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1 Determinant lines

1.1 (Fredholm operators). Let X, Y be real Banach spaces and denote
their dual spaces by X∗, Y ∗. A bounded linear operator D : X → Y is called
Fredholm if it has a closed image and if its kernel and cokernel (the quotient
space Y/imD) are finite dimensional. Equivalently, there exists a bounded
linear operator T : Y → X such that the operators TD− idX and DT − idY
are compact. The Fredholm index of a Fredholm operator D : X → Y is
the integer

index(D) := dim(ker D)− dim(cokerD).

Denote by L(X, Y ) the space of bounded linear operators from X to Y , by
F(X, Y ) ⊂ L(X, Y ) the space of Fredholm operators, and, for k ∈ Z, by
Fk(X, Y ) ⊂ F(X, Y ) the space of Fredholm operators of index k. Thus
Fk(X, Y ) is an open subset of L(X, Y ) with respect to the norm topology
and is invariant under addition of compact operators. If D ∈ F(X, Y ) and
T ∈ F(Y, Z) are Fredholm operators then

index(TD) = index(T ) + index(D).

If D : X → Y is a bounded linear operator then D has a closed image if and
only if its dual operator D∗ : Y ∗ → X∗ has a closed image and, in this case,

(ker D)∗ ∼= X∗/imD∗, (Y/imD)∗ ∼= ker D∗.

Hence D ∈ Fk(X, Y ) if and only if D∗ ∈ F−k(Y ∗, X∗).
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1.2 (Determinant lines). The determinant line of a Fredholm operator
D ∈ F(X, Y ) is the one dimensional real vector space defined by

det(D) := Λmax(ker D∗)⊗ Λmax(ker D).

If dim(ker D) = k > 0 and dim(cokerD) = ` > 0 then an element of det(D)
can be written in the form

θ := (y∗` ∧ · · · ∧ y∗1)⊗ (x1 ∧ · · · ∧ xk)

where x1, . . . , xk ∈ ker D and y∗1, . . . , y
∗
` ∈ ker D∗. This element is nonzero

if and only if the vectors x1, . . . , xk ∈ X form a basis of ker D and the
covectors y∗1, . . . , y

∗
` ∈ Y ∗ form a basis of ker D∗. If dim(cokerD) = 0 then

det(D) = Λmax(ker D), if dim(ker D) = 0 then det(D) = Λmax(ker D∗), and
if dim(ker D) = dim(cokerD) = 0 then det(D) = R.

1.3 (Product). The product of two bounded linear operators D1 : X1 → Y1

and D2 : X2 → Y2 is the bounded linear operator

D1 ×D2 : X1 ×X2 → Y1 × Y2,

defined by (D1 × D2)(x1, x2) := (D1x1, D2x2) for x1 ∈ X1 and x2 ∈ X2. If
D1 and D2 are Fredholm operators, then so is D1 × D2 and the Fredholm
index of D1 ×D2 is the sum of the Fredholm indices of D1 and D2. Define
the isomorphism

ρD1,D2 : det(D1)⊗ det(D2)→ det(D1 ×D2)

as follows. For i = 1, 2 let

ki := dim(ker Di), xi,1, . . . , xi,ki ∈ ker Di,

`i := dim(ker D∗i ), y∗i,1, . . . , y
∗
i,`i
∈ ker D∗i .

(1)

Abbreviate

θi := (y∗i,`i ∧ · · · ∧ y
∗
i,1)⊗ (xi,1 ∧ · · · ∧ xi,ki) ∈ det(Di) (2)

and define

ρD1,D2(θ1 ⊗ θ2) := (−1)index(D1)·dim(cokerD2)

·
(

(0, y∗2,`2) ∧ · · · ∧ (0, y∗2,1) ∧ (y∗1,`1 , 0) ∧ · · · ∧ (y∗1,1, 0)
)

⊗
(

(x1,1, 0) ∧ · · · ∧ (x1,k1 , 0) ∧ (0, x2,1) ∧ · · · ∧ (0, x2,k2)
)
.

(3)

It is obvious from the definition that ρD1,D2 is well defined and is a vector
space isomorphism.
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Lemma 1.4. For i = 1, 2, 3 let Xi, Yi be Banach spaces, Di ∈ F(Xi, Yi) be a
Fredholm operator, and ξi ∈ det(Di). Then

ρD1×D2,D3(ρD1,D2(θ1 ⊗ θ2)⊗ θ3) = ρD1,D2×D3(θ1 ⊗ ρD2×D3(θ2 ⊗ θ3)) (4)

and
ρD2,D1(θ2 ⊗ θ1) = (−1)index(D1)·index(D2)R ((ρD1,D2(θ1 ⊗ θ2))) . (5)

Here the isomorphism R : det(D1 × D2) → det(D2 × D1) is induced by the
Banach space isomorphisms X1 × X2 → X2 × X1 : (x1, x2) 7→ (x2, x1) and
Y1 × Y2 → Y2 × Y1 : (y1, y2) 7→ (y2, y1).

Proof. For i = 1, 2, 3 let

ki, `i, xi,1, . . . , xi,ki , y∗i,1, . . . , y
∗
i,`i

be as in (1) and let

θi := (y∗i,`i ∧ · · · ∧ y
∗
i,1)⊗ (xi,1 ∧ · · · ∧ xi,ki) ∈ det(Di)

as in (2). Then

(−1)index(D1) dim(cokerD2)+(index(D1)+index(D2)) dim(cokerD3)

· ρD1×D2,D3

(
ρD1,D2(θ1 ⊗ θ2)⊗ θ3

)
=
(

(0, 0, y∗3,`3) ∧ · · · ∧ (0, 0, y∗3,1)

∧ (0, y∗2,`2 , 0) ∧ · · · ∧ (0, y∗2,1, 0) ∧ (y∗1,`1 , 0, 0) ∧ · · · ∧ (y∗1,1, 0, 0)
)

⊗
(

(x1,1, 0, 0) ∧ · · · ∧ (x1,k1 , 0, 0) ∧ (0, x2,1, 0) ∧ · · · ∧ (0, x2,k2 , 0)

∧ (0, 0, x3,1) ∧ · · · ∧ (0, 0, x3,k3)
)

= (−1)index(D2) dim(cokerD3)+index(D1)(dim(cokerD2)+dim(cokerD3))

· ρD1×D2,D3

(
θ1 ⊗ ρD2,D3(θ2 ⊗ θ3)

)
.

In each step we have used equation (3) twice. This proves (4). Equation (5)
follows from the fact that

(−1)index(D2) dim(cokerD1)(−1)index(D1) dim(cokerD2)(−1)index(D1)·index(D2)

= (−1)dim(ker D1) dim(ker D2)+dim(cokerD1) dim(cokerD2).

This proves Lemma 1.4.
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2 The isomorphisms

Let X and Y be Banach spaces and D : X → Y be a Fredholm operator.
Let N be a positive integer and Φ : RN → Y be a linear map. Define the
operator D ⊕ Φ : X × RN → Y, by

(D ⊕ Φ)(x, ζ) := Dx+ Φζ.

Then D ⊕ Φ is a Fredholm operator and index(D ⊕ Φ) = index(D) +N.

Theorem 2.1. Let Y be a Banach space. There exists a unique family of
vector space isomorphisms

ιD,Φ : det(D)→ det(D ⊕ Φ),

one for each pair (D,Φ) (consisting of a Fredholm operator D ∈ F(X, Y ),
defined on a Banach space X, and a linear map Φ ∈ L(RN , Y ), defined on
RN for some integer N > 0), satisfying the following axioms.

(Determinant) Let D ∈ F(X, Y ), Φ ∈ L(RN , Y ), and g ∈ GL(RN). Then
the following diagram commutes

det(D)

ιD,Φg

��

det(g) // det(D)

ιD,Φ

��
det(D ⊕ Φg)

Tg // det(D ⊕ Φ)

. (6)

Here Tg is induced by idX × g : X × RN → X × RN and idY : Y → Y .

(Normalization) Let D ∈ F(X, Y ) and Φ ∈ L(R, Y ) and y := Φ1 ∈ Y .
Let θ = (y∗` ∧ · · · ∧ y∗1)⊗ (x1 ∧ · · · ∧ xk) ∈ det(D), where x1, . . . , xk ∈ ker D
and y∗1, . . . , y

∗
` ∈ ker D∗. Then the following holds.

(a) If ξ ∈ X and Dξ + y = 0 then

ιD,Φ(θ) =
(
y∗` ∧ · · · ∧ y∗1

)
⊗
(
(x1, 0) ∧ · · · ∧ (xk, 0) ∧ (ξ, 1)

)
. (7)

(b) If 〈y∗1, y〉 = 1 and 〈y∗i , y〉 = 0 for i ≥ 2 then

ιD,Φ(θ) = (−1)k
(
y∗` ∧ · · · ∧ y∗2

)
⊗
(
(x1, 0) ∧ · · · ∧ (xk, 0)

)
. (8)

(Stabilization) Let D ∈ F(X, Y ) and Φi ∈ L(RNi , Y ) for i = 1, 2. Define
Φ1 ⊕ Φ2 : RN1+N2 = RN1 × RN2 → Y by (Φ1 ⊕ Φ2)(ζ1, ζ2) := Φ1ζ1 + Φ2ζ2 for
ζ1 ∈ RN1 and ζ2 ∈ RN2. Then D ⊕ (Φ1 ⊕ Φ2) = (D ⊕ Φ1)⊕ Φ2 and

ιD,Φ1⊕Φ2 = ιD⊕Φ1,Φ2 ◦ ιD,Φ1 . (9)
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Proof. That the isomorphisms ιD,Φ, if they exist, are uniquely determined
by the (Normalization) and (Stabilization) axioms is obvious. We prove
existence in five steps. The first two steps explain the construction of the
isomorphisms ιD,Φ. The number m in equation (10) below is the decrease in
the dimension of the cokernel, and N −m is the increase in the dimension of
the kernel, one encounters in replacing D by D ⊕ Φ.

Step 1. Let D ∈ F(X, Y ) and Φ ∈ L(RN , Y ). Then

m := N − dim
(
Φ−1imD

)
= dim(ker D∗)− dim(ker D∗ ∩ ker Φ∗) (10)

and there is a basis ζ1, . . . , ζN ∈ RN and vectors ξm+1, . . . , ξN ∈ X such that

Dξj + Φζj = 0, j = m+ 1, . . . , N. (11)

First, dim (Φ−1imD) = dim(ker Φ) + dim(imD ∩ im Φ). Subtracting this
from N gives m = dim(im Φ)− dim(imD ∩ im Φ) = dim

(
im Φ

imD∩im Φ

)
and so

m = dim

(
imD + im Φ

imD

)
= dim

(
Y

imD

)
− dim

(
Y

imD + im Φ

)
. (12)

This implies (10). Now choose a basis ζ1, . . . , ζN of RN such that the vectors
ζm+1, . . . , ζN form a basis of the subspace Φ−1(imD). Then, for j > m,
Φζj ∈ imD and so there is a ξj ∈ X such that Dξj + Φζj = 0.

Step 2. Let D ∈ F(X, Y ) and Φ ∈ L(RN , Y ) and denote

k := dim(ker D), ` := dim(cokerD), m := N − dim
(
Φ−1imD

)
≤ `.

Then there is a unique isomorphism ιD,Φ : det(D) → det(D ⊕ Φ) satisfying
the following condition. Let ζj, ξj be as in Step 1 and let θ ∈ det(D). Choose
x1, . . . , xk ∈ ker D and y∗1, . . . , y

∗
` ∈ ker D∗ such that

θ =
(
y∗` ∧ · · · ∧ y∗1

)
⊗
(
x1 ∧ · · · ∧ xk

)
, Φ∗y∗j = 0 for j > m. (13)

Then

ιD,Φ(θ) = (−1)km
det
(
〈y∗j ,Φζj′〉j,j′=1,...,m

)
det(ζ1, . . . , ζN)

·
(
y∗` ∧ · · · ∧ y∗m+1

)
⊗
(
(x1, 0) ∧ · · · ∧ (xk, 0) ∧ (ξm+1, ζm+1) ∧ · · · ∧ (ξN , ζN)

)
.

(14)

If k = 0, ` = m, or m = N then the relevant empty wedge products in (13)
and (14) are understood as the real number one.
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Choose vectors ξi and ζi as in Step 1 and fix an element θ ∈ det(D); if
D is bijective choose θ = 1 ∈ R = det(D). Then there exist elements
x1, . . . , xk ∈ ker D and y1, . . . , y` ∈ ker D∗ such that

θ =
(
y∗` ∧ · · · ∧ y∗1

)
⊗
(
x1 ∧ · · · ∧ xk

)
.

Here the first, respectively the second, wedge product is understood as the
real number one whenever k = 0, respectively ` = 0. If ` > m then, by (10),

dim
(
ker D∗ ∩ ker Φ∗

)
= `−m > 0

and hence the y∗j can be chosen such that Φ∗y∗j = 0 for j = m+1, . . . , `. With
this understood, we must prove that the right hand side of equation (14) is
independent of the choice of the xj and y∗j .

We prove first that θ = 0 if and only if the right hand side of (14) vanishes.
Indeed, θ 6= 0 if and only if the xj and the y∗j are linearly independent.
Moreover, the right hand side of (14) is nonzero if and only if

(a) the vectors x1, . . . , xk are linearly independent,

(b) the vectors y∗m+1, . . . , y
∗
` are linearly independent, and

(c) the vectors Φ∗y∗1, . . . ,Φ
∗y∗m are linearly independent.

Since Φ∗y∗j = 0 for j > m, conditions (b) and (c) hold if and only if the
vectors y∗1, . . . , y

∗
` are linearly independent. Hence (a), (b), and (c) hold if

and only if θ 6= 0. (Here the empty set of vectors is linearly independent by
definition, the empty wedge product is equal to one, and the determinant of
the empty matrix is equal to one.) This shows that θ = 0 if and only if the
right hand side of (14) vanishes.

Next we prove that the right hand side of (14) is independent of the
choice of the xj and y∗j . By what we have just shown, we may assume θ 6= 0.
Then the vectors x1, . . . , xk form a basis of ker D, the vectors y∗m+1, . . . , y

∗
`

form a basis of ker D∗ ∩ ker Φ∗, and the vectors y∗1, . . . , y
∗
` form a basis of

ker D∗. (One or more of these bases may be empty.) Replacing xj by λjxj
and y∗j by µjy

∗
j , where λ1 · · ·λkµ1 · · ·µ` = 1, leaves the right hand side of (14)

unchanged. Moreover, replacing xj by xj + xj′ for j′ 6= j, or yj by yj + y′j
for j′ 6= j ≤ m, or for j′ 6= j with j, j′ > m, also leaves the right hand side
of (14) unchanged. So does any odd permutation of the xj, or the yj, j > m,
or the yj, j ≤ m, followed by a sign change in one of the basis vectors. Now
any two bases xj of ker D and y∗j of ker D∗ with Φ∗jy

∗
j = 0 for j > m are

related by a finite sequence of such elementary operations. Hence the right
hand side of (14) is independent of the choice of the xj and y∗j , as claimed.
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This shows that the formula (14) defines a vector space isomorphism
ιD,Φ : det(D) → det(D ⊕ Φ) for every tuple ξm+1, . . . , ξN , ζ1, . . . , ζN as in
Step 1. It remains to prove that this isomorphism is independent of the
choice of the ζj and ξj. If k = 0 then D is injective and hence ξj is uniquely
determined by ζj for j > m. If k > 0 then ξj is uniquely determined by ζj
up to addition by an element of ker D. Since the vectors x1, . . . , xk form a
basis of ker D (when θ 6= 0), this shows that the right hand side of (14) is
independent of the choice of the ξj. Now the ζj must be chosen such that
Φζj ∈ imD for j > m. Any two such bases of RN are related by finitely
many of the following elementary operations.

• Multiply one of the ζj by a nonzero real number.

• Permute the ζj for j > m.

• Permute the ζj for j ≤ m.

• Replace ζj by ζj + ζj′ , where j′ 6= j and j, j′ > m.

• Replace ζj by ζj + ζj′ , where j′ 6= j and j ≤ m.

None of these operations change the right hand side of equation (14) and this
proves Step 2.

Step 3. The isomorphisms ιD,Φ in Step 2 satisfy the (Determinant) axiom.

Let D ∈ F(X, Y ) and Φ ∈ L(RN , Y ) and choose ξi, ζi as in Step 1. Let
θ ∈ det(D) and choose x1, . . . , xk ∈ ker D and y∗1, . . . , y

∗
` ∈ ker D∗ such

that (13) holds. Let g ∈ GL(RN). Then it follows from equation (14), with
Φ replaced by Φg and ζj replace by g−1ζj, that

ιD,Φg(θ) = (−1)km
det
(
〈y∗j ,Φζj′〉j,j′=1,...,m

)
det(g−1ζ1, . . . , g−1ζN)

·
(
y∗` ∧ · · · ∧ y∗m+1

)
⊗
(
(x1, 0) ∧ · · · ∧ (xk, 0) ∧ (ξm+1, g

−1ζm+1) ∧ · · · ∧ (ξN , g
−1ζN)

)
= (−1)km det(g)

det
(
〈y∗j ,Φζj′〉j,j′=1,...,m

)
det(ζ1, . . . , ζN)

·
(
y∗` ∧ · · · ∧ y∗m+1

)
⊗
(
(x1, 0) ∧ · · · ∧ (xk, 0) ∧ (ξm+1, g

−1ζm+1) ∧ · · · ∧ (ξN , g
−1ζN)

)
= det(g) · T−1

g

(
ιD,Φ(θ)

)
.

This proves Step 3.

Step 4. The isomorphisms ιD,Φ in Step 2 satisfy the (Normalization) axiom.

Equation (7) follows from (14) with m = 0, N = 1 by taking ζ1 := 1 and
ξ1 := ξ. Equation (8) follows from (14) with m = N = 1 by taking ζ1 := 1.
This proves Step 4.
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Step 5. The isomorphisms ιD,Φ in Step 2 satisfy the (Stabilization) axiom.

Assume first that N2 = 1. Thus let Φ : RN → Y and Ψ : R → Y be linear
maps and choose ζi and ξi as in Step 1. Define

yN+1 := Ψ1 ∈ Y, Φ̃ := Φ⊕Ψ : RN+1 → Y, Φ̃ζ̃ := Φζ + ζN+1yN+1

for ζ̃ = (ζ, ζN+1) ∈ RN × R = RN+1. There are two cases to consider.

Case 1. yN+1 ∈ imD + im Φ.

In this case ker D∗ ∩ ker Φ̃∗ = ker D∗ ∩ ker Φ∗ and

m := N − dim
(
Φ−1imD

)
= N + 1− dim

(
Φ̃−1imD

)
.

Choose ξN+1 ∈ X and ζ ∈ RN such that DξN+1 + Φζ + yN+1 = 0 and define

ζ̃j := (ζj, 0) ∈ RN+1 for 1 ≤ j ≤ N, ζ̃N+1 := (ζ, 1) ∈ RN+1.

Then Dξj + Φ̃ζ̃j = 0 for j = m + 1, . . . , N + 1. Fix a nonzero element
θ ∈ det(D) and choose bases x1, . . . , xk of ker D and y∗1, . . . , y

∗
` of ker D∗

such that (13) holds for Φ, and hence also for Φ̃. Since

det(ζ̃1, . . . , ζ̃N+1) = det(ζ1, . . . , ζN)

and
Φ̃ζ̃j = Φζj for j = 1, . . . ,m,

it follows from equation (14) that

ιD,Φ̃(θ) = (−1)km
det
(
〈y∗j , Φ̃ζ̃j′〉j,j′=1,...,m

)
det(ζ̃1, . . . , ζ̃N+1)

·
(
y∗` ∧ · · · ∧ y∗m+1

)
⊗
(
(x1, 0̃) ∧ · · · ∧ (xk, 0̃) ∧ (ξm+1, ζ̃m+1) ∧ · · · ∧ (ξN+1, ζ̃N+1)

)
= (−1)km

det
(
〈y∗j ,Φζj′〉j,j′=1,...,m

)
det(ζ1, . . . , ζN)

·
(
y∗` ∧ · · · ∧ y∗m+1

)
⊗
(
(x1, 0, 0) ∧ · · · ∧ (xk, 0, 0) ∧ (ξm+1, ζm+1, 0) ∧ · · · ∧ (ξN , ζN , 0)

∧ (ξN+1, ζ, 1)
)

= ιD⊕Φ,Ψ

(
ιD,Φ(θ)

)
.

Here 0̃ is the zero vector in RN+1. This proves the assertion in Case 1.
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Case 2. yN+1 /∈ imD + im Φ.

Let m := N − dim
(
Φ−1imD

)
as before. Then

Φ̃−1imD = Φ−1imD, m+ 1 = N + 1− dim
(
Φ̃−1imD

)
.

Define ζ̃j ∈ RN+1 by

ζ̃j :=


(ζj, 0), for j = 1, . . . ,m,
(0, . . . , 0, 1), for j = m+ 1,
(ζj−1, 0), for j = m+ 2, . . . , N + 1.

Fix a nonzero element θ ∈ det(D) and choose bases x1, . . . , xk of ker D and
y∗1, . . . , y

∗
` of ker D∗ such that (13) holds for Φ and

〈y∗j , yN+1〉 =

{
1, for j = m+ 1,
0, for j = m+ 2, . . . , `.

Then Φ̃∗y∗j = 0 for j = m+ 2, . . . , ` and

det
(
〈y∗j , Φ̃ζ̃j′〉j,j′=1,...,m+1

)
= det

(
〈y∗j ,Φζj′〉j,j′=1,...,m

)
.

Hence it follows from equation (14) that

ιD,Φ̃(θ) = (−1)k(m+1)
det
(
〈y∗j , Φ̃ζ̃j′〉j,j′=1,...,m+1

)
det(ζ̃1, . . . , ζ̃N+1)

·
(
y∗` ∧ · · · ∧ y∗m+2

)
⊗
(
(x1, 0̃) ∧ · · · ∧ (xk, 0̃) ∧ (ξm+1, ζ̃m+2) ∧ · · · ∧ (ξN , ζ̃N+1)

)
= (−1)k+N−m(−1)km

det
(
〈y∗j ,Φζj′〉j,j′=1,...,m

)
det(ζ1, . . . , ζN)

·
(
y∗` ∧ · · · ∧ y∗m+2

)
⊗
(
(x1, 0, 0) ∧ · · · ∧ (xk, 0, 0) ∧ (ξm+1, ζm+1, 0) ∧ · · · ∧ (ξN , ζN , 0)

)
= ιD⊕Φ,Ψ

(
ιD,Φ(θ)

)
.

Here the second step follows from the fact that

det(ζ̃1, . . . , ζ̃N+1) = (−1)N−m det(ζ1, . . . , ζN)

and the last step follows from the fact that

k +N −m = dim(ker (D ⊕ Φ)).

This proves the assertion in Case 2.
Thus we have proved the (Stabilization) axiom for N2 = 1. The general

case follows from the case N2 = 1 by induction. This proves Theorem 2.1.
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3 Compatibility with products

Theorem 3.1. Let D1 : X1 → Y1 and D2 : X2 → Y2 be Fredholm operators
and Φ1 : RN1 → Y1 and Φ2 : RN2 → Y2 be linear maps. Then

ρD1⊕Φ1,D2⊕Φ2

(
ιD1,Φ1(θ1)⊗ ιD2,Φ2(θ2)

)
= (−1)N1index(D2) ·R

(
ιD1×D2,Φ1×Φ2

(
ρD1,D2(θ1 ⊗ θ2)

)) (15)

for θ1 ∈ det(D1) and θ2 ∈ det(D2). Here ρD1,D2 and ρD1⊕Φ1,D2⊕Φ2 are as
in 1.3, the isomorphisms ιDi,Φi

and ιD1×D2,Φ1×Φ2 are those of Theorem 2.1,
and the isomorphism

R : det
(
(D1 ×D2)⊕ (Φ1 × Φ2)

)
→ det

(
(D1 ⊕ Φ1)× (D2 ⊕ Φ2)

)
(16)

is induced by the identity on Y1 × Y2 and the isomorphism{
(X1 ×X2)× (RN1 × RN2) → (X1 × RN1)× (X2 × RN2)

((x1, x2), (ζ1, ζ2)) 7→ (x1, ζ1;x2, ζ2).

Proof. For i = 1, 2 define

ki := dim(ker Di), `i := dim(cokerDi), mi := Ni − dim(Φ−1
i imDi),

choose xi,1, . . . , xi,ki ∈ kerDi, y
∗
i,1, . . . , y

∗
i,`i
∈ kerD∗i , ξi,mi+1, . . . , ξi,Ni

∈ Xi,
and a basis ζi,1, . . . , ζi,Ni

∈ RNi , such that

Diξi,j + Φiζi,j = 0, Φ∗i y
∗
i,j = 0 for j = mi + 1, . . . , Ni,

and denote

θi :=
(
y∗i,`i ∧ · · · ∧ y

∗
i,1

)
⊗
(
xi,1 ∧ · · · ∧ xi,ki

)
∈ det(Di).

Then, by equation (3) in 1.3,

ρD1,D2(θ1 ⊗ θ2)

= (−1)(k1−`1)`2
(

(0, y∗2,`2) ∧ · · · ∧ (0, y∗2,1) ∧ (y∗1,`1 , 0) ∧ · · · ∧ (y∗1,1, 0)
)

⊗
(

(x1,1, 0) ∧ · · · ∧ (x1,k1 , 0) ∧ (0, x2,1) ∧ · · · ∧ (0, x2,k2)
) (17)

and for i = 1, 2, by equation (14) in Step 2 in the proof of Theorem 2.1,

ιDi,Φi
(θi) = (−1)kimi

det
(
〈y∗i,j,Φiζi,j′〉j,j′=1,...,mi

)
det(ζi,1, . . . , ζi,Ni

)
·
(
y∗i,`i ∧ · · · ∧ y

∗
i,mi+1

)
⊗
(
(xi,1, 0) ∧ · · · ∧ (xi,ki , 0) ∧ (ξi,mi+1, ζi,mi+1) ∧ · · · ∧ (ξi,Ni

, ζi,Ni
)
)
.

(18)
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Abbreviate

X̂i := Xi × RNi , D̂i := Di ⊕ Φi : X̂i → Yi,

k̂i := dim
(
ker D̂i

)
= ki +Ni −mi, ̂̀

i := dim
(
coker D̂i

)
= `i −mi.

Then, by equation (18),

θ̂i := ιDi,Φi
(θi) ∈ det(D̂i)

= (−1)kimi
det
(
〈y∗i,j,Φiζi,j′〉j,j′=1,...,mi

)
det(ζi,1, . . . , ζi,Ni

)

·
(
ŷ∗
i,̂̀i ∧ · · · ∧ ŷ∗i,1

)
⊗
(
x̂i,1 ∧ · · · ∧ x̂i,k̂i

)
,

where x̂i,j = (x1,j, 0) for j = 1, . . . , ki and x̂i,ki+j = (ξi,mi+j, ζi,mi+j) for
j = 1, . . . , Ni −mi, and ỹ∗i,j = y∗i,mi+j

for j = 1, . . . , `i −mi. Hence it follows
from (17) that

ρD̂1,D̂2

(
θ̂1 ⊗ θ̂2

)
= (−1)(k̂1−̂̀1)̂̀2(−1)k1m1(−1)k2m2

·
det
(
〈y∗1,j,Φ1ζ1,j′〉j,j′=1,...,m1

)
det(ζ1,1, . . . , ζ1,N1)

·
det
(
〈y∗2,j,Φ2ζ2,j′〉j,j′=1,...,m2

)
det(ζ2,1, . . . , ζ2,N2)

·
(

(0, ŷ∗
2,̂̀2) ∧ · · · ∧ (0, ŷ∗2,1) ∧ (ŷ∗

1,̂̀1 , 0) ∧ · · · ∧ (ŷ∗1,1, 0)
)

⊗
(

(x̂1,1; 0) ∧ · · · ∧ (x̂1,k̂1
; 0) ∧ (0; x̂2,1) ∧ · · · ∧ (0; x̂2,k̂2

)
)

= (−1)(k1−`1+N1)(`2−m2)(−1)k1m1(−1)k2m2

·
det
(
〈y∗1,j,Φ1ζ1,j′〉j,j′=1,...,m1

)
det(ζ1,1, . . . , ζ1,N1)

·
det
(
〈y∗2,j,Φ2ζ2,j′〉j,j′=1,...,m2

)
det(ζ2,1, . . . , ζ2,N2)

·
(
(0, y∗2,`2) ∧ · · · ∧ (0, y∗2,m2+1) ∧ (y∗1,`1 , 0) ∧ · · · ∧ (y∗1,m1+1, 0)

)
⊗
(
(x1,1, 0; 0, 0) ∧ · · · ∧ (x1,k1 , 0; 0, 0)

∧ (ξ1,m1+1, ζ1,m1+1; 0, 0) ∧ · · · ∧ (ξ1,N1 , ζ1,N1 ; 0, 0)

∧ (0, 0;x2,1, 0) ∧ · · · ∧ (0, 0;x2,k2 , 0)

∧ (0, 0; ξ2,m2+1, ζ2,m2+1) ∧ · · · ∧ (0, 0; ξ2,N2 , ζ2,N2)
)
.

(19)

This is an explicit expression for the left hand side of equation (15).
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To compute the right hand side of equation (15), abbreviate

k̃ := k1 + k2, ˜̀ := `1 + `2, m̃1 := m1 +m2, Ñ := N1 +N2,

X̃ := X1 ×X2, Ỹ := Y1 × Y2, D̃ := D1 ×D2, Φ̃ := Φ1 × Φ2.

and

x̃j :=

{
(x1,j, 0), for j = 1, . . . , k1,
(0, x2,j−k1), for j = k1 + 1, . . . , k1 + k2,

ỹ∗j :=


(y∗1,j, 0), for j = 1, . . . ,m1,
(0, y∗2,j−m1

), for j = m1 + 1, . . . ,m1 +m2,
(y∗1,j−m2

, 0), for j = m1 +m2 + 1, . . . , `1 +m2,
(0, y∗2,j−`1), for j = `1 +m2 + 1, . . . , `1 + `2,

ζ̃j :=


(ζ1,j, 0), for j = 1, . . . ,m1,
(0, ζ2,j−m1), for j = m1 + 1, . . . ,m1 +m2,
(ζ1,j−m2 , 0), for j = m1 +m2 + 1, . . . , N1 +m2,
(0, ζ2,j−N1), for j = N1 +m2 + 1, . . . , N1 +N2,

ξ̃j :=

{
(ξ̃1,j−m2 , 0), for j = m1 +m2 + 1, . . . , N1 +m2,

(0, ξ̃2,j−N1), for j = N1 +m2 + 1, . . . , N1 +N2,

θ̃ := ρD1,D2(θ1 ⊗ θ2)

= (−1)(k1−`1)`2(−1)(`1−m1)m2
(
ỹ∗˜̀ ∧ · · · ∧ ỹ∗1)⊗ (x̃1 ∧ · · · ∧ x̃k̃

)
.

Here the last equation follows from (17). Since D̃ζ̃j + Φ̃ξ̃j = 0 and Φ̃∗ỹ∗i = 0
for j > m̃, it follows from (18) that

ιD̃,Φ̃(θ̃) = (−1)(k1−`1)`2(−1)(`1−m1)m2(−1)k̃m̃ ·
det
(
〈ỹ∗j , Φ̃ζ̃j′〉j,j′=1,...,m̃

)
det(ζ̃1, . . . , ζ̃Ñ)

·
(
ỹ∗˜̀ ∧ · · · ∧ ỹ∗m̃+1

)
⊗
(
(x̃1; 0) ∧ · · · ∧ (x̃k̃; 0) ∧ (ξ̃m̃+1; ζ̃m̃+1) ∧ · · · ∧ (ξ̃Ñ , ζ̃Ñ)

)
= (−1)(k1−`1)`2(−1)(`1−m1)m2(−1)(k1+k2)(m1+m2)(−1)(N1−m1)m2

·
det
(
〈y∗1,j,Φ1ζ1,j′〉j,j′=1,...,m1

)
det(ζ1,1, . . . , ζ1,N1)

·
det
(
〈y∗2,j,Φ2ζ2,j′〉j,j′=1,...,m2

)
det(ζ2,1, . . . , ζ2,N2)

·
(
(0, y∗2,`2) ∧ · · · ∧ (0, y∗2,m2+1) ∧ (y∗1,`1 , 0) ∧ · · · ∧ (y∗1,m1+1, 0)

)
⊗
(
((x1,1, 0), (0, 0)) ∧ · · · ∧ ((x1,k1 , 0), (0, 0))

∧ ((0, x2,1), (0, 0)) ∧ · · · ∧ ((0, x2,k2), (0, 0))

∧ ((ξ1,m1+1, ζ1,m1+1), (0, 0)) ∧ · · · ∧ ((ξ1,N1 , ζ1,N1), (0, 0))

∧ ((0, 0), (ξ2,m2+1, ζ2,m2+1)) ∧ · · · ∧ ((0, 0), (ξ2,N2 , ζ2,N2))
)
.
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This implies

R
(
ιD̃,Φ̃(θ̃)

)
= (−1)(k1−`1)`2(−1)(`1−m1)m2(−1)(k1+k2)(m1+m2)(−1)(N1−m1)m2

·
det
(
〈y∗1,j,Φ1ζ1,j′〉j,j′=1,...,m1

)
det(ζ1,1, . . . , ζ1,N1)

·
det
(
〈y∗2,j,Φ2ζ2,j′〉j,j′=1,...,m2

)
det(ζ2,1, . . . , ζ2,N2)

·
(
(0, y∗2,`2) ∧ · · · ∧ (0, y∗2,m2+1) ∧ (y∗1,`1 , 0) ∧ · · · ∧ (y∗1,m1+1, 0)

)
⊗
(
(x1,1, 0; 0, 0) ∧ · · · ∧ (x1,k1 , 0; 0, 0)

∧ (0, 0;x2,1, 0) ∧ · · · ∧ (0, 0;x2,k2 , 0)

∧ (ξ1,m1+1, ζ1,m1+1; 0, 0) ∧ · · · ∧ (ξ1,N1 , ζ1,N1 ; 0, 0)

∧ (0, 0; ξ2,m2+1, ζ2,m2+1) ∧ · · · ∧ (0, 0; ξ2,N2 , ζ2,N2)
)

= (−1)(k1−`1)`2(−1)(`1−m1)m2(−1)(k1+k2)(m1+m2)(−1)(N1−m1)(m2+k2)

·
det
(
〈y∗1,j,Φ1ζ1,j′〉j,j′=1,...,m1

)
det(ζ1,1, . . . , ζ1,N1)

·
det
(
〈y∗2,j,Φ2ζ2,j′〉j,j′=1,...,m2

)
det(ζ2,1, . . . , ζ2,N2)

·
(
(0, y∗2,`2) ∧ · · · ∧ (0, y∗2,m2+1) ∧ (y∗1,`1 , 0) ∧ · · · ∧ (y∗1,m1+1, 0)

)
⊗
(
(x1,1, 0; 0, 0) ∧ · · · ∧ (x1,k1 , 0; 0, 0)

∧ (ξ1,m1+1, ζ1,m1+1; 0, 0) ∧ · · · ∧ (ξ1,N1 , ζ1,N1 ; 0, 0)

∧ (0, 0;x2,1, 0) ∧ · · · ∧ (0, 0;x2,k2 , 0)

∧ (0, 0; ξ2,m2+1, ζ2,m2+1) ∧ · · · ∧ (0, 0; ξ2,N2 , ζ2,N2)
)
.

(20)

Comparing the sign

(−1)(k1−`1+N1)(`2−m2)(−1)k1m1(−1)k2m2

in equation (19) with the sign

(−1)(k1−`1)`2(−1)(`1−m1)m2(−1)(k1+k2)(m1+m2)(−1)(N1−m1)m2(−1)(N1−m1)k2

in equation (20) we find

ρD̂1,D̂2

(
θ̂1 ⊗ θ̂2

)
= (−1)N1(k2−`2) ·R

(
ιD̃,Φ̃(θ̃)

)
.

This proves equation (15) and Theorem 3.1.
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4 Remarks

1. The sign convention in the definition of the product isomorphism ρD1,D2

in equation (3) in 1.3 follows the book of Seidel [3, page 150].

2. For two Banach spaces X, Y define the set

det(X, Y ) := {(D, θ) |D ∈ F(X, Y ), θ ∈ det(D)} .

Denote by
F∗(X, Y ) ⊂ F(X, Y )

the set of surjective Fredholm operators and define

det∗(X, Y ) := {(D, θ) |D ∈ F∗(X, Y ), θ ∈ det(D)} .

Then det∗(X, Y ) has a canonical topology and a canonical structure of a
real line bundle over F∗(X, Y ). Local trivializations are induced by local
trivializations of the kernel bundle over F∗(X, Y ).

3. For two Banach spaces X, Y and a linear map Φ : RN → Y , the map

det∗(X, Y )→ det∗(X × RN , Y ) : (D, θ) 7→ (D ⊕ Φ, ιD,Φ(θ)),

determined by the isomorphisms of Theorem 2.1, is a vector bundle homo-
morphism, bijective on each fiber, and is a homeomorphism onto its image.

4. For two Banach spaces X, Y and a linear map Φ : RN → Y , define

UΦ :=
{
D ∈ F(X, Y ) |D ⊕ Φ ∈ F∗(X × RN , Y )

}
.

Then the map

det(X, Y )|UΦ
→ det∗(X × RN , Y ) : (D, θ) 7→ (D ⊕ Φ, ιD,Φ(θ))

determines a topology and vector bundle structure on the restriction of
det(X, Y ) to UΦ. That this vector bundle structure is independent of the
choice of the linear map Φ (with the same domain and the same image) fol-
lows from the (Determinant) axiom in Theorem 2.1. That the vector bundle
structures on UΦ and UΨ agree on the intersection UΦ ∩ UΨ follows from the
(Stabilization) axiom in Theorem 2.1.
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5. Let X and Y be infinite-dimensional Banach spaces. Then F(X, Y ) is a
classifying space for K-theory. Let M be a topological space and ξ ∈ K(M)
be represented by a continuous map M → F(X, Y ) : p 7→ Dp. Then the first
Stiefel–Whitney class w1(ξ) is determined by the pullback of the determinant
line bundle det(X, Y )→ F(X, Y ) under the classifying map M → F(X, Y ).
Thus w1(ξ) is nonzero over a loop γ : S1 →M whenever the determinant lines
det(Dγ(t)) form a Möbius strip. When index(Dγ(t)) = 0, this is equivalent to
the condition that the mod-2 crossing index of the loop t 7→ Dγ(t) is nonzero.

6. The isomorphism det(D)→ det(D⊕Φ) in [1, Exercise A.2.3] has only been
defined when D⊕Φ is surjective or, equivalently, when m = ` in the notation
of Step 2 in the proof of Theorem 2.1. It differs from the isomorphism of
Theorem 2.1 by the sign

ε(D,Φ) = (−1)k`+(`
2)+`(N−`),

where
(

0
2

)
=
(

1
2

)
= 0 and

k := dim(ker D), ` := dim(cokerD) = N − dim(Φ−1imD).

If Φ1 : RN1 → Y and Φ2 : RN2 → Y are two linear maps such that D⊕Φ1 is
surjective, then ε(D ⊕ Φ1,Φ2) = 1 and hence

ε(D,Φ1 ⊕ Φ2) · ε(D ⊕ Φ1,Φ2) · ε(D,Φ1) = (−1)`(N2−`).

Thus the stabilization formula (9) in Theorem 2.1 holds for the isomorphism
of [1, Remark A.2.3] whenever N1 and N1 + N2 have the same parity. In
this case the isomorphisms of [1, Remark A.2.3] can be used to define a
topology and vector bundle structure on det(X, Y ). However, the resulting
topology on det(X, Y ) will depend on the parity of N and be different from
the topology determined by the isomorphisms of Theorem 2.1.

7. The isomorphisms of Theorem 2.1 agree with the isomorphisms con-
structed by McDuff–Wehrheim [2] in the proof of Proposition 7.4.8 (under
the assumption that Φ is injective and D ⊕ Φ is surjective).

References
[1] Dusa McDuff, Dietmar Salamon, J-holomorphic Curves and Symplectic Topology, Second Edition.

AMS Colloquium Publications 52, 2012.

[2] Dusa McDuff, Katrin Wehrheim, Smooth Kuranishi structures with trivial isotropy - the 2013 state
of affairs. Preprint, August 2015. http://arxiv.org/abs/1208.1340

[3] Paul Seidel, Fukaya Categories and Picard–Lefschetz Theory. ETH Lecture Note Series, Volume 8,
EMS 2008.

15

http://arxiv.org/abs/1208.1340

	Determinant lines
	The isomorphisms
	Compatibility with products
	Remarks

