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Abstract

This is an expository paper. Its purpose is to explain the linear algebra
that underlies Donaldson—Thomas theory and the geometry of Riemannian
manifolds with holonomy in G2 and Spin(7).

1 Introduction

In these notes we give an exposition of the structures in linear algebra that underlie
Donaldson-Thomas theory [ , ] and calibrated geometry [ , 1.
No claim is made to originality. All the results and ideas described here (except
perhaps Theorem 7.8) can be found in the existing literature, notably in the beautiful
paper [ ] by Harvey and Lawson. Perhaps these notes might be a useful
introduction for students who wish to enter the subject.

Our emphasis is on characterizing the relevant algebraic structures—such as
cross products, triple cross products, associator and coassociator brackets, asso-
ciative, coassocitative, and Cayley calibrations and subspaces—Dby their intrinsic
properties rather than by the existence of isomorphisms to the standard structures
on the octonions and the imaginary octonions, although both descriptions are of
course equivalent.

Section 2 deals with cross products and their associative calibrations. It contains
a proof that they exist only in dimensions 0, 1, 3, and 7. In Section 3 we discuss
nondegenerate 3—forms on 7—dimensional vector spaces (associative calibrations)
and explain how they give rise to unique compatible inner products. Additional
structures such as associative and coassociative subspaces and the associator and
coassociator brackets are discussed in Section 4. These structures are relevant for
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understanding Go—structures on 7—manifolds and the Chern—Simons functional in
Donaldson—-Thomas theory.

The corresponding Floer theory has as its counterpart in linear algebra the
product with the real line. This leads to the structure of a normed algebra which only
exists in dimensions 1, 2, 4, and 8, corresponding to the reals, the complex numbers,
the quaternions, and the octonions. These structures are discussed in Section 5.
Going from Floer theory to an intrinsic theory for Donaldson-type invariants of
8—dimensional Spin(7)-manifolds corresponds to dropping the space-time splitting.
The algebraic counterpart of this reduction is to eliminate the choice of the unit
(as well as the product). What is left of the algebraic structures is the triple cross
product and its Cayley calibration—a suitable 4—form on an 8—dimensional Hilbert
space. These structures are discussed in Section 6. Section 7 characterizes those 4—
forms on 8—dimensional vector spaces (the Cayley-forms) that give rise to (unique)
compatible inner products and hence to triple cross products. The relevant structure
groups G (in dimension 7) and Spin(7) (in dimension 8) are discussed in Section 8
and Section 9 with a particular emphasis on the splitting of the space of alternating
multi-linear forms into irreducible representations. In Section 10 we examine spin
structures in dimensions 7 and 8. Section 11 relates SU(3) and SU(4) structures to
cross products and triple cross products and Section 12 gives a brief introduction to
the basic setting of Donaldson—-Thomas theory.

Here is a brief overview of some of the literature about the groups Go and
Spin(7). The concept of a calibration was introduced in the article of Harvey—
Lawson [ ] which also contains definitions of G2 and Spin(7) in terms of the
octonions. Humphreys [ , Section 19.3] constructs (the Lie algebra of) G2
from the Dynkin diagram and proves that this coincides with the definition in terms
of the octonions. The characterization of G and Spin(7) as the stabilisers of certain
3— and 4—forms is due to Bonan [ ].

Harvey—Lawson also introduced the (multiple) cross products and the associator
and coassociator brackets. The concept of a multiple cross product goes back to
Eckmann [ ]. Building on this work, Whitehead [ ] classified those
completely; see also Brown—Gray [ ]. To our best knowledge, the splitting of
the exterior algebra into irreducible Go—representations is due to Ferndndez—Gray
[ , Section 3], who also emphasize the relation between (G2 and the cross
product in dimension seven. This as well as the analogous result for Spin(7) can
also be found in Bryant [ , Section 2].

Among many others, the more recent articles by Bryant [ ], Karigian-
nis [ , s ] and Muiioz [ , Section 2] contain useful summaries
of the linear algebra related to G2 and Spin(7).



2 Cross products

We assume throughout that V' is a finite dimensional real Hilbert space.
Definition 2.1. A skew-symmetric bilinear map

(2.2) VXV —=>V: (uv)—uxv

is called a cross product if it satisfies

(2.3) (uxv,u) ={(uxv,v)y=0, and

(2.4) u x vf* = [u*|v]* = (u,v)?

for all u,v € V.

A bilinear map (2.2) that satisfies (2.4) also satisfies u x u = 0 forallu € V'
and, hence, is necessarily skew-symmetric.

Theorem 2.5. V admits a cross product if and only if its dimension is either 0, 1, 3,
or 7. In dimensions O and 1 the cross product vanishes, in dimension 3 it is unique
up to sign and determined by an orientation of V', and in dimension 7 it is unique
up to orthogonal isomorphism.

Proof. See page 8. O
The proof of Theorem 2.5 is based on the next five lemmas.

Lemma 2.6. Let (2.2) be a skew-symmetric bilinear map. Then the following are
equivalent:

(i) Equation (2.3) holds for all u,v € V.

(ii) Forall u,v,w € V we have

(2.7) (u X v,w) = (u,v X w).
(iii) The map ¢: V3 — R, defined by

(2.8) o(u,v,w) = (u X v,w),

is an alternating 3—form (called the associative calibration of (V, x)).



Proof. Let (2.2) be a skew-symmetric bilinear map. Assume that it satisfies (2.3).
Then, for all u, v, w € V, we have

0=(vx(u+w),u+w)
= (v X w,u) + (v X u, w)
= (u,v X w) — (u X v,w).

This proves (2.7).

Now assume (2.7) and let ¢ be defined by (2.8). Then, by skew-symmetry, we
have ¢(u, v, w) + ¢(v, u, w) = 0 for all u, v, w and, by (2.7), we have ¢(u, v, w) =
(v, w,u) for all u, v, w. Hence, ¢ is an alternating 3—form. Thus we have proved
that (i) implies (ii) implies (iii).

That (iii) implies (i) is obvious. This proves Lemma 2.6. ]

Lemma 2.9. Let (2.2) be a skew-symmetric bilinear map that satisfies (2.3). Then
the following are equivalent:

(i) The bilinear map (2.2) satisfies (2.4).

(ii) If u and w are orthonormal, then |u x w| = 1.
(iii) If |u| = 1 and w is orthogonal to u, then u X (u X w) = —w.
(iv) Forall u,w € V we have

(2.10) ux (ux w) = (u, wyu — |ul*w.
(v) Forallu,v,w € V we have

2.11)  ux(vxw)+vx(uxw)= (uwv+ (v,wu—2{u,v)w.

Proof. That (i) implies (ii) is obvious.

We prove that (ii) implies (iii). Fix a vector v € V with |u| = 1 and define
the linear map A: V — V by Aw := u X w. Then, by skew-symmetry and (2.7),
A is skew-adjoint and, by (2.3), it preserves the subspace W := u'l. Hence,
the restriction of A? to W is self-adjoint and, by (ii), it satisfies (w, A%w) =
—|u x w|* = —|w|* for w € W. Hence, the restriction of A2 to W is equal to
minus the identity. This proves that (ii) implies (iii).

We prove that (iii) implies (iv). Fix a vector u € V and define A: V — V by
Aw := u X w as above. By (iii) we have A2w = —|u|*w whenever w is orthogonal
to u. Since A%u = 0, this implies (iv).

Assertion (v) follows from (iv) by replacing v with v + v. To prove that (v)
implies (i), set w = v in (2.11) and take the inner product with u. Then |u x v[2 =
(u,u x (v xv)4+vx (uxv)) = |u*[v]* = (u,v)?. Here the first equality follows
from (2.7) and the second from (2.11) with w = v. This proves Lemma 2.9. ]



Lemma 2.12. Assume dimV = 3.

(i) A cross product on'V determines a unique orientation such that u,v,u X v
form a positive basis for every pair of linearly independent vectors u,v € V.

(ii) If (2.2) is a cross product on 'V, then the 3—form ¢ given by (2.8) is the volume
form associated to the inner product and the orientation in (i).

(iii) If (2.2) is a cross product on 'V, then
(2.13) (uxv) xw= (u,w)v — (v, wWHu
forall u,v,w € V.

(iv) Fix an orientation on V and denote by ¢ € A3V* the associated volume form.
Then (2.8) determines a cross product on V.

Proof. Assertion (i) follows from the fact that the space of pairs of linearly indepen-
dent vectors in V' is connected (whenever dim V' # 2). Assertion (ii) follows from
the fact that, if u, v are orthonormal, then u, v, u X v form a positive orthonormal
basis and

(u,v,u x v) = |uxv)® =1.

We prove (iii). If u and v are linearly dependent, then both sides of (2.13) vanish.
Hence we may assume that v and v are linearly independent or, equivalently, that
u x v # 0. Since (u X v) X w is orthogonal to u x v, by equation (2.7), and V" has
dimension 3, it follows that (u x v) x w must be a linear combination of v and v.
The formula (2.13) follows by taking the inner products with v and v, and using
Lemma 2.9 (v).

We prove (iv). Assume that the bilinear map (2.2) is defined by (2.8), where
¢ is the volume form associated to an orientation of V. Then skew-symmetry
and (2.3) follow from the fact that ¢ is a 3—form (see Lemma 2.6). If u,v are
linearly independent, then by (2.8) we have

uXxXv#0
and
d(u,v,u x v) = |ux v]*>0.

If u, v are orthonormal, it follows that u, v, u X v is a positive orthogonal basis and
)
d(u,v,u X v) = |u X v|.

Combining these two identities we obtain |u X v| = 1 when u, v are orthonormal.
Hence, (2.4) follows from Lemma 2.9. This proves Lemma 2.12. ]



Example 2.14. On R? the cross product associated to the standard inner product
and the standard orientation is given by the familiar formula

U2V3 — U3V2
U XUV =|U3vy —uU1v3
U1V — UV

Example 2.15. The standard structure on R can be obtained from a basis of the
form i, j, k, e, ei, ej, ek, where i, j, k, e are anti-commuting generators with square
minus one and ij = k. Then the cross product is given by

U2V3 — U3V — U4V + USV4 — UgV7 + UTVg
U3V] — ULV3 — U4Ve + UGV4 — U7V + UsVT
U1V2 — U2V — U4V7 + UTV4 — UKV + UgUs
(2.16) U X vVi= U1V5 — U5V] + UV — UgU2 + U3V7T — UTV3
—UV4 + U4V — U2VT + UTV2 + UV — UGU3

ULV7 — UTV] — UV4 + U4V2 — U3V5 + UsV3
—UIV6 + UV1 + U2V5 — U5V2 — U3V4 + U4V3

With )
ek = dx; A dxj A dxy,

the associated 3—form (2.8) is given by

2.17) b = 123 — M5 _ Q16T _ 246 _ 275 _ ;34T _ 356

The product (2.16) is skew-symmetric and (2.7) follows from the fact that the matrix
A(u) defined by
Au)v :=u xv

is skew symmetric for all u, namely,

0 —ug U us —Uyg Uy —ug
us 0 —Uul U —U7 —U4 us
—U2 U1 0 U7y Ug —U5 —Ug
Aw) = | —us —ug —uy 0 w1 uz U3
Ug Uy —Ug —Ul 0 U3 —U
—uy U4 us —uU2 —Uus3 0 ui
ug —Uus Uy —U3 U —UL 0

We leave it to the reader to verify (2.4) (or equivalently |u x v| = 1 whenever u and
v are orthonormal).
See also Remark 3.6 below.



Lemma 2.18. Let V be a be a real Hilbert space and (2.2) be a cross product on
V. Let ¢ € A3V* be given by (2.8). Then the following holds:

(i) Let uw € V be a unit vector and W, := u=. Define w,,: W,, x W,, = R and
Jy: Wy — Wy, by

wy (v, w) := (u,v X w), JuUi=u X v

forv,w € W,,. Then w, is a symplectic form on W, J,, is a complex structure
compatible with w,, and the associated inner product is the one inherited from
V. In particular, the dimension of V is odd.

(ii) Suppose iimV = 2n + 1 > 3. Then there is a unique orientation of V such
that the associated volume form vol € A*" 1V * satisfies

(2.19) (L(w)d)" A ¢ = nlu|" " vol
for every uw € V. In particular, n is odd.

Proof. We prove (i). By Lemma 2.6 the bilinear form w,, is skew symmetric and,
by Lemma 2.9, we have J,, o J, = —1. Moreover,

wy (v, Jyw) = (u X v,u X w) = —{(v,u X (u X w)) = (v,w)

for all v, w € V. Here the first equation follows from the definition of w, and J,,
the second follows from (2.7), and the last from Lemma 2.9. Thus the dimension of
W, is even and so the dimension of V' is odd.

We prove (ii). The set of all bases (u, v, .. .,v2,) € V2", where u has norm
one and v1, ..., v, is a symplectic basis of W, is connected. Hence, there is a
unique orientation of V' with respect to which every such basis is positive. Let
vol € A?"+1V* be the associated volume form. To prove equation (2.19) assume
first that |u| = 1 and choose an orthonormal symplectic basis v1, . . . , va, of Wj,.
(For example pick an orthonormal basis vy, vs, ..., vs,_1 of a Lagrangian subspace
of W, and define v, := Jyvor_1 for k = 1,...,n.) Now evaluate both sides of
the equation on the tuple (u,v1, ..., v2,). Then we obtain n! on both sides. This
proves (2.19) whenever u has norm one. The general case follows by scaling. It
follows from (2.19) that n is odd since otherwise the left hand side changes sign
when we replace u by —u. This proves Lemma 2.18. 0

Lemma 2.20. Let n > 1 be an odd integer and V' be an oriented real Hilbert space
of dimension 2n + 1 with volume form vol € A>"*1V*_ Let ¢ € A3V* be a 3—form
and denote its isotropy group by

G:={gcAut(V):g"¢ = ¢}.
If ¢ satisfies (2.19), then G C SO(V).



Proof. Let g € G and u € V. Then it follows from (2.19) that

gu|" " g*vol = %g* ((A(gumﬁ)"_1 A cb)
=~ (oo A g0)

n!
= L w)g )t A ge

a
= ()" A

= |u|™ tvol.
Hence, there is a constant ¢ > 0 such that

g*vol = ¢ tvol, lgu|™™ " = clu|"!

1
for every u € V. Since n > 1, this gives |gu| = ¢»—T |u| for u € V and hence

% 2n+1 3n %
g vol = ¢ =T vol = ¢n»=1g"vol.

Thus ¢ = 1 and this proves Lemma 2.20. O

Proof of Theorem 2.5. Assume dim V' > 1, let (2.2) be a cross product on V/, and
define ¢: V x V x V — R by (2.8). By Lemma 2.6, we have ¢ € A3V*. By
Lemma 2.18 (i), the dimension of V' is odd. By Lemma 2.20, we have dim V' =
4n + 3 for some integer n > 0. In particular dim V' # 5.

We prove that dim V' < 7. Define A: V — End(V') by A(u)v := u X v. Then
it follows from Lemma 2.9 that

A(u)u =0, A(u)? = uu* — |uf*1.

Definey: V — End(R& V) by

2.21) () = (2 ;(f)) ,

where u*: V' — R denotes the linear functional v — (u, v). Then
(222) YW +yw) =0, y(w) Y (u) = |u1

for every u € V. Here the first equation follows from the fact that A(u) is skew-
adjoint for every v and the last equation follows by direct calculation. This implies
that -y extends to a linear map from the Clifford algebra C4(V') to End(R@® V). The



restriction of this extension to the Clifford algebra of any even dimensional subspace
of V is injective (see, e.g. [ , Proposition 4.13]). Hence, 22" < (2n + 2)2. This
impliesn < 3andsodim V' = 2n+1 < 7. Thus we have proved that the dimension
of V is either 0, 1, 3, or 7. That the cross product vanishes in dimension 0 and 1
is obvious. That it is uniquely determined by the orientation of V' in dimension 3
follows from Lemma 2.12. The last assertion of Theorem 2.5 is restated and proved
in Theorem 3.2 below. O

Remark 2.23. Let V' be a nonzero real Hilbert space that admits a 3—form ¢ whose
isotropy subgroup G is contained in SO(V'). Then

dim Aut(V) — dim A3V* < dim G < dim SO(V).

Hence, dim V' > 7 as otherwise dim SO(V) < dim Aut(V) — dim A3V*. This
gives another proof for the nonexistence of cross products in dimension 5.

3 Associative calibrations

Definition 3.1. Let V be a real vector space. A 3—form ¢ € A3V* is called
nondegenerate if, for every pair of linearly independent vectors u,v € V, there
is a vector w € V such that ¢(u, v, w) # 0. An inner product on V is called
compatible with ¢ if the map (2.2) defined by (2.8) is a cross product.

Theorem 3.2. Let V be a T-dimensional real vector space and ¢, ¢' € A3V*. Then
the following holds:

(i) ¢ is nondegenerate if and only if it admits a compatible inner product.
(ii) The inner product in (1), if it exists, is uniquely determined by ¢.

(iii) If ¢ and ¢' are nondegenerate, the vectors u,v,w are orthonormal for ¢ and
satisfy ¢(u,v,w) = 0, and the vectors u',v', w' are orthonormal for ¢ and
satisfy ¢/ (u/,v',w') = 0, then there exists a g € Aut(V') such that g(u) = v/,
g(v) =7, g(w) =w', and g*¢' = ¢.

Proof. See pages 12 and 14. O

Remark 3.3. If dim V' = 3, then ¢ € A3V* is nondegenerate if and only if it is
nonzero. If ¢ # 0, then, by Lemma 2.12, an inner product on V' is compatible with
¢ if and only if ¢ is the associated volume form with respect to some orientation,
i.e., ¢(u,v,w) = +1 for every orthonormal basis u, v, w of V. Thus assertion (i)
of Theorem 3.2 continues to hold in dimension three.

However, assertion (ii) is specific to dimension seven.



Lemma 3.4. Let V be a T—dimensional real Hilbert space and ¢ € A3V*. Then
the following are equivalent:

(i) ¢ is compatible with the inner product.

(ii) There is an orientation on'V such that the associated volume form vol € ATV*
satisfies

(3.5) (u)p A (v)p A ¢ = 6(u,v)vol
forallu,v eV.

Each of these conditions implies that ¢ is nondegenerate. Moreover, the orientation
in (i1), if it exists, is uniquely determined by ¢.

Remark 3.6. It is convenient to use equation (3.5) to verify that the bilinear map
in Example 2.15 satisfies (2.4). In fact, it suffices to check (3.5) for every pair of
standard basis vectors. Care must be taken. There are examples of 3—forms ¢ on
V = R for which the quadratic form

VXV = AV (u,0) = (u)p Ar(v)p A

has signature (3,4). One such example can be obtained from the 3—form ¢¢ in
Example 2.15 by changing the minus signs to plus.

Proof of Lemma 3.4. 1f (i) holds, then, by Lemma 2.18 (ii), there is a unique orien-
tation on V such that the associated volume form satisfies

L(u)p A t(u)d A ¢ = 6|ul*vol

for every u € V. Applying this identity to u + v and v — v and taking the
difference we obtain (3.5). Moreover, if u,v € V are linearly independent, then
d(u,v,u x v) = |ux o> = |u*lv]* = (u,v)? # 0. Hence, ¢ is nondegenerate.
This shows that (i) implies (ii) and nondegeneracy.

Conversely, assume (ii). We prove that ¢ is nondegenerate. Let u,v € V be
linearly independent. Then u # 0 and, hence, by (3.5), the 7—form

o= 1(u)p A v(u)d A ¢ = 6lul*vol € ATV*

is nonzero. Choose a basis vy, ..., vy of V with v; = v and vo = v. Evaluating o
on this basis we obtain that one of the terms ¢(u, v, v;) with j > 3 must be nonzero.
Hence, ¢ is nondegenerate as claimed.

10



Now define the bilinear map V' x V' — V': (u,v) — u X v by (2.8). This map
is skew-symmetric and, by Lemma 2.6, it satisfies (2.3). We must prove that it also
satisfies (2.4). By Lemma 2.9, it suffices to show

(3.7) lul =1, (u,v) =0 = lu x v| = |v].
We prove this in five steps. Throughout we fix a unit vector u € V.

Step 1. Define the linear map A: V — V by Av := u X v. Then A is skew-adjoint
and its kernel is spanned by .

That A is skew-adjoint follows from the identity (Av, w) = ¢(u, v, w). That
its kernel is spanned by u follows from the fact that ¢ is nondegenerate.

Step 2. Let A be as in Step 1. Then there are positive constants A1, A2, A3 and
an orthonormal basis vi, w1, Ve, wa, v3, w3 of u™ such that Avj; = Ajw; and
Awj = = jv; forj =1,2,3.

By Step 1, there is a constant A > 0 and a vector v € u" such that
A%y = =\, lv| = 1.
Denote w := A~*Av. Then Av = \w, Aw = —\v, w is orthogonal to v, and
lw|? = A72(Av, Av) = =A% (v, A%)) = v = 1.

Moreover, the orthogonal complement of u, v, w is invariant under A. Hence, Step 2
follows by induction.
Step 3. Let \; be as in Step 2. Then A\ AaA3 = 1.

Let A be as in Step 1, denote W := u', and define w: W x W — R by
w(v,w) = (Av,w) = ¢(u, v, w)

for v,w € W. Then, by Step 1, w € A2W* is a symplectic form. Moreover,
w(vi,w;) = (Avj,w;) = \; fori = 1,2,3 while w(v;,w;) = 0 fori # j and
w(vs, v;) = w(w;, w;) = 0 for all i and j. Hence,

1
3
AA2A3 = gv (v1, w1, v2, w2, v3, w3)
= vol(u, vy, w1, V2, Wa, V3, W3).

Here the first equation follows from Step 2 and the definition of w and the sec-
ond equation follows from (3.5) with w = v and |u| = 1. Since the vectors
u, U1, W1, V2, W2, v3, ws form an orthonormal basis of V, the last expression must
be plus or minus one. Since it is positive, Step 3 follows.

11



Step 4. Define
(3.8) G:={ge€Aut(V):g9"¢ = ¢}, H:={geG:gu=u}.

Then dim G > 14 and dim H > 8

Since dim Aut(V) = 49 and dim A3V* = 35, the isotropy subgroup G of
¢ has dimension at least 14. Moreover, by Lemma 2.20, G acts on the sphere
S :={v € V: |v| = 1} which has dimension 6. Thus the isotropy subgroup H of
w under this action has dimension dimH > dim G — dim S > 14 — 6 = 8. This
proves Step 4.

Step 5. Let \; be as in Step 2. Then A\ = dg = A3 = 1.

By definition of A in Step 1 and H in Step 4, we have (Agv, gw) = (Av, w) for
all g € Hand all v,w € V. Moreover, H C SO(V), by Lemma 2.20. Hence,

(3.9) geH == gA = Ag.

Now suppose that the eigenvalues \;, Ao, A3 are not all equal. Without loss of
generality, we may assume A\; ¢ {2, A3}. Then, by (3.9), the subspaces W; :=
span{vy, wy } and Was := span{wvy, wa, v3, w3} are preserved by each element
g € H. Thus H € O(W7) x O(Wa3). Since dim O(W;) = 1 and dim O(Wa3) = 6,
this implies dim H < 7 in contradiction to Step 4. Thus we have proved that
A1 = A2 = A3 and, by Step 3, this implies A\; = 1 for every j. This proves Step 5.

By Step 2 and Step 5 we have A%v = —v for every v € u™. Hence, by Step 1,
|Av|* = —(v, A%) = |v|? for every v € u'. By definition of A, this proves (3.7)
and Lemma 3.4. O

Proof of Theorem 3.2 (1) and (ii). The “if” part of (i) is the last assertion made
in Lemma 3.4. To prove (ii) and the “only if” part of (i) we assume that ¢ is
nondegenerate. Then, for every nonzero vector u € V/, the restriction of the 2—form
t(u)p € A2V* to u™ is a symplectic form. Namely, if v € u' is nonzero, then u, v
are linearly independent and hence there is a vector w € V such that ¢(u, v, w) # 0;
the vector w can be chosen orthogonal to .

This implies that the restriction of the 6—form (u(u)¢)® € ASV* to ul is
nonzero for every nonzero vector u € V. Hence, the 7—form ¢(u)¢p A t(u)p A ¢ €
A"V* is nonzero for every nonzero vector u € V. Since V' \ {0} is connected, there
is a unique orientation of V' such that ¢(u)¢ A t(u)¢p A ¢ is a positive volume form
on V forevery u € V '\ {0}. Fix a volume form o € A"V* compatible with this
orientation. Then the bilinear form

(WA uv)S NS _

VxV—=R: (4,v)—
o

: g(u,v)

12



is an inner product. Define y1 > 0 by o = pvol,. Replacing o by 7 := Ao we get
7= \"2g, volz = A~ "vol,.

Thus
7= Mo = \uvol, = )\guvolg.

With X :== (6/p)'/? we get & = 6volg.

Thus we have proved that there is a unique orientation and inner product on
V' such that ¢ satisfies (3.5). Hence the assertion follows from Lemma 3.4. This
proves parts (i) and (ii) of Theorem 3.2. OJ

Remark 3.10. Let V, W be n-dimensional real vector spaces. Then the determinant
of alinearmap A: V — W is an element det A € A"V* @ A"W. In particular, if
V is equipped with an orientation and an inner product g € S?V*,andiz: V — V*
denotes the isomorphism defined by i,v := g(v, -), then det iy € (A"V*)? and the
volume form vol, associated to g is

vol, = y/det igy.

Here the orientation is needed to determine the sign of the square root.
If V is 7-dimensional and ¢ € A3V * is nondegenerate, then the formula

G(u,v) = éz(u)gﬂ) Ni(v)p A ¢ foru,v e V

defines a symmetric bilinear form G: V xV — ATV*andig: V — V*@ATV*is
an isomorphism (see second paragraph in the proof of Lemma 3.4). The determinant
of iy is an element of (A7V*)? and (det i;)/? can be defined without an orientation
on V. If an inner product g and an orientation on V" are such that (3.5) holds, then

G

volg = (det(ig)) and ¢ vol,’

Conversely, with this choice of inner product and orientation, (3.5) holds. This
observation is due to Hitchin [ , Section 8.3].

Lemma 3.11. Let V be a T-dimensional real Hilbert space equipped with a cross
product VxV — V: (u,v) = u X v. Ifuand v are orthonormal and w := u X v,
thenv X w =uand w X u = v.

Proof. This follows immediately from equation (2.11) in Lemma 2.9. 0
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Proof of Theorem 3.2 (iii). Let ¢p: R” x R” x R” — R be the 3—form in Exam-
ple 2.15 and let ¢ € A3V * be a nondegenerate 3—form. Let V be equipped with the
compatible inner product of Theorem 3.2 and denote by V x V' — V: (u,v) —
u X v the associated cross product. Let e1, e2 € V' be orthonormal and define

€3 (= €1 X ea.
Let e4 € V be any unit vector orthogonal to e1, e2, e3 and define
€5 := —€1 X é4.

Then e5 has norm one and is orthogonal to ey, e, e3, e4. For e; and e4 this follows
from the definition and (2.7). For e3 we observe

<€3,€5> = —<61 X e9,e1 X 64) = <€2,61 X (61 X 64)) = —<€2,€4> =0.

Here the last but one equation follows from Lemma 2.9. For ey the argument
is similar; since e = eg x ej, by Lemma 3.11, and (e3,e4) = 0, we obtain
(e2,e5) = 0. Now let eg be a unit vector orthogonal to ey, . . ., e5 and define

er .= —eq X eg.

As before we have that e; has norm one and is orthogonal to ey, . . ., eg. Thus the
vectors ey, . . ., ey form an orthonormal basis of V' and it follows from Lemma 3.11
that they satisfy the same relations as the standard basis of R” in Example 2.15.
Hence, the map

7
R L v: xr=(x1,...,27) Hinei
=1

is a Hilbert space isometry and it satisfies g*¢ = ¢q. This proves Theorem 3.2 (and
the last assertion of Theorem 2.5). ]

4 The associator and coassociator brackets

We assume throughout that V' is a 7-dimensional real Hilbert space, that ¢ € A3V*
is a nondegenerate 3—form compatible with the inner product, and (2.2) is the cross
product given by (2.8). It follows from (2.11) that the expression (u X v) X w
is alternating on any triple of pairwise orthogonal vectors u, v, w € V. Hence, it
extends uniquely to an alternating 3—form V3 — V': (u,v,w) > [u, v, w] called
the associator bracket. An explicit formula for this 3—form is

4.1) [u, v, w] 1= (u X v) X W+ (v, wyu — (u,w)v.

14



The associator bracket can also be expressed in the form
1
(4.2) [u,v,w]:§<(u><v)><w+(v><w)><u+(w><u)><v).

Remark 4.3. If V is any Hilbert space with a skew-symmetric bilinear form (2.2),
then the associator bracket (4.1) is alternating iff (2.11) holds. Indeed, skew-
symmetry of the associator bracket in the first two arguments is obvious, and the
identity

[u, v, w] + [u, w,v] =w x (v X u)+vx (WX u)

— (u, wyv — (u, v)w + 2{v, wyu

shows that skew-symmetry in the last two arguments is equivalent to (2.11). By
Lemma 2.12, the associator bracket vanishes in dimension three.

The square of the volume of the 3—dimensional parallelepiped spanned by
u,v,w € V will be denoted by

ul*  (u,0)  (u,w)
luAvAw? =det | (v,u) o] (v, w)
(w,u) (w,0)  Jwl?

Lemma 4.4. For all u,v,w € V we have
4.5) d(u, v, w)? + [[u, v, w]|* = [u AvAw.

Proof. If w is orthogonal to u and v, then we have

[, 0, w]* = | (u x v) x w]?

= u x v]*|w|® = (u,v x w)?

= |uAvAw]* = ¢lu,v,w)?
Here the first equation follows from the definition of the associator bracket and
orthogonality, the second equation follows from (2.4), and the last equation follows
from (2.4) and orthogonality, as well as (2.8). The general case can be reduced to
the orthogonal case by Gram—Schmidt. O

Definition 4.6. A 3—dimensional subspace A C V is called associative the associ-
ator bracket vanishes on A, i.e.,

[u,v,w] =0 for all u, v, w € A.

15



Lemma 4.7. Let A C V be a 3—dimensional linear subspace. Then the following
are equivalent:

(i) A is associative.

(ii) If u, v, w is an orthonormal basis of A, then ¢(u,v,w) = £1.
(iii) If u,v € A, thenu x v € A.
(iv) Ifu e A andv € A, thenu x v € AL

(v) Ifu,v € AL, thenu x v € A.

Moreover, if u,v € V are linearly independent, then the subspace spanned by the
vectors u, v, u X v is associative.

Proof. That (i) is equivalent to (ii) follows from Lemma 4.4.

We prove that (i) is equivalent to (iii). That the associator bracket vanishes on
a 3—dimensional subspace that is invariant under the cross product follows from
Lemma 2.12 (iii). Conversely suppose that the associator bracket vanishes on A.
Let u,v € A be linearly independent and let w € A be a nonzero vector orthogonal
to v and v. Then, by Lemma 4.4, we have

(uxv,w)? = ¢u,v,w)? = [uAvAw)? = |ux v |w?

and hence u X v is a real multipe of w. Thus u x v € A.

We prove that (iii) is equivalent to (iv). First assume (iii) and letuw € A, v € AL
Then, by (iii), we have w x u € A for every w € A. Hence, (w,u X v) =
(w x u,v) = 0 forevery w € A and so v x v € AL. Conversely assume (iv)
and let u,v € A. Then, by (iii), we have w x u € A for every w € A+. Hence,
(w,u x v) = {(w x u,v) = 0 for every w € A+. This implies u x v € A. Thus we
have proved that (iii) is equivalent to (iv).

We prove that (iv) is equivalent to (v). Fix a unit vector u € AL and define
the endomorphism J: ut — u' by Jv := u x v. By Lemma 2.9 this is an
isomorphism with inverse —.J. Condition (iv) asserts that J maps A to A+ N u*
while condition (v) asserts that J maps A+ Nut to A. Since both are 3—dimensional
subspaces of u', these two assertions are equivalent. This proves that (iv) is
equivalent to (v).

If u and v are linearly independent, then u X v # 0, by (2.4), and u X v is
orthogonal to v and v, by (2.3). Hence, the subspace A spanned by u, v, u X v is 3—
dimensional. That it is invariant under the cross product follows from assertion (iv)
in Lemma 2.9. Hence, A is associative, and this proves Lemma 4.7. O]
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Lemma 4.8. The map 1: V* — R defined by

Y(u,v,w,x) = ([u,v,w], x)
4.9) 1
= 2 (0w xv,w,2) + 60 x w,u,2) + 9w x u,v,2))

is an alternating 4—form (the coassociative calibration of (V,¢)). Moreover, it
is given by 1) = x¢, where x: A*V* — AT"FV* denotes the Hodge x—operator
associated to the inner product and the orientation in Lemma 3.4.

Proof. See page 18. O

Remark 4.10. By Lemma 4.7 and Lemma 4.8 the associator bracket [u, v, w] is
orthogonal to the vectors u, v, w, v X w,w X u, u X v. Second, these six vectors are
linearly independent if only if [u, v, w] # 0. (Make them pairwise orthogonal by
adding to v a real multiple of » and to w a linear combination of u, v, u X v. Then
their span and [u, v, w] remain unchanged.) Third, if [u, v, w] # O then the vectors
U, U, W,V X W, w X u,u X v, [u, v, w] form a positive basis of V.

Remark 4.11. The standard associative calibration on R is

(4.12) dp = €123 — M5 _ 16T _ 246 4 25T _ 34T _ 356

(see Example 2.15). The corresponding coassociative calibration is

(4.13) o = —e\2AT _ 1256 | 1346 _ 1357 _ 2845 _ 2867 | 4567
Remark 4.14. Let V. — V*: u — u* := (u, ) be the isomorphism induced by the
inner product. Then, for o € A*V* and u € V, we have

(4.15) s u(w)a = (—1)F 1 A xa.

This holds on any finite dimensional oriented Hilbert space.

Remark 4.16. Throughout we use the notation
4.17) (Laa)(vi,...,vx) = a(Avi,va, ..., 05) + -+ a(vi, ..., V1, Avg)

for the infinitesimal action of A € End(V) on a k—form o € A*V*. Foru € V
denote by A,, € so(V') the skew-adjoint endomorphism A, v := u x v. Then equa-
tion (4.9) can be expressed in the form

(4.18) La,¢=3u(u).

Since ¢ = x¢, we have L1 = *L ¢ for all A € so(V'). Hence, it follows from
equation (4.15) that

(4.19) L, =*3u(u)) = =3u™ A ¢.
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Proof of Lemma 4.8. It follows from Remark 4.3 that ¢ is alternating in the first
three arguments. To prove that ) € A*V* we compute

(4.20) Y(u,v,w,x) = ((uxv) X w+ (v, w)u — (U, w)v,x)
= (u x v,w x x) + (v, w)(u, z) — (u, w)(v, ).

Here the first equation follows from the definition of ¢/ in (4.9) and the definition of
the associator bracket in (4.1). Swapping x and w as well as v and v in (4.20) gives
the same expression. Thus

w(ua v, w, $) = ¢(’l), u, T, ’UJ) = —¢(Ua v, X, ’U})
This shows that 1) € A*V* as claimed. To prove the second assertion we observe
the following.

Claim. Ifu,v,w,z are orthonormal and uw X v = w X x, then V¥ (u,v,w,z) = 1.

This follows directly from the definition of v and of the associator bracket
in (4.1) and (4.9). Now, by Theorem 3.2, we can restrict attention to the standard
structures on R7. Thus ¢ = ¢y is given by (4.12) and this 3—form is compatible with
the standard inner product on R”. We have the product rule e; x ej = e, whenever
the term e** or one of its cyclic permutations shows up in this sum, and the claim
shows that we have a summand se”/*¢ in 1 = 1y whenever e; X e; = cep X ey
with e € {£1}. Hence, 1) is given by (4.13). Term by term inspection shows that
1y = *¢p. This proves Lemma 4.8. 0

Lemma 4.21. Forall u,v,w,x € V we have
[u, v, w, x] := P(u, v, w)x — P(x, u, V)w + G(w, z,u)v — ¢(v, w, x)u
4.22) 1
= g(—[u,v,w] X x4 [T, u,v] X w— [w,z,u] X v+ [v,w,x] X u)
The resulting multi-linear map
VSV (uv,w, ) = [u,v,w, 7

is alternating and is called the coassociator bracket on V.

Proof. Define the alternating multi-linear map 7: V4 — V by

T(u, v, w,x) = 3<¢(u, v,w)r — ¢(x, u, v)w + ¢(w, x,u)v — P(v, w, x)u)

+ [u,v,w] X = [x,u,v] X W+ [w,z,u] X v—[v,w,x] X U

We must prove that 7 vanishes. The proof has three steps.
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Step 1. 7(u, v, w, x) is orthogonal to u,v,w, x for all u,v,w,x € V.
It suffices to assume that u, v, w, x are pairwise orthogonal. Then we have
[u,v,w] = (u X v) X w and similarly for [z, v, w] etc. Hence,
(r(u, v, w, x), z) = 3|z|*¢(u, v, w) — ([u, v, z],w x x)
— ([w,u, z],v x ) — ([v,w, z],u X )
= 3|22 (u, v, w) — ((u X v) X T, w X z)
— ((wxu)xz,vxz)—{((vxXw)xz,ux)
=0.
Here the last step uses the identity (2.7) and the fact that = x (u x z) = |2|*u
whenever u is orthogonal to . Thus 7(u, v, w, x) is orthogonal to x. Since T is
alternating, this proves Step 1.
Step 2. 7(u,v,u X v,x) =0 forall u,v,x € V.

It suffices to assume that u,v are orthonormal and that x is orthogonal to
u, v, and w := u x v. Thenv X w = u, w X u = v, ¢(u,v,w) = 1, and
o(z,v,w) = ¢(z,w,u) = ¢(x,u,v) = 0. Moreover, [u, v, w] = 0 and

[z,v,w] = [v,w,z] = (VX W) X T =uXzx, [z,v,w] X u =z,
and similarly [z, w, u] X v = [z, u,v] X w = z. This implies that 7(u, v, w, z) = 0.
Step 3. 7(u,v,w,z) =0 forall u,v,w,z € V.
By the alternating property we may assume that v and v are orthonormal. Using
the alternating property again and Step 2 we may assume that w is a unit vector

orthogonal to u,v,u X v and that x is a unit vector orthogonal to u,v,w and
v X w,w X u,u X v. This implies that

¢(u7 /U7 w) = ¢(m7 U’ w) = ¢(:L" w’ u) = d)(x? u? /U) = O'

Hence, the vectors x X u, x X v, x X w form a basis of the orthogonal complement of
the space spanned by u, v, w, x. Each of these vectors is orthogonal to 7(u, v, w, x)
and hence 7(u, v, w,x) = 0 by Step 1. This proves Lemma 4.21. O

The square of the volume of the 4-dimensional parallelepiped spanned by
u,v,w,xz € V will be denoted by

[ul*  (w0) (w,w) (u,2)
(v,0) o (vw) (v,2)
(w,u) (w,v)  |wf® (w,z)
(r,u) (z,0) (z,w) |z

luAvAwAz|* = det
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Lemma 4.23. For all u,v, w,x € V we have
(4.24) (u,v,w, )% + |[u,v,w, 2])* = [uAv Aw A ]

Proof. The proof has four steps.

Step 1. If u, v, w, x are orthogonal, then

Y(u,v,w, )% = (ux v,w x :13)2,
[, v, w, 2] > = (u x v, w)2|z|* + (u x v,2)?|w|?
+ (u,w x )| + (v, w x 2)%|ul?,
luAvAwA z|* = |ul?|v?|w]?|z]?.
The first equation follows from (4.1) and (4.9), using (2.7). The other two
equations follow immediately from the definitions.

Step 2. Equation (4.24) holds when u, v, w, x are orthogonal and, in addition, w
and x are orthogonal to u X v.

Since [u, v, w] # 0, it follows from the assumptions and Lemma 4.7 that w x x
is a linear combination of the vectors u, v, u X v. Hence, the assertion follows from
Step 1.

Step 3. Equation (4.24) holds when u, v, w, x are orthogonal

Suppose, in addition, that w and x are orthogonal to v X v and replace x by
x) =+ Au x v for A € R. Then ¢(u, v, w, xy) is independent of A and

[t v, w, ] = [y v, 1w, 2] + X ufloPol?lu x of.

Hence, it follows from Step 2 that (4.24) holds when u, v, w, x are orthogonal and,
in addition, w is orthogonal to u x v. This condition can be achieved by rotating
the pair (w, ). This proves Step 3.

Step 4. Equation (4.24) holds always.

The general case follows from the orthogonal case via Gram—Schmidt, because
both sides of equation (4.24) remain unchanged if we add to any of the four vectors
a multiple of any of the other three. This proves the lemma. O

Definition 4.25. A 4-dimensional subspace H C V is called coassociative if

[u, v, w,z] =0 for all u, v, w,z € H.
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Lemma 4.26. Let H C V' be a 4—dimensional linear subspace. Then the following
are equivalent:

(i) H is coassociative.
(ii) If u,v,w,x is an orthonormal basis of H, then ¢ (u,v,w,x) = £1.
(iii) For all u,v,w € H we have ¢(u,v,w) = 0.
(iv) Ifu,v € H, thenu x v € H*.
(v) Ifue Handv € H*, thenu x v € H.
(vi) Ifu,v € H*, thenu x v € H-.
(vii) The orthogonal complement H™ is associative.

Proof. That (i) is equivalent to (ii) follows from Lemma 4.23.

We prove that (i) is equivalent to (iii). That (iii) implies (i) is obvious by
definition of the coassociator bracket in (4.22). Conversely, assume (i) and choose
a basis u,v,w,z of H. Then [u,v,w,z] = 0 and hence, by (4.22), we have
o(u,v,w) = ¢(x,v,w) = ¢(x,w,u) = ¢(x,u,v) = 0. This implies (iii).

We prove that (iii) is equivalent to (iv). If (iii) holds and u,v € H, then
(u x v,w) = ¢(u,v,w) = 0 for every w € H and hence u x v € H*. Conversely,
if (iv) holds and u, v € H, then u x v € H+ and hence ¢(u, v, w) = (uxv,w) =0
forall w € H.

Thus we have proved that (i), (ii), (iii), (iv) are equivalent. That assertions (iv),
(v), (vi), (vii) are equivalent was proved in Lemma 4.7. L]

Remark 4.27. Let V be a 7—dimensional real Hilbert space equipped with a cross
product and denote the associative and coassociative calibrations by ¢ and . Let
A C V be an associative subspace and define H := A+. Orient A and H by the
volume forms voly := ¢|x and voly := 1|y . A standard basis of the space AT H*
of self-dual 2—forms on H is a triple wy, wo, w3 € AT H* that satisfies the condition
w; A w; = 20;;5voly for all 4 and j. In this situation the map

(4.28) A= ATH*: u— —(u)o|g

is an orientation preserving isomorphism that sends every orthonormal basis of A
to a standard basis of ATH*. (To see this, choose a standard basis of V as in
Remark 4.11 with A = span{ej, ez, e3}.) Letmpy : V — Aand 7y : V — H be
the orthogonal projections. Let u1, ug, us be any orthonormal basis of A and define
a; = uf|p and w; = —t(u;)¢| g for i = 1,2, 3. Then the associative calibration ¢
can be expressed in the form

(4.29) ¢ = mAvolpy — Thay A THwy — TAQg A Trwe — ThAQs A THWS.
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The next theorem characterizes a nondegenerate 3—form ¢ in terms of its coas-
sociative calibration ¢/ in Lemma 4.8.

Theorem 4.30. Let V be a T-dimensional vector space over the reals, let ¢, ¢’ €
A3V* be nondegenerate 3—forms, and let 1,1y’ € A*V* be their coassociative
calibrations. Then the following are equivalent:

(i) ¢' =gord' =—¢.
(i) ¢ = .

Proof. That (i) implies (ii) follows from the definition of ) in Lemma 4.8 and the
fact that reversing the sign of ¢ also reverses the sign of the cross product and thus
leaves 1) unchanged (see equation (4.9)). To prove the converse assume that ¢’ = 1)
and denote by (-, -)’ the inner product determined by ¢/, by x’ the cross product
determined by ¢', and by [+, -, |’ the associator bracket determined by ¢’. We prove
in four steps that ¢/ = +¢.

Step 1. A 3—dimensional subspace A C V is associative for ¢ if and only if it is
associative for ¢'.

Let A C V be a three-dimensional linear subspace. By Definition 4.6 it is
associative for ¢ if and only if [u, v, w] = 0 for all u, v, w € A. By Lemma 4.8 this
is equivalent to the condition that the linear functional ¢)(u, v, w, -) on V vanishes
for all u, v, w € A. Since 1 = 1)/, this proves Step 1.

Step 2. There is a linear functional o: V — R and a ¢ € R\ {0} such that
ux"v=au)v—au+cuxv

forallu,v e V.

Fix two linearly independent vectors u,v € V. Then the vectors u,v,u X v
span a ¢—associative subspace A C V by Lemma 4.7. The subspace A is also
¢'—associative by Step 1. Hence, u x’ v € A by Lemma 4.7 and so there exist real
numbers o(u, v), B(u,v),v(u, v) such that

(4.31) ux"v=alu,v)v+ Bu,v)u+ y(u,v)u X v.

Since u,v,u x’ v are linearly independent, it follows that vy(u,v) # 0 and the
coefficients «, 3, v depend smoothly on w and v. Differentiate equation (4.31) with
respect to v to obtain that « and +y are locally independent of v. Differentiate it with
respect to u to obtain that 5 and « are locally independent of u. Since the set of
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pairs of linearly independent vectors in V' is connected, it follows that there exist
functions o, : V' — R and a constant ¢ € R\ {0} such that

ux"v=aluv+ Bu+cuxuv

for all pairs of linearly independent vectors u, v € V. Interchange u and v to obtain
B(v) = —a(v) forall v € V. Since the function V — V: w — u x’ v is linear for
all v € V it follows that «: V' — R is linear. This proves Step 2.

Step 3. Let o and c be as in Step 2. Then o = 0 and (u,v) = c*(u,v) for all
u,v € V.

Fix a vector u € V' \ {0} and choose a vector v € V such that u and v are
linearly independent. Then u X (u X v) = (u, v)u — |u|*v by Lemma 2.9. Hence,
it follows from Step 2 that

(u, v) u — |u]/2v =

a(u UXv— a(u X v)u 4 c{u, v)u — clul? v)
¢ (u,v) — cau x v) — a(u)a(v))u
+ (a(u)? - Alul? v + 2ca(u)u X v.
Since u, v, and v x v are linearly independent, it follows that
alw) =0,  |u?= Al - au)?.
Since u € V' \ {0} was chosen arbitrarily, it follows that «(u) = 0 and
(u,v) = A (u,v), ux'v=cuxwv
for all u,v € V. This proves Step 3.
Step 4. ¢’ = +¢.
It follows from Step 2 and Step 3 that
¢ (u,v,w) = (u x"v,w) = (uxv,w) = Se(u,v,w)
for all u,v,w € V, and so ¢ = )’ = c*) by equation (4.9). Hence ¢ = +1 and
this proves Theorem 4.30. O
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The next theorem follows a suggestion by Donaldson for characterizing coasso-
ciative calibrations in terms of their dual 3—forms.

Theorem 4.32. Let V be a T-dimensional vector space over the reals and let
W € A*V*. Then the following are equivalent:

(i) There exists a nondegenerate 3—form ¢ € A>V* and a number € = £1 such
that €1} is the coassociative calibration of (V, ¢).

(it) If a, B € V'* are linearly independent, then there exists a 1-form v € V* such
thata N B Ay A £ 0.

Proof. That (i) implies (ii) follows from equation (4.38) in Lemma 4.37 below. To
prove the converse, assume (ii) and fix any volume form o € A"V*. Define the
3—form ® on the dual space V* by

aNBANYNY
o

(4.33) d(a, B,7) := fora, 8,y € V*.

This 3—form is nondegenerate by (ii). Denote the corresponding coassociative
calibration by U: V* x V* x V* x V* — R and let (-, ). be the inner product
on V* determined by ®. Let x: V' — V* be the isomorphism induced by this inner
product, so a(u) = (o, k(u))y« fora € V*and u € V. Let (-, )y, be the pullback
under  of the inner product on V*. Then ¢ := xk*® € A3V* is a nondegenerate
3—form compatible with the inner product and the volume form

vol := %n*@ A KD,
By equation (4.33),
(4.34) d(u, v, w)o = k(u) A k(v) A k(w) A .
for all u,v,w € V. Choose A > 0 and € = 41 such that
(4.35) vol = eA™43q.

Replace o by 0y := Ao in (4.33) to obtain &) = A~'®. Its coassociative cali-
bration is ¥y = A\~*3W, the inner product on V* induced by ®, is (-, Vyea =
A72/3(..-) ., and the isomorphism ry: V — V*is x) = A\?/3k. Hence ,

O = K D) = Ao, Py =K \Uy = M3 %
By (4.35) this implies

voly i= 1y Ahy = A3vol = edo = eay.
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Multiply both sides in equation (4.34) by e\? to obtain
oa(u,v,w)eoy = kx(u) A ka(v) A kx(w) A e

Since €0y = voly, it follows from (4.38) below that the same equation holds
with g1 replaced by 1. Thus g9 = 1)), is the associative calibration of ¢. (Here ¢
is independent of the choice of ¢.) This proves Theorem 4.32. O

Remark 4.36. We can interpret Theorem 4.32 in the spirit of Remark 3.10. In the
notation of Remark 3.10, if V' is an oriented n—dimensional vector space with an
inner product g, then the Hodge s—operator *: A¥V* — A"~*1/* can be defined
as
k(= (i;l)*a @vol, € AV @ A"V = APTRYE

If V is a 7—dimensional vector space and 1) € A*V*, then we can equivalently
think of it as a 3—form ¢* on V* with values in A7V * since A*V* = A3V @ ATV*,
Define a symmetric bilinear form G*: V* x V* — (ATV*)? by

G (a, B) = éi(a)d)* Ni(B)$* AG*  fora,Be V™.

Condition (ii) in Theorem 4.32 is equivalent to ig+: V* — V ® (A"V*)? being
an isomorphism. Note that detig+ € (A"V*)!2. After picking an orientation we
define a positive root (detig+)'/12 € ATV*. Define a volume form on V" and an
inner product on V* by

G*

vol, := (det(ig+))/!? and g¢*:= 5
voly

A moment’s thought shows that vol, is the volume form associated with the dual
inner product g and the chosen orientation on V. Further, the 3—form

(Z) — (Zg) c A3V*

vol,

satisfies 1
éz(u)qﬁ Ni(v)p A ¢ = g(u,v)voly.

and x¢ = ).

The next lemma summarizes some useful identities that will be needed through-
out. The first of these has already been used in the proof of Theorem 4.32. Assume
that V' is a 7—dimensional oriented real Hilbert space equipped with a compatible
cross product, ¢ € A3V* is the associative calibration, and 1) := x¢ € A*V* is the
coassociative calibration of (V, ¢).
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Lemma 4.37. The following hold for all u,v,w,z € V and all w € A*V*:

(4.38) Y AU AV AW = p(u, v, w)vol,
(4.39) d AU AV AW A" =YP(u,v,w, x)vol,
(4.40) t(u)y Av* A(v)yp =0,

(4.41) (Y Au*) = 1(u)d,

(4.42) *(p Au™) = v(u)y,

(4.43) [1(u)el* = 3[ul?,

(4.44) ()] = 4ful?,

(4.45) dNAL(u)p =2 ANu®,

(4.46) d A v(u) = —4u(u)vol,
(4.47) P A (u)p = 3u(u)vol,
(4.48) b A L(u) = 0,

(4.49) (¢ A u(u)g) = 2u(u)g,

(4.50) *(p A t(u)y) = —4u”,

(4.51) *(1 A (u)g) = 3u®,

(4.52) w0 A (1 A L(w)9)) = Bu(u),

(4.53) t(u)p A xu(v)p = 3{u,v)vol,
(4.54) u AV =1(u X v)p — v(v)e(u),
(4.55) w* A vt Asu(u X v)g = |u x v]?vol,
(4.56) w* Av* A L(u)d A (o) = 2Ju x v|*vol,
4.57) Y AUt Av* = 1(u x v)vol,
(4.58) oAU ANV AW = ([u, v, w])vol,
(4.59) d AU AV = xe(v)e(u)p,
(4.60) * (P AP Aw)) =w+ *(¢p Aw),
(4.61) *(PA*(PpAw)) = 2w + *(¢p A w).

Proof. It is a general fact about alternating k—forms on a finite-dimensional Hilbert
space V' that (uf A -+ Auf,a) = alug,...,ug) forall u; € V and all « € AFV*,
This proves (4.38) and (4.39). Equations (4.41) and (4.42) follow from (4.15) in
Remark 4.14.

To prove equations (4.40) and (4.43)—(4.47) assume without loss of generality
that u, v are orthonormal. By Theorem 3.2 assume that V = R with u = e; and
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v = eg, and that ¢ and v are as in (4.12) and (4.13), i.e.,

b= dp = €123 _ M5 _ Q16T _ 26 | 25T _ 34T _ 356

)

(4.62)
— by — 1247 _ 1256 | 1346 _ 1357 _ 2345 _ 2367 | 4567
Then
L(u)¢ _ e23 . 645 . 667,
(4.63) L) = — 21T — 236 4 (36 _ 35T

U5 A () = —e2AT _ 1256 (2345 2367

Equation (4.40) follows by multipying the last two sums, and (4.43) and (4.44)
follow by examining the first two sums. Moreover, by (4.62) and (4.63),

DA (u)p = —2e2345 — 212367 4 91567 — 94 (u)gp = 2u* AP,

This proves (4.45). By (4.62) and (4.63) we also have ¢ A t(u)¢ = 3e234557 and
& A 1(u)p = —4e234557 This proves (4.46) and (4.47).

Equation (4.48) follows by contracting » with the 8—form 9 A ¢ = 0. Equa-
tions (4.49)—(4.51) follow from (4.45)—(4.47) and the fact that *u* = ¢(u)vol and
*(u* A1) = 1(u)p by (4.41). To prove equation (4.52) take the exterior product of
equation (4.51) with ¢ and then use (4.41) to obtain

YA (YA (u)p) =1 A 3u™ = 3*e(u)d.

Equation (4.53) follows from (4.43) and the fact that the left hand side in (4.53)
is symmetric in v and v. Equation (4.54) is equivalent to (4.20) in the proof of
Lemma 4.8. To prove equation (4.55) choose w := u X v in (4.38) to obtain

lu x v*vol = u* Av* A (ux v)* A = u* Av* Axu(u X v)p.
Here the last equation follows from (4.41). To prove (4.56) we compute

u* AV AL(u)o A (o)

= —(v) (u* A V" AL(u)) Ao

= —(u, v)v* A u(w)p A+ [oPu A c(u)d Ap —ut AvF A (ux v)* A
= —(u, v)u(u) A x1(v)p + [v L(w)d A xu(w)d — u* Av* A xu(u X v)o
= 2lu x v|?vol.

Here the second step uses the identity ¢(v)(u)d = ¢(u, v, ) = (u x v)*, the third
step follows from (4.41), and the last step follows from (4.45) and (4.55).
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To prove equation (4.57) take the exterior product with a 1-form w* and use
equation (4.38) to obtain

(w Aut A v*) Aw* = ¢(u,v,w)vol = (u x v, w)vol
= (x(u x v)*) Aw* = (t(u x v)vol) A w*.

To prove equation (4.58) take the exterior product with a 1-form x* and use
equation (4.39) to obtain

(qﬁ Au* Av* A w*) Az* = (u,v,w,x)vol = ([u,v, w], z)vol
= (*[u,v,w]*) A x* = (¢([u, v, w])vol) A z*.

To prove equation (4.59) take the exterior product with w* A z* forw,x € V
and use equation (4.57) to obtain

(¢ Au* Av*) A (w* Ax™) = (u, v, w, z)vol
= (t(v)e(u), w* A x*)vol
= (xe(v)e(u)) A (w* A z*).

Since A2V * has a basis of 2—forms of the form w* A z*, this proves (4.59).
To prove equations (4.60) and (4.61) it suffices to assume

w=u" A0
for u,v € V. Then it follows from (4.54) and (4.59) that
(uxv)p=u" Av*+ t(v)e(u)
(4.64) =u* AV +x(uF AV A Q)
=w+*(p Aw).
Moroever, *(1) A w) = (u X v)* by (4.57). Hence, by (4.41) and (4.64),
(Y Ax( Aw)) =*(¢ A (ux v)*)
=1(uxv)p
=w+*x(¢d Aw).
This proves equation (4.60). Moreover, by (4.49) and (4.64),
* (P A*(PAw)) =*(dA (L(uxv)p—w))
= *(g[)/\ t(u x v)¢) - *(qS /\w)
= 2u(u x v)p — *(¢ A w)
= 2w + *#(p A w).
This proves equation (4.61) and Lemma 4.37. O
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S Normed algebras
Definition 5.1. A normed algebra consists of a finite dimensional real Hilbert
space W, a bilinear map
WxW —W: (u,v) = uv,
(called the product), and a unit vector 1 € W (called the unit), satisfying
lu=ul =u
and
(5.2) luv| = |ul|v]
for all u,v € W.

When W is a normed algebra it is convenient to identify the real numbers with
a subspace of W via multiplication with the unit 1. Thus, foru € W and A € R,
we write © + A instead of v 4+ Al. Define an involution W — W : u — u (called
conjugation) by 1 := 1 and % := —u for u € 1+. Thus

(5.3) = 2(u,1) — u.

We think of R C W as the real part of W and of its orthogonal complement as
the imaginary part. The real and imaginary parts of u € W will be denoted by
Rew := (u,1) and Imu := u — (u, 1).

Theorem 5.4. Normed algebras and vector spaces with cross products are related
as follows.

(i) If W is a normed algebra, then V = 1%+ is equipped with a cross product
VXV —=V: (u,v)— u X v defined by

(5.5) u X v:=uv+ (u,v)
foru,v € 1+,

(ii) If'V is a finite dimensional Hilbert space equipped with a cross product, then
W =R &V is a normed algebra with

(5.6) wv = ugvy — (U1, v1) + ugvr + vous + ug X vy

foru = ug+ui, v =v9+v1 € R®V. Here we identify a real number \ with
the pair (\,0) € R ® V and a vector v € V with the pair (0,v) e R® V.

These constructions are inverses of each other. In particular, a normed algebra
has dimension 1, 2, 4, or 8 and is isomorphic to R, C, H, or O.

Proof. See page 31. O
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Lemma 5.7. Let W be a normed algebra. Then the following hold:

(i) Forallu,v,w € W we have

(5.8) (v, w) = (v, uw), (uv, w) = (u, wv).

(ii) Forall u,v € W we have

(5.9) uti = |ul?, ut + v = 2(u, v).

(iii) For all u,v € W we have
(5.10) (u,v) = (u,v), uv = va.

(iv) Forall u,v,w € W we have

5.11)  u(vw) + v(aw) = 2(u, v)w, (uv)w + (vw)v = 2(v, w)u

Proof. We prove (i). The first equation in (5.8) is obvious when w is a real multiple
of 1. Hence, it suffices to assume that u is orthogonal to 1. Expanding the identities
luv + uw|® = |u)?|v +w|? and |uv + wo|* = |u + w|*|v|* we obtain the equations
(5.12) (wo,uw) = [u*(v,w),  (uv,wv) = (u,w)v].
If u is orthogonal to 1, the first equation in (5.12) gives

(uv, w) + (v, uw) = (1 +w)o, (1 +u)w) — (1 + [u]*) (v, w) = 0.

Since @ = —u for u € 1%, this proves the first equation in (5.8). The proof of the
second equation is similar.

We prove (ii). Using the second equation in (5.8) with v = % we obtain
(uwit, w) = (u,wu) = (1, w)|u|>. Here we have used the second equation in (5.12).
This implies uti = |u|? for every u € W. Replacing u by u + v gives ut + v =
2(u,v). This proves (5.9).

We prove (iii). That conjugation is an isometry follows immediately from the
definition. Using (5.9) with v replaced by ¥ we obtain

v = 2(u, vy — uv = 2(uv, 1) — uv = uw.

Here the second equation follows from (5.8). This proves (5.10).
We prove (iv). For all u,w € W we have

(5.13) (u(aw), w) = [aw]* = |a|*lw]* = |u*jw|?

Since the operator w — u(uw) is self-adjoint, by (5.8), this shows that u(aw) =
\u|2w for all u, w € W. Replacing u by u + v we obtain the first equation in (5.11).
The proof of the second equation is similar. O
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Proof of Theorem 5.4. Let W be a normed algebra. It follows from (5.8) that
(u,v) = —(uwv,1) and, hence, u x v := uv + (u,v) € 1+ for all u,v € 1+.
We write an element of W as u = up + uj with up := (u,1) € R and u; :=
u— (u,1) € V =1+, For u,v € W we compute

[ullof? = Juvf® = (uf + fus ) (v8 + oa]*) = (ovo — {us, v1))?
— |ugvy + vouy + ug x 01\2
= uglo1|* + vglual® + 2uguo(ur, v1) + [u[*for 2 = (ur, 01)?
— |ugvy + vou1|2 — Jug X 01\2 — 2(upvy + vouy,uy X v1)
=lur[*|oa]* = (ur,v1)? — Jur x 0]

— 2u0(v1,u1 X Ul> — 2vg<u1,u1 X ’U1>.

The right hand side vanishes for all v and v if and only if the product on V
satisfies (2.3) and (2.4). Hence, (5.5) defines a cross product on V' and the product
can obviously be recovered from the cross product via (5.6). Conversely, the same
argument shows that, if V' is equipped with a cross product, the formula (5.6) defines
a normed algebra structure on W := R & V. Moreover, by Theorem 2.5, V" has
dimension 0, 1, 3, or 7. This proves Theorem 5.4. O

Remark 5.14. If W is a normed algebra and the cross product on V := 1 is defined
by (5.5), then the commutator of two elements u, v € W is given by

(5.15) [u, v] := wv —vu = 2u; X vy.

In particular, the product on W is commutative in dimensions 1 and 2 and is not
commutative in dimensions 4 and 8.

Remark 5.16. Let W be a normed algebra of dimension 4 or 8. Then V := 1+ has
a natural orientation determined by Lemma 2.12 or Lemma 3.4, respectively, in
dimensions 3 and 7. We orient W as R @ V.

Remark 5.17. If W is a normed algebra and the cross product on V' := 1+ is defined
by (5.5), then the associator bracket on V is related to the product on W by

(5.18) (wv)w — u(vw) = 2[uy, v1, wi]

for all u,v,w € W. Thus W is an associative algebra in dimensions 1,2, 4 and
is not associative in dimension 8. The formula (5.18) is the reason for the term
associator bracket. Many authors actually define the associator bracket as the left
hand side of equation (5.18) (see for example [ D.
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To prove (5.18), we observe that the associator bracket on V' can be written in
the form

2[u, v,w] = 2(u x v) X W+ 2(v,w)u — 2{u, W)v
19 =(uxv)xw—ux(vxw)+ (v,wu— (u,viw

for u, v, w € V. Here the first equation follows from (4.1) and the second equation
follows from (2.11). For u,v,w € V we compute

(uwv)w — u(vw) = (—(u, v) + u X vV)w — u(—(v,w) + v X w)
=(uxv)Xxw—ux(vxw)— {uv)w+ (v,w)u
= 2[u, v, w].

Here the first equation follows from the definition of the cross product in (5.5),
the second equation follows by applying (5.5) again and using (2.7), and the last
equation follows from (5.19). Now, if any of the factors u, v, w is a real number,
the term on the left vanishes. Hence, real parts can be added to the vectors without
changing the expression.

Theorem 5.20. Let W be an 8—dimensional normed algebra.

(i) The map W3 — W : (u,v,w) + u X v X w defined by

(5.21) uxvxw:=3((ud)w— (wo)u)
(called the triple cross product of W) is alternating and satisfies

(5.22) (x,u x v X w)+ (uxvXxzw =0,

(5.23) lu x v X w|=|uAvAuwl,
forall u,v,w,x € W and
(5.24) (exuxvexwxz)=—|e}(uxvxuw,z)
whenever e, u, v, w,x € W are orthonormal.
(ii) The map ®: W* — R defined by
O(x,u,v,w) := (x,u X v X W)

(called the Cayley calibration of W) is an alternating 4—form. Moreover, ® is
self-dual, i.e.,

(5.25) P = %O,
where x: AFW* — A8=KW* denotes the Hodge x—operator associated to

the inner product and the orientation of Remark 5.16.
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(iii) Let V' := 1 with the cross product defined by (5.5) and the associator bracket
[-,-, ] defined by (4.1). Let ¢ € A3V* and +p € A*V* be the associative and
coassociative calibrations of V defined by (2.8) and (4.9), respectively. Then
the triple cross product (5.21) of u,v, w € W can be expressed as

uXvXw=eo(uy,vy,wy) — |ug, v, w
(5.26) B(u1,v1,w1) — [ug,v1, wi]
— UQ(Ul X wl) — ’Uo(wl X ul) — wo(ul X Ul)
and the Cayley calibration is given by

(5.27) d=1"Ng+1.

(iv) Forall u,v € W we have

(5.28) w=ux1xv+ (u,1)v+ (v, Yu — (u,v).

Remark 5.29. There is a choice involved in the definition of the triple cross product
in (5.21). An alternative formula is

(u,v,w) = 3 (u(vw) — w(vu)).

This map also satisfies (5.22) and (5.23). However, it satisfies (5.24) with the minus
sign changed to plus and the resulting Cayley calibration is given by ® = 1* A ¢ — 1)
and is anti-self-dual. Equation (5.28) remains unchanged.

Proof of Theorem 5.20. Let W x W x W — W : (u,v,w) — u X v X w be the
trilinear map defined by (5.21). We prove that this map satisfies (5.26). To see this,
fix three vectors u, v, w € W. Then, by (5.15), we have

VW — WU = —2v1; X Wy, uw —wu = —2wi X uy, UV — ou = —2u] X v1.

Multiplying these expressions by ug, vg, wp, respectively, we obtain (twice) the
last three expressions on the right in (5.26). Thus it suffices to assume u, v, w € V.
Then we obtain
2u x v X w= (ud)w — (wWo)u

= —(uwv)w + (wov)u

= —(—(u,v) + u x V)w + (—(w,v) + w X V)u

= (u X v,w) + (u,v)w — (u X V) X W

—(w x v,u) — (w,v)u+ (w X V) X u
= 2¢(u,v,w) — 2[u, v, w|.

Here the third and fourth equations follow from (5.5), and the last equation follows
from (2.8) and (5.19). This proves that the formulas (5.21) and (5.26) agree.
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We prove (i). By (5.26) we have
(T, u x v xw) =x00(u1,v1,wr) + Y(x1,ur,v1,wr)
(5.30) — upp(x1,v1, w1) — voP(x1, W1, U)
- ’IU()¢(.ZU1, U, Ul)

for z, u,v,w € W. Here we have used ¢(u1, vy, w1) = (u1,v1 X wi) and

—(x1, [ur, v1, w1]) = =Y (ur,v1, w1, x1) = Y(x1, U1, v1, W1).

It follows from the alternating properties of ¢ and 1) that the right hand side of (5.30)
is an alternating 4—form. Hence, the map (5.21) is alternating and satisfies (5.22).
For u,v,w € V = 11 equation (5.23) follows from Lemma 4.4. In general, if
u, v, w € W are pairwise orthogonal, it follows from (5.9) and (5.11) that

(uv)w = —(uw)v = (wu)v = —(wo)u.
This shows that
5.3 (u,v) = (v,w) = (w,u) =0 = uXvXw=u(tw)
and, hence, by (5.2), we have |u X v X w| = |u A v A w| in the orthogonal case.

This equation continues to hold in general by Gram—Schmidt. This proves that the
triple cross product satisfies (5.23).

We prove (5.24). The second equation in (5.11) asserts that (yz)z = |z|*y for
all y, z € W. Hence, by (5.31), we have

(exuxuviexwxz)=(uxvXewxaXe)

whenever e, u, v, w,x € W are pairwise orthogonal. Thus the triple cross prod-
uct (5.21) satisfies (5.24). This proves (i).

We prove (ii) and (iii). That ® is a 4—form follows from (i). That it satisfies
equation (5.27) follows directly from the definition of ® and equation (5.30). That
® is self-dual with respect to the orientation of Remark 5.16 follows from (5.27)
and Lemma 4.8. Equation (5.26) was proved above.
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We prove (iv). By (5.15) and (5.21), we have
Ul lezé(uv—vu) =ux1xo.
Hence, it follows from (5.6) that
uwv = ugvy — (u1,v1) + upv1 + vour + ui X vq

= —uguo — (u1,v1) + UV + vou + u1 X V1

= —(u,v) + (u, v+ (v, H)u+u x 1 X v.
This proves (5.28) and Theorem 5.20. O
Example 5.32. If W = R® = R @ R” with coordinates zg, z1, . .., 27 and the
cross product of Example 2.15 on R, then the associated Cayley calibration is
given by

B = 0123 _ (0145 _ 0167 _ L0246 | 0257 _ 0347 _ 0356

+ 64567 _ 62367 . 62345 _ e1357 + e1346 _ 61256 o 61247.

Thus
Py A &g = 14vol.

(See the proof of Lemma 4.8.)

Definition 5.33. Let I be an 8—dimensional normed algebra. The fourfold cross
product on W is the alternating multi-linear map W* — W: (u,v,w,z)
u X v X w X z defined by

(5.34) dxxuxvxw := (uxvXw)T—(vXwXz)i+ (WX Xu)o—(rXuxv)w.

Theorem 5.35. Let W be an 8—dimensional normed algebra with triple cross
product (5.21), Cayley calibration ® € A*W*, and fourfold cross product (5.34).
Then, for all z,u,v,w € W, we have

(5.36) |zt X uxvXxw =|zAuAvAw|
and
Re(z x u x v X w) = ®(z,u,v,w),
Im(x X u X v x w) =|x1,u1,v1,w1| — xolur, v1,w
(5.37) ( ) = [w1,u1,v1,w1] — wo[u1, v1, w1]
+ ug[v1, w1, 71] — volwr, 1, u1]

+w0[a:1,u1,v1],

where the last five terms use the associator and coassociator brackets on V := 1+
defined by (4.1) and (4.22). In particular,

(5.38) ®(z, u,v,w)? 4 [Im (z X u x v x w)|* = [z AuAvAw?
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Proof. That the fourfold cross product is alternating is obvious from the definition
and the alternating property of the triple cross product. We prove that it satis-
fies (5.36). For this it suffices to assume that u, v, w, x are pairwise orthogonal.
Then u X v X w = (uv)w and hence

(uxvxw)z=((u)w)z = —((uv)r)w = —(u X v X T)w.

Here we have used (5.9) and (5.11). Using the alternating property of the triple

cross product we obtain that the four summands in (5.34) agree in the orthogonal

case. Hence, x X u X v X w = ((uv)w)Z and so equation (5.36) follows from (5.2).
We prove (5.37). Since u X 1 X v = uy X v1, we have

(u X v X w4+ (v X wy)u~+ (wyg X up)v+ (ug X vl)w)

=

IlXxuxvxw=

(u X v X w~ ug(vy X wy) + vo(wy X uy) + wo(ug X vl))

|
=

+ %<<U1 X wl,’LL1> + <w1 X ul,v1> + (’LL1 X vl,w1>)

—%((Ul le) ><u1+(w1 ><u1) XU1+<’LL1 le) le)

= ¢7(U1,U1,'UJ1) - [Ul,’Ul,'UJl]-

The last equation follows from (5.26) and the definition of the associator bracket
in (4.1). This proves (5.37) in the case 1 = (0. Using the alternating property we

may now assume that z, u,v,w € V := 1+. If z,u, v, w are orthogonal to 1 it
follows from (5.26) that u X v X w = ¢(u,v,w) — [u,v,w] and ®(x, u, v, w) =
—(z, [u,v,w]) = Y(z,u,v,w). Moreover, & = —z and similarly for wu, v, w.
Hence,

dr X u X v X w

=—(uxvxwr+@Wxwxz)u—(wxzXuv+(rxuxv)w

= [u,v,w]z — [v,w, z]u + [w, z,ujv — [z, u, v]w
— ¢(u,v,w)x + ¢(v,w, z)u — p(w, z, u)v + ¢(x, u, v)w

= —([u,v,w], z) + ([v,w, z],u) — ([w, z, u],v) + ([z,u, v], w)
+ [u,v,w] X z — [v,w,x] X u+ [w,z,u] X v—[T,U,0] X W
— ¢(u,v,w)x + ¢(v,w, z)u — p(w, z,u)v + ¢(x, u, v)w

= —4p(u,v,w, x) — 4[u, v, w, x|

=40(z, u,v,w) + 4z, u, v, w|.

Here the last but one equation follows from Lemma 4.21. Thus we have proved
(5.37) and Theorem 5.35. ]
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6 Triple cross products

In this section we show how to recover the normed algebra structure on W from the
triple cross product. In fact we shall see that every unit vector in W can be used as a
unit for the algebra structure. We assume throughout that W is a finite dimensional
real Hilbert space.

Definition 6.1. An alternating multi-linear map
(6.2) WxWxW —=W: (u,v,w) = uxuvxw
is called a triple cross product if it satisfies

(6.3) (uxvxwu) =(uxvXxwv)={uxvxww)=0,

(6.4) lu x v xw|l=|uAvAuw|
for all u,v,w € W.

A multi-linear map (6.2) that satisfies (6.4) also satisfies u x v X w = 0 whenever
u,v,w € W are linearly dependent, and hence is necessarily alternating.

Lemma 6.5. Let (6.2) be an alternating multi-linear map. Then (6.3) holds if and
only if, for all x,u,v,w € W, we have

(6.6) (x,uxvxw)+ (uxvxazw)=0.

Proof. If (6.6) holds, then (6.3) follows directly from the alternating property of the
map (6.2). To prove the converse, expand the expression (u X v X (w + x), w + )
and use (6.3) to obtain (6.6). ]

Lemma 6.7. Let (6.2) be an alternating multi-linear map satisfying (6.3). Then
equation (6.4) holds if and only if, for all u,v,w € W, we have

wxvx (uxvxw)+ |uivfw
= (|v|2<u,w> - <u,v)<v,w)) u—+ (|u|2<v,w> — <v7u><u,w>> .

Proof. 1f (6.8) holds and w is orthogonal to » and v, then

(6.8)

uxvx (uxvxw) =—|uAvfw.

Taking the inner product with w and using (6.6) we obtain (6.4) under the assumption
(u,w) = (v,w) = 0. Since both sides of equation (6.4) remain unchanged if we
add to w a linear combination of w and v, this proves that (6.8) implies (6.4).
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To prove the converse we assume (6.4). If w is orthogonal to » and v, we have
lu x v x w|* = |u A v]*|w]*. Replacing w by w + = we obtain

69 w,zecutnvt = (uxvxwuxvxz)=|uAvF(w,z).

Using (6.6) we obtain (6.8) for every vector w € ut Nt Replacing a general
vector w by its projection onto the orthogonal complement of the subspace spanned
by v and v we deduce that (6.8) holds in general. This proves Lemma 6.7. O

Let (6.2) be a triple cross product. If e € W is a unit vector, then the subspace
V. := e’ carries a cross product (u,v) — u X, v defined by u X, v :=u x e X v.
Hence, by Theorem 2.5, the dimension of V. is 0, 1, 3, or 7.

It follows that the dimension of W is 0, 1, 2, 4, or 8.

Lemma 6.10. Assume dim W = 8 and let (6.2) be a triple cross product. Then
there is a number € € {1} such that

(6.11) exux(exuvxw)=celefuxvxw

whenever e, u,v € W are pairwise orthogonal and w € W is orthogonal to e, u, v,
and e X u X v.

Proof. 1t suffices to assume that the vectors e, u, v € W are orthonormal. Then the
subspace

H :=span(e,u,v,e X u X v)*

has dimension four. It follows from (6.6) and (6.9) that the formulas
Tw:=exuxw, Jw:=exvxw, Kw:=uxvxw,

define endomorphisms I, J, K of H. Moreover, by (6.6), these operators are skew
adjoint and, by (6.9), they are complex structures on H. It follows also from (6.9)
that e x = X (e X & x w) = —|z|*w whenever e, z,w are pairwise orthogonal
and |e] = 1. Assuming w € H and using this identity with x = u + v we obtain
1J+ JI = 0. This implies that the automorphisms of H of the form al + bJ + cIJ
with a? + b? + ¢ = 1 belong to the space .7 of orthogonal complex structures on
H. They form one of the two components of 7 and K belongs to this component
because it anticommutes with / and J. Hence, K = ¢I.J with ¢ = +1. Since
the space of orthonormal triples in W is connected, and the constant € depends
continuously on the triple e, u, v, we have proved (6.11) under the assumption that
e, u, v are orthonormal and w is orthogonal to the vectors e, u, v, e X u X v. Hence,
the assertion follows by scaling. This proves Lemma 6.10. O
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Definition 6.12. Assume dim W = 8. A triple cross product (6.2) is called positive
if it satisfies (6.11) with € = 1 and is called negative if it satisfies (6.11) with
e=—1

Definition 6.13. Assume dim W = 8 and let (6.2) be a triple cross product. Then,
by Lemma 6.5, themap ®: W x W x W x W — R defined by

(6.14) Oz, u,v,w) := (T, u X v X W)

is an alternating 4—form. It is called the Cayley calibration of V.

Theorem 6.15. Assume dimW = 8 and let (6.2) be a triple cross product with
Cayley calibration ® € A*W* given by (6.14). Let e € W be a unit vector.

(i)

(ii)

(iii)

Define the map v.: W4 — R by

Ye(u,v,w,z) == (e X u X v,e X W X T)
(6.16) — ((u,w) = (u,e){e,w)) ((v,z) — (v, €e){e, z))
+ ((u, z) — (u, e)(e, z)) ((v,w) — (v, €)(e,w)).

Then 1. € A*W* and
(6.17) D = e* A e + £tle, be = 1(e)® € A3W*,
where € € {£1} is as in Lemma 6.10.

The subspace V, := e+

carries a cross product
(6.18) Vex Ve—=Ver (u,0) B uXev:=uxexw,

the restriction of ¢. to V. is the associative calibration of (6.18), and the
restriction of e to V is the coassociative calibration of (6.18).

The space W is a normed algebra with unit e and multiplication and conjuga-
tion given by

(6.19) uv :=uxexv+(u,e)v+ (v, eyu— (u,v)e, = 2(u, eye —u.

If the triple cross product is positive, then (uv)w — (wW0)u = 2u X v X w.

Proof. We prove (i). If the vectors e, u, v, w, z are pairwise orthogonal, then

(6.20) (e xuxzexvxw)=—elel*(z,uxuvxw).
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To see this, take the inner product of (6.11) with z. Then it follows from (6.6)
that (6.20) holds under the additional assumption that w is perpendicular to e X u X v.
Since x is orthogonal to e, this additional condition can be dropped, as both sides of
the equation remain unchanged if we add to w a multiple of e X u x v. Thus we
have proved (6.20).

Now fix a unit vector e € W. By definition, . is alternating in the first
two and last two arguments, and satisfies 1. (u, v, w, x) = ¥.(w, x,u,v) for all
u,v,w,z € W. By (6.4) we also have v (u, v, u,v) = 0. Expanding the identity
Ve(u, v+ x,u, v+ x) = 0 we obtain 1. (u, v, u,z) = 0 for all u,v,z € W. Using
this identity with u replaced by u 4+ w gives

Ye(u,v,w, x) + Ye(w,v,u,z) = 0.

Hence, 1. is also skew-symmetric in the first and third argument and so is an
alternating 4—form. To see that it satisfies (6.17) it suffices to show that e® and 1),
agree on e*. Since they are both 4—forms, it suffices to show that they agree on
every quadrupel of pairwise orthogonal vectors u, v, w, z € e. But in this case we
have ¢, (u, z,v,w) = —e®(z,u,v,w) = e®(u, z,v,w), by equation (6.20). This
proves (i).

We prove (ii). That (6.18) is a cross product on V, = et follows immediately
from the definitions.

By (6.14) we have

(u X v,w) = P(w,u,e,v) = P(e,u,v,w) = de(u,v,w)

for u, v, w € V, and hence the restriction of ¢, to V¢ is the associative calibration.
Moreover, the associator bracket (4.1) on V, is given by

[u,v,wle = (u X e X V) X e X w+ (v,w)u — (u, w)v.
Hence, for all u, v, w,x € V., we have

([u,v,W]e, ) = (e X W X (u X e xv),z) + (v,w)(u, z) — (u,w)(v, x)
=({exuxv,exwxz)— (uw){v,z) + (u,z){v,w)
= we(u7 v, w, .’I}),
where the last equation follows from (6.16). Hence, the restriction of v, to V. is the
coassociative calibration and this proves (ii).

We prove (iii). That e is a unit follows directly from the definitions. To prove
that the norm of the product is equal to the product of the norms we observe that
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u X e X v is orthogonal to e, u, and v, by equation (6.6). Hence,

luv]? = Ju X e x v+ (u, e)v + (v, e)u — (u, v)e|?
= |ux e x v|* —2(v,e){u,v)(v,e)
+ (u,e)*[of* + (v, €)?[ul® + (u,v)

= [ul*Jv]*.

Here the last equality uses the fact that [u x e x v|? = |u A e A v|%. Thus we have
proved that W is a normed algebra with unit e.

If the triple cross product (6.2) is positive, then € = 1 and hence equation (6.17)
asserts that & = e* A ¢, + .. Hence, it follows from (5.27) in Theorem 5.20 that
the Cayley calibration ®. associated to the above normed algebra structure is equal
to ®. This implies that the given triple cross product (6.2) agrees with the triple
cross product defined by (5.21). This proves (iii) and Theorem 6.15. ]

Remark 6.21. Assume dim W = 8 and let (6.2) be a triple cross product with
Cayley calibration ® € A*W* given by (6.14). Then, for every unit vector e € W,
the subspace V,, = e is oriented by Lemma 3.4 and Theorem 6.15. We orient W
as the direct sum W = Re @ V.. This orientation is independent of the choice of
the unit vector e. With this orientation we have e¢* A ¢, = *1)., by Theorem 6.15 (ii)
and Lemma 4.8. Hence, it follows from equation (6.17) in Theorem 6.15 (i) that
® A ® £ 0. In fact, the triple cross product is positive if and only if & A & > 0 with
respect to our orientation and negative if and only if ® A & < 0. In the positive case
® is self-dual and in the negative case @ is anti-self-dual.

Corollary 6.22. Assume dim W = 8 and let (6.2) be a triple cross product and let
€ be as in Lemma 6.10. Then, for all e,u,v,w € W, we have

exux(exvxw)=elefuxvxw—ele,uxvxuwe

—ele,uye X v X w

(6.23) —ele,w)e X u X v

Proof. Both sides of the equation remain unchanged if we add to u, v, or w a
multiple of e. Hence, it suffices to prove (6.23) under the assumption that u, v, w
are all orthogonal to e. Moreover, both sides of the equation are always orthogonal
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to e. Hence, it suffices to prove that the inner products of both sides of (6.23) with
every vector x € e agree. It also suffices to assume |e| = 1. Thus we must prove
that, if e € W is a unit vector and u, v, w, x € W are orthogonal to e, then we have

(exux(exvxw),z)=cluxvxwx)— (uv){w z)+ (u,w)(v,z)
or equivalently
(6.24) —(exuxz,exvxw)+ (u,v){z,w)— (u,w)(x,v) =clx,uxvxw).

The right hand side of (6.24) is e®(x, u, v, w) and, by (6.16), the left hand side
of (6.24) is —t(u, z, v, w). Hence, equation (6.24) is equivalent to the assertion
that the restriction of ). to el agrees with ®. But this follows from equation (6.17)
in Theorem 6.15. This proves Corollary 6.22. O

Lemma 6.25. Assume dim W = 8 and let (6.2) be a triple cross product with
Cayley calibration ® € A*W* given by (6.14). Let H C W be a 4—dimensional
linear subspace. Then the following are equivalent:

(i) Ifu,v,w € H, thenu X v X w € H.

(ii) Ifu,v € Handw € H*, thenu x v x we HE.

(iii) Ifu € H andv,w € H*, thenu x v x w € H.

(iv) Ifu,v,w € HL thenuxvxwe H-

(v) Ifu,v,w € H and x € H*, then ®(x,u,v,w) = 0.

(vi) If z,u,v,w is an orthonormal basis of H, then ®(z,u,v,w) = £1.

(vii) Ife € H' has norm one, then H is a coassociative subspace of V, := e*.
(viii) If e € H has norm one, then H NV, is an associative subspace of V.

A 4-dimensional subspace that satisfies these equivalent conditions is called a
Cayley subspace of W. If the vectors u,v,w € W are linearly independent, then
H := span{u,v,w,u X v X w} is a Cayley subspace of W.

Proof. We prove that (i) is equivalent to (v). If (i) holds and u,v,w € H,x € H -
then u X v X w € H and, hence, ®(x,u,v,w) = (x,u X v x w) = 0. Conversely,
if (v) holds and u,v,w € H, then (z,u X v X w) = ®(z,u,v,w) = 0 for every
x € H- and hence u x v x w € H.

We prove that (i) is equivalent to (vi). If (i) holds and z, u, v, w is an orthonormal
basis of H, then u X v X w is orthogonal to u, v, w and has norm one. Since
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uxvxw € H, wemusthave z = +ux v xw. Hence ®(z, u, v, w) = +|z|? = +1.
Conversely, assume (vi), let u, v, w € H be orthonormal, and choose z such that
x,u, v, w form an orthonormal basis of H. Then

(z,uxvxw)? =d(z,u,v,w)? =1=|zfluxvxw?

Hence, u X v X w is a real multiple of z and so u X v X w € H. Since the triple
cross product is alternating, the general case can be reduced to the orthonormal case
by scaling and Gram—Schmidt.

That (vi) is equivalent to (vii) follows from Lemma 4.26 and the fact that ®|y, is
the coassociative calibration on V. Likewise, that (vi) is equivalent to (viii) follows
from Lemma 4.7 and the fact that «(e)®|y, is the associative calibration on V.

Thus we have proved that (i), (v), (vi), (vii), (viii) are equivalent. The equiva-
lence of (1), (ii), (ii1) for a unit vector u = ¢ € H follows from Lemma 4.26 with
V :=V, and H replaced by H, using the fact that v x, w = —e X v x w is the
cross product on V.

The equivalence of (iii) and (iv) follows from the equivalence of (i) and (ii)
by interchanging the roles of A and A+. Thus we have proved the equivalence
of conditions (i)—(viii). The last assertion of the lemma follows from (i) and
equation (6.8). This proves Lemma 6.25. O

7 Cayley calibrations

We assume throughout that W is an 8—dimensional real vector space.

Definition 7.1. A 4—form ® € A*W* is called nondegenerate if for every triple
u, v, w of linearly independent vectors in W there is a vector x € W such that
®(u,v,w,x) # 0. An inner product on W is called compatible with a 4—form & if
the map W3 — W: (u,v,w) — u x v x w defined by

(7.2) (x,u X v xw):=®(z,u,v,w)

is a triple cross product. A 4—form ® € A*W* is called a Cayley-form if it admits
a compatible inner product.

Example 7.3. The standard Cayley-form on R? in coordinates xg, z1, ..., 7 is
given by
B = 123 _ 0145 _ L0167 _ 0246 4 0257 _ 0347 _ 0356

| AB6T 2367 2345 1357 | (1346 _ 1256 _ 1247

It is compatible with the standard inner product and induces the standard triple cross
product on R® (see Example 5.32). Note that &5 A &g = 14 vol.
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As in Section 3 we shall see that a compatible inner product, if it exists, is
uniquely determined by ®. However, in contrast to Section 3, nondegeneracy is, in
the present setting, not equivalent to the existence of a compatible inner product,
but is only a necessary condition. The goal in this section is to give an intrinsic
characterization of Cayley-forms. In particular, we shall see that every Cayley-
form satisfies the condition ® A @ # (. It seems to be an open question whether
or not every nondegenerate 4—form on W has this property; we could not find a
counterexample but also did not see how to prove it. We begin by characterizing
compatible inner products.

Lemma 7.4. Fix an inner product on W and a 4—form ® € A*W*. Then the
following are equivalent:

(i) The inner product is compatible with ®.

(ii) There is a unique orientation on W, with volume form vol € ABW™*, such that,
forall u,v,w € W, we have

(7.5) L(0)e(w)® A v(v)e(u)® A D = 6|u A v|*vol.

(iii) Choose the orientation on W and the volume form vol € ASW* as in (ii).
Then, for all u,v,w € W, we have

(7.6)  t(v)e(u)® A v(w)(u)® AP =6 <|u|2<v,w> — (v, u) (u,w)) vol

Each of these conditions implies that ® is nondegenerate and ® N ® # 0.

Proof. We prove that (i) implies (ii). Assume the inner product is compatible with
® and let W3 — W: (u,v,w) — u X v x w be the triple cross product on W
defined by (7.2). Assume u,v € W are linearly independent. Then the subspace

Wyw ={weW: (u,w) = (v,w) =0}

carries a symplectic form wy, ,: Wy, X Wy, — R and a compatible complex
structure Jy, 1 Wy — Wy given by

D(x, u,v,w) UXVXW

Wy (T, w) = A

JupW =
‘U /\ U| 9 u,v
Equation (6.4) asserts that .J,, ,, is an isometry on W, ,, and equation (6.6) asserts that
Ju,w 1s skew adjoint. Hence, J, , is a complex structure on W, ,, and equation (7.2)
shows that, for all z, w € W, ,,, we have

(x,u X v X w)

W, (@, w) = lu A vl

= —(z, Juow).
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Thus the inner product wy, (-, Jy»-) on Wy, is the one inherited from W It follows
that

(7.7) Wuyo N\ Wyp A Wyp = 6V0ly 4,

where vol, , € AGWJW denotes the volume form on W, , with the symplectic
orientation. Since the space of linearly independent pairs u,v € W is connected,
there is a unique orientation on W such that, for every pair u, v of linearly inde-
pendent vectors in W and every symplectic basis eq,...,eg of W, ,, the basis
u,v,e1,...,eqof W is positively oriented. Let vol € A®IW* be the volume form
of W* for this orientation. Then

1

VOlu,’U = W L

(v)e(u)volly,
and, hence, equation (7.5) follows from (7.7). This shows that (i) implies (ii).
That (ii) implies (iii) follows by using (7.5) with v replaced by v + w.

We prove that (iii) implies (i). Assume there is an orientation on W such
that (7.6) holds, and define the map W3 — W : (u,v,w) + uxvxw by (7.2). That
this map is alternating and satisfies (6.3) is obvious. We prove that it satisfies (6.4).
Fix a unit vector e € W and denote

Vei={veW:{ev) =0}, ¢:=1le)®|y, vol.:=.le)volly,.
Then equation (7.6) asserts that

L(u)pe A L(V)pe A pe = 6{u,v)vole

for every u € V.. Hence, ¢, satisfies condition (i) in Lemma 3.4 and therefore is
compatible with the inner product. This means that the bilinear map V., x Vo —
Ve: (u,v) = uxv defined by (u X, v, w) := ¢(u, v, w) is a cross product on V.
Since ¢e(u, v, w) = ®(w,u, e,v) = (uxexv,w), we have ux v = uxexwv. This
implies |ux exv| = |[uAv| whenever u and v are orthogonal to e and e has norm one.
Using Gram—Schmidt and scaling, we deduce that our map (u, v, w) — u X v X w
satisfies (6.4) and, hence, is a triple cross product. Thus we have proved that (i), (ii),
and (iii) are equivalent. Moreover, condition (ii) implies that ® is nondegenerate
and (i) implies that ® A ¢ # 0, by Remark 6.21. This proves Lemma 7.4. O

We are now in a position to characterize Cayley-forms intrinsically. A 4—form
® is nondegenerate if and only if the 2—form ¢(v)c(u)® € A?W* descends to
a symplectic form on the quotient W/span{u, v} or, equivalently, the 8—form
t(v)e(u)® A v(v)e(u)®P A P is nonzero whenever u, v are linearly independent. The
question to be adressed is under which additional condition we can find an inner
product on W that satisfies (7.5).
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Theorem 7.8. A 4—form ® € A*W* admits a compatible inner product if and only
if it satisfies the following condition.

.
® is nondegenerate and, if u,v,w € W are linearly independent and

(7.9) t(v)e(w)® A t(w)e(u)® AP = t(u)(v)® A (w)(v)® AP =0,
©) then, for all x € W, we have

t(w)e(u)® A v(z)(u)® AP =0

(7.10) = w)il0)® A L)) A D =0,

\

If this holds, then the compatible inner product is uniquely determined by P.
Proof. See page 50. O

To understand condition (C) geometrically, assume ® satisfies (7.6) for some
inner product on . Then ¢(v)¢(u) ®Aw(w)i(u)PAD = 0 if and only if |u)? (v, w)—
(v, u)(u, w) = 0. Hence, if u, v, w are linearly independent, equation (7.9) asserts
that w is orthogonal to u and v. Under this assumption both conditions in (7.10)
assert that w and x are orthogonal.

Every Cayley-form ® induces two orientations on W. First, since the 8—form
t(v)e(u)® Ar(v)e(u)® A P is nonzero for every linearly independent pair u, v € W
and the space of linearly independent pairs in W is connected, there is a unique
orientation on W such that ¢(v)e(u)® A ¢(v)e(u)® A ® > 0 whenever u,v € W
are linearly independent. The second orientation of W is induced by the 8—form
® A . This leads to the following definition.

Definition 7.11. A Cayley-form ® € A*WW* is called positive if the 8—forms ® A &
and ¢(v)e(u)® A t(v)e(u)® A ® induce the same orientation whenever u,v € W
are linearly independent. It is called negative if it is not positive.

Thus & is negative if and only if —® is positive. Moreover, it follows from
Remark 6.21 that a Cayley-form ® € A*W* is positive if and only if the associated
triple cross product is positive.

Theorem 7.12. If &, ¥ € A*W* are two positive Cayley-forms, then there is an
automorphism g € Aut(W) such that g*® = .

Proof. See page 51. O
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Lemma 7.13. Let W be a real vector space and g: W* — R be a multi-linear
map satisfying

(7.14) g(u,v;w, x) = g(w, z;u,v) = —g(v, u; w, )
forall u,v,w,xz € W and
(7.15) g(u,v;u,v) >0

whenever u,v € W are linearly independent. Then the matrices

Au(’U ’LU) = (g(u,v;u,v) g(u,v;u,w)> c R2><2 and
’ g(”? w; u? /U) g(u? w; u’ w) ’
g(v,wyv,w)  g(v,w;w,u)  g(v, w;u,v)
A(u,v,w) == | g(w,u;0,w)  g(w,u;w,u)  glw,u;u,v) | € R
g(u,viv,w)  glu,v;w,u)  gu, viu,v)
are positive definite whenever u,v,w € W are linearly independent. Moreover, the
following are equivalent:
(i) If u,v,w are linearly independent and g(u,v; w,u) = g(v, w;u,v) = 0, then,
forall t € W, we have

(7.16) g(u,wsu,z) =0 — g(v,w;v,z) = 0.

(ii) If u,v,w and u,v,w" are linearly independent, then

det(Ay(v,w))  det(Ay(v,w’))

(7.17) det(Ay(u,w)) — det(Ay(u,w’))’

(iii) If u,v,w and u,v',w' are linearly independent, then
det(Ay(v,w))  det(Ay(v',w'))

7.18 - ’
719 Vdet(A(u,v,w))  +/det(A(u, o', w))

(iv) There is an inner product on W such that
(7.19) 9(u,v:u,0) = [ul* o] = (u,v)?
forallu,v € W.

If these equivalent conditions are satisfied, then the inner product in (iv) is uniquely
determined by g and it satisfies

det(Ay (v, w)) = |ul*lu A v Awl?,

(7.20) )
det(A(u,v,w)) = [u AvAw|".
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Proof. Let u,v,w € W be linearly independent. We prove that the matrices
Ay (v,w) and A(u, v, w) are positive definite. By (7.15) they have positive diagonal
entries. Since the determinant of A, (v, w) agrees with the determinant of the
lower right 2 x 2 block of A(u, v, w), it suffices to prove that both matrices have
positive determinants. To see this, we observe that the determinants of A, (v, w)
and A(u,v,w) remain unchanged if we add to v a multiple of v and to w a linear
combination of u and v. With the appropriate choices both matrices become diagonal
and thus have positive determinants. Hence, A, (v, w) and A(u, v, w) are positive
definite, as claimed.

We prove that (iv) implies (7.20). The matrix A, (v, w) and |[u A v A w|2 remain
unchanged if we add to v and w multiples of u. Hence, we may assume that v and
w are orthogonal to u. In this case

|v

O CAP )

and this implies the first equation in (7.20). Since the determinant of the matrix
A(u, v, w) remains unchanged if we add to v a multiple of « and to w a linear
combination of v and v, we may assume that u, v, w are pairwise orthogonal. In
this case the second equation in (7.20) is obvious. Thus we have proved that (iv)
implies (7.20). By (7.20) the inner product is uniquely determined by g.

We prove that (i) implies (ii). Fix two linearly independent vectors u,v € W.
Then the subspace

Waw i=A{w € W : g(u,v;w, u) = g(v, wyu,v) = 0}

has codimension two and W = W,,, @ span{u,v}. Now fix an element w €
Wyv. Then (7.16) asserts that the linear functionals z — g(u,w;u,x) and z —
g(v,w;v,z) on W have the same kernel. Hence, there exists a constant A € R
such that g(v, w;v,x) = Ag(u, w;u,x) for all z € W. With 2 = w we obtain
A = g(v,w;v,w)/g(u,w;u,w) and hence

g(u, w;u, z)g(v, w; v, w) = g(u, w;u, w)g(v,w;v, ) forallz € W.
This equation asserts that the differential of the map

W, 0} - R: w— =—F———"=

U7v\{ } v g(v’w;v’w)

vanishes and so the map is constant. This proves (7.17) for all w,w’ € W \ {0}
Since adding to w a linear combination of » and v does not change the determinants
of Ay (v, w) and A, (u, w), equation (7.17) continues to hold for all w,w’ € W that
are linearly independent of u and v. Thus we have proved that (i) implies (ii).
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We prove that (ii) implies (iii). It follows from (7.17) that

. /. /
'IU,'IU, c Wu,v\{o} . g(u7w7u7w) _ g(u7w ,u,w)

g(v,wiv,w) — glv,w'v, W)
Using this identity with u replaced by u + v we obtain

. /. /
w’w/EWuv\{O} :> g(u’w7v7w) — g(u7w7v7w)‘
’ g(v,wsv,w)  g(v,w';v,w)

Now let w,w’ € W, and assume that g(u,w;v, w) = 0. Then we also have
g(u,w';v,w") = 0 and so it follows from the definition of W, , that all off-
diagonal terms in the matrices Ay (v, w), Ay (v, w'), A(u,v,w), and A(u,v,w’)
vanish. Hence,

det(AU(Uv ’LU))2 _ g(ua viu, U)g(u7 w;u, ’LU)

det(Alw o w)) ~ g(owio,w)
9(u, v3u,v)g(u, wiu,w')  det(Ay(v,w'))?
N g(v,w'sv,w') ~ det(A(u,v,w'))’

Thus we have proved (7.18) under the assumption that w,w’ € W,,, \ {0} and
g(w,u;w,v) = 0. Since the determinants of A,(v,w) and A(u,v,w) remain
unchanged if we add to w a linear combination of v and v and if we add to v a
multiple of u, equation (7.18) continues to hold when v = v'. If u, v, w and u, v, w’
and u,v’, w’ are all linearly independent triples we obtain

det(Ay(v,w))?  det(Ay(v,w'))?  det(Ay(v/,w'))?
det(A(u,v,w))  det(A(u,v,w’))  det(A(u,v,w'))’

Here the last equation follows from the first by symmetry in v and w. This proves
equation (7.18) under the additional assumption that u, v, w’ is a linearly indepen-
dent triple. This assumption can be dropped by continuity. Thus we have proved
that (ii) implies (iii).

We prove that (iii) implies (iv). Define a function W — [0,00): u + |u| by
|u| := 0 for u = 0 and by

g(“v wsu, w)g(u, v u, U) B g(“v viu, w)2

(7.21) > ==
det(A(u, v, w))

for u # 0, where v, w € W are chosen such that u, v, w are linearly independent.
By (7.18) the right hand side of (7.21) is independent of v and w. It follows
from (7.21) with u replaced by u + v that

g(u, w; v, w)g(u, viu, U) B g(ua viu, w)g(u, v, w)

det(A(u, v, w))

Ju ol — Jul* — Jo]* =2
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Replacing v by —v gives |u + v|> + |u — v|* = 2|u|* + 2|v|*. Thus the map W —
[0,00): w > |u| is continuous, satisfies the parallelogram identity, and vanishes
only for u = 0. Hence, it is a norm on W and the associated inner product of two
linearly independent vectors u, v € W is given by

g(u> w; v, w)g(u, v; u, U) B g(”? v; U, w)g(u, v v, ’LU)
det(A(u,v,w))

(7.22) (u,v) :=

whenever w € W is chosen such that u, v, w are linearly independent. That this
inner product satisfies (7.19) for every pair of linearly independent vectors follows
from (7.21) and (7.22) with w € W, ,.. This proves that (iii) implies (iv).
We prove that (iv) implies (i). Replacing v in equation (7.19) by v + w we
obtain
g(u, v3u,w) = [ul* (v, w) = (u,v)(u, w).

for all u,v,w € W. Hence,
g(u,v;w,u) = g(v,w;u,v) =0 = (u,w) = (v,w) = 0.

If w € W is orthogonal to u and v, then we have g(u, w; u, ) = |u|*(w, ) and
g(v,w;v, ) = |v|*(w, ). This implies (7.16) and proves Lemma 7.13. O

Proof of Theorem 7.8. If ® is nondegenerate and v € W is nonzero, then ¢(u)®
descends to a nondegenerate 3—form on the 7—dimensional quotient space W/Ru.
By Lemma 3.4 this implies that ¢(v)e(u)® A t(v)e(u)® A o(u)® descends to a
nonzero 7-form on W/Ru for every vector v € W \ Ru. Hence, the 8—form
t(v)e(u)® Ae(v)e(u)® AP on W is nonzero whenever u, v are linearly independent.
The orientation on W induced by this form is independent of the choice of the
pair u,v. Choose any volume form €2 € ASW* compatible with this orientation
and, for A > 0, define a multi-linear function g : w* SR by

t()(uw)® A v(x)(w)d A D
6210
This function satisfies (7.14) and (7.15) and, if P satisfies (C), it also satisfies (7.16).

Hence, it follows from Lemma 7.13 that there is a unique inner product (-, -), on
W such that, for all u, v € W, we have

(7.23) g (u,v;w, x) =

(7.24) ga(u,vsu,v) = [ul3]l} — (u,0)3.

Let vol be the volume form associated to the inner product and the orientation.
Then there is a constant () > 0 such that

voly = (N30
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We have gy = A~%gy, hence |u|, = A!|u|, for every u € W, and hence vol,, =
A~8voly. Thus (X)) = A~*u(1). With X := 1(1)"/¢ we obtain pu(\) = A\~*u(1) =
1(1)Y/3 = X2. With this value of A we have \*Q = vol,. Hence, it follows
from (7.23) and (7.24) that

L) (w)® A L(v)e(w)® A D =6 (\uﬁmi —{u, mi) voly.

Hence, by Lemma 7.4, ® is compatible with the inner product (-, -) ,. This shows
that every 4—form ® € A*WW* that satisfies (C) is compatible with a unique inner
product.

Conversely, suppose that ® is compatible with an inner product. Then, by
Lemma 7.4, there is an orientation on W such that the associated volume form
vol € ABW* satisfies (7.5). Define g: W* — R by

t(v)e(w)® A o(z)(w)® AP
6vol ’
By (7.5) this map satisfies condition (iv) in Lemma 7.13 and it obviously satis-

fies (7.14) and (7.15). Hence, it satisfies condition (i) in Lemma 7.13 and this
implies that ® satisfies (C). This proves Theorem 7.8. O

g(u,v;w, x) =

Proof of Theorem 7.12. Let ® € A*W* be a positive Cayley-form with the asso-
ciated inner product, orientation, and triple cross product. Let ¢g € A*(R")* and
Yo € A*(R")* be the standard associative and coassociative calibrations defined in
Example 2.15 and in the proof of Lemma 4.8. Then ®( := 1* A ¢g +10p € A*(RZ)*
is the standard Cayley-form on R2.

Choose a unit vector e € W and denote

Vei=et, o= u(e)®@|y, € APVE, the =Dy, € AV

Then ¢, is a nondegenerate 3—form on V. and, hence, by Theorem 3.2, there is an
isomorphism ¢g: R” — V, such that g*¢. = ¢. It follows also from Theorem 3.2
that ¢ identifies the standard inner product on R with the unique inner product
on V, that is compatible with ¢., and the standard orientation on R7 with the
orientation determined by ¢, via Lemma 3.4. Hence, it follows from Lemma 4.8
that g also identifies the two coassociative calibrations, i.e., g*1), = 1. Since ® is
a positive Cayley-form, we have

D =e" A ¢ + Ve.

Hence, if we extend ¢ to an isomorphism R® = R @ R” — W, which is still
denoted by g and sends eg = 1 € R C R® to e, we obtain g*® = ®( and this
proves Theorem 7.12. ]
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Remark 7.25. The space S2A2W* of symmetric bilinear forms on A2V can be
identified with the space of multi-linear maps g: W* — R that satisfy (7.14).
Denote by SZA?2W* C S2A2W* the subspace of all g € SZA2W* that satisfy the
algebraic Bianchi identity

(7.26) g(u,v;w,x) + g(v,w;u, z) + g(w,u;v,z) =0
for all u, v, w,x € W. Then there is a direct sum decomposition
SZAPW* = AW @ SEAPWH

and the projection
II: S2A’W* — AW
is given by

(Ig) (u, v, w, z) := %(g(u, v;w, z) + g(v,w;u, z) + g(w, u; v,x)).

Note that
(7.27) dim A’W = 28, dim S2A%W = 406,
(7.28) dim A*W = 70, dim S2A*W = 336.

Moreover, there is a natural quadratic map ¢ : S2W* — S2A2W* given by

(@) (u,v; 2, y) = y(u,2)7(v,y) — 7(w, y)7(v, 2)

for v € S?W* and w,v,x,y € W. Lemma 7.13 asserts, in particular, that the
restriction of this map to the subset of inner products is injective and, for each
element g € S2A2W*, it gives a necessary and sufficient condition for the existence
of an inner product v on W such that

g—Tg=qg"(v).

We shall see in Corollary 9.9 below that, if ® € A*TV* is a positive Cayley-form
and g = g € S?A2W* is given by

t(v)e(u)® A u(y)(z)® AP vol e NP
) : T

golu,vi,y) = -

then
go = 6g"(y) + 70

for a unique inner product v € S2W*, and the volume form of  is indeed vol.
Thus, in particular, we have Ilgp = 7.
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Remark 7.29. The space S?S?W* of symmetric bilinear forms on S?W can be
identified with the space of multi-linear maps o: W* — R that satisfy

(7.30) o(u,viz,y) = o(z,y;u,v) = o(v,u; 2, y).

Denote by S3S2W* the subspace of all ¢ € S2S?W* that satisfy the algebraic
Bianchi identity (7.26). Then

S2S2W* = SWr @ SESPWH,

where
(7.31) dim S?W = 36, dim S2S?W = 666,
(7.32) dim S*W = 330, dim SZS*W = 336.

The projection IT: S2S2W* — S4W* is given by the same formula as above.
Thus

(J - HO’)(U,’ v T, y) = %U(uv vz, y) - %0—(1}7 T U, y) - %0’(.%, u; v, y)
There is a natural quadratic map ¢°: S?W* — S2S2W* given by
(@ (1) (u, v;.2,y) = y(u,0)y(2,y).

Polarizing the quadratic map ¢™: S?W* — S2A%W* one obtains a linear map
T: S2S2°W* — S?2A2W* given by

(TU) (U,’U;CL‘,y) = O'(’LL, T, y) - O'(’U,,y; ’Ua$)

such that ¢® = T o ¢°. The image of T is the subspace SZA%WW* of solutions
of the algebraic Bianchi identity (7.26) and its kernel is the subspace S4W*. A
pseudo-inverse of T"is the map S: S?A?W* — S2S2W* given by

(S9) (w,vs2,y) := 5 (g(u, z30,) + g(u, y;v,2))
whose kernel is A*W* and whose image is S3.5?W*. Thus
TSg=g—1lg, STo =0 —1lo
for g € S2A?W* and o € S?2S?W*. Given g € S?A?W* and v € S2W*, we have
g-Ng=4"(y) <+  Sg=@1-)¢°().

Namely, if ¢* () = g — Ig, then Sg = S(g — Ig) = S¢*(v) = ¢°(v) — g (7),
and if (1 — I)¢®(y) = Sg, then (1 —I)g = T'Sg = T(1 — M)¢°(7) = ¢* (7).
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8 The group G,

Let V be a 7T-dimensional real Hilbert space equipped with a cross product and
let € A3V* be the associative calibration defined by (2.8). We orient V as in
Lemma 3.4 and denote by *: A*V* — A7"FV* the associated Hodge *—operator
and by ¢ := x¢ € A*V* the coassociative calibration. Recall that V is equipped
with an associator bracket via (4.1), related to v via (4.9), and with a coassociator
bracket (4.22).

The group of automorphisms of ¢ will be denoted by

G(V,¢) :={9 € GL(V) : g"¢ = ¢}
By Lemma 2.20, we have G(V, ¢) C SO(V') and hence, by (2.8),
G(V,¢) ={g€SO(V):guxgv=g(uxv)Vu,veV}.

For the standard structure ¢y on R” in Example 2.15 we denote the structure group
by G5 := G(R, ¢p). By Theorem 3.2, the group G(V, ¢) is isomorphic to G5 for
every nondegenerate 3—form on a 7—dimensional vector space.

Theorem 8.1. The group G(V, ¢) is a 14—dimensional simple, connected, simply
connected Lie group. It acts transitively on the unit sphere and, for every unit vector
u € V, the isotropy subgroup G, = {g € G(V,¢) : gu = u} is isomorphic to
SU(3). Thus there is a fibration

SU(3) — Gy — SS.

Proof. As we have observed in Step 4 in the proof of Lemma 3.4, the group
G = G(V, ¢) has dimension at least 14, as it is an isotropy subgroup of the action
of the 49—dimensional group GL(V) on the 35—-dimensional space A3V *. Since
G C SO(V), by Lemma 2.20, the group acts on the unit sphere

S:={ueV:|u =1}.

Thus, for every u € .S, the isotropy subgroup G, has dimension at least 8. By
Lemma 2.18, the group G, preserves the subspace W, := u=, the symplectic form
wy, and the complex structure .J,, on W, given by w, (v, w) = (u,v X w) and
Juv = u x v. Hence, G,, is isomorphic to a subgroup of U(W,,, w,, J,,) = U(3).
Now consider the complex valued 3—form 6,, € A3CW;* given by

eu(xvyaz) = Qb(l‘ayaz) - i¢(u XX, Y, Z) = ¢(xayaz) - i@b(u,x,y, Z)

for z,y,z € W,. (See (4.1) and (4.9) for the last equality.) This form is nonzero
and is preserved by G,,. Hence, G, is isomorphic to a subgroup of SU(Wy,, wy, Jy,).
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Since SU(Wy,, wy, Jy,) = SU(3) is a connected Lie group of dimension 8 and G,
has dimension at least 8, it follows that

Gu = SUWy, wa, Ju) = SU(3).

In particular, dim G,, = 8 and so dim G < dim G,, + dim S = 14. This implies
dim G = 14 and, since S is connected, G acts transitively on S. Thus we have
proved that there is a fibration SU(3) — G — S. It follows from the homotopy
exact sequence of this fibration that G is connected and simply connected and that
73(G) = Z. Hence, G is simple.

Here is another proof that G is simple. Let g := Lie(G) denote its Lie algebra
and, for every u € S, let g,, := Lie(G,,) denote the Lie algebra of the isotropy
subgroup. Then, for every £ € g, we have £ € g, if and only if u € ker£. Since
every ¢ € g is skew-adjoint, it has a nontrivial kernel and hence belongs to g, for
some u € S.

Now let I C g be a nonzero ideal. Then, by what we have just observed, there is
an element u € S such that I N g, # {0}. Thus I N g, is a nonzero ideal in g, and,
since g, is simple, this implies g, C I. Next we claim that, for every v € u", there
is an element ¢ € [ such that £u = v. To see this, choose any elementn € g,, C [
such that ker 7 = (u). Then there is a unique element w € u* such that nw = v.
Since G acts transitively on S there is an element ( € g such that (u = w. Hence,
¢ =1[n,(¢] € I and &u = nCu = nw = v. This proves that dim(//g,,) > 6; hence,
dim I > 14, and hence I = g. This proves Theorem 8.1. O

We examine the action of the group G(V, ¢) on the space

Y::{(uvw)ev: [ul = Jo] = Ju| =1, }

(u,v) = (u,w) = (v,w) = (u x v,w) =0
Let S C V denote the unit sphere. Then each tangent space T}, S = u™ carries a
natural complex structure v — u X v. The space .¥ is a bundle over S whose fiber
over wu is the space of Hermitian orthonormal pairs in 73, S. Hence, . is a bundle of
3—spheres over a bundle of 5—spheres over a 6—sphere and therefore is a compact
connected simply connected 14—dimensional manifold.

Theorem 8.2. The group G(V, ¢) acts freely and transitively on . .

Proof. We give two proofs of this result. The first proof uses the fact that the
isotropy subgroup G,, C G := G(V, ¢) of a unit vector u € V is isomorphic
to SU(3) and the isotropy subgroup in SU(3) of a Hermitian orthonormal pair is
the identity. Hence, G acts freely on .. Since G and .¥ are compact connected
manifolds of the same dimension, this implies that G acts transitively on .%.

55



For the second proof we assume that ¢ = ¢ is the standard structure on
V = R". Given (u,v,w) € ., define g: R” — R” by

gel =1u, ges=v, ges3=uXxXuv, geq=w

ges =w X u, geg=w Xv, ger=w X (uXv).

By construction g preserves the cross product and the inner product. Hence, g € Go.
Moreover, ¢ is the unique element of G5 that maps the triple (e1, €2, e4) to (u, v, w).
This proves Theorem 8.2. O

Corollary 8.3. The group G(V,¢) acts transitively on the space of associative
subspaces of V' and on the space of coassociative subspaces of V.

Proof. This follows from Theorem 8.2, Lemma 4.7, and Lemma 4.26. O

Remark 8.4. Let A C V be an associative subspace and define H := A+ and
Ga :={g € G(V,¢) : gA = A}. Then every h € SO(H) extends uniquely to an
element g € G, (choose (u,v,w) € . such that u, v, w € H) and the action of g
on A is induced by the action of » on AT H* under the isomorphism in Remark 4.27.
Hence the map Gy — SO(H) : g — ¢|m is an isomorphism and so the associative
Grassmannian . := {A C V : A is an associative subspace} is diffeomorphic to
the homogeneous space G(V, ¢)/SO(H) = G2/SO(4), by Corollary 8.3. Since
A C V is associative if and only if H := A is coassociative (see Lemma 4.26), %
also is the coassociative Grassmannian.

Theorem 8.5. There are orthogonal splittings

APV* = A2 A2,
NV =N o Ao A,

where dim A’j =d and

A2 ={(u)p:ueV={we A’V x(p Nw) = 2w},
A2, = {wEAQV*:w/\w:O}z{wEsz*:*(gﬁ/\w):—w},
AL = (0),

A= {(u):ueV},
A3, = {wEA?’V*:(;S/\w:O, 1#/\&)20}.

Each of the spaces A]j is an irreducible representation of G(V, ¢) and the represen-
tations A2 and A3 are both isomorphic to V, A3, is isomorphic to the Lie algebra
a(V,¢) = Lie(G(V, ¢)) = go, and A3; is isomorphic to the space of traceless
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symmetric endomorphisms of V. The orthogonal projections m7: A*V* — A2 and
ma: A2V* — A3, are given by

(8.6) mr(w) = fw+ 3 (P Aw) = 5% (P A (Y Aw)),
(8.7) Taw) = 2w — 2 x (pAw) =w— 3 * (Y Ax( Aw)).

—

Proof. For u € V denote by A, € so(V) the endomorphism A, v := u x v. Then
the Lie algebra g := Lie(G) of G = G(V, ¢) is given by

g={{€End(V): £+ =0, Agy + [Au, ] =0Vu e V}.
Step 1. There is an orthogonal decomposition
so(V)=gah, h:={A,:ueV}

with respect to the inner product (£,m) := —% tr(&n) on so(V).

The group G acts on the space so(V') of skew-adjoint endomorphisms by
conjugation and this action preserves the inner product. Both subspaces g and f are
invariant under this action, because gA,g~' = Ay, forallu € V and g € G. If
E=A,egnh, then0= Ly, ¢ = 3c(u)y (see equation (4.19)) and hence u = 0.
This shows that gN'h = {0}. Since dim g = 14, dim h = 7, and dim so(V') = 21,
we have so(V') = g @ h. Moreover, g is another G—invariant complement of g.
Hence b is the graph of a G—equivariant linear map g — g. The image of this map
is an ideal in g and hence must be zero. This shows that h = g

Step 2. A%, is the orthogonal complement of A2

By equation (4.41) in Lemma 4.37 we have u* A ) = x(u)¢ forall u € V.
Hence, u* A w A Y = w A *t(u)¢ and this proves Step 2.

Step 3. The isomorphism so(V) — A2V*: & — we = (-, &) is an SO(V)-
equivariant isometry and maps g onto A%4

That the isomorphism { +— we¢ is an SO(V')—equivariant isometry follows
directly from the definitions. The image of h under this isomorphism is obviously
the subspace A%. Hence, by Step 1, the orthogonal complement of A% is the image
of g under this isomorphism. Hence, the assertion follows from Step 2.

Step 4. Let w € A2V*. Then ) Aw = 0 ifand only if (¢ A\ w) = —w.
Define the operators Q: A?V* — A?V*and R: A%2V* — A'V* by

Qw = x(¢ A\ w), Rw := (¢ ANw)
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for w € A2V*. Then Q is self-adjoint and R*: A'V* — A2V* is given by the
same formula R*a = (1) A ) for @ € A'V*. Both operators are G-equivariant.
Moreover, R*R = @ + id by equation (4.60) in Lemma 4.37. Hence, Rw = 0
if and only if Qw = —w. (Note also that the operator R* R vanishes on A2, by
equation (4.60) and has eigenvalue 3 on A2 by (4.52).) This proves Step 4.

One can rephrase this argument more geometrically as follows. The action of
G on A3, is irreducible by Step 3. Hence, A2, is (contained in) an eigenspace of
the operator (). Moreover, the operator () is traceless. To see this, let ey, ..., e7 be
an orthonormal basis of V and denote by €', ..., €7 the dual basis of V*. Then the
2—forms % := e’ A ¢/ with i < j form an orthonormal basis of A2V * and we have

S x(@Aeh) =3 (€T AT Ap)(er... er) = 0.

1<j 1<J

By equation (4.49) in Lemma 4.37, the operator () has eigenvalue 2 on the 7—
dimensional subspace A2. Since dim A?V* = 21, it follows that ) has eigenvalue
—1 on the 14-dimensional subspace A?,. This gives rise to another proof of
equation (4.60) and completes the second proof of Step 4.

Step 5. The subspaces A3, A3, and A3, form an orthogonal decomposition of A3V *
and dim Afl =d.

That dim A3 = d for d = 1,7 is obvious. Since *¢(u)1) = —u* A ¢, it follows
that A$ is orthogonal to A3. Moreover, for every w € A3V*, we have

PAw=0 <= uAPAw=0YueV <= wlA}

and
YAw=0 <= wlA}

Hence, A3, is the orthogonal complement of A% & A2. Since dim A3V* = 35, this
proves Step 5.

Step 6. The subspaces A%, A% & A?, A%, A%7 are irreducible representations of the
group G = G(V, ¢).

The irreducibility of A3 and A2 = A2 is obvious and for A2, it follows from
Step 3. We also point out that A2 is the tangent space of the orbit of ¢ under
the action of SO(V'). The space A3, can be identified with the space of traceless
symmetric endomorphisms S: V' — V via S — Lg¢ by Theorem 8.8 below. That

it is an irreducible representation of G(V, ¢) is shown in [ ]. This proves
Step 6. Equations (8.6) and (8.7) follow directly from the definitions and (4.60).
This proves Theorem 8.5. 0
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Theorem 8.8. The linear map
End(V) — A3V*: A Lad

(see Remark 4.16) restricts to a G(V, ¢)—equivariant isomorphism from the space
of traceless symmetric endomorphisms of V onto A3..

Proof. We follow the exposition of Karigiannis in [ , Section 2]. Define the
linear map A3V* — End(V): n+ S, by

L(u)g A(v)p An
4vol

(8.9 (u, Syv) ==

forn € A3V* and u,v € V. This map has the following properties.
Step 1. Let A € End(V'). Then

(8.10) Seae = 5(A"+ A) + S tr(A)1.
In particular, Sy = %1.
Fort € R define g; := e4* and ¢ := g} ¢. Then ¢y € A*V* is a nondegenerate
3—form compatible with the inner product
(u,v), := (gru, grv)
on V and the volume form vol, € A”V* given by

vol; := g/ vol = det(g;)vol.

Hence,
W(u)dr A L(w)dy A ¢y = 6lul;vol,
forall w € V and all ¢ € R.. Differentiate this equation with respect to ¢ at ¢ = 0 and

use the identity 0 = ¢(u)(t(w)p A dAN) = (u)p A(u)p An—c(u)p AdA(u)n
for € A3V* to obtain

3u(w)d A L(u)d A Lap = 12(u, Au)vol + 6|u|® tr(A)vol.

Divide this equation by 12vol and use the definition of S, , 4 in equation (8.9) to
obtain
(u, S ,ou) = (u, Au) + & tr(A)ul>.

Since S , 4 is a symmetric endomorphism, this proves equation (8.10). Now take
A = 1 and use the identities £1¢ = 3¢ and tr(1) = 7 to obtain S35 = Sz, = S1.
This proves Step 1.
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Step 2. Letv € V. Then S,y = 0.
It follows from equation (4.47) in Lemma 4.37 that
v(w)p N Np A su*

(8.11) = 3a(u)

vol vol
forall uw € V and all @« € V*. Take o := ¢(w)e(v)¢p = ¢(v, w, -) to obtain
(8.12) 36(u, v, w) = LYLAUWILIGNY

vol
Interchange » and v to obtain
. o) = LN DoAY
Now contract the vector w with the 8—form ¢(u)¢ A t(v)¢p A 1p = 0 to obtain
0= (w) (e(w)d A t(v)p AY)
= (w)e(u)d Ae(v)d At

(
Uu)¢ A v(w)u(v)d A
Uu)o Au(v)d A w)y
= Uu)d A e(v)d N e(w).

Here the last step follows from (8.12) and (8.13). Thus we have proved that

_|_
_|_

(8.14) t(w)p A(v)p A (w)y =0 for all u,v,w € V.
Hence, S, (,)y = 0 for all w € V by definition of S;. This proves Step 2.
Step 3. Let S = S* € End(V) be a self-adjoint endomorphism. Then

(8.15) x Lop = tr(S)yY — Lgib.
It suffices to prove this for self-adjoint rank 1 endomorphisms. Let v € V' and
define S := uu*. Then tr(S) = |u|* and Ls¢ = u* A v(u)¢. Hence,
xLgp = *(u* A (u)d)
= s (u* Ax(u* A1)
= t(u)(u” A 9)
— Juf?p — A ()
= tr(S)yY — Lg1.

Here the third step uses the identity u* A xa = (—1)*~! % 4(u)a in Remark 4.14
with kK = 5 and o = u* A 4. This proves Step 3.
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Step 4. Let S = S* € End(V) and T = T* € End(V) be self-adjoint endomor-
phisms. Then

(8.16) (Lsp, L) = 2tr(ST) + tr(S) tr(T).

It suffices to prove this for self-adjoint rank 1 endomorphisms. Let u,v € V
and define S := uu* and T := vv*. Then tr(S) = |u|?, tr(T) = |v|?, tr(ST) =
(u,v)?, Lsp = u* A v(u)g, Lo = v* A 1(v)d. Hence, by Step 3,

(Lsé, Lr)vol = Lsd A Lo
= Ls¢ A (tx(T)y — L)
= [o2u* A u(u)d A — u Au(u)d Av* A (o)
= [v2e(u)d A xe(u)d — u* A v Au(u)d A L(v)
= (3|u|2|v\2 —2|u x v|2)v01
= (Jul?[v]* + 2(u, v)?)vol.
Here the fourth step follows from (4.41) and the fifth step follows from (4.43)
and (4.56). This proves Step 4.

Step 5. Let S = S* € End(V) be a self-adjoint endomorphism and let v € V.
Then (1(u)y, Lsp) = 0.

It suffices to prove this for rank 1 endomorphisms. Let v € V and define
S := vv*. Then *Lg¢ = tr(S)y — Lgh = [v]* — v* A t(v)) by Step 3, s0

W) A xLsd = [v]Pe(w)h A — v(u)h Av* A v(v) = 0.

Here the last equation follows from (4.40) and (4.48).
Step 6. Define

Endy™ (V) :={S € End(V) : § = S*, tr(S) = 0}.
Then the map A — L ¢ restricts to G(V, ¢)—equivariant isomorphism
Endy™ (V) — A3;: S+ Lso.

That the map A — L4¢ is G(V, ¢)—equivariant follows directly from the
definitions. Now let S € Endy ™ (V). Then by Step 4

W = (Ls9,¢) = %<£S¢a L1¢) = tr(S) = 0.
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Moreover, *¢(u)) = —u*A¢ by (4.42) and so u* ALsp A = —(Lgp, t(u)) =0
for all w € V by Step 5. This shows that Lgp A ¢ = 0 and Lg¢ A = 0, and so
Ls¢ € A3, Moreover, Spgp = S forall S € Endy”™ (V) by Step 1. Thus the map
Endy™ (V) — A3,: S+ Lg¢is injective. Since Endg™ (V') and A3; both have
dimension 27, this proves Step 6 and Theorem 8.8. O

The above proof of Theorem 8.8 does not use the fact that the G(V, ¢)-repre-
sentation Endy ™ (V'), and hence also A3, is irreducible. Moreover, we have not
included a proof of this fact in these notes (although it is stated in Theorem 8.5).
Assuming irreducibility, the proof of Theorem 8.8 can be simplified as follows.

Proof of Theorem 8.8 assuming Endy"™ (V') is irreducible. Since

d .
Lav=—| exp(tA)s,

tli=o
it is clear that the map End(V) — A3V* : A+ La¢ is G(V, ¢)—equivariant. Its
kernel is Lie(G(V, ¢)) and hence its restriction to Endg™ (V) is injective. Now
the composition of the map Endg™ (V) — A3V*: A — L4¢ with the orthogo-
nal projection onto A3, respectively A2, is G(V, ¢)—equivariant by Step 5 in the
proof of Theorem 8.5. This composition cannot be an isomorphism for dimen-
sional reasons, and hence must vanish by Schur’s Lemma, because the G(V, ¢)—
representations Endy’™ (V), A3, and A3 are all irreducible. Thus the image of
Endg"™ (V') under the map A — L 4¢ is perpendicular to A$ and A2, and hence is
equal to A3-. O

We close this section with the proof of a well-known formula for the differential
of the map that assigns to a nondegenerate 3—form its coassociative calibration.
Let V be a seven-dimensional real vector space, abbreviate AR .= AFV* for
k=0,1,...,7, and define

P=PV):= {gb c A3 ‘ o is nondegenerate} .

This is an open subset of A and it is diffeomorphic to the homogeneous space
GL(7,R)/Gy. Namely, if ¢9 € P is any nondegenerate 3—form then the map
GL(V) = P: g+ (g7 ")*¢o descends to a diffeomorphism from the quotient
space GL(V)/G(V, ¢g) to P. Define the map ©: P — A by

(8.17) O(¢) := %40

Here *: A% — A* denotes the Hodge *—operator associated to the inner product
and orientation determined by ¢.

62



Theorem 8.18. The map ©: P — A% in (8.17) is a GL(V)—equivariant local
diffeomorphism, it restricts to a diffeomorphism onto its image on each connected
component of ‘P, and its derivative at ¢ € P is given by

(8.19) dO(g)n = *¢ (471(n) + 77(n) — m27(n))

forn € A3. Heremg: A3 — AZ’l denotes the projection associated to the orthogonal
splitting A3 = A3 & A3 ® A3, in Theorem 8.5 determined by ¢.

Proof. That P has two connected components distinguished by the orientation
of V follows from the fact that GL(V') has two connected components. That
the restriction of © to each connected component of P is bijective follows from
Theorem 4.30 and that it is a diffeomorphism then follows from equation (8.19) and
the inverse function theorem.

Thus it remains to prove (8.19). Since O is GL(V')—equivariant, it satisfies

(8.20) O(g"¢) = g°0(9)

for ¢ € P and g € GL(V). Fix a nondegenerate 3—form ¢ € P, denote by
Y 1= O(¢) = *4¢ its coassociative calibration, and differentiate equation (8.20) at
g = 1 in the direction A € End(V) to obtain

(8.21) dO(p)Lagp = L ).

Now let € A? and denote 7y := 74(n) for d = 1,7,27. By Theorem 8.5 and
Theorem 8.8 there exists a real number A, a vector u € V', and a traceless symmetric
endomorphism S: V — V such that

n = 3\, nr = 3u(u)ip, nor = Lg.
Since L1¢ = 3¢ and L1 = 41, it follows from equation (8.21) that
(8.22)  dO(¢)m = AdO(¢)L1p = AL1tp = 4N = § 54 (3AD) = 4 %4 1.
Now define A, € End(V) by Ayv :=u x v forv € V. Then
La,¢=3u(w)p =07, Lo, =xBu(w)y) =xgn7
by (4.18) and (4.19). Hence, it follows from equation (8.21) that

(8.23) dO(p)n7 = dO(P) LA, ¢ = La, ) = *¢n7.

Moreover it follows from equations (8.15) and (8.21)

(8.24) dO(¢)nar = dO(¢)Lsd = Lsip = — xy Lsd = — %4 M7

With this understood, equation (8.19) follows from (8.22), (8.23), and (8.24). This
proves Theorem 8.18. ]
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9 The group Spin(7)

Let W be an 8—dimensional real Hilbert space equipped with a positive triple cross
product and let & € A*IW* be the Cayley calibration defined by (6.14). We orient
W so that

PAD >0

and denote by *: AFIW* — A8~FW* the associated Hodge *—operator. Then ® is
self-dual, by Remark 6.21. Recall that, for every unit vector e € W, the subspace

Ve = et
is equipped with a cross product
UXeV:=UXexXv
and that
D =€ X o+ Ve, Pe:=1(e)® € NBW*, ) :=x(e* Ag.) € NW*,

(see Theorem 6.15). The orientation of W is compatible with the decomposition
W = (e) & V. (see Remark 6.21).
The group of automorphisms of & will be denoted by

GW,®):={g€ GL(W):g"® = ®}.
By Theorem 7.8, we have G(W, ®) C SO(WW) and hence
GW,®)={g€SO(W):guxgvxgw=gluxvxw)Vuv,weW}.

For the standard structure ®; on R® in Example 5.32 we denote the structure group
by Spin(7) := G(R&, ®y). By Theorem 7.12, the group G (W, ®) is isomorphic to
Spin(7) for every positive Cayley-form on an 8—dimensional vector space.

Theorem 9.1. The group G(W, ®) is a 21-dimensional simple, connected, sim-
ply connected Lie group. It acts transitively on the unit tangent bundle of the
unit sphere and, for every unit vector e € W, the isotropy subgroup G, :=
{g € G(W,®) : ge = e} is isomorphic to Ga. Thus there is a fibration

Gy — Spin(7) — S”.

Proof. The isotropy subgroup G, is obviously isomorphic to G(Ve, ¢.) and hence
to Go. We prove that G(T, ®) acts transitively on the unit sphere. Let u,v € W
be two unit vectors and choose a unit vector e € W which is orthogonal to v and
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v. By Theorem 8.1, the isotropy subgroup G, acts transitively on the unit sphere
in V.. Hence, there is an element g € G, such that gu = v. That G(W, ®) acts
transitively on the set of pairs of orthonormal vectors now follows immediately from
Theorem 8.1. In particular, there is a fibration Go < Spin(7) — S7. It follows
from the homotopy exact sequence of this fibration and Theorem 8.1 that Spin(7)
is connected and simply connected, and that 73(Spin(7)) = Z. Hence, Spin(7) is
simple. This proves Theorem 9.1. O

Lemma 9.2. Abbreviate
G :=G(W, D), g := Lie(G) C so(W).

The homomorphism p: G(W, ®) — SO(g") is a nontrivial double cover. Hence,
Spin(7) is isomorphic to the universal cover of SO(T).

Proof. Define
={{€g:[{s0(W) Cg}.

If¢ € I and € g, then [[€, 7], ¢] = —[[n, ). €] — [[¢, €], ] € g forall ¢ € so(W),
and so [,n] € I. Thus [ is an ideal in g. Since so(W) is simple, we have I C g.
Since g is simple, we have I = {0}. This implies im ad(§) ¢ g for 0 # £ € g.
Since ad(¢): so(W) — so(W) is skew-adjoint, this implies g+ ¢ ker ad(¢) for
0 # & € g. This means that the infinitesimal adjoint action defines an isomorphism
g — s0(g"). Hence, the adjoint action gives rise to a covering map G — SO(g+).
Since G is connected and simply connected, this implies that G is the universal
cover of SO(g+) = SO(7) and this proves Lemma 9.2. O

We examine the action of the group G(W, ®) on the space
S = {(u,v,w,x) eWw ‘ U, V, W, U X U X W, T are orthonormal} .

The space . is a bundle of 3—spheres over a bundle of 5—spheres over a bundle
of 6—spheres over a 7T-sphere. Hence, it is a compact connected simply connected
21—dimensional manifold.

Theorem 9.3. The group G(W, ®) acts freely and transitively on ..

Proof. Since Spin(7) acts transitively on S” with isotropy subgroup Ga, the result
follows immediately from Theorem 8.2. O

Corollary 9.4. The group G(W, ®) acts transitively on the space of Cayley sub-
spaces of W.

Proof. This follows directly from Lemma 6.25 and Theorem 9.3. O
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Remark 9.5. For each Cayley subspace H C W choose the orientation such that
vol H = <I)‘ H

is a positive volume form and denote by AT H* the space of self-dual 2-forms (as
in Remark 4.27), by mgr : W — H the orthogonal projection, and by

G :={geGW,®):gH =H}

the isotropy subgroup. Fix a Cayley subspace H C W. Then there is a unique
orientation preserving G y-equivariant isometric isomorphism

Ty : ATH* — AT (HY)*
It is given by
9.6) Thw = —5(x(® Amjw))|gr  forw e ATH

and its inverse is (T) ™' = Ty1. If wi,ws,ws is a standard basis of At H* and
7; € AT(H1)* is defined by 7; := Tyw; for i = 1,2, 3, then the Cayley calibration
® can be expressed in the form

3
9.7 ¢ = nvoly + 7wy voly L —Zwﬂwi/\ﬂzln.
i=1
To see this, choose a standard basis of W as in Example 7.3 such that the vectors
ep, €1, €2, ez form a basis of H, the vectors e4, €5, eg, e7 form a basis of H, and

wi = £ ey =2 613 g — Dy el
R (R L L)

That such a basis exists follows from Theorem 7.12 and Theorem 9.3. It follows
also from Theorem 9.3 that a pair (h, k') € SO(H) x SO(H*) belongs to the
image of the homomorphism Gy — SO(H) x SO(H') if and only if the induced
automorphisms of A* H* and A*(H")* are conjugate under T;. Hence the map

Gr — SO(H) xgo+m+) SOHY) : g+ [glm, 9lp]

is a Lie group isomorphism. Hence, dim Gy = 9 and so the Cayley Grassman-
nian
= {H C W : H is a Cayley subspace},

which is diffeomorphic to the homogeneous space G(W, ®)/G g, has dimension 12.
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Theorem 9.8. There are orthogonal splittings

N2W* = A2 @ A3,
ABW* = A% @ A3y,
AW* = AT @ A7 ® Ay @ Ajs,

where dim Afl =d and

A2 = {we NPPW* : %(D Aw) = 3w}
={u" AV —(u)e(v)P :u,v € W},
A3 = {we €€ g}
={w e N’W* : x(® Aw) = —w}
={we APW* (W, v(u)e(v)®) = w(u,v) Yu,v € W},
A= {(w)®:ue W},
Ajg ={we NP*W*: & Aw =0},
A} = (D),
A = {LD: £ €s0(W)Y,
Ay, = {w€A4W* trxw=w, wAP =0, wA LD =0V €so(W)},
A3 = {we AW* v = ~w}.
Here g := Lie(G(W, ®)) and, for & € so(W), the &form Lc® € A*W* and the
2—form we € N*W* are defined by L := %szo exp(t§)*® and we = (-, ).
Each of the spaces Afl is an irreducible representation of G(W, ®).
Proof. By Theorem 9.1, G := G(W, ®) is simple and so the action of G on g
by conjugation is irreducible. Hence, the 21-dimensional subspace A%; must be
contained in an eigenspace of the operator w + *(® A w) on A2W*. We prove that
the eigenvalue is —1. To see this, we choose a unit vector e € W and an element
& € gwith £e = 0. Let
Ve = et

and denote by ¢.: Vo, — W and m.: W — V, the inclusion and orthogonal projec-
tion and by *.: A*V* — A7"*V* the Hodge *—operator on the subspace. Then

x(e" N Thae) = T %e Qe Y a, € APV

Moreover, the alternating forms



are the associative and coassociative calibrations of V.. Since £e = 0, we have
we = w1 we and, by Theorem 8.5,

e N tgwe =0, ke (e N Lowe) = —Lpwe.
Since ® = e* A )¢ + Ti)e, this gives

# (P Awe) = #((€* ATide + mithe) A Thtiwe)

= (" AT (e A tiwe)) + 575 (e A tywe)
= Te ¥e (Pe N Lewe) = —Telewe = —we.
By Lemma 9.2 the adjoint action of G on g~ C so(W) is irreducible, and g+
is mapped under £ — w¢ onto the orthogonal complement of A3,. Hence, the
7—dimensional orthogonal complement of A2, is also contained in an eigenspace of
the operator w — *(® A w). Since this operator is self-adjoint and has trace zero,
its eigenvalue on the orthogonal complement of A2, must be 3 and therefore this
orthogonal complement is equal to A%. It follows that the orthogonal projection
of w € A2W* onto AZ is given by m7(w) = % (w + *(® A w)) . Hence, for every
nonzero vector e € W, we have

A2 = {e* Au* —(e)(u)® :u e eL} ;

A% = {w € N*W* : (w, u(e)i(u)®) = wle,u)Vu € eJ‘} .
This proves the decomposition result for A2IW*.

We verify the decomposition of A3W*. For v € W and w € A3W* we have
the equation
WAPAw=—w A *u(u)d.

Hence, ® Aw = 0 if and only if w is orthogonal to ¢(u)® for all u € . This shows
that Ais is the orthogonal complement of Ag. Since @ is nondegenerate, we have
dim A = 8 and, since dim A3W* = 56, it follows that dim Ajg = 48.

We verify the decomposition of A*TW*. The 4-form g*® is self-dual for every
g € G = G(W, ®), because P is self-dual and G C SO(W). This implies that
L¢P is self-dual for every £ € g = Lie(G). Since SO(WW) has dimension 28 and
the isotropy subgroup G of ® has dimension 21, it follows that the tangent space
A% to the orbit of ® under the action of G has dimension 7. As A} has dimension 1
and the space of self-dual 4—forms has dimension 35, the orthogonal complement
of A} @ A% in the space of self-dual 4—forms has dimension 27. This proves the
dimension and decomposition statements.
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That the action of G on A3; 2 g is irreducible follows from the fact that G is
simple. Irreducibility of the action on A is obvious. For Ag = W it follows from
the fact that G acts transitively on the unit sphere in W, and for A2 = g+ =~ A1
it follows from the fact that the istropy subgroup G, of a unit vector e € W
acts transitively on the unit sphere in V, = e*. For A3,, Ai-, and Ajg we refer
to [ ]. This proves Theorem 9.8. L]

Corollary 9.9. For u,v € W denote w,,, = t(v)t(u)® = ®(u,v,,-). Then, for
all u,v,2,y € W we have

(9.10) * (O AU AVY) = Wy, # (O A wyw) = 3u™ AV" + 2wy,
9.11) (W Way) = 3((u, 2) (v, ) — (u,y) (v, ) + 28 (u, v, z,y),

©012) LNy 6 gy (o, 2)) + T, v, ,3).

vol

Proof. The first equation in (9.10) is a general statement about the Hodge *—opera-
tor in any dimension. Moreover, by Theorem 9.8, the 2—form u* A v* + wy, , is an
eigenvector of the operator w — *(® A w) with eigenvalue 3. Hence, the second
equation in (9.10) follows from the first. To prove (9.11), take the inner product of
the second equation in (9.10) with * A y* and use the identities

(9.13) (W, 2" AN YY) = (u,v,z,y),
9.14) (u* AVt 2 Ay = (u, o) (v, y) — (u, y) (v, T),

and the fact that the operator w — *(® A w) is self-adjoint. To prove (9.12), we
observe that

Wyw N\ Wey AP
Zuv Ty T <wu,v7 *(q) A wz,y)>
vol

= (W0, 3" A Y* + 2wy )
= 6((u, 2)(v,y) — (u,y)(v,2)) + 7®(u, v, z,y),

where the second equation follows from (9.10) and the last follows from (9.11)
and (9.14). This proves Corollary 9.9. O

10 Spin structures

This section explains how a cross products in dimension seven, respectively a triple
cross products in dimension eight, gives rise to a spin structure and a unit spinor
and how, conversely, the cross product or triple cross product can be recovered from
these data. We begin the discussion with spin structures and triple cross products
in Section 10.1 and then move on to cross products in Section 10.2.
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10.1 Spin structures and triple cross products

Let W be an 8—dimensional oriented real Hilbert space. A spin structure on W
is a pair of 8—dimensional real Hilbert spaces S* equipped with a vector space
homomorphism v: W — Hom(S*, S7) that satisfies the condition

(10.1) y(w)*y(u) = |ul*1

for all u € W (see [ , Proposition 4.13, Definition 4.32, Example 4.48]). The
sign in S* is determined by the condition

(10.2) v(er)*v(es) - - v(e1) y(eo) = 1g+

for some, and hence every, positively oriented orthonormal basis eg, . .., ey of W
(see [ , page 132]). More precisely, consider the 16—dimensional real Hilbert

space S := ST @ S~ and define the homomorphism I': W — End(S) by

[(u) == (_7(2“)* 7(()u)> foru e W.
Then equation (10.1) guarantees that I" extends uniquely to an algebra isomorphism
from the Clifford algebra C/(1V) to End(.S), still denoted by I'. The complexifi-
cation of S gives rise an algebra isomorphism I'*: C¢¢(W) — End(S¢) from the
complexified Clifford algebra C¢¢(W) := C¢{(W) ®g C to the complex endomor-
phisms of 5S¢ := S ®r C (see [ , Proposition 4.33]).

Theorem 10.3. Let W be an oriented 8—dimensional real Hilbert space and abbre-
viate A* := A¥W* fork =0,1,...,8.

(i) Suppose W is equipped with a positive triple cross product (6.2), let ® € A* be
the Cayley calibration defined by (6.14), and assume that ® A ® > 0. Define
the homomorphism v: W — Hom(S™*,S7) by

(10.4) St =A@ AZ S = Al
and
(10.5) Y(u)(Aw) == Au* + 2u(u)w

forue W, X e R, andw € A%. Then -y is a spin structure on W, i.e., it
satisfies (10.1) and (10.2). Moreover, the space ST = A° @ A2 of positive
spinors contains a canonical unit vector s = (1,0) and the triple cross product
can be recovered from the spin structure and the unit spinor via the formula
Qg XX W = (s =, u)y(e)s + (o) (w)s

' —y(w)y(v)*y(w)s

foru,v,w e W,
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(ii) Let v: W — Hom(S™,S™) be a spin structure and let s € S be a unit
vector. Then equation (10.6) defines a positive triple cross product on W
and the associated Cayley calibration ® satisfies ® A ® > 0. Since any
two spin structures on W are isomorphic, this shows that there is a one-to-
one correspondence between positive unit spinors and positive triple cross
products on W that are compatible with the inner product and orientation.

Proof. See page 75. O

Assume W is equipped with a positive triple cross product (6.2) and that its
Cayley calibration ® € A*WW* in (6.14) satisfies ® A ® > 0. Recall that, for every
unit vector e € W, there is a normed algebra structure on W, defined by (6.19).
This normed algebra structure can be recovered from an intrinsic product map

m: W x W — A° @ A2

(which does not depend on €) and an isomorphism y(e): A® @ A2 — A! (which
does depend on e). The product map is given by

(10.7) m(u,v) = ((u,v), 3(u* Av* + wyw))

for u,v € W and the isomorphism ~y(e) is given by (10.5) with u replaced by e.
Here wy,,, = t(v)¢(u)® as in Corollary 9.9.

Lemma 10.8. Let Iy : W — W™ be the isomorphism induced by the inner product,
so that Iyy(u) = (u,-) = u* foru € W. Let v: W — Hom(S™",S™) and
m: W x W — ST be defined by (10.5) and (10.7). Then, for all u,v,e € W, we
have

(10.9) I (v(e)m(u,v)) = (u,v)e + (u,e)v — (v,e)u+u x e x v,

1010) (o)l = fullel, OO @) = lef? (1A + ).

Proof. Equation (10.9) follows directly from the definitions. Moreover, it follows
from (9.11) that

i, 0) = (u,0)? + Hu* A0+ ool = (u,0)% + fu Avf? = [uf?[o].

This proves the first equation in (10.10). To prove the second equation in (10.10)

we observe that y(e)m(e,v) = v and, hence, |y(e)m(e,v)| = |v| = |m(e,v)]
whenever |e| = 1. Since the map W — A @ A2: v — m(e,v) is bijective, this
proves Lemma 10.8. O
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Remark 10.11. If we fix a unit vector e € W and denote v := 2(e, v)e — v, then
the product in (6.19) is given by

uv = —(u, v)e + (u, e)v + (v, e)u+u x e x v = I (y(e)m(u, v))

foru,v e W.

The next lemma shows that the linear map y(u): A ® A2 — Al is dual to the
map m(u,-): W — A @ A2 for every u € W and that it satisfies equation (10.1).

Lemma 10.12. Let v: W — Hom(S™,S™) be the homomorphism in (10.4)
and (2.21). Then ~y satisfies (10.1) and

(10.13) Y(u) v* = m(u,v) = ((u,v), 3(u* Av* +wyy))

forallu,v e W.

Proof. Foru e W, A€ R,w € A2, andv € W we compute
() (A @), 07) = r® + 2u(u)eo, o)

= Mu,v) + 2{w,u* Av")
= Mu, v) + 3 (W, Wy + 0 AV*).

The last equation follows from the fact that
mr(ut AvF) = L AU+ wy).

This proves (10.13). With this understood, the formula (u)*y(u) = |u|*1 follows
directly from (10.10). This proves Lemma 10.12. O

Combining the product map m with the triple cross product we obtain an
alternating multi-linear map 7: W* — A® @ A2 defined by

T(z, u,v,w) = i(m(uxv Xw,z) —m(v X w X x,u)

(10.14)

+m(w X z xu,v)fm(xxuxv,w)).

This map corresponds to the four-fold cross product (see Definition 5.33) and has
the following properties (see Theorem 5.35).

Lemma 10.15. Let y: W* — A% denote the second component of T. Then, for all
u,v,w,z € W, we have

T(l’,u,’l),’ll)) = (@(IE, u, v, UJ), X(xa U,U,U))) )

Bz, u,v,w)% + |x (2, u, 0, W) = |z AuAvAw?
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Proof. That the first component of 7 is equal to ® follows directly from the defini-
tions. Moreover, for u, v, w,x € W, we have

2x(z,u,v,w) = (u X v X W) AT + Wyxoxw.z

— (v X wxz)" AU" — Wexwxzu
(10.16) + (w X z X u)" Av* 4+ Weyxexuw

— (X uXx )" A" — wWexuxvw-
We claim that the four rows on the right agree whenever wu, v, w, x are pairwise
orthogonal. Under this assumption the first two rows remain unchanged if we add
to x a multiple of u x v X w. Thus we may assume that x is orthogonal to u, v, w,
and u x v x w. By Theorem 9.3, we may therefore assume that W = R® with the
standard triple cross product and

u = eg, v =ej, w = e, T = ey.

In this case a direct computation proves that the first two rows agree. Thus we have
proved that, if u, v, w,x € W are pairwise orthogonal, then

T(z,u,v,w) = m(u X v X w,x).
In this case it follows from (10.10) that

(1, 0,0)| = m(us X 0 X w, 2)
= |z|lu x v X w|
= |z||ul[v]|w]

=z AuAvAuw|

Since 7 is alternating, this proves Lemma 10.15. O

Lemma 10.17. Let v: W — Hom(S™,S™) be the homomorphism in (10.4)
and (10.5). Then ~y satisfies (10.2) and (10.6).

Proof. 1t follows from (10.1) that (y(u)s,y(v)s) = (u,v) forall u,v € W. Hence,
equation (10.6) is equivalent to

O(x,u,v,w) = (x,u)(v,w) — (z,v){(w,u) + (x,w)(u,v)
= (v(w) ™ y(z)s, y(v)*y(w)s)

for all z, u,v,w € W. Since s = (1,0) € ST = A° @ A2, we have

(10.18)

v(x)s = y(u)*x* = ((u,x), %(u* Az* 4 wum))
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for all u,z € W by Lemma 10.12. Hence,

(y(u)*y(@)s,v(v)* (w)8>
:<u,a:)< > <u Az +wu:cav Aw* +va>
= (u,z)(v,w) + (u, v){x, w) — (u, w){z,v) + ®(u,x,v,w).

Here the last equation follows from Corollary 9.9. This shows that the homomor-
phism ~ satisfies (10.18) and hence also (10.6).

We prove that +y satisfies (10.2). Choose an orthonormal basis eq, . . ., e7 of W in
which & has the standard form of Example 7.3. Such a basis exists by Theorem 7.12
because @ is a positive Cayley form, and it is positive because ® AP > 0. Moreover,
for any quadruple of integers 0 < i < j < k < ¢ < 7, the following are equivalent.

v, W
v, W

(a) The term 4e“*¢ appears in the standard basis.
(b) ®(ei,e4,er,e0) = £1.
(©) er X ej X e; = *ey.

(d) —y(ex)v(ej)*v(ei)s = £y(er)s.

Here the equivalence of (a) and (b) is obvious, the equivalence of (b) and (c) follows
from the fact that

P(e;, ej, ex,e0) = Pleg, ex, e, e;) = (ex X € X e, ¢eq)

by (7.2), and the equivalence of (c) and (d) follows from equation (10.6). Examining
the relevant terms in Example 7.3 we find that

v(e2)v(e1)*v(eo)s = —v(es)s,

hence
v(ea)y(es) y(e2)v(er) y(eo)s = —v(ea)s,

hence
v(e6)v(es) v(ea)v(es) y(e2)v(e1) v(e0)s = —v(es)v(es) v(ea)s = vy(er)s,
and hence

v(er)*y(es)y(es) v(ea)v(es) y(e2)y(e1) v(eo)s = s.

Hence, ~ satisfies (10.2) and this proves Lemma 10.17. ]
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Proof of Theorem 10.3. Part (i) follows from Lemma 10.12 and Lemma 10.17. To
prove part (i) assume v: W — Hom(S™,.S™) is a spin structure, let s € ST be a
unit vector, and define the multilinear map

(10.19) W3 = W: (u,v,w) = uXvXw

by (10.6). Then u X v x w = 0 whenever two of the three vectors agree. Hence,
it suffices to verify (6.3) and (6.4) under the assumption that u, v, w are pairwise
orthogonal. In this case we compute

(uxvxw,u) = (y(uxvxw)s,y(u)s)
= = (uw)y(v)"y(w)s, v(u)s)
V()Y (w)s, s)

and

uxvxw?=ly(uxuvxw)s|?

= y(u)y(v)*y(w)s|*

20,121, ,12
= [uf*o]"w]

=luAvAwf

This shows that the map (10.19) is a triple cross product. To prove that it is positive,
choose a quadruple of pairwise orthogonal vectors e, u, v, w € W such that w is
also orthogonal to e X u X v. Then

Here the first, second, and fifth equalities follow from (10.6) and the third and
fourth equalities follow from (10.1). Thus we have proved that the triple cross
product (10.19) is positive. That the associated Cayley calibration ® satisfies
d A ® > 0 follows by using a standard basis and reversing the argument in the
proof of Lemma 10.17. This proves Theorem 10.3. 0
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10.2 Spin structures and cross products

Let V be a 7-dimensional oriented real Hilbert space. A spin structure on V' is an
8-dimensional real Hilbert space S equipped with a vector space homomorphism
v : V — End(S) that satisfies the conditions

(10.20) YW +y(w) =0, Y (u) = |u’1

forall u € V (see [ , Definition 4.32]) and

(10.21) v(e7)v(es) - - y(e1) = —1.

for some, and hence every, positive orthonormal basis ey, ...,e; of V. Equa-
tion (10.20) guarantees that the linear map v: V' — End(S) extends uniquely to
an algebra homomorphism : C/(V) — End(S) (see [ , Proposition 4.33]).

It follows from (10.21) that the kernel of this extended homomorphism is given by
{r € CUV) : ex = x}, where € := ey - - - e; € Cl7(V) for a positive orthonormal
basis ey, ...,e7 of V (see [ , Proposition 3.34]). Since ¢ is an odd element of
C(V), this implies that the restrictions of ~ to both C¢¢¥(V') and C£°4 (V) are
injective. Since dim C/°¥(V) = dim C°¥(V) = dim End(S) = 64, it follows
that -y restricts to an algebra isomorphism from C¢°V (V') to End(S) and to a vector
space isomorphism from C£°44 (V') to End(S).

Theorem 10.22. Let V be an oriented T—dimensional real Hilbert space.

(i) Suppose V' is equipped with a cross product and define the homomorphism
~v: V — End(S) by

(10.23) S:=RxV, y(w) (A, v) == (—(u,v), \u + u X v)

for A € R and u,v € V. Then vy is a spin structure on V, i.e., it sat-
isfies (10.20) and (10.21). Moreover, the space S = R x V contains a
canonical unit vector s = (1,0) and the cross product can be recovered from
the spin structure and the unit spinor via the formula

(10.24) Y(u xv)s =y(u)y(v)s + (u,v)s  foru,v e V.

(ii) Let v: V. — End(S) be a spin structure and let s € S be a unit vector.
Then equation (10.24) defines a cross product on 'V that is compatible with
the inner product and orientation. Since any two spin structures on 'V are
isomorphic, this shows that there is a one-to-one correspondence between unit
spinors and cross products on V' that are compatible with the inner product
and orientation.
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Proof. We prove part (i). Thus assume V' is equipped with a cross product that
is compatible with the inner product and orientation, and let y: V' — End(S) be
given by (10.23). Then, for u,v,w € V and A\, 4 € R, we have

<()‘7 U)77(“)(:“’7 w)) - M(U, U> - A<u7w> + (25(?), u7w)'

This expression is skew-symmetric in (A, v) and (u, w) and so y(u) is skew-adjoint.
Moreover, for u,v,w € V and p € R, we have

Y(w)y(v) (1, w) + (u, v) (p, w)

= (—(u,pv + v x w), —(v,wWyu +u X (pv +v X w)) + (u, v)(u, w)

= (—(u x v,w), u(u X v) +u x (vxw)— (v,wyu+ (u, v)w)

— (% 0) (1, w) + (0, (X v) X w — (v, whu + (u, w)v)

+ (0, —(v X w) X u — (u, w)yv + (u, v)w)

=v(u x v)(p, w) — 2(0, [u, v, w]).
Here the last equation follows from (4.1). This proves (10.20) by taking v = —u
and (10.24) by taking p+ = 1 and w = 0. For the proof of (10.21) it is convenient to
use the standard basis for the standard cross product on V = R in Example 2.15.
The left hand side of (10.21) is independent of the choice of the positive orthonormal
basis and we know from general principles that the composition ~y(e7) - - - y(e1)
must equal +1 (see [ , Prop 4.34]). The sign can thus be determined by
evaluating the composition of the y(e;) on a single nonzero vector. We leave the
verification to the reader. This proves part (i).

We prove part (ii). Thus assume that v: V' — End(S) is a spin structure

compatible with the orientation and let s € S be a unit vector. Then the map

(10.25) RxV —S: (\v)—Z\v):=Xs+7(v)s

is an isometric isomorphism, because | As+y(v)s|* = |A|*+|v|* by (10.20) and both
spaces have the same dimension. For u, v € V the first coordinate of 2~y (u)~y(v)s
is (s,v(u)y(v)s) = —(u,v) and so the second coordinate is the vector u x v € V'
that satisfies (10.24). Themap V' x V' — V: (u,v) — u X v is obviously bilinear
and it is skew symmetric because 7y (u)y(v) + v(v)y(u) = —2(u, v)1 by (10.20).
It satisfies (2.3) and (2.10) because

(0 % 0) = ((u)5,7( X )3) = {3(w)s, 7 (w)y(0)s + (1, 0)5) = 0,
Y x (uxv))s = y(w)y(u x v)s = y(u) (y(w)y(v)s + (u,v)s)
=7 ({u, v)u — ]u\%)s.

for all u,v € V. Hence, it is a cross product by Lemma 2.9. That it is compatible
with the orientation can be proved by choosing a standard basis as in Example 2.15.
This proves Theorem 10.22. O
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We close this section with some useful identities.

Lemma 10.26. Fix a spin structure ~v: V — End(S) that is compatible with the
orientation and a unit vector s € S, let V. x V. — V: (u,v) — u X v be the
cross product determined by (10.24), and let =: R x V — S be the isomorphism
in (10.25). Then the following hold:

(i) The spin structure y is isomorphic to the spin structure in (10.23) via =, i.e.,
forall \ € R and all u,v € V, we have

(10.27) E v (w)EN, v) = (= (u,v), \u + u x v)

(ii) For all u,v,w € V we have

V([w, v, w])s + du, v, w)s +y(u)y(v)y(w)s

(10.28) = — (v, w)y(w)s + (w, u)y(v)s — (u, v)y(w)s.

(iii) The associative calibration ¢ € A3V* is given by

(10.29) ¢(u,v,w) = —(s,7(u)y(v)y(w)s)
and the coassociative calibration 1 = x¢ € A*V* is given by

Y, v,w, ) = =(s,7(u)y(v)y(w)y(z)s)

(10.30) + (v, w)(u, x) — (w,u) (v, z) + (u, v){w, x).

Proof. Part (i) follows from (10.24) by direct calculation. By (i) the second dis-
played formula in the proof of Theorem 10.22 with p# = 0 can be expressed as

Y(w)y()y(w)s + (u, v)y(w)s
— 3w x v)y(w)s — 21([u, v, w])s
= —2(u x v,w)s — 2y([u, v, w])s — y(w)y(u X v)s
)s = y(w)y(u)y(v)s — (u, v)y(w)s
= —2¢(u,v,w)s — 2y([u, v, w))

+ (W) y(w)y(v)s + 2(w, u)y(v)s = (u, v)y(w)s
= —2¢(u,v,w)s — 2y([u,v,w])s

— () (w)s — 2{v, w)y(u)s + 2(w, u)y(v)s = (u, v)y(w)s

= —2¢(u,v,w)s — 2y([u, v, w]

for all u,v,w € V and this proves (ii). Part (iii) follows from (ii) by taking
the inner product with s, respectively with v(z)s (see Lemma 4.8). This proves
Lemma 10.26. O
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11 Octonions and complex linear algebra

Let W be a 2n—dimensional real vector space. An SU(n)-structure on W is a
triple (w, J, 0) consisting of a nondegenerate 2—form w € A2W*, an w—compatible
complex structure J: W — W (so that (-, -) := w(-, J-) is an inner product), and
a complex multi-linear map #: W" — C which has norm 2"/2 with respect to
the metric determined by w and J. The archetypal example is W = C" with the
standard symplectic form

w = dej A dyj,
J
the standard complex structure J := 4, and the standard (n, 0)—form

0:=dxy N---Ndzy,.

In this section we examine the relation between SU(3)—structures and cross products
and between SU(4)-structures and triple cross products. We also explain the
decompositions of Theorem 8.5 and Theorem 9.8 in this setting.

Theorem 11.1. Let W be a 6-dimensional real vector space equipped with an
SU(3)—structure (w, J,0). Then the space V := R & W carries a natural cross
product defined by

(11.2) v X w:= (w(vy, wy),voJw; — woJvr + v1 X w1)

for u = (ug,u1),v = (vg,v1) € R B W, where v xg wy € V is defined by
(u1,v1 Xgwi) := ReB(uy,vi,wy) for all uy € W. The associative calibration of
this cross product is

(11.3) ¢ :=e"ANw+Ref € A3V*
and the coassociative calibration is
(11.4) Y i=x¢=3SwAw—e" Almb € A'V*.
Moreover, the subspaces A]j C ARV* in Theorem 8.5 are given by
A2 =Rw @ {" Au* — 1(u)Imb :u € W},
Ay ={r—e" Asw(T ARel) : 7 € N°W* T AwAw=0},
A=R-Im0® {uv" Aw—e’A(u)Red :uec W},
A3; =R (3Ref — 4e” Aw)
@{GOATETGAI’IW*, T/\w/\w:()}
& {Be AW+ AW BAw =0}
S {u* Aw+e’ A(u)Ref:ueW}.
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Proof. For v,w € W we define o, € AAW* by vy := Re6(-,v,w). Then
|y | = |0(u, v, w)| = |v||w| whenever u, Ju, v, Jv, w, Jw are pairwise orthogo-
nal and |u| = 1. This implies

(11.5) |owwl” + w(v, w)? + (v, w)? = o] |w?

for all v, w € W. (Add to w a suitable linear combination of v and Jv.) It follows
from (11.5) by direct computation that the formula (11.2) defines a cross product
on R x W. By (11.2) and (11.3), we have ¢(u, v, w) = (u,v X w) so that ¢ is
the associative calibration of (11.2) as claimed. That ¢ is compatible with the
orientation of R @ W follows from the fact that ¢t(eg)¢ = w and w A Ref = 0 so
that ¢(eg)p Av(eg)p A ¢ = e® Aw3 = 6vol. The formula (11.4) for ¢) := x¢ follows
from the fact that w A @ = 0 and Im 6 = *xRe 6 so that Red A Im 6 = 4voly,. It
remains to examine the subspaces As C A*V* introduced in Theorem 8.5.

The formula for A2 follows directly from the formula for ¢ in (11.3) and the
fact that A2 consists of all 2—forms ¢(v)¢ forv € R @ W. With v = (1,0) we
obtain ¢(v)¢ = w and with v = (0, Ju) we obtain

t(v)p = =€ A v(Ju)w + 1(Ju)Red = €® A u* — 1(u)Im 6.

Similarly, the formula for A% follows directly from the formula for v in (11.3) and
the fact that A3 consists of all 3—forms ¢(v)y forv € R & W. With v = (—1,0)
we obtain ¢(v)y = Im 6 and with v = (0, —Ju) we obtain

L)Y = —(L(Ju)w) Aw — ¥ A u(Ju)Im b = u* Aw — e A u(u)Reb.

To prove the formula for A2, we choose a € A'W* and 7 € A2W*. Then
7+ e Aa € A2, ifand only if (T + e® A @) A ) = 0. By (11.4), we have

(P Na+T1)ANY = (eo/\a—kT)/\(%w/\w—eO/\ImH)
:eo/\(%w/\w/\a—rAImQ)+%7Aw/\w.

The expression on the right vanishes if and only if T Aw Aw =0andw Aw Ao =
2Im6O A 7. Since v o J = % s (w A w A «), the last equation is equivalent to
a=—(w(ImOAT)oJ=—x*y (RebAT).

To prove the formula for A3 we choose 7 € A2W* and 3 € ASW*. Then

B+ AT)Ap=e’A(T ARef — BAw)+ B AReb,
B+ AT AY =" A (3T AwAw+BAIME).
Both terms vanish simultaneously if and only if

1
TARe=0FAw, BARef=0, ﬂ/\ImHz—iT/\w/\w.

These equations hold in the following four cases.
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(a) B =3ARefand 7 = —4 w with A € R.

() B=0and 7 € AVIW* with T Aw Aw = 0.

(c) B e AY2W* + A2'W* with SAw =0and 7 = 0.
(d) f=u"ANwand T = t(u)Ref withu € W.

In case (d) this follows from (c(u)Re ) A Ref = 2 x (Ju)* = u* Aw A
w. The subspaces determined by these conditions are pairwise orthogonal and
have dimensions 1 in case ((a), 8 in case (b), 12 in case (c¢), and 6 in case (d).
Thus, for dimensional reasons, their direct sum is the space A3.. This proves
Theorem 11.1. O

Theorem 11.6. Let W be an 8—dimensional real vector space equipped with an
SU(4)-structure (X2, J, ©). Then the alternating multi-linear map

®:=1QAQ+ReO € AN'W*

is a positive Cayley calibration, compatible with the complex orientation and the
inner product. Moreover, in the notation of Theorem 9.8, we have

A =RQ® {reA*’ + A" x(ReOAT) =27},
Ay ={reA 7A@ =0} {reA*P+ A" x(ReOAT)=—27}.

Proof. We prove that ® is compatible with the inner product (-, -) := Q(-, J-) and
the complex orientation on W. The associated volume form is ﬁQ‘L. Hence, by
Lemma 7.4, we must show that

(11.7) W A wyp A D = u AvfQ
for all u,v € W, where
Wy = t(V)t(u)® = Q(u, v)Q — (w) QA L(v)Q 4+ t(v)e(u)Re O.
To see this, we observe that
(11.8)  1(v)e(uw)Re© A () A t(0)Q A Q% = (1(v)1(u)Re ©)* ARe© = 0.

If v = Ju, then (11.8) follows from the fact that ¢(u)Q A ¢(Ju)S2is a (1, 1)-form
and ¢(Ju)t(u)Re ©® = 0. If v is orthogonal to v and Ju, then (11.8) follows from
the explicit formulas in Remark 11.9 below. The general case follows from the
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special cases by adding to v a linear combination of v and Ju. Using (11.8) and the
identity ¢t(u)Q A t(v)Q2 A Q3 = 1Q(u, v)Q* we obtain
Wa AWy AP = 3Q(u, v)2Qt + $0(v)e(u)Re © A L(v)L(u)Re © A 02
— Qu, v)e(uw)Q A L(v)Q A QP
—2u(v)e(u)Re O A t(u)Q2 A t(v)2 ARe®
= 1Q(u, v)2Qt + 20(v)e(u)Re © A L(v)e(u)Re © A 02
—21(v)t(u)Re® A t(u)Q A t(v)Q2 AReO.
One can now verify equation (11.7) by first considering the case v = Ju and using
t(Ju)e(u)Re ® = 0 (here the last two terms on the right vanish). Next one can
verify (11.7) in the case where v is orthogonal to v and Ju by using the SU(4)-
symmetry and the explicit formulas in Remark 11.9 below (here the first term on
the right vanishes). Finally, one can reduce the general case to the special cases by

adding to v a linear combination of u and Ju.
Now recall from Theorem 9.8 that, for every 7 € A2W*, we have

T € A = (O A T) = 3T,

T €A} = *(PAT)=—T.
Since Re ©® A 2 = 0, we have

*(PAQ) =1x(QAQAQ) =30

and, hence, RQ) C A2. Moreover, A2, is the image of the Lie algebra g of G(W, ®)
under the isomorphism

so(W) — A*W™*: & wye
given by we(u,v) := (u,&v). The image of su(W) under this inclusion is the
subspace {7 € AMW* : 7 A Q3 = 0} and, since SU(W) C G(W, ®), this space
is contained in A%;. By considering the standard structure on C* we obtain
*(QAQAT) =27
for 7 € A>0 + A%2. Hence,
#(PAT)=2x(QAQAT)+x(ReOAT) =7+ *(ReO AT).

for 7 € A%9 + A%2, Since the operator 7 + *(Re © A 7) has eigenvalues £2 on
the subspace A%? + A%2 the result follows. O
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Remark 11.9. 1f (Q, J, ©) is the standard SU(4)-structure on W = C* with coor-
dinates (1 + iy1, ..., T4 + iy4), then
Re® = dx; Adxo Ndrs Adxy + dyi A dys A dys A dyy
—dxy Ndxo ANdys N dyy — dy1 A dys A dzs A dxy
—dx1 Ndys N dxs A dys — dyr A dxg A dys A dzy
—dx1 Ndys Ndys Adxy — dyy A dxo A dxs A dyy

and

%Q/\Q:dacl/\dy1/\d:L‘g/\dy2+dx3/\dy3/\dx4/\dy4
+dx1 Adyy A dzxs A dys + dxa A dys A dxg A dyy
4+ dx1 AN dyr Adxg N dys + dxo A dys A dxs A dys.

These forms are self-dual. The first assertion in Theorem 11.6 also follows from the
fact that the isomorphism R® — C* which sends ey, . .., e7 to

0/0x1,0/0y1,0/0xe,0/Jy2,0/0x3, —0/Oys, —0/0x4,d/0ys
pulls back @ to the standard form ®¢ in Example 5.32.

Theorem 11.10. Let V be a T-dimensional real Hilbert space equipped with a cross
product and its induced orientation. Let ¢ € A3V* be the associative calibration
and 1) = xy ¢ € A*V* the coassociative calibration. Denote W := R @V and
define ® € A*W* by

P :=e Ap+1p.

Then ® is a positive Cayley-form on W and, in the notation of Theorem 8.5 and
Theorem 9.8, we have

NW* = Axy (Y AT) +37:7 € AFV*},
MW ={" Axy(YAT)—T:7 € A*V*},
ASW* =Rop @ {v(uw)y - O Nu(u)p:ue Vi,
AW = A V* @ {60 ANT:TE A%4V*} @ {3u(u)y + 4e® A u(u)g : u € Vi,
AW = {® A(u)p —u*Ap:ueV},
AGW* ={e" AB+*yB: B €AV},
AGW* ={e" AB—*yB: B € N*V*}.
Proof. By Theorem 5.4, W is a normed algebra with product (5.6). Hence, by
Theorem 5.20, W carries a triple cross product (5.26) and & is the associated Cayley
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calibration. By Theorem 7.8, ® is a Cayley form. By (5.24) the triple cross product
on W satisfies (6.11) with ¢ = 41 and so is positive (Definition 6.12). Thus, by
Theorem 7.12, ® is positive.

Recall that, by Theorem 9.8, A%W* and A3, W* are the eigenspaces of the
operator xp (® A -) with eigenvalues 3 and —1 and, by Theorem 8.5, A2V* and
A2,V* are the eigenspaces of the operator /(¢ A -) with eigenvalues 2 and —1.
With o € A'V* and 7 € A2V* we have

sw (PA (" Aa+7)) =sw ("N (Y Aa+dAT) +PAT)
= Nxy(OAT)+ 5y (OAT) + 5 (Y Aa)

and, hence,

xy (Y A T) = 3a,

O ANa+T e N2WH —
(O AT)+*y (Y Aa) =37

Since *y (Y Axy (Y AT)) = T+ *y (¢ A T), by equation (4.60) in Lemma 4.37, we
deduce that e Aa+7 € A2W* if and only if ¥ (¢ A7) = 27 and 3 = *y (YA T).
This proves the formula for A2WW*. Likewise, we have e® A a + 7 € A3, W* if and
only if &« = —xy (¢ AT). In this case the second equation *y (pAT) +*y (P Aa) =
—7 is automatically satisfied.

The formula for the subspace A3W* follows from the fact that it consists of all
3—forms of the form +(u)® for u € W (see Theorem 9.8). Now let 7 € A2V* and
B € A3V*. Then €’ A 7+ B € AJ;W* if and only if

0=0A(AT+B)="A(PAB+YAT)+PAB
(see again Theorem 9.8). Hence,

OANB+Y AT =0,
PYAB=0.

These conditions are satisfied in the following three cases.

AT+ B E NG = {

(a) #=0and ¥ AT =0 (or equivalently 7 € AiV*).

(b) T=0and p A S =0and ) A B =0 (or equivalently 3 € A§7V*).
(c) B =3u(u)y and 7 = 4e(u)p withu € V.

In the case (a) this follows from the equations 9 A ¢(u)y) = 0 and

(11.11) 3o A v(u) + 4 Av(u)p =0

84



for u € V. This last identity can be verified by direct computation using the standard
structure on V = R7 with

dp = €123 _ o145 _ Q16T _ 246 | 25T _ 34T _ 356 ,ng

wo — —61247 _ 61256 + 61346 _ 61357 _ 62345 _ 62367 + 64567

Y

and u := e; (see the proof of Lemma 4.8). In this case
L(u) o = 23 _ 15 _ (6T, L(u)hy = _ Q24T _ 256 | 346 _ 357

and so
Yo A t(u)gy = 3e234567, b0 A L(u)iy = —4e34567,

This proves (11.11). The subspaces determined by the above conditions are pairwise
orthogonal and have dimensions 14 in case (a), 27 in case (b), and 7 in case (c).
Thus, for dimensional reasons, their direct sum is A3gW*.

Now A2W* is the tangent space of the SO(W )—orbit of ®. For u € V define
the endomorphism A,, € so(V') by A,v := u X v. Then, by Remark 4.16, we have
L4, =3u(u)yand L4,9 = —3u* A ¢. Hence

O Au(u) —ut A g€ AIWH

for all uw € V. Since A2W* has dimension 7, each element of A2WW* has this form.

Next we recall that A3, W* is contained in the subspace of self-dual 4—forms,
and every self-dual 4—form can be written as €% A 8 + 3 with 3 € A3V*. By
Theorem 9.8 we have

BA*yd+xyBAxyp =0,

BN *y(L(u)) = *y B A xy(u* A ¢) Vu,
<~ YANB=0, ¢AB=0

— B e A3V

AL+ *yB €AW — {

Here the last equivalence follows from Theorem 8.5. This proves the formula
for A3;W*. The formula for A3-W* follows from the fact that this subspace
consists of the anti-self-dual 4—forms. This proves Theorem 11.10. O

12 Donaldson-Thomas theory

The motivation for the discussion in these notes came from our attempt to under-
stand Riemannian manifolds with special holonomy in dimensions six, seven, and
eight [ , , ] and the basic setting of Donaldson—Thomas theory on
such manifolds [ , ].
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12.1 Manifolds with special holonomy

Definition 12.1. Let Y be a smooth 7—manifold and X a smooth 8-manifold. A
Go-structure on Y is a nondegenerate 3—form ¢ € Q3(Y); in this case the pair
(Y, ¢) is called an almost Go—manifold. An Spin(7)-structure on X is a 4—form
® € O*(X) which restricts to a positive Cayley-form on each tangent space; in this
case the pair (X, ®) is called an almost Spin(7)-manifold.

Remark 12.2. An almost Go—manifold (Y, ¢) admits a unique Riemannian metric
and a unique orientation that, on each tangent space, are compatible with the
nondegenerate 3—form ¢ as in Definition 3.1 (see Theorem 3.2). Thus each tangent
space of Y carries a cross product

T,Y xT,Y - T,Y: (u,v) = uXxv

such that
d(u,v,w) = (u X v,w)

for all w, v, w € T, Y. Moreover, Theorem 8.5 gives rise to a natural splitting of the
space Q2%(Y) of k—forms on Y for each k.

Remark 12.3. An almost Spin(7)-manifold (X, ®) admits a unique Riemannian
metric that, on each tangent space, is compatible with the Cayley-form @ as in
Definition 7.1 (see Theorem 7.8). Moreover, the positivity hypothesis asserts that

the 8—forms
O ND, t()(uw)® A t(v)e(u)® AP

induce the same orientation whenever u,v € T, X are linearly independent (see
Definition 7.11). Thus each tangent space of X carries a positive triple cross product

T, X xT, X xT,X ->T,X: (u,v,w) »uxvxXuw

such that
(& u,v,w) = (§,u X v X w)

for all £, u,v,w € T, X. Moreover, Theorem 9.8 gives rise to a natural splitting of
the space QF(X) of k—forms on X for each k.

Every spin 7-manifold admits a Go—structure [ , Theorem 10.6]; concrete
examples are S” (considered as unit sphere in the octonions), S x Z where Z is a
Calabi—Yau 3—fold and various resolutions of 77/T" where I' is an appropriate finite
group, see [ ]. A spin 8-manifold X admits a Spin(7)-structure if and only if
either X($+) =0orx(§ )=0[ , Theorem 10.7]; concrete examples can be
obtained from almost (Gos—manifolds, Calabi—Yau 4—folds and various resolutions
of T®/T.
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Definition 12.4. An almost Go—manifold (Y, ¢) is called a Go—manifold if ¢ is
harmonic with respect to the Riemannian metric in Remark 12.2 and we say that ¢
is torsion-free. An almost Spin(7)-manifold (X, ®) is called a Spin(7)-manifold
if @ is closed (and, hence, harmonic with respect to the Riemannian metric in
Remark 12.3) and we say that ® is torsion-free.

Remark 12.5. Let (Y, ¢) be an almost Ge—manifold equipped with the metric of
Remark 12.2. Then ¢ is harmonic if and only if ¢ is parallel with respect to the
Levi-Civita connection and hence is preserved by parallel transport. It follows
that the holonomy of a Go—manifold is contained in the group Gs [ 1. It
also follows that the splitting of Theorem 8.5 is preserved by the Hodge Laplace
operator and hence passes on to the de Rham cohomology. Exactly the same holds
for an almost Spin(7)-manifold (X, ®) equipped with the metric of Remark 12.3.
The 4—form @ is closed (and hence harmonic) if and only if it is parallel with
respect to the Levi—Civita connection [ ]. Thus the holonomy of a Spin(7)
manifold is contained in Spin(7) and the splitting of its spaces of differential forms
in Theorem 9.8 descends to the de Rham cohomology.

Remark 12.6 (Construction methods). Examples of manifolds with torsion-free Go—
or Spin(7)-structures are much harder to construct. There are however a number
of construction techniques (all based on gluing methods): Joyce’s generalized
Kummer construction for G— and Spin(7)-manifolds [ , ,

] based on resolving orbifolds of the form 77/T and T8/T'; a method of J oyce S
for constructing Spin(7)-manifolds from real singular Calabi—Yau 4—folds [ 1;
and the twisted connected sum construction invented by Donaldson, pioneered
by Kovalev [ ], and extended and improved by Kovalev—Lee [ ] and
Corti—Haskins—Nordstrom—Pacini [ , ].

12.2 The gauge theory picture

We close these notes with a brief review of certain partial differential equations
arising in Donaldson—Thomas theory [ 1. We first discuss the gauge theoretic
setting. Let (Y, ¢) be a Go—manifold with coassociative calibration 1) := x¢ and
E — Y a G-bundle with compact semi-simple structure group G. In [ 1
Donaldson and Thomas introduce a Go—Chern—-Simons functional

CSY: o/ (E) =R

on the space of connections on E. The functional depends on the choice of a
reference connection Ay € o7 (E) satisfying F4, A 1) = 0 and is given by

(12.7) CSY(Ap + a) := ;/Y ((dAoa/\ a) + %(a/\ [a /\a])) A
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for a € Q(Y, End(FE)). The differential of CS has the form

6CSY(A)a = / (FANa) A
N
for A € @/(FE)and a € Tyo/ (E) = Ql(Y, End(F)). Thus a connection A is a
critical point of CSY if and only if

(12.8) Fantp =0.

By Theorem 8.5 this is equivalent to the equation *(F'4 A ¢) = —F4 and hence to
m7(F4) = 0. A connection A that satisfies equation (12.8) is called a Go—instanton.
As in the case of flat connections on 3—manifolds equation (12.8) becomes elliptic
with index zero after augmenting by a suitable gauge fixing condition (which we do
not elaborate on here). The negative gradient flow lines of the Go—Chern—Simons
functional are the 1-parameter families of connections R — &/ (F): t — A(t)
satisfying the partial differential equation

(12.9) A =—x(FaNv),

where F'4 = F4(y) is understood as the curvature of the connection A(t) € </ (E)
for a fixed value of ¢. For the study of the solutions of (12.9) it is interesting to
observe that, by equation (4.60) in Lemma 4.37, every connection A on Y satisfies
the energy identity

/|FA|2volyz/|FAA¢2voly/<FAAFA>A¢.
Y Y Y

A smooth solution of (12.9) can also be thought of as connection A on the
pullback bundle E of E over R x Y. The curvature of this connection is given by

Fao=Fp+dtNOGA =Fy —dt Nx(Fa N).
Hence, it follows from Theorem 9.8 and Theorem 11.10 that F's satisfies
(12.10) * (FA N®) = —Fa

or, equivalently, m7(Fa) = 0. Conversely, a connection on E satisfying equa-
tion (12.10) can be transformed into temporal gauge and hence corresponds to a
solution of (12.9). It is interesting to observe that equation (12.10) makes sense over
any Spin(7)-manifold. Solutions of (12.10) are called Spin(7)-instantons. This
discussion is completely analogous to Floer—Donaldson theory in 3 + 1 dimensions.
The hope is that one can construct an analogous quantum field theory in dimension
7 4 1. Moreover, as is apparent from Theorem 11.1 and Theorem 11.6, this theory
will interact with theories in complex dimensions 3 and 4. The ideas for the real
and complex versions of this theory are outlined in [ , ].
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Remark 12.11. For construction methods and concrete examples of Go—instantons
and Spin(7)-instantons we refer to [ , , ]and [ , ].

12.3 The submanifold picture

There is an analogue of the Go—Chern—Simons functional on the space of 3—dimen-
sional submanifolds of Y, whose critical points are the associative submanifolds of
Y and whose gradient flow lines are Cayley submanifolds of R x Y [ ]. This
is the submanifold part of the conjectural Donaldson-Thomas field theory.

More precisely, let (Y, ¢) be a Go—manifold with coassociative calibration
1 = x¢ and let S be a compact oriented 3—manifold without boundary. Denote by
% the space of smooth embeddings f: S — Y such that f*¢ vanishes nowhere.
Then the group & := Diff 7 (.S) of orientation preserving diffeomorphism of S acts
on .# by composition. The quotient space

=79

can be identified with the space of oriented 3—dimensional submanifolds of Y that
are diffeomorphic to S and have the property that the restriction of ¢ to each tangent
space is nonzero; the identification sends the equivalence class [f] of an element
f € Z toits image f(S).
Given f € .7 the tangent space of . at [ f] can be identified with the quotient
Q%(S, f*TY)
{df o€ : & € Vect(S)}
If g € ¢ is an orientation preserving diffeomorphism of .S, then g* f := f o g is
another representative of the equivalence class [f] and the two quotient spaces can
be naturally identified via [f] — [f o g].

Let us fix an element fy € & a,nvd denote by Z the universal cover of .%
based at fo. Thus the elements of .7 are equivalence classes of smooth maps
F00,1]x8 — Ysuchthatf( ) = fo and f(t, ) =: fy € .F for all t. Thus
we can think of f = { ft}o<t<1 as a smooth path in .% starting at f,, and two such
paths are equivalent iff they are smoothly homotopic with fixed endpoints. F > F
sends f tof:=f ( -). The universal cover of . is the quotient

=79
where & denotes the group of smooth isotopies [0, 1] — Diff(S): ¢ +— g, starting

Ty =

at the identity. Now the space .% carries a natural %_invariant action functional
o/ . ¥ — R defined by

%(f)::_/[m = //ft (Ocfe)y
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This functional is well defined because ) is closed and it evidently descends to 7.
Its differential is the 1-form §.7 on .# given by

et (1)f = = [ 1 (uFrw)

This 1-form is ¥—invariant in that 6.2 (¢* f)g* f = 6.7 (f)f and horizontal in that
07 (f)df¢ = 0 for & € Vect(S). Hence, d.o7 descends to a 1-form on ..

Lemma 12.12. An element [f] = [{f,}] € .7 is a critical point of /' if and only
if the image of f := f1: S — Y is an associative submanifold of Y (that is, each
tangent space is an associative subspace).

Proof. We have 0.¢7(f) = 0 if and only if ©(f(x),df(z)¢, df (x)n,df (z)) = 0
for all f € QS, f*TY), all z € S, and all £,7,¢ € T,S. This means that
Y(u,v,w,-) = 0forall ¢ € f(5) and all u,v,w € T, f(S). By definition of
the coassociative calibration ¢ in Lemma 4.8 this means that [u, v, w] = 0 for all
u,v,w € T, f(S) where T,Y X T, Y xT,Y — T,Y : (u,v,w) — [u,v,w] denotes
the associator bracket defined by (4.1). By Definition 4.6 this means that 7, f(.5) is
an associative subspace of 7;Y for all ¢ € f(.S). This proves Lemma 12.12. [

The tangent space of .% at f carries a natural L? inner product given by
(12.13) <f17f2> , 1=/<f1,f2> e
L s

for f1, fo € QO(S, f*T'Y). This can be viewed as a %—invariant metric on .%.

Lemma 12.14. The gradient of <7 at an element f € .F with respect to the inner
product (12.13) is given by

[df A df A df]
e
where [df A df Adf] € Q3(S, f*TY') denotes the 3—form

Proof. The gradient of <7 at an element f € .7 is the vector field grad <7 (f) along
f defined by

[t (7). fy70 == [ 1 (iFy) = [ ot nar). o
Here the last equation follows from the identity

—7/1(]37% va) = ¢(Ua v, w, f) = ([U,’U,U)], f)
(see equation (4.9) in Lemma 4.8). This proves Lemma 12.14. ]

grad & (f) = e Q(S, f*TY),
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We emphasize that the gradient of .« at f is pointwise orthogonal to the image
of df. This is of course a consequence of the fact that the 1-form 6.27 on .# and the
inner product on T'.% are ¥—invariant. Now a negative gradient flow line of < is a
smooth map

RxS—=Y: (t,z) = w(x)

that satisfies the partial differential equation

[dug(x)er, du(x)es, duy(x)es)
(12.15) Opug(z) + =0
(i () o(dug(x)er, dug(z)es, dug(x)es)
for all (¢,x2) € R x S and every frame ey, e, e3 of T,.S. Moreover, we require of
course that u; is an embedding for every ¢ and that u; ¢ vanishes nowhere.

Lemma 12.16. Let R x S — Y: (t,x) — w(x) be a smooth map such that
up € F foreveryt. Let & € Vect(S) be chosen such that

(12.17) Orur () — dug(z)&(x) L im dug(x) V(t,z) e R x S.
Then the set
(12.18) Yo={(t,u(x)):te R,z €S}

is a Cayley submanifold of R X Y (that is, each tangent space is a Cayley subspace)
with respect to the Cayley calibration ® := dt A\ ¢ + 1 if and only if

[du(x)er, du(z)ea, duy(x)es) _
d(dug(z)eq, du(x)es, duy(x)es)

for every pair (t,x) € R x S and every frame e1, ea, e3 of T, S.

(12.19) Opue () — dug(x)&e(x) +

Proof. Fix a pair (t,2) € R x S and choose a basis e, eg, eg of T,,S. By Theo-
rem 5.20 (iii) the triple cross product of the three tangent vectors

(0, dut(x)er), (0, dut(x)ea), (0, dut(x)es)
of X is the pair

(¢(dur(z)er, dus(z)es, duy(z)es), —[duy(x)er, dug(z)ez, duy(z)es]).

Since this pair is orthogonal to the three vectors (0, du;(x)e;) and its first component
is nonzero, it follows that our pair is tangent to X if and only if it is a scalar multiple
of the pair (1, Opus(x) — dug(x)&(2)). This is the case if and only if (12.19) holds.
Hence, it follows from Lemma 6.25 that X is a Cayley submanifold of R x Y if
and only if u satisfies equation (12.19). This proves Lemma 12.16. O
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Lemma 12.16 shows that every negative gradient flow line of &/ determines
a Cayley submanifold > C R x Y via (12.18) and, conversely, every Cayley
submanifold ¥ C R x Y, with the property that the projection > — R is a proper
submersion, can be parametrized as a negative gradient flow line of .<7 (for some .5).
Thus the negative gradient trajectories of &7 are solutions of an elliptic equation,
after taking account of the action of the infinite dimensional reparametrization group
¢. They minimize the energy

o0 dug A dug A dug] [P,
E(u,§) = é/ /S (’@fut — dus&|* + ‘[ : u*(; d ) u;pdt
—0o0 t
o] 2
:;/ /Otut—dut£t+ [d“”df”d“d uf{gbdt—i—/ u*ih.
o s uy ¢ RxS

For studying the solutions of (12.19) it will be interesting to introduce the energy
density ey: S — R of an embedding f € .7 via

() = det((df($)ei7df(x)ej>i,j:1,2,3)
P 0(df (@)en, df (2)es, df ()es)?

for every x € S and every frame eq, e, e3 of T;.S. Then ey, = €5 o g for every
(orientation preserving) diffeomorphism ¢ of S and so the energy

(12.20) E(f) ::/Seff*qﬁ
is a @—invariant function on .%. Moreover, it follows from Lemma 4.4 that
df Adf Adf]|* ., .
s = [|LALA A pegv [ oo
S f*o S

If ¢ is closed, then the last term on the right is a topological invariant. Moreover,
the first term vanishes if and only if f is a critical point of the action functional o7
Thus the critical points of .o/ are also the absolute minima of the energy & (in a
given homology class).

12.4 Outlook: difficulties and new phenomena

These observations are the starting point of a conjectural Floer—Donaldson type
theory in dimensions seven and eight, as outlined in the paper by Donaldson and

Thomas [ ]. The analytical difficulties one encounters when making this
precise are formidable, including non-compactness phenomena in codimension
four [ ] and two in the gauge theory and submanifold theory respectively. The
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work of Donaldson and Segal [ ] explains that this leads to new geometric phe-
nomena linking the gauge theory and the submanifold theory. It is now understood
that neither the naive approach to counting Go—instantons [ , ] nor that
of counting associative submanifolds [ ] can work on their own. There are,
however, ideas of how the theories outlined in Section 12.2 and Section 12.3 have
to be combined and extended to obtain new invariants [ , ].
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