tends to T and so, by Lemma 2.59, the solution 3 extends to the
interval [ty,T +¢) for some € > 0. A similar argument gives a contradiction
in the case T' < tg and this proves the theorem. O

Exercise 3.16 (Basic vector fields in the intrinsic setting). Let M
be a Riemannian m-manifold with an atlas &7 = {Uq, ¢a},cy- Prove that
the frame bundle (3.7) admits the structure of a smooth manifold with the
open cover U, := 7~ }(U,) and coordinate charts

ba : Uy = da(Ua) x GL(m)
given by B
¢a(pa 6) = (¢a(p)a d¢a(p)6) .
Prove that the derivatives of the horizontal curves in Definition 3.11 form a

horizontal subbundle H C F(M) whose fibers H, . can in local coordinates
be described as follows. Let

x = ¢du(p), a = dpq(p)e € GL(m).
and (z,a) € R™ x R™*™_ This pair has the form

(#,8) = dpa(p,€)(p.6),  (5,€) € Hipe,
if and only if
m o
ay = — Z Fi,ij(x)@laé
ij=1

for k,£ =1,...,m, where the functions I"O‘“[,ij : 0o (Uy) — R are the Christof-
fel symbols. Show that, for every £ € R™ there is a unique horizontal vector
field B¢ € Vect(F(M)) such that dm(p,e)Be(p,e) = e for (p,e) € F(M).

Exercise 3.17. Extend Theorem 3.15 to the intrinsic setting.
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3.3 Motions and developments

Our aim in this sections is to define motion without sliding, twisting, or
wobbling. This is the motion that results when a heavy object is rolled,
with a minimum of friction, along the floor. It is also the motion of the large
snowball a child creates as it rolls it into the bottom part of a snowman.

We shall eventually justify mathematically the physical intuition that
either of the curves of contact in such ideal rolling may be specified arbi-
trarily; the other is then determined uniquely. Thus for example the heavy
object may be rolled along an arbitrary curve on the floor; if that curve is
marked in wet ink another curve will be traced in the object. Conversely if
a curve is marked in wet ink on the object, the object may be rolled so as
to trace a curve on the floor. However, if both curves are prescribed, it will
be necessary to slide the object as it is being rolled if one wants to keep the
curves in contact.

We assume throughout this section that M and M’ are two m-dimensio-
nal submanifolds of R"™. Objects on M’ will be denoted by the same letter
as the corresponding objects on M with primes affixed. Thus for example
IT'(p') € R™™™ denotes the orthogonal projection of R™ onto the tangent
space Ty M', V' denotes the covariant derivative of a vector field along a
curve in M’, and <I>fy, denotes parallel transport along a curve in M’.

3.3.1 Motion

Definition 3.18. A motion of M along M’ (on an interval I C R) is
a triple (¥,~,7") of smooth maps

U:I— O(n), v:I— M, ol — M

such that
\If(t)T,y(t)M = TA//(t)M/ Vtel.

Note that a motion also matches normal vectors, i.e.
V()T M+ =TyyM'™  Viel

Remark 3.19. Associated to a motion (¥,v,v') of M along M’ is a family
of (affine) isometries 1, : R™ — R™ defined by

Pe(p) ==7'(t) + ¥ (t)(p — (1)) (3.18)

for t € I and p € R™. These isometries satisfy

Ye(y(t)) = A/ (1), dipe (Y () Ty ey M = Ty iy M’ Vtel.
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Remark 3.20. There are three operations on motions.

Reparametrization. If (U, ~,~') is a motion of M along M’ on an interval
I C Rand a : J — I is a smooth map between intervals then the triple
(Poa,yoa,7 oa)is a motion of M along M’ on the interval J.

Inversion. If (¥,v,7') is a motion of M along M’ then (=1 v 7) is a
motion of M’ along M.
Composition. If (V,v,+') is a motion of M along M’ on an interval I

and (V',9/,4”) is a motion of M’ along M” on the same interval, then
(U'¥,~,~") is a motion of M along M".

We now give the three simplest examples of “bad” motions; i.e. motions
which do not satisfy the concepts we are about to define. In all three of
these examples, p is a point of M and M’ is the affine tangent space to M
at p:

M :=p+T,M={p+v|veT,M}.

Example 3.21 (Pure sliding). Take a nonzero tangent vector v € T, M
and let

V() :=p, A{)=p+tv, ():=1
Then 4(t) =0, 4/(t) = v # 0, and so VU(¢)¥(t) # 4'(t). (See Figure 3.2.)

Yy
L

Figure 3.2: Pure sliding.

Example 3.22 (Pure twisting). Let v and 7/ be the constant curves
v(t) = 4/(t) = p and take ¥(t) to be the identity on T,M* and any curve
of rotations on the tangent space T, M. As a concrete example with m = 2
and n = 3 one can take M to be the sphere of radius one centered at the
point (0,1,0) and p to be the origin:

M = {(z,y,2) € R*|2? + (y — 1) + 2% = 1} p == (0,0,0).

Then M’ is the (z, z)-plane and A(t) is any curve of rotations in the (z, z)-
plane, i.e. about the y-axis T,M~*. (See Figure 3.3.)
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Figure 3.3: Pure twisting.

Example 3.23 (Pure wobbling). This is the same as pure twisting except
that W¥(t) is the identity on T,M and any curve of rotations on T, M. As
a concrete example with m = 1 and n = 3 one can take M to be the circle
of radius one in the (z,y)-plane centered at the point (0,1,0) and p to be
the origin:

M= {(z,y,0) e R*|2* + (y —1)> =1},  p:=(0,0,0).

Then M’ is the z-axis and W(t) is any curve of rotations in the (y, z)-plane,
i.e. about the axis M’. (See Figure 3.4.)

oy

M’ p

Figure 3.4: Pure wobbling.

3.3.2 Sliding

When a train slides on the track (e.g. in the process of stopping suddenly),
there is a terrific screech. Since we usually do not hear a screech, this means
that the wheel moves along without sliding. In other words the velocity of
the point of contact in the train wheel M equals the velocity of the point
of contact in the track M’. But the track is not moving; hence the point of
contact in the wheel is not moving. One may explain the paradox this way:
the train is moving forward and the wheel is rotating around the axle. The
velocity of a point on the wheel is the sum of these two velocities. When
the point is on the bottom of the wheel, the two velocities cancel.

Definition 3.24. A motion (V,v,7’) is without sliding if

U(t)y(t) =4'(2)

for every t.
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Here is the geometric picture of the no sliding condition. As explained
in Remark 3.19 we can view a motion as a smooth family of isometries

Pe(p) = (t) + ¥ () (p — (1))

acting on the manifold M with v(¢) € M being the point of contact with M.
Differentiating the curve ¢t — v;(p) which describes the motion of the point
p € M in the space R™ we obtain

L) = (0~ W00 + 40) (20,
Taking p = 7(to) we find

d

| %i((t) = ¥ (o) — Wto)(to).

t=to

This expression vanishes under the no sliding condition. In general the
curve t — (7y(to)) will be non-constant, but (when the motion is without
sliding) its velocity will vanish at the instant ¢ = tp; i.e. at the instant when
it becomes the point of contact. In other words the motion is without sliding
if and only if the point of contact is motionless.

We remark that if the motion is without sliding we have:

[ (O] = [9(®)F(#)] = ()]

so that the curves v and 7/ have the same arclength:

/ 4(0)] dt = / 4(6)] dr

on any interval [tg,t1] C I. Hence any motion with 4 = 0 and 4" # 0 is not
without sliding (such as the example of pure sliding above).

Exercise 3.25. Give an example of a motion where |y(t)| = |/(¢)| for every
t but which is not without sliding.

Example 3.26. We describe mathematically the motion of the train wheel.
Let the center of the wheel move right parallel to the z-axis at height one
and the wheel have radius one and make one revolution in 27 units of time.
Then the track M’ is the z-axis and we take

M= {(z,y) e R?*|2* + (y — 1)* = 1}.
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Choose

~v(t) = (cos(t —m/2),1 + sin(t — 7/2))
(sin(t), 1 — cos(t)),

and define A(t) € GL(2) by

\D(t):< cos(t) sin(t) )

—sin(t) cos(t)

The reader can easily verify that this is a motion without sliding. A fixed
point pg on M, say pg = (0,0), sweeps out a cycloid with parametric equa-
tions

x =t —sin(t), y=1—cos(t).

(Check that (2,y) = (0,0) when y = 0; i.e. for t = 2nm.)

Remark 3.27. These same formulas give a motion of a sphere M rolling
without sliding along a straight line in a plane M’. Namely in coordinates
(x,y, z) the sphere has equation

Py -1+t =1

the plane is y = 0 and the line is the z-axis. The z-coordinate of a point is
unaffected by the motion. Note that the curve 7/ traces out a straight line
in the plane M’ and the curve v traces out a great circle on the sphere M.

Remark 3.28. The operations of reparametrization, inversion, and com-
position respect motion without sliding; i.e. if (V,~,4') and (V’,+',~”) are
motions without sliding on an interval I and « : J — [ is a smooth map
between intervals, then the motions (¥ o o,y 0 a,7' o ), (¥=1,+',v), and
(U0, ~,~") are also without sliding. The proof is immediate from the defi-
nition.

3.3.3 Twisting and wobbling

A motion (¥,~,+) on an intervall I C R transforms vector fields along ~y
into vector fields along 7/ by the formula

X'(t) = (UX)(t) := U(£) X (t) € Ty M’

for t € I and X € Vect(y); so X’ € Vect(v').
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Lemma 3.29. Let (¥,~v,7') be a motion of M along M' on an interval
I C R. Then the following are equivalent.

(1) The instantaneous velocity of each tangent vector is normal, i.e. fort € I
V()T M C Ty M'™.
(ii) U intertwines covariant differentiation, i.e. for X € Vect(y)
V(PX)=0VX.

(iii) W transforms parallel vector fields along v into parallel vector fields
along +', i.e. for X € Vect(y)

VX =0 = V' (¥X) =0.
(iv) ¥ intertwines parallel transport, i.e. for s,t € I and v € Ty M
()P (t, s)v = DL, (L, 5)T(s)v.

A motion that satisfies these conditions is called without twisting.

Proof. We prove that (i) is equivalent to (ii). A motion satisfies the equation

W(I(y(t) = T'(v' (1) (t)

for every ¢t € I. This restates the condition that ¥(¢) maps tangent vectors
of M to tangent vectors of M’ and normal vectors of M to normal vectors
of M'. Differentiating the equation X'(t) = A(t)X(t) we obtain

X'(t) = W(t) X (t) + V(1) X ().
Applying IT'(y/(t)) this gives
VX' =0VX +1I'(y)¥X.

Hence (ii) holds if and only if II'(7/(¢))¥(¢) = 0 for every ¢t € I. Thus we
have proved that (i) is equivalent to (ii). That (ii) implies (iii) is obvious.

We prove that (iii) implies (iv). Let to € I and vo € Ty, M. Define
X € Vect(y) by X(t) := ®,(t,to)vo and let X’ := UX € Vect(y') Then
VX =0, hence by (iii) V'X’ =0, and hence

X'(t) = @ (t,5) X' (to) = @L,(t, 5)¥(to)vo-

Since X'(t) = W(t) X (t) = ¥(t)®~(t, to)vo, this implies (iv).
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We prove that (iv) implies (ii). Let X € Vect(y) and X’ := UX €
Vect(v'). By (iv) we have

DL, (to, t) X' (t) = W(to) @ (to, 1) X (t).

Differentiating this equation with respect to t at ¢ = f3 and using Theo-
rem 3.4, we obtain V'X’(ty) = ¥(ty)VX (to). This proves the lemma. O

Lemma 3.30. Let (V,v,v') be a motion of M along M' on an interval
I C R. Then the following are equivalent.

(i) The instantaneous velocity of each normal vector is tangent, i.e. fort € 1
()T, M* C Ty M’
(ii) ¥ intertwines normal covariant differentiation, i.e. for Y € Vect(v)
VH(IY) = vy,

(iii) W transforms parallel normal vector fields along v into parallel normal
vector fields along ', i.e. for Y € Vect(y)

VY =0 — V' (TY) = 0.

(iv) U intertwines parallel transport of normal vector fields, i.e. for s,t € I
and w € T,Y(S)ZML

V()DL (t, 5)w = B (L, 5) U (s)w.

A motion that satisfies these conditions is called without wobbling.

The proof of Lemma 3.30 is analogous to that of Lemma 3.29 and will
be omitted.

In summary a motion is without twisting iff tangent vectors at the point
of contact are rotating towards the normal space and it is without wobbling
iff normal vectors at the point of contact are rotating towards the tangent
space. In case m = 2 and n = 3 motion without twisting means that the
instantaneous axis of rotation is parallel to the tangent plane.

Remark 3.31. The operations of reparametrization, inversion, and compo-
sition respect motion without twisting, respectively without wobbling; i.e. if
(¥,~,v") and (¥',~/,~") are motions without twisting, respectively without
wobbling, on an interval I and « : J — [ is a smooth map between intervals,
then the motions (¥ oa,yoa,7 oa), (¥=1 4/ 7), and (V'¥,~,~") are also
without twisting, respectively without wobbling.
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Remark 3.32. Let I C R be an interval and ty € I. Given curves~y : I — M
and 7' : I — M’ and an orthogonal matrix ¥y € O(n) such that

VT 1) M = Ty (ao) M’

there is a unique motion (¥,~,v") of M along M’ (with the given v and 7/)
without twisting or wobbling satisfying the initial condition:

U(ty) = Do,

Indeed, the path of matrices ¥ : I — O(n) is uniquely determined by the
conditions (iv) in Lemma 3.29 and Lemma 3.30. It is given by the explicit
formula

U (t)o = @7 (t, t0) Wo, (to, )TI(7(t))v

3.19
+ @ (1, 10) Wo D (o, £) (v — TL(v(1))v) (19

for t € I and v € R™. We prove below a somewhat harder result where the
motion is without twisting, wobbling, or sliding. It is in this situation that
v and + determine one another (up to an initial condition).

Remark 3.33. We can now give another interpretation of parallel trans-
port. Given y: R — M and vy € T, 4, M take M’ to be an affine subspace of
the same dimension as M. Let (¥,~,~’) be a motion of M along M’ without
twisting (and, if you like, without sliding or wobbling). Let X’ € Vect(v’)
be the constant vector field along +' (so that V' X’ = 0) with value

X'(t) = Yo, o == U(to).
Let X € Vect(y) be the corresponding vector field along v so that
\Il(t)X(t) = Yoo

Then X (t) = ®,(t,t9)vg. To put it another way, imagine that M is a ball. To
define parallel transport along a given curve ~ roll the ball (without sliding)
along a plane M’ keeping the curve v in contact with the plane M’. Let +/
be the curve traced out in M’. If a constant vector field in the plane M’ is
drawn in wet ink along the curve 4/ it will mark off a (covariant) parallel

vector field along + in M.

Exercise 3.34. Describe parallel transport along a great circle in a sphere.
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3.3.4 Development

A development is an intrinsic version of motion without sliding or twisting.

Definition 3.35. A development of M along M’ (on an interval )
is a triple (®,~,7") where v : I — M and~': I — M’ are smooth paths and
D is a family of orthogonal isomorphisms

q)(t) : T'y(t)M — T'y’(t)M/
such that ® intertwines parallel transport, i.e.
O(t)D,(t,s) = <1>i/,(t, $)P(s)

for all s,t € I, and
O(t)3(t) ='(t)
for all't € I. In particular, the family ® of isomorphisms is smooth, i.e.

if X is a smooth vector field along v then the formula X'(t) := ®(t)X(t)
defines a smooth vector field along +'.

Lemma 3.36. Let I C R be an interval, v : I — M and v : I — M’
be smooth curves, and ®(t) : TyyyM — Tﬂ/(t)M’ be a family of orthogonal
isomorphisms parametrized by t € I. Then the following are equivalent.

(1) (®,7,7") is a development.

(ii) There exists a motion (¥,~,~") without sliding and twisting such that
®(t) = W (t)|1, M for every t € I.

(iii) There exists a motion (V,~,~") of M along M’ without sliding, twisting,
and wobbling such that ®(t) = V(t)|r, , m for everyt € I.

Proof. That (iii) implies (ii) and (ii) implies (i) is obvious. To prove that (i)
implies (iii) choose any tp € I and any orthogonal matrix ¥y € O(n) such
that Wo|z,, ,m = ®(to) and define ¥(¢) : R™ — R" by (3.19). O

Remark 3.37. The operations of reparametrization, inversion, and compo-
sition yield developments when applied to developments; i.e. if (®,v,7) is a
development of M along M’, on an interval I, (®',4/,~") is a development
of M’ along M” on the same interval I, and o : J — I is a smooth map of
intervals, then the triples

(Poa,yoa,7y 0a), (2719.,7),  (¢®,7,7)

are all developments.
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Theorem 3.38 (Development theorem). Let py € M, p, € M and
‘1)0 : TpOM — TpéM,
be an orthogonal isomorphism. Fiz a smooth curve v' : R — M and a time

to € R such that v/ (to) = py. Then the following holds.

(1) There exists a development (®,7,7'|1) on some open interval I C R
containing ty that satisfies the initial condition

v(to) =po, (o) = Po. (3.20)

(i) Any two developments (®1,v1,7'|1,) and ®a,72,7|1,) as in (i) on two
intervals Iy and Is agree on the intersection Iy N Ia, i.e. y1(t) = v2(t) and
Oy (t) = Po(t) for every t € I1 N Is.

(iii) If M is complete then (i) holds with I = R.

Proof. Let v : R — M be any smooth map such that v(¢g) = po and define
@(t) : T’y(t)M — T’y’(t)M/ by
D(t) := @, (t,t0) LoD (to, ) (3.21)

This is an orthogonal transformation for every ¢ and it intertwines parallel
transport. However, in general ®(¢)4(¢) will not be equal to 4/(¢). To con-
struct a development that satisfies this condition, we choose an orthonormal
frame eg : R™ — T}, M and, for t € R, define e(t) : R™ — T, ;)M by

e(t) == ®4(t, to)eo. (3.22)

We can think of e(t) as a real kxm-matrix and the map R — R™*™ : t — e(t)
is smooth. In fact, the map ¢ — (y(t),e(t)) is a smooth path in the frame
bundle F(M). Define the smooth map £ : R — R™ by

Y (t) = @, (t, to) Poeo (). (3.23)

We prove the following

Claim: The triple (®,7,v') is a development on an interval I C R if and
only if the path t — (y(t),e(t)) satisfies the differential equation

((£), €(t)) = By (v(t), e(t)) (3.24)

for every t € I, where Beyy € Vect(F(M)) denotes the basic vector field
associated to £(t) € R™ (see equation (3.10)).
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The triple (®,7,~") is a development on [ if and only if ®(¢)%(t) = 4/(t) for
every t € I. By (3.21) and (3.23) this is equivalent to the condition

DL, (t,t0)Po® (to, t)¥(t) = 7' (t) = @1, (L, to) Poeos(t),
hence to
D (to, 1)7(t) = eok(t),
and hence to
V() = D4 (t, to)e(t)E(t) = e(t)€(t) (3.25)
for every t € I. By (3.22) and the Gauss—Weingarten formula, we have

E(t) = Ty (V(t))e(?)
for every t € R. Hence it follows from (3.10) that (3.25) is equivalent
to (3.24). This proves the claim.
Assertions (i) and (ii) follow immediately from the claim. Assertion (iii)
follows from the claim and Theorem 3.15. This proves the theorem. O

Remark 3.39. As any two developments (®1,7v1,7'|7,) and (P2,7v2,7'|1,)
on two intervals I; and Iy satisfying the initial condition (3.20) agree on
Iy N Iy there is a development defined on Iy U I5. Hence there is a unique
mazximally defined development (®,v,7'|), defined on a maximal interval I,
associated to 7/, po, Po.

Remark 3.40. The statement of Theorem 3.38 is essentially symmetric in
M and M’ as the operation of inversion carries developments to develop-
ments. Hence given v : R — M, py € M', to € R, and &g : T\ M —
T, M '’ we may speak of the development (®,,7’) corresponding to v with
initial conditions 7/ (o) = pf, and ®(ty) = Po.
Corollary 3.41. Let pg € M, pj € M’ and Vg € O(n) such that

VoTp M = Tp6M'.

Fiz a smooth curve ' : R — M and a time ty € R such that 7' (ty) = pj.
Then the following holds.

(1) There exists a motion (¥,~,~'|) without sliding, twisting and wobbling
on some open interval I C R containing tg that satisfies the initial condition
V(to) = po and ¥(to) = V.

(ii) Any two motions as in (i) on two intervals Iy and Iy agree on the
intersection I; N Is.

(iii) If M is complete then (i) holds with I = R.

Proof. Theorem 3.38 and Remark 3.32. O
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Chapter 4

Curvature

4.1 Isometries

Let M and M’ be submanifolds of R®. An isometry is an isomorphism of
the intrinsic geometries of M and M’. Recall the definition of the intrinsic
distance function d: M x M — [0,00) (in Section 2.1) by

1

A= inf LO) LO)= [ )]
S 0

for p,q € M. Let d’ denote the intrinisic distance function on M’.

Theorem 4.1 (Isometries). Let ¢ : M — M’ be a bijective map. Then
the following are equivalent.

(1) ¢ intertwines the distance functions on M and M', i.e. for all p,q € M

d'(¢(p), ¢(q)) = d(p,q)

(ii) ¢ is a diffeomorphism and do(p) : TyM — Typ,)M' is an orthogonal
isomorphism for every p € M.

(iii) ¢ is a diffeomorphism and L(¢p o y) = L(v) for every smooth curve
v [a,b] — M.

¢ is called an isometry if it satisfies these equivalent conditions. In the
case M = M’ the isometries ¢ : M — M form a group denoted by Z(M)
and called the isometry group of M.

Lemma 4.2. For every p € M there is a constant € > 0 such that, for all
v,w € T,M with 0 < |w| < |v| < e, we have

d(exp,(w), exp,(v)) = |v] — [w| = w = %v. (4.1)

163
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Remark 4.3. It follows from the triangle inequality and Theorem 2.44 that

d(expy,(v), expp(w)) = d(exp, (v),p) = d(exp,(w), p) = |v] = |w|

whenever 0 < |w| < |v| < inj(p). Lemma 4.2 asserts that equality can only
hold when w is a positive multiple of v or, to put it differently, that the
distance between exp,(v) and exp,(w) must be strictly bigger that |v| — |w|
whenever w is not a positive multiple of v.

Proof of Lemma 4.2. As in Corollary 2.38 we denote

B.(p) :={veT,M]| |v| <e},
Ue(p) :={q € M|d(p.q) <e}.

By Theorem 2.44 and the definition of the injectivity radius, the exponential
map at p is a diffeomorphism exp,, : B.(p) — Uc(p) for ¢ < inj(p). Choose
0 < r < inj(p). Then the closure of U,(p) is a compact subset of M. Hence

there is a constant £ > 0 such that e < r and inj(p’) < ¢ for every p’ € U,(p)
Since € < r we have

e <inj(p’) V' €Up). (4.2)
Thus €, : B:(p') = U:(p’) is a diffeomorphism for every p’ € U.(p). Denote
p1i=exp,(w),  p2:=exp,(v).
Then, by assumption, we have
d(p1,p2) = [v] — Jw| <e.

Since p; € U.(p) it follows from our choice of ¢ that £ < inj(p;). Hence there
is a unique tangent vector vy € T}, M such that

|v1] = d(p1,p2) = |v| — |w|, eXPpl(Ul) = p2.

Following first the shortest geodesic from p to p; and then the shortest
geodesic from p; to p2 we obtain (after suitable reparametrization) a smooth
v :[0,2] — M such that

¥0)=p, ~A1)=p1,  (2)=pe,

and

L(7|[0,1]) =d(p,p1) = |wl, L(7|[1,2]) = d(p1,p2) = |v| — |w].
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Thus L(v) = |v| = d(p,p2). Hence, by Theorem 2.44, there is a smooth
function f : [0,2] — [0, 1] satisfying

BO)=0, BE@)=1 B =0, () =exp,(B(t)v)

for every t € [0,2]. This implies

exp,(w) = pr = 7(1) = exp, (B(1)),  0<B(1) < 1.

Since w and $(1)v are both elements of B (p) and exp,, is injective on Be(p),
this implies w = F(1)v. Since G(1) > 0 we have 3(1) = |w|/|v|. This
proves (4.1) and the lemma. O

Proof of Theorem 4.1. That (ii) implies (iii) follows from the definition of
the length of a curve. Namely

Lipon) = /ab

In the third equation we have used (ii). That (iii) implies (i) follows imme-
diately from the definition of the intrinsic distance functions d and d’.

We prove that (i) implies (ii). Fix a point p € M and choose ¢ > 0
so small that € < inj(p) and that the assertion of Lemma 4.2 holds for the
point p’ := ¢(p) € M'. Then there is a unique homeomorphism

@, : B(p) — B:(¢o(p))

such that the following diagram commutes.

LM 5 B.(p)—ZB.(o(p)) < TypM'.
exppl lexp’d)(p)
M S5 Up) —5U.llp)  © M

Here the vertical maps are diffeomorphisms and ¢ : Uz(p) — U-(¢(p)) is a
homeomorphism by (i). Hence ®, : B.(p) — B:(¢(p)) is a homeomorphism.
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Claim 1. The map ®, satisfies the following equations for every v € B:(p)
and every t € [0,1]:

eXp;)(p)((bp(v)) = ¢(exp,(v)), (4.3)
|[@p(v)] = [v], (4.4)
O, (tv) =ty (v). (4.5)

Equation (4.3) holds by definition. To prove (4.4) we observe that, by The-
orem 2.44, we have

[@p(0)] = d'(6(p); expy(,) (Pp(v)))
= d'(¢(p), d(exp,(v)))
= d(p,exp,(v)
= vl
Here the second equation follows from (4.3) and the third equation from (i).

Equation (4.5) holds for t = 0 because ®,(0) = 0 and for t = 1 it is a
tautology. Hence assume 0 < t < 1. Then

d'(expyy) (Pp(t)), exply, (Bp(v)) = d'(d(exp,(tv)), ¢(exp,(v)))
= d(exp,(tv),exp,(v)
= o] = [t]
= | 2p(v)] = @y (t0)]-
Here the first equation follows from (4.3), the second equation from (i), the
third equation from Theorem 2.44 and the fact that |v| < inj(p), and the

last equation follows from (4.4). Since 0 < |®,(tv)| < |®p(v)] < € we can
apply Lemma 4.2 and obtain

o, (tv) =

This proves Claim 1.
By Claim 1, ®,, extends to a bijective map ®, : T, M — T¢(p)M’ via

D, (0) = B, (60),

where § > 0 is chosen so small that § |v| < e. The right hand side of
this equation is independent of the choice of §. Hence the extension is well
defined. It is bijective because the original map ®,, is a bijection from B, (p)
to B:(¢(p)). The reader may verify that the extended map satisfies the
conditions (4.4) and (4.5) for all v € T,M and all ¢t > 0.
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Claim 2. The extended map ®, : T,M — T¢(p)M’ is linear and preserves
the inner product.

It follows from the equation (2.46) in the proof of Lemma 2.61 that

d(expp(tv), expp(tw))

v-wl = lin t
(e, (), oo, (1)
t—0 t
. d'(exply ) (Pp(tv))), expyy ) (Pp(tw))))
t—0

t
el (1R(0) exp (19, (w))
= I t
= |2 (0) — @p(w)|

Here the second equation follows from (i), the third from (4.3), the fourth
from (4.4), and the last equation follows again from (2.46). By polarization
we obtain

o + [w]? = v — w|?
= ’(bp(v)’z + ‘q)p(w)’2 — | ®p(v) — (I)p(w)‘z
= 2(®p(v), Pp(w)).

Thus @, preserves the inner product. Hence, for all vi,vo,w € T,M, we

2(v, w)

have

(@p(v1 + v2), p(w)) U1 + V2, W)
vy, w) + (vg, w)

(
(
= (Pp(v1), Pp(w)) + (Pp(v2), Pp(w))
(Pp(v1) + Pp(v2), Pp(w)).

Since ®,, is surjective, this implies
Dp(v1 + v2) = Pp(v1) + p(v2)
for all vi,vy € T,M. With v; = v and v2 = —v we obtain
By(—v) =~ (v)
for every v € T,M and by (4.5) this gives
@, (tv) = 1, (v)
for all v € T,M and t € R. This proves Claim 2.
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Claim 3. ¢ is smooth and dp(p) = ®,.
By (4.3) we have

¢ = exply, 0Py 0 exp, ! Ue(p) = Uc(9(p)).

Since ®,, is linear, this shows that the restriction of ¢ to the open set U(p)
is smooth. Moreover, for every v € T,M we have

d

do(p)v = &),

lexmy(10) = 55| el (19,(1)) = By(0).

Here we have used equations (4.3) and (4.5) as well as Lemma 2.36. This
proves Claim 3 and the theorem. O

Exercise 4.4. Prove that every isometry 1 : R® — R” is an affine map

Y(p) = Ap+b

where A € O(n) and b € R". Thus ¢ is a composition of translation and
rotation. Hint: Let ey,...,e, be the standard basis of R™. Prove that
any two vectors v,w € R" that satisfy |v| = |w| and |v — ¢;| = |w — ¢;| for
i =1,...,n must be equal.

Remark 4.5. If ¢y : R" — R" is an isometry of the ambient Euclidean space
with (M) = M’ then certainly ¢ := 1|y is an isometry from M onto M’.
On the other hand, if M is a plane manifold

M ={(0,y,2) eR3|0 <y <nm/2}
and M’ is the cylindrical manifold
M ={(z,y,2) R} |2 +¢y>=1,2 >0,y >0}
Then the map ¢ : M — M’ defined by
¢(0,y,2) := (cos(y),sin(y), z)

is an isometry which is not of the form ¢ = ¢|ps. Indeed, an isometry of the
form ¢ = 1|p; necessarily preserves the second fundamental form (as well
as the first) in the sense that

dip(p)hp (v, w) = hyy ) (di(p)v, di (p)w)

for v,w € T, M but in the example h vanishes identically while A’ does not.
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We may thus distinguish two fundamental question:

I. Given M and M’ when are they extrinsically isomorphic, i.e. when is
there an ambient isometry ¢ : R — R™ with ¢(M) = M'?

II. Given M and M’ when are they intrinsically isomorphic, i.e. when is
there an isometry ¢ : M — M’ from M onto M'?

As we have noted, both the first and second fundamental forms are
preserved by extrinsic isomorphisms while only the first fundamental form
need be preserved by an intrinsic isomorphism (i.e. an isometry).

A question which occurred to Gauss (who worked for a while as a car-
tographer) is this: Can one draw a perfectly accurate map of a portion of
the earth? (i.e. a map for which the distance between points on the map is
proportional to the distance between the corresponding points on the surface
of the earth). We can now pose this question as follows: Is there an isom-
etry from an open subset of a sphere to an open subset of a plane? Gauss
answered this question negatively by associating an invariant, the Gaussian
curvature K : M — R, to a surface M C R3. According to his Theorema
Egregium

Ko¢p=K
for an isometry ¢ : M — M’. The sphere has positive curvature; the plane
has zero curvature; hence the perfectly accurate map does not exist. Our

aim is to explain these ideas.
We shall need a concept slightly more general than that of “isometry”.

Definition 4.6. A smooth map ¢ : M — M’ is called a local isometry if
its derivative

d¢(p) : TpM — T¢(p)MI
is an orthogonal linear isomorphism for every p € M.

Remark 4.7. Let M C R" and M’ C R™ be manifolds and ¢ : M — M’
be a map. The following are equivalent.

(i) ¢ is a local isometry.
(ii) For every p € M there are open neighborhoods U ¢ M and U’ C M’

such that the restriction of ¢ to U is an isometry from U onto U’.

That (ii) implies (i) follows immediately from Theorem 4.1. On the other
hand (i) implies that d¢(p) is invertible so that (ii) follows from the inverse
function theorem.
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Example 4.8. The map
R — S': 0 e
is a local isometry but not an isometry.

Exercise 4.9. Let M C R" be a compact connected 1-manifold. Prove
that M is diffeomorphic to the circle S'. Define the length of a compact
connected Riemannian l-manifold. Prove that two compact connected 1-
manifolds M, M’ C R"™ are isometric if and only if they have the same
length. Hint: Let v : R — M be a geodesic with |¥(¢)] = 1. Show that
~ is not injective; otherwise construct an open cover of M without finite
subcover. If tg < t; with y(t9) = v(t1) show that ¥(to) = 4(t1); otherwise
show that ~(tp +t) = y(t1 — t) for all ¢ and find a contradiction.

We close this section with a result which asserts that two local isometries
that have the same value and the same derivative at a single point must agree
everywhere, provided that the domain is connected.

Lemma 4.10. Let M C R" and M’ C R"™ be smooth m-manifolds and
assume that M is connected. Let ¢ : M — M’ and ¢ : M — M’ be local
isometries and let pg € M such that

$(po) = P(po) = Py, db(po) = dip(po) : TpyM — Ty M.
Then ¢(p) = ¥(p) for every p € M.
Proof. Define the set
My :={p € M|(p) =1(p), do(p) = di(p)} -

This set is obviously closed. We prove that M is open. Let p € My and
choose U C M and U’ C M’ as in Remark 4.7 (ii). Denote

®, := dp(p) = dip(p) : TyM — Ty M',  p' = ¢(p) = ¥(p)

The proof of Theorem 4.1 shows that there is a constant € > 0 such that
Ue(p) CU, Ue(p') CU', and

q € Us(p) = ¢(q) = exply o®p, 0 exp, ' (q) = ¥(q).

Hence U.(p) C My. Thus My is open, closed, and nonempty. Since M is
connected it follows that My = M and this proves the lemma. O
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4.2 The Riemann curvature tensor

4.2.1 Definition and Gauss—Codazzi

Let M C R™ be a smooth manifold and v : R2 — M be a smooth map.
Denote by (s,t) the coordinates on R2. Let Z € Vect(y) be a smooth vector
field along 7, i.e. Z : R?> — R™ is a smooth map such that Z(s,t) € TysnM
for all s and t. The covariant partial derivatives of Z with respect to
the variables s and t are defined by

0z 0z
VeZ = 11(y) =, VZ = TI(y)—.
3, i M3
In particular 95y = 07/ds and 9y = /0t are vector fields along v and we
have

VsOyy — ViOsy = 0

as both terms on the left are equal to II(7)0s0yy. Thus ordinary partial
differentiation and covariant partial differentiation commute. The analogous
formula (which results on replacing 0 by V and v by Z) is in general false.
Instead we have the following.

Definition 4.11. The Riemann curvature tensor assigns to each p € M
the bilinear map

Ry, : T,M x T,M — L(T,M,T,M)
characterized by the equation
Ry(u,v)w = (V\V,Z — VV,Z)(0,0) (4.6)

for u,v,w € T,M where vy : R2 — M is a smooth map and Z € Vect(y) is a
smooth vector field along v such that

~(0,0) = p, 057(0,0) = u, 0y(0,0) = v, Z(0,0) =w. (4.7)

We must prove that R is well defined, i.e. that the right hand side of
equation (4.6) is independent of the choice of v and Z. This follows from the
Gauss—Codazzi formula which we prove next. Recall that the second fun-
damental form can be viewed as a linear map h, : T,M — L£(T,M,T,M~*)
and that, for u € T, M, the linear map hy,(u) € L(T,M,T,M~) and its dual
hy(u)* € L(T,M*,T,M) are given by

hp(u)v = (dH(p)u)v, hp(u)*w = (dH(p)u)w
for v € T,M and w € Tle.
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Theorem 4.12. The Riemann curvature tensor is well defined and given
by the Gauss—Codazzi formula

Ry(u,v) = hy(u) hyp(v) — hy(v)"hy(w) (4.8)
foru,v € T,M.

Proof. Let u,v,w € T,M and choose a smooth map - : R? — M and a
smooth vector field Z along 7 such that (4.7) holds. Then, by the Gauss—
Weingarten formula (2.37), we have

VtZ == atZ - hv((?w)Z
= O Z — (dl(v)0)Z

Hence

ONiZ = 0,0,7 — as((at(ﬂ °7)) Z)
= 0,0,7 — (0:0,(TT 0 7))
= 0,0,Z — (0:0,(TT 0 7))
= 0,07 — (950, (10 7))

Z — ((% Ho*y))
Z — (dII(~y 8tfy)(VZ+h (0s7)2)
Z = hy(O)VsZ — hy(0r7) " hey (057) Z.

Interchanging s and ¢ and taking the difference we obtain

ONZ — ONLZ = hoy(057) hey (Oi7) Z — ey (O7)* By (Ds) Z
+ ho (07N Z — hey(O) VL Z.

Here the first two terms on the right are tangent to M and the last two
terms on the right are orthogonal to T',M. Hence

VWVZ - NVZ = (1) (%2~ 0V.Z)
= hv(as’Y)*hv(at’Y)Z - h'y(at’V)*hv(as’V)Z-

Evaluating the right hand side at s = ¢ = 0 we find that
(ViVZ — NN, Z)(0,0) = hy(u)*hy(v)w — hy(v) hy(w)w.

This proves the Gauss—Codazzi equation and shows that the left hand side
is independent of the choice of v and Z. This proves the theorem. O
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4.2.2 The covariant derivative of a global vector field

So far we have only defined the covariant derivatives of vector fields along
curves. The same method can be applied to global vector fields. This leads
to the following definition.

Definition 4.13 (Covariant derivative). Let M C R" be an m-dimen-
sional submanifold and X be a vector field on M. Fix a point p € M and
a tangent vector v € T,M. The covariant derivative of X at p in the
direction v is the tangent vector

Vo X (p) :=I1(p)dX (p)v € T, M,
where II(p) € R™*™ denotes the orthogonal projection onto T, M.

Remark 4.14. If v : I — M is a smooth curve on an interval I C R and
X € Vect(M) is a smooth vector field on M then X o+ is a smooth vector
field along . The covariant derivative of X o« is related to the covariant
derivative of X by the formula

V(X 09)(t) = Vi X (v(1))- (4.9)

Remark 4.15 (Gauss—Weingarten formula). Differentiating the equa-
tion X = IIX (understood as a function from M to R™) and using the
notation 9, X (p) := dX(p)v for the derivative of X at p in the direction v
we obtain the Gauss—Weingarten formula for global vector fields:

X (p) = Vo X(p) + hyp(v) X (p). (4.10)

Remark 4.16 (Levi-Civita connection). Differentiating a vector field
Y on M in the direction of another vector field X we obtain a vector field

VxY € Vect(M) defined by
(VxY)(p) == Vxp)Y(p)
for p € M. This gives rise to a family of linear operators
Vx : Vect(M) — Vect(M),
one for every vector field X € Vect(M), and the assignment

Vect(M) — L(Vect(M), Vect(M)) : X — Vx
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is itself a linear operator. This operator is called the Levi-Civita connec-
tion on the tangent bundle T'M. It satisfies the conditions

Vix(Y) = VY, (4.11)
Vx(fY) = fVxY + (Lx f)Y (4.12)
ﬁx<Y, Z> = <VXY,Z>+<Y,VXZ>, (4.13)
VWX — VY = [X,Y], (4.14)

for all X,Y,Z € Vect(M) and f € F(M), where Lxf = df o X and
[X,Y] € Vect(M) denotes the Lie bracket of the vector fields X and Y.
The next lemma asserts that the Levi-Civita connection is uniquely deter-
mined by (4.13) and (4.14).

Lemma 4.17 (Uniqueness Lemma). There is a unique linear operator
Vect(M) — L(Vect(M), Vect(M)) : X — Vyx
satisfying equations (4.13) and (4.14) for all X,Y,Z € Vect(M).

Proof. Existence follows from the properties of the Levi-Civita connection.
We prove uniqueness. Let X +— Dy be any linear operator from Vect(M)
to L(Vect(M), Vect(M)) that satisfies (4.13) and (4.14). Then we have

Lx(Y,Z)=(DxY,Z)+(Y,DxZ),
EY<XaZ> <DYX Z> <XaDYZ>a
—L7(X,Y) = —(DzX,Y) — (X,DzY).

Adding these three equations we find

L (Y, Z) + Ly (Z,X) — L(X,Y)
=2(DxY,Z) + (DyX — DxY, Z)

HX,DyZ —DzY)+(Y,DxZ — Dx Z)
=2(DxY,Z)+ ([X,Y],Z) + (X,[Z,Y]) + (Y, [Z, X]).

The same equation holds for the Levi-Civita connection and hence

This implies DxY = VxY for all X,Y € Vect(M). O
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Remark 4.18 (The Levi-Civita connection in local coordinates).
Let ¢ : U — € be a coordinate chart on an open set U C M with values in
an open set 2 C R™. In such a coordinate chart a vector field X € Vect(M)
is represented by a smooth map

£=(...,6"): Q- R"

defined by
§(o(p)) = do(p) X (p)

forpe U. 'Y € Vect(M) is represented by n then VxY is represented by
the function

- 0?7’“ i - i,
(Ven)h =" 57 T > Tk (4.15)
i=1 i,j=1

Here the I’fj : 2 — R are the Christoffel symbols defined by

m

1 (0gei = Ogej  Ogij
Ik .— kt A J U 4.1
Y ;g 2 <8x1 T o Bt ) (4.16)

where g;; is the metric tensor and g% is the inverse matrix so that
jk k
> 997" = o)
J

(see Theorem 2.27). This formula can be used to prove the existence state-
ment in Lemma 4.17 and hence define the Levi-Civita connection in the
intrinsic setting.

Exercise 4.19. In the proof of Lemma 4.17 we did not actually use that the
operator Dx : Vect(M) — Vect(M) is linear nor that the operator X — Dx
is linear. Prove directly that if a map

Dx : L(M) — L(M)

satisfies (4.13) for all Y, Z € Vect(M) then Dy is linear. Prove that every
map

Vect(M) — L(Vect(M), Vect(M)) : X — Dx

that satisfies (4.14) is linear.
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4.2.3 A global formula
Lemma 4.20. For X,Y,Z € Vect(M) we have

R(X,Y)Z = VxWZ — WVxZ + Vix y1Z. (4.17)

Proof. Fix a point p € M. Then the right hand side of equation (4.17) at
p remains unchanged if we multiply each of the vector fields X,Y,Z by a
smooth function f: M — [0, 1] that is equal to one near p. Choosing f with
compact support we may therefore assume that the vector fields X and Y
are complete. Let ¢° denote the flow of X and 1! the flow of Y. Define the
map 7 : R2 - M by

v(s,t) == opi(p),  s,tE€R.
Then
Oy =X(), Oy =(eY)(7)-

Hence, by Remark 4.15, we have
Vi(Zoy)=(VxZ)(v),  Ni(Zo7) = (VsvZ) (7).
This implies
ViVi(Z o) = (Vo Vesy Z) (1) + (Vouesy Z) (7)-

Since

0 s
& o gb*Y - [X’Y]

sS=

and 0y = X () we obtain

VsVi(Z 07)(0,0) = VxWZ(p) + Vix v Z (p),
ViVi(Z 07)(0,0) = Y Vx Z(p).

Ry(X(p).Y()Z(p) = (VN(Zo7)—%Vs(Z07))(0,0)
VxWZ(p) = WwVx Z(p) + Vix ) Z(p)-

This proves the lemma. O
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Remark 4.21. Equation (4.17) can be written succinctly as
Vx, W]+ Vixy) = R(X,Y). (4.18)
This can be contrasted with the equation
[Lx, Ly] + Lixy) =0 (4.19)
for the operator £x on the space of real valued functions on M.

Remark 4.22. Equation (4.17) can be used to define the Riemann cur-
vature tensor. To do this one must again prove that the right hand side
of equation (4.17) at p depends only on the values X (p),Y (p), Z(p) of the
vector fields X, Y, Z at the point p. For this it suffices to prove that the map

Vect(M) x Vect(M) x Vect(M) — Vect(M) : (X,Y,Z) — R(X,Y)Z
is linear over the Ring .# (M) of smooth real valued functions on M, i.e.
R(fX,Y)Z=R(X,fY)Z=R(X,Y)fZ=fR(X,Y)Z (4.20)

for X,Y,Z € Vect(M) and f € .F(M). The formula (4.20) follows easily
form the equations (4.11), (4.12), (4.19), and [X, fY] = f[X,Y] — (Lx f)Y.
It follows from (4.20) that the right hand side of (4.17) at p depends only on
the vectors X (p), Y(p), Z(p). The proof requires two steps. One first shows
that if X vanishes near p then the right hand side of (4.17) vanishes at p
(and similarly for Y and Z). Just multiply X by a smooth function equal to
zero at p and equal to one on the support of X; then fX = X and hence the
vector field R(X,Y)Z = R(fX,Y)Z = fR(X,Y)Z vanishes at p. Second,
we choose a local frame Ey,..., E,, € Vect(M), i.e. vector fields that form
a basis of T),M for each p in some open set U C M. Then we may write

m m

xX=¢E, Y=Y 1/E ZZiCkEk
k=1

i—1 j=1

in U. Using the first step and the .% (M )-multilinearity we obtain

R(X,Y)Z= Y &W( R(E;, E;)E,
i,,k=1

in U. If X'(p) = X(p) then &'(p) = £"(p) so if X(p) = X'(p), Y(p) =Y (p),
Z(p) = Z'(p) then (R(X,Y)Z)(p) = (R(X',Y")Z")(p) as required.
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4.2.4 Symmetries

Theorem 4.23. The Riemann curvature tensor satisfies

R(Y,X) = -R(X,Y) = R(X,Y)", (4.21)
R(X,Y)Z + R(Y,Z)X + R(Z,X)Y =0, (4.22)
(R(X,Y)Z,W) = (R(Z,W)X,Y), (4.23)

for XY, Z, W € Vect(M). Equation (4.22) is the first Bianchi identity.

Proof. The first equation in (4.21) is obvious from the definition and the
second equation follows immediately from the Gauss-Codazzi formula (4.8).
Alternatively, we may choose a smooth map 7 : R? — M and two vector
fields Z, W along ~. Then

0 = 9,0,(ZW) — 805(Z, W)
= 0s(MZ,W) + 0s(Z, W) — 0 (Vs Z, W) — 0(Z, VW)
= (MWMZ, W) +(Z,VsNW) — (MNZ, W) —(Z, Vi VsW)
= (R(057,017)Z, W) —(Z, R(057, 0y)W).

This proof has the advantage that it carries over to the intrinsic setting. We
prove the first Bianchi identity using (4.14) and (4.17):

R(X,Y)Z + R(Y, 2)X + R(Z, X)Y

= WWZ — WV Z + Vixy)Z + WV X — Ve X + Vy 5 X
FVVRY — VY + VgV

= Vv 21X — VXY, Z] + Mz x)Y — W[Z, X] + Vixy|Z — Vz[X,Y]

=X, [V, Z]|+ [V, [Z,X]| + [Z,[X,Y]].

The last term vanishes by the Jacobi identity. We prove (4.23) by combining
the first Bianchi identity with (4.21):

(R(X,Y)Z, W) —(R(Z,W)X,Y)
=—(RY,Z2)X,W)—(R(Z,X)Y,W) — (R(Z,W)X,Y)
= (R(Y, Z)W, X) + (R(Z, X)WY) + (R(W, 2)X,Y)
= (R(Y,Z)W,X) — (R(X,W)Z,Y)
=(RY,Z)W,X) — (R(W, XY, Z).
Note that the first line is related to the last by a cyclic permutation. Re-
peating this argument we find

(R(Y, Z)W, X) = (R(W, X)Y, Z) = (R(Z, W)X, Y) — (R(X,Y)Z,W).

combining these two identities we obtain (4.23). This proves the theorem [
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Remark 4.24. We may think of a vector field X on M as a section of the
tangent bundle. This is reflected in the alternative notation

QY(M, TM) := Vect(M).

A 1-form on M with values in the tangent bundle is a collection of
linear maps A(p) : T,M — T,M, one for every p € M, which is smooth
in the sense that for every smooth vector field X on M the assignment
p — A(p)X(p) defines again a smooth vector field on M. We denote by

QY (M, TM)

the space of smooth 1-forms on M with values in T'M. The covariant deriva-
tive of a vector field Y is such a 1-form with values in the tangent bundle
which assigns to every p € M the linear map T, M — T,M : v — V,Y(p).
Thus we can think of the covariant derivative as a linear operator

V:QUM, TM) — QY (M, TM).

The equation (4.11) asserts that the operators X — Vx indeed determine
a linear operator from Q°(M,TM) to Q'(M,TM). Equation (4.12) as-
serts that this linear operator V is a connection on the tangent bundle
of M. Equation (4.13) asserts that V is a Riemannian connection and
equation (4.14) asserts that V is torsion free. Thus Lemma 4.17 can be re-
stated as asserting that the Levi-Civita connection is the unique torsion
free Riemannian connection on the tangent bundle.

Exercise 4.25. Extend the notion of a connection to a general vector bun-
dle E, both as a collection of linear operators Vx : Q°(M, E) — Q°(M, E),
one for every vector field X € Vect(M), and as a linear operator

V:QYM,E) — QY(M,E)

satisfying the analogue of equation (4.12). Interpret this equation as a Leib-
nitz rule for the product of a function on M with a section of £. Show that
V-1 is a connection on TM*. Extend the notion of curvature to connections
on general vector bundles.

Exercise 4.26. Show that the field which assigns to each p € M the multi-
linear map Ré : TyM x T,M — L(T,M*,T,M") characterized by

R*(0:7,00)Y =V ViY = Vi VY
for v:R? — M and Y € Vect(y) satisfies the equation

R;J;(% v) = hp(u)hp(v)* = hp(v)hp(u)*
for pe M and u,v € T,M.
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4.2.5 Examples and exercises

Example 4.27. Let G C O(n) be a Lie subgroup, i.e. a subgroup that is
also a submanifold. Consider the Riemannian metric on G induced by the
inner product

(v, w) := trace(v! w) (4.24)
on the ambient space gl(n,R) = R™*". Let g := Lie(G) = T1G be the Lie
algebra of G. Then the Riemann curvature tensor on G can be expressed in

terms of the Lie bracket (see item (d) below).

(a) The maps g — ag, g+ ga, g — g~ *

are isometries of G for every a € G.
(b) A smooth map v : R — G is a geodesic if and only if there exist matrices

g € G and £ € g such that

v(t) = gexp(tf).

For G = O(n) we have seen this in Example 2.42 and the proof in the
general case is similar. Hence the exponential map exp : g — G defined by
the exponential matrix (as in Section 1.6) agrees with the time-1-map of the
geodesic flow (as in Section 2.4).

(c) Let v: R — G be a smooth curve and X € Vect(y) be a smooth vector
field along . Then the covariant derivative of X is given by

AHTVX() = )X + 5 O H0A0 X G]. (42)

(Exercise: Prove equation (4.25). Hint: Since g C o(n) we have the

identity trace((&n +n&)¢) =0 for all £,1,¢ € g.)
(d) The Riemann curvature tensor on G is given by

_ 1. _ _ _
g le(u,v)wz—Z[[g Yu, g7 1], g ). (4.26)

Note that the first Bianchi identity is equivalent to the Jacobi identity.
(Exercise: Prove equation (4.26).)

Exercise 4.28. Prove that every Lie subgroup of O(n) is a closed subset
and hence is compact. Show that the inner product (4.24) on the Lie al-
gebra g = Lie(G) = T1G of a Lie subgroup G C O(n) is invariant under
conjugation:

(&m) = (969~  gng™")
for all g € G and all £, € g. Show that

(&), ¢) = (& In, ¢])
for all £,n,C € g.
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Example 4.29. Let G C GL(n,R) be any Lie subgroup, not necessarily
contained in O(n), and let

g:= Lie(G) = T]]G

be its Lie algebra. Fix any inner product on the Lie algebra g (not neces-
sarily invariant under conjugation) and consider the Riemannian metric on

G defined by

1

(v, w)g = (vg™" wg™")

for v,w € TyG. This metric is called right invariant.

(a) Define the linear map A : g — End(g) by

(A, ¢ = 5 (16 I ) — (. [6.€D) — (G, Te.)

for £,m,¢ € g. Then A is the unique linear map that satisfies

A(E) + A" =0, A&+ A(&)n = [&,]
for all &, € g. Here A(£)* denotes the adjoint operator with respect to the

given inner product on g. Note that A({)n = —%[5,77] whenever the inner
product on g is invariant under conjugation.

(b) Let v : R — G be a smooth curve and X € Vect(y) be a smooth vector
field along . Then the covariant derivative of X is given by

VX = <%(X’Y_1) +A(W_1)X7‘1> 7.

(Exercise: Prove this.) Hence a smooth curve v : R — G is a geodesic if
and only if it satisfies the equation

d, . _ P N
—( )+ AG DI =0,
(c) The Riemann curvature tensor on G is given by

(By(u,v)w)g™ = (A ([ug™ vg™]) + [A (ug™) A (vg7")] Jwg™

for g € G and u,v,w € T;G. (Exercise: Prove this.)
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4.3 Generalized Theorema Egregium

We will now show that geodesics, covariant differentiation, parallel trans-
port, and the Riemann curvature tensor are all intrinsic, i.e. they are in-
tertwined by isometries. In the extrinsic setting these results are somewhat
surprising since these objects are all defined using the second fundamental
form, whereas isometries need not preserve the second fundamental form in
any sense but only the first fundamental form.

Below we shall give a formula expressing the Gaussian curvature of a
surface M? in R? in terms of the Riemann curvature tensor and the first
fundamental form. It follows that the Gaussian curvature is also intrinsic.
This fact was called by Gauss the “Theorema Egregium” which explains the
title of this section.

4.3.1 Pushforward

We assume throughout this section that M C R” and M’ € R” are smooth
submanifolds of the same dimension m. As in Section 4.1 we denote objects
on M’ by the same letters as objects in M with primes affixed. In particular,
¢’ denotes the first fundamental form on M’ and R’ denotes the Riemann
curvature tensor on M’

Let ¢ : M — M’ be a diffeomorphism. Using ¢ we can move objects on
M to M'. For example the pushforward of a smooth curve v : I — M is the
curve

¢y =¢oy:I— M,
the pushforward of a smooth function f: M — R is the function
buf = fop i M =R,

the pushforward of a vector field X € Vect(y) along a curve v: I — M is
the vector field ¢, X € Vect(¢7y) defined by

(@ X)(t) := dop(~(2)) X (t)

for t € I, and the pushforward of a global vector field X € Vect(M) is the
vector field ¢, X € Vect(M') defined by

(0 X)(¢(p)) := do(p) X (p)

for p € M. Recall that the first fundamental form on M is the Riemannian
metric g defined as the restriction of the Euclidean inner product on the
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ambient space to each tangent space of M. It assigns to each p € M the
bilinear map g, € T,M x T, M — R given by

gp(u,v) = (u,v),  w,ve€T,M.

Its pushforward is the Riemannian metric which assigns to each p’ € M’ the
inner product (¢.g),y : Ty M' x T,yM' — R defined by

(0+9) o(p) (AP (D), dB(p)v) := gp (u,v)

for p := ¢~1(p') € M and u,v € T,M. The pushforward of the Riemann
curvature tensor is the tensor which assigns to each p’ € M’ the bilinear
map (¢« R)y : TyM' x TyM' — L (T,yM’',T,yM’), defined by

(¢+R) () (dd(p)u, dp(p)v) = dp(p) Ry (u, v) dp(p) ™"

for p:= ¢~ (p') € M and u,v € T,M.

4.3.2 Theorema Egregium

Theorem 4.30 (Theorema Egregium). The first fundamental form, co-
variant differentiation, geodesics, parallel transport, and the Riemann cur-
vature tensor are intrinsic. This means that for every isometry ¢ : M — M’
the following holds.

(i) p9=47"
(ii) If X € Vect(y) is a vector field along a smooth curve v : I — M then

V(e X) = . VX (4.27)
and if X, Y € Vect(M) are global vector fields then

b.xOY = 0u(VxY). (4.28)

(iii) If v : I — M is a geodesic then ¢ o~y : I — M’ is a geodesic.
(iv) If v : I — M is a smooth curve then for all s,t € I:
Dy (. 8)dD(7(s)) = dd(7(t)) Ry (¢, 5). (4.29)

(v) R =R
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Proof. Assertion (i) is simply a restatement of Theorem 4.1. To prove (ii)
we choose a local smooth parametrization ¢ : 2 — U of an open set U C M,
defined on an open set  C R™, so that ¢y~ : U — Q is a coordinate chart.
Suppose without loss of generality that v(¢) € U for all ¢ € I and define
c: I —-Qand&: 1 — R™ by

Y(t) = P(e(t)), Zsl W

Recall from equations (2.20) and (2.21) that

=3 [0+ X ThemEnem | 22 e,

k=1 1,7=1

where the Christoffel symbols Ffj : 0 = R are defined by

32¢ Z kO
Bmzaxﬂ U oak
Now consider the same formula for ¢*X using the parametrization
Y =pop: QU :=¢ H(U)C M.
The Christoffel symbols F’fj : 0 — R associated to this parametrization of

U’ are defined by the same formula as the I’fj with 1) replaced by ¢/. But
the metric tensor for ¢ agrees with the metric tensor for 1':

- o o oY oy
95 =\ 9z By oxt’ dzd |-
Hence it follows from Theorem 2.27 that I Z = Ffj for all 4, j, k. This implies
that the covariant derivative of ¢,X is given by

Ve X) = Y €+ Tiode gﬁfk(c)

k=1 i,j=1

— aw Y ¢+ S Thed | 2

k=1 i,j=1

= ¢*VX.

This proves (4.27). Equation (4.28) follows immediately from (4.27) and
Remark 4.14.
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Here is a second proof of (ii). For every vector field X € Vect(M) we
define the operator Dx : Vect(M) — Vect(M) by

DxY :=¢" (V. x0:Y).
Then, for all X,Y € Vect(M), we have
DyX — DxY = ¢" (Vp.y . X — V. x$:Y) = ¢*[6. X, 6,Y] = [X, Y.
Moreover, it follows from (i) that

0 Lx (Y, Z) = Lo x(0:Y,0:7)
= (Vo.x9:Y,0:Z) + (¢Y, Vip x 9+ Z)
= (9DxY,0:2) + (6:Y, 6. Dx Z)
= ¢.((DxY,Z) + (Y,Dx Z)).

and hence Lx(Y,Z) = (DxY,Z) + (Y,Dx Z) for all X,Y,Z € Vect(M).
Thus the operator X — Dx satisfies (4.13) and (4.14) and, by Lemma 4.17,
it follows that DxY = VxY for all X,Y € Vect(M). This completes the
second proof of (ii).

We prove (iii). Since ¢ preserves the first fundamental form it also
preserves the energy of curves, namely

E(¢oy)=E(v)

for every smooth map « : [0, 1] — M. Hence 7 is a critical point of the energy
functional if and only if ¢ o v is a critical point of the energy functional.
Alternatively it follows from (ii) that

/ d _ ! o .
\Y (%(ﬁo’)') —V(b*’)/—(ﬁ*V’)’

for every smooth curve v : I — M. If v is a geodesic the last term vanishes

and hence ¢ o is a geodesic as well. As a third proof we can deduce (iii)

from the formula ¢(exp,(v)) = expy,) (d¢(p)v) in the proof of Theorem 4.1.
We prove (iv). For tg € I and vy € T(,)M define

X (t) := @ (t, to)vo, X'(t) == @, (t, t0)do(v(to))vo-

By (ii) the vector fields X’ and ¢, X along ¢ o~y are both parallel and they
agree at t = tg. Hence X'(t) = ¢, X (t) for all ¢ € I and this proves (4.29).
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We prove (v). Fix a smooth map v : R?2 — M and a smooth vector field
Z along v, and define v/ = ¢poy : R? — M’ and Z' := ¢.Z € Vect(y'). Then
it follows from (ii) that
R(0sy, 042 = V.N,Z' -V, N.Z'
= ¢* (vsth - Vtst)
= d¢(7)R(8877 8157)2
= (R)(057,011) 2.

This proves (v) and the theorem. O

4.3.3 The Riemann curvature tensor in local coordinates

Given a local coordinate chart ¢»~' : U — € on an open set U C M with
values in an open set {2 C R™, we define the vector fields E, ..., E,, along
Y by o

These vector fields form a basis of Ty,,) M for every x € ). The coefficients
gij : £ — R of the first fundamental form are

9ij = (Ei, Ej) .
Recall from Theorem 2.27 that the Christoffel I’fj : Q2 — R are the coefli-

cients of the Levi-Civita connection, defined by

m
ViEj =Y T} Ey
k=1

and that they are given by the formula
Ll
k ._ kel
L% = Zzlg 3 (9igie + 0jgie — 0ugij)-
Define the coefficients Rfj i - £ — R of the curvature tensor by

R(E, Ej)Ey = S Ry By (4.30)
/=1

These coefficients are given by

m
Rijp =05, —0;Th + ) (ny Y — Fﬁ%) : (4.31)
v=1
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The coefficients of the Riemann curvature tensor have the symmetries

Rijke = —Rjike = —Rijor, = Riuijs Rijre = Z R 9ue, (4.32)
14

and the first Bianchi identity has the form

Warning: Care must be taken with the ordering of the indices. Some
authors use the notation Riij for what we call Rfjk and Ryy;; for what we
call Rijké-

Exercise 4.31. Prove equations (4.31), (4.32), and (4.33). Use (4.31) to
give an alternative proof of Theorem 4.30.

4.3.4 Gaussian curvature

As a special case we shall now consider a hypersurface M C R™*! ie. a
smooth submanifold of codimension one. We assume that there is a smooth
map v : M — R™"! such that, for every p € M, we have v(p) L T,M and
lv(p)] = 1. Such a map always exists locally (see Example 2.9). Note that
v(p) is an element of the unit sphere in R™*! for every p € M and hence
we can regard v as a map from M to S™:

v:M— S™.

Such a map is called a Gauss map for M. Note that if v : M — S? is a
Gauss map so is —v, but this is the only ambiguity when M is connected.
Differentiating v at p € M we obtain a linear map

dV(p) : TpM — Ty(p)Sm = TpM

Here we use the fact that T},(,)S™ = v(p)* and, by definition of the Gauss
map v, the tangent space of M at p is also equal to v(p)*. Thus dv(p) is
linear map from the tangent space of M at p to itself.

Definition 4.32. The Gaussian curvature of the hypersurface M is the
real valued function K : M — R defined by

K(p) := det(dv(p) : TyM — T,M)

for p € M. (Replacing v by —v has the effect of replacing K by (—1)"K;
so K is independent of the choice of the Gauss map when m is even.)
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Remark 4.33. Given a subset B C M the set v(B) C S™ is often called
the spherical image of B. If v is a diffeomorphism on a neighborhood of
B the change of variables formula for an integral gives

/ MS:/ | K |
v(B) B

where pps and pg denote the volume elements on M and S™, respectively.
Introducing the notation Areay(B) := [5 puy we obtain the formula

K (p)| = Jim, 7A;ZZ§:((§)) ).

This says that the curvature at p is roughly the ratio of the (m-dimensional)
area of the spherical image v(B) to the area of B where B is a very small open
neighborhood of p in M. The sign of K(p) is positive when the linear map
dv(p) : T,M — T,M preserves orientation and negative when it reverses
orientation.

Remark 4.34. We see that the Gaussian curvature is a natural general-
ization of Euler’s curvature for a plane curve. Indeed if M C R? is a
1-manifold and p € M we can choose a curve v = (z,y) : (—¢,e) — M such
that v(0) = p and |¥(s)| = 1 for every s. This curve parametrizes M by the
arclength and the unit normal vector pointing to the right with respect to
the orientation of v is v(x,y) = (y,—). This is a local Gauss map and its
derivative (y,—%) is tangent to the curve. The inner product of the latter
with the unit tangent vector 4 = (&, y) is the Gaussian curvature. Thus

de d’>y dy d*z _df

T dsds?  dsds®  ds
where s is the arclength parameter and 6 is the angle made by the normal
(or the tangent) with some constant line. With this convention K is positive
at a left turn and negative at a right turn.

Exercise 4.35. The Gaussian curvature of a sphere of radius r is constant
and has the value r=".

Exercise 4.36. Show that the Gaussian curvature of the surface z = x> —1?
is —4 at the origin.

We now restrict to the case of surfaces, i.e. of 2-dimensional submani-
folds of R3. Figure 4.1 illustrates the difference between positive and nega-
tive Gaussian curvature in dimension two.
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S S — ‘

K>0 K=0 K<O0

Figure 4.1: Positive and negative Gaussian curvature.

Theorem 4.37 (Gaussian curvature). Let M C R? be a surface and fix
apoint p e M. If u,v € T,M is a basis then
(R(u, v)v, u)

KO = e = w02 434

Moreover, for all u,v,w € T,M, we have
R(u, v)w = —K(p) (v(p), u x 0)v(p) x w. (4.35)

Proof. The orthogonal projection of R? onto the tangent space T,M = v(p)*
is given by the 3 x 3-matrix

(p) = 1—v(p)rv(p)”.

Hence
dll(p)u = —v(p)(dv(p)u)” — (dv(p)u)v(p)”.

Here the first summand is the second fundamental form, which maps 7, M
to T, M L and the second summand is its dual, which maps T,M L to T,M.
Thus

T
hp(v) = v(p)(dv(p)v) : T,M — T,M*,
hp(w)* = (dv(p)u)v(p)” T,M*+ — T,M.
By the Gauss—Codazzi formula this implies
Ry, vy = hyl(u)* hp(0)w — hy(v)* By

= (dv(p)u (dl/(p)v)Tw — (dv(p)v) (
= (dv(p)v,w)dv(p)u — (dv(p)u, w)dv(p)v

and hence

(Rp(u,v)w, z) = (dv(p)u, z)(dv(p)v, w) — (dv(p)u, w)(dv(p)v, z).  (4.36)
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Now fix four tangent vectors u, v, w, z € T, M and consider the composition

of the linear maps

A = u(p) + Eu+ o,

—J dv(p)n, ifnLv(p),
By = {77, if n € Rv(p),
(¢, v(p))

CC = <C,Z>
(¢, w)

This composition is represented by the matrix

CBA=1| 0 (dv(p)

Hence, by (4.36), we have

(Rp(u,v)w,z) = det(CBA)
= det(A)det(B)det(C)
= (v(p),uxv)K(p)(v(p),z x w)

This implies (4.35) and

(Ry(u,v)v,u) = K(p){v(p),u xv)?

This proves the theorem. ]

Corollary 4.38 (Theorema Egregium of Gauss). The Gaussian cur-
vature is intrinsic, i.e. if ¢ : M — M’ is an isometry of surfaces in R>
then

K=K o¢: M —R.

Proof. Theorem 4.30 and Theorem 4.37. U
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Exercise 4.39. For m = 1 the Gaussian curvature is clearly not intrinsic
as any two curves are locally isometric (parameterized by arclength). Show
that the curvature K (p) is intrinsic for even m while its absolute value |K (p)]
is intrinsic for odd m > 3. Hint: We still have the equation (4.36) which,
for z = u and v = w, can be written in the form

(Ry(u,v)v,u) = det ( (dv(p)u,u) (dv(p)u,v) ) .

Thus, for an orthonormal basis v1,...,v, of T,M, the 2 x 2 minors of the
matrix

({dv(p)vs, Uj>)i,j:1,___,m

are intrinsic. Hence everything reduces to the following assertion.

Lemma. The determinant of an m X m matriz is an expression in its 2 X 2
minors if m is even; the absolute value of the determinant is an expression
i the 2 X 2 minors if m is odd and greater than or equal to 3.

The lemma is proved by induction on m. For the absolute value, note the
formula

det(A)™ = det(det(A)I) = det(AB) = det(A) det(B)

for an m x m matrix A where B is the transposed matrix of cofactors.

4.3.5 Gaussian curvature in local coordinates

If M C R" is a 2-manifold (not necessarily embedded in R3) we can use
equation (4.34) as the definition of the Gaussian curvature K : M — R. Let
¥ : © — U be a local parametrization of an open set U C M defined on
an open set  C R2. Denote the coordinates in R? by (z,y) and define the
functions F, F,G : © — R by

E:=10.9, F:=(0,0,00), G:=|0,9].

‘We abbreviate
D:= EG — F2.
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Then the composition of the Gaussian curvature K : M — R with the
parametrization v is given by the explicit formula

) E F Oy F — 30,G
Koy = opdet| F G £0,G
50.E 0,F — 30,E —302F + 0,0,F — 302G
1 E F  JO,E

——det F G 1o,G
b2 10,E 19,6 0
B 1 & (E0,G—FO,E
- 2/Dox ( EVD )
L1 9 <2EamF — FO,E — anE> |
2v/D Oy EVD

This expression simplifies dramatically when F' = 0 and we get

_ 1 (g@mG_i_g@yE)
2VEG \0x\/EG 0yVEG

Exercise 4.40. Prove that the Riemannian metric

4

EF=G=——F——5 F=0
T+a+ ) /

Koy =

(4.37)

on R2 has constant constant curvature K = 1 and the Riemannian metric

4
E=G=—-—>+——, F =0,
(1— 22 —42)2
on the open unit disc has constant curvature K = —1.

4.4 The Cartan—Ambrose—Hicks theorem

In this section we address what might be called the “fundamental problem of
intrinsic differential geometry”: when are two manifolds isometric? In some
sense the theorem of this section answers that question (at least locally)
although the equivalent conditions given there are probably more difficult to
verify in most examples than the condition that there exist an isometry. We
begin with the observation that, by Lemma 4.10, an isometry ¢ : M — M’
between connected manifolds, if it exists, is uniquely determined by its value
and derivative at a single point. In other words, there cannot be too many
isometries.
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4.4.1 Homotopy

Definition 4.41. Let M be a manifold and I = |a,b] be a compact interval.
A (smooth) homotopy of maps from I to M is a smooth map

~v:[0,1] x I — M.

We often write
M(t) =7\ 1)
for X € [0,1] and t € I and call v a (smooth) homotopy between

and v;. We say the homotopy has fixed endpoints if vy(a) = vo(a) and
(D) = 0 (b) for all A € [0,1]. (See Figure 4.2.)

We remark that a homotopy and a variation are essentially the same
thing, namely a curve of maps (curves). The difference is pedagogical. We
used the word “variation” to describe a curve of maps through a given
map; when we use this word we are going to differentiate the curve to find
a tangent vector (field) to the given map. The word “homotopy” is used
to describe a curve joining two maps; it is a global rather than a local
(infinitesimal) concept.

Figure 4.2: A homotopy with fixed endpoints.

Definition 4.42. The manifold M is called simply connected if for any
two curves Yo, v1 : [a,b] = M with yo(a) = v1(a) and vo(b) = ~1(b) there is
a homotopy from ~yy to v1 with endpoints fized. (The idea is that the space
Q4 of curves from p to q is connected.)

Remark 4.43. Two smooth maps 79,71 : [a,b] — M with the same end-
points can be connected by a continuous homotopy if and only if hey can
be connected by a smooth homotopy. This follows from the Weierstrass
approximation theorem.

Remark 4.44. The topological space €2, , of all smooth maps v : [0,1] — M
with the endpoints p and ¢ is connected for some pair of points p,q € M if
and only if it is connected for every pair of points p,q € M. (Prove this!)
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Example 4.45. The Euclidean space R™ is simply connected, for any two
curves o,71 : [a,b] — R™ with the same endpoints can be joined by the
homotopy

M) = 0() + A1 (t) —0(t))-
The punctured plane C\ {0} is not simply connected, for the curves
n(t) =™ o<t <1,
are not homotopic with fixed endpoints for distinct n.

Exercise 4.46. Prove that the m-sphere S™ is simply connected for m # 1.

4.4.2 The global C-A-H theorem

Theorem 4.47 (Global C-A-H theorem). Let M C R and M’ C R™ be
connected, simply connected, complete m-manifolds. Let py € M, py € M,
and ®q: T,yM — TpéM " be an orthogonal linear isomorphism. Then the
following are equivalent.

(1) There is an isometry ¢ : M — M’ satisfying
¢(po) =1, dd(po) = Po. (4.38)
(i) If (®,v,7') is a development satisfying the initial condition

70)=po,  Y(0)=py,  2(0) =P (4.39)

then
(1) = po = v'(1) =pp,  P(1) = Do

(iii) If (®o,70,7)) and (®1,7,7]) are developments satisfying the initial
condition (4.39) then

@) =mn1) = wl)=mn)
(iv) If (®,7,7') is a development satisfying (4.39) then ®.R, = R,
Lemma 4.48. If ¢ : M — M’ is a local isometry satisfying (4.38) and
(®,7,7) is a development satisfying the initial condition (4.39) then

V() =o(y(t),  2(t) =de(y(t))

for every t.
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Example 4.49. Before giving the proof let us interpret the conditions in
case M and M’ are two-dimensional spheres of radius r and ' respectively in
three-dimensional Euclidean space R3. Imagine that the spheres are tangent
at po = pj. Clearly the spheres will be isometric exactly when r = r’.
Condition (ii) says that if the spheres are rolled along one another without
sliding or twisting then the endpoint /(1) of one curve of contact depends
only on the endpoint (1) of the other and not on the intervening curve ~(t).
By Theorem 4.37 the Riemann curvature of a 2-manifold at p is determined
by the Gaussian curvature K (p); and for spheres we have K(p) = 1/r.

M

M’
Figure 4.3: Diagram for Example 4.49.

Exercise 4.50. Let v be the closed curve which bounds an octant as shown
in the diagram for Example 4.49. Find /.

Exercise 4.51. Show that in case M is two-dimensional, the condition
®(1) = ®¢ in Theorem 4.47 may be dropped from (ii).

Proof of Lemma 4.48. Let I C R be an interval containing zero and let
v : 1 — M be a smooth curve such that y(0) = pg. Define

V() = o(v(®),  2(t) :=d(y(t))

for t € I. Then 4’ = ®¥ by the chain rule and, for every vector field X
along ~, we have
PVX =V (9X)

by Theorem 4.30. Hence it follows from Lemma 3.29 and Lemma 3.36
that (®,v,7') is a development. Since (®,~,7’) satisfies the initial condi-
tion (4.39) the assertion follows from the uniqueness result for developments
in Theorem 3.38. This proves the lemma. O
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Proof of Theorem 4.47. We first prove a slightly different theorem. Namely,
we weaken condition (i) to assert that ¢ is a local isometry (i.e. not neces-
sarily bijective), and prove that this weaker condition is equivalent to (ii),
(iii), and (iv) whenever M is connected and simply connected and M’ is
complete. Thus we drop the hypotheses that M be complete and M’ be
connected and simply connected.

We prove that (i) implies (ii). Given a development as in (ii) we have,
by Lemma 4.48,

V(1) =¢(y(1)) =dpo) =pp,  B(1) = de(v(1)) = dg(po) = Do,

as required.

We prove that (ii) implies (iii) when M’ is complete. Choose develop-
ments (®;,7;,7;) for ¢ = 0,1 as in (iii). Define a curve v : [0,1] — M by
“composition”

w(2t),  0<t<1/2
V(1) = ”
v(2=2t), 1/2<t<1,

so that v is continuous and piecewise smooth and (1) = pg. By The-
orem 3.38 there is a development (®,7,+") on the interval [0, 1] satisfy-
ing (4.39) (because M’ is complete). Since (1) = po it follows from (ii)
that 7/(1) = p{ and ®(1) = ®y. By the uniqueness of developments and the
invariance under reparametrization, we have

) = { (@o(21),70(28), 79(21)), 0<t<1/2,

(®(),7(®),y (@1(2 =26, m(2—20),7,(2—21)), 1/2<t<1,

Hence 7((1) =+/(1/2) = 4(1) as required.

We prove that (iii) implies (i) when M’ is complete and M is connected.
We define ¢ : M — M’ as follows. For p € M we choose a smooth curve
v : 0,1 = M with 4(0) = po and (1) = p (because M is connected);
by Theorem 3.38 there is a development (®,7,7") with ~1/(0) = p; and
®(0) = @y (because M’ is complete); now define

o(p) :==~'(1).

According to (iii) the point 7/(1) is independent of the choice of the curve ;
thus ¢ is well defined. Moreover, by definition of ¢, we have

¢(v(t) =+ (t)

for 0 <t < 1. (Thus ¢ is smooth: see Exercise 4.55 below.) Differentiating
this equation we have
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But each ®(t) is an orthogonal transformation so

[de(y ()Y ()] = (@)Y (O] = [Y()] -

Given p € M and v € T,M we may always choose 7 such that (1) = p and
(1) = v so that
|[do(p)v] = [v].

Hence ¢ is a local isometry as required.
We prove that (i) implies (iv). Given a development as in (ii) we have

V() =o(v(1),  D(t) =dp((t))
for every t, by Lemma 4.48. Hence it follows from Theorem 4.30 that
(b(t)*R’y(t) - ((b*R)’y/(t) = Rfyl(t)

for every t as required.

We prove that (iv) implies (iii) when M’ is complete and M is simply
connected. Choose developments (®;,;,7;) for ¢ = 0,1 as in (iii). Since M
is simply connected there is a homotopy

[0,1] x [0,1] = M : (\1) = 3(\ 1) = 12 (t)

from ~g to ;1 with endpoints fixed. By Theorem 3.38 there is, for each A, a
development (®y,vx,74) on the interval [0, 1] with initial conditions

WO0)=p5,  PA0) =D

(because M’ is complete). The proof of Theorem 3.38 also shows that 7, (¢)
and ®)(t) depend smoothly on both ¢ and A. We must prove that

To see this we will show that, for each fixed t, the curve

A= (A1), (1), (1)

is a development; then by the definition of development we have that the
curve XA — 74 (1) is smooth and

ML) = A(1)Ia(1) =0

as required.
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First choose a basis ey, ..., e, for T, M and extend to get vector fields
E; € Vect(v) along the homotopy ~ by imposing the conditions that the
vector fields ¢ — FE;(A, t) be parallel, i.e.

Then the vectors E1(A,t), ... Ep(A,t) form a basis of T, ;) M for all A and ¢.
Second, define the vector fields Ef along ' by

E/(\t) == Oy (t)Ei(\, 1) (4.41)
so that
V,E; = 0.
Third, define the functions ¢!,...,¢™ :[0,1]> — R by

Oy =Y EE;, 0= ¢E. (4.42)
i=1 =1

Here the second equation follows from (4.41) and the fact that ®,0py = 9¢'.
Now consider the vector fields

X' =0\, Y/ == V\E; (4.43)
along +/. They satisfy the equations

VX' = Vion
= V')ﬂt*y'

= VA(Q_¢'E)
i=1

= Y (B +&Y))

i=1

and

VY] = ViVAE; = VAV, E; = R0, 0xY) Ej.
To sum up we have X’(A,0) = Y/(\,0) =0 and

m

ViX' =Y (OEE+&Y]), VY] =Ry, 0)E].  (4.44)
i=1
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On the other hand, the vector fields
X' = ®)0\y, Y/ = ®\V\E; (4.45)
along +' satisfy the same equations, namely

V;X’ = (I))\Vta)\"y
= O\V\0yy

= W (Z £E)
=1

= B> (OB +ENE)
=1
= D (B +£Y)
i=1

and

VY] = ©\(ViVAE; — W\VE))
= D \R(0yy,0\7)E;
= R(P\Dyy, PrONY)DAE;
= R'(0n,X")E].

Here the last but one equation follows from (iv).
Since the tuples (4.43) and (4.45) satisfy the same differential equa-
tion (4.44) and vanish at ¢t = 0 they must agree. Hence

Y = 0\, VAE; = ©A\V\E;

for i = 1,...,m. This says that A — (®5(t),7a(t),74(t)) is a development.
For t = 1 we obtain 9y7'(\,1) = 0 as required.

Now the modified theorem (where ¢ is a local isometry) is proved. The
original theorem follows immediately. Condition (iv) is symmetric in M
and M’; hence if we assume (iv) we have local isometries ¢ : M — M/,
W M — M with

é(po) =1y, dd(po) = o, by =po,  dv(p)) = By

But then 1o ¢ is a local isometry with ¢ o ¢(pp) = po and d(¢ o ¢)(po) = id.
Hence v o ¢ is the identity. Similarly ¢ o ¢ is the identity so ¢ is bijective
(and 1 = ¢~ 1) as required. O
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Remark 4.52. The proof of Theorem 4.47 shows that the various implica-
tions in the weak version of the theorem (where ¢ is only a local isometry)
require the following conditions on M and M’:

(i) always implies (ii), (iii), and (iv);

(ii) implies (iil) whenever M’ is complete;

(ili) implies (i) whenever M’ is complete and M is connected;
(

iv) implies (iii) whenever M’ is complete and M is simply connected.

4.4.3 The local C-A-H theorem

Theorem 4.53 (Local C-A-H Theorem). Let M and M’ be smooth m-
manifolds, fix two points py € M and pj, € M', and let ®¢ : Ty, M — TpéM’
be an orthogonal linear isomorphism. Letr > 0 is smaller than the injectvity
radii of M at po and of M' at p|, and denote

Ur:={p e M|d(po,p) <r}, U :={p' e M'|d(pyp)<r}.

Then the following are equivalent.
(i) There is an isometry ¢ : U, — U] satisfying (4.38).

(i) If (®,7,7) is a development on an interval I C R with 0 € I, satisfying
the initial condition (4.39) as well as

y(I)cU., ~)cU,

then
v(1) = po — 7' (1) =pp, ®(1) = Po.

(iii) If (®o,v0,7)) and (P1,71,7]) are developments as in (ii) then
0(1) = (1) — Yo(1) = n(1).
(iv) If v € T, M with |v| < r and
Y(t) = exp,, (tv), +'(t) := exp% (tPov), (1) := @L,(t,0)PoP,(0,1),

then ®(t). Ry = R y for0<t<1.

/
v (t
Moreover, when these equivalent conditions hold, ¢ is given by

P(expy, (v)) = expf% (Pgv) .

orve T, M with |v| <r.
Po
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Lemma 4.54. Let p € M and v,w € T,M such that |v| < inj(p). For
0<t<1 define

0
~(t) := exp(tv), X(t):= Y L exp,, (t(v + Aw)) € Ty M.

Then
UViX =R(5, XM, X(0)=0, GX(0)=w.  (446)

A vector field along v satisfying the first equation in (4.46) is called a Jacobi
field along 7.

Proof. Write (A, t) := exp,(t(v + Aw)) and X := 9y to all A and ¢. Since
~v(A,0) = p for all A we have X(\,0) =0 and

V. X (X, 0) = ViOxy(A,0) = Va0y(A,0) = %(v + Aw) = w.

Moreover, V;0yy = 0 and hence

ViiX = ViViony
= ViVa0ry — Va\Vioyy
= R(0y,0\7)0y
= R(Oy, X)0y-

This proves the lemma. O

Proof of Theorem 4.53. The proofs (i) = (ii) = (iii)) = (i) = (iv)

are as before; the reader might note that when L(vy) < r we also have

L(v') < r for any development so that there are plenty of developments

with v : [0,1] — U, and v : [0,1] — U,. The proof that (iv) implies (i) is

a little different since (iv) here is somewhat weaker than (iv) of the global

theorem: the equation ®,R = R’ is only assumed for certain developments.
Hence assume (iv) and define ¢ : U, — U/ by

o / —1 . !
¢ = exp,, o®g o exp, : Ur = U,.

We must prove that ¢ is an isometry. Thus we fix a point ¢ € U, and a
tangent vector u € T,M and choose v, w € T,M with |v| < r such that

exp,, (v) = ¢, dexp,, (v)w = u. (4.47)
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Define v : [0,1] = U,, 7" : [0,1] — U}, X € Vect(y), and X’ € Vect(y') by

A1) = expy (f0),  X(1) = 2

Y exp,, (t(v + w))

A=0

0
7(t) = expy, (tPov),  X'(t) = o

exp,, (t(Pov + APow)).
A=0

Then, by definition of ¢, we have
Vi=¢oy,  dp(7)X =X (4.48)
Moreover, by Lemma 4.54, X is a solution of (4.46) and X' is a solution of
VtVtX, = R’(@w’, X’)@tw’, X()\, 0) = 0, VtX()\, 0) = <1>0w. (449)
Now define ®(t) : Ty M — TyyyM' by
D(t) := @L,(t,0) oD, (0,1).
Then @ intertwines covariant differentiation. Since 4 and 4/ are parallel
vector fields with 4/(0) = ®gv = ®(0)7(0), we have
Q(t)¥(t) =+'(1)

for every t. Moreover, it follows from (iv) that ®. R, = R,. Combining this
with (4.46) we obtain

ViVi(@X) = eV X = R'(2, 0X)0y = R'(Y, 2X)7".

Hence the vector field ®X along 7/ also satisfies the initial value prob-
lem (4.49) and thus
OX = X' =do(y)X.

Here we have also used (4.48). Using (4.47) we find

(1) =expp,(v) =¢q,  X(1) =dexpy, (v)w =u,
and so
dp(q)u = dp((1))X (1) = X'(1) = &(1)u.
Since ®(1) : T,y M — T,Y/(l)M’ is an orthogonal transformation this gives
|dp(q)u| = [®(L)u| = [u].
Hence ¢ is an isometry as claimed. U
Exercise 4.55. Let ¢ : M — M’ be a map between manifolds. Assume

that ¢ o~y is smooth for every smooth curve « : [0,1] — M. Prove that ¢ is
smooth.
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4.5 Flat spaces

Our aim in the next few sections is to give applictions of the Cartan-
Ambrose-Hicks Theorem. It is clear that the hypothesis ®,R = R’ for
all developments will be difficult to verify without drastic hypotheses on the
curvature. The most drastic such hypothesis is that the curvature vanishes
identically.

Definition 4.56. A Riemannian manifold M is called flat if the Riemann
curvature tensor R vanishes identically.

Theorem 4.57. Let M C R" be a smooth m-manifold.

(1) M is flat if and only if every point has a neighborhood which is isometric

to an open subset of R™, i.e. at each point p € M there exist local coordinates

xl, ..., 2™ such that the coordinate vectorfields E; = 0/0x" are orthonormal.

(ii) Assume M is connected, simply connected, and complete. Then M is
flat if and only if there is an isometry ¢ : M — R™ onto Fuclidean space.

Proof. Assertion (i) follows immediately from Theorem 4.53 and (ii) follows
immediately from Theorem 4.47. O

Exercise 4.58. Carry over the Cartan—Ambrose-Hicks theorem and The-
orem 4.57 to the intrinsic setting.

Exercise 4.59. A one-dimensional manifold is always flat.
Exercise 4.60. If M; and My are flat so is M = M; x Ms.

Example 4.61. By Exercises 4.59 and 4.60 the standard torus
is flat.

Exercise 4.62. For b > a > 0 and ¢ > 0 define M c C? by
M = {(u,v,w) eC?|ul=a, [v|=b w= cuv}.

Then M is diffeomorphic to a torus (a product of two circles) and M is flat.
If M’ is similarly defined from numbers &’ > a’ > 0 and ¢ > 0 then there
is an isometry ¢ : M — M’ if and only if (a,b,c) = (a/,V/, ), i.e. M = M.
(Hint: Each circle u = ug is a geodesic as well as each circle v = vp; the
numbers a, b, ¢ can be computed from the length of the circle u = wug, the
length of the circle v = vy, and the angle between them.)
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Exercise 4.63 (Developable manifolds). Let n = m+ 1 and let E(t) be
a one-parameter family of hyperplanes in R™. Then there is a smooth map
u : R — R"™ such that

Et) =u®)t,  |ut)] =1, (4.50)

for every t. We assume that u(t) # 0 for every ¢ so that u(t) and u(t) are
linearly independent. Show that

L(t) == u(t)t na(t)t = lim B(t) N E(s). (4.51)

Thus L(t) is a linear subspace of dimension m — 1. Now let v : R — R" be
a smooth map such that

<;Y(t)7 u(t)> =0, <’7(t)7 ﬁ(t» #0 (4.52)
for all ¢. This means that 4(¢t) € E(t) and +(t) ¢ L(t); thus E(t) is spanned
by L(t) and #(t). For t € R and € > 0 define

L(t): :={ve L) |v| <e}.

Let I C R be a bounded open interval such that the restriction of v to the
closure of I is injective. Prove that, for € > 0 sufficiently small, the set

My = () + L))

tel

is a smooth manifold of dimension m = n — 1. A manifold which arises this
way is called developable. Show that the tangent spaces of My are the
original subspaces E(t), i.e.

T,My = E(t) for  per(t)+ L(t)..

(One therefore calls My the “envelope” of the hyperplanes ~(t) + E(t).)
Show that My is flat (hint: use Gauss—Codazzi). If (®,7,7') is a devel-
opment of My along R™, show that the map ¢ : My — R™, defined by

P(y(t) +v) ==/ (t) + ®(t)v

for v € L(t)e, is an isometry onto an open set M) C R™. Thus a development
“unrolls” My onto the Euclidean space R™. When n = 3 and m = 2 one
can visualize My as a twisted sheet of paper (see Figure 4.4).
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Figure 4.4: Developable surfaces.

Remark 4.64. Given a codimension-1 submanifold M C R™*! and a curve
v : R — M we may form the osculating developable M, to M along
by taking

E(t) = Tfy(t)M'

This developable has common affine tangent spaces with M along ~ as
TyyMo = E(t) = T,yM for every t. This gives a nice interpretation of
parallel transport: My may be unrolled onto a hyperplane where paral-
lel transport has an obvious meaning and the identification of the tangent
spaces thereby defines parallel transport in M. (See Remark 3.33.)

Exercise 4.65. Each of the following is a developable surface in R3.

(i) A cone on a plane curve I' C H, i.e.
M={tp+ (1 —t)qg|t >0,q '}

where H C R is an affine hyperplane, p € R3\ H, and I' C H is a 1-manifold.

(ii) A cylinder on a plane curve T, i.e.
M={¢+tv|qgel, teR}

where H and I' are as in (i) and v is a fixed vector not parallel to H. (This
is a cone with the cone point p at infinity.)

(iii) The tangent developable to a space curve v: R — R3, i.e.
M= {y(t)+s¥(t)| [t —to| <&, 0<s<e},

where 7(to) and ¥(t() are linearly independent and £ > 0 is sufficiently small.

(iv) The normal developable to a space curve 7 : R — R3, i.e.
M = {y(t) +s5()| [t —to] <&, [s] <&}

where |¥(t)| = 1 for all ¢, ¥(t9) # 0, and € > 0 is sufficiently small.
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Remark 4.66. A 2-dimensional submanifold M C R? is called a ruled sur-
face if there is a straight line in M through every point. Every developable
surface is ruled, however, there are ruled surfaces that are not developable.
An example is the elliptic hyperboloid of one sheet depicted in Figure 4.5:

2 2 2
%+i—%:%.
a C

M = {(m,y,z) cR3 2

This manifold has negative Gaussian curvature and there are two straight
lines through every point in M. (Exercise: Prove all this.)

Figure 4.5: A circular one-sheeted hyperboloid.

4.6 Symmetric spaces

In the last section we applied the Cartan-Ambrose-Hicks Theorem in the flat
case; the hypothesis ®,R = R’ was easy to verify since both sides vanish. To
find more general situations where we can verify this hypothesis note that
for any development (®,~,~') satisfying the initial conditions v(0) = po,
7'(0) = py, and ®(0) = Py, we have
D(t) = L, (t,0) PP, (0,1)
so that the hypothesis ®,R = R’ is certainly implied by the three hypotheses
@7 (t, O)*RPO - R’y(t)
/ / o /
oty 0)*Rp6 - e
((IDO)*RPO = R;)()'
The last hypothesis is a condition on the initial linear isomorphism
(130 : TpoM — TpéM,

while the former hypotheses are conditions on M and M’ respectively,
namely, that the Riemann curvature tensor is invariant by parallel trans-
port. It is rather amazing that this condition is equivalent to a rather
simple geometric condition as we now show.
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4.6.1 Symmetric spaces

Definition 4.67. A Riemannian manifold M is called symmetric about
the point p € M if there is a (necessarily unique) isometry ¢ : M — M
satisfying

¢(p) = p, dp(p) = —id. (4.53)
M is called o symmetric space if it is symmetric about each of its points.

A Riemannian manifold M is called locally symmetric about the point
p € M if, for r > 0 sufficiently small, there is an isometry

¢ : Ur(p, M) — Uy(p, M), Ur(p, M) :={q € M |d(p,q) <1},

satisfying (4.53); M is called a locally symmetric space if it is locally
symmetric about each of its points.

Remark 4.68. The proof of Theorem 4.70 below will show that, if M is
locally symmetric, the isometry ¢ : U, (p, M) — U,(p, M) with ¢(p) = p and
dp(p) = —id exists whenever 0 < r < inj(p).

Exercise 4.69. Every symmetric space is complete. Hint: If v: I — M is
a geodesic and ¢ : M — M is a symmetry about the point y(ty) for tg € I
then

P(v(to +1)) =y(to — 1)
for all t € R with tg +¢,tg —t € 1.

Theorem 4.70. Let M C R"™ be an m-dimensional submanifold. Then the
following are equivalent.

(1) M is locally symmetric.

(ii) The covariant derivative VR (defined below) vanishes identically, i.e.
(VuR)p(v1,v2)w =10

forallp € M and v,vi,v2,w € T,M.

(iii) The curvature tensor R is invariant under parallel transport, i.e.
(I),Y(t, S)*R'y(s) = R'y(t) (454)
for every smooth curve v : R — M and all s,t € R.

Before proving Theorem 4.70 we note some immediate corollaries.
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Corollary 4.71. Let M and M’ be locally symmetric spaces and fix two
points po € M and py € M', and let Oy : Tp, M — TpéM' be an orthogonal
linear isomorphism. Let r > 0 be less than the injectivity radius of M at pg
and the injectivity radius of M’ at p{. Then the following holds.

(i) There is an isometry ¢ : U,(po, M) — U (p{, M') with ¢(po) = pj and
do(po) = Pg if and only ®q intertwines R and R':

(@) Rpy = Ry, . (4.55)

(ii) Assume M and M’ are connected, simply connected, and complete.
Then there is an isometry ¢ : M — M’ with ¢(po) = pjy and dp(py) = Pg if
and only if ®g satisfies (4.55).

Proof. In both (i) and (ii) the “only if” statement follows from Theorem 4.30
(Theorema Egregium) with ®g := d¢p(pg). To prove the “if” statement, let
(®,7,7") be a development satisfying v(0) = po, 7' (po) = pf, and ®(0) = Dy
Since R and R’ are invariant under parallel transport, by Theorem 4.70, it
follows from the discussion in the beginning of this section that ®,R = R'.
Hence assertion (i) follows from the local C-A-H Theorem 4.53 and (ii)
follows from the global C-A-H Theorem 4.47 O

Corollary 4.72. A connected, simply connected, complete, locally symmet-
Tic space is symmetric.

Proof. Corollary 4.71 (ii) with M’" = M, pj = po, and ®¢ = —id. O

Corollary 4.73. A connected symmetric space M is homogeneous; i.e.
given p,q € M there exists an isometry ¢ : M — M with ¢(p) = q.

Proof. If M is simply connected the assertion follows from Corollary 4.71 (ii)
with M = M, py = p, py = ¢, and &g = &(1,0) : T,M — T, M, where
v :[0,1] — M is a curve from p to ¢q. If M is not simply connected we can
argue as follows. There is an equivalence relation on M defined by

p~q <= Jisometry ¢ : M — M > ¢(p) = q.

Let p,q € M and suppose that d(p,q) < inj(p). By Theorem 2.44 there is
a unique shortest geodesic v : [0,1] — M connecting p to ¢q. Since M is
symmetric there is an isometry ¢ : M — M such that ¢(v(1/2)) = v(1/2)
and d¢(v(1/2)) = —id. This isometry satisfies ¢(y(t)) = y(1 —t) and hence
¢(p) = q. Thus p ~ ¢ whenever d(p,q) < inj(p). This shows that each
equivalence class is open, hence each equivalence class is also closed, and
hence there is only one equivalence class because M is connected. This
proves the corollary. O
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4.6.2 The covariant derivative of the curvature

For two vector spaces V,W and an integer k& > 1 we denote by LF(V, W)
the vector space of multi-linear maps from V¥ =V x --- x V to W. Thus
LYV, W) = L(V,W) is the space of linear maps from V to W.

Definition 4.74. The covariant derivative of the Riemann curvature
tensor assigns to every p € M a linear map

(VR), : T,M — L*(T,M, L(T,M,T,M)
such that

(VR)(X)(X1,X2)Y = Vx (R(X1,X2)Y) — R(Vx X1, X2)Y

(4.56)
— R(X1,VxX2)Y — R(X1, X2)VxY

for all X, X1, X5,Y € Vect(M). We also use the notation
(VoR)p := (VR)p(v)
for p e M and v € T, M so that
(VxR)(X1,X2)Y = (VR)(X)(X1,X2)Y
for all X, X1, Xs,Y € Vect(M).
Remark 4.75. One verifies easily that the map
Vect (M)* — Vect(M) : (X, X1, Xo,Y) = (VxR)(X1, X2)Y,

defined by the right hand side of equation (4.56), is multi-linear over the
ring of functions .# (M ). Hence it follows as in Remark 4.22 that VR is well
defined, i.e. that the right hand side of (4.56) at p € M depends only on the
tangent vectors X (p), X1(p), X2(p), Y (p).

Remark 4.76. Let v: I — M be a smooth curve on an interval I C R and
X1, X5,Y € Vect(y)

be smooth vector fields along v. Then equation (4.56) continues to hold
with X replaced by 4 and each Vx on the right hand side replaced by the
covariant derivative of the respective vector field along ~y:

(V,R)(X1, X2)Y = V(R(X1, X2)Y) — R(VX1, Xo)Y

(4.57)
— R(X1,VX3)Y — R(X1, X3)VY.
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Theorem 4.77. (i) If v : R — M is a smooth curve such that v(0) = p
and 4(0) = v then
d

(VoR)y = = H (0, 1) Ry (4.58)

(ii) The covariant derivative of the Riemann curvature tensor satisfies the
second Bianchi identity

(VW R)(Y, Z) + (WR)(Z, X) + (VzR)(X,Y) = 0. (4.59)

Proof. We prove (i). Let v1,ve,w € T,M and choose parallel vector fields
X1,X5,Y € Vect(y) along ~ satisfying the initial conditions X;(0) = vy,
X2(0) = va, Y(0) = w. Thus

Xi(t) = &4(t,0)vy, Xo(t) = $(t,0)vo, Y(t) = @,(t,0)w.
Then the last three terms on the right vanish in equation (4.57) and hence

(VUR)(Ul,UQ)w V(R(Xl,XQ)Y)(O)

d
= % (I)'y(O,t)R'y(t) (Xl (t)’ Xo (t))Y(t)
t=0
d
= at (I)'y(O,t) R'y(t) ((I)’Y (t,0)v1, D, (t, 0)2}2)(1)’“/ (t,0)w
t=0
d
= I (24(0, 1) Ryy) (v1,v2)w.
t=0

Here the second equation follows from Theorem 3.4. This proves (i).
We prove (ii). Choose a smooth function v : R® — M and denote by
(r,s,t) the coordinates on R3. If Y is a vector field along v we have
(VamR)(as% at'Y)Y = Vr (R(as’}/, 8257)}/) - R(as’}/, 8257)er
_R(VTaSIYa atr}/)y - R(aSIYa Vraﬂ)y
= Y (VWY - ViVY) — (VY - %V,) Y
+R(at'77 vrasf)/)y - R(6577 Vtar’)/)y
Permuting the variables 7, s,t cyclically and taking the sum of the resulting
three equations we obtain
(VawR)(as% ({9{)/)}/ + (vas’yR)(at’Ya 87’7)}/ + (Vat’yR)(ar’Ya 88'7)Y
=V, (WY = ViY) = (WY = Vi) VY
+vs (Vtvry - vrvty) - (vtvr - vrvt) VSY
Y (GVY — Y) — (VY - V) VY.

The terms on the right hand side cancel out. This proves the theorem. [
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Proof of Theorem 4.70. We prove that (iii) implies (i). This follows from
the local Cartan—Ambrose-Hicks Theorem 4.53 with

po=po=p, ®o=—id:T,M — T,M.

This isomorphism satisfies
(®o)+Rp = Ry.
Hence it follows from the discussion in the beginning of this section that
o.R=R
for every development (®,~,7") of M along itself satisfying
(0) =+'(0)=p,  ®(0) = —id.
Hence, by the local C-A-H Theorem 4.53, there is an isometry
¢ : Up(p, M) — Uy(p, M)

satisfying
o(p) =p,  do(p) =—id
whenever 0 < r < inj(p, M).

We prove that (i) implies (ii). By Theorem 4.30 (Theorema Egregium),
every isometry ¢ : M — M’ preserves the Riemann curvature tensor and
covariant differentiation, and hence also the covariant derivative of the Rie-
mann curvature tensor, i.e.

#.(VR) = V'R
Applying this to the local isometry ¢ : U,(p, M) — U,(p, M) we obtain
(Vd¢>(q)vR)¢(q) (dp(q)v1,do(q)v2) = dd(q) (Vi R) (v1,v2)dd(q) "
for all v,vy,v9 € T, M Since

dg(p) = —id
this shows that VR vanishes at p.
We prove that (ii) imlies (iii). If VR vanishes then then equation (4.58)
in Theorem 4.77 shows that the function

S ‘Py(t, 3)*R'y(s) = ‘Py(t, 0)*@(0, S)*RV(S)

is constant and hence is everywhere equal to R.. This implies (4.54) and
completes the proof of the theorem. O
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The covariant derivative of the curvature in local coordinates

Let ¢ : U — Q be a local coordinate chart on M with values in an open set
Q) C R™, denote its inverse by ¢ := ¢~ : Q — U, and let

0
EZ(.%') = a;i(m‘) ETw(x)M, T €9, 1=1,....m,

be the local frame of the tangent bundle determined by this coordinate
chart. Let Ffj : 2 = R denote the Christoffel symbols and Rfjk : 2 — R the
coeflicients of the Riemann curvature tensor so that

V,E; = ZF Ey,  R(E;,E;)Ey=)» Ri,E.
VA

Given i, j, k, £ € {1,...,m} we can express the vector field (Vg, R)(E;, E)Ey
along 1 for each x € Q as a linear combination of the basis vectors E;(z)
This gives rise to functions V;RY,, : € — R defined by

(VEiR)( BBy = Z VR;/ME (4.60)

These functions are given by

ViRj = 3iRsz+ZFw ke

y y (4.61)
v
- Z r, Rukf - Z LR = 2 TR
w
The second Bianchi identity has the form
VR 74 + V Rkw + VkRUE (462)

Exercise: Prove equations (4.61) and (4.62). Warning: As in Subsec-
tion 4.3.3, care must be taken with the ordering of the indices. Some authors
use the notation ViRij for what we call VZ-R;’M.

4.6.3 Examples and exercises

Example 4.78. A flat manifold is locally symmetric.

Example 4.79. If M; and Ms are (locally) symmetric, so is M = Mj x Ms.
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Example 4.80. M = R™ with the standard metric is a symmetric space.
Recall that the isometry group Z(R™) consists of all affine transformations
of the form

o(x) = Az + b, A€ O(m), beR™.

(See Exercise 4.4.) The isometry with fixed point p € R™ and d¢(p) = —id
is given by ¢(z) = 2p — x for z € R™.

Example 4.81. The flat tori of Exercise 4.62 in the previous section are
symmetric (but not simply connected). This shows that the hypothesis of
simply connectivity cannot be dropped in the Corollary 4.71 (ii).

Example 4.82. Below we define manifolds of constant curvature and show
that they are locally symmetric. The simplest example, after a flat space, is
the unit sphere S™ = {x e R™H | |z| = 1} . The symmetry ¢ of the sphere
about a point p € M is given by

¢(x) = —x + 2p, )p

for x € S™. This extends to an orthogonal linear transformation of the
ambient space. In fact the group of isometries of S™ is the group O(m + 1)
of orthogonal linear transformations of R™*1: see Example 4.101 below. In
accordance with Corollary 4.73 this group acts transitively on S™.

Example 4.83. A compact two-dimensional manifold of constant negative
curvature is locally symmetric (as its universal cover is symmetric) but not
homogeneous (as closed geodesics of a given period are isolated). Hence it is
not symmetric. This shows that the hypothesis that M be simply connected
cannot be dropped in the Corollary 4.72.

Example 4.84. The real projective space RP™ with the metric inherited
from S™ is a symmetric space and the orthogonal group O(n + 1) acts on
it by isometries. The complex projective space CP™ with the Fubini-Study
metric is a symmetric space and the unitary group U(n + 1) acts on it
by isometries: see Example 2.69. The complex Grassmannian G (C") is a
symmetric space and the unitary group U(n) acts on it by isometries: see
Example 2.70. (Exercise: Prove this.)

Example 4.85. The simplest example of a symmetric space which is not
of constant curvature is the orthogonal group O(n) = {g e R | gTg = ]l}
with the Riemannian metric (4.24) of Example 4.27. The symmetry ¢ about
the point a € O(n) is given by ¢(g) = ag™*
every Lie subgroup G C O(n). (Exercise: Prove this.)

a. This discussion extends to
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4.7 Constant curvature

In the Section 4.3 we saw that the Gaussian curvature of a two-dimensional
surface is intrinsic: we gave a formula for it in terms of the Riemann cur-
vature tensor and the first fundamental form. We may use this formula
to define the Gaussian curvature for any two-dimensional manifold (even
if its codimension is greater than one). We make a slightly more general
definition.

4.7.1 Sectional curvature

Definition 4.86. Let M C R™ be a smooth m-dimensional manifold. Let
p € M and E C T,M be a 2-dimensional linear subspace of the tangent
space. The sectional curvature of M at (p, E) is the number

(R (u, v)v, u)

Ko E) = PP = (w2 (469

where u,v € E are linearly independent (and hence form a basis of E).

The right hand side of (4.63) remains unchanged if we multiply u or v
by a nonzero real number or add to one of the vectors a real multiple of the
other; hence it depends only on the linear subspace spanned by u ad v.

Example 4.87. If M C R? is a 2-manifold then, by Theorem 4.37, the
sectional curvature K (p,T,M) = K(p) is the Gaussian curvature of M at p.
More generally, for any 2-manifold M C R™ (whether or not it has codimen-
sion one) we define the Gaussian curvature of M at p by

K(p) := K(p,T,M).

Example 4.88. If M C R™*! is a submanifold of codimension one and
v: M — S™ is a Gauss map then the sectional curvature of a 2-dimensional
subspace E& C T,M spanned by two linearly independent tangent vectors
u,v € T,M is given by

<u7 dy(p)u> <Ua du(p)z)> — <u7 du(p)u>2 )

K(p F) =
. E) WPToP — (u,0)?

(4.64)
This follows from equation (4.36) in the proof of Theorem 4.37 which holds
in all dimensions. In particular, when M = S™, we have v(p) = p and hence
K(p,E) =1 for all p and E. For a sphere of radius r we have v(p) = p/r
and hence K (p, E) = 1/r2.
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Example 4.89. Let G C O(n) be a Lie subgroup equipped with the Rie-

mannian metric

(v, w) = trace(v! w)

for v,w € T;G C R"*". Then, by Example 4.27, the sectional curvature of
G at the identity matrix 1 is given by

1
for every 2-dimensional linear subspace E C g = Lie(G) = T3G with an
orthonormal basis &, 7.

Exercise 4.90. Let &Y C T, M be a 2-dimensional linear subspace, let r > 0
be smaller than the injectivity radius of M at p, and let N C M be the
2-dimensional submanifold given by

N :=exp, {ve E| [v] <7}).

Show that the sectional curvature K(p, E) of M at (p, E) agrees with the
Gauss curvature of N at p.

Exercise 4.91. Let p € M C R" and let £ C T),M be a 2-dimensional lin-
ear subspace. For r > 0 let L denote the ball of radius r in the (n —m + 2)
dimensional affine subspace of R™ through p and parallel to the vector sub-
space F + Tle:

L= {p+v+w|v € E,weT,M*, [v]*+ |w|? <r2}.

Show that, for r sufficiently small, L N M is a 2-dimensional manifold with
Gauss curvature Ky (p) at p given by

Kram(p) = K(p, E).

4.7.2 Constant sectional curvature

Definition 4.92. Let k € R and m > 2 be an integer. An m-manifold
M C R"™ is said to have constant sectional curvature k if K(p,E) = k
for every p € M and every 2-dimensional linear subspace E C T,,M.

Theorem 4.93. An m-dimensional manifold M C R™ has constant sec-
tional curvature k if and only if

(Ry(v1, v2)v3,v1) = k ({1, 0) (02, v3) = (w1, v3) (03, 01)) (4.65)

for allp € M and all vy,va,v3,v4 € TyM.
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Proof. The “only if” statement follows immediately from the definition with
v] = v2 = u and vy = v3 = v. To prove the converse, we assume that M has
constant curvature k. Fix a point p € M and define the multi-linear map
Q:T,M* - R by

Q(v1,v2,v3,v4) = (Rp(v1,v2)v3, v4) — ]C((’Ul,v4><’02,’l)3> - (v1,1)3>(1)2,v4>).

Then @ satisfies the equations

Q(v1,v2,v3,v4) + Q(v2,v1,v3,v4) = 0, (4.66)
Q(v1,v2,v3,v4) + Q(va, v3,v1,v4) + Q(v3,v1,v2,v4) = 0, (4.67)
Q(v1,v2,v3,v4) — Q(v3,v4,v1,v2) = 0, (4.68)
Q(u,v,u,v) =0 (4.69)

for all w,v,v1,v2,v3,v4 € T,M. Here the first three equations follow from
Therem 4.23 and the last follows from the definition of @) and the hypothesis
that M have constant sectional curvature k.

We must prove that ) vanishes. Using (4.68) and (4.69) we find

0 = Q(U,’Ul —|—1)2,u,v1 +U2)
Q(uavl,u’UQ) + Q(u,vg,uvl)
QQ(U,Ul,U,’UQ).

for all u,vi,ve € T, M. This implies

0 = Q(uy +ug,vy,u; + ug,va)
= Q(uy,v1,u2,v2) + Quz, v1,u1,v2).

for all wy,us,v1,ve € TpM. Hence
Q(Ul7?}27v37v4) == _Q(U37U27U17U4)
= Q(’UQ,U3,U1,U4)
= —Q(v3,v1,v2,v4) — Q(v1,v3,v3,04).
Here the second equation follows from (4.66) and the last from (4.67). Thus
1 1
Q(v1,v2,v3,04) = =5 Q(v3,v1,v2,04) = 5Q(v1, 03, v2,v4)

for all v, v2,v3,v4 € TpM and, repeating this argument,

1
Q(/UI; V2, V3, U4) - ZQ(vla V2, V3, /U4)’

Hence @@ = 0 as claimed. This proves the theorem. U
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Remark 4.94. The symmetric group S4 on four symbols acts naturally on
the space £4(T,M,R) of multi-linear maps from 7T,M* to R. The condi-
tions (4.66), (4.67), (4.68), and (4.69) say that the four elements

a = id+ (12)

c = id+ (123) + (132)

b = id— (34)

d = id+ (13) + (24) + (13)(24)

of the group ring of S; annihilate (). This suggests an alternate proof of
Theorem 4.93. A representation of a finite group is completely reducible so
one can prove that @ = 0 by showing that any vector in any irreducible
representation of Sy which is annihilated by the four elements a,b,c and
d must necessarily be zero. This can be checked case by case for each
irreducible representation. (The group Sy has 5 irreducible representations:
two of dimension 1, two of dimension 3, and one of dimension 2.)

If M and M’ are two m-dimensional manifolds with constant curvature
k then every orthogonal linear isomorphism ® : T,M — T,yM' intertwines
the Riemann curvature tensors by Theorem 4.93. Hence by the appropri-
ate version (local or global) of the C-A-H Theorem we have the following
corollaries.

Corollary 4.95. FEvery Riemannian manifold with constant sectional cur-
vature is locally symmetric.

Proof. Theorem 4.70 and Theorem 4.93. 0

Corollary 4.96. Let M and M’ be m-dimensional Riemannian manifolds
with constant curvature k and let p € M and p' € M'. If r > 0 is smaller
than the injectivity radii of M at p and of M’ at p’ then, for every orthogonal
linear isomorphism ® : T,M — T,y M’, there is an isometry

¢ Ur(pa M) — Ur(p/aM/)
such that
o(p)=p,  do(p) = P.

Proof. This follows from Corollary 4.71 and Corollary 4.95. Alternatively
one can use Theorem 4.93 and the local C-A-H Theorem 4.53. O

Corollary 4.97. Any two connected, simply connected, complete Rieman-
nian manifolds with the same constant sectional curvature and the same
dimension are isometric.
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Proof. Theorem 4.93 and the global C-A-H Theorem 4.47. U

Corollary 4.98. Let M C R" be a connected, simply connected, complete
manifold. Then the following are equivalent.

(1) M has constant sectional curvature.

(ii) For every pair of points p,q € M and every orthogonal linear isomor-
phism ® : T,M — T, M there is an isometry ¢ : M — M such that

o(p)=q,  do(p) = 2.

Proof. That (i) implies (ii) follows immediately from Theorem 4.93 and the
global C-A-H Theorem 4.47. Conversely assume (ii). Then, for every pair of
points p,q € M and every orthogonal linear isomorphism ® : T,M — T, M,
it follows from Theorem 4.30 (Theorema Egregium) that ®,R, = R, and
hence K(p,E) = K(q,PE) for every 2-dimensional linear subspace E C
T,M. Since, for every pair of points p,q € M and of 2-dimensional linear
subspaces ¥ C T,M, F' C T;M, we can find an orthogonal linear isomor-
phism ® : T,M — T, M such that ®E = F, this implies (i). O

Corollary 4.98 asserts that a connected, simply connected, complete
Riemannian m-manifold M has constant sectional curvature if and only
if the isometry group Z(M) acts transitively on its orthonormal frame bun-
dle O(M). Note that, by Lemma 4.10, this group action is also free.

4.7.3 Examples and exercises

Example 4.99. Any flat Riemannian manifold has constant sectional cur-
vature k = 0.

Example 4.100. The manifold M = R™ with its standard metric is, up
to isometry, the unique connected, simply connected, complete Riemannian
m~manifold with constant sectional curvature k = 0.

Example 4.101. For m > 2 the unit sphere M = S™ with its standard
metric is, up to isometry, the unique connected, simply connected, complete
Riemannian m-manifold with constant sectional curvature kK = 1. Hence,
by Corollary 4.97, every connected simply connected, complete Riemannian
manifold with positive sectional curvature k& = 1 is compact. Moreover,
by Corollary 4.98, the isometry group Z(S™) is isomorphic to the group
O(m + 1) of orthogonal linear transformations of R™*!. Thus, by Corol-
lary 4.98, the orthonormal frame bundle O(S™) is diffeomorphic to O(m+1).
This follows also from the fact that, if v1,...,v,, is an orthonormal basis of
T,5™ = p* then p,v1,...,v,, is an orthonormal basis of R™*1.
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Example 4.102. A product of spheres is not a space of constant sectional
curvature, but it s a symmetric space. Exercise: Prove this.

Example 4.103. For n > 4 the orthogonal group O(n) is not a space of
constant sectional curvature, but it is a symmetric space and has nonnegative
sectional curvature (see Example 4.89).

4.7.4 Hyperbolic space

The hyperbolic space H™ is, up to isometry, the unique connected, sim-
ply connected, complete Riemannian m-manifold with constant sectional
curvature k = —1. A model for H™ can be constructed as follows. A point
in R™*! will be denoted by

p:(l'o,l'), I'OGR, x:(xla"wxm)eRm-
Let Q : R™*! x R™+!1 5 R denote the symmetric bilinear form given by

Qp,q) == —xoyo + z1y1 + - + TmYm

for p = (20, 7),q = (yo0,y) € R™TL. Since Q is nondegenerate the space

H™ := {p = (z0,2) € R™[Q(p,p) = -1, 9 > 0}

is a smooth m-dimensional submanifold of R™*! and the tangent space
of H™ at p is given by

T,H™ = {v € R™" | Q(p,v) = 0}.
For p = (zg,z) € R™! and v = (&, &) € R™*! we have

peH” <— xz9=+1+|z]?
(€ )

veTL,H" <= §=-———=

V14 [z?

Now let us define a Riemannian metric on H" by

(v 0) = Q) = () ~gom = (&) — ST )

for v = (&, &) € T,H™ and w = (n9,n) € T,H™.

Theorem 4.104. H™ is a connected, simply connected, complete Rieman-
nian m-manifold with constant sectional curvature k = —1.
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We remark that the manifold H™ does not quite fit into the extrinsic
framework of most of this manuscript as it is not exhibited as a submanifold
of Euclidean space but rather of “pseudo-Euclidean space”: the positive
definite inner product (v,w) of the ambient space R™*! is replaced by a
nondegenerate symmetric bilinear form Q(v,w). However, all the theory
developed thus far goes through (reading Q(v,w) for (v,w)) provided we
make the additional hypothesis (true in the example M = H™) that the
first fundamental form g, = Q|1 is positive definite. For then Q|r,as is
nondegenerate and we may define the orthogonal projection II(p) onto T, M
as before. The next lemma summarizes the basic observations; the proof is
an exercise in linear algebra.

Lemma 4.105. Let Q be a symmetric bilinear form on a vector space V
and for each subspace E of V' define its orthogonal complement by

Ete :={weV|Qu,v)=0Yv e E}.

Assume Q is nondegenerate, i.e. V2@ = {0}. Then, for every linear sub-
space £ C 'V, we have

V=EgEe — EnEte = {0},

i.e. Y@ is a vector space complement of E if and only if the restriction of
Q to E is nondegenerate.

Proof of Theorem 4.104. The proofs of the various properties of H” are
entirely analogous to the corresponding proofs for ™. Thus the unit normal
field to H™ is given by v(p) = p for p € H™ although the “square of its

length” is Q(p,p) = —1.
For p € H™ we introduce the Q-orthogonal projection II(p) of R™*! onto
T,H™. It is characterized by the conditions

I(p)? = I(p), ker II(p) Lo imII(p), imII(p) = T,H™,
and is given by the explicit formula

H(p)v = v+ Q(v,p)p

for v € R™*L. The covariant derivative of a vector field X € Vect(y) along
a smooth curve v : R — H™ is given by

VX(H) = T(y(t)X(1)

:‘ﬁn+(X@w®M®
= X(t) = Q(X(t),5(t)(t).
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The last identity follows by differentiating the equation Q(X,~) = 0. This
can be interpreted as the hyperbolic Gauss—Weingarten formula as follows.

For p € H™ and u € T,H™ we introduce, as before, the second fundamental
form hy(u) : T,H™ — (T,H™)1e via

hp(u)v := (dIL(p)u)v
and denote its (Q-adjoint by
hp(u)* : (T,H™) @ — T, H™.

For every p € R™*+! we have

()u)e= T 0+ Qup+ o+ 1)) = Qo pu+ Q. wp,

t=0

where the first summand on the right is tangent to H™ and the second
summand is -orthogonal to 7,H™. Hence

hp(u)v = Q(v,u)p, hp(u)*w = Q(w, p)u (4.71)

for v € T,H™ and w € (T,H™)*@.
With this understood, the Gauss-Weingarten formula

X =VX +h ()X

extends to the present setting. The reader may verify that the operators
V : Vect(y) — Vect(y) thus defined satisfy the axioms of Remark 2.72 and
hence define the Levi-Civita connection on H™.

Now a smooth curve v : I — H'™ is a geodesic if and only if it satisfies
the equivalent conditions

Vi=0 <= Ft) LoTypH" Viel <= 5=Q(%).

A geodesic must satisfy the equation

d

because ¥ is a scalar multiple of 7, and so Q(%,%) is constant. Let p € H™
and v € T,H™ be given with

Q(U’v) =



222 CHAPTER 4. CURVATURE

Then the geodesic v : R — H™ with «(0) = p and 4(0) = v is given by
~(t) = cosh(t)p + sinh(¢)v, (4.72)

where . . . .
e +e e —e”
inh(t) :=

5 sinh(t) 5
In fact we have 4(t) = y(t) Lo T,pH™. It follows that the geodesics
exist for all time and hence H™ is geodesically complete. Moreover, being
diffeomorphic to Euclidean space, H" is connected and simply connected.

It remains to prove that H™ has constant sectional curvature k£ = —1.
To see this we use the Gauss—Codazzi formula in the hyperbolic setting, i.e.

cosh(t) :=

Ry (u,v) = hyp(u) hy(v) = hy(0) hp(u). (4.73)
By equation (4.71), this gives
(Bp(u,0)v,u) = Qhp(u)u, hp(v)v) = Q(hp(v)u, hy(u)v)
= Q(Q(u,u)p,Q(v,v)p) — Q(Q(u, v)p, Q(u, v)p)
= —Qu,u)Q(v,v) + Q(u,v)*
= —gp(u,u)gp(v,v) + gp(u,v)?
for all u,v € T,H™. Hence

Ry
Ko B) = g, (.0) — goluo)? ~

for every p € M and every 2-dimensional linear subspace £ C T,,M with a
basis u,v. This proves the theorem. O

Exercise 4.106. Prove that the pullback of the metric on H"” under the

diffeomorphism
R™ - H™ : z — (\/1 + ]w\z,x)

_ 2 <£C,£>2
.=l - 15

or, equivalently, by the metric tensor,

is given by

xixj

gij(w) = bij

for x = (z1,...,2,) € R™.
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Exercise 4.107. The Poincaré model of hyperbolic space is the open unit
disc D™ C R™ equipped with the Poincaré metric

_ 2|
1— |y

nl,,

for y € D™ and n € R™ = T,D™. Thus the metric tensor is given by
4627‘

—u

(1= 1yP)

Prove that the diffeomorphism

9ij(y) = y € D™ (4.75)

2
W%WWHCHM w)

L—|y? 1= [y]?

is an isometry with inverse

Xz
1—|—£C(]‘

H™ — D™ : (z9,x) —

Interpret this map as a stereographic projection from the south pole (—1,0).

Exercise 4.108. The composition of the isometries in Exercise 4.106 and
Exercise 4.107 is the diffeomorphism R™ — D™ : x — y given by

T 2y 1—|—|y|2
y=— r=—"-=, V1t |z = .
VIt +1 1— [yl 1— |yl

Prove that this is an isometry intertwining the Riemannian metrics (4.74)
and (4.75). Find a formula for the geodesics in the Poincaré disc D". Hint:
Use Exercise 4.110 below.

Exercise 4.109. Prove that the isometry group of H is the pseudo-ortho-
gonal group

o= o] S )

Thus, by Corollary 4.98, the orthonormal frame bundle O(H™) is diffeomor-
phic to O(m, 1).
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Exercise 4.110. Prove that the exponential map
exp,, : T,H™ — H™
is given by

exp,(v) = cosh < Q(v, v)) P+ sinh <Q(Ci(:;v)) v (4.76)

for v € T,H™ = p@. Prove that this map is a diffeomorphism for every
p € H™. Thus any two points in H™ are connected by a unique geodesic.
Prove that the intrinsic distance function on hyperbolic space is given by

d(p,q) = cosh™" (Q(p, q)) (4.77)

for p,q € H™. Compare this with Example 2.23 and Example 2.41.

4.8 Nonpositive sectional curvature

In the previous section we have seen that any two points in a connected,
simply connected, complete manifold M of constant negative curvature can
be connected by a unique geodesic (see Exercise 4.110). Thus the entire
manifold M is geodesically convex and its injectivity radius is infinity. This
continues to hold in much greater generality for manifolds with nonpositive
sectional curvature. It is convenient, at this point, to extend the discussion
to Riemannian manifolds in the intrinsic setting. In particular, at some point
in the proof of the main theorem of this section and in our main example,
we shall work with a Riemannian metric that does not arise (in any obvious
way) from an embedding.

Definition 4.111. A Riemannian manifold M is said to have nonpos-
itive sectional curvature if K(p,E) < 0 for every p € M and every
2-dimensional linear subspace 2 C T,M or, equivalently,

(Rp(u,v)v,u) <0

for allp € M and all u,v € T,M.
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4.8.1 The theorem of Hadamard and Cartan

The next theorem shows that every connected, simply connected, complete
Riemannian manifold with nonpositive sectional curvature is diffeomorphic
to Euclidean space and has infinite injectivity radius. This is in sharp con-
trast to positive curvature manifolds as the example M = S™ shows.

Theorem 4.112 (Cartan—Hadamard). Let M be a connected, simply
connected, complete Riemannian manifold. Then the following are equiva-
lent.

(i) M has nonpositive sectional curvature.

(ii) The derivative of each exponential map is length increasing, i.e.
|dexp, ()] > |4

for allp € M and all v,0 € T, M.

(iii) Each exponential map is distance increasing, i.e.

d(expp(vo), epr(’Ul)) 2 |U0 - U1|
forallp € M and all v,w € T,M.

Moreover, if these equivalent conditions are satisfied then the exponential
map exp,, : T,M — M is a diffeomorphism for every p € M. Thus any two
points in M can be connected by a unique geodesic.

Lemma 4.113. Let M and M’ be connected, simply connected, complete
Riemannian manifolds and ¢ : M — M’ be a local isometry. Then ¢ is
bijective and hence is an isometry.

Proof. This follows by combining the weak and strong versions of the global
C-A-H Theorem 4.47. Fix a point pg € M and define

po = d(po),  Po:=do(po).

Then the tuple M, M', py, pj, P satisfies condition (i) of the weak version of
Theorem 4.47. Hence this tuple also satisfies condition (iv) of Theorem 4.47.
Since M and M’ are connected, simply connected, and complete we may
apply the strong version of Theorem 4.47 to obtain an isometry ¢ : M — M’
satisfying

¥(po) = po, dip(po) = Po.

Since every isometry is also a local isometry and M is connected it follows
from Lemma 4.10 that ¢(p) = ¥ (p) for all p € M. Hence ¢ is an isometry,
as required. O
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Remark 4.114. Refining the argument in the proof of Lemma 4.113 one can
show that a local isometry ¢ : M — M’ must be surjective whenever M is
complete and M’ is connected. None of these assumptions can be removed.
(Take an isometric embedding of a disc in the plane or an embedding of
a complete space M into a space with two components, one of which is
isometric to M.)

Likewise, one can show that a local isometry ¢ : M — M’ must be
injective whenever M is complete and connected and M’ is simply connected.
Again none of these asumptions can be removed. (Take a covering R — S!,
or a covering of a disjoint union of two isometric complete simply connected
spaces onto one copy of this space, or some noninjective immersion of a disc
into the plane and choose the pullback metric on the disc.)

Exercise 4.115. Let & : [0,00) — R" be a smooth function such that

§0)=0, £0)#0, &E)#0 Vi>0.

Prove that the function f : [0,00) — R given by

is smooth. Hint: The function 7 : [0, 00) — R™ defined by

[ t7(@®), fort>0,
n(t) = { £(0), for t =0,

is smooth. Show that f is differentiable and

(n,€)
Inl

f=

Exercise 4.116. Let £ : R — R" be a smooth function such that

Prove that there are constant € > 0 and ¢ > 0 such that, for all ¢t € R:

fj<e = €O ED = (€0), €)% < et

Hint: Write £(t) = tv + n(t) and £(t) = v + i(t) with n(t) = O(t*) and
7(t) = O(t?). Show that the terms of order 2 and 4 cancel in the Taylor
expansion at ¢ = 0.
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Proof of Theorem 4.112. We prove that (i) implies (ii). Let p € M and
v, € T,M be given. Assume without loss of generality that © # 0 and
define v : R — M and X € Vect(v) by

Y(t) == exp,(tv), X(t):= = exp,(t(v + AD)) € TyyM  (4.78)

for t € R. Then
X(0) =0, VX(0)=0v#0, X (t) = dexp,(tv)to, (4.79)
and, by Lemma 4.54, X is a Jacobi field along ~:
VVX = R(¥,X)?. (4.80)

It follows from Exercise 4.115 with £(t) := ®,(0,t) X (¢) that the function
[0,00) = R : ¢+~ |X(t)] is smooth and
d

@, (X ()] = [VX(0)] = [0].

Moreover, for t > 0, we have

d? _d (X,VX)

— X = =
a2 X =g X
CVXP + (X, VVX) (X, VX)?

| X| P (4.81)
| X3 RY

> 0.

Here the third equation follows from the fact that X is a Jacobi field along ~,
and the last inequality follows from the nonpositive sectional curvature con-
dition in (i) and from the Cauchy—Schwarz inequality. Thus the second
derivative function [0,00) — R : ¢ +— | X (¢)| — t|0| is nonnegative; so its first
derivative is nondecreasing and it vanishes at ¢ = 0; thus

[ X ()] —t]o] =0
for every t > 0. In particular, for ¢t = 1 we obtain
[dexp,(v)o] = [X(1)| > o]

as claimed. Thus we have proved that (i) implies (ii).
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We prove that (ii) implies (i). Assume, by contradiction, that (ii) holds
but there is a point p € M and a pair of vectors v, 9 € T, M such that

(Rp(v,0)v,0) < 0. (4.82)

Define v : R — M and X € Vect(y) by (4.78) so that (4.79) and (4.80) are
satisfied. Thus X is a Jacobi field with

Hence it follows from Exercise 4.116 with
£(t) == ©,(0,¢) X ()

that there is a constant ¢ > 0 such that, for ¢ > 0 sufficiently small, we have
the inequality

XOP VX0~ (X(8), VX(1)? < el
Moreover,
X)) =6t (X(1), R(3(1), X(1)7(t)) < —et?,

for t sufficiently small, where the second inequality follows from (4.82).
Hence, by (4.81), we have

P IXPIVXP - (XCVXP? | (XCRGLXD _ofet
- xP X =% 5

Integrating this inequality over an interval [0,¢] with ct? < €62 we get

%\X(t)] < % _ X@I=vX(©)

Integrating this inequality again gives
[ X(8)] < t[VX(0)]
for small ¢, and hence
|dexp,(tv)td| = | X ()| < t|VX(0)] =¢|d].

This contradicts (ii).
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We prove that (ii) implies that the exponential map exp, : T, M — M is
a diffeomorphism for every p € M. By (ii) exp, is a local diffeomorphism, i.e.
its derivative dexp,(v) : T,M — Texpp(U)M is bijective for every v € T, M.
Hence we can define a metric on M’ := T,M by pulling back the metric on

M under the exponential map. To make this more explicit we choose a basis
et,...,em of T,M and define the map ¢ : R™ — M by

Y(z) == exp, <Z miei>

for = (x!,...,2™) € R™. Define the metric tensor by

0 0
9ij () 1=<8;€(m),%(m)>, ij=1,...,m.

Then (R™,g) is a Riemannian manifold (covered by a single coordinate
chart) and ¢ : (R™, g) — M is a local isometry, by definition of g. The man-
ifold (R™, g) is clearly connected and simply connected. Moreover, for every
tangent vector & = (£1,...,€") € R™ = ToR™, the curve R — R™ : ¢+ t{ is
a geodesic with respect to g (because v is a local isometry and the image of
the curve under 1) is a geodesic in M). Hence it follows from Theorem 2.57
that (R™,g) is complete. Since both (R™, g) and M are connected, simply
connected, and complete, the local isometry v is bijective, by Lemma 4.113.
Thus the exponential map expy, : T,M — M is a diffeomorphism as claimed.
It follows that any two points in M are connected by a unique geodesic.
We prove that (ii) implies (iii). Fix a point p € M and two tangent
vectors vg,v; € Tp,M. Let v : [0,1] — M be the geodesic with endpoints
7(0) = exp,(vo) and (1) = exp,(v1) and let v : [0, 1] — T;, M be the unique
curve satisfying exp,(v(t)) = v(t) for all . Then v(0) = vo, v(1) = v1, and

d(exp,(vo), expp(v1)) = L(7)
1
= ; |dexp,(v(t))o(t)] dt

1

> [o(t)| dt
0
1
> /O (t) dt‘
= |v1 —wol.

Here the third inequality follows from (ii). This shows that (ii) implies (iii).



230 CHAPTER 4. CURVATURE

We prove that (iii) implies (ii). Fix a point p € M and a tangent vector
v € T, M and denote

q = exp,(v).
By (iii) the exponential map exp, : T,M — M is injective and, since M is

complete, it is bijective (see Theorem 2.58). Hence there is a unique geodesic
from ¢ to any other point in M and therefore, by Theorem 2.44, we have

[w| = d(g, exp,(w)) (4.83)
for every w € T;M. Now define
-1
¢ :=exp, oexp,: T,M — T; M.
This map satisfies

b(v) =0,

Moreover, it is differentiable in a neighborhood of v and, by the chain rule,
we have

dp(v) = dexp,(v) : T,M — T, M.

Now choose w := ¢(v + 0) in (4.83) with ¢ € T, M. Then

expg(w) = expy(¢(v +9)) = expy(v + )

and hence

[¢(v + )| = d(exp,,(v), exp,(v + ) = |9],

where the last inequality follows from (iii). This gives

dexp, )] = |do(v)o]
= limM
t—0 t
> lim@
— t=0 t
= |9].

Thus we have proved that (iii) implies (ii). This completes the proof of the
theorem. O
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4.8.2 Positive definite symmetric matrices

We close this manuscript with an example of a nonpositive sectional curva-
ture manifold which plays a key role in Donaldson’s beautiful paper on Lie
algebra theory [3]. Let n be a positive integer and consider the space

P = {PeR™ Pl =P>0}

of positive definite symmetric n x n-matrices. (The notation “P > 0” means
(x, Px) > 0 for every nonzero vector z € R".) Thus & is an open subset of
the vector space

S ={S e R | ST =g}

of symmetric matrices and hence the tangent space of & is Tp¥ = .
for every P € &?. However, we do not use the metric inherited from the
inclusion into . but define a Riemannian metric by

(S1,82) p := trace (SlPASgP*l) (4.84)
for Pe & and S1,5 € . =TpA.

Theorem 4.117. The space & with the Riemannian metric (4.84) is a
connected, simply connected, complete Riemannian manifold with nonposi-
tive sectional curvature. Moreover, & is a symmetric space and the group
GL(n,R) of nonsingular n x n-matrices acts on & by isometries via

g P := gPg" (4.85)
for g € GL(n,R) and P € &.
Remark 4.118. The paper [3] by Donaldson contains an elementary direct
proof that the manifold & with the metric (4.84) satisfies the assertions of
Theorem 4.112.
Remark 4.119. The submanifold

Py = {P e P| det(P) =1}

of positive definite symmetric matrices with determinant one is totally geo-
desic (see Remark 4.120 below). Hence all the assertions of Theorem 4.117
(with GL(n,R) replaced by SL(n,R)) remain valid for .
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Remark 4.120. Let M be a Riemannian manifold and L C M be a sub-
manifold. Then the following are equivalent.

(i) If v: I — M is a geodesic on an open interval I such that 0 € I and
’7(0) €L, 7(0) € T’y(O)La
then there is a constant ¢ > 0 such that v(¢) € L for |t| < e.

(ii) If v : I — L is a smooth curve on an open interval I and ®, denotes
parallel transport along v in M then

‘I)fy(t, S)T'y(s)L = T’y(t)L Vs, tel.

(iii) If v : I — L is a smooth curve on an open interval I and X € Vect(vy)
is a vector field along ~ (with values in T'M) then

Xt)eTypyl Vtel = VX(t)eTyyl Vtel.

A submanifold that satisfies these equivalent conditions is called totally
geodesic

Exercise 4.121. Prove the equivalence of (i), (ii), and (iii) in Remark 4.120.
Hint: Choose suitable coordinates and translate each of the three assertions
into conditions on the Christoffel symbols.

Exercise 4.122. Prove that & is a totally geodesic submanifold of &.
Prove that, in the case n = 2, & is isometric to the hyperbolic space H?.

Proof of Theorem 4.117. The manifold &7 is obviously connected and sim-
ply connected as it is a convex open subset of a finite dimensional vector
space. The remaining assertions will be proved in five steps.

Step 1. Let I — & : t — P(t) be a smoth path in & and I — . : t — S(t)
be a vector field along P. Then the covariant derivative of S is given by

.1 .1 .
VS =S - 5SP—1P - 5Pp—ls. (4.86)

The formula (4.86) determines a family of linear operators on the spaces of
vector fields along paths that satisfy the torsion free condition
VO, P = V,0sP
for every smooth map R? — & : (s,t) = P(s,t) and the Leibnitz rule
V (S1,82)p = (VS1,52) p + (51, VS2) p

for any two vector fields S and Sy along P. These two conditions determine
the covariant derivative uniquely (see Theorem 2.27 and Remark 2.72).
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Step 2. The geodesics in P are given by
v(t) = Pexp(tP™19)
= exp(tSP~HP (4.87)
= P2 exp(tP~1/28p~1/2) pl/2
forPe P Se S =TpP, andt € R. In particular & is complete.
The curve v : R — & defined by (4.87) satisfies
4(t) = Sexp(tP~1S) = SP~14(t).

Hence it follows from Step 1 that

VA(t) = (1) = 367 (t) T4 (t) = 5(t) — SP714(t) = 0

for every t € R. Hence v is a geodesic. Note also that the curve v : R — &
in (4.87) satisfies v(0) = P and #(0) = S.

Step 3. The curvature tensor on &2 is given by

Rp(S,T)A = —iSP*ITP*IA - iAP*lTP*S

1 1
+ ZTP*SP*IA + ZAzflszflT

(4.88)

forPe &P and S,T,A € .&.

Choose smooth maps P : R? — & and A : R? — . (understood as a vector
field along P) and denote S := 9sP and T := 9;P. Then

and 0;T = 0,.S. By Step 1 we have

V,A = 0,A — %AP—ls — %SP‘lA,
VA= 0,A— %AP‘lT — %TP‘lA,

and hence
1 1
R(S,T)A = 0,V;A— 5(vtA)Jfls - §SP*1(VtA)
— O V,A + %(VSA)P*T + %TP*(VSA).

Now Step 3 follows by a direct calculation which we leave to the reader.
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Step 4. The manifold & has nonpositive sectional curvature.

By Step 3 with A = T and equation (4.84) we have
(S,Rp(S,T)T)p = trace (SP 'Rp(S,T)TP)

- —trace (sp~tsplrpiTpt)
_ itrace (sp~lTplTPTlSPT!)
+ itrace (sp~trp-lsp TPt
+ %trace (sp~'rptsp TPt

- _ %traee (Sp~'Trp-lTpTlSpt)
+ %trace (sp-rptsptTpt)

- %traee (XTX)+ “trace (X?),

where X := SP~ITP~!. Write X =: (%ij)ij=1,..n- Then, by the Cauchy—
Schwarz inequality, we have

trace(X?) = waxﬂ < Zx” = trace(XTX)

7] 7_]

for every matrix X € R"*". Hence (S, Rp(S,T)T)p < 0 for all P € & and
all S, T € .. This proves Step 4.

Step 5. & is a symmetric space.
Given A € & define the map ¢ : & — & by

H(P) := AP~ A.
This map is a diffeomorphism, fixed the matrix A = ¢(A), and satisfies
dgp(P)S = —AP7'SP~1A

for P € & and S € .. Hence d¢(A) = —id and, for all P € & and all
S €., we have
(A6(P)S)6(P) ! = —AP 154!

and therefore
]d(b(P)S];(P) = trace ((APilSA*I)Z) = trace ((P*IS)2> = |95

Hence ¢ is an isometry and this proves the theorem. O
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Remark 4.123. The space & can be identified with the quotient space
GL(n,R)/O(n) via polar decomposition.

Remark 4.124. Theorem 4.117 carries over verbatim to the complex set-
ting. Just replace & by the space S of positive definite Hermitian matrices

H=H">0,

where H* denotes the conjugate transposed matrix of H € C™**". The inner
product is then defined by the same formula as in the real case, namely

<ﬁ17ﬁ2>H 1= trace <ﬁ1H_1ﬁ2H_1)

for H € # and two Hermitian matrices ﬁl,fb € Tys. The assertions
of Theorem 4.117 remain valid with GL(n,R) replaced by GL(n,C). This
space % can be identified with the quotient GL(n,C)/U(n) and, likewise,
the subspace 74 of positive definite Hermitian matrices with determinant
one can be identified with the quotient SL(n, C)/SU(n). This quotient (with
nonpositive sectional curvature) can be viewed as a kind of dual of the Lie
group SU(n) (with nonnegative sectional curvature). Exercise: Prove this!
Show that, in the case n = 2, the space J¢j is isometric to hyperbolic 3-space.
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