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SPLINE APPROXIMATION FOR RETARDED SYSTEMS AND THE RICCATI
EQUATION*

F. KAPPELT AND D. SALAMON#

Abstract. The purpose of this paper is to introduce a new spline approximation scheme for retarded
functional differential equations. The special feature of this approximation scheme is that it preserves the
product space structure of retarded systems and approximates the adjoint semigroup in a strong sense.
These facts guarantee the convergence of the solution operators for the differential Riccati equation in a
strong sense. Numerical findings indicate a significant improvement in the convergence behaviour over both
the averaging and the previous spline approximation scheme.
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1. Introduction. In this paper we introduce a new spline approximation scheme
for linear time invariant retarded functional differential equations (RFDEs) and estab-
lish a number of convergence results. In particular we show that the approximate
feedback law and the solution of the operator Riccati equation, associated with the
linear quadratic control problem for this class of systems, converge in the uniform
operator topology.

The first step of the general approach is to transform the RFDE

(1.1) x(t) = Lx,+ Byu(t), y(t) = Cox(t)

into an abstract Cauchy problem of the form
d
(1.2) Ew(t)=.9¢w(t)+g3u(t), y(t) = 6=(1)

in the Hilbert space £ =R" x L’[—h, 0; R"], h > 0, where  is the infinitesimal generator
of the strongly continuous semigroup ¥(t) which is associated with the uncontrolled
delay equation. For systems of the form (1.2) there exists a general theory of the linear
quadratic control problem of minimizing the cost functional

(1.3) J(u) =((T), %(T))+L [y (O +lu()* dt

(see e.g. [9], [14], [19]). The optimal control can be characterized as a feedback law
which is determined by an operator satisfying the differential Riccati equation (in the
case T <0), respectively, the algebraic Riccati equation (in the case T =00). These
operator Riccati equations involve both the original generator & and its adjoint operator
sA*. Therefore, in order to approximate the feedback law and the Riccati operator in
the strong operator topology, we have to approximate both semigroups ¥(t) and ¥*(¢)
in the strong operator topology (see [20]).
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For the approximation of the semigroups we use a Galerkin type scheme, i.e., we
define finite dimensional subspaces £~ of & and operators &~ on Z" which generate
semigroups ¥V (t) on Z™. The classical idea is to choose #" < dom & and define
AN =pNofp™, where p" is the orthogonal projection of & onto ™. Under appropriate
consistency and stability hypotheses the convergence of ¥™(t) to ¥(t) in the strong
operator topology follows.

These ideas have been used by Banks and Kappel [7] for the development of a
spline approximation scheme for RFDEs and have then been applied to problems of
optimal control and parameter identification e.g. in [3], [6], [8], [27]. In particular,
Kunisch [27] has established weak convergence results for the solution operators of
the differential Riccati equations. Numerical findings in [8] indicate that these operators
indeed do not converge strongly for the spline scheme developed in [7]. The main
reason for this seems to be that the subspace Z” in [7] has been chosen to be contained
in the domain of & which is different from the domain of &/*.

In order to overcome this unequal treatment of ¥(¢) and ¥*(t), our idea was to
enlarge the subspace 2" such that it is neither contained in dom & nor in dom /¥,
but contains sufficiently many elements of both domains. Of course, in this situation
the approximating operators can no longer be defined by #™ = p™afp™ but have to
be defined directly instead (for details see § 5.1). As a result we are able to establish
the desired convergence of the solution operators of the Riccati equation in the uniform
operator topology for the finite time horizon problem. Despite the fact that in the case
of the infinite time horizon problem our scheme always did converge numerically, we
were not able to prove this convergence following the approach presented in [20]. The
reason is that we do not have the uniform (with respect to N) exponential stability of
the approximating semigroups for our scheme (compare the remarks at the end of
§ 5.3). In this respect the spline approximation scheme differs from the averaging
approximation scheme in [4] for which the uniform exponential stability property has
been established in [38].

In two preliminary sections we collect some basic facts from the state space and
control theory for retarded systems (§ 2) and give a short survey on the theory of the
linear quadratic optimal control problem for abstract systems in Hilbert space and for
RFDEs (§ 3). In § 4.1 we present a general approximation scheme for abstract Cauchy
problems in Banach space. In § 4.2 we consider the problem of approximating the
feedback law for the finite time horizon problem following the approach given by
Gibson in [20].

The main part of this paper is § 5, where we develop a special spline scheme and
prove convergence results along the general ideas given in §§ 4.1 and 4.2. We also give
the explicit formulae for the matrices which are necessary for the implementation of
our scheme. This scheme has remarkable qualitative properties which will be published
elsewhere.

Finally, in § 6 we present some of the many numerical calculations in order to
demonstrate the good behaviour of our scheme and the advantage it offers over both
the averaging approximation scheme [4], [20] and the spline scheme in [7], [8].

2. State space theory for linear hereditary control systems.
2.1. Linear hereditary control systems. We consider the linear hereditary control
system

(2.1a) x(t) = Lx,+ Byu(t), t=0,
(2.1b) y(t) = Cox(1),
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where x(t) eR"”, u(t) eR’, y(t) e R™ and x, is defined by x,(s) = x(t+s) for —h=5=0,
h> 0. Correspondingly B, and C, are real matrices of appropriate dimensions and L
is a bounded linear functional C(—h, 0; R") >R" given by

0
Lo = i Aj‘f’(—hj)""[ Ao(T)p(7) d, ¢ C(—h,0;R"),
=0 -h

where 0=ho<---<h,=h and A;eR"™", j=0,---,p, as well as Ay(:)e
L*(—h,0; R"*"). A solution of (2.1a) is a function x(-)e L%.(—h,o0; R") which is
absolutely continuous with L*-derivative on every compact interval [0, T], T> 0, and
satisfies (2.1a) for almost all ¢ = 0. It is well known that (2.1a) admits a unique solution
x(t) = x(t; ¢, u) for every input u(-)e L% (0, 00; R') and every initial condition

(2.2) x(0)=¢° x(r)=¢'(r), —h=7<0,

where ¢ =(¢° ¢')e M*=R"x L*(—h,0; R"). Moreover, x(-; ¢, u) depends con-
tinuously on ¢ and u on compact intervals, i.e., for any T >0 there exists a K >0
such that

sup |x(t; ¢, u)|= K(||¢" + ”u"Lz(O,T;R'))’

0=t=T

where [|¢ || = (|¢°F +|b"|72)"* for ¢ € M? (see e.g. [12], [18]). The fundamental solution
of (2.1a) will be denoted by X (¢) and is the nx n matrix valued solution of (2.1a)
which corresponds to u=0 and X(0) =1, X(7)=0 for —h = 7 <0. The Laplace trans-
form of X (-) is given by A7'(A), where

A(A)=AI=L(e*I)
P 0
=Al - Z Aj e—)‘hj _J‘ AO](T) e'\TdT, reC
j=0 —h

is the characteristic matrix of (2.1a). Again it is well known that the forced motion of
(2.1a) (in case ¢ =0) can be written as

t

(2.3) x(t; 0, u) =J X(t—1)Bou(7) dr, t=0.

0

2.2. Semigroups and state space description. Existence, uniqueness and continuous
dependence results for solutions of RFDEs motivate the definition of the state of
system (2.1) to be the pair

(24) w(t)=(x(1), x,) € M?,

which completely describes the past history of the solution at time ¢ = 0. The evolution
of this state is governed by the variation-of-constants formula

t

(2.5) w(t)=S(t)d>+J S(t—s)Bu(s) ds, t=0,

0

which is the infinite dimensional version of (2.3). The input operator B:R'> M? is
given by

Bu=(Byu,0)e M*>, ucR)

and the semigroup S(-) corresponds to the free motion of the system, i.e., S(t): M*~>
M?, t=0 is defined by

S(t)¢ =(x(t; $,0),x,(0,0)), 120, peM.
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The infinitesimal generator of S(-) is given by
dom A={¢peM?|p'e W'?, ¢°=¢"(0)},
Ap=(Lo', "),

where W'? denotes the Sobolev space W'*(—h, 0; R"). The function w(t) as defined
in (2.5) is a mild solution of the abstract system

w(t) = Aw(t)+ Bu(t),
y()=Cw(t), w(0)=¢.

The output operator C: M>~>R"™ is defined by Cp = Co¢°, ¢ € M.
The operator A* dual to A is explicitly given by (see e.g. [17]):

(2.6)

(2)

domA*={f€M2

p—1
i+ A;T]'O/\’[—f.,—;.,]e Wl’z,fl('“h)=A;f0},
j=1

j=

(2.7) [A*f1°=f'(0)+AJS°,
[A*f]'(r)= AoTl(T)fo“diT[fl(T)"'l_’g: AijOX[—h,—h,](T):I~

The characteristic function of an interval I is denoted by x;.

2.3. Stability, stabilizability and controllability. System (2.1) is said to be stable
if every solution x(t) of the free system (i.e. u(¢) = 0) tends to zero as ¢ goes to infinity.
Equivalently, the semigroup S(-) is exponentially stable, i.e.,

1
wo= %Lrg;ln S(¢)|| =sup{Re A|r€a(A)}<0

(see for instance [22]). The spectrum of A is given by o(A)={A e C|det A(A)=0}.
Note that o(A*)=0o(A).
The control system (2.1) is said to be stabilizable if there exists a control law

2.8) u(t)=K(x(1), x,)

= Kox(t)+ J K (7)x(t+ 1) dr,
—h

where KoeR™", K,(-)e L*(—h, 0; R™™"), such that the closed loop system (2.1), (2.8)
is stable. We have the following important characterization (see [33], [36]).

THEOREM 2.1. The following statements are equivalent:

(i) System (2.1) is stabilizable.

(ii) There exists a K € £(M* R") such that the operator A+ BK generates an
exponentially stable C,-semigroup.

(iii) rank [A(A), Bo]l=n for all A e C with Re A =0.

The dual result is the following (see e.g. [10] or [36], [37]):

THEOREM 2.2. The following statements are equivalent:

(i) There exists a He £(R™, M?) such that the operator A+ HC generates an
exponentially stable semigroup.

(ii) rank (°%’)=n for all A € C with Re A Z0.

System (2.1) is called detectable if the statements of the previous theorem are
satisfied. A detailed discussion of the duality relations between feedback stabilization
and dynamic observation in the product space framework can be found in [36].



1086 F. KAPPEL AND D. SALAMON

3. The linear quadratic control problem.
3.1. Control systems in Hilbert spaces. Let us first deal with general linear control
systems in Hilbert spaces Z, % and % described by

2(t) = Az(t)+ Bu(t), z(0) ==z,
y(t) = 6=(t).

We assume that B e (U, X), € L(Z, ¥) and that « is the infinitesimal generator
of a Cy-semigroup ¥(t) on &. System (3.1) will be understood in the sense of mild
solutions, i.e., the trajectories of the system are given by

(3.1)

3.2) w(t)=?(t)m0+JtS’(t-—s)%u(s) ds, t=0

for any zo€ & and any input u(-)e L}, (0, c0; ).
Let R: U~ U and 4:Z > & be selfadjoint linear operators satisfying

(, %)=0 forallzeX
and
(u, Ruyz e||u®* forallue U
with some & > 0. In this section we look at the control problem of minimizing the cost

functional
T

(33) J(u) =(2(T), G( T)>+J [l G(0)1*+Cu(t), Ru(1))] dt,

0
where =z(t) is given by (3.2) and T>0 is a fixed final time. For the proof of the
following result see [14] and [19].
THEOREM 3.1. For any xzo€ & there exists a unique control function i(-)e

L*(0, T; %) which minimizes the cost functional (3.3) under the constraint (3.2). The
optimal control is of feedback form and is given by

(3.4) a(t)=-RB*P()2(1), 120,

where z(t) is the mild solution of the Cauchy problem z = (s — BR ' B*P(t))z, z(0) =
@g, and t > P(t) e L(Z) is the unique operator valued function on [0, T] with the following
properties:

(i) (1) is positive semidefinite for every te[0, T].

(ii) The function t > P(t)z is continuous on [0, T] for every =z € Z, and satisfies the
Riccati integral equation

P)e=F(T—t)4S(T—t)=
(3.5) +J' FHr—t)[€*C—P(T)BR'B*P(7)]¥(7— t)z dr,

0=t=T, zeZ.
Moreover, the optimal cost is given by
J (@) = (2o, P(0)q)-

In [19] it is also shown that 2{(t) satisfies
T

(3.6) g’(t)x=.?*(T—t)‘.€<I>(T,t)x+J PH(r—1)6*CD(r, )z dt, 0=t=T, zcZ

t
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where ®(7, t) is the evolution operator given by
3.7) O(7, )z=F(r—t)z— I P(r—0)BR'B*P(0)P (0, t)2 do,
t

0

IA
IA
iA

t=7=T, zeZ.

Let us now consider the problem of minimizing the cost functional
(3.8) J(u) =J [16=(D)I>+(u(2), Ru(1))] dt,
0

where again =(t) is given by (3.2). For this situation the following result has been
proved (see [14], [15], [41]; further references can be found in the survey paper [9]):

THEOREM 3.2. (a) The following statements are equivalent:

(i) For any z € X there exists an input u(-) € L*(0, c0; AU) such that the correspond-
ing cost J(u) given by (3.8) and (3.2) is finite.

(ii) There exists a positive semidefinite operator P € L(¥) satisfying the algebraic
Riccati operator equation

(3.9) (dy, Pz)+(Py, dz)+(Cy, Cz)—( Py, BR ' B*Pz)=0

for all z, y e dom A.
(b) If the statements under (a) are valid, then there exists a unique optimal control
(t) which is given by the feedback law

(3.10) i(t)=—-R'B*Pz(1), t=0,

where z(t) is the mild solution of the Cauchy problem z = (s{ — BR ' B*P)z, 2(0) = z,,
and P is the minimal solution of (3.9). Moreover, the optimal cost is given by

](ﬁ) = (ﬁo, g)$0>'

(c) Suppose that the statements under (a) are satisfied and let P be the minimal
positive semidefinite solution of (3.9). Moreover, let ?(t), 0=t = T, be the unique positive
semidefinite solution of (3.5) with §=0. Then P is the strong limit of Pr(0) as T goes
to infinity.

(d) Suppose that there exists some ¥ € L(¥, &) such that the operator s+ HE€
generates an exponentially stable semigroup. Then there exists at most one positive
semidefinite solution of (3.9). Moreover, if such a solution exists, then the closed loop
semigroup generated by s{ — BR ' B*P is exponentially stable.

3.2. Applications to hereditary systems. Let us first apply Theorem 3.1 to system
(X) which is associated to system (2.1) in terms of the state concept introduced in § 2.
The cost functional for system (2.1) is assumed to be

(3.1 J(u)=x(T; ¢, u)"Gox(T; ¢, u)

T
+[ s g+ a0 R0
0

where ReR™' is positive definite and G,eR"*" is positive semidefinite. If the
operator G: M>-> M? is defined by G¢ = (Go¢°, 0), ¢ € M, then the cost functional
for system (X) is given by (3.3) (with ¥ =G, € = C and & = R, of course). According
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to Theorem 3.1 there exists a unique, positive semidefinite, strongly continuous family
I1(-) of operators in £(M?) which satisfies the Riccati integral equation

()¢ =S*¥(T-t)GS(T—1t)¢
T
(3.12) +J S*(r—t)[C*C —II(7) BR'B*II(7)]1S(r—t)¢ dr,

peM?* 0=t=T

Let us now look at the structure of the operator II(¢). Due to the product space
structure of the state space M? we can write

Moo(?) Hm(’))
Mo(t) (1))’

where I1y(¢) is a selfadjoint operator R” - R" which can be represented by a symmetric
matrix and IT,,(¢) is a selfadjoint operator L>- L”. The operator IT,,(¢) can be represen-
ted by a matrix-valued function II,o(t,-)e L*(—h,0; R™"). The adjoint operator
o, (t) =T1%(t) from L*>R" is given by

H(t)=(

0
HOl(t)d):‘[_hH;rO(t’ 7)¢(7) dT, ¢GL2'

We are mainly interested in the matrices I1yo(¢) and I1,4(¢, 7), which determine the
optimal feedback law

0

(3.13) a(t)= —R“B(,T[noo(t)x(z)+J

—h

M5, )x(t+71) dr]

for system (2.1). Recall that B* maps ¢ € M? to Bl ¢°cR’".

For the rest of this section we assume that system (2.1) is stabilizable and detectable,
so that system (Z) satisfies the assumptions of Theorem 3.2. Hence there exists a
positive semi-definite operator ITe £(M?) satisfying the algebraic Riccati equation

(3.14) A*1¢ +11A¢ —IIBR'B*II¢+ C*Co =0,

¢ € dom A. The equation can be written in this form since every solution ? of (3.9)
maps dom & into dom ¥, i.e.,

(3.15) range [I< dom A*,
Again the operator II can be written in block form
I-I - (HOO HOI)’
I, Iy
where Iy, =I1% maps L? into R". Hence the optimal feedback law is of the form

u(t)=—R'B*I(x(t), x,)
(3.16)

0
= —R"‘B()T[Hoox(t) +I nh(r)x(t+17) dT].
—~h
Finally note that the closed loop system (2.1), (3.16) is stable (Theorem 3.2).

4. A general approximation scheme.

4.1. Approximation of the state. In this section we present a general approximation
scheme for linear abstract Cauchy problems restricting ourselves to a situation which
is of sufficient generality for our purposes.
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Let Z be a real Hilbert space with inner product (-, ) and corresponding norm
|- |- Furthermore let & be the infinitesimal generator of the C,-semigroup ¥(t), t =0,
on . It is a fundamental result that there exists constants M =1 and w € R such that

|£(0)|| = Me*", t=0.

In order to approximate the trajectories F(t)zo, o€ &, it is a standard idea to
choose a sequence {#"} of finite dimensional subspaces of & with corresponding
orthogonal projections

pN x>, N=1,2,---,
and to define (in an appropriate way) a sequence {&/™} of linear operators
AN N >N, N=1,2,---.
With &~ and z,€ £ we associate the Cauchy problem
2N =AN2N(1), =0,

(4.1) N N

z" (0)=p 2o
on Z". We extend the definition of #/" to all of £ by " z= 4 p™z and define the
C,-semigroup ¥ (t), t=0, on Z by

9’N(t)$o=e”«~'wo=edN‘pNxo-*-zo—pNxo, t=0, z,eZ.

The following hypotheses will be used in order to guarantee the desired conver-
gence N (t)pNzo-> L (t)zo:

(H1) limpy,o pNz=2 for all ze Z.

(H2) There exists constants M =1 and & eR such that

N ()] = Me® ||

forall t=0, ze¥" and N=1,2,- - -.
(H3) There exists a dense subset D < dom & which is invariant with respect to
F(t), t=0, such that
(i) limnoeo #"pNz= oAz for all ze D, and
(ii) for any =€ D there exists a function m(-, z) € L},.(0, c; R) such that

| NpNF ()| = m(t; z) a.e.on[0,0)

for all N.
Hypothesis (H2) is equivalent to
(H2*) For any N there exists a norm |- |y on &~ such that
(i) For some constant M =1

lz| = llellv=Mlel, 2eZ, N=1,2,---, and

(ii) for some constant @ €R all operators &~ — @I are dissipative on
(@1 In) G (N —pD)z|n Z (u — &) || N for € X, p> 6 or,
in case (2", ||:||~) is a Hilbert space with inner product (-, )n,
(ANz, 2)n = 6 ||2||% for z€ ZV; cf. [32, Thm. 4.2], [30, p. 244]).
The equivalence of (H2) and (H2*) follows from the well-known relation between
exponential estimates for a semigroup and dissipativity properties of its generator (cf.,
for instance, [32, Thm. 4.3]).
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THEOREM 4.1. Let (H1)-(H3) be satisfied for the sequences ™, p~, 4N, N =1,
2,---. Then for all zoe &

(4.2) lim e pNay= P ()2
uniformly for t in bounded intervals.
Proof. If zyc dom o then d/dt F(t)zy,= AF(t)z,. This together with (4.1) implies

t
F ()= LN ()p zo=FN ()@= p o] + J FN(t=1) (A~ AN )F (1), dr,
(V]
zoedom of, 0=t=T. Let xzo€ D. Using (H2), we immediately get
T
0

for 0=¢=T. Then (4.2) follows from (H1), (H3) and Lebesgue’s dominated conver-
gence theorem. Note that ¥(7)z,€ D for 7€[0, T]. A density argument using (H2)
completes the proof. [

The methods in the proof of the previous theorem are well known in connection
with numerical approximation of partial differential equations (see for instance the
proof of the Lax-Richtmyer equivalence theorem in [21]). For delay equations this
approach appears for the first time in [3], [6] and has later on been used in [24]. We
equally well could have used the Trotter-Kato theorem [32].

Next we consider the nonhomogeneous problem

(4.3a) z(t) = dz(t) + Bu(t), t=s,
(4.3b) w(s) =zy€ .%,
where ue L% (s,00;R") and % is a linear operator R' > Z. The unique mild solution

z(t) =x(t; s, 9, u) of (4.3) is given by

t

(4.4) 2(1) = ?(t—s)m0+j P(t—7)Bu(r)dr, 1=s.

s

In addition to the approximating sequence ", p~, «™, N=1,2, - - - , introduced
above let us assume that 8", N=1,2,---, is a sequence of corresponding input
operators R' > #™. Then we consider the approximating systems

(4.5a) 2N () =A NN () + BNu(t), t=s,
(4.5b) $N(s) =PN2>0, zo€ X,
on &N with the unique solution 2™ (t) =2"(t; s, p™z,, u) given by

(4.6) mN(t)=9’N(t—s)pN:v0+J"SPN(t—T)%Nu(T) dr, t=s,

s

where $N(t): 2> Z is defined as above.
THEOREM 4.2. Assume that $N(-), N=1,2, -+, and ¥(+) are Cy-semigroups on
& such that for constants M =1, w eR

PN ()| = Me*, t=0, N=1,2,---,
and for all zoe ¥
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uniformly on bounded t-intervals. Furthermore assume that

lim BNE=RBE forallécR

Then for all z,€ &, T>0 and y>0

lim 2™ (t; s, pNao, u) =2(t; 5, 20, u)
N>
uniformly for 0=s=t= T and for ue L(s, T; R") with |u| 2. 1ry= 7
We omit the proof of this result since it is only a slight modification of that given
in [4] for a very similar result.
It is clear that in this section without any changes & could have been a real Banach
space.

4.2. Approximation of the feedback law in the optimal problem. We restrict our-
selves to the finite time control problem of minimizing the cost functional

(4.7) Jo(u) = (2(T), G( T)>+J [l 62O+ u(t) "Ru(1)] dt

associated with the Cauchy problem (4.3). We assume that the operators 4: 2~ &,
R:R'>R', €:%->R™ are defined as in § 3.1. As we have seen in that section (with
obvious modifications for the case when the initial time s is not necessarily zero), the
unique solution of this problem is given by the feedback law

(4.8) (1) =—R'B*P()P(¢, §)z0, s=t=T,

where P(t): Z - Z is the unique positive semidefinite solution of the Riccati differential
equation (3.5) and ®(¢, s) is given by (3.7).
Correspondingly, we consider the sequence of control problems of minimizing

(4.9) I3 (u)=("(T), %N(T)HJ =™ ()17 +u(1) Ru(1)] dt,

s

where z" (t) = 2" (t; s, p"zo, u) is the unique solution of (4.5). The optimal control is
given by the feedback law

al(1)=—-R"(BV)*PN()® (1, 5)p Nz
=—RY(BY*PN (DN (L, 5)zy, S=t=T,

where the strongly continuous, positive semidefinite operator ™ (¢): % - % and the
strongly continuous evolution operator ®™(t, s): 2> & are defined by the equations

PN()ze=FN(T-t)*pNgpNON(T, t)2

(4.10)

(4.11) .
+I FN(r=t)*pNE€*EpN N (1, t)2 dt, t=T,
and
dN(1, s)x=9’N(t—s)¢—I Nt —7)B R YBNY*PN(1)DPN (7, 5)2 dr,
(4.12) °

t=s
for z€ Z. It follows immediately from (4.11) and the fact that 2™ (¢) is selfadjoint that
(4.13) PNy =pNPN(t)pN, =T
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This in turn implies, by (4.12), that
(4.14) pNON(L, 5)=dN(t,5)pY, s=t=T

Note that these two facts justify the second equation in (4.12). Moreover, the optimal
cost of (4.9), (4.5) is given by

(4.15) J3(a) = (2o, P" (5)20)-

We remark that N (¢), regarded as an operator on Z", satisfies the following finite
dimensional Riccati differential equation

ditQ’N(t)+(a¢"’)*9’”(t)+9’N(t)‘sz¢N

(4.16) —PN()B RN BN PN (1) +pNEe*epN =0, =T,
PN(1)=p ™.

Obviously, the most interesting question is how the original system (4.3) behaves when
the optimal feedback control (4.8) is replaced by the approximate control law

(4.17) aN(t) = -2 (B 2N ()N (1, 5)ao,

where &V (t, s) denotes the corresponding closed loop evolution operator on & which
is defined by

BN (1, s)w=y(t—s)w—J" P(t—1)BRN BN PN (1)®N (7, 5)z dr

(4.18)
foreeXands=t=T.

All the desired convergence results are contained in the next theorem which is a
straight forward consequence of Theorems 6.1-6.3 in [20]. For the convenience of the
reader we present the main ideas of the proof.

THEOREM 4.3. Let us assume that

(i) There exist constants M =1, w €R such that

[N ()| =M e, t=0, N=1,2,---;
(ii) For every 2e &

I!lim PN(t)pNz=L(t)2, I!lim FN()*pNe=L(t)*2

uniformly on [0, T];

(iii) Hmpoe BYE= BE for every £cR..
Then, for every zy€ Z,

() limyoew I3 (#)) = limy e Jo(8]) = 1, (),

(b) limp e @5 (1) = iMoo @7 (1) = (1),

(©) limnoew V(L $)zo=liMnow PV (1, $)zo= B(1, 5)z0,

(d) limy,eo @N(s)mo= P(s)zo
and the limits are uniform on the domain 0=s=t=T. If range 4 is finite dimensional,
then PN (s) converes to P(s) in the uniform operator topology, uniformly on the interval
[o, T1.
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Proof. Let us introduce the operators %,(t): L*(s, T;R") > %, 9,: %~ L*(s, T; R"),
R,: L*(s, T; R") > L(s, T; R") by defining

F(thu= Jt F(t—7)Bu(7) dr,

s
T

(4.19) Y= 9}(T)*‘.§9’(T—s):»+J’ F(7)*€* €S (7~ 5)z dT,

s

T

Ru = %(T)*@.%(T)u+‘[ F(7)*C€*CF (t)udr+ Ru

s

for ue L*(s, T; R') and =€ . Of course, Ru is defined by (Ru)(t) = Ru(t), s=t=T.
Then it is easy to see that the Fréchet derivative of J; with respect to u is given by
Ji(u) =2Ru+2Y,x,. Since the optimal control i, satisfies J(ii,) =0, this implies

(4.20) i, =-R,; ' bGz.
Analogously, we get
(4.21) 4y =—(RY) G p zo=~(RY) 4 2

where &Y, 4N, FV are defined as above with ¥(t), B, €, ¥ replaced by ¥V (1), B",
ép", pN9p", respectively. Combining these formulae with (3.7), (4.8) and (4.12),
(4.10), we get

(4.22) q)(t, s)x():y(t_s)wo_gs(t)%s_lgswo,
(4.23) DN (t, s)zo=FN(t—5)zo— FY ()N RY) "GN 2,

for every s€[0, T] and every te[s, T).
We have shown in Theorem 4.2 that %X (¢) converges to %,(t) in the uniform
operator topology, uniformly for 0= s == T. This implies that for every z€ &

(4.24) lim V2= %2

N-oo

uniformly on [0, T] and moreover |2 Y — R,|| - 0, also uniformly on [0, T]. Choosing
£ >0 such that ¢"R¢= ¢|¢) for £€R’, we obtain

I2Nulzelul, wuel’s T;R), N=1,2,---
and hence

(4.25) lim |(22) - A7 =0
uniformly on [0, T].
It follows immediately from (4.22)-(4.25) that ®™ (¢, 5) converges strongly to

®(t, s). By (4.11) and (3.6), this implies the strong convergence of the Riccati operators
PN (s) to P(s). Now the convergence result on @V (¢, 5) follows from the inequality

[®(t, )2~ N (4, 5)=|

= J |F(t=7)BR| (BN )*PN(7)— B*P(7)]1d(7, 5)| dr

+J |L(t—7)BR(BN)*PN ()| ”(i)N(T, 5)z—®(7, s)z| dr
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and Gronwall’s lemma. Thus we have established the statements (c) and (d). Statement
(b) follows from (c) and (d), since the control functions i, @i, u) are given by (4.10),
(4.12), (4.19) respectively. Statement (a) is an immediate consequence of (b) and (d),
since JN(al)=(zo, PN (s)zo) and J,(ii,)={(zo, P(s)zo). If range ¥ is finite
dimensional, then the convergence of 2" (s) in the uniform operator topology can be
established by analogous considerations as those in the proof of Theorem 4.2 (see [4]),
again by the use of (4.13) and (3.6). O

5. A special approximation scheme.

5.1. General ideas. In this section we present a general idea how to construct
special approximation schemes satisfying the assumptions of § 4.

Let the sequence X~, N=1,2, - - -, of subspaces of M? be defined by

p ky
N
b=Vat 3 ¥ Nay, a0, ayeR” }

i=1j=1

={¢>6M2

where the “basis elements” &', &}’ are given by

&' =(L0), &i=(0,¢;1),

ie, XV =R"xY" with YN =span (eI, - -, ep . I)= L*(—h,0; R"). It is clear that
dim X~ = (pky +1)n. We assume that
(5.1) e?l[_hi, —hi_))e Wl’z(“hi, —hi_1; R),

' el(r)=0 forrg[—h;, —h;_,).

Without restriction we may further assume that e ,’;’ is right-hand continuous on [—h, 0).
Because of the product space structure of the subspaces X" the orthogonal
projections p~ : M>-> XN are given by

pNo=(¢° mNop") forp=(9° ¢")e M?,
where 7" is the orthogonal projection L*(—h, 0; R")-> Y. We introduce
EN'—(eO sella. : 'aé\}l:lch)

and denote by a™(¢)=col (af, aly, - -, ap,)eR"P*~*D the coordinate vector of
an element ¢ € X", i.e

é=ENaN(¢), ¢pex™.
An easy calculation shows
(5.2) a™(pNp)=(Q™)'dN(¢), peM’,
where
d™(¢)=(E™, p)r=col (6°,(ell, 0u2, "+, (epin, B 012),
QY =(E™, EM)yp=diag (4 ®1L- -+, 4;'®1),

where g;¥ = (e}, €¥)12)jk=1,x, and I is the nx n identity matrix. For elements in
X" the inner product has the representation

(5.3) (6, I2=a"($)"Qa™(y), ¢ peX™
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Since for elements ¢ =(¢°, ¢')e X" in general ¢°#lim,;o ¢'(7) and ¢' may
have jumps of arbitrary size at the delay points —h;, it is clear that X" is not contained
in dom A nor in dom A*. However, the operators A and A* can formally be extended
to all of X" in the following way:

6o aer=aw+E asnt ] aunein s

[A9T'(r) =25 6'(2)+ 8(r)(¢°lim &'())
(5.5) .

+'% 828 (-h) - lim #'(7),

(5.6) [A*yT’ =lim y'(7) + ATy’

[A*9] (1) = AL g ()

W1(r) = AR -0 e

(57) +5 8(r(ATYO= g (=h)+ lim ¥'()

+8,(T)(A Y~y (=h))

for ¢, y € XN, where 8; denotes the Dirac delta impulse at —h;, i=0, - - -, p. Below
we shall introduce the operators A" and (A™)* by projecting these formal extensions
formally back into the subspace X™. Since jumps of the function components of
elements in X~ may occur at 7= —h,, we have two possible interpretations of 8, as
a functional on X ™, namely the evaluation of either the right-hand or the left-hand
limit at —h;. Correspondingly we introduce the following two types of approximate
delta impulses which can be obtained. We define

BN=EMY,  i=l-p,
SIL=EMNyY, i=0,---,p-1,
where
QMyit=col (0, eni(—hy), - - -, ep, (—hy)),
QMyi-=col (0, lim ef(), -, lim ep (7).
The following lemma describes the action of the approximating delta-impulses.
LEMMA 5.1. For any xeR" and ¢ € M*?
(8inx, e =x"(m"¢")(=h), i=1,---,p,
(8%, @)ae=xT lim (x"¢")(7),  i=0,---,p-1.

Proof. Using (5.2), (5.3) and the definition of 8%, we get
(80%x, $)a2=(E™ylix, pVb)n= (%) QN (p ")
=x7(0,efi(=h), - - -, epin(—h)) ™ (p™9)
=x"(7"¢")(=hy).

The proof for 8] is analogous. O



1096 F. KAPPEL AND D. SALAMON
The following definition of the operators A" is obtained by formally projecting

Ad as given by (5.4), (5.5) into X" and putting p8, =8}, i=0,---,p—1.
DEFINITION 5.2. For any ¢ =(¢°, ¢')e X" we define

0 d+
AN¢ = <A0¢0+ él Aid'(=h)+ J’_h Am(”‘)d’l("') dr, WN(E&d’l))
+8N(¢°~lim (1) + L 8X($'(~h) - lim 6'(r).

The adjoint operators (A™)* are given in
LEMMA 5.3. For any ¢ = (¢°, y') € X" the operator (AN)* is given by

(AN)*y = (ljpg YT+ Ay, w”(A&:/f"—%«/f‘))
+'Y SATY+ lim '(0) =y (—h)

+ 854 (Ap ¥ = ¢ (=h)).
Proof. By definition of the adjoint operator we get
(AN)* 4, @Ymz= (¢, AV rr2

= (l/fo)T[AonO"' él Ai¢1('hi)+ J'—h A01(T)¢1(T) dT]
1 _N _‘_i_+ 1 N (,0_1: 1 )
+<w 7 ( a® )>LZ+<w, 50-(¢°~1im 4 (7))

p—1
+ El (¥, 8:(¢' (—hy) ~ lim ¢ (T)n2

for any ¢ = (¢°, ¢"), y=(¢° ¢') in X™. By Lemma 5.1 we see
(¢, 53\,]—(¢°‘17i¥g ¢1(T)))M2=17i¥{)1 ¢1(T)T(¢°—lrigl ¢'(7)),

(W, 8(¢" (=)~ lim &' (T))pr
= lim ¢'(1)7(¢'(~h) = lim ¢'(7)), i=1,---,p-L.

Furthermore,

1 d* 1 _ 1d_+ 1 _ d ~hia _d_+ 1
<!l/ , w”(%qﬁ )>Lz—<4/ , d0¢ >L2_i§1 J—h,- ¢1(T)T(d0¢ )(7) dr

= £ [ lim 008 n) - ()6 (=h)
N d_+ 1 1
_<7T <d0¢ ),¢ >L2

('/JO)T J' . A01(T)¢1(7) dr =<A0T1¢O, ¢1>L2= (WN(AoTl*/’O), ¢1>L2-

and
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Altogether we have

(A9, @)ue=Tlim ' (r) + ATYTT6"
+'S TATYO+ lim 9'(5) = (—h)T$ ()
i=1 T —hy

d+
+[A,T¢°—«pl(—h)]f¢‘<—h>+<w”(A&¢°—%¢‘),¢‘> :
L

The result now follows using Lemma 5.1. [0

Note, that (A™)*y can formally be obtained by projecting A*¢ as given by (5.6),
(5.7) into X~ but now putting p8, =80, i=1, - - -, p. Without any additional assump-
tion we have the following.

LEMMA 5.4. Hypothesis (H2) is valid for the sequence AN, N =1, 2, - - - and therefore
also for the sequence (AN)*, N=1,2,--.

Proof. We introduce an equivalent inner product on M? by

0
(¢, ) = (") TY'+ J_h ¢ ()Y (1)g(r) dr, b, peM?,

where the weighting function g is right-hand continuous on [—h, 0) and
g(r)=p—-i+1 forre[—h,-h_,), i=1,---,p.
It is clear that the corresponding norm |- ||, on M? is equivalent to the original norm,

lel=lol.=vplel, deM

Since (¢°, ¢'g)e XN for any ¢ € X, we obtain from Lemma 5.1

(ON.x, p)g=(p—i)xT lTiF,},d"(T)s i=0,---,p—1,

for xeR" and ¢ € X ™. Using this equation and Definition 5.2, we get for ¢ € X~

T

(AN$, ¢, = [A0¢0+ il A’ (=h)+ J:h An(7)'(7) d‘r] ¢’

N ‘_i: 1) 1 > 0_ 1 1 T 1
+<1r (dod’ »bg) FrleT-lim (NI lim ¢ ()
YL (P08 (=h) - lim $'()]" lim #'(r).
Obviously 7™ (¢'g) = ¢'g and hence
N _‘ii 1) 1 > _<£ 1,1 >
<7T (d0¢ 9¢g LZ_ d0¢>¢g .2

p —hi_, R
,§1(p—i+1)f_h ¢'(7)7¢' (1) dr

=1 £ (p=i+ [ Jim 6" =16 (~h)P)
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Using this and several times the inequality aB =1a®+318> we get for ¢ € X"
p
(4%, 0),= (14 +1 £ 147+ 140l ) I3
1 2 2 0]2 2
+3 Z |p'(—h)+5 |¢| —‘11m|¢ ()l
p
+3 L (p-it+l) 71111,{1_ 6" (7)=1¢" (—=h)]
p
+3 ;2 (p—i+ 1)[|d>1(—h.-—1)|2“TTliT,f‘l_l (1)1

=olel}

with w = p/2+|Ag|+3¥7_, |AiJ>+ || Ao || 2. This proves (H2*) with |- ||x = ||+ || for all
N. Since [|SN ()| = ||SN(t)*|| the proof is finished. 0

In order to verify hypothesis (H3), we need additional assumptions concerning
the convergence properties of 7"¢', N=1,2, - - -, for ¢ in a suitably restricted subset
of M?. Observe, that we get from (5.1)

= 5 76 1 ~ho),

where 7} is the orthogonal projection L*(~h ;, —h;_;; R") > span (e}]’I, <o ep ). We
define the sets D and D* by

D={¢eM*|$°=3'(0), '€ W>(=h,0;R")},

o p-1
= {*/’ eM’ *//1("”) = A;!I/O, */’1 + '21 AdejoX[—hi,—hi_l) € Wl’z(—h, 0; R™),
j=

d+
and A(};'ljo_d_o ¢'1 € Wl’z(_hia _hi—l 5 Rn)’ i= 19 e ,P}-

Obviously, dom A*c D < dom A and dom (A*)*c D* c dom A*. Furthermore we put
k(N)=max (|85, - -, 18,70, 1871, - - -, 1851,

where |87, is the norm of 8} considered as an operator R” > M>. We impose the
following hypothesis:
(A) There exists a sequence p(N) with limy_« p(N) =0 such that for i=1,---,p

M A+ (NI =7t 1 =S
d .
+||;1;(f— D) =N

for all fe W>*(—h;, —h;_,; R"), and

(i) [f == flz=p(N)|fllw2
forall fe W'2(=h;, —h;_,; R").
LEMMA 5.5. Assume that (A) is satisfied. Then the following is true:
(a) Assumption (H1) is satisfied.
(b) Forany ¢ €D
|AYpNp — Adllp2= vop(N)|| ¢ w2 N=1,2,---,
where vy, is a constant independent of ¢ and N.
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(c) If in addition Agye€ WY (=h;, —h;_;; R™ "), i=1,- - - p, then for any ¢ € D*
[(AY)*p™g — A*y 2
p
=7vop(N) ;1 9 1 woa e mm + 1A i, mm)s
N=1,2,-- -, where again v, is a constant independent of ¢ and N.

Proof. (a) is obvious from (A). In order to prove (b), we put ¢ = 7"¢' and get,
using (2.6) and Definition 5.2, for ¢ € D

IA™P 6 — Ad a2

P .
= gl lAlI™ = &' =+ Anll 2l 6™ = &'l 2

+

Nit N_'1)N N i1y _ g1y,
o (G =d)| FIm -l

+83710° ~tim 6™ (7 + T 132 116™ (~h) - lim ¢ (7)
= 3 1AI10" = 8=+ [ An 216" - 8]

—+

d+ N 1 N/ g1 p1
ECART )“L;nw (6)-d'l
#1910 —tim oY1+, 187 (h) - ' h)+ . 180 - tim ™ (o

= [é:l )Ai|+(2P‘1)K(N)]"¢N _¢l"L°°

d* . .
HlAalle™ = ¢+ (6™ ""’l)”f =™ (6" = 'l

= 0PNl w2,

where in the last step we have used assumption (A). y, is an appropriately chosen
constant.
(c) Using (2.7), Lemma 5.3 and ¢ € D(A*), we get

[(AM)*pNy — A*y|a’= Iljgl N (m)—y'(0)]

R
+ w”(A$¢°—%5¢”)—A&w°+-d—¢‘

do

L2
+'S I8N IIAT "+ lim ™ (r) =y (=h)
i=1 TI—h
+8p: 1A ¢ =y (=h)|
=(1+Qp-Dx(N)[¢' =g | =

N T o__ﬂi 1)_( T o_£ 1)
+||7 (Am(// de‘/’ A dol//

L2

+

it 1_ N
5=

L2
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Under the given assumptions we have '€ W>*(=h;, —h;_,;R"),i=1, - - -, p. Therefore
we get from (A), (ii)

d* d*
(Aoﬂl/ 7 )-(Aaw—d—ew)

d0 “ Wl'z(—hg,—‘h.‘—ﬁRn)

L2

) 4
=p(N) .21 (IAG° | Wiy emry 1 w22 i)
and
P
”(AN)*PN'// —A*Y||m2= yop(N) Z_:l ("Agl(//()“ W2 (—hi—hi_1;R")

9 wernnimny)- o

It is clear that under the conditions of Lemma 5.5, hypothesis (H3), (i) is satisfied
for X", pN, AN, N=1,2,---, if we take D=dom A% and for X%, p~, (AV)*,
N=1,2,- -, if we take D =dom (A*)?. The next lemma establishes (H3), (ii).

LEMMA 5 6. Assume that (A) is satisfied.

(a) There exist constants M =1 and w €R such that for all ¢ € dom A*

|ANPNS(£)p|lpr=Me“'|d],, =0, N=1,2,---,

where ||, =||¢]|+[|Ad | +]A%¢ .
(b) If in addition Ag;€ W (—h;, —h;_;R"™"), i=1,- - -, p, then there exist con-
stants M*=1 and w € R such that for all y € dom (A*)*
[(AY)*pNS* () gllre= M* e”|yl}, 120, N=1,2,---,

where [y|3 = ||y|| +[|A*y | +[|(A*) ¢ .
Proof. (a) Since S(-) restricted to dom A is a Cy-semigroup on dom A” equipped
with the graph norm |:|,, we have

IS(t)pl,=Me“|pl,, 120, $edom A,

with some constants M =1, w € R. From

dkl dk
kg
o (122,25

k=1,2,---, ¢ cdom A¥, we see that
l¢'llw2=|¢l,,  ¢edomA”.

Therefore, for ¢ € dom A*
1(S()¢) [ w2=Me*|p,, 120

and by Lemma 5.5, (b)

IA~PYS(#) = | AS() ||+ [ ANpNS(1) — AS() |

=Me*'||Ad|+ yop(N)Me*'| ¢,
=M(1+y,p(N)) e”|¢|2, t=0, N=12,---
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(b) As in part (a) we have
IS*(D¢l5=Me“|yl¥, t=0, ¢edom(A*)%

Using (2.7), (A*)’y=(---, Aq(y'(0)+Aqy®)—d*/d6(AGy°—d"/doy')) and
d*/do(ALyY°—d*/dey') = AL y°— ¢ on the intervals [—h;, —h,_,), i=1, -, p, it is
not difficult to see that for a constant « = k(|| A2, ||[d*/d6Ay|2) the following
estimate is valid:

P
Zl 19 w22 n—n_mmy = k[ 915, ¢ € dom (A*)*,
iz

The rest of the proof is analogous to that for part (a) but now using Lemma 5.5, (¢). O

From Lemmas 5.4-5.6 it immediately follows that under the assumption specified
in these lemmas Theorem 4.1 applies to the sequences X ", p™, AN, (AN)* N =1, 2,
3, - -, defined in this section. The approximating control systems on X" are given
by (compare (4.5) and (4.9))

wN ()= AwN () + BNu(1),
M) yN()=CMwN(), =0,

w"(0)=pN¢, be M,
with the cost functional

T

(58) I (u)=(w™(T), GWN(T)>+J' [y ™ (O +u(r)"Ru()] dt,

0

where the input and output operators are given by
BNu=p~Bu=Bu, ueR’,
CNop=Cp"p=Co, peX™

As in § 3.2 we assume that R e R™' is positive definite, G, R"*" is positive semidefinite
and G: M?*-> M? is defined by G¢ = (G,¢°, 0). The Riccati operators corresponding
to (V) and (5.8) satisfy

oY) =p"I()™p", 0=t=T,
and (restricted to X )
d
EHN(t)+(AN)*IIN(t)+HN(t)AN
(5.9) ~IIV()BNR' BNV () +(CN)*CN =0, 0=t=T,
oNT) =G~

Here GV is the restriction of G to X"

It follows from the results of this section that Theorem 4.3 applies to system (V)
with (5.8). More precisely, we have the following theorem which may be considered
as the main result of this paper.

THEOREM 5.7. Let hypothesis (A) be satisfied and assume that Ag €
W' (=h;, —h;,_;R™") fori=1,- - - p. Then

lim 1) =11 (1) =0

uniformly for 0=t=T.
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Of course, also assertions (a)-(c) of Theorem 4.3 are true for system ("), (5.8)
and (2), (3.1) (or equivalently (2.1), (3.1)).

5.2. Matrix representations. For implementation of a scheme obtained along the
lines described in the previous section we have to compute matrix representations
[AY], [(AY)*], [BN], [C™] and [G™] of the operators A, (A™)*, BY, C™ and G¥,
respectlvely, with respect to the basis E™. How to compute the coordinate vector of
pN¢ for ¢ € M? has already been shown (see (5.2)).

Define the ky X kn-matrices b)Y, i=1,---,p,and g, i=1,---,p—1, by

hN = (< d+e”> hm el (7) eN( ))
z,_— im - a\7T im\T ’
! de r? -1 ! ILm=1,-kn

g;N = (711151. eﬁx,l(”') ei,m("'hi))z,m=1,~-,kN

and put

;Y:(AOl’e'?’I)Lz’ i=1a”';P’ j=],"',kN9

; -—(Ae (- h)+A,1, -.,Aiea’N(_hi)_*_Al{ZN)ERnxnkN’
1"",p,and

BN =col (hm eN(7)L, - - -, lim efy (7)I) e R™~*".
710

Furthermore, define the (pky +1)n x ( pky +1)n-matrix H" by

HN: (I) gl\@[ \l

0 o-—-_o g,, ®T h”®I
ProposITION 5.8. (a) [AN]=(Q")'H™N.
(b)  [(AM)*1=(Q™)'(H™"
() [BN]=col(B,,0, - -,0)eR"Pn*x!
(d  [CN]1=(GC,,0,: -+, 0)eR™"Pin*D),

Go 0 0
() [G"]= <|) (|> 0 |eRr(Phnrxnplyth),
00 0

Proof. [A"] is characterized by
a™(ANg)=[AV]aN(4), peX™.
On the other hand we get from (5.2) and ¢ = E Na™(¢)
a™(ANg) =(QN)'dN (ANg) =(QM) (EN, ANEMa N (4),
ie,

[AN]=(QN)WEN, ANEN).
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From Definition 5.2 we get

ANE) =(A,,0)+8],

d+
avey = (aesny+ag, = (Set))
—8f,- lim eff(r)+6[lef (=h),

i=l,.. "p—'l’j:l;.”akN, and

NaN N N N d+ N

ATé,; =<Apepj(—h)+A,,j,7r (-[-ifae,,j)>

—'81’1;]_1’_ TliI"ln ell;{('r), j= 1, Ty, kN'

1

d* d*
<e,!;', WN(E;e{;n)>L2 - <e5]’ _d_oe{:]m>1f’

Lemma 5.1 and (5.2) we obtain by straightforward calculation
(EN, ANENy=HN.
In order to prove the representation for [(A")*], we use (5.3) and get
a™(4)" QY [(AM)*1a™ (¢) =« (¢)TQNa ™ ((AN)*y)
=(¢, (AN ) =(A"¢, y)=a"(AV¢)"Q " (¢)
=a™($) (AT QY (y)=a"(¢)"(H") a™ (¢)

Observing

for all ¢, ye XV ie.,
[(AM)*]=(QM)'(H™).
For ucR' we have
a™(BNu) = a™((Bou, 0)) = (Q™)'d"™ ((Bou, 0))
= (QN)‘I COI (BOu’ Oa Y 0) =Col (BO, 09 T, O)U,
which proves the given form of [B™]. The proofs for [C™] and [G"] are
analogous. ]

It is obvious from Proposition 5.8 that [(AN)*]=(Q") '[AN]Q". Therefore we
do not get the standard Riccati matrix differential equation if we take everywhere in
(5.9) the matrix representations of the operators involved. In order to overcome this
difficulty we define
(5.10) 'N()=QN[MIN(T-1)], O=t=T,
and get from (5.9) the standard Riccati equation for I'V(¢)

d

E;FN=[AN]TFN+FN[AN]

(5.11) ~IN[BYIR'[BYT'TN +[CM]T[C™N], O0=t=T,
rN0)=[G"].

Note, that [(B™)*]=[B"™]", [((C™)*]=[C"]" and that IIV(¢)*=IIV(¢) implies

V)T =rN().
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Equation (5.11) can advantageously be solved using a method due to Casti and
Kailath (see for instance [35, pp. 304 ff.]) which we indicate here for p=1 and Ay, =0.
We define

W, = Ad Gy+ GoA— GoB,R™'BJ G+ CJIC,

and the 2n % (kx +1)n-matrices

FN—<W° 0 0 GOA,> FN—(I 0 0)
'\ ATG, o o ) 2 \o 0 I)
Then
t
FN(1)=[GN]+J LY(7)"LY(7) dr,
0
where

d
ELiN(t) =LY (([AN]-[BYIRT'[BNTTN (1)),

LY0)=FF, i=1,2
Note that this is a system of 4n’(ky+1) differential equations compared to the
n*(ky +1)? differential equations of system (5.11) (in case p=1, Ay; =0).

If in the optimal feedback law (3.13) for the delay system (2.1) we use I1"(t)
instead of II(t) we get the suboptimal controls (compare (4.17))

(5.12) aN(t)==-R7'B*IIN()pN(£N (1), £Y), 0=t=T,

where N (t) is the solution of (2.1) with u(t) = #™ (). We introduce the n x n-matrices
I (1), Iy (1), - - -, T (1) by

g (1) * x
(5.13) o) = l,—lﬂ(t)
I, (1) = *
and define
(5.14) Iy (e, 7) = Z Z ()7 ()

i=1j=1
for —h=7=0 and 0=t=T. Then the control law (5.12) takes the following form:
aN(1)==R7'[BY)TIIN(H)(QM)'aN ((£N (1), £1))
=—R7'(Bg,0, -, 0)[IIN(1)]"d™N ((£" (1), £"))

(5.15) = —-R“B()T{H(’,"(t)rf"’(t)

+§: kZN ny(nT JO ey (XN (t+71) dT}

i=1j=1

= ——R“B(,T{Hé"(t)f”(thj’ Y, n)N(t+7) dr}.
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The additional condition used in [20] in order to prove convergence results
analogous to those contained in Theorem 4.3 for the infinite time horizon problem in
general cannot be satisfied for concrete realizations of the approximation scheme
presented in this section. Especially this condition is not satisfied for the concrete
realization of the scheme using spline functions as described in the next section. Despite
this fact we did also numerical computations using the spline scheme for the infinite
time horizon problem (see § 6.2). Therefore we conclude this section with a short
description of the equations governing the approximation of this problem. Consider
system (V) with the cost functional

(5.16) JN(u)=J’0 [y™N () + u(t)"Ru(t)] dt.

The féedback law which minimizes J" (u) subject to (V) is governed by the Riccati
operator [T which satisfies IV = p™IIVp™ and (restricted to X V) the algebraic Riccati
equation

(5.17) (AM*IN +IIVNAN —TINBR ' B*IIN + C*C = 0.

Analogously to (5.10) we define ' = QN[II"V] and obtain the standard algebraic
Riccati matrix equation

(5.18) [ANT TN +TN[AN]-TN[BMIR[BN]'TN +[Cc M) [CN]=0.

Note, that as for the finite time horizon problem, I'N = (I'V) T follows from IT" = (ITV)*.
Using ITV instead of II in the feedback law (3.16) we get by analogous computations
as in (5.15) the suboptimal control law

0
(5.19) ﬁ”:—R“BJ{HMN(tHJ

—h

nY(n)EN(t+7) dr}, t=0,

where Hf’(7)=2f=12‘,}’.‘gl (I1}))7e;(7) and the nx n-matrices 11y, I}, i=1,---,p,
j=1,---, ky, are defined by

my * *
N
[m™]=
ng * *

(compare (5.13) and (5.14)).

5.3. The spline scheme. In this section we give a realization of the scheme
developed in § 5.1 by using first order spline functions.
For N=1, 2, - - - we choose the meshpoints
Ti

t.?'=—hi—1—j'—

j=1 - i=0.--+.N
N’ ! 2 ,p’ .] b > b

where r; = h; — h;_, and define the basis splines

N
N —(r—tl) fortN=r<thy,
en(t)=4r

0 elsewhere,
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—T(T—ti,j—-l) fOl‘ t,] §'r<t,~,j_1,

1

N

e;(tr)={(N

!}( ) T(T"t{vj+1) fOI‘ t€;+1§7<t€;,
i

0 elsewhere,

j=1,---,N—1, and

N N N
——(r—tin-y) forts=r<tdh-
eg;IV(T)z r.'( iN 1) iN iN—1,

0 elsewhere,

i=1,---,p. Note, that compared to § 5.1 we slightly have changed the enumeration
of the e} (j running from 0 to N now). We have ky = N +1 and therefore dim X"~ =
(p(N+1)+1)n.

An easy computation shows that the matrices g which determine Q" (recall
QN =diag(l,q;'®1 - -, g, ®I) are given by g =(r,/ N)q", where

0 0

= (T
W O\

7

< R(N-PI)X(N—PI).

N

A= Wi
Wi Qe

0 0

For the approximating delta impulses we have
LemMMA 5.9. Forall N=1,2, -,

6N\"? .
1sk1=(2)", =i

1/2

i+1

Proof. Using (5.3) and the definition of 8}, and Q" we get for any x e R"
f85x]” = (¥iix)TQN (Q™) ' QN yiix

N
=7xr(0,~ ,0,1)(g"®I)" col (0, -, 0, I)x

1

N
=Np,

1

where we have used Ayi,(q")=1/6. The estimate for 8, is analogous. [
As a consequence of Lemma 5.9 we have

N 1/2
K(N)§<——) with p = min r.
p i=1$“"P

ProrosiTION 5.10. Hypothesis (A) is satisfied for the spline scheme with p(N) =
const/ N. As a consequence Theorem 5.7 is valid for the spline scheme.
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Proof. The following estimates are standard estimates for spline functions:

const

Ilf- W:Vf"ﬁg—ﬁz—"f"ﬁ’

const

= flle
L= Ml

d N
"agf—mf)

for fe W**(=h;, —h;_,; R") (see [39, Thm. 6.5]) and

const
N

If == flle= 1712

for fe w'?(=h;, —h;_,; R") (see [39, Exercise 6.1]). In order to get the estimate for the
L®-norm, we observe that 77} f = ¥, where xy" is the cubic type I interpolating spline
for d(r)=[", j’;h,_f(o-) do do, re[—h;, —h;_,] (see, for instance, [39, Proof of Thm.
6.6]). Note, that interpolating cubic splines in [39] are always type I interpolating
splines in the terminology of [1]. Then we get from [23, Thm. 5.7.1] (with L= d*/d6?
and m=2) or [11, p. 235] (with m=r=2, g =00)

1 3/2
|f =7 Nf|lL~= const (7\1—) I/ w22

for fe W>*(—h;, —h;_,; R"). These estimates together with Lemma 5.9 imply (A). O
Using e}(—h;)=1for j= N and =0 for j=0,- - -, N—1, lim+t-k ej\, ;(1) =1 for
j=0and =0 for j=1,---, N, we immediately get

alN=(AiI;)],..'9Al{VN—hAiI;,V+Ai)a i=11'."ps

B~ =col (1,0, - -,0),

4 0
1

h?’: 2 0\\0 ER(N+1)X(N+1) i=1 <o p,
N
0—0") -

and

0 01

gN= 00 e RINFDX(N+1) i=1 L p—1
0—m—0

Recall Proposition 5.8 for the matrix representations of A™ and (A™)*.

We conclude this section with some remarks:

(1) As we already mentioned in the Introduction, the spline scheme developed
in this paper has interesting qualitative properties. For instance the relations between
the state concept as defined in (2.4) and the dual state concept which are governed
by the so called structural operator F are preserved under approximation (see [10],
[13], [16], [17], [28], [31]). These results will be published elsewhere (see also [26]).
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(2) Another very important property of the spline scheme is that the approximating
systems (Z") are stable, stabilizable or detectable for all N sufficiently large whenever
the delay system has the property (see [26]).

(3) In order to use the results of [20] for the infinite time horizon problem, the
approximation scheme should have the following property: If the delay system (2.1)
is stable, i.e. | S(t)|=Me *, t=0, with M =1, £ >0, then there exist constants M = 1
and € >0 such that for all N sufficiently large

ISN(|=Me™®,  t=0.

It can be shown that this property is not satisfied for our spline scheme (see [26] for
details).

(4) The assumption e[ |[—h;, —h;_\) e W"*(=h;, —h;_,;R) can easily be
weakened. One can allow jumps of e} in the interval [—h;, —h;_;). Then the definition
of AN has to be modified by adding additional terms containing the approximating
delta impulses corresponding to these additional jumps. This idea has been used in
[34], where a realization of the scheme using piecewise linear functions is investigated.
If one uses stepfunctions then one obtains the well-known averaging scheme.

(5) An important feature of the scheme developed in § 5.1 is that due to the
product space structure of X" orthogonality of the functions ey, i=1,---,p, j=
1, - - ky, implies orthogonality of the ‘‘basis elements”

AN AN . .
éo, ey, i=1,---,p, j=1,-+-, kn.

This property has been exploited in [25] where a very efficient realization of the scheme
by using Legendre polynomials is discussed.

6. Numerical results for the optimal control problem. The spline algorithm presen-
ted in § 5.3 was applied to a large number of examples. In this section we present the
numerical findings for some of those examples. The numerical results confirm the
theoretical results in case of the finite time horizon problem. The scheme performs
also very well in case of the infinite time horizon problem. This is shown by two
examples which already have been considered in the literature [8].

6.1. An example with finite final time. This is the problem of minimizing
3 ... 107
J(u)==x(3)"+=| u(t)*dt
2 2Jo

subject to
x(t)=x(t—1)+u(1), 0=t=T=3,
#°=9'0), o'()=1

For this example we have n=1, p=1, Ay, =0, Ag=C,=0, A,=By=1, Gy=3 and
R =3. The optimal controls, trajectories and costs were calculated in [5] using the
maximum principle and are given by

(6.1)

—§[(t—2)2+3], 0=r=1,
_ 2
u(t)=
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( 3t
1+t-8 [2 —(t=-2)*+ ] 0=t=1,

1
6
X(t)=4%+%—8[ i(t—l)2 (t—3)“+ (t—l)——(t—3)] 1=t=2,

547 2 3 1 sy _ay
L—a[ﬁ+5(t—2)+ (t—2)"+- (t 2) (t 4)°+ O(t 4) ],

185

2
J()= 0 6 where 6 = 329"

The matrix valued function [II™(#)], 0=t =3, was computed as indicated in § 5.2.
The suboptimal trajectories £ (t) were obtained solving (6.1) with u(t) =4~ (¢), 4™ (¢)
given by (5.15), by a modified Runge-Kutta procedure. Then #™(t) was computed
from (5.15).

The numerical results we obtained are presented in Tables 6.1 and 6.2. We observe
that the error |6~ (t) —(t)| is larger around t=1 and ¢t =2 compared to other points
in [0, 3] because there i(t) has jumps in the derivative whereas @" (¢) is continuously
differentiable on [0, 3]. In Table 6.2 we didn’t include the values for t =0 because
always x" (0) = x(0) for our algorithm.

6.2. Two examples for the infinite time horizon problem. For the examples equation
(5.18) was solved using the Newton-Kleinman algorithm as presented in [35], for
instance. The Lyapunov matrix equation which has to be solved in each step of this
algorithm was solved using the quadratically convergent procedure given by R. A.
Smith [40] (see also [35, p. 297]). The suboptimal trajectories £~ (¢) and controls
@™ (t) were calculated as for the example in § 6.1 using (5.19). The two examples were
already considered in [8] where the approximation was done based on the spline
algorithm developed in [7].

TABLE 6.1

N (1) (1) '%(r) (1)

0 ~1.9694 ~1.9676 19679 19681
025 ~1.7049 ~1.7049 ~1.7043 ~1.7045
05 14740 14758 ~1.4760 ~1.4761
075 12817 ~1.2824 -1.2828 12828
1.0 11267 11252 ~1.1250 ~1.1246
125 ~0.9882 09832 ~0.9846 ~0.9840
1.5 ~0.8410 ~0.8448 ~0.8445 ~0.8435
1.7 ~0.6922 ~0.7002 ~0.7050 ~0.7029
2.0 ~0.5885 ~0.5769 ~0.5704 ~0.5623
225 ~0.5572 ~0.5611 ~0.5623

25 05620 ~0.5623 05623

2.75 05623 ~0.5623 ~0.5623

3.0 05621 ~0.5622 ~0.5623 ~0.5623

J(a) 1.7338 1.7338 1.7338 1.7338
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TABLE 6.2

N (1) (1) 0 £(1)

0.25 0.7914 0.7916 0.7916 0.7917
0.5 0.6448 0.6448 0.6448 0.6448
0.75 0.5511 0.5506 0.5507 0.5507
1.0 0.5007 0.5005 0.5005 0.5005
1.25 0.4589 0.4593 0.4595 0.4595
1.5 0.4083 0.4096 0.4094 0.4094
1.75 0.3655 0.3642 0.3646 0.3646
2.0 0.3375 0.3372 0.3371 0.3370
2.25 0.3159 0.3167 0.3168 0.3168
2.5 0.2845 0.2848 0.2848 0.2849
2.75 0.2403 0.2407 0.2408 0.2408
3.0 0.1874 0.1874 0.1874 0.1874

The first example is Example 4.1 in [8] and considers the minimization of

J(u)= J'oo [x(1)2+u(t)?] dt

subject to

x()=x(t)+x(t—-1)+u(e), t=0,

¢°=0, ¢'(t)=sinmt, —1=t=0.
In this case we have n=p=1, Ay=A,=B,=Cy= R =1. In Table 6.3 we give the
values for J(#") and the optimal costs J™ =(II"p" (¢° ¢"), pV(¢°, ¢")) for the
approximating systems (") with cost functional (5.16) and the corresponding values
obtained in [8].

In Table 6.4 we show the values of IT1{’, I\ and for I as obtained in [8]. Since
range Il = dom A* (cf. (3.15)), we have A Tl,¢° = (I1,0¢°)(—1) for all ¢°c R". There-
fore in case of this example we should have

Ny -MMN->0 as N-oo.

In Table 6.5 we give the values for I17 (), which governs the distributed feedback in

TABLE 6.3
N J(@N) JN J(aN), [8] JN,[8]
4 0.321439 0.321430 0.3272 0.2484
8 0.321439 0.321432 0.3271 0.3027
16 0.321439 0.321430 0.3272 0.3163
TABLE 6.4
N ny Iy Iy, [8]
4 2.80886 2.77538 2.7940
8 2.809328 2.80096 2.8054
16 2.809390 2.80729 2.8084

32 2.809396 2.80887 2.8091
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TABLE 6.5

of _ L sf _J w6 _J s _J

! H‘( 32) H'( 32) i ( 32) i ( 32)
0 0.63598 0.63683 0.63694 0.63696
1 — — — 0.66132
2 — — 0.68698 0.68764
3 — — — 0.71558
4 — 0.74240 0.74512 0.74553
5 — — —_ 0.77722
6 — — 0.81040 0.81114
7 — — — 0.84695
8 0.87064 0.88269 0.88474 0.88517
9 — —_ — 0.92547
10 —_ —_ 0.96750 0.96839
11 —_ — — 1.01361
12 —_ 1.05757 1.06113 1.06165
13 — — — 1.11225
14 — —_— 1.16491 1.16591
15 — —_ — 1.22238
16 1.26664 1.27879 1.28151 1.28218
17 —_ — — 1.34508
18 — — 1.41048 1.41162
19 — — — 1.48157
20 — 1.54972 1.55463 1.55547
21 —_ —_ — 1.63314
22 — — 1.71381 1.71512
23 — — — 1.80125
24 1.86588 1.88693 1.89104 1.89209
25 — —_— —_ 1.98748
26 — — 2.08649 2.08802
27 — — — 2.19358
28 — 2.29692 2.30348 2.30477
29 — — _— 2.42147
30 — — 2.54253 2.54432
31 — — — 2.67323
32 2.77538 2.80096 2.80729 2.80887

(6.3), at the knots —j/ N, j=0,---, N, for N=4, 8, 16 and 32. We clearly see that
I Y(7) converges uniformly on —1=7=0 as N - c0. Note, that I1{'(7) is a continuous
piecewise linear function on [—1, 0] with knots at —j/N, j=0,---, N.

In Tables 6.6 and 6.7 we present the values for @™ (¢) on 0=t=4 and for £ (¢)
on 0=1t=3, respectively.

The results of this example show a significant improvement in the qualitative
behavior of our spline scheme compared to the scheme presented in [8]. In both
schemes I1Y(7) is a continuous piecewise linear function on [—1,0]. But in [8] this
function is increasingly oscillatory with increasing N (compare Figs. 4.1-4.4 in [8]),
whereas in our scheme I1[(7) is strictly monotone and obviously converging in the
supremum norm. This property of our scheme becomes very important if one wants
to implement the approximating feedback law in a real system. Our scheme seems also
to be more accurate as far as approximation of 1y, by II’ and of J(a) by J™(4") or
JV is concerned.

The next example is Example 4.2 in [8] and considers a simplified model for the
Mach number control loop for the National Transonic Facility at NASA Langley
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(6.2)

TABLE 6.6
AN
5 (1) (1) a'e()
0 0.86836 0.86817 0.86816
0.25 0.64894 0.64891 0.64891
0.5 0.49650 0.49657 0.49658
0.75 0.35400 0.36400 0.36401
1.0 0.24627 0.24618 0.24618
1.25 0.16154 0.16146 0.16146
1.5 0.10999 0.10993 0.10993
1.75 0.08024 0.08021 0.08021
2.0 0.06015 0.06015 0.06015
2.25 0.04348 0.04347 0.04347
2.5 0.02983 0.02982 0.02982
2.75 0.01996 0.01995 0.01995
3.0 0.01373 0.01372 0.01372
3.25 0.00991 0.00991 0.00991
3.5 0.00729 0.00729 0.00729
3.75 0.00524 0.00523 0.00523
4.0 0.00362 0.00362 0.00362
TABLE 6.7
aN
> (1) £(e) x1e(1)
0.25 0.11259 0.11258 0.11258
0.5 0.05332 0.05331 0.05332
0.75 —0.06628 —0.06626 —0.06626
1.0 —0.10850 —0.10846 —0.10846
1.25 —0.06160 —0.06158 —0.06158
1.5 -0.01397 -0.01397 -0.01397
175 0.00753 0.00752 0.00752
2.0 0.00178 0.00178 0.00178
2.25 —0.00784 —0.00784 —0.00784
2.5 —0.01030 —0.01029 -0.01029
2.75 —0.00646 —0.00646 —0.00646
3.0 -0.00178 —0.00178 -0.00178
Research Center. For details see [2] or [8]. The problem is to
minimize
00
J(u)= j [xT(t)CJ Cox(t)+u*(t)] dt
0
subject to
-a 0 0 0 ka O 0
x()=| 0 0 1 |x()+{0 0 O0]x(t—0.33)+| 0 Ju(s),
0 -0’ 2w 0 0 O w?
¢°=col (—0.1,8.547,0)=¢'(¢t), —-033=t=0.

F. KAPPEL AND D. SALAMON

t

=

0,
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We have C,=(100,0,0), n=3, p=1, k=-0.0117, £=0.8,  =0.6 and 1/a =1.964.
Because of the simple structure of this problem it is possible to calculate the true
solution following an idea contained in [29]. If we put for t=0, h=0.33

(@) =x(t+h), y,(t)=x(1), y3(t)=x5(1),
we obtain by a simple calculation

»i(1) —a ka 0 yi(t) 0
(6.3) x yo(t) |=| O 0 1 y(t) |+ 0 |u(e).

yi(t) 0 -0’ —2&/\y:(1) w?

The cost functional takes the form

h o
(6.4) J(u)=104j xl(t)zdt+J [10%y,(2)*+ u(1)?] dt,
0 0
where
t
(6.5) xl(t)=e"“'¢?+akj e IeNr—h)dr, O0=t=h
V]

is not dependent on u(t) on the interval [0, h]. Therefore minimizing J(u) subject to
(6.2) is equivalent to minimizing

Ju)= Iw[104y1(t)2+u(t)2] dt

subject to (6.3) with initial data

(6.6) y1(0)=x,(h), y,(0)=x,(0), p3(0)=x5(0).

The solution of the latter problem is given by the feedback law
(1) =—(0, 0, *)Io5 (1),

where j(1) is the solution of (6.3) with u(¢)=(r) and initial data (6.6). I1, is the
solution of the algebraic Riccati equation

(6.7) ATi1,+11,A—11,B,BIl1,+ CIC,=0,

where A is the system matrix in (6.5) and B,, C, are the same as for (6.2).
Equation (6.7) was solved numerically to give

8220.51099 —11.61086 —1.12107
[l,=| -11.61086 0.01851  0.00186 |.
-1.12107 0.00186  0.00019

The optimal costs for the original problem are given by (see (6.4))

J(a):f(a)ﬂo“J %,(1)* dt

(6.8)

h

— 57T(0)iTo7(0) + 10° J (1) di.

0

Using (6.5) it is easy to calculate J(i). In Table 6.8 we give the values for J(i), J(d")
and JN =(I1"p"(¢°, ¢"), p~ (¢°, ¢')) and the values available in [8].
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TABLE 6.8
N J@N) JN J(@N), [8] JN, (8]
4 136.39587 136.40499 136.7354 138.7345
8 136.40094 136.40509 136.7354 138.7624
16 136.40250 136.40521 — —
J(a) 136.40490

Computing J(it) for general initial data (¢°, ¢') by using (6.8), (6.6) and (6.5)
and comparing the result with

J(@) =(¢°) Too¢ " +2(¢°) Mo1p" +(¢", I11¢")s2,
we immediately obtain an explicit representation of II:

e 00 e™ 0 0 | g-2ah
o= 0 1 oﬁo 0 1 0+10“

e —ah

H01¢ =ak O
0
0
0

010 0
I, 0 0 e‘"cﬁ (7)dr
0 0

1
0
0
) ¢ (7) dr

or, equivalently, (I1%¢°)(0) =11,(0)¢° with

+10*k e~

(= =

0 00 e 00 0 0 0\ .o
~ e —e
M(8)=ak|l1 0 Ol 0 1 O0)e*+10*%ke™™|1 0 0O R
000 0 0 1 000

—h=6=0, and

0 00 0 1 0\ .
(6" (0)=a’k*>e®[1 0 0lf0 0 0 J e”¢'(r) dr
0 0 0 00 o0/""

00 0 _—alr 0|_ea(r+8)
+ak?l0 1 J ffbl(T) dr, —-h=0=0.
00 -

S O O

In Table 6.9 we present the values for IIJ, IIy’ as computed in [8] and I,
whereas in Table 6.10 we give the values for the second row of II1Y(—jh/4) and
I1,(—jh/4) for j=0,- - -, 4. The other rows of these matrices are always zero. Again,
our scheme is more accurate compared to the scheme in [8] and I1]Y(8) converges
uniformly on [—h, 0] to I1,(6)".
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TABLE 6.9
N g g, [8]
8677.02417 —9.81502 —0.94768 8676.9237 —9.8164 —0.9477
4 -9.81502  0.01851  0.00186 -9.8164  0.0185  0.0019
-0.94768  0.00186  0.00019 -0.9477  0.0019  0.0002
8677.02698 —9.81505 —0.94768 8676.9829 -9.8154 —0.9477
8 -9.81505  0.01851  0.00186 -9.8154  0.0185  0.0019
—0.94768  0.00186  0.00019 -0.9477  0.0019  0.0002
8677.03516 —9.81506 —0.94768
16 -9.81506  0.01851  0.00186 —
-0.94768  0.00186  0.00019
8677.02405 —9.81505 —0.94768
Iy —9.81505  0.01851  0.00186
-0.94768  0.00186  0.00019
TABLE 6.10
) Jjh
J H?(-:)
0 —41.39697  0.06916  0.00668
1 -43.83789  0.06652  0.00640
2 —46.37943  0.06334  0.00613
3 —48.97898  0.06118  0.00590
4 —51.69006  0.05828  0.00563
) Jjh
I ()
0 —41.39721 0.06917  0.00668
1 —43.84998  0.06626  0.00640
2 —46.38019  0.06355  0.00614
3 —48.99226  0.06093  0.00588
4 —51.69080  0.05843  0.00564
) Jjh
J me(-4)
0 —41.39727  0.06917  0.00668
1 —43.85012  0.06631  0.00640
2 —46.38036  0.06358  0.00614
3 —48.99246  0.06097  0.00589
4 -51.69102  0.05846  0.00564
. jh
s
0 —41.39721 0.06917  0.00668
1 —43.85008  0.06632  0.00641
2 —46.38034  0.06360  0.00614
3 —48.99246  0.06098  0.00589
4 -51.69103  0.05847  0.00565
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