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LAGRANGIAN INTERSECTIONS
IN CONTACT GEOMETRY

Y. ELIASHBERG, H. HOFER AND D. SALAMON

1. Introduction

It is well-known that all problems of Contact geometry can be reformulated
as problems of Symplectic geometry. This can be done via symplectization
(see 2.1 below). In particular, the problem of Lagrangian intersections nat-
urally arises in connection with several contact geometric questions (see 2.5
example, and below). However, there is one major difficulty when one tries
to realize this approach: the symplectizations of contact manifolds are non-
compact and, what is even worse, non-convez (see [EGrl]). This leads to
the loss of compactness for the spaces of holomorphic curves and thus cre-
ates serious difficulties for the traditional Floer homology approach. The
goal of this paper is to show that this problem can be successfully overcome
by using an idea from [H].

We begin with an exposition of the main notions of contact geometry and
their symplectic analogues. We develop then an analogue of Floer homol-
ogy theory for the Lagrangian intersection problem in symplectizations of
contact manifolds and give applications of this theory to contact geometry.

There exist other methods for handling similar problems in contact ge-
ometry. Let us mention here Givental’s approach through the, so-called,
non-linear Maslov index (see [G]), as well as the approach based on the the-
ory of generating functions and hypersurfaces described in [EGr2]. Kaoru
Ono ([On]) independently proved a result similar to our Theorem 2.5.4. All
these methods, and the method considered in this paper, have common as
well as complementary areas of application.

A part of this paper was written while the first and third authors visited
IHES. They thank the institute for its hospitality.

2. Contact Geometry

2.1 Contact manifolds and their symplectizations. We recall in this
section some basic definitions of contact geometry and their symplectic
counterparts (see also [AG]). Let ¢ be a contact structure on a (2n + 1)-
dimensional manifold M, i.e.  is a completely non-integrable tangent plane
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distribution of codimension 1. Thus, at least locally, { can be defined by the
equation {7y = 0} where the 1-form v satisfies the condition y A (dy)™ # 0.
The global existence of such a form 7 is equivalent to the coorientability
of (.

Only cooriented contact structures are considered in this paper. The
general case requires a Z/2-equivariant analogue of the theory described
here.

Let S;(M) be the (trivial) subbundle of the cotangent bundle T*(M)
whose fiber over a given point ¢ € M consists of all non-zero linear forms
from T,;(M) which annihilate the hyperplane {; C To(M) and define its
given coorientation. The bundle S;(M) is a principal R-bundle where the
action of R is defined by

Axv=¢ v, AER, vESAM).

Let us denote by a¢ the restriction pdg|s.(ar) of the canonical form pdg
on T*M to S¢(M) C T*M. Then the 2-form w, = da, is a symplectic
structure on S¢(M). The symplectic manifold (S¢(M),w) is called the
symplectization of the contact manifold (M, ().

Let us denote by X, the vector field on S;(M) which is w¢-dual to a,
i.e. X¢|we = a¢. The field X¢ generates the R-action described above:

(X)) = erv AER,veS(M).

The sections of the bundle S;(M) — M are called contact forms. The
space of all contact forms will be denoted by Cont(().

A choice of a contact form v € Cont(() defines a splitting Hy : S¢(M) —
M x R. In terms of this splitting we have

9

86’

where 8 € R and we identify v defined on M with its pullback on M x R.
It is useful to observe the following

ProrosITION 2.1.1. A fiberwise splitting H : S¢(M) — M x R has the
form H, for a contact form v € Cont(() if and only if H commutes with
the R-actions on S;(M) and M x R.

A diffeomorphism f : M — M lifts canonically to a symplectomorphism
F:T*M — T*M. Moreover, F' preserves the 1-form pdq as well. If f
is a contactomorphism of the contact manifold (M, () then F' leaves the
subbundle S;(M) invariant and thus induces an R-equivariant symplecto-
morphism S;(M) — S¢(M). We will denote this symplectomorphism by f
and call it the symplectization of the contactomorphism f.

a¢ = 607 y W= d(eo7) ’ XC =
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The converse is also true: any R-equivariant symplectomorphism of S¢ M
has the form f for a uniquely defined suitable contactomorphism f : (M, () —
(M, Q).

The vector field X on (M, () is called contact if the flow generated by X
consists of contactomorphism (M, () — (M, (). Equivalently, pick a 1-form
v € Cont(¢). Then the vector field X is contact iff the Lie derivative Lx~y
is proportional to 7.

Each contact vector field X on (M,() admits a lift to an R-invariant
Hamiltonian vector field X on (S¢(M),w,). Conversely, each R-invariant
Hamiltonian vector field Y on (S¢ (M), w¢) projects to a contact vector field
on (M,{). An important example of a contact vector field is provided
by the Reeb wvector field. Notice that the choice of a contact form v €
Cont(¢) defines on M a Hamiltonian flow which is transversal to the contact
structure (. Indeed, there exists a unique vector field Y tangent to M such
that Y |dy = 0 and 4(Y") = 1. The vector field Y is called the Reeb vector
field generated by the contact form . The field Y is contact. Indeed, we
have Lyy =d(y(Y)) =Y |dy=0.

2.2 Legendrian, Lagrangian, pre-Lagrangian. An n-dimensional sub-
manifold A C (M, () is called Legendrian if it is tangent to the distribution ¢.
If v is a contact form from Cont(¢) then A is Legendrian iff |y = 0. The
preimage A = 7~1(A) C S¢M under the canonical projection ScM — M
is an R-invariant Lagrangian cone. We call A the symplectization of A.
Conversely, any Lagrangian cone in the symplectization projects onto a
Legendrian submanifold in (M, ().

The following notion was suggested to us by D. Bennequin.

An (n+1)-dimensional submanifold L of the (2n+1)-dimensional contact
manifold (M, () is called pre-Lagrangian if it satisfies the following two
conditions:

— L is transverse to (;

— The distribution ( N T(L) is integrable and can be defined by a closed
1-form.

Remark 2.2.1: 1t is useful for applications to extend the definition of a

pre-Lagrangian submanifold allowing certain types of tangency of L and
¢ instead of their transversality. It will be done in one of our subsequent

papers.
The motivation for the term pre-Lagrangian is provided by the following
PROPOSITION 2.2.2. For any pre-Langrangian submanifold L C M there

exists a Lagrangian submanifold L C S¢M such that n(L) = L. The coho-
mology class A € H(L;R), such that 7*X = [oc|;], is defined uniquely up
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to multiplication by a non-zero constant. Conversely, if L C M is the (em-
bedded) image of a Lagrangian submanifold L C S¢M under the projection
S¢M — M then L is pre-Lagrangian.

Proof: By the definition of a pre-Lagrangian submanifold there exists a
contact form 3 € Cont (M) whose restriction to L is closed. The required

lift L of L is the graph of the form B|;. Suppose that 8 € Cont(() is
another form whose restriction to L is closed. Then 8’| = fg|r for a non-
vanishing function f, and we have df A 8|L = 0. Thus the function f must
be constant on leaves of the foliation 3 = 0 on L. If the cohomology class
X = [B|] is proportional to the integral class from H'(L;Z) then we can
think that ) itself is integral and, therefore, 8| = h*(d#), where h is a map
L — S' and the cohomology class of the closed form df generates H(S%).
Thus the function f is constant on the fibers A71(6), 8 € S!, i.e. f can be
written as ¢ o h for a function p : S — R. Set C = fsl pdf. Then there
exists a diffeomorphism g : S — S such that g*(df) = (¢/C)dd. Thus

1
201 = Lol = (0@

and, therefore, the cohomology class [3'|;] coincides with CA. If X is not
proportional to an integral class then the foliation defined by the form (3 on
L has everywhere dense leaves. This implies that the function f has to be
constant on all L. o

Thus with any pre-Lagrangian submanifold L C M one can canonically
associate a projective class of the form A. A curveI' C L is called a vanishing
cycle of L if its homology class annihilates A\. Examples of vanishing cycles
are provided by curves which are contained in a Legendrian submanifold
of L.

Let us recall that if § : S' — L is a loop in a Lagrangian, possibly
immersed submanifold Lag of a symplectic manifold V then given a sym-
plectic trivialization of the bundle f*T(V') one can define the Maslov index
p(8) (see, for instance, [RS1]). Of course, the index u(6) depends on the
trivialization. However, if A : S1 x [0,1] — V is a homotopy between the
loops 89 = Algixe : S — Lag, and 6, = Algix1 : S — Lag then the
difference p(8g,6;) = (o) — p(61) can be invariantly defined. To do this
one just needs to trivialize the bundle A*T (V) over S* x [0, 1].

The procedure of symplectization allows us to define the relative Maslov
index p(6o, 6;) for a pair of homotopic loops in a contact manifold provided
they are contained in its Legendrian or pre-Lagrangian submanifolds.

2.3 Contactization of symplectic manifolds. If a symplectic manifold
(N,w) is exact, i.e. w = de, then it can be contactized. The contactization
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C(N,w) is the manifold M = N x S* (or N x R) endowed with the contact
form dz — . Here we denote by z the projection to the second factor and
still denote by « its pull-back under the projection M — N,

However, the contactization can be defined sometimes, even when w is
not exact. Suppose that there exists an A > 0 such that the form w/k
represents an integral cohomology class [w/h] € H2(N). The contactization
C(N,w), or as it is also called, pre-quantization of the symplectic manifold
(N,w) can be constructed in this case as follows (see [W]). Let M — N be
a principal circle bundle with the Euler class equal to [w/k]. This bundle
admits a connection whose curvature form equals w/k. This connection
can be viewed as a S!-invariant 1-form o on M. The non-degeneracy of w
implies that « is a contact form and, therefore ( = {a = 0} is a contact
structure on M. The contact manifold (M, () is, by the definition, the
contactization C(N,w) of the symplectic manifold (N,w). A change of the
connection « leads to a contactomorphic manifold. However, a change of &
(for instance, h — £/2) affects not only the contact structure ¢ but also the
topology of the manifold M itself.

2.4 Examples. We give here examples of pre-Lagrangian and Legendrian
submanifolds.

2.4.1 SYMPLECTIZATION OF THE SPACE OF CONTACT ELEMENTS. Let
M = P*T*N be the projectivized cotangent bundle of a n-manifold N,
or the space of cooriented contact elements of N. Thus a point of M is
a cooriented tangent hyperplane 7' C T(V). The manifold M carries a
canonical contact structure { (see [AG] ) which is uniquely defined by the
following property:

The symplectization S;(M) coincides with T*N \ N, the symplectic
form w, is the restriction of the canonical symplectic form d(pdq), and the
R-action is given by the multiplication by e®.

If we fix a Riemannian metric on N then the space PYT*N can be
identified with the unit cotangent bundle. The restriction of the canonical
1-form pdq is a contact form for (. Thus the flow generated by the Reeb
vector field for this contact form coincides with the geodesic flow.

Suppose now that « is a non-vanishing closed 1-form on N. Then it
corresponds to a Lagrangian section Lo, C T*N \ N = S¢M. The im-
age L, C M of Lo under the canonical projection S¢M — M is a pre-
Lagrangian submanifold. The form o defines on L, a foliation with Legen-
drian leaves. If a multiple Ca for a constant C' > 0 represents an integer
cohomology class in H!(N;R) then all leaves of the foliation are closed
Legendrian submanifolds of M.

Equivalently, the above example can be rephrased as follows. Suppose



Vol.5, 1995 LAGRANGIAN INTERSECTIONS IN CONTACT GEOMETRY 249

that a closed manifold N can be fibered over the circle S1. Let 7 : N — S1
be the projection. Then dr is a non-vanishing closed 1-form on N and
its graph L is a Lagrangian submanifold in 7*N \ N. Then the image
L = Ly, of Ly, under the projection T*N\ N — PT*N is a pre-Lagrangian
submanifold in the space of co-oriented contact elements of N. Notice that
L is foliated by Legendrian lifts of hypersurfaces #=}(T) C N, T € S*.

For instance, if N is the torus T, then the contact manifold M =
P*T*N admits a splitting M = T™ x S®~! such that each torus 7" x p,
p = (p1,-..,Pn) € S™71, is a pre-Lagrangian torus of the form L, for the
non-vanishing closed 1-form a = )7 pidg;, ¢i € S'. An everywhere dense
set of these tori can be further split as products 7"~! x S! where all tori
T" ! x q, q € S', are Legendrian.

2.4.2 PRE-LAGRANGIAN SURFACES IN 3-MANIFOLDS. Let (M,() be a
three-dimensional contact manifold and T C M be an embedded 2-torus,
transversal to ¢. The line bundle T(T') N ¢ integrates to a 1-dimensional,
so-called characteristic foliation F,. The torus T is pre-Lagrangian if and
only if the foliation F¢ is diffeomorphic to a linear foliation of the torus
T = R?/7%.

Remark 2.4.1: The above example indicates that the class of smoothness
of the Lagrangian lift can be of crucial importance even in the case of a
C*°-smooth pre-Lagrangian manifold.

2.4.3 SYMPLECTIZATION OF CONTACTIZATION. Let (IV,w) be a symplectic
manifold with the symplectic form w/h representing an integral cohomology
class [w/k]. Let (M, () be the contactization C(N,w) of the manifold (V,w)
and a be the connection on V as described in §2.3 above.

If L C¢ N is a Lagrangian submanifold then the connection « over it is
flat. The pull-back #~!(L) C M under the projection # : M — N is a
pre-Lagrangian submanifold Ly foliated by Legendrian leaves obtained by
integrating the flat connection over L. If this foliation is a fibration, i.e.
when the holonomy defined by the connection « is integral over L then the
pre-Lagrangian submanifold L is foliated by closed Legendrian manifolds.
In particular, this is the case when the connection form is exact over L, i.e.
the connection over L is trivial. If this condition is satisfied then L is called
a Bohr-Sommerfeld orbit. In this case the pre-Lagrangian submanifold Lo
is foliated by closed Legendrian lifts of L. These lifts are called sometimes,
Planckian submanifolds (see [W] and [So]). The integrality of the holonomy
is independent of the choice of the connection o but the Bohr-Sommerfeld
condition depends on this choice, unless the image

Im(H,(L;R) — H,(N;R))

is trivial.
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2.5 Lagrangian intersections in contact manifolds. In this section,
we formulate theorems which give lower bounds for the number of transver-
sal intersection points of Legendrian and pre-Lagrangian submanifolds of a
contact manifold. These estimates will be proven in §3.8 below as an ap-
plication of Floer homology theory which we are going to build in the next
sections. ‘

2.5.1 INTERSECTIONS IN THE SPACE OF CONTACT ELEMENTS. Suppose
that a closed manifold N admits a Riemannian metric without contractible
closed geodesics (e.g. a metric of non-positive sectional curvature). Let
M = P*T*N be the space of co-oriented contact elements. Suppose that
there exists a non-vanishing closed 1-form o which represents an integral
class [a] € H}(N). Let L, be the pre-Lagrangian submanifold constructed
in §2.4.1. In other words, L, is the image of the graph L, C T*N of the
form o under the projection T*N \ N — M = P*T*N. As explained in
2.4.1, L, carries a foliation by closed Legendrian leaves. Let A be one of
the leaves.

THEOREM 2.5.1. Let ¢, : M — M, t € [0,1], po = Id, be a contact
isotopy of M such that ¢1(A) is transversal to L. Then

#p1(A) N Ly > rank(H.(A;Z/2)) .

In particular, suppose M = T™ is the n-torus. Then we have the splitting
PYT*T™ = T" x S™~! and all tori 7™ x a, a € S™~!, are pre-Lagrangian.
For an everywhere dense subset A C S™7!, the tori 7" x a, a € A, are
foliated by Legendrian (n — 1)-dimensional tori. Let L be one of these pre-
Lagrangian tori 7" x a and A, A C L, be one of its Legendrian subtori. Let
@ PYT*T™ — PY*T*T", t € [0,1], be a contact isotopy with ¢p = Id such
that ¢, (A) is transversal to L.

Then we have

COROLLARY 2.5.2. #¢1(A)NL > 2m"L,

Remark 2.5.3: A Legendrian submanifold A C M has a neighborhood U
contactomorphic to the 1-jet space J!(A). The pre-Lagrangian submanifold
LNU can be identified under the contactomorphism with the “0-wall” W =
A x R c JY(A), i.e. the set of 1-jets of functions with zero differential.
Thus, Theorem 2.5.1 can be considered as a global version of the well-known
fact that A cannot be disjoined with W via a contact isotopy (Chekanov’s
theorem).

2.5.1 INTERSECTIONS IN THE SPACE OF PRE-QUANTIZATION. Let us now
turn to the situation described in section 2.4.3. Let (V,w) be a symplectic
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manifold such that the symplectic form w/k represents an integral coho-
mology class [w/h] € H2(N). Let (M,() = C(N,w) be the contactization
of (N,w) (see 2.4.3 above) and L C N be a Lagrangian submanifold which
satisfies the Bohr-Sommerfeld condition. Let A;, A; C M be a Legendrian
lift of L and Ag = w~!(L) be the pre-Lagrangian pull-back of L under the
projection 7 : M — N.

Let ¢ : M — M, t € [0,1], be a contact isotopy with ¢ = Id such that
¢1(A1) is transversal to Ao.

THEOREM 2.5.4. Suppose that wo(M, Ag) = 0. Then
#(PI(AI) N A() Z rank H*(Al; 1/2) .

For instance, let N be a surface of positive genus, w an area form with
Jyw =1and (M,() = C(N,w) be the contactization with k = 1/n. Let
L C N be a non-contractible Bohr-Sommerfeld orbit, A; C M its Legen-
drian lift and Ag = 7~ Y(L) C M its pre-Lagrangian pull-back. Then, we
have

COROLLARY 2.5.5. For the contact isotopy ¢y : M — M, t € [0,1], po = 1d,
such that ¢1(A1) is transversal to Ag we have

#gol(Al)nAo >2.

3. Floer Homology

3.1 Admissible Legendrian and pre-Lagrangian submanifolds. Let
A and A; be a pre-Lagrangian and a Legendrian submanifold, respectively,
of a contact manifold (M, (). We will always assume in what follows that
the submanifold A; is connected.

Let us denote by P(Ag,A;) the space of paths é : [0,1] — M with
6(0) € Ag and 6(1) € A;. A component Py of the space P(Ag, A1) is called
admissible if it satisfies the following two conditions P; and Ps.

P, For any map A : St x [0,1] — M such that A(u,0) € Ag, A(y,1) € Ay,
and Al,xjo,1] € Po for u € S?, the curve A|s1o is a vanishing cycle on

Ag (see 2.2).

Py For any map A : St x [0,1] — M, as in P4, the relative Maslov class

p(Als1x0, Als1x1) vanishes (see 2.2).

LEMMA 3.1.1. The condition P, implies that for any map F : (D?,8D?) —
(M, Ay) the curve F|gp2 : &D? — Ay is a vanishing cycle in Aq.

Proof: Any such map can be deformed, keeping the boundary fixed, to a
map F such that there exists a map A as in P, which can factored as
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A = F o p where p : S! x [0,1] — D? is the projection which collapses the
circle S* x 1 to the center of the disc D?. o

Of course, existence of an admissible component of the space P(Ag, A1)
is a very restrictive condition on manifolds M, A¢ and A;. However, there
is an important case when it does exist.

LEMMA 3.1.2. Suppose that A; C A¢ and the boundary bomomorpfu'sm
7('2(M, Ag) ad 7&'1(Ao)

is trivial. Then the component Py C P(Ag,A,) which contains constant
paths from A; is admissible.

Proof: The proof follows immediately from the observation that every loop
in Py is homotopic to a loop of constant paths. o

In order to develop a Floer homology theory for the intersection problem
of Ag and A; we fix a path component Py C P(Ag, A1) and impose two severe
restrictions, including the admissibility of Py.

O; The path component Py C P(Ag, A1) is admissible.
O, There exists a contact form § € Cont({) such that the flow defined by

its Reeb vector field Y has no contractible periodic orbits and each orbit
with two ends on A; represents a non-trivial class from 71 (M, Ay).

The set of contact forms § € Cont(() which satisfy the condition O, will
be denoted by Adm((, Ag, A1).

Our goal is to define Floer homology groups of the triple Ag, A1, Po. To
understand the relevance of the component Py note that every intersection
point £ € Ag N A; determines a constant path §(t) = z and these constant
paths may lie in different path components for different intersection points.
The Floer homology groups HF.(Ag, A1,Pp) will arise from a chain com-
plex which is generated by all those intersection points which correspond to
constant paths in Pp. In most of our applications there is only one relevant
path component which corresponds to all the fixed points and the Floer
homology groups of all other path components are zero. Hence we shall
sometimes neglect the dependence on Py in our notation when the choice
of the path component is clear from the context.

3.2 Examples of admissible submanifolds. We will verify in this
section that the conditions O; and O4 hold in all theorems from section 2.5.

LEGENDRIAN AND PRE-LAGRANGIAN SUBMANIFOLDS IN P*T*N. Let
M = P*T*N, A, = A and Ap = L, be as in Theorem 2.5.1. Fix a point § €
Ag. Let us denote by p: M — N the canonical projection and set ¢ = p(§),
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S = p~!(q). Let us verify that the boundary homomorphism m2(M, Ag) —
71(Ag,q) is trivial. Indeed, let f be a map (D?,8D?) — (M, Aq) and
g1 : D? — N, t € [0,1], be a homotopy of the projection go = po f to a
constant map g; to the point ¢ € . This homotopy can be lifted, using the
covering homotopy property, to a homotopy f: : (D?,0D?) — (M, Aq). In
particular, f; maps D? to the sphere S = p~!(g) and f;(8D?) is the point
d = ApNp~'(q). Thus the conditions of Lemma 3.1.2 are satisfied, and
therefore the component Py is admissible.

To verify the condition Oy take a metric on N without contractible
closed geodesics. Identifying M = P*T*N with the unit cotangent bundle
with respect to this metric we get a contact form 3 on M whose Reeb
flow is the geodesic flow for the chosen metric. Thus the Reeb flow for the
form 8 has no contractible periodic orbits. Let g, : N — S be the map
corresponding to the form «, i.e. o = ¢%(df). Notice that the projection
p: Pt*T*N — N maps A onto one of the fibers Ny = g;!(point). Let T
be a piece of trajectory of the Reeb flow with two ends on A. Then the
projection

(P*T*N,A) £+(N, Ny) 22 (S, {point})

projects I onto a non-trivial element of 7;($?). Thus I' represents a non-
trivial element of 7 (M, A) which verifies the condition Oa.

LEGENDRIAN AND PRE-LAGRANGIAN SUBMANIFOLDS IN THE SPACE OF
CONTACTIZATION.  Under the assumptions of Theorem 2.5.4 we have
m2(M, Ag) = 0 and thus, according to Lemma 3.1.2, the component Py C
P(Ao, A1), which contains constant paths from A, is admissible.

Let us check the condition O,. Let us recall that the contact structure
¢ on the space M of pre-quantization can be defined by an S!-invariant
contact form « on the principal S'-bundle M — N. The trajectories of the
Reeb flow for the form o are fibers of the fibration. Thus all trajectories
are closed and all simple closed trajectories are homotopic. Let I' be one
of the trajectories which is contained in Ag. Then [, & # 0. Suppose that
T bounds a disc D C M. Then [ pda # 0 and, therefore, D represents
a non-trivial element from 73(M, Ag). This contradicts the assumption of
Theorem 2.5.4, and, therefore, I', and all its multiples, are non-contractible.

Notice that a trajectory of the Reeb flow with both ends on Ag has to
coincide with the periodic orbit I' considered above. If I represents a trivial
element of w1 (M, A;) then it bounds, together with a curve IV C Ay, a disc
DcM,ie. 8D =TUT'. Then

/Ddoz=‘/ra+‘/’a-
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But 7]|a, = 0 and therefore the second integral equals 0. Thus, as in the
case of the closed orbit, we have [ pda # 0 and hence D represents a
non-trivial element of mo(M, Ag) which again contradicts to assumption of
Theorem 2.5.4.

3.3 Almost complex structures on the symplectization. Suppose
that the contact manifold (M, (), its pre-Lagrangian submanifold Ay and
Legendrian submanifold A; satisfy the conditions O; and O,. Let (V =
S¢(M), w = w¢) be the symplectization of (M, ().

Let us recall that an almost complex structure J is called compatible
with w, if the bilinear form (v, w) = w(v, Jw) is a metric, invariant under J.

A fiberwise splitting H : V — M x R is called admissible if it coincides
at infinity with H, for an admissible form v € Adm((, Ao, A1).

Notice that the push-forward (H~!)*a, of the canonical form a¢ on
S¢(M) can be written as exp6vyy where v9 € Cont(¢), § € R, and g co-
incides with v when |0] is sufficiently large. In other words, the pre-image
H™Y(M x 6) Cc S;(M), 6 € R, is the graph of the 1-form exp 6.

We also have w = H*(d(exp8ve)) and dH(X;) = h for a positive
function & : M x R — R which is equal to 1 at infinity.

Having fixed an admissible splitting H : V — M x R we will not dis-
tinguish between an almost complex structure J on V and its push-forward
H,(J)on M xR.

An almost complex structure J compatible with w is called admissible for
(M, ), Ao and A; if there exists an admissible splitting H : S¢(M) - M xR
of the space of symplectization such that

o for each a € R the contact structure { = {7, =0} on M, = M x a is

invariant under J;

o the vector field J- 2|, belongs to the kernel of the form (H~')*w|nm, =
d(exp07s)|m,, a €R;
o J is invariant under the R-action at infinity.

Notice that the above conditions imply that all the levels M,, a € R, are
J-convex being cooriented by the vector field 5‘95.

Suppose we are given two admissible structures J and J’. Viewing them
as defined on M x R we say that a sequence of admissible almost complex
structures J,, n = 1,..., interpolates between J' and J if there exists a
constant N > 0 and an increasing sequence d,, — oo such that J, = J
on M x [~dy,d,), J, = J' outside of M X [—(dn + N),d, 4+ N}, and the
restrictions Ju|p x[—(d,+N),~d,] coincide up to translations foralln =1,....

3.4 Action functional. Suppose that (M, (), Ao, A1 and the path com-
ponent Py C P(Ag,A;) satisfy the condition O;. Let (V,w) be the sym-
plectization of (M, (), L; the symplectization of A, and Loy a Lagrangian
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lift of Ag. Denote by P(Lo,L;) the space of paths § : [0,1] — V with
5(0) € Lo and 6(1) € L,. Note that every path § € P(Ao, A;) lifts to a
path é : [0,1] — V with §(0) € Lo and §(1) € L and that the homotopy
class of the lift is uniquely determined by 6. Hence the path component
Po C P(Ao,A1) determines a unique path component in P(Lg, Ly) which
we shall also denote by Py. This slight abuse of notation should not create
any confusion.

Fix a path 89 € Py C P(Lg, L1) and for any other path § € Py choose a
homotopy é, € Py, u € [0, 1], which connects 8o with &, = 8. Set A(u,t) =
6u(t) for (u,t) € [0,1] x [0,1]. Define now the action

As, (6) = / A'w .
[0.1]x(0,1]

We will omit &y in the notation for the action when the choice of the base
path is clear or irrelevant.

The property O; ensures that As,(6) does not depend on the choice of
the homotopy A (but it does depend on the choice of the path &).

Critical points of the functional As, are constant paths corresponding
to the intersection points of Ly and L;. In order to count their number
we need to define (and compute) Floer homology groups for the action
functional As,.
3.5 Gradient flow. Choose an admissible almost complex structure J on
V. This choice allows us to define a quasi-Kahlerian metric on V:

g(v,w) = w(v, Jw) , v,weT,(V), z€V.

Given a family J*, t € [0,1], of admissible almost complex structures,
we can define a metric on the path space P(Lg, L;) by the formula

1
lloll? =/0 w(v, J'o)dt, v eTsP(Lo,L1) , 6 € P(Lo, L) -

The gradient of the symplectic action As, with respect to this metric on
P(Lg, L) is given by .
grad Ag, (6) = —J% .
Thus a gradient flow line is a smooth map u : R x [0,1] — V which
satisfies the partial differential equation
Ju . Ou
— . — T 1
55 T (W 5 =0 M
with boundary conditions
u(s,0)€ Ly, u(s,1)eL;forseR. (2)
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When J* = J then this is just the usual Cauchy-Riemann equations and,
therefore, the gradient line u is a J-holomorphic curve in V' with boundary
in Lo U L]_.

In the general case the gradient trajectories of the action functional can
also be interpreted as holomorphic curves but in an auxiliary manifold, and
not in the manifold V itself (comp., for instance, [Gr], [F3] and [SZ]).

3.6 Energy. Given a solution u : R x [0,1] — V of (1) and (2), the
symplectic area | p u*w will be denoted by E(u) and called the energy of
the solution u. When J! = J then the energy E(u) coincides with the area
of the J-holomorphic curve u computed in terms of the almost Kahlerian
metric
g(u,v) = w(u, Jv) .

The following proposition is standard in Floer homology theory (cf. [F1}])
and me omit its proof here.

THEOREM 3.6.1. Suppose that Ly and L, intersect transversally and J*
is a family of admissible almost complex structures. Let u be a solution of
(1) and (2) with E(u) < co. Then there exist the limits

t_lé:rhnco u(s, t) = ¥, st elonL; .

We will call such a u a connecting orbit between the two critical points z+
and z~ of the action functional As,. The definition of the action functional
implies that

B(u) = As,(z%) = Agy (z7) .

If Jt = J then a solution u of (1) and (2) of finite energy can be viewed
as a J-holomorphic disc with boundary in Ly U L; passing through two
points z¥ e LoN L.

A Floer complex can be defined now as usual by counting the connecting
orbits when the relative Morse index is 1.

The crucial point for the construction of the theory is the following
compactness theorem for the solutions of (1) and (2) with bounded energy.
The proof will be given in §3.9.

THEOREM 3.6.2. Assume that the contact manifold (M,(), its pre-
Lagrangian submanifold Ay and a Legendrian submanifold A, satisfy the
hypotheses O; and Q2. Let J', t € [0,1], be a family of admissible almost
complex structures on the symplectization V. Then for every ¢ > 0 the
space

M = M (L, Ly; J*)

of all smooth solutions u of the boundary value problem (1) and (2) which
satisfy the energy bound
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E(u)<c

is compact (with respect to the topology of uniform convergence with all
derivatives on compact sets).

We will need also a slightly stronger Theorem 3.6.3.

THEOREM 3.6.3. Suppose that a sequence J., t € [0,1], n = 1,..., of
families of admissible almost complex structures on V interpolates between
two families of admissible structures (J')! and J'. Then given a sequence
u, € M®(Loy,Ly,J.), n = 1,..., one can find a subsequence which con-
verges, uniformly on compact sets, to a solution u € M¢(Lg, Ly, J%).

Remark 3.6.4: Theorem 3.6.3 holds even in a stronger form: it is sufficient
to require that the sequence J! converges to J* uniformly on compact sets.
However we will not need this stronger version in this paper.

Notice that the condition O; prohibits bubbling-off of the solutions at
boundary points while the bubbling-off at interior points is impossible be-
cause the symplectic manifold (V,w) is exact.

Thus, if we knew & priori that all the solutions of (1) and (2) would take

values in a compact subset of V' then the above theorem would follow directly
from the usual compactness theory for Gromov’s pseudoholomorphic curves
(cf. [Gr] or [MS]). Hence our goal is to prove this bound for solutions from
Me¢. The main ingredient to the proof is a rescaling trick which was first
applied by Hofer in [H].
3.7 Floer homology. Suppose that (M,(), Ao and A; satisfy the con-
ditions O; — Oz. Let (V,w), Ly, Ly be their symplectic counterparts and
J* a family of admissible almost complex structures. Pick an admissible
component Py C P(Ag, A1) and a path 6y € Py. Let 8y be a lift of & to
the space P(Lg, L1). The component of & in P(Lyg, Ly) will be still denoted
by Po.

The Floer homology groups

HF*(A0>A1; Jt) = HF*(LOaLl; Jt) = HF*(LO’Llap07 Jt)

can roughly be described as the middle dimensional homology groups of the
path space Py C P(Lo,L1) (compare [Wi]). They are obtained from the
gradient flow of the symplectic action

.AZ’P()—*R

as in Floer’s original work on Lagrangian intersections in compact symplec-
tic manifolds [F1-3]. See also [O]. We summarize the main points of Floer’s

construction.
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Assume that Ag and A; (and hence Ly and L;) intersect transversally.
Then all the critical points of .4 are nondegenerate. Given two intersection
points 2% € Ly N L; denote by

M(z~,zt) = M(z7,zt, J)
the space of all solutions u : B — V of (1) and (2) with limits (3.6.1).
Linearizing the differential equation (1) gives rise to an operator
D, : WA (u*(TV)) = L¥(u*(TV)) .
Here W, (u*(TV)) denotes the Sobolev space of all vector fields Y (s,t) €
Ty(s,»)V along u which satisfy the boundary condition
Y(0,t) € Tyo,yLo, Y(1,t) € TyupLs .

The space L2(u*(T'V)) is defined similarly and D, is a Cauchy-Riemann op-
erator. This operator is Fredholm whenever Ly and L; intersect transver-
sally. Its index is a relative Maslov class and can be defined as follows.
Given u € M(z~,z%) choose a symplectic trivialization

®(s,t) : R*"*? Tuis,yV
of u*(T'V) such that

B(s,t)'w= dej A dy;
j=0
and there exist limits
Jim (s, t) = @ :R™2 LTV .

This gives rise to two Lagrangian paths in R?"+2:

Ao(t) = ®(0, t)—lTu(o,t)(L[))
and

() = (L, 8) Ty (L)) -
These paths are transverse at ¢t = *oo and therefore have a relative Maslov
index p(Ag, A1) (cf. [F1] and [RS1]). This index is independent of the choice
of the trivialization. The Fredholm index of D, agrees with this Maslov
index

INDEX Du = ,u,(u) = u(/\o, /\1)
whenever u satisfies the boundary condition (2) and the limit condition (3.6.1)
(cf. [F1] and [RS2]).

Now recall that not all the intersection points from Lo N L1, viewed as
constant paths, belong to the component Py. We denote by (Lo N L1)o the
subset of Ly N L; which consists of those intersection points which belong
to Py. The condition P implies:
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LEMMA 3.7.1. Ifz~ =zt € (Lo N Ly)o then p(u) = 0.

The previous lemma shows that there exists a map p : (Lo N Ly)o — Z
such that
INDEX D, = pu(z~) — p(zt)

whenever v and 6 satisfy (2) and (3.6.1). Now everything is as usual. A
family of admissible almost complex structures J*, t € [0, 1], is called regular
if the operator D, is onto for every u € M(z~,z*) and every pair of
intersection points 2% € Ly N Ly. By the Sard-Smale theorem the set

REG = REG(Lo, L1)

of regular J* is dense in the set of all admissible families.

The argument is as in [F2] or [SZ]. See also [FSH] for a detailed discussion
of transversality properties.
Remark 3.7.2: We need to consider families J* rather than individual J
just to ensure this genericity condition.

Now for every J' € REG the space M(z~,z%) is a finite dimensional

manifold with
dim M(z7,z*) = p(z7) - p(z™) .
If p(z~)—p(zt) = 1 then, by Theorem 3.6.2, the quotient space M(z~,z%)/R
consists of finitely many orbits and the numbers
ng(z”,zt) = #M(z7,z%)/R (mod 2)
determine the Floer chain complex as follows. The chain groups are defined
by
CFi=CFi(Lo,L1,Po)= Y Ixz).

z€(LoNLy)o
ps(x)=k

and the boundary operator d : CFy, — CFj_; is given by

dzy= Y mae,y)y)
u(y)=k-1
for £ € (Lo N Ly)o with u(z) = k. As in Floer’s original proof one uses

gluing techniques to prove that 8 0 @ = 0 (cf. [F3] and [SZ]).
The Floer homology groups are now defined as the homology of this chain

complex
HF,(Ly,Ly;J') = HF,(Lo,L1,Po; J?) := H,(CF,9) .

The Floer homology groups depend on the path component Py but when
the choice of the path component is clear from the context we shall drop Pp

from the notation.
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THEOREM 3.7.3. (i) For any two admissible families of almost complex
structures J*, (J')! € REG there is a natural isomorphism

HF (Lo,Ll,Po;Jt)—*HF (Lo,Ll,Po;(J')t)

(ii) For any J' € REG and any compactly supported Hamiltonian 1sotopy
g, t € [0, 1], there exists a natural isomorphism

HF,(Lq, L1,Po; J*) = HF, (0™ (Lo), Y1~ (L1), ¥ Po; J')

where ¥*Py C P(vho~(Lo),¥1 ' (L1)) denotes the component of the path
t s " (8(t)) for 6 € Po C P (Lo, L1).

(iii) For any symplectomorphism f : V' — V', which commutes at infinity
with the R-action, there exists a natural isomorphism

HF,(Lo,L1,Po; J') — HF,(f(Lo), f(L1), fPo; £ J?) .

Proof: Statement (iii) is obvious. The invariance under compactly sup-
ported change of the regular family J* is standard in Floer’s theory. To
prove the invariance under Hamiltonian isotopies of the Lagrangian sub-
manifolds Ly and L, it is convenient to introduce a Hamiltonian term in
the action functional A. Hence let H! = H**! : V — R be a smooth family
of compactly supported Hamiltonian functions with corresponding Hamil-
tonian vector fields X*. Then the critical points of the perturbed action
functional are solutions z : [0,1] — V of Z(¢) = X*(z(t)) with z(0) € Lo
and z(t) € L, and the gradient flow lines are solutions u : R x [0,1] — V of

dsu + JH(u)(Ou — X'(u)) =0 (3)
with the same boundary conditions u(s,0) € Lo and u(s,1) € Ly (compare
with equations (1) and (2)). This gives rise to Floer homology groups
HF,(Lo,Ly,Po; J', H') and as in the usual Floer theory one proves that
these groups are independent of J and H up to natural isomorphlsms. Now
let ¢, : V — V be a Hamiltonian isotopy generated by X* via £, = X*oyy
and define v(s,t) = Y7 (u(s,t)) where u is a solution of (3). Then, by a
simple calculation, we find that

v + ¢; I (v)Ov = 0
and v(s,0) € ¢ '(Lo), v(s,1) € ¥ (Ly). This shows that there is a natural
isomorphism
HF*(LO, Ll: PO) Jta Ht) - HF* ('(:b(;_l(LO), Tﬁl_l(Ll)a ¢*P0; ¢:Jt7 0)

Thus we have proved (ii) as well as (i) for compactly supported variations of
the almost complex structure. The only additional thing we need to check
is that the groups HF,(Lo,Ly;J') and HF.(Lg,Ly;(J')") are isomorphic
even when J* and (J')* differ at infinity.
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There exists a sequence J!, n = 1,..., of admissible almost complex
structures which interpolates between (J')! and J*. In view of Theorem 3.6.3
one can find a compact set K such that all connecting orbits for all J},
as well as for J*, are contained in K. If n is sufficiently large then J!
coincides with J* on K. Thus J! and J! have the same set of connect-
ing orbits, and therefore the Floer homology groups HF,(Lg,Ly;J') and
HF,(Lg,Ly;J}) coincide. On the other hand, J! coincides with (J')!
at infinity. Thus we have a canonical isomorphism between the groups
HF,(Ly,Ly;J*) and HF,(Lg, Ly;J!) in view of the argument above while
the groups HF,(Ly,Ly; J.) and HF, (Lo, L1;{J')!) are isomorphic accord-
ing to the conventional Floer theory. ]

Theorem 3.7.3 shows, in particular, that we can drop J! from the no-
tation of Floer homology groups and that the groups HF,(Lg, Ly, Py), also
denoted by HF, (Ao, A1,Py), are well defined even when Ag and A; are not
transversal. It should be noted, however, that these groups do depend on
the choice of the admissible path component Py.

3.8 Contact manifolds. Let us return now to the contact environment.
Theorem 3.7.3 implies

THEOREM 3.8.1. Suppose that the contact manifold (M), the pre-
Lagrangian submanifold Ay, the Legendrian submanifold A,, and the path
component Py C P(Ao, A1) satisfy the conditions O; and Op. Then the
groups

HF,(Ao, A1, Po)

are well defined and invariant under Legendrian isotopy of the submanifold
A1 as well as under a contactomorphism f : M — M, i.e.

HFE,(f(Ao), f(A1), fPo) = HF.(Ao, A1, Po) .

Theorem 3.8.1 has the following standard application for counting the
number of intersection points #Ag N Ay = #Lo N L;.

THEOREM 3.8.2. Let Ag, Ay, and Py be as in Theorem 3.8.1. Suppose
that Ay and A, intersect transversally. Then

#AO N Al 2 #(Ao N A1)0 Z rankHF*(Ao, Al,Po) .
In particular, if all path components are admissible, then
#M0 N Ay > ) rankHF, (Ao, A1, Po) -
Po

We have to impose an additional restriction on A; and Ag in order to
be able to compute Floer homology groups HF,(Ag, A1).
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THEOREM 3.8.3. Suppose that in addition to the assumptions of Theo-
rem 3.8.2 we have Ay C Ag. Then there is a natural isomorphism

HF*(AO’ A17P0) - H*(Ah 2/2)
where Py denotes the component of the space of constant paths. In partic-
ular,

#Ao N AI1 _>_ ra.nk(H*(Al; 1/2))
for any Legendrian submanifold A| which is Legendrian isotopic to Ay and
transverse to Ap.

Proof: As has already been mentioned (see 2.5.3), a neighborhood U of
the Legendrian submanifold A; in M is contactomorphic to a neighborhood
of the O-section in the 1-jet space J'(A;). This contactomorphism moves
Ao N U onto the 0-wall W, i.e. the space of 1-jets of functions with 0 dif-
ferential. Thus a Legendrian submanifold A}, which is C'-close to A, and
transverse to W, corresponds to a Morse function ¢ : A; — R so that the
intersection points of Ap and A} are in one-to-one correspondence with the
critical points of the function ¢. One can explicitly choose a metric on A;
and an admissible almost complex structure J on the symplectization of M
in such a way that the connecting orbits of the action functional would be in
one-to-one correspondence with the gradient trajectories of the function ¢
connecting the corresponding critical points of this function. This identifies
the Floer chain complex CF,(Ag, A}) with the Morse chain complex for the
function ¢ (cf. [Sc]) and thus defines a canonical isomorphism between the
groups HF,(Ag,A;) and H,(A;1;Z/2). See [P] for a detailed proof (in the
general case of clean Lagrangian intersections). o
Proof of Theorems 2.5.1 and 2.5.4: We already verified in 3.2 the condi-
tions O; and O in the situation of 2.5.1 and 2.5.4. Thus both statement
follow from Theorem 3.8.3. D

3.9 Compactness. To clarify the main ideas of the proof we will assume
in this section that all considered families of almost complex structures are
constant. Thus the solutions of (1) and (2) can be treated as holomorphic
curves for the corresponding almost complex structures. The general case,
when the almost complex structures may depend on the parameter ¢, is
similar, but less geometrically transparent.

As it was mentioned in Section 3.6 a solution u : B =R x [0,1] - V
from M®(Lo,L;,J) can be equivalently viewed as a J-holomorphic disc in
V with boundary in Ly U L. We will employ both points of view.

The Theorem 3.6.3 is an immediate corollary of the following

THEOREM 3.9.1. Suppose that a contact manifold (M, (), a pre-Lagrangian
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submanifold A¢ C M and a Legendrian submanifold A, C M satisfy the
conditions Oy and Oa. Let (V,w),L, and Lo be the symplectization of
(M, (), A1 and a Lagrangian lift of Ag, respectively. Let J,, n=1,..., bea
sequence of admissible almost complex structures on V which interpolates
between two admissible almost complex structures J' and J. Let u, : B =
R x [0,1] —» V,n = 1,..., be a sequence of J,-holomorphic curves from
M¢(Ly, L1,J,). Then all discs A,, = u,(B) are contained in a common
compact set K C V.

Proof: Set Jo = J', Joo = J. As in 3.3 we will consider the almost complex
structures J,J' and J,, n = 0,...,00, as defined on the product M x R so
that the following conditions are satisfied:

— there exists an integer d > 0 such that J,J' are invariant under the
R-action (by translations) outside of M x [—d,d];

— there exists a constant N > 0 and an increasing sequence d,, — co such
that d; = d and for all n < oo we have J, = J on M X [~d,,dy], J, = J'
outside of M x [—(dn + N),d, + N], and the restrictions Jp|[(d,+ N),~da]
coincide up to translations for all n = 1,.. ;

— for each n = 0,...,00 the almost complex structure J,, is compatible
with the symplectic form w,, = d(exp 67n,0), Yn,6 € Cont(¢); Yn,0 = Yoo
for Igl < dy, Tn,8 = Y0 for lal > d, + N, and Tn,20+d, = Vm,t0td,, for
allm,n > 1 and § > 0;

— for each n = 0,...,00 and a € R the contact structure ¢ = {yn,o = 0}
on the level M, = M X a is invariant under J,, and J,, - 'a%l M, belongs
to the kernel of the form wy,,|ar, .

The last condition implies, in particular, that all levels M,, being coori-
ented by the vector field 2, are (pseudo)convex for each of the almost
complex structures J,,.

Without loss of generality we can also assume that Ly C M x (—d,d),
L; = A; x R. According to Sard’s theorem there exists a constant a, arbi-
trarily close to 1 such that u, are transversal to My, for all integers k and
all n > 1. To simplify the notation we will assume that a = 1.

Set Qup = M X [a,b].

First we observe

LeEMMA 3.9.2. All discs A, are contained in Q_o 4.

Proof: Suppose that a disc A,, intersects Q4 00. Then we have sup fou,, > d.
The maximum of the function 8|5, is achieved in a point p € A, because
un converges to x¥ at infinity, and, on the other hand, 6(z*) < d. Thus
a = 6(p) > d. The point p cannot be an interior point of A, because this
would contradict the pseudoconvexity of M, (maximum principle). Suppose
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that p € OA,. Let T be a vector tangent to A, at the point p. Then 7
is tangent to L; and, therefore, 7 € {;, C T(M,). By the assumption, ¢ is
Jn-invariant and hence we have J,, - 7 € (, C T,(M,). Therefore, the disc
A, is tangent to M, at the boundary point p. But this is again impossible
in view of pseudoconvexity of M, (strong maximum principle). o

Set @n = dp(Yn,g), n =0,...,00. Here dpys denotes the differential with
respect to the variable z € M. Thus for a point p = (z,a) € M x R we have

a_)an,(MxR) = eXP(—a)(dW)*(W|Tp(Ma))
where 7 is the projection M x R — M.

Denote by k, the plane field formed by kernels of the form @,. It is
generated by the vector field X = % and the vector field Y,, = J, - X.
Notice that Y, is tangent to the level-sets M, and Y, |, is proportional to
the Reeb vector field of the form ~,, 4.

LEMMA 3.9.3. For any J,-holomorphic curve v : C — M x R we have
v*@, = hexp(—6 o v)v*w,|c for a function h:C — [0,1] .
The function h vanishes only at singular points of v and the points of tan-

gency of the curve h(C) and the vector field X = .

Proof: Outside the branching points of v, the function & is the determinant

of the projection of v(C) to the contact distribution ¢ along the plane field

Kn. According to the choice of the J, this is an orthogonal projection which

is a pointwise complex linear map. Hence, 0 < h < 1 and A vanishes only

at the points where the vector field X is tangent to v(C). o
Observe also

LEMMA 3.9.4. Foreachn =1,...andi > d the domain C} = u;}(Q_ oo ;)
is a union of discs and the following inequality

0< / Upp < exp(i)/ upw, < cexp(i)
ci B

holds.

Proof: The first statement of the lemma follows from J,-convexity of the
levels M,, similarly to the proof of Lemma 3.9.2. Set P} = u;1(M_;) and
R = u7Y(L; NQeoo,—i). Thus 8C: = Pi U R!,. Taking into the account
that y,,6|z, = 0 we get

/ Up @y =/ UnTn,0 =/. UpYn,—i
c aci Pi

= exp(i)/C. Upwn < exp(i)/B unwn < cexp(i) . o
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Let u be a map B — V. A subdomain U C B is called a special domain
of level k for u if
— U is either a disc or annulus;
— uly is transversal to M_, UM__y;
— u(BU) CM_  UM_jp_1ULy, f(aU ﬂaB) C Ly
— uw(U)NM_; #0for j=k,k+1;
— u(U) C Qoo —d-
LEMMA 3.9.5. Let U be a special domain of level k for a J,-holomorphic
mapu: B — V. Then

/ u*w, < 2exp(d - k)/ u*wy < 2cexp(d — k) = Cy exp(—k) .
U B

Proof: Similarly to the proof of 3.9.4 set
P+=U—I(M_k) y P_—‘—‘U_I(M_k_]) s R=8U\(P+ UP_) .

Notice that f(R) C L; and thus (u*vy,¢)|r = 0. Thus, properly orienting
Py we get

0</u*wn=/ exp(—fo flu*y =
U U

= exp(—k) /P W Yook + exp(—k — 1) / Wk Ykt <
+

<2exp(-F) [ B, <
Ck

n

< 2exp(~k) / u*@, <
ci

< 2exp(d — k)/ u*w, < 2cexp(d—k) .
B
o
The following combinatorial lemma plays the crucial role in the proof of
Theorem 3.9.1.
LEMMA 3.9.6. Suppose that the sequence of J,,-holomorphic discsu,, : B —
V is not contained in any compact set. Then there exists a subsequence u,,,
k=1,..., and a sequence Gy, Gy C B, such that
o Gy, is special for uy,, ;
° Jg, Uni@ns T 0.
o Gy iIs either
a) on the level j, d < j < d,, or j > dn, + N, and is contained in

Q_(j+2),-i or o
b) on the level d,,, and is contained in Q—(dnk+N+1),—dn,,+1~
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Proof: According to the assumption, the holomorphic discs A,, are not con-
tained in any compact set. In view of Lemma 3.9.2 one can choose a subse-
quence un,, k = 1,..., such that d,, > d+k+1 and A,, ﬂ M_p1-4#80.

Let d < i < d+ k. Set pp = —fou,, and By = C;, \ IntC}! =
{i < o < i+1}. Let B be a component of Bi which has non-empty
intersections with ;! (i) and ¢}, 1(z + 1). Then B is a disc, possibly with
several holes. One gets a saturation B of the domain B by filling either all of
these holes, or all but one in such a way that both intersections 8B N5 1)
and 8B N ¢r (i + 1) are still non-empty. Notice that B is a special domain
of level ¢ for the map uy, .

For each k > 1 we can find a sequence of these special domains Ei,
j=d,...,d+ k, such that Efc is on the level j and Intﬁi n Intﬁ,i = @ for
¢ # j. Notice that Uf:: Efc C CZ,. Thus according to 3.9.3 and 3.9.4 we
have

kt+d
/ Upy, Dy < /d uy,, @n, < cexp(d) =C1,
C

Bk

where all terms of the sum are positive. Hence, at least for some of the
domains B! we have J5i un @n, < Ch/k.

Now choose a specmlk domain Gy for u,, which has the smallest value of
ka u},, @n, among all special domains on levels j € [d, d,, —1]U[dn, +N, c0).
Then we have [, u; @n, < Ci/k. Let j = j(k) be the level of Gi. In
all cases we have Gx N M_;4; = § in view of 3.9.4. If j(k) < dj,, or
j(k) > dn, + N then u,, (Gi) does not intersect M_;_, because otherwise
we could choose a smaller special domain. By the same reason if j(k) =
d,, then up,(Gy) does not intersect M_q, ~N-1 and thus u,, (Gk) C
Q(du, +N+1),~du, - a

Now we apply the trick from [H]. Passing, if necessary, to a subsequence,
we can think that all domains G were chosen either on the level

(*) .7 < dk? or

(%) j2de + N or
(xx %) j(k) =

Let us denote by J",w” and &"” the almost complex structure
Jolo_a,_n_1,_a, and the forms WnlQ g, _No1.—an> PnlQ_a, _n_1,—a, s TESDEC-
tively, ‘translated by the R-action to the domain Q@ = Q_4_n_1,-a. Set
B = Weo, B = Woo in the case (x), p = wp, i = Wo in the case (**) and
u=&", i =" in the case (* * ). Set also J = J in the case (%), J=J
in the case (%) and J = J" in the case (% x ¥). Notice that J”,w” and
@" coincide on Q_g—1,—q With J = Ju,we and @o, respectively. Let us
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translate now holomorphic maps u,, : Gx — V to the same common level

d. Thus we get a sequence of maps @,, : Gr — 2 such that

— each #,, is holomorphic with respect to the almost complex structure
J;

— Ja, ﬁ:‘*ﬁkjoo =0.

We also have
/ iy, i = exp (j(k)) f Uy, Wny
G G

and in combination with Lemma 3.9.5 we get

/ ﬁ,‘;k,u <2C; .
Gy

Let us consider all maps @, as being parametrized by the same unit disc
A or a fixed annulus A (with a variable conformal structure). The sequence
viewed this way will still be denoted by iy, .

We are now in a position to apply Gromov’s compactness theorem (see
(Grl).
LEMMA 3.9.7. There exists a subsequence of the sequence u,, which con-
verges uniformly on compact sets to a non-constant J- -holomorphic curve
Uoo- The set of boundary values of the map i, is contained in Ly UM_4U
M_4_; and it is smooth at the boundary points which are maped into L;.

This lemma is a standard application of Gromov’s theory (see [L] for
the statement about the set of boundary values) for the case when the se-
quence i,, is defined on the disc A, and would be for the case when it
is defined on the annuli if we knew & priori that conformal moduli of the
annuli were bounded. This is actually the case in our situation (see [La] for
the proof). However, even without this knowledge Gromov’s theory assures
the convergence to a holomorphic cusp-curve. In our case the cusp degener-
ation would imply the existence of non-constant J-holomorphic discs with
boundary values in M_4_1 U M_4. The next lemma shows, in particular,
that this is impossible.

LEMMA 3.9.8. Let B be either a disc or an annulus and us, : IntB — ) be
a non-constant J-holomorphic curve with (possibly empty) boundary such
that its boundary values are contained Ly "N M_4 U M_4_;. Suppose that
/. g Usofl = 0. Then uw(B) is a cylinder over an integral curve P C M of the
Reeb vector field of the contact form +o in the case (*+) and of the contact
form 7y in the cases (x) and (* * ). In other words,

Uoo(B) =P x(—d—1,-d) CIntQ_4_1 4 .

The curve P is either a closed orbit or an arc connecting two points from A;.
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Proof: According to Lemma 3.9.3 we have u’ i = hu’_p, where the func-
tion h takes values in [0, 1] and vanishes at the points where the vector field
X is tangent to %oo(B). Therefore the condition fgu ji = 0 implies that
h = 0 which means that u.(B) is a cylinder Px(—d—1,~d) C IntQ_q_1 4.
The form [ on Q_4_1,-q equals dvy, in the case (**) and dye in the cases
(%) and (xx*). Thus the vector field J - £ is proportional to the Reeb vector
field for the contact forms 79 or v, respectively. P is a closed orbit if B is
an annulus and P is an arc connecting two points of A; if Bisadisc. ©

Although Lemma 3.9.7 by itself does not provide any information about
the boundary smoothness, or even continuity of the map u, away from L,
we can conclude from 3.8.9 that the curve By, is smooth up to the boundary
and transversal to M_; and M_4_,. This implies that the (subsequence of
the) sequence i, converges to uo on the closed domain B. In particular,
the curve P X (—d) is a C*-limit of contractible loops in M_4 or arcs
representing the trivial element of w3 (M_4,A; X (—d)). Summarizing we
get that P C M is a trajectory of the Reeb vector field of one of the forms
Y0 OT Yeo. P is either a closed contractible trajectory or an arc with ends
on A; which represents the trivial class from 71 (M, A;). In both cases we
get a contradiction with the admissibility of the almost complex structures
Joo=Jor Jg=J.

This concludes the proof of Theorem 3.9.1.
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