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ON THE STABILITY PROPERTIES OF SPLINE APPROXIMATIONS
FOR RETARDED SYSTEMS*

F. KAPPELT AND D. SALAMON

Abstract. This paper studies the qualitative properties of the spline approximation scheme for retarded
functional differential equations introduced by Kappel and Salamon [SIAM J. Control Optim., 25 (1987),
pp- 1082-1117]. It is shown that the approximating systems are stable for large N if the underlying retarded
functional differential equation is stable. In this case the approximating equations are in some sense uniformly
(with respect to the approximation index) stable in the vector component of the state but not so in the
complete state.
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1. Introduction. In [10] and [11] we have introduced a new spline approximation
scheme for retarded functional differential equations. The aim of this paper is to study
the qualitative properties of this approximation scheme with particular emphasis on
the stability problem.

The fundamental convergence properties of this approximation scheme have been
established in [11]. The central result is a convergence proof for both the original
semigroup S(¢) and its adjoint S*(¢) in the strong operator topology. Here lies the
main advantage over the spline approximation scheme, developed earlier in [2], for
which the adjoint semigroup is only approximated in the weak operator topology. In
addition, we have observed a quite significant improvement in the convergence
behaviour of our numerical computations, some of which are reported in [11].

The main result of this paper is that the approximating systems (2") are stable
(stabilizable, detectable) for sufficiently large N provided the original system (X) is
stable (stabilizable and detectable.) The proof consists of three parts. The first part is
a convenient characterization of the stability, stabilizability, and detectability of the
approximating systems in terms of a certain characteristic matrix A™ (). The second
part is a convergence proof for these matrices A~ (A). The third part establishes a
priori bounds for the unstable eigenvalues of the approximating systems.

We also discuss the role of the structural operator F in the spline approximation
scheme. Moreover, we prove that the approximating systems cannot be stable in a
uniform sense with respect to N and illustrate this result with computations of the
spectrum. In this respect the spline approximation differs from the averaging approxi-
mation scheme in [1] for which the uniform exponential stability property has been
established in [19]. But if we take the output of the system to be the vector component
of the state, then the approximating systems are in a sense uniformly output stable
with respect to N if the hereditary system is stable. For simplicity of presentation we
restrict ourselves to the single delay case. All results are true for equations with multiple
commensurate delays and without distributed delay. Some results are also true for the
general case. For details see [10].
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2. Linear retarded control systems.
2.1. Functional differential equations. We consider the linear retarded functional
differential equation (RFDE)

(2.1) X(t)=Aox(t)+Ax(t—h)+ Bou(t), y(t) = Cox(t),

where x(1)eR”, u(t)eR’, y(1)eR™, A,, A,eR™", Bye R/, C,e R"*", and h>0. It
is obvious that (2.1) admits a unique solution x(-)e L*(—h, T;R")N W'?(0, T; R")
for every input u(-)e L*(0, T; R') and every initial condition of the form

(2.2) x(0)=¢° x(r)=¢'(7), —h=r<0,

where ¢ = (¢°, ¢')e M>=R"x L*(—h, 0; R") (see, for instance, [6], [9]). By X(1)e
R"*", t = —h, we denote the fundamental matrix solution of (2.1), which corresponds
to the initial condition X(0)=1, X(7)=0, —h=7<0, and the input u(t)=0. Its
Laplace transform is given by A(A)~', where A(A)=AI—A,—A, e " AeC, is the
characteristic matrix of (2.1).

2.2. State space theory. We consider two state concepts for (2.1). In the classical
sense the state at time =0 is defined to be the pair z(t)=(x(t), x,) € M>, where
x,(7)=x(t+7) for —h = = 0. This state defines a weak solution of the abstract Cauchy
problem

(2) 2(t)=Az(t)+ Bu(t), z(0)=¢, y(t)=Cz(1),

where Be Z(R', M?) and C € £(M?,R™) are defined by Bu = (B,u, 0) and C = Cy¢p’
for ueR' and ¢ € M*. The unbounded operator A: dom A-> M? is given by

Ap=(Aop'(0)+A $'(—h),d"), domA={peM’|¢p'e W ¢’=¢"'(0)}

and generates a strongly continuous semigroup S(t) of bounded linear operators on
M?. Therefore z(t)e M is given by the variation-of-constants formula

t
(2.3) z(t)=S(t)qS+J S(t—s)Bu(s) ds.

0
Now let Sr(t) denote the semigroup corresponding to the RFDE x(t)=
Agx(t)+ Al x(t—h) so that its generator A is defined as A with A,, A, replaced by
AJ, Al. Then there is an alternative (dual) state concept for the RFDE (2.1) that
relates the semigroups S(¢) and S%(¢). It can be defined in terms of the structural
operator F e #(M?) (for a normed linear space X we denote by £(X) the space of
all bounded linear operators X - X) given by

(2.4) [F$1°=¢°, [Fol'(0)=A,p(~h—0), —h=0=0

for ¢ € M? (we define ¢'(7) =0 for 7£[—h, 0]). It is a remarkable fact that for every
weak solution z(t)e M? of the Cauchy problem () the function w(t)= Fz(t)e M*
defines a weak solution of the abstract Cauchy problem

(%) w(t)=A%fw(1)+ Bu(1), w(0)=feM? y(t)=Cw(1),
with f= F¢.

Equivalently, the structural operator F satisfies the following equations:
(2.5) FS(t)=S%(t)F, FB=B, CF=C

for t=0. In particular, for every solution x(t)eR", t=—h, of (2.1) the function
w(t)=F(x(t), x,) € M is given by

(2.6) w(t)=S’¥(t)F¢+J” S*%(t—s)Bu(s) ds.
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For more detailed discussion of these two state concepts and their relation see [6],
[13], [16], and [18].

2.3. Stability, stabilizability, and controllability. System (2.1) is said to be stable
if every solution x(¢) of the free system (u(t)=0) tends to zero as t goes to infinity.
Equivalently, det A(A) =0 implies that Re A <0 for A € C (see, for instance, [9]). Note
that o(A) = 0(A%) = {A € C|det A(A) =0}. Moreover, system (2.1) is said to be stabiliz-
able if

2.7 rank [A(A), Bj]=n forReA=0
and detectable if
A(A
(2.8) rank [ é )] =n forReA=0.
0

An abstract Cauchy problem is said to be observable if a nonzero initial state produces
a nonzero output. Hence the Cauchy problem (X) is observable if and only if

y(t)=0 fort=0 impliesx(¢)=0 forallt=—h
for every solution of (2.1) and the Cauchy problem (%) is observable if and only if
y(t)=0 fort=-h impliesx(¢t)=0 forallt=-h

(see [17]). These two properties have been characterized as follows [13], [14], [17].
THEOREM 2.1. System (2) is observable if and only if

A
rank [ ()\)] =rank A,=n forallA eC;
Co
(%) is observable if and only if
A(A A
rank [ éo)] =rank [C;] =n forallxeC.

If (2.7) and (2.8) are satisfied, then there exist unique nonnegative, selfadjoint
operators II, Pe L(M?) satisfying range 11<dom A* range P<dom A7, and the
algebraic Riccati operator equations

(2.9) A*ll¢p =11A¢ —TIBB*II¢p + C*C¢p =0,

(2.10) ArPf+ PA%f— PBB*Pf+ C*Cf=0

for ¢ € dom A and fedom A% (see [4], [20]). It follows from (2.5) that the solution
operators IT of (2.9) and P of (2.10) satisfy the identity

(2.11) I1= F*PF.

This was first observed in [5] for the Riccati differential equation. Finally, we point
out that IT is injective if and only if (X) is observable, and that P is injective if and
only if (2%) is observable.

For a detailed discussion of the Riccati equation and its connection to optimal
control theory see [4], [7], and [20].

3. Spline approximation.
3.1. Notation and terminology. Consider the finite-dimensional linear subspace

N
XN={¢6M2 p'=3 e}Vz,,;,eR"},
Jj=0
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where the scalar functions e,¥(+)e L*(—h, 0) are defined by

N N N N
—(r—1t LH=Er<ty,
eév(q_): h( 1 )> 1 0

0 elsewhere,

N
—E(T—t}\-{-l), t}\-{-léﬁrét}\]’
N
eN(n)=| = (=i}, Nsr=iY,

0 elsewhere,

N N N N
——(7—tN- INET=SIN-
e%(7)= h( N 1)9 N N-1»

0 elsewhere,

for j=1,--+-, N—1 and meshpoints t_,” =—jh/N for j=0,---, N. Note that the
function component of every ¢ € X" is a piecewise linear spline function on the
interval [—h, 0). The subspace X" < M? can be identified with the Euclidean space
R¥™_ k(N)=n+(N+1)n, via the embedding " :R*™ - M? defined by

N

(3.1) ch=<zo, > e}vzj)
j=0

for z=col(zy,z)eR*"™, where z,eR" and z,=col(zy, ", z1n), z;ER", j=

0, -+, N. On R*™ we will always consider the induced inner product
(3.2) (W, 2)n =w Q" z = (", Nz)pe,

where

v_(1 0 >
Q (o (h/N)g™ ) "

L 00
12 I
6. 3
qN _ 0 | epN+HOxX(NED.
0 2N\
\ 3 V6
0——0Ng 3

Here I denotes the n X n identity matrix. The corresponding vector and matrix norms
will be denoted by || - || v The adjoint operator 7~ = («V)*: M?->R*™ is then given by

7N =(Q") 'z,  z=9¢"
0

le=J eJN(T)d)l(T) dT, j=0’. ) ':Na
—h

and satisfies the identities

(3.3) N =id NN =pN
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where p™:M?> X" denotes the orthogonal projection. Let the matrices H™ e
RINIKIN) BN RV and CN e R™*K(N) be defined by
[ Ay] 0——0A,
- B
I 0
HY=| 0 ¥=|"?
| hN®I 9 | 2
0 0
ch=(C, 0 0),

0
th \\\l GR(NH)X(NH).
0

Finally, we define

[
(=]
|

N= W=

Np=

AN =(QM)'H",  AY=(QM™)'HY,
(AP)*=(QM)'HNT,  (AM)*=(QM)"(H")T,
where the matrix HY e R*N*¥(N) i5 obtained from H" by transposing the matrices

Ao, A,
Now we consider two control systems on the state space R*™:

=) N() =AYV (0)+BNu(r), zN(0)=="¢, yN(1)=C"zN(1),
Er*) w0 =AW () +B u(n), wh(0)=="f yY()=C W ().

In [11] we establish the following convergence theorem.
THEOREM 3.1. (i) For every ¢ € M* we have ¢ =limn_ . p"o.
(ii) B="B", C=C" =" for every N eN.
(iii) There exist constants M =1, w =0 such that

Jler v =Me®, 4V = Me®!

Jfor every t =0 and every N eN.
(iv) For all ¢, fe M?,

S(¢ = lim Ne*MmNg,  SH(1)f= lim NeAP NS

and the limits are uniform on every compact time interval [0, T].

In particular, this implies that for every ¢ € M and every input u(-) € L*(0, T; R")
we have z(t) =limy_ot"z"V(t) for 0=t=T (uniformly), where z(t) is the unique
weak solution of (£) and z™(7) satisfies (). In the same manner the solutions w™ ()
of (27*) approximate the solution w(t) of (2%).

In the remainder of this section we will study the structural properties of the
approximating systems (") and (7'*).

3.2. The structural operator. In § 2 we have seen that the structural operator
F: M? - M? plays an important role for the state-space description of retarded systems.
In this section we introduce an analogous operator for the description of the
approximating systems (£V) and (2F). The first step in this direction is Lemma 3.2.
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Suppose u _( +) is an arbitrary control in Vo, [h] and its projection on the closed
subspace % is denoted by u,(-). For each ¢ in X one has
(Up (), (LB (W) 20,1507 = W (), (PB)*( ) 20,150
=(h,¥)x =(Go, ¥)x
= ((yTB)*( : )% (yTB)*( : )W)LZ(O‘T;U) B
(up( ) (EfTB)*( e, (yTB)*( : )(I’)LZ(O,T;U) =0.
Since U is dense in % and [u,(*) = (FrB)*(+)ple U, we have
u,,(-) = (.?TB)*(~)¢ for each u(~)€ V(O,T) [h].

or

Therefore
I(LrBY*(*) el 20,7500 =Ip (M 20,7300 =Nl 20,10y for each u(-) e Vo [kl

By uniqueness of the minimum norm optimal control of the linear system (1.5), (3.15)
holds and u*(-)e %.

Since u, =u*—¢e(e +G) 'u* (see (3.10)), (3.14) is equivalent to
(3.16) lim & (e +G)'u*=0 in Ly(0,T; U).

If we consider another family with parameter £ >0 of associated quadratic optimal
control problems,

J.(v;0) =B — ol +ello(Hliz0.1:0) »
then J.(v; ¢) takes its minimum at v = v, defined by
v, =(e +G) N FrB) o = (e +G) 'u*.
If we can show
(3.17) lim efloe (- lZ20.1:0) =0,
then

lim &llve (|20, 707 =lim max {e ; elve ()l 20,7500}
-0 e->0
= li_l;l(l) max {e; |jve (220,100} = 0.

The last equation just is (3.16). The rest is to show (3.17) holds for ¢ € X. (Notice, if
¢ € Ko ) then (3.17) holds. Here we may show (3.17) holds for any given ¢ € X.)
Suppose ¢ is arbitrarily given in X and

p=¢+e,

where ¢ €K1 and ¢* €K r—the orthogonal complement of K (o ). Since X =
K o.1) ®K {o,1), one has

lel?=llel*+lle** for any ¢ e X.
Denote
9. =(e+G) (PB)*¢ and vy =(c+G) (FrB)*o*".
Then |

- 1
Ve =0, +0:.
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3.3. Criteria for stability, stabilizability, and controllability. We shall need the
following facts on the real (N +1)x (N +1)-matrix a”™ =(¢"™)"'n".

LemMA 3.5. (a) Let |||~ be the operator norm corresponding to the vector norm
[x|% =xTg" x on CN*'. Then |[e”™"|n=1for N=1,2, - - and 1 =0.
(b) Letweo(a™) and x=col (xg, -, xn)E CN“, x # 0, such that either (uq" —

hN)x=0 or (ug™ —(h™)")x=0. Then x,# 0 and x, # 0.

(¢) Let mweo(a) and x=col(1,0,---,0) or x=col(0,---,0,1). Then
x range (ug" —h") and x ¢ range (ug™ —(h™)7).

(d) Re u <0 for every weo(a™).

Proof. (a) For every xe CN™' the following equation holds:
(3.7) Re (#"h™x)=(Re x)"h™ (Re x) + (Im x) "h N (Im x)
3.7

—3]xol* =3 lxn /"
Hence a” is a dissipative operator on C"*' with respect to the inner product
<y9x>N=y~Tqu9 x,yECN+1'

Therefore exp (a™t), t=0, is a contraction semigroup on C"~*"' supplied with the norm

|-In (see, for instance, [15]).
(b) This follows from

443 4+3 0—0
O R \|
6 2 3
N _
1
[\ £}
63 %"'%

and the fact that u = +3 is not an eigenvalue of a”.

(c) xerange (ug"™ —h"™)wouldimply x Lker (ug™ —(h™)7), which is impossible
by (b).

(d) Assume that u€o(a”™) and Re u=0. Then there exists an xe CN*' x#0,
such that (ug™ —h™)x=0. By (3.7) this implies

0=(Re u)x g x=Re (£ h"x)
—_%lxolz“ilxN!2~

Hence xo= x5 =0, and therefore x =0 by (b) in contradiction to x # 0. 0
For every u € C not in the spectrum of a™ (in particular, for every u in the closed
right half-plane) we introduce the vector

(3.8) a™(p)=col (ag(n), -, aN(p))
as the unique solution of
(3.9) (ng" =h™)a™(w)=col (1,0,--,0).

The complex n X n-matrix
Ah
(3.10) ANA)=AT-A,- AlaN<N>
plays a role for the approximating systems (2") and (2}*) analogous to that of the

characteristic matrix A(A) for the original systems (2) and (£%). In particular, it
determines their input-output behaviour (see Proposition 3.7 below).
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Next we characterize the resolvent operator (A\Q"™ — H™) ™! in terms of the matrices
AN(A), FN and EN(A) e CKN>*" TN(A) e CHM>K(N) The latter are defined as follows:

(3.11) EN()A)=col (1, m’;’(%), cee a%()‘—;))@I,
NS 0
(3-12) =g ((Ah/N)q”—hN)*")@'

PROPOSITION 3.6. Let A € C with Ah/ N ¢ o(a™) and x, ze C*N), where x is written
as x =(xg, x;) with x,€R", then
(a) (AQN =HM)x=zif and only if

(3.13.1) x=EYN)xo+ TV (A)z,
(3.13.2) AN(A)xo=EN(A)TFNz
(b) (AQ™ =(HY)")x =z if and only if
(3.14.1) x=FNEN(A)xo+ TN (M) "z,
(3.14.2) AN(MN)xo=EN (M) "z
Proof. We put z=(zg, z1), X1=(X10, " *, Xin), Z1=(Z10, ", Z1n). It is easy to

see that (AQ™ — H")x = z if and only if
(3‘15.1) (AI_Ao)xO_A1x1N=Zo,

h
(3.15.2) ((% qN—hN>®I)x,=zl+col (0,0, ++,0).

Observing that (see (3.9))

Ah N N)_‘ -
—h = : _
(N 1 - ’
we get from (3.15.2):

/\h N N ! N
X, = —ﬁq —h" )®I| z,+E"~(A)xg,

which proves (3.13.1) and
Ah N Ah
XiN = a%(ﬁ)"o"“kgo a%—k(’ﬁ)ﬁh

The fast expression together with (3.15.1) establishes (3.13.2).
For (b) we observe that (AQ" —(HY)")x = z is equivalent to

(3.16.1) AXo— AgXo— X10 = Zo,

(3.16.2) ((i\Nf q" - (hN)T) ®I>x, =z,+col (0, +,0, A xo).
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Observing

o —
K —
Q
°z
z|Z
~~—

we get from (3.16.2):
x=FYEN(M)xo+ TN (A)z,
which proves (3.14.1), and
N Ah Ah
X10= ’EO af('ﬁ)ﬁk +A1a%(—ﬁ>x0,
which together with (3.16.1) gives (3.14.2). 0
In particular, the previous proposition shows that
(AQN =HM)T'=EN M)A W) TENW)TFN+ TV (W),
(AQN=(HM)")'=FYEM (M)AN)TTEN ()T TV (W),
and hence
(3.17) A =AM "= EY WA M) TTENDTQNFN + TV (M) QN,
(3.18) A= (AN =F EN()AY (M) TTEN(M)TQN+ TV (M) QY
provided A ¢ o(a”™) and det AN (A1) #0. N
PROPOSITION 3.7. () The left upper nx n block X N(t) in the matrix e* " coincides
with that of the matrix e*7"'. Its Laplace transform is given by AN (1)~ (see (3.10) for
the definition of AN (1)).

(b) Let wN(t)=col (w'(t), ) and z"(t)=col (z5(t), - - ) be the unique sol-
utions of (EN) and (}*), respectively, with initial state zero. Then

wé"(t)=z(')\'(t)=J’XN(t——s)BOu(s) ds, t=0.

(c) The transfer matrices of (E~) and (S}*) coincide and are given by
GN()\) = C()AN(/\)—IB().

Proof. Statement (a) is an immediate consequence of (3.17), (3.18), and the special
form of the matrices EN(A), TN (A), f~, Q™. Statements (b) and (c) follow directly
from (a). O

The following characterization of stabilizability and detectability for the
approximating systems (") and (27*) is precisely the analogue to (2.7) and (2.8).

THEOREM 3.8. (a) For A € C with Re A =0 the following properties are equivalent:

(i) Aea(A™);

(ii) A ea((AT)*);

(iii) det AN(A)=0.

In particular, the matrix AN (or equivalently (A})*) is stable if and only if det AN (L) # 0
Jfor every A € C with Re A 0.
(b) The system (") (or equivalently (25*)) is stabilizable if and only if

rank [AN (1), B,]=n
for every A € C with Re A 0.
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(c) The system () (or equivalently (S5*)) is detectable if and only if
A”(A))
k -
ran ( c,

for every A € C with Re A =0.
Proof. 1t is well known from finite-dimensional linear system theory that (V) is
detectable if and only if ker (AI — AN)Nker C" = {0}, or equivalently,

ker (AQN —H™)Nker C"N ={0}

for every A €C with ReA=0. But A(h/N)go(a”™) for ReA=0 (Lemma 3.5(d)).
Therefore, according to Proposition 3.6(a), x=col(x,,x;)eker (AQ—H") is
equivalent to AN (A)x,=0 and x = E"™(1)x,. This implies that detectability of (L") is
equivalent to

ker AN(A) Nker CN ={0}

for every A € C with Re A =0. When we use Proposition 3. 6(b), it follows analogously
that this condition is also equivalent to detectability of (Z7*).

Statement (b) follows from (c) by duality and statement (a) follows from (b) with
B,=0. 0

THEOREM 3.9. (a) Let A € C be such that A(h/ N) g o(a™). Then A € o(A") if and
only if det AV(A)=0. If A\(h/N)eo(a™), then A e c(AN) if and only if det A,=0.
Moreover, o((AY)*) = o (AN).

(b) System (V) is controllable if and only if

rank [AN()A), By]=n forall\ eC\a-(%laN),

rank [A,, by] =n.
(c) System (V) is observable if and only if
AN
rank ( C(A)) =n forallxe C\O'(—’-I—NaN>,

0

rank A, =n.

(d) System (27}*) is controllable if and only if
rank [AV (M), Bjl=n forall A e C\a(%a“),

rank A, =n.
(e) System (X}*) is observable if and only if

AN
rank( (A)> =n forall/\eC\(r(HaN),
Cy h

rank (2;) =n.

Proof. We first prove (c), i.e., we must show that ker (A — AN) Nker CN = {0} for
all AeC. For A g o((N/h)a"™), or equivalently, for /\h/Nﬁ o(a™) we see as in the
proof of Theorem 3.8(c) that this is equivalent to rank (* C )—
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Now let Aeo((N/h)a"). We assume rankA,=n and take x=
col (xo, X10, * * *, X1~ ) Eker (AT —AY)Nker C™. Then (3.15.2) implies (((Ah/N)gq™ —
hN)Y®TI)x, =col (x,, 0, - - -, 0) and therefore x, =0 by Lemma 3.5(c). This and (3.15.1)
imply A;x,n =0, i.e., x;n5 =0. Then we get from Lemma 3.5(b) x, =0, and thus x =0.

Conversely assume that ker (A] — AN ) Nker C" ={0} and take ¢ e ker A,. Accord-
ing to Lemma 3.5(b) there exists a vector x, =col (X, * * *, X,~) €CN™" such that
[(A(h/N)gN —hN)®I]x,=0 and x,n =& For x=col (0, x,) equations (3.15) (with
2o=0) imply (AQ" —H"™)x=0. Obviously we have C"x=0. By assumption this
implies x =0, and thus ¢£€=0. We conclude rank A, = n. This finishes the proof of
statement (c).

It still holds that A € o((N/h)a"™). Assume that ker A, Nker ¢,={0} and let xe
C*™N) satisfy (AQ—(HY)")x=0, CVx=0. Then (3.16.2) and Lemma 3.5(c) imply
A,x,=0. This together with Cyx,=0 shows x,=0. Hence it follows by (3.16.1) that
X10=0. Finally we get from Lemma 3.5(b) that x, =0, and thus x =0, i.e., ker (Al —
(AMY*)yNker CN ={0}.

Conversely, suppose that ker (Al —(AY)*)Nker CN ={0} and let x,€
ker A, Nker C,. By Lemma 3.5(b) there exists a vector a =col (ag, -, ay)eC™*!
such that

h
(A-——qN (h™)™ >a=0 and a,=1.

N
We define x, =col (x;o, " -+, X,5) € C"N*V by
X1k = o (AL — Ag) X
for k=0,---,N. Then it follows from (3.16) that x=col(x,,x;)€

ker (AQN —(HY)")Nker CN. By assumption this implies x =0, and hence x,=0, i.e.,
ker A, Nker C,={0}. Thus statement (e) is proved.

Statements (b) and (d) follow from (e) and (c) by duality. The proof of statement
(a) is the same as for (c) with C" =0, respectively C,=0. 0

4. Stability. It is our goal to prove that stability (respectively, stabilizability, or
detectability) of the orlgmal system (X) implies the corresponding property for the
approximating system (") and (2}*) provided N is sufficiently large. The first step
in this direction was the characterization of these properties in Theorem 3.8 using the
matrices A™(1). The second step will be a convergence result for the characteristic
matrices A™(A). As a third step we need a priori bounds for the unstable eigenvalues
of the matrices A™.

4.1. Convergence of A™(A). First we derive explicit formulas for the ay (1) (as
defined in (3.8) and (3.9)) and use those to prove convergence of AV (A) to A()). Let
the rational functions dg (u), k=0, -+, N, and the polynomials p.(u), q(n), k=
~1,- -+, N, respectively, k=1, - -+, N, be defined recursively by

do'(p)=2up+3,

2

. N 9- _ . _
(4.1) dil(u)= 4,u+dk 1( X k=1, ,N—1,
9 ?
p’l(#‘)=1a PO(IL)=2M+3’
(4.2) Pe(p) =4upi_y () + (9= u?)pis(p),

g (w)=QCu+3)pe () + (9= 1) pr-a(p).
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The function w= w(u) is defined by
(4.3) w(u)=9+3p")"2,  peC,
taking the branch that is positive for u = i6, 6 € R, |#| <+/3. Furthermore, we set
(4.4) Yolp) =2p+w(w), yi(u)=2u—-w(u), ueC.
Since w(uw) is real for u = i, |§| =+/3, we obtain
(4.5) lvo(i60)| =v:(i6)| =13 —i6], [0]=V3, 6eR.
Therefore the function & = §(0) is well defined by

oy 1(i0)  76°—9+4i0w(i6)

= =
vo(i6) 9+0° . 16]=v3, 6eR,
(4.6)
0=5(0)=2m
LeMMA 4.1. (a) For k=0, -+, Nand ug o(a"),
6(3—u)" 6(3— 1) pri—i(p)
4.7 ar(w)= = .
@) ) =R ) A a) an ()

(b) det (ug™ —h™)=(1/6""")gn(n) and
2-6N"'wdet (ug™ —h™) =B+ w)(v)N =B =w)(y)"
forall weC.
(c) For pgo(a™) and u # £iV3, Nk .
N L BEW)(v) Y T =B =w) ()™
“8) ) =60 ) ) — G wR )™
k=0,---, N. Moreover,

9(1—cos k&(8))+ w(i0)(1+cos kd(9))
(9+w?(i0))*(1—cos N&(8))+36w>(i8)(1+cos N8(6))
fork=0,--- N, |0|<V3, 6eR.

Proof. Suppose that the functions d, =dy (n), k=0, - -, N, are given by (4.1)
and define

(49) |an_«(i0)] =36

=3-u 3—u
b, = =
k dk_l,

k=1,---,N.

C =

—
(=]
(=]
(=]
[
&

—cn
X 0
|\ 0
0_'0 —01 ].

It is not difficult to calculate the inverse matrices. Since a™ (u) is the first column of
(ng™ —h™N)7" (see (3.9)) we conclude that
6CN gttt CN 6(3— M)k

N = =
(437 (M’) dN dN_k ..... dN,

k=0,---,N.
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If the polynomials p, () and g, (w) are given by (4.2) and the rational functions
dy (k) by (4.1), then we see by induction that

di(w)=pi(p)/ pi-i(p), k=0,---,N-1,
dN(p)=qn(p)/ Pnalp).
This implies
Pelp)=dg'(w) -+ di'(p),  k=0,-+-,N-1,
gn(p)=dg (p) -+ dy(w)=det[6(ug"™ —h™)].

This finishes the proof of (a) and also establishes the first part of (b).
To prove (c) we choose u € C, u # £iv/3. Then vy, # vy, and

Hence vy, and vy, are the characteristic roots of the difference equation in (4.2). This
implies that

3+w

+1 3- +1
(4.10) Prl) =" (1) = ()

k=-1,0,---, N—1. Using vy, = u’>—9, we get from (4.2) and (4.10) that

an(m)=Qu+3)pn-1(pn)+(9- Mz)PN—z(P«)

3+w

==, [2u +3)(v) Y+ (9= ) (yo) V']
w

(4.11) 34
~S RN O =) ()N ]

:(3+w)2(y )N_(3——w)2

2w 2w

(71)N~

The second part of (b) and (4.8) are immediate consequences of (4.10), (4.11).
To prove (4.9) we use (4.8) and observe v,(i0) = e ”y,(i6) and (4.5). 0
The explicit formulas in the previous lemma allow us to prove that the matrices
AN () actually converge to the characteristic matrix A(A) of the delay system.
THEOREM 4.2. A(A)=limn_oAN(A), A €C, the limit being uniform on bounded
subsets of C.
Proof. Fix 6 (0,+/3). Then w(u) as defined in (4.3) is continuous and |w(w) + 3| =
3 on |u|=6. From w(u)—3=3u’/(w(r)+3) we see that

(4.12) lw(p)=3|=|ul* if|u|=s.

In the next step we prove that a N(u/N) converges for arbitrary ¢ >0 uniformly to
e " on|u|=cas N-oo. To this end we use formula (4.8) for k= N and obtain, with
w=w(u/N), N=cd ',

n(r) T _Btw) R AN € N SN A SN A
(413) « (N) = ow (w+2N/3 N) w ( w 2N/3 N) .

From (4.12) and limy_, w(u/ N) =3 uniformly on |u|= ¢ we see that

G+ w(u/N)Y  Gow(w/N)
N Ny M I TNy 0
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uniformly on |u|= c. Moreover, we also obtain from (4.12):

+2u/N -3+ 2
L&L~1+&+&M=Hﬁ+o< 1 )

3-u/N N 3—u/N N N?

— 11 2
wo2u/N_ _L+L§__3_(L‘*.Z_N_)_=1_L+O<L2>
3—u/N 3N 3—u/N 3N N

as N - oo uniformly on |u|= c¢. These relations together with (4.13) show

-1
H N & — pk
IEII—I;I(}OQN(N) €

uniformly on |u|= c. Finally, the theorem follows from (3.10). a

4.2. Uniform bounds. We first establish bounds for the an(u) in Re u =0.

LEMMA 4.3. The estimate |aN(u)| =2 is valid for all u e C with Re u =0 and all
N=1,2---.

Proof. Since, according to Lemmas 3.5(d) and 4.1(b), the polynomial gn(u) is
stable, aN(u) is a proper rational function without poles in Re u =0 (cf. (4.7)). It
follows from the maximum principle for analytic functions that |a N(u)| achieves its
maximum value in Re u =0 on the imaginary axis. Therefore we only have to prove
|aN(iw)| =2 for all w€R and all N.

First we consider u € iR with |u|=+/3. In this case we have

(4.14.1) di(w)z3~-unl, k=0,---,N-1,
(4.14.2) ldN(p)|=3

for all N. The first estimate is obviously satisfied for k=0. Using 2|u|= (9+|u|?)"*=
|3 — w|, we obtain from (4.1), assuming that the estimate is already established for k:

9+|ul

N o e )

Itm d ¢ (w)| = |4 Tm pu ~

2
= g~ LB = g @)
|dk (M)|

=z(9+|uPHY?, k=0,---,N-2.

This proves (4.14.1). To prove (4.14.2) we note that Re d (u) is always positive (and
decreasing with respect to k) because

9+|uf’
|4 ()]

Therefore the last equation in (4.1) implies

Re dpy ()= Red(n), k=0,---,N-2.

9+|ul?
|d%~1(#)|2

which proves (4.14.2). Now it follows from (4.14) and (4.7) that

Re dN(p)=3+ Red_ () =3,

13— ul 13— wl 3

o’ ()] N1 () [dN(p)|
It remains to consider u =i with |0|<+v/3, 6 eR.

lan(p)l=2 2.

lIA
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Then we obtain from (4.9), with k = N,

=1,

|a,’3(y)|2=36w2/<(9+w2)2 1—cc2)s N6+36W2 1+ cos NS)
because 6w=9+w>. [

From Lemma 4.3 we obtain the following a priori bounds for the unstable
eigenvalues of the matrices A~ and (A}Y)*.

PROPOSITION 4.4. Let w =) Ay| +2|A,|l. For every NeN and every A €C with
Re A =0 and det AN(\) =0 we have |A|= .

Proof. 1t follows from Lemma 4.3 that

Ah
Avt aaX(30) | =1ad 42140 =

for every A € C with Re A =0 and every N €N. Therefore we obtain from (3.10) that
AT =AY (1)]| = w for every A € C with Re A =0 and every N eN. Hence det AV (1) # 0
for every A € C with Re A =0 and |A|> . This proves the statement of the propo-
sition. O

Now we are in a position to prove the desired result on stabilizability and
detectability for the approximating systems ().

4.3. Stability, stabilizability, and detectability.

THEOREM 4.5. The following statements are true:

(a) If system () is stable, then there exists an N, such that system (2") is stable
for every N = N,,.

(b) If system (X) is stabilizable (respectively, detectable) then there exists an N
such that system (V) is stabilizable (respectively, detectable) for every N = N,.

Proof. Suppose (2) is stable. Then det A(A)# 0 for every A € C with Re A =0.
Hence the uniform convergence result for AV (A) on bounded domains (Theorem 4.2)
shows that det AV (A) 5 0 for A € C with Re A =0 and |A| = » provided N is sufficiently
large. If w > 0 is large enough then we obtain from Proposition 4.4 that det AN (1) # 0
for all A € C with Re A =0 provided N is sufficiently large. Now the stability of (V)
follows from Theorem 3.8(a). This proves (a). Statement (b) can be established
analogously. O

Now we might ask whether the stability of system (X) implies stability of the
approximating systems (V) uniformly with respect to N, i.e., the existence of constants
M =1, £ >0 such that

le*™|y=Me™™, =0

for N sufficiently large. A result of this type would be needed to apply a result of
Gibson [8] concerning the approximation of the solution to the algebraic Riccati
equation. Moreover, the uniform stability has been stated as a conjecture in [3] for
the spline approximation scheme developed in [2]. Our result below shows that such
a conjecture is definitely wrong for the approximation scheme developed in this paper.
This also indicates that it is wrong for the spline approximation scheme in [2].
ProOPOSITION 4.6. Suppose that there exist constants M =1 and e > 0 such that

llexp (Na™t)|| y = Me™*~, t=0,

for all N. Then ex =0(1/ N'?). Here | - || denotes the operator norm corresponding to
the vector norm |x|% = (1/N)x"q"x on RV *".
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Proof. First note that
xTx=x"qg"x=x"x, xeR"",
and therefore
xx=x"T(gV) 'x=6x"x, xRN

This implies, for x,=col (1,0, --,0) and u € iR (cf. (3.9)),

N
Y laX(w)P=6N]a™(w)v=6N|(ng"™ —h™) x|
k=0

2

(oo}
=6N J' e * exp (Na™t/N)(q") 'x, dt
0 N
oo 2
=6NM2|(qN)“1x0|2<J e NN dt)
0
6N3M2 6N>M* _
I(q N oﬁV: > xg(qN) ]xo
EN
36N M2
___—SN .
Therefore
N -1/2
(4.15) 8N§6NM<Z a,’:'(p,)lz)
k=0

for all u €iR.

Now let u = if satisfy |6] <+/3, 6 €R. Since 8(if) -0 as |6] >+/3, we can choose
a sequence Oy €R, |6y <+/3, such that |6y|>+v/3 and 8y =8(ify) =27/ N. We put
wn = w(ifx) and get, using (4.9) and Z,’LO cos 2km/N)=1,

N > 9 2kw\ 1N 2kar
an_(i0 = (l—cos——)+ <1+cos——)
e ,EO N-k(10n) T L )) N szO N
= 2 N.
2wy
From (4.6) we get
, 40w(i6)
smb‘(@)=w,

which shows that for positive constants ¢, ¢,

&
N

lIA

Wn = for all N.

z|e

This and (4.16) imply
N
Y |ar (un)? = const. N>,
k=0

This last estimate and (4.15) show that
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The result above shows that exponential stability uniform with respect to N is,
in general, impossible for our scheme. Numerical studies show that there is a sequence
An, N=1,2, -+ of eigenvalues Ay € o((N/h)a") such that Re Ay >0 and Im Ay >
0o, In fact, the numerical results indicate Re A = O(1/ N?). In the general case where
a((N/h)a") is not part of o(A"), numerical studies still show the existence of a
sequence An, N=1, 2,---, such that Ay € o(A") with Re An <0, Re An >0 and
Im Ay - 00. Figure 1 illustrates the location of the spectrum for the approximating
systems in case of the scalar equation x(t) = x(t)+x(¢—1). For comparison Fig. 2
illustrates the spectrum of Na™.

5. Uniform output stability. Despite the negative result of Proposition 4.6 and the
fact that some eigenvalues of the approximating systems approach the imaginary axis,
we are still able to prove a uniform L*-estimate for the R"-components

2o (5, ¢)eR",  wo'(t; f)eR”

of the unique solutions of (2") and (2}*) (with u=0). We call this property the
uniform output stability of the systems (2") and (Z}'*).

THEOREM 5.1. Suppose system (X) is stable. Then the approximating systems (")
and (25*) are uniformly output stable for N sufficiently large, i.e., there exists an NyeN
and a constant ¢ >0 such that for N = N,

(5.1) J |20’ (t; §)|ar dt=c|| || 3> forall p e M,

0

(5.2) j (65 o di=clf e forallfe MP,

0

Proof. Choose NyeN such that det AN(A)# 0 for all A € C with Re A =0 and all
N =N, (Theorem 4.5). Then it follows from (3.17), (3.18), and Lemma 3.2 that the
Fourier transforms of z{'(t; ¢) and w¢'(t; f) (determined to be identically zero for
t<0) are given by

20 (iw; ¢) =AN(iw) 'EN(iw)"Q 7 VFp, weR,
Wwo (iw; ¢)=AN(iw) "EN(iw)"QVw N,  weR,
for N = N,. Using Plancherel’s theorem, we see that to prove (5.1) and (5.2) it is

enough to show

J |AN (i) ' EN (iw) TQNz|3r dt =2mwezTQNz

—00

for all zeR*™) and all N= N,. The definition of EN(A) in (3.11), together with
Lemma 4.3, show that it suffices to prove a uniform estimate of the form

iwh
for all N= N, (with a possibly different constant ¢). Of course, it is only necessary
to consider w =0.

2
do =c

(5.3) ~ J Z A i)™ [Z



426 F. KAPPEL AND D. SALAMON

Using (3.10) and Lemma 4.3 we immediately get the estimate

AN (iw)™"|| =

eol-c

for|w|>¢,, N=1,2,:--,

where ¢, = ||Ao|| +2||A,||. By Theorem 4.2 and the stability assumption on (£) we obtain

4
1+ w?

(5.4) AN (i0) *|* = forall w eR

and N sufficiently large, where ¢, is not dependent on N.
Defining

l N
N 0)=— N i0 2’
£7(6) Nkéolak(z )|
we find that forall N=1,2,- -
N+1
(5.5) f”(0)§T4§8 for 6=3

and for any @ €(0, 1)

1 2
=

L for0=6=av3.

(5.6) OE N]\’;

The estimate (5.5) is a straightforward consequence of (4.7) and estimates (4.14). To
obtain (5.6) we can use the representation (4.9) and the estimates w’(if) =9—36°=
9(1-a?), w(i0)=9, and 9+ w?(i@) = 6w(if) for 0= 0 = a/3.

It remains to investigate the behaviour of ™V () at intervals of the form (a+v/3, v3),
0<a <1. There we cannot expect to have a bound for ™V (8) uniformly with respect
to N. Formula (4.9) shows that we should expect difficulties for those 6 near v/3 such
that N8(0) is close to an integer multiple of 2. This reflects the fact that the eigenvalues
of a™ are closest to the imaginary axis near £iN+v3 (see Fig. 2), i.e., for 6 =wh/N
close to ++/3. In Fig. 3 we show the plot for fN(wh/N), N=10, 20, 30, 40, h=1,
which illustrates the difficulties.

We first determine those parts of (av/3,+/3), where we still can find a uniform
bound for £ (8). Since « is not yet fixed we consider 6 €[0, av/3].

Cramm 1. If 0€[0,+/3] is such that 0= 8(6)= w/3N, then

(5.7) fN(6)=8 forallN.
Proof. From 3= cos N8(8)=cos k6(0), k=0, - -, N, and (4.9) we get

9(1—cos N8(0))+ w?(i8)(1+ cos k8(8))
9(1—cos N&(8))+4w*(i0)(1+cos N&(9))
9(1 —cos N&(8)) +2w(i0) -
9(1—cos N8(0))+6w(i6)~

Ia %~k(i0)|2§4

=4

for k=0, - - -, N, which implies the result. 0
CramM2. If 0€[0,v/3] is such that |6(8)—2mw(v/N)|Zw/3N for v
0,--+,[N/2], then

Il

(5.8) fN(8)=64 forall N.
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N = 40

N = 20

N

N~
T

103 0

Fi1G. 3
Proof. From cos N&(6)=cos (7/3) =3, w?(i0) =9 and (4.9) we obtain

2:942-9
=36, k=0,---,N. 0

N_k(i0)]>=36 =
la N -k (i6)] 9%(1—cos N&(9))

For v, NeN and a € (0, 1) we define the intervals

I,',"={Ge[a\/§,x/§]

|N8(0)—2m/|<§}.

We have I) # @ if and only if v=0,- -, »,, where v, <N is determined by the
conditions 27v, — 7/3 < N6(a+v/3) and 27 (v, + 1) — /3 = N&(a+/3). Inequalities (5.5)-
(5.8) imply that for any « € (0, 1) there exists a constant ¢ = ¢(a) independent of N
such that

(5.9) N@)=c(a), 6HeM:=]o0, oo)\ g Iy
for all NeN. Let M ={w =0|wh/N € M}. Then by (5.4) and (5.9)
(5.10) JM ||AN(iw)"||2fN<%l> dwéc(a)cl—g.

Let IN={w=0|(wh/N)e I}, v, NeN. Then by (5.4) (note, that > aev/3(N/h) for
W€ i,N)
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J= 21‘[ AN Giw) 2 f ( )dw
(5.11) ”

Z J.mew

1+3a0N2/h2 SZih
for N sufficiently large. It remains to prove an estimate of the form

E-Nj FN60) do=c

v=1

for all N=1,2,---, where ¢ is independent of N.
Now we fix a = @y by imposing the condition

(5.12) 8(ap3)=—

Then there exists a constant ¢, such that
1

(5.13) c—5(0)§w(i0)§028(0), 0 [ay3,V3].
2

Proof of (5.13). From (4.6) we see that sin 8(8) =40w(if)/(9+ 6°). Therefore

K]
12

W3
(5.14) w(if) =sin 8(0) g-—‘g/—_ w(if),  6e[aw3,V3].
The monotonicity of §(#) and (5.11) imply 0=8(6)=mn/2. Then (2/7)6(0)=
sin 8(0) = 8(0), which together with (5.14) implies the result. 0
CramM 3. There exists a constant c; independent of N and v such that

(5.15) Hﬂ—%Nz
for N=1,2,---and v=1,- - -, v,. Here |I)| denotes the length of the interval I .
Proof. From (5.13) we get

1 1

=

w(if)~ ¢c,8(8)
The definition (4.6) of §(0) together with (4.3) implies

(5.16) -

e [aoﬁ, \/5].

36

N EITOY

Using (5.16), for 8 e I we obtain
% 1 _ 3 1 N
<< —

8'(0)=— . =~ =- —.
(6) 9+ 6% ¢,8(0) ¢,8(8)" cym v
Therefore
2w 1 N
— = 8'(0)do=— —|IY
3N J’l’,\,l ( ) CrTT VI I

for N=1,2,---and v=1, - - -, v;, which proves the result. O
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CLAIM 4. There exists a constant ¢, independent of N and v such that

(5.17) fN(0)§c4(%)2

foroeIY N=1,2,---andv=1,---,,.
Proof. Let e I). Then 6(8)> (27mv—/3)/N and by (5.13) we obtain

w(,-o)>1.i<2 ,,_7_7>>_51.1
¢, N ™3 " 3¢, N’

This together with (4.9), w?(i8) =9, and cos N&(6)>14 for 6 e I implies

18 108¢3 N?

N . 2 2
_ig)"'= = =

larn (i)} (1+cos N&(0))w?(i8) ~ 257> »°

Then the result follows immediately. 0
Using (5.11), (5.15), and (5.17) we get the following estimate for J:

ace N4 (N)zl
1+3aiN?/h* h =, N?
_ G166 N N 1 _ a6 N(1+In N)

h 1+3a2N*/h*,Ziv- h 1+3aiN?/h?

for N sufficiently large. This together with (5.10) establishes (5.3). Thus the proof of
Theorem 5.1 is finished.

Remarks. (1) Uniform output stability in general does not imply a uniform (with
respect to N') exponential decay for the R"-components of solutions of the approximat-
ing equations. If we are willing to accept the existence of eigenvalues Ay for the
approximating equations with Re Ay >0 as N> also in case det A;#0 (as is
demonstrated numerically in Fig. 1 but not proved in this paper), it is sufficient to
show that in case det A, # 0 any eigenvector for the approximating system has a nonzero
C"-component. To prove this, assume y™ = col (y¢', ) with y¥ eC", yYeCV*V" s
an eigenvector of AN corresponding to the eigenvalue An. Assume yo =0. Then
ANyN = y"N is equivalent to

J

IIA

v

N
(5.18) (0———0A)y"=0 and Z(a”@])yf'=/\,\,yf'.

The second equation implies y} =x® v, where a“x=(Ah/N)x, x=(Xq, "+, Xn)€E
CN*\{0} and v e C"\{0}. By Lemma 3.5(b) we have x, # 0. The first equation in (5.18)
implies A,(xyv) =xnA;v =0, a contradiction to det A, # 0.

(2) It is interesting to state a consequence of uniform output stability for the
eigenvectors of the approximating equations. Assume () is stable so that (5.1) is true,
and let y~ = (yg’, y1), yo' € C”, y¥ e CN*D" be an eigenvector of AN corresponding
to an eigenvalue An. Then zJ (t; ™y )=y e’ t=0, and therefore

0 1
N N_ N\|2 Nj2
t‘ n dt—m ".
J:) ‘ZO ( Ly )l‘C 2|Re /\Nl |y0 |C
For N = N,, (5.1) implies

N2 2¢|Re An|
lyolen= N
1—2¢|Re An|
provided |Re An|<1/2c. Therefore if |[Re Ax| >0 as N - co then also y{ >0 in C".

I MyN)' 2z
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Figure 4 shows, for N =8, 16, |(:"y")'(8)|, —1=6=0, and |(:“y")°| for the
normalized eigenvector y™ (i.e., ||« “y||s2=1) of AN corresponding to the eigenvalue
An with the smallest real part (and at the same time largest imaginary part) in case
of the scalar equation X(¢)=—2x(r)+x(t—1). The eigenvalues Ay and |(:"Vy™)?,
N =4, 8, 16, are given by

Ay=—2.929445.1788i, Ag=—0.7218+12.7848i, A,s=—0.1874+27.0462i,
[(*y*°1=0.3536, |(®y®)°|=0.0690, [(+'®y'®)?=0.0167.

(3) Uniform output stability is sufficient to prove convergence of the approxi-
mating Riccati operators in the case of the infinite time horizon problem observed
numerically in [11]. This will be shown in a forthcoming paper [12].

Acknowledgment. We thank W. Prager for the computations concerning Figs. 1-4.
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