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Abstract

The Deligne-Mumford moduli space is the space My, ,, of isomorphism
classes of stable nodal Riemann surfaces of arithmetic genus g with n
marked points. A marked nodal Riemann surface is stable if and only if
its isomorphism group is finite. We introduce the notion of a universal
unfolding of a marked nodal Riemann surface and show that it exists if and
only if the surface is stable. A natural construction based on the existence
of universal unfoldings endows the Deligne-Mumford moduli space with
an orbifold structure. We include a proof of compactness. Our proofs use
the methods of differential geometry rather than algebraic geometry.
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1 Introduction

According to Grothendieck [7], a moduli space is a space whose elements may
be viewed as orbits of a groupoid.! In this paper, the main focus is on the
Riemann moduli space M of (closed) Riemann surfaces of genus ¢ and various
related moduli spaces. We characterize the Deligne—-Mumford compactification
/\;lg by a universal mapping property thus showing that it is (canonically) an
orbifold. We also treat the related moduli spaces M, and My ,,.

The points in the moduli space M, are in bijective correspondence with
equivalence classes of Riemann surfaces where two Riemann surfaces are equiv-
alent iff there is an isomorphism (holomorphic diffeomorphism)? between them:;
i.e. the Riemann moduli space is the orbit space of the groupoid whose ob-
jects are Riemann surfaces and whose morphisms are these isomorphisms. For
applications it is important to refine these groupoids by considering Riemann
surfaces with marked points. An object is now a marked Riemann surface of type
(g,m), i.e. a Riemann surface of genus g equipped with a sequence of n distinct
points in that surface. An isomorphism is an isomorphism of Riemann surfaces
which carries the sequence of marked points in the source to the sequence in
the target preserving the indexing. The corresponding moduli space is denoted
Mg » and of course My g = M,.

A Riemann surface is a smooth surface ¥ equipped with a complex structure
j. Since any two smooth surfaces of the same genus are diffeomorphic we may
define the Riemann moduli space as the orbit space under the action of the
diffeomorphism group Diff (%) of the space J(X) of complex structures j on X:

M, == J(3)/Diff(%).

The result is independent of the choice of the substrate 3 in the sense that any
diffeomorphism f : ¥ — ¥’ induces a bijection J(X) — J(X') and a group
isomorphism Diff () — Diff (X') intertwining the group actions. Similarly a
marked® Riemann surface is a triple (3, s.,j) where s, is a finite sequence of

1By the term groupoid, we understand a category all of whose morphisms are isomorphisms.

2In the sequel, when no confusion can result, we will use the term isomorphism to signify
any bijection between sets which preserve the appropriate structures.

3The reader is cautioned that the term marked Riemann surface is often used with another
meaning in the literature.



n distinct points of ¥ (i.e. s, € ™\ A where A is the “fat” diagonal) so the
corresponding moduli space is

Mg = (J() x (Z"\ A))/Diff(T).
This can also be written as
My =T(X)/Diff (T, s.)

where Diff (3, s,) is the subgroup of diffeomorphisms which fix the points of
some particular sequence s.. Thus in these cases we can replace the groupoid
by a group action; the objects are the points of J(X).

An object in a groupoid is called stable iff its automorphism group is finite.
A marked Riemann surface of type (g, n) is stable if and only if n > x(X) where
X(X) = 2—2g is the Euler characteristic. In this case each automorphism group
is finite, but (in the case g > 1) may be nontrivial. However, the only automor-
phism isotopic to the identity is the identity itself so the identity component
Diffg(X2) of Diff(¥) acts freely on J(2) x (X" \ A). The corresponding orbit
space

Ty = (J() x (2" \ A))/Diffo(%)

is called Teichmiiller space. In [4] Earle and Eells showed that the projection
J(X) — 7, is a principal fiber bundle with structure group Diff((X) and that
the base 7 is a finite dimensional smooth manifold of real dimension 6g — 6.
In other words, through each j € J(X) there is a smooth slice for the action of
Diff(X). (Similar statements hold for 7, ,,.) The total space J(X) is a complex
manifold; the tangent space at a point j € J(X) is the space

T,7(8) = Q7HS,TM) = {j € Q°(Z,End(TY)) : jj + jj = 0}

of (0,1) forms on (X, j) with values in the tangent bundle. This tangent space
is clearly a complex vector space (the complex structure is j — j7) and it is
not hard to show (see e.g. [20] or Section 7) that this almost complex structure
on J(X) is integrable and that the action admits a holomorphic* slice through
every point. Since the action of Diffy(X) is (tautologically) by holomorphic
diffeomorphisms of 7(X), this defines a complex structure on the base 7, which
is independent of the choice of the local slice used to define it. Thus T is a
complex manifold of dimension 3g—3. Again, similar results hold for 7 ,, Earle
and Eells also showed that all three spaces in the fibration

Diffo(X) — J(X) — 7, (EE)

are contractible so that the fibration is smoothly trivial and has a (globally de-
fined) smooth section. In [3] Earle showed that there is no global holomorphic

4At this point in the discussion this means that the slice is a complex submanifold of 7 (X).
After we define the complex structure on the base a holomorphic slice will be the same thing
as the image of a holomorphic section.



section of J(X) — 7,. The monograph of Tromba [20] contains a nice exposi-
tion of this point of view (and more) and the anthology [5] is very helpful for
understanding the history of the subject and other points of view.

Now we take a different point of view. An wunfolding is the germ of a pair
(ma,a0) where myq : P — Ais a Riemann family and ag is a point of A. (The term
Riemann family means that w4 is a proper holomorphic map and dim¢(P) =
dimg(A)+1. The term germ means that we do not distinguish between (7 4, ag)
and the unfolding which results by replacing A by a neighborhood of ap in A.)
The fibers P, := 7~ !(a) are then complex curves. The fiber P,, is called the
central fiber. A morphism of unfoldings is a commutative diagram

P 2
T
A — B

where ® and ¢ are holomorphic, ¢(ag) = by and, for each a € A, the restriction
of ® to the fiber P, is an isomorphism. Again, this is to be understood in
the sense of germs: ¢ need only be defined on a neighborhood of ag and two
morphisms are the same iff they agree on a smaller neighborhood of ag. An
unfolding (g : @ — B,bp) is called universal iff for every other unfolding
(ma,ag) every isomorphism f : P,, — @, extends uniquely to a morphism
(¢, ®@) from (w4, ap) to (7p,bo). From the uniqueness of the extension it follows
that any two universal unfoldings with the same central fiber are isomorphic in
the obvious sense.

Now assume that w4 is a submersion so that the fibers are Riemann surfaces.
Using the holomorphic slices for the principal fiber bundle [J(X) — 7 it is not
hard to construct a universal unfolding of any Riemann surface of genus > 2;
similar results hold for 7 ,, (see Section 8).

The spaces M, are not compact. The Deligne-Mumford moduli space
M, defined in Section 6 is a compactification of M, . The objects in the
corresponding groupoid are commonly called stable curves of type (g,n). Two
such curves need not be homeomorphic. This moduli space is still the orbit
space of a groupoid but not (in any obvious way) the orbit space of a group
action. We will characterize /\;lg,n by the universal mapping property, but we
will word the definitions so as to avoid the complexities of algebraic geometry
and singularity theory.

It is a well known theorem of algebraic geometry that a complex curve C
admits a desingularization u : ¥ — C. This means that X is a Riemann surface
and that the restriction of u to the set of regular points of u is a holomorphic
diffeomorphism onto the set of smooth points of the curve C. The desingular-
ization is unique in the sense that if v’ : ¥’ — C is another desingularization,
the holomorphic diffeomorphism u ="' o v’ extends to a holomorphic diffeomor-
phism ¥’ — ¥. A marked complex curve is one which is equipped with a finite
sequence of distinct smooth points. A desingularization pulls pack the marking
to a marking of 3. That a marked complex curve C is of type (g,n) means that
the arithmetic genus (see Definition 3.6) of C' is g and the number of marked



points is n. A nodal curve is a complex curve with at worst nodal singularities.
For a nodal curve the desingularization u is an immersion and the critical points
occur in pairs. This equips ¥ with what we call a nodal structure. In Section 3
we use the term marked nodal Riemann surface to designate a surface ¥ with
these additional structures. A stable curve is a marked nodal curve whose cor-
responding marked nodal Riemann surface has a finite automorphism group.
The main result of this paper extends the universal unfolding construction from
the groupoid of stable Riemann surfaces to the groupoid of stable marked nodal
Riemann surfaces.

Theorem A. A marked nodal Riemann surface admits a universal
unfolding if and only if it is stable.

This theorem is an immediate consequence of Theorems 5.4 and 5.6 below.
To avoid the intricacies of singularity theory our precise definitions (see Sec-
tions 4 and 5) involve only what we call nodal families. However, it is well
known that (near its central fiber) an unfolding is a submersion if and only if
its central fiber is a smooth complex curve and is a nodal family if and only if
its central fiber is a nodal curve.

Now we describe the proof. First we consider the case of a Riemann surface
without marked points or nodal points. In this case the sequence (EE) is a
principal bundle if and only if g > 2, i.e. if and only if any Riemann surface of
genus g is stable. Abbreviate

Dy :=Diffo(X), JT:=J(), T:=T():=J()/Diffo(L).

Thus 7, := 7T is Teichmiiller space and the principal fiber bundle (EFE) takes
the form
Dy— T —T.

The associated fiber bundle
mr: Qi =J Xp, 2 —T

has fibers isomorphic to . It is commonly called the universal curve of genus
g over Teichmiiller space. Choose a Riemann surface (¥, jo) and a holomorphic
slice B C J through jp. Let

T :Q — B

be the restriction to B of the pull back of the bundle 77 to its total space.
As B is a slice, the projection mp is a trivial bundle (in the smooth sense).
The map 7 is a holomorphic submersion. In Section 8 we show that it is a
universal unfolding of jo. Here’s why (7, jo) is universal. Let 74 : P — A be
a holomorphic submersion whose fiber has genus g and whose central fiber over
agp € A is isomorphic to (X, jo). As a smooth map 74 is trivial so after shrinking
A we have a smooth local trivialization 7 : A x ¥ — P. Write 7,(z) := 7(a, 2)



for a € A so 7, is a diffeomorphism from ¥ to P,. Denote the pull back by 7,
of the complex structure on P, by ju, i.e. 74 : (2, ja) — P, is an isomorphism.
As B is a slice we can modify the trivialization 7 so j, € B. The equation
¢(a) = j, defines a map ¢ : A — B. Using the various trivializations we then
get a morphism (¢, ®) from 74 to 7. In Section 8 we show that these maps
are holomorphic. We also carry out the analogous construction for 7 ,,.

It is now clear that (w4, ag) is universal if and only if ¢ : (A, a9) — (B, bo)
is the germ of a diffeomorphism. By the inverse function theorem this is so
if and only if the linear operator d¢(ag) : To,A — Ty, B is invertible. This
condition can be formulated as the unique solvability of a partial differential
equation on P,,; we call an unfolding infinitesimally universal when it satisfies
this unique solvability condition. The crucial point is that infinitesimal univer-
sality is meaningful even for nodal families, i.e. when there is no analog of the
Earle—Eells principal fiber bundle. But we still have the following

Theorem B. A nodal unfolding is universal if and only if it is
infinitesimally universal.

This is restated as Theorem 5.4 below. Here is the idea of the proof. Let
(ma: P — A ap) and (75 : Q — B, bg) be nodal unfoldings and fy : Py, — Qp,
be an isomorphism of the central fibers. For simplicity assume there is at most
one critical point in each fiber and no marked points. Essentially by the defini-
tion of nodal unfolding there is a neighborhood N of the set of critical points
such that for a € A the intersection N, := N N P, admits an isomorphism

Na = {(z,y) € D? : 2y = z}

where D is the closed unit disk in C and z = z(a) € D. Thus if z(a) # 0
the fiber N, is an annulus whereas if z(a) = 0 it is a pair of transverse disks.
In either case the boundary is a disjoint union (0D U dD) of two copies of the
circle St := dD. The map N — A is therefore not trivializable as the topology
of the fiber changes. However, the bundle 9N — A is trivializable; choose a
trivialization A x (0D U 0D) — ON. Using this trivialization we will define (see
Section 11) manifolds of maps

W= | | Wa,  Wa:= | |W(a,b),  W(a,b):=Map(dNa,Qs\ Cp)

acA beB

where Cp is the set of critical points of 7p and | | denotes disjoint union. Let
U, C W be the set of all maps in W, which extend to a holomorphic map
N, — @Q and V, C W be the set of all maps in W, which extend to a holomorphic
map P, \ N, — Q. We will replace A and W by smaller neighborhoods of
ap and fo|ON,, as necessary. We show that U, and V, are submanifolds of
W, It is not too hard to show that the unfolding (7 p,bo) is universal if and
only if the manifolds U/, and V, intersect in a unique point: the morphism



(¢,®) : (ma,a0) — (7B, bo) is then defined so that this intersection point v lies
in the fiber Wy, and @, is the unique holomorphic map extending v. We will
see that the unfolding (7 g, bo) is infinitesimally universal if and only if (for all
(ma,a0) and fo) the corresponding infinitesimal condition

Ty Way = TyUay © Ty Va,

holds where 79 = fo|0N,,. This Hardy space decomposition is reminiscent of
the construction of the moduli space of holomorphic vector bundles explained
by Pressley & Segal in [18].

We have already explained why smooth marked Riemann surfaces have uni-
versal unfoldings. It is now easy to construct a universal unfolding of a stable
marked nodal Riemann surface: it is constructed from a universal unfolding for
the marked Riemann surface that results by replacing each nodal point by a
marked point. Such an unfolding is a triple (m,S.,bg) where 7 : Q — B is a
nodal family, S, is a sequence of holomorphic sections of 7 corresponding to the
marked points, and by € B. We call a pair (7, Sx) a universal family of type
(g,n) iff (1) (m, S, bo) is a universal unfolding for each by € B and (2) every
marked nodal Riemann surface of type (g,n) occurs as the domain of a desin-
gularization of some fiber @y, b € B. Theorem 5.3 (openness of transversality)
says that if (m, Sk, bo) is an infintesimally universal unfolding so is (7, Sk, b) for
b near by. Together with Theorems A and B this implies

Theorem C. Ifn > 2 — 2g there exists a universal family of type
(g,m).

This is restated as Proposition 6.3 below. It is not asserted that B is con-
nected. Rather, the universal family should be viewed as a generalization of the
notion of an atlas for a manifold. This generalization is called an etale groupoid.
The Deligne Mumford orbifold M, ,, is then the orbit space of this groupoid
and the definitions are arranged so that the orbifold structure is independent of
the choice of the universal family used to define it. See Section 6.

A consequence of our theorems is that other constructions of the Deligne-
Mumford moduli space (and in particular of the Riemann moduli space) which
have the universal unfolding property give the same space. However, in the case
of a construction where the moduli space is given only a topology (or a notion
of convergence of sequences as in [10]) we show that the topology determined
by our construction agrees with the topology of the other construction (see
Section 13). In Section 14 we prove that our ./\;lgﬁn is compact and Hausdorff
by adapting the arguments of the monograph of Hummel [10].

Acknowledgement. JWR would like to thank Yongbin Ruan for helpful dis-
cussions and Ernesto Lupercio and Benardo Uribe for helping him understand
the concept of etale groupoid.



Notation. Throughout the closed unit disk in the complex plane is denoted by
D:={zeC: |z|<1}

and its interior is denoted by int(D) := {z € C : |z| < 1}. Thus S! := 9D is the
unit circle. Also
A(r,R):=={2€C:r <|z| <R}

denotes the closed annulus with inner radius r and outer radius R.

2 Orbifold structures

In this section we review orbifolds. Our definitions are arranged so as to suit
our ultimate objective of defining an orbifold structure on the Deligne—-Mumford
moduli space.

2.1. A groupoid is a category in which every morphism is an isomorphism. Let
B be the set of objects of a groupoid and I' denote the set of (iso)morphisms.
For a,b € B let I', ;, C I' denote the isomorphisms from a to b; the group

To =T,

is called the automorphism group® of a. The groupoid is called stable iff
every automorphism group is finite. Define the source and target maps s,t :
I' - B by

s(g)=aand t(g) =b < g€ Tup.

The map e : B — I' which assigns to each object a the identity morphism of a
is called the identity section of the groupoid and the map i : I' — I" which
assigns to each morphism g its inverse i(g) = ¢! is called the inversion map.
Define the set I'yx; I of composable pairs by

IFex; T ={(g9,h) e xT :s(g) =t(h)}.

The map m : I'x;I" — I which assigns to each composable pair the composition
m(g, h) = gh is called the multiplication map. The five maps s, ¢, e, i, m are
called the structure maps of the groupoid. Note that

Tap = (s x )" (a,b).
We denote the orbit space of the groupoid (B,T") by B/T":
B/T:={[b] : b € B}, [b] :={t(g) e B:g €T, s(g) =b}.

2.2. A Lie groupoid is a groupoid (B,T") such that B and T' are smooth
manifolds®, the structure maps are smooth, and the map s : I' — B (and hence

5Also commonly called the isotropy group or stabilizer group.
6For us a manifold is always second countable and Hausdorff, unless otherwise specified.



also the map ¢t = sot) is a submersion. (The latter condition implies that I'gx;I"
is a submanifold of T x I" so that the condition that m be smooth is meaningful.)
A homomorphism from a Lie groupoid (B,T") to a Lie groupoid (B’,T") is a
smooth functor, i.e. a pair of smooth maps B — B’ and I" — IV, both denoted
by ¢, which intertwine the structure maps:

!/ !/ !/
sorL=1t108, ttor=10t, eoL=1r0e€,

i'oL=104, m' o (L xt)=rom.

(The first two of these five conditions imply that (¢ x ¢)(I" sx; T') C IV gxyp IV
so that the fifth condition is meaningful.) Similar definitions are used in the
complex category reading complex for smooth (for manifolds) or holomorphic
for smooth (for maps). A Lie groupoid (B,T") is called proper if the map
sxt:I' - B x B is proper.

2.3. An etale groupoid is a Lie groupoid (B, I") such that the map s: I' — B
(and hence also the map ¢t = s o) is a local diffeomorphism. A proper etale
groupoid is automatically stable. A homomorphism ¢ : (B,I') — (B’,T”) of
etale groupoids is called a refinement iff the following holds.

i) The induced map ¢, : B/T' — B’/I" on orbit spaces is a bijection.
(i) P P j
(ii) For all a,b € B, ¢ restricts to a bijection I'y  — I‘i(a) o(b)-

(iii) The map on objects (and hence also the map on morphisms) is a local
diffeomorphism.

Two proper etale groupoids are called equivalent iff they have a common proper
refinement.

Definition 2.4. Fix an abstract groupoid (B, G). This groupoid is to be viewed
as the “substrate” for an additional structure to be imposed; initially it does
not even have a topology. Indeed, the definitions are worded so as to allow for
the possibility that B is not even a set but a proper class in the sense of Godel
Bernays set theory (see [12]).

An orbifold structure on the groupoid (B, G) is a functor ¢ from a proper
etale groupoid (B,T') to (B,G) such that

(i) o induces a bijection B/T' — B/G of orbit spaces, and
(ii) for all a,b € B, o restricts to a bijection I'ap — Go(4),0(b)-

A refinement of orbifold structures is a refinement ¢ : (B,I') — (B’,T”) of
proper etale groupoids such that o = ¢’ o ¢; as before we say that o : (B,T') —
(B, Q) is arefinement of ¢’ : (B',T") — (B, G). Two orbifold structures are called
equivalent iff they have a common refinement. An orbifold is an abstract
groupoid (B, G) equipped with an orbifold structure o : (B,T") — (B,G).



Example 2.5. A smooth manifold M is a special case of an orbifold as follows:
View M =: B as a trivial groupoid, i.e. the only morphisms are identity mor-
phisms. Any countable open cover {U, }acr on M determines an etale groupoid
(B,T) with
B:=||Us, T:= || UsnUs,
acl (a,B)eIXI

s(a,p, B) == (a,p),  tla,p,B) = (B, p), e(a,p) = (o, p, ),
i(a,p, 3) == (B, p, @), m((8,p,7), (a,p, B)) = (o, p,7).

Here | | denotes disjoint union. (The disjoint union [ |, ; X, of an indexed
collection {X, }aer of sets is the set of pairs («,x) where o € I and x € X,,.)
A refinement of open covers in the usual sense determines a refinement of etale
groupoids as in 2.3.

If {¢a, Un taer is a countable atlas then an obvious modification of the above
construction gives rise to an orbifold structure on M where B is a disjoint union
of open subsets of Euclidean space, i.e. a manifold structure is a special case of
an orbifold structure.

Example 2.6. A Lie group action G — Diff (M) determines a Lie groupoid
(B,G) where B = M, G = {(g9,a,b) € Gx M x M : b = g(a)}, and the
structure maps are defined by s(g,a,b) := a, t(g,a,b) := b, e(a) := (id, a, a),
i(g,a,b) := (g7 %,b,a), and m((h,b,c),(g,a,b)) := (hg,a,c). The orbit space
B/G of this groupoid is the same as the orbit space M/G of the group action.
The condition that this groupoid be proper is the usual definition of proper
group action, i.e. the map G x M — M x M : (g9,z) — (z,g(x)) is proper.
Assume that the action is almost free [meaning that the isotropy group
G)p of each point of M is finite] and sliceable [meaning that there is a slice
through every point of M; a slice is a submanifold S C M such that there is a
neighborhood U of the identity in G with the property that the map U x S —
M : (g,x) — g(z) is a diffeomorphism onto a neighborhood of S in M]. Now

let
B := |_| Sa

acl

be a disjoint union of slices such that every orbit passes through at least one
slice. Let

I':.= |_| Cog, Lop = {(gaavb)eg:aesaabesﬁ}'
a,Bel

Then I'ng is a submanifold of G. Moreover, if the group action is proper, then
the obvious morphism o : (B,T') — (B, G) is an orbifold structure, and any two
such orbifold structures are equivalent. Note that, if G is a discrete group acting
properly on M, then S := B = M is a slice and ¢ := id is an orbifold structure.

Example 2.7. Consider the group action where G := Z acts on M := S!
by (k,z) — e?™*“> and w € R\ Q is irrational. Then the groupoid (B,G)

10



constructed in Example 2.6 is etale but not proper. Note that the quotient 5/G
is an uncountable set with the trivial topology (two open sets). The inclusion
of any open set into S' is a refinement.

Example 2.8. Consider the group action where the multiplicative group G :=
R* of nonzero real numbers acts on M :=R?*\ 0 by ¢ (x,y) := (tz,t"'y). The
action is free and sliceable but not proper, and the quotient topology is non
Hausdorff (every neighborhood of R* - (1,0) intersects every neighborhood of
R*-(0,1)). The groupoid constructed from the disjoint union B := S; | |S2 of
the two slices S7 := {1} x R, S3 := R x {1} is not proper. If we extend the
group action, by adjoining the map (z,y) — (y, ), the orbit space is R which
is Hausdorff, but the new group action is still not proper.

2.9. Let (B,T) be a stable etale groupoid, a,b € B, and g € I'y . Then there
exist neighborhoods U of a, V of b in B, and N of g in I" such that s maps
N diffeomorphically onto U and ¢t maps N diffeomorphically onto V. Define
sg = 8|N, tg := tIN, and ¢, := ty0s,'. Thus ¢, “extends” g € Tqy to
diffeomorphism ¢, : U — V. The following lemma says that when a = b we
may choose U =V independent of g and obtain an action

I'y = Diff(U) : g — ¢q4
of the finite group I', on the open set U.

Lemma 2.10. Let (B,T") be a stable etale groupoid and a € B. Then there exists
a neighborhood U of a and pairwise disjoint neighborhoods Ny (for g € T'y) of g
in I' such that both s and t map each N, diffeomorphically onto U.

Proof. Choose disjoint open neighborhoods P, of g € T’y such that s, := s|P,
and tg4 := t|P, are diffeomorphisms onto (possibly different) neighborhoods of
a. By stability the group I', is finite so there is a neighborhood V of a in B
such that V' C s(Py) Nt(P,) for g € I'y. Define ¢, : V.— B by ¢, :=t,405,".
Now choose f,g € T, and let h := m(f, g). We show that

Pn(x) = b5 0 dy(2) (1)

for x in a sufficiently small neighborhood of a in V. For such x define y :=
bg(x) €V, z:=¢s(y) € V, ¢ := s;'(x) € Py, and [ := s?l(y) € Py. As
t(¢’) = s(f') =y we have (f',g’) € Tex¢ ', i.e. B/ :=m(f’,¢') is well defined.
By continuity, »’ € P, and s(h’') = s(¢’) = z and t(h') = t(f') = z, and
hence z = ¢p(z) as claimed. Using the finiteness of T';, again we may choose a
neighborhood W of a so that (1) holds for all f,g € T';, and all z € W. Now the
intersection
U= () ¢g(W)CV
g€la

satisfies ¢ (U) = U for f € Ty so U and N, := s, (U) satisfy the conclusions
of the lemma. O

11



Corollary 2.11. Let (B,T') be a stable etale groupoid and a,b € B. Then there
exist neighborhoods U and V' of a and b in B and pairwise disjoint neighborhoods
Ny (for f € Tayp) of f inT such that s maps each Ny diffeomorphically onto U
and t maps each Ny diffeomorphically onto V. The etale groupoid is proper if
and only if these neighborhoods may be chosen so that in addition

(sxt) 'UxV)= [J Ny (*)
f€lap

Proof. Choose disjoint neighborhoods Py of f € 'y such that sy := s|Py and
ty := t|Py are diffeomorphisms onto (possibly different) neighborhoods of a.
Choose U as in Lemma 2.10 so small that U C s(Py) for all f € I'; 5 and define
¢r:U — B by

¢ri=tyo S;1|U.

Define Ny := s}l(U). As in Lemma 2.10 we have ¢5, = ¢5 0 ¢4 for g € T,
f € Tap h = m(f,0), 50 th(Nu) = on(U) = 65(U) = ts(Ny). Any two
elements h, f € Ty satisfy h = m(f,g) for some g € 'y, so V := t;(Ny) is
independent of the choice of f € I'; , used to define it. The condition that s x ¢
is proper, is that for any sequence {f, € 'y, s, },, such that the sequences {a, },
and {b,}, converge to a and b respectively, the sequence { f, }, has a convergent
subsequence. Condition () implies this as f, must lie in some Ny for infinitely
many values of v. The converse follows easily by an indirect argument. O

2.12. Let (B,T') be an etale groupoid and equip the orbit space B/T" with
the quotient topology, i.e. a subset of B/T is open iff its preimage under
the quotient map m : B — B/T is open. If U C B is open then so is
7 Y (U)) = {t(g) : g € s~ (U)} so 7 is an open map. If v : (B,T') — (B',IV)
is a refinement of etale groupoids, then the induced bijection ¢, : B/T' — B’/T’
is & homeomorphism. [The continuity of ¢, follows from the continuity of ¢; the
openness of ¢, follows from the openness of ¢ and the fact that if U’ C B’ is open
then so is /' (x/(U")).] Hence equivalent etale groupoids have homeomorphic
orbit spaces. It follows that the topology induced on B/G by an orbifold struc-
ture o : (B,I') — (B,G) depends only the equivalence class. This topology is
called the orbifold topology.

Corollary 2.13. For a proper etale groupoid the quotient topology on B/T is
Hausdorff.

Proof. In other words if I'y, 5, = 0 then there are neighborhoods U of a and
V of b such that I'(a,b) = 0 for a € U and v € V. This is a special case of
Corollary 2.11. O

3 Structures on surfaces

The phrase surface means oriented smooth (i.e. C™ ) manifold of (real) dimen-
ston two, not necessarily connected. Unless otherwise specified all surfaces are
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assume to be closed, i.e. compact and without boundary. The structures we
impose on surfaces are complex structures, nodal structures, and point mark-
ings. Surfaces equipped with these structures form the objects of a groupoid.
The objective of this paper is to equip the orbit space of this groupoid with an
orbifold structure.

Definition 3.1. A Riemann surface is a pair (3,j) where ¥ is a surface
and j : TY — TX is a smooth complex structure on ¥ which determines the
given orientation of ¥. Since a complex structure on a surface is necessarily
integrable, a Riemann surface may be viewed as a smooth complex curve, i.e.
a compact complex manifold of (complex) dimension one. When there is no
danger of confusion we denote a Riemann surface and its underlying surface by
the same letter.

Definition 3.2. A nodal surface is a pair (2, ) consisting of a surface 3 and
a set

v="{{y,v2}{ys, va}, -, {yor—1, 921} }

where y1, Y2, . - ., Yo, are distinct points of X; we also say v is a nodal structure
on Y. The points y1, ¥y, ...,y are called the nodal points of the structure
and the points y2;_1 and ys; are called equivalent nodal points. The nodal
structure should be viewed as an equivalence relation on ¥ such that every
equivalence class consists of either one or two points and only finitely many
equivalence classes have two points. Hence we often abbreviate ¥\ Uv by

b \ vi=2% \ {91792793,y47 cee 7y2k717y2k}'

Definition 3.3. A point marking of a surface ¥ is a sequence
T = (1,72, ...y Tn)

of distinct points of 3; the points r; are called marked points. A marked
nodal surface is a triple (X, r,,v) where (£, v) is a nodal surface and r, is a
point marking of ¥ such that no marked point r; is a nodal point of (3,v); a
special point of the marked nodal surface is a point which is either a nodal
point or a marked point.

Definition 3.4. A marked nodal surface (2, r,,v) determines a labelled graph
called the signature of (X,r,,v) as follows. The set of vertices of the graph
label the connected components of ¥ and there is one edge connecting vertices
« and [ for every pair of equivalent nodal points with one of the points in ¥,
and the other in ¥3. More precisely, the number of edges from ¥, to Xz is
the number of pairs {z,y} of equivalent nodal points with either x € %, and
y€Xgory € X, and x € ¥g. Each vertex o has two labels, the genus of the
component ¥, denoted by g, and the set of indices of marked points which lie
in the component ¥,.

Remark 3.5. Two marked nodal surfaces are isomorphic if and only if they
have the same signature.

13



Proof. In other words, (X, r.,v) and (X', ., ') have the same signature if and
only if there is a diffeomorphism ¢ : ¥ — ¥/ such that v/ = ¢, where

dov = {{o(11), d(y2)}, {b(y3), d(ya)}, - - -, {d(yar—1), d(y2r)} }

and 7, = ¢(r;) for ¢ = 1,2,...,n = n’. This is because two connected surfaces
are diffeomorphic if and only if they have the same genus and any bijection
between two finite subsets of a connected surface extends to a diffeomorphism
of the ambient manifold. O

Definition 3.6. Define the Betti numbers of a graph by the formula
b; := rank H;(K), 1=0,1,

where H;(K) is the ith homology group of the cell complex K. Thus K is
connected if and only if by = 1 and

bo — by = # vertices - # edges.

Define the genus of the labelled graph by
g = b1 + Z Jo-

The arithmetic genus of a nodal surface (3, v) is the genus of the signature
of (X,v). Note that the arithmetic genus can be different from the total genus

gl = Za G-

Definition 3.7. A marked nodal surface (2, r.,v) said to be of type (g, n) iff
the length of the sequence 7, is n, the underlying graph K in the signature is
connected, and the arithmetic genus of (X,v) is g. A marked nodal Riemann
surface (3,74, v, j) is called stable iff its automorphism group

Aut(E,r*,u,j) = {¢ € DIH(E) : ¢*.] :j7 d)*y =V, ¢(T*) = T*}

is finite. A stable marked nodal Riemann surface is commonly called a stable
curve.

3.8. A marked nodal Riemann surface of type (g,n) is stable if and only if the
number of special points in each component of genus zero is at least three and
the number of special points in each component of genus one is at least one.
This is an immediate consequence of the following:

(i) An automorphism of a surface of genus zero is a Mdbius transformation; if
it fixes three points it is the identity.

(ii) A surface of genus one is isomorphic to C/A where A = Z @ Z7 and 7 lies
in the upper half plane.

(iii) The automorphisms of the Abelian group A of form z — az where a € C\0
form a group of order at most six.
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(iv) The automorphism group of a compact Riemann surface of genus greater
than one is finite.

The proofs of these well known assertions can be found in any book on Riemann
surfaces. It follows that for each pair (g, n) of nonnegative integers there are only
finitely many labelled graphs which arise as the signature of a stable marked
nodal Riemann surface of type (g,n).

Remark 3.9. A marked nodal surface has arithmetic genus zero if and only
if each component has genus zero and the graph is a tree. The automorphism
group of a stable marked nodal Riemann surface of arithmetic genus zero is
trivial.

4 Nodal families

In this section we introduce the basic setup which will allow us to define the
charts of the Deligne-Mumford orbifold.

4.1. Let P and A be complex manifolds with dim¢(P) = dimc(A) + 1 and
T:P— A

be a holomorphic map. By the holomorphic implicit function theorem a point
p € P is a regular point of 7 : P — A if and only if there is a holomorphic
coordinate system (t1,...,t,) defined in a neighborhood of w(p) € A, and a
function z defined in a neighborhood of p in P such that (z,t; o7, ... ¢, 07) is
holomorphic coordinate system. In other words, the point p is a regular point
if and only if the germ of 7 at p is isomorphic to the germ at 0 of the projection

C" = C": (2,t1, ..y tn) = (tr, . t).

Similarly, a point p € P is a called a nodal point of 7 if and only if the germ
of 7 at p is isomorphic to the germ at 0 of the map

crtl o (T, y,ta, ... tn) — (Ty,ta, ... tn),

i.e. if and only if there are holomorphic coordinates z,ts,...,¢, on A at 7(p)
and holomorphic functions z and y defined in a neighborhood of p such that
(x,y,taom, ..., t, om) is a holomorphic coordinate system, z(p) = y(p) = 0,
and xy = z om. At a regular point p we have that dimc ker(dm(p)) = 1 and
dim¢ coker(dmr(p)) = 0 while at a nodal point we have that dimc ker(dn(p)) = 2
and dimg coker(drn(p)) =1

Definition 4.2. A nodal family is a surjective proper holomorphic map
m:P— A

between connected complex manifolds such that dimg(P) = dimc(A) + 1 and
every critical point of 7 is nodal. We denote the set of critical points of 7 by

Cr :={p € P : dn(p) not surjective}.
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It intersects each fiber
P, :=7 %a)

in a finite set. For each regular value a € A of 7w the fiber P, is a compact
Riemann surface. When a € A is a critical value of m we view the fiber P, as a
nodal Riemann surface as follows.

By the maximum principle the composition 7 o u of 7 with a holomorphic
map u : % — P defined on a compact Riemann surface ¥ must be constant,
i.e. u(X) C P, for some a. A desingularization of a fiber P, is a holomorphic
map u : X — P defined on a compact Riemann surface ¥ such that

(1) u=1(Cy) is finite,
(2) the restriction of u to ¥\ u=!(C}) maps this set bijectively to P, \ C.

The restriction of u to X\u~1(C) is an isomorphism between this open Riemann
surface and P, \ C; (because it is holomorphic, bijective, and proper).

Lemma 4.3. (i) Every fiber of a nodal family admits a desingularization.

(ii) If uy : 31 — P and ug : X9 — P are two desingularizations of the same
fiber, then the map

uy b our s 1\ uyH(Cr) = T\ uy ' (Cr)
extends to an isomorphism 1 — Xo.

(iii) A desingularization u of a fiber of a nodal family is an immersion and the
preimage u~1(p) of a critical point p € C consists of exactly two points.

Proof. Let w: P — Abeanodal family and a € A. Each p € C;NP, has a small
neighborhood intersecting P, in two transverse embedded holomorphic disks
intersecting at p. Define X set theoretically as the disjoint union of P, \ C; with
two copies of P, N C, and use these disks as coordinates; the map u : ¥ — P,
is the identity on P, \ C, and sends each pair of nodal points to the point of
Cp which gave rise to it. Assertion (ii) follows from the removable singularity
theorem for holomorphic functions and (iii) follows from (ii) and the fact that
the maps x +— (z,0) and y — (0,y) are immersions. O

Remark 4.4. We can construct a canonical desingularization of the fiber
by replacing each point p € P, NC; by a point for each connected component of
U\ {p} where U is a suitable neighborhood of p in P, and extending the smooth
and complex structures in the only way possible.

Definition 4.5. Let 714 : P — A and 7 : Q — B be nodal families. For
a € A and b € B a bijection f : P, — Qp is called a fiber isomorphism if for
some (and hence every) desingularization v : ¥ — P, the map fou: X — Qp
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is a desingularization. A pseudomorphism from 74 to mp is a commutative
diagram

P 2
T
A — B

where ® and ¢ are smooth and, for each a € A, the restriction of ® to the fiber
P, is a fiber isomorphism. A morphism is a pseudo morphism such that both
¢ and ® are holomorphic. For a € A and b € B the notation

((I)a d)) : (7TA, a) - (Ter b)
indicates that the pseudo morphism (®, ¢) satisfies ¢(a) = b.

Lemma 4.6. Let m: P — A be a nodal family. Then the arithmetic genus (see
Definition 3.6) of the fiber P, is a locally constant function of a € A.

Proof. The arithmetic genus is the genus of the surface obtained by removing
a small disk about each nodal point and identifying corresponding components.
Hence it is equal to the ordinary genus of a regular fiber. O

Definition 4.7. A marked nodal family is a pair (7, R.) where 7 : P — A
is a nodal family and
R. = (Ri,...,Ry)

is a sequence of complex submanifolds of P which are pairwise disjoint and
such that 7|R; maps R; diffeomorphically onto A. It follows that R; does not
intersect the set C; of critical points. A desingularization u : ¥ — P of a fiber
P, of a marked nodal family (7, R,) determines a point marking r,: the point
marking r, is given by the formula

{u(ri)} = Rin Pa

fori =1,2,...,n. By Lemma 4.3 any two desingularizations of the same fiber
give rise to isomorphic marked nodal Riemann surfaces. Thus the signature
(see Definition 3.4) of the fiber (P,, P, N R,) is independent of the choice of the
desingularization used to define it. In the context of marked nodal families, the
term fiber isomorphism is understood to entail that the bijection f preserves the
induced point markings; similarly pseudo morphisms and morphisms of marked
nodal families preserve the corresponding point markings. We say that the
marked nodal family (7, R.) is of type (g,n) when each fiber is of type (g,n)
(see Definition 3.7).

Definition 4.8. A fiber of a marked nodal family = : P — A is called stable iff
its desingularization is stable. A marked nodal family is called stable iff each
of its fibers is stable.

Remark 4.9. It is easy to see that stability is an open condition, i.e. every
stable fiber has a neighborhood consisting of stable fibers. However, the open
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set of stable fibers can have unstable fibers in its closure. For example, consider
the nodal family (7, (Ry, Re, R3)) with

P = {([z,y,2],a) € CP? x C: zy = az?},

A = C, n([x,y,2],a) = a, R1 = {[1,0,0]} x A, Ry = {[0,1,0]} x A, and
Rs ={([1,a,1],a) : a € A}. The desingularization of the fiber over 0 consists of
two components of genus zero and the regular fibers consist of one component of
genus zero. The regular fibers all have three marked points and are thus stable;
one of the two components of the (desingularized) singular fiber has fewer than
three special points and is thus unstable.

5 Universal unfoldings

In this section we formulate the most important definitions and theorems of
this paper. The key definition is that of a universal unfolding. Once we have
established the existence of universal unfoldings, the definition of the orbifold
structure on the Deligne-Mumford moduli space (which we carry out in the next
section) becomes almost tautological. The most important theorem asserts that
an unfolding is universal if and only if it satisfies a suitable infinitesimal conditon
(which is easier to verify).

Definition 5.1. A nodal unfolding is a triple (7p, S«,b) consisting of a
marked nodal family (rp : @ — B,S.) and a point b € B of the base B.
The fiber Q) is called the central fiber of the unfolding and the unfolding is
said to be an unfolding of the marked nodal Riemann surface induced by any
desingularization of this central fiber. The unfolding is called universal iff for
every other nodal unfolding (74 : P — A, R.,a) and any fiber isomorphism
f: P, — Qp there is a unique germ of a morphism

(®,0): (ma,a) — (7B,b)

such that ®(R;) C S; for all ¢ and ®|P, = f. The term germ means that ¢
is defined in a neighborhood of @ in A and ® is defined on the preimage of
this neighborhood under m4. The term unique means that if (®’, ¢’) is another
morphism with the same properties then it agrees with (®, ¢) over a sufficiently
small neighborhood of a.

Definition 5.2. Let (7 : @ — B, S.,b) be an unfolding of a marked nodal
Riemann surface (X, s.,v,j) and v : ¥ — @Qp be a desingularization. Let X,
denote the space

Xyp = {(a@ € O, uw'TQ) x Typ| drWa =b, a(s) € TS, and }

u(z1) = u(z2) = (z1) = (z2).
Let ), denote the space

Vo= {ne Q"N (S, w*TQ) : dr(u)n=0}.
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For (ii,b) € X, define
Dy (i1, b) == Dyt

where D, : Q°(Z,u*TQ) — Q%Y(Z,u*TQ) is the linearized Cauchy-Riemann
operator. We call the unfolding (7, S.,b) infinitesimally universal if the
operator Dy @ Xy p — Yy is bijective for some (and hence every) desingular-
ization of the central fiber. Theorems 5.3, 5.5, and 5.6 which follow are proved
in Section 12 below.

Theorem 5.3 (Stability). Let (7, Sk, bo) be an infinitesimally universal unfold-
ing. Then (m, Sy, b) is infinitesimally universal for b sufficiently near bg.

Theorem 5.4 (Universal Unfolding). An unfolding (7, Ss,b) is universal if and
only if it is infinitesimally universal.

Proof. We prove ‘if” in Section 12. For ‘only if’ we argue as follows. A com-
position of morphisms (of nodal unfoldings) is again a morphism. The only
morphism which is the identity on the central fiber of a universal unfolding is
the identity. It follows that any two universal unfoldings of the same marked
nodal Riemann surface are isomorphic. By Theorem 5.6 below there is an in-
finitesimally universal unfolding and by ‘if’ it is universal and hence isomorphic
to every other universal unfolding. Any unfolding isomorphic to an infinitesi-
mally universal unfolding is itself infinitesimally universal. O

Theorem 5.5 (Uniqueness). Let (mp, Sk, bo) be an infinitesimally universal
unfolding. Then every pseudomorphism from (mwa, Ry, a0) to (75,5, bo) is a
morphism.

Theorem 5.6 (Existence). A marked nodal Riemann surface admits an in-
finitesimally universal unfolding if and only if it is stable.

Proof. We prove ‘if’ in Section 12. For ‘only if’ we argue as follows. Let
(3, 54, v, j) be a marked nodal Riemann surface. Assume it is not stable. Then
either ¥ has genus one and has no special points or else ¥ contains a component
of genus zero with at most two special points. In either case there is an abelian
complex Lie group A (namely A = ¥ in the former case and A = C* in the latter)
and an effective holomorphic action AxY — ¥ : (a,2) — ax(z). Let P:= Ax X
and w4 be the projection on the first factor. If v : ¥ — @ is any desingular-
ization of a fiber @ of an unfolding 75 : @ — B, then ®1(a,z) := v(z) and
Dy (a, z) :=v(ax(z)) are distinct morphisms which extend the fiber isomorphism
(e,z) — v(z). Hence mp is not universal. O

6 Universal families and the Deligne-Mumford
moduli space
In this section we define the orbifold structure on the Deligne-Mumford moduli

space. The proof of compactness will be relegated to Section 14. The results
we prove in this section are easy consequences of Theorems 5.3 and 5.6.
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6.1. Throughout this section g and n are nonnegative integers with n > 2 —2g.
Let Bgm denote the groupoid whose objects are stable marked nodal Riemann
surfaces of type (g,n) and whose morphisms are isomorphisms of marked nodal
Riemann surfaces. The Deligne—Mumford moduli space is the orbit space
./\;lg,n of this groupoid: a point of ./\;lg,n is an equivalence class” of objects of
Bgm where two objects are equivalent if and only if they are isomorphic. We will
introduce a canonical orbifold structure (see Definition 2.4) on this groupoid.

The following definition is crucial.

Definition 6.2. A universal marked nodal family of type (g, n) is a marked
nodal family (75 : Q@ — B, S.) satisfying the following conditions.

(1) (7, S, b) is a universal unfolding for every b € B.

(2) Every stable marked nodal Riemann surface of type (g, n) is the domain of
a desingularization of at least one fiber of 7g.

(3) B is second countable (but possibly disconnected).

Proposition 6.3. For every pair (g,n) with n > 2 — 2g there is a universal
marked nodal family.

Proof. By Theorems 5.6, 5.4, and 5.3, each stable marked nodal Riemann sur-
face admits a universal unfolding satisfying (1) and (3). To construct a universal
unfolding that also satisfies (2) we must cover /\;lg,n by countably many such
families. This is possible because M, , is a union of finitely many strata, one
for each stable signature, and each stratum is a separable topological space. O

Definition 6.4. Let (75 : @ — B, S,) be a universal marked nodal family. The
associated groupoid is the tuple (B,T,s,t, e,i,m), where I' denotes the set
of all triples (a, f, b) such that a,b € B and f : Q, — Qp is a fiber isomorphism,
and the structure maps s,t: I' = B,e: B—T,i: ' —=T,and m:Tgx; [ - T
are defined by

s(a, f,b) :=a, t(a, f,b) =10, e(a) == (a,id, a),
i(a, f,0) := (b, {1, a), m((b,g,¢), (a, f,b)) := (a,go f,c).

The associated groupoid is equipped with a functor
B — Bg)n b— X

to the groupoid Bgﬁn of 6.1. In other words, ¢} : 3 — @Qp denotes the canonical
desingularization defined in Remark 4.4. By definition the induced map

B/T = Mgn: bl — [Si]g,,,  Ble:={t(f): f€T, s(f) =b},

7Strictly speaking, the equivalence class is a proper class in the sense of set theory as
explained in the appendix of [12] for example. One could avoid this problem by choosing for
each stable signature (see Remark 3.5 and 3.8) a “standard marked nodal surface” with that
signature and restricting the space of objects of the groupoid By, to those having a standard
surface as substrate.
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on orbit spaces is bijective. The next theorem asserts that the groupoid (B,T)
equips the moduli space /\;lg,n with an orbifold structure which is independent
of the choice of the universal family. This is the orbifold structure on the
Deligne-Mumford moduli space.

Theorem 6.5. (i) Let (np : Q — B,S.) be universal as in Definition 6.2
and (B,T") be the associated groupoid of Definition 6.4. Then there is a unique
complex manifold structure on T such that (B,T') is a complex etale Lie groupoid
with structure maps s,t,e,i,m.

(i) A morphism between universal families mo : Qo — By and m : Q1 — B
induces a refinement v : (Bo,Tg) — (B1,T'1) of the associated etale groupoids.
(iii) The orbifold structure on M, ,, introduced in Definition 6.4 is independent
of the choice of the universal marked nodal family (rp,S.) used to define it.

Proof. We prove (i). Uniqueness is immediate since part of the definition of
complex etale Lie groupoid is that s is a local holomorphic diffeomorphism. We
prove existence. It follows from the definition of universal unfolding that each
triple (ag, fo,b0) € I' determines a morphism

QU = Qv
U 4 v

for suitable neighborhoods U C B of ag and V' C B of by such that ®|Q., = fo.
Every such morphism determines a chart v : U — I given by

ta(a) := (a, ®a, §(a)).

(In this context a chart is a bijection between an open set in a complex manifold
and a subset of I".) By construction each transition map between two such charts
is the identity. This defines the manifold structure on I'. That the structure
maps are holomorphic follows from the identities

SOLq):id, tOL@:¢7 € = lid,

10l = Lp-10 @, mo (Ly 0P X ty) = Lwod-
This proves (i).
We prove (ii). If (¢, @) is a morphism from 7 to 7 then the refinement
t:(Bo,Tg) — (B1,T1) of (ii) is given by

(a0, fo,bo) — (¢(ao), Py, © fo o @}, d(bo)).

This proves (ii).

We prove (iii). Let mp : Qo — Bo and 71 : @1 — By be universal families.
For each b € By choose a neighborhood U, C By of b and a morphism &, :
QolUp — Q1. Cover By by countably many such neighborhoods Up,. Then the
disjoint union B of the nodal families Qg|Up,, defines another universal family
m : Q — B equiped with morphisms to both my and m; (to 7y by inclusion
and to m; by construction). Now each morphism of universal families induces a
refinement of the corresponding orbifold structures. O
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Theorem 6.6. Let (1p : Q — B,S.) be a universal family. Then the etale
groupoid (B,T') constructed in Definition 6.4 is proper and the quotient topology
on B/T is compact.

Proof. See Section 14 below. O

Example 6.7. Assume g = 0. Then the moduli space M, of marked nodal
Riemann surfaces of genus zero (called the Grothendieck—Knudsen com-
pactification) is a compact connected complex manifold (Knudsen’s theorem).
In our formulation this follows from the fact that the automorphism group of
each marked nodal Riemann surface of genus zero consists only of the iden-
tity. In [16, Appendix D] the complex manifold structure on J\;lo,n is obtained
from an embedding into a product of 2-spheres via cross ratios. That the man-
ifold structure in [16] agrees with ours follows from the fact that the projection
T MO,n+1 — /\;lo,n (with the complex manifold structures of [16]) is a universal
family as in Definition 6.2.

7 Complex structures on surfaces

The sphere

In preparation for the construction of universal unfoldings (without nodes and
marked points) we review the space of complex structures on a Riemann surface
> in this and the following two sections. This section treats the case of genus
zero. Denote by J(S?) the space of complex structures on S? that induce
the standard orientation and by Diffq(S?) the group of orientation preserving
diffeomorphisms of S2.

Theorem 7.1. There is a fibration

!
J(S?)

where the inclusion PSLy(C) — Diffo(S?) is the action by Mébius transforma-
tions and the projection Diffq(S?) — J(S?) sends ¢ to ¢*i.

The theorem asserts that the map Diffo(S?) — J(S?) has the path lift-
ing property for smooth paths and that the lifting depends smoothly on the
path. Omne consequence of this, as observed in [4], is the celebrated theorem
of Smale [17] which asserts that Diffo(S?) retracts onto SO(3). Another con-
sequence is that, up to diffeomorphism, there is a unique complex structure
on the 2-sphere. Yet another consequence is that a proper holomorphic sub-
mersion whose fibers have genus zero is holomorphically locally trivial. (See
Theorem 8.9.)
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Proof of Theorem 7.1. Choose a smooth path [0,1] — J(5?) : t — j;. We will
find an isotopy ¢ — 1) of S? such that

Vi je = Jo. (2)

Suppose that the unknown isotopy 1, is generated by a smooth family of vector
fields & € Vect(S?) via

d .
a‘/’t =& oYy, Yo = id.
Then (2) is equivalent to 97 (Le, j: + j:) = 0 and hence to

Le,ji +jie = 0, (3)

where j; := 4 j, € C*(End(T'S?)). As usual we can think of j; as a (0, 1)-form
on S? with values in the complex line bundle

Et = (TSQ,jt).

The vector field &; is a section of this line bundle. This line bundle is holomorphic
and its Cauchy-Riemann operator

0j, : C=(Ey) — Q¥(Ey)

has the form

1 , .
95,n = 3 (Vn+jio Vo jy)

where V is the Levi-Civita connection of the Riemannian metric w(-, j;-) on S2
and w € Q%(S5?) denotes the standard volume form. Now, for every vector field
n € Vect(S?), we have

(Le.jin = Le,(Jin) — jeLen
= [3m &) — g, &l
= Ve, (3n) = Vien&e — 5eVen + 5: &
= JtVn&t — V&t
= 25:(9;,&) ().

The penultimate equality uses the fact that j; is integrable and so Vj, = 0.
Hence equation (3) can be expressed in the form

_ 1 -
0j.& = St (4)

Now the line bundle F; has Chern number ¢ (E;) = 2 and hence, by the
Riemann-Roch theorem, the Cauchy-Riemann operator d;, has real Fredholm
index six and is surjective for every t. Denote by

95 QVN(Ey) — C(Ey)
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the formal L2-adjoint operator of dj,. By elliptic regularity, the formula
1 ax (A ax\—1 (.=
& =505 (0,,0;) " (3nir)
defines a smooth family of vector fields on S? and this family obviously satis-

fies (4). Hence the isotopy : generated by &; satisfies (2). O

Lemma 7.2. Let C — J(S?) : s+it — js+ be holomorphic and C — Diff(S?) :
s+ it — ¢g; be the unique family of diffeomorphisms satisfying

(b;tjs,t =1, ¢s,t(0) =0, ¢s,t(1) =1, ¢s,t(00) = 0.
Then the map
Cx 8% = Cx8%:(s+it,z) — (s+it,ds.(2))

is holomorphic with respect to the standard complex structure at the source and
the complex structure

sst)= (g 50 )

at the target.
Proof. Define & +,ns+ € Vect(S?) by
as¢s,t = fs,t o d)s,tv 8y¢s,t = Ts,t © ¢s,t-

Differentiating the identity @7 ;js: =4 gives 0sj + Lej = 0ij + Lyj = 0. Since
s+ it — js is holomorphic we have

0=20sj+joj=—Lej—JLyj=—Lerjni

where the last equality uses the integrability of j. Thus &5+ + js0s: is a
holomorphic vector field vanishing at three points so &g+ + jstns,: = 0 for all
s,t. Hence by definition of ¢ and n we have

05 +jop =0

as required. O

The torus

Continuing the preparatory discussion of the previous section we treat the case
of genus one. Denote by J(T?) the space of complex structures on the 2-torus
T? := R?/Z? that induce the standard orientation and by Diffo(T?) the group
of diffeomorphisms of T? that induce the identity on homology. Denote the
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elements of the upper half plane H by A\ = Ay + ¢\2 and consider the map
j:H — J(T?), given by

= (T TR, )

Thus j(A) is the pullback of the standard complex structure under the diffeo-
morphism

fx:T2—>2+/\Z, alz,y) =z 4+ Ay.

A straight forward calculation shows that the map j : H — J(T?) is holomor-
phic as is the map

A\ 2+ Z+AZ) = (F(N), 51 (2) + Z2)

from {(\,z +Z + M\Z) : A € H, z € C} to J(T?) x T?. The next theorem shows
that the map j : H — J(T?) is a global slice for the action of Diffo(T?).

Theorem 7.3. There is a proper fibration

T? — Diffo(T?) x H
|
J(T2)

where the inclusion T? — Diffo(T?) is the action by translations and the projec-
tion Diffo(T?) x H — J(T?) sends (¢, \) to ¢*ja.

The theorem asserts that the map Diffo(T?) x H — J(T?) has the path
lifting property for smooth paths and that the lifting depends smoothly on the
path. One consequence of this is that Diffo(T?) retracts onto T?. Another
consequence is that every complex structure on T? is diffeomorphic to jy for
some A\ € H.

Proof of Theorem 7.3. The uniformization theorem asserts that for every j €
J (T?) there is a unique volume form w; € Q?(T?) with [, w; = 1 such that the
metric g; = w;(+,j-) has constant curvature zero. (A proof can be based on the
Kazdan—Warner equation.) Hence it follows from the Cartan—Ambrose-Hicks
theorem that, for every positive real number pu, there is an orientation preserving
diffeomorphism 1, : C — R?, unique up to composition with a rotation, such
that
Vigi = pgo,  ¥(0)=0.

Here go denotes the standard metric on C. We can choose p and the rotation
such that ;(1) = (1,0). This determines %; (and p) uniquely. The orientation
preserving condition shows that A; := 1, (i) € H. Moreover, it follows from the
invariance of g; under the action of Z? that

Vi (Z+ \Z) = 7.
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Hence t; induces an isometry of flat tori (C/Z + \;Z, go) — (T2, g;) which will
still be denoted by ;. Let ¢; be the precomposition of this isometry with the
map T? — C*/Z+NZ : (z,y) — x+X;y. Then ¢; € Diffo(T?) and ¢35 = j(N;).
Thus we have proved that the map

Diffo(T?) x H — J(T?) : (¢, A) — ¢*5(})

is a bijection, where Diffgo(T?) denotes the subgroup of all diffeomorphisms
¢ € Diffo(T?) that satisfy ¢(0) = 0. That the map Diffoo(T?) x H — J(T?) is
actually a diffeomorphism follows by examining the linearized operator at points
(¢, \) with ¢ = id and noting that it is a bijection (between suitable Sobolev
completions). This proves the theorem. o

Surfaces of higher genus

Continuing the preparatory discussion of the previous two sections we treat the
case of genus bigger than one. Let ¥ be a compact connected oriented 2-manifold
of genus g > 1 and J(X) be the Frechét manifold of complex structures j on X,
i.e. j is an automorphism of T'Y such that j2 = —1. The identity component
Diffg(X) of the group of orientation preserving diffeomorphisms acts on J(X)
by j — ¢*j. The orbit space

(%) == J(5)/Diff (%)

is called the Teichmiiller space of 3. For j € J(X) the tangent space T} (%)
is the space the space of endomorphisms 7 € Q°(%, End(TY)) that anti-commute
with j, i.e. jj 4 7j = 0. Thus

T,7(8) = Q1 (S,T9).
Define an almost complex structure on 7 (X) by the formula j — jj. The next
theorem shows that 7 (X) is a complex manifold of dimension 3g — 3.

Theorem 7.4. For every jo € J(X) there exists a holomorphic local slice
through jo. More precisely, there is an open neighborhood B of zero in C3973
and a holomorphic map v : B — J(X) such that the map

B x Diff(S) — T (%) : (b,6) — 67u(b)
is a diffeomorphism onto a neighborhood of the orbit of jo.

Proof. We first show that each orbit of the action of Diffo(X) is an almost
complex submanifold of J(X). (The complex structure on J(X) is integrable
because J (X) is the space of sections of a bundle over ¥ whose fibers are complex
manifolds. However, we shall not use this fact.) The Lie algebra of Diff (%) is
the space of vector fields

Vect(X) = Q%(Z, TY).

26



Its infinitesimal action on J(X) is given by
Vect(X) — T3 T (X) : € Lej = 2j0j€.

Thus the tangent space of the orbit of j is the image of the Cauchy-Riemann
operator 9; : Q°(%,TY) — 92’1(2, TY). Since j is integrable the operator 9; is
complex linear and so its image is invariant under multiplication by j.

By the Riemann—Roch theorem the operator 5j has complex Fredholm index
3 — 3g. It is injective because its kernel is the space of holomorphic sections of
a holomorphic line bundle of negative degree. Hence its cokernel has dimension
3g—3. Let B C Qg{;l(E,TE) be an open neighborhood of zero in a complex
subspace of dimension 3g — 3 which is a complement of the image of 5J—0 and
assume that 1 + 7 is invertible for every n € B. Define + : B — J(X) by

v(n) = (W4 1)~ jo(1+ 7).

Then
du(n)iy = [v(n), (W4 n)~"7]

and an easy calculation shows that ¢ is holomorphic, i.e. di(n)jo7) = ¢(n)de(n)h)
for all n and 7.

Let p > 2 and denote by Diff%’p(E) and J1P(X) the appropriate Sobolev
completions. Consider the map

Diff;?(2) x B — J"P(2) : (¢,1) — ¢™u(n).

This is a smooth map between Banach manifolds and, by construction, its differ-
ential at (id,0) is bijective. Hence, by the inverse function theorem, it restricts
to a diffeomorphism from an open neighborhood of (id, 0) in Diffg”(%) x B to
an open neighborhood of jy in J1?(X). The restriction of this diffeomorphism
to the space of smooth pairs in Diffy(X) x B is a diffeomorphism onto an open
neighborhood of jo in 7 (X). To see this, note that every element of Diff>7(%)
is a C''-diffeomorphism and that every C*-diffeomorphism of ¥ that intertwines
two smooth complex structures is necessarily smooth. Shrink B so that {id} x B
is a subset of the neighborhood just constructed. The action of Diff o(3) on J (%)
is free and Lemma 7.5 below asserts that it is proper. Hence, by a standard
argument, we may shrink B further so that the local diffeomorphism

Diffg x B — J(X) : (¢,n) — ¢"1(n)

is injective; it is the required diffeomorphism onto an open neighborhood of the
orbit of jp. O

Lemma 7.5. Let ¥ be a surface and ji,j, € J(X) and ¢, € Diff(X) be
sequences such that j;, converges to j' € J(X) and jr = ¢Lj,. converges to
Jj € J(X). Then ¢i has a subsequence which converges in Diff (3).
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Proof. Fix an embedded closed disk D C ¥ and two points zo € int(D), z; €
0D. Let D C C denote the closed unit disk. By the Riemann mapping theorem,
there is a unique diffeomorphism uy : D — D such that

Upje =1, ug(0) = 2o, ug(1) = 21.

The standard bubbling and elliptic bootstrapping arguments for J-holomorphic
curves (see [16, Appendix B]) show that uj converges in the C*°-topology. The
same arguments show that the sequence uj, := ¢4, o uy of j,-holomorphic disks
has a subsequence which converges on every compact subset of the interior of
D. Thus we have proved that the restriction of ¢ to any embedded disk in X
has a convergent subsequence. Hence ¢ has a convergent subsequence. The
limit ¢ satisfies ¢*j’ = j and has degree one. Hence ¢ is a diffeomorphism. O

8 Teichmiiller space

The space 7,

In this section we prove Theorems 5.3-5.6 for ¢ > 1 in the case of surfaces
without nodes or marked points.

8.1. Let A be a complex manifold and ¥ be a surface. We denote the complex
structure on A by v/—1. An almost complex structure on A x ¥ with respect
to which the projection A x ¥ — A is holomorphic has the form

-(579)

where j : A — J(X) is a smooth function with values in the space of (almost)
complex structures on X and o € Q!(A, Vect(X)) is a smooth 1-form on A with
values in the space of vector fields on ¥ such that

afa,v/—1a) + j(a)a(a,a) = 0 (7)

for all a € A and a € T, A. This means that the 1-form « is complex anti-linear
with respect to the complex structure on the vector bundle A x Vect(X) — A
determined by j. From an abstract point of view it is useful to think of o as a
connection on the (trivial) principal bundle A x Diff(X) and of j : A — J (%) as
a section of the associated fiber bundle A x J(X). This section is holomorphic
with respect to the Cauchy—Riemann operator associated to the connection «
if and only if

dj(a)a + j(a)dj(a)V'=1a + j(a)La(a.a)i(a) =0 (8)

for all a € A and @ € T,A. (For a finite dimensional analogue see for exam-
ple [2].)

Lemma 8.2. J is integrable if and only if j and « satisfy (8).
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Proof. Tt suffices to consider the case m = 1, so A C C with coordinate s + it.
Then the complex structure J on A x 3 has the form

0 -1 0
J= 1 0 0], 9)
3§ =& J

where A — J(X) : s +it — js;, and A — Vect(X) : s + it — & are smooth
maps. The equation (8) has the form

0sj +JOij + Lej = 0. (10)

To see that this is equivalent to integrability of J evaluate the Nijenhuis tensor
N;(X,Y):=[JX,JY]| - J[X,JY] - J[JX,Y] — [X,Y] on a pair of vectors of
the form X = (1,0,0), Y = (0,0, 2). The condition N;(X,Y) = 0 for all such
vectors is equivalent to (10) and it is easy to see that Ny = 0 if and only if
N;((1,0,0),(0,0,%)) =0 for all 2 € TY. The latter assertion uses the facts that
Ny is bilinear, N;(X,Y) = —N;(V,X) = JN;(JX,Y), and every complex
structure on a 2-manifold is integrable. This proves the lemma. O

Let A be a complex manifold and ¢ : A — J(X) be a holomorphic map.
Consider the fibration
TP =AxY— A

with almost complex structure

109 (5" e ) .

By Lemma 8.2 the almost complex structure J, on P, is integrable.

Lemma 8.3. Let a € A. Then the pair (7,,a) is an infinitesimally universal
unfolding if and only if the restriction of v to a sufficiently small neighborhood
of a is a local slice as in Theorem 7.4.

Proof. Let u : ¥ — P, be the diffeomorphism u(z) := (a, z) and denote j :=
t(a). Then the linearized operator D, , (at the pair (u,a) for the equation
dju = 0 with j = «(a)) has domain X, , = Q°(X,T%) x T,A, target space
Vu = Qg’l(E, TY) and is given by

1

Dy.o(@i,a) = 0;0 — 2]db(a)&.

(See the formula in [16, page 176] with v = id.) This operator is bijective if and
only if di(a) is injective and its image in T} = Qg’l(E, TY) is a complement
of imd; = T;(Diffo(X)*j) (see the proof of Theorem 7.4). This proves the
lemma. O

Theorem 8.4. Theorems 5.3-5.6 hold for Riemann surfaces of genus g > 1
without nodes and marked points.
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Proof. Let ¥ be a surface of genus g. Abbreviate
Dy i=Diffg(¥), J=J), Ti=T(%)=J(%)/Diffo(2).
Thus 7, := T is Teichmiiller space. Consider the principal fiber bundle
Do— T —T.
The associated fiber bundle
mr: Qi =J Xp, L —T

has fibers isomorphic to X.

Step 1. Q and T are complex manifolds and w1 is a proper holomorphic
submersion.

By Lemma 8.2 with A = 7 and the map A — J equal to the identity, the space
J x ¥ is a complex manifold. Since Dy acts by holomorphic diffeomorphisms,
so is the (finite dimensional) quotient Q.

Step 2. The projection wr is an infinitesimally universal unfolding of each of
its fibers.

Choose [jo] € 7. Let B be an open neighborhood of 0 in C39~2 and +: B — J
be a local holomorphic slice such that ¢(0) = jo (see [20] or Section 7). Then
the projection (), — B is a local coordinate chart on @ — 7. Hence Step 2
follows from Lemma 8.3.

Step 3. Every pseudomorphism from (wa,ao) to (7T, [jo]) is a morphism.

Let (¢, ®) be a pseudomorphism from (74 : P — A, ag) to (77, [jo]) and ¢ : B —
J be as the proof of in Step 2. Define (1, ¥) to be the composition of (¢, ®) with
the obvious morphism from (77, [jo]) to (Q.,0). Using the maps ¥, : P, — X
given by ¥(p) =: (¢(a), ¥, (p)) for p € P, we construct a trivialization

T:AXxX¥X — P, 7(a, 2) =7 (2) == ¥, 1(2).
Then the pullback of the complex structure on P under 7 has the form

re9= (Y e )

where j == 109 : A — J and o € QJO-’I(AVect(Z)) Since J is integrable
it follows from Lemma 8.2 that j and « satisfy (8). Since the local slice is
holomorphic the term dj(a)a + j(a)dj(a)v/—1a is tangent to the slice while the
last summand j(a)La(a,a)7(a) = —Lq(q,=Ta)j(@) is tangent to the orbit of j(a)
under Dy. It follows that both terms vanish for all a € A and a € T, A. Hence
a =0 and the map j : A — J is holomorphic. Hence ¥ : A — B is holomorphic
and hence so is W.

30



Step 4. w7 is a universal unfolding of each of its fibers.

Choose an unfolding (74 : P — A, ag) and a holomorphic diffeomorphism wy :
(%,j0) — Pay- Then ugy*' is a fiber isomorphism from P,, to Qjo)- Trivialize P
by a map 7: A X ¥ — P such that 74, = ug. Define j : A — J so that j(a) is
the pullback of the complex structure on P, under 7,. Then j(ag) = jo. Define
p:A—Tand ®: P — Q by

P(a) = [J(a)}v (I)(p) = [j(a)vz]v p= T(a,z)

for a € A and p € P,. This is a pseudomorphism and hence, by Step 3, it is a
morphism.

To prove uniqueness, choose a local holomorphic slice ¢ : B — J such that
t(0) = jo. Choose two morphisms (¢, ¥), (¢, ®) : (7a,a9) — (m,,0) such that
Dy, =Yy, = ual : Py, — 2. If a is near ag then

Voo @72 (3, u(¢(a)) — (2, u(¥(a)))

is a diffeomorphism close to the identity and hence isotopic to the identity.
Hence by the local slice property ¢(a) = 1 (a) and ¥, 0 ®, 1 =id.

Step 5. Let jo be a complex structure on 3. Fwvery infinitesimally universal
unfolding (rp : Q — B, by) of (X0, jo) is isomorphic to (71, [jo])-

As in Step 3 we may assume that Q = B x ¥ with complex structure

70= (0" e )

where ¢ : B — J is holomorphic and ¢(by) = jo. By Lemma 8.2 this almost
complex structure is integrable. Since (75 : Q@ — B,bp) is infinitesimally uni-
versal, it follows from Lemma 8.3 that the restriction of ¢ to a neighborhood of
bo is a local slice. Hence (7p,bg) is isomorphic to (7, [jo]) by the local slice
property. o

Remark 8.5. The universal unfolding 77 : @ — 7 of Theorem 8.4 determines
an etale groupoid (B,T') with B :=7 = J(X)/Diff((X) and

I':={[j, qj)ﬂjl] 15,5 € J (%), ¢ € Diff(¥), j = (b*]l}
Here [, ¢, j'] denotes the equivalence class under the diagonal action of Diffo(X)

by ¢¥*(j, ¢,7') = (1*5,9" 1 o p o1h,4*5'). By Lemma 7.5 this etale groupoid is
proper.

The space 7,

In this section we prove Theorems 5.3-5.6 for all stable marked Riemann sur-
faces without nodes. Let (X, s4,jo) be a stable marked Riemann surface of
type (g,n) without nodes. We will construct an infinitesimally universal un-
folding (wp, Sk, bo) of (%, jo, S«), prove that it is universal, and prove that every
infinitesimally universal unfolding of (X, s., jo) is isomorphic to the one we’ve
constructed.
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8.6. Let n and g be nonnegative integers such that n > 2 — 2g and let ¥ be a
surface of genus g. Abbreviate

G:=Diffy(X), P:=J(%)x(¥"\A), B:i=P/G,

where A C 3" denotes the fat diagonal, i.e. set of all n-tuples of points in %"
where at least two components are equal. Thus B = 7, is the Teichmiiller

9,

space of Riemann surfaces of genus g with n distinct marked points. Consider
the principal fiber bundle
Gg—-P—B.

The associated fiber bundle
Q=P xgX—B

has fibers isomorphic to ¥ and is equipped with n disjoint sections

Si i ={[J,81,--+,8n,2] € Q : z=3;}, i1=1,...,n.
It is commonly called the universal curve of genus g with n marked points.
8.7. Let (jo,7+) € P, A be a complex manifold, ag € A, and

L= (Lo, 1y vytn): AP
be a holomorphic map such that
to(ao) = jo, ti(ag) = 74, i=1,...,n. (12)

Define the unfolding (7, : P, — A, R, ., a0) by

P :=Ax3%, J(a,z) = < \/(? Lo(ao)(z) > (13)

where y/—1 denotes the complex structure on A and
R,; :={(a,ti(a)) :a € A}, i=1,...,n (14)

Lemma 8.8. The unfolding (7,, R, «, ao) is infinitesimally universal if and only
if the restriction of v to a sufficiently small neighborhood of ag is a (holomorphic)
local slice for the action of G on P.

Proof. Let ug : (2,j9) — A be the holomorphic embedding ug(z) := (ao, 2).
Then the operator D, o, has domain

Xo = {(@,a) € Q%S,TY) x TayA : (r;) = dui(ag)a},
target space Vp 1= Q?(’)l (X,TY), and is given by

Duo,ao (117 d) = ajo'& - jodbo(ao)d~

N~
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Now the tangent space of the group orbit G*(jo,7«) at (jo,r«) is given by

T(jo,r*)g*(jovr*) = {(2j05j0§v _§(T1)7 SR —§(7’n)) : g € QO(E,TZ)} :

(See the proof of Theorem 7.1 for the formula L¢jo = 2j00;,&.) Hence the
operator Dy, q, is injective if and only if im di(ao) N Ty, r.)G* (jo,7+) = 0 and
di(ap) is injective. It is surjective if and only if im di(ao) + T(j,,r.)G" (o, 7+) =
T(jo,r)P- This proves the lemma. (|

Theorem 8.9. Theorems 5.3-5.6 hold for marked Riemann surfaces without
nodes.

Proof. Step 1. Q and B are complex manifolds, the projection wg is a proper
holomorphic submersion, and Sy, ...,S, are complex submanifolds of Q.

Apply Lemma 8.2 to the complex manifold A = J = J(2), replace the fiber
¥ by ™\ A, and replace ¢ by the map J — J(X™ \ A) which assigns to each
complex structure j € J(X) the corresponding product structure on 3™ \ A.
Then (the proof of) Lemma 8.2 shows that P = J x (2™ \ A) is a complex
manifold. The group G = Diff((X) acts on this space by the holomorphic
diffeomorphisms

(G515 v8n) = (F9 f 7 (s0)se s 7N (s0))

for f € G. The action is free and admits holomorphic local slices for all g
and n. It follows that the quotient B = P/G is a complex manifold. The
same argument shows that the total space Q is a complex manifold and that
the projection mp : @ — B is holomorphic. That it is a proper submersion is
immediate from the definitions.

Here are more details on the holomorphic local slices for the action of G on
P. In the case g > 1 we will find a holomorphic local slice ¢ : B — P, defined
on B := By x int(ID)”, which has the form

L(bo, bl, ceey bn) = (Lo(bo), L1 (bo, bl), ey Ln(bo, bn))

Here 1o : By — J is a holomorphic local slice as in Theorem 7.4. Fori =1,...,n,
the map (bg,b;) — (bo, ti(bo, b;)) is holomorphic with respect to the complex
structure J,, on Qo := By x ¥ defined by (13) and restricts to a holomorphic
embedding from by x int(D) to (X, ) with j = to(by). That such maps ¢; exist
and can be chosen with disjoint images follows from Lemma 7.2.

In the case g = 1 and n > 1 with ¥ = T? := R?/Z? an example of a
holomorphic local slice is the map ¢ : B = By X By X --- X B,,_1 — P given by

A0, b1, -+ bn1) = (7 (M), fr, (1), - £y (b1, £3, (50))

where By C H and B; C C are open sets such that closures of the n — 1 sets
Bi+Z+XZ C Ty, := C/Z+X\Z are pairwise disjoint, none of these sets contains
the point s,, + Z + A\oZ, the complex structure j(Ao) € J(T?) is defined by (5),
and the isomorphism fy, : (T2, (X)) — T, is defined by fi,(z,y) =z + Aoy.
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That any such map is a holomorphic local slice for the action of G = Diff(T?)
follows from Theorem 7.3.

In the case ¢ = 0 and n > 3 with ¥ = S? an example of a holomorphic local
slice is the map ¢ : B = int(D)"~3 — P given by

t(biy . bn—s) = (Jo,t1(b1)s -+ s tn—3(bn—3), Sn—2,Sp—1, Sn)

Sp—2,8n_1, S, are distinct points in S2, jo € J(SQ) denotes the standard com-
plex structure, and the ¢; : int(D) — S? are holomorphic embeddings for
1 <7 < n — 3 such that the closures of their images are pairwise disjoint and
do not contain the points s,,—2, Sp,—1, Sn,. That any such map is a holomorphic
local slice for the action of G = Diffo(S?) follows from Theorem 7.1.

Thus we have constructed holomorphic local slices for the action of G =
Diffo(X) on P = J(X) x (£™\ A) in all cases. Holomorphic slices for the action
of G on P x 3 can be constructed in a similar fashion. It then follows from the
symmetry of the construction under permutations of the components in 3 that
the sections S; are complex submanifolds of Q. This proves Step 1.

Step 2. The pair (75,Ss) is an infinitesimally universal unfolding of each of
its fibers.

Choose [jo, $x] € B. Let B be an open neighborhood of by = 0 in C3973+" and
t = (Loyt1,---,tn) : B — P be a local holomorphic slice satisfying (12). Then
the unfolding (7, : @, — B, S, «,bo) defined as in (13) and (14) is isomorphic to
(78, Sx, [jo, $«]). Hence Step 2 follows from Lemma 8.8.

Step 3. Every pseudomorphism from (mwa, Ry, ao) to (75, Sx, [Jo, $+]) is a mor-
phism.

Let (¢, ®) be a pseudomorphism from (74 : P — A, R., ag) to (75, Sx, [jo, S«])
and ¢ = (to,t1,--.,tn) : B — P be as the proof of in Step 2. Define (¢, ¥) be the
composition of (¢, ®) with the obvious morphism from (7wg,Sx, [Jo, $«]) to the
unfolding (Q,, S, «, bo), defined as in (13) and (14). Using the maps ¥, : P, — X
given by ¥(p) =: (¢(a), ¥, (p)) for p € P, we construct a trivialization

T:AxX¥X — P, 7(a, 2) =T (2) == U 1(2).
Then the pullback of the section R; is given by
YR = {(a,0i(a)) : a € A}, o =10 A= X
and the pullback of the complex structure on P under 7 has the form

= (7 e )

where j ;= g0 : A — J and « € Q?’l(A,Vect(Z)). Since J is integrable it
follows from Lemma 8.2 that j and « satisfy

dj(a)a + j(a)dj(a)V'=1a — Ly, /=1a)7(a) = 0.
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Since 771(R;) is a complex submanifold of A x 3, we have
do;(a)a + j(a)do;(a)v—1a + a(a,v—1a)(o;(a)) =0 (15)

fori=1,...,n. Since ¢ is a local holomorphic slice these two equations together
imply that

dj(a)a + j(a)dj(a)v/—1a =0,  do;(a)a+ j(a)do;(a)v/—1a =0,

and L, /=14)J(a) = 0 and a(a, v'—1a)(o;(a)) = 0 for all @ € T, A. Since n >
2 — 2g it follows that o = 0. Moreover, the map (j,01,...,0,) =t0p: A — P
is holomorphic. Since ¢ is a holomorphic local slice, this implies that v, and
hence also ¥, is holomorphic.

Step 4. The pair (75,Sx) is a universal unfolding of each of its fibers.

Choose [jo, s«] € B and let (74 : P — A, ap) which admits an isomorphism
ug : (X, jo) — Pap such that ug(s;) := P,y NR;. Then ug ! is a fiber isomorphism
from P,, to Qj,,s,)- Trivialize P by a map 7: A x ¥ — P such that 7,, = uo.
Define j : A — J and 0; : A — ¥ so that j(a) is the pullback of the complex
structure on P, under 7, and 77 1(R;) = {(a,0:(a)) : a € A}. Then j(ag) = jo
and o;(ag) = s;. Define ¢ : A — Band & : P — Q by

(ZS(G) = [j(a),a*(a)L (I)(p) = [j(a),a*(a),zL p= T(a7'z)

for a € A and p € P,. This is a pseudomorphism and hence, by Step 3, it is a
morphism.

To prove uniqueness, choose a local holomorphic slice ¢ = (tg,t1,---,tn) :
B — P such that ¢(bo) = (Jo, $1,- - -, Sn). Choose two morphisms

(1/}3 \I/)a (d)a (I)) : (7TA7 R*7 QO) - (7TL7 SL,*, bO)

such that ®,, = ¥,, = uo_l : Py, — 2. If a is near ag then

Voo @7 (2, 00(6(a)) — (2, 00(¥(a)))

is a diffeomorphism isotopic to the identity that sends ¢;(¢(a)) to ¢;(¥(a)) for
i=1,...,n. Hence by the local slice property ¢(a) = 9(a) and &, = ¥,,.

Step 5. Let jo be a complex structure on X and si,...,S, be distinct marked
points on X. Every infinitesimally universal unfolding (rp : Q@ — B, S«,by) of
(30, S«, Jo) is isomorphic to (mg, Sx, [Jo, S«)-

As in Step 3 we may assume that ) = B x ¥ with complex structure
(V-1 0
J(b,z) = ( 0 b))
and S; = {(b,¢;(b)) : b € B} where ¢ = (t0,t1,...,tn) : B — P is holomorphic
and ¢(bg) = (Jo, S1,---,5n). By Lemma 8.2 the almost complex structure J is
integrable. Since (75 : @ — B, Sk, bp) is infinitesimally universal, the restriction

of ¢ to a neighborhood of by is a local slice by Lemma 8.8. Hence (75, S, bo) is
isomorphic to (7, S, [Jo, So]) by the local slice property. O
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Remark 8.10. The etale groupoid associated to the universal marked curve of
8.6 is proper as in Remark 8.5.

9 Nonlinear Hardy spaces

In this section we characterize infinitesimally universal unfoldings in terms of
certain “nonlinear Hardy spaces” associated to a desingularization. The idea
is to decompose a Riemann surface ¥ as a union of submanifolds 2 and A,
intersecting in their common boundary, and to identify holomorphic maps on ¥
with pairs of holomorphic maps defined on Q2 and A that agree on that common
boundary.

9.1. Throughout this section we assume that
(g : Q — B, Sk, bo)
is a nodal unfolding of a marked nodal Riemann surface (X, s«, v, j) and that
wo 1 X — @,

is a desingularization. Let C'p C @ denote the set of critical points of wp. Let
U be a neighborhood of Cpg equipped with nodal coordinates. This means

U=U,U---UUy

where the sets U; have pairwise disjoint closures, each U; is a connected neighbor-
hood of one of the components of C'g, and for ¢ = 1,. .., k there is a holomorphic
coordinate system

(Q,Ti):B—NCX(Cdfl, d := dim¢c B
and holomorphic functions &;,7; : U; — C such that
(&,mi,7iomg) : Uy — C x C x €41

is a holomorphic coordinate system and &;7; = (;omp. Assume that UNS, = 0.
Let V C @ be an open set such that

RQ=UUYV, VNnCp =0,

and U; NV intersects each fiber @ in two open annuli with |;| > |;| on one
component and |&;| < |n;| on the other. Introduce the abbreviations

We=U0nV, Wi:=UnV, Wi :={&>nl}, Wia:={l&] <I|ml},

Uy :=UNQy, Vi =V NAQy, Wy .= W N Q.
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9.2. We consider a decomposition
Y=QUA, 0N=0A=QNA=T,
into submanifolds with boundary such that A is a disjoint union
A=A U---UAg

where, for each i, the set A; is either an embedded closed annulus or it is the
union of two disjoint embedded closed disks centered at two equivalent nodal
points and

’LU()(Q) cV, ’LU()(AJ cU;

fori=1,...,k. It follows that every pair of equivalent nodal points appears in
some A;. In case A, is a disjoint union of two disks, say A; = A; 1 UA, 2, choose
holomorphic diffeomorphisms z; : A; ;1 — D and y; : A; 2 — D which send the
nodal point to 0. In case A; is an annulus choose a holomorphic diffeomorphism
x; + Ay — A(6;,1) and define y; : A; — A(d;,1) by y; = §;/x;. In both cases
choose the names so that

wo (z; 1 (S1)) € Wi, wo(y; 1(S1)) C Wi.
The curves & o wg o z{l and 17; 0 wg © y{l from S! to C\ 0 both have winding
number one about the origin.

9.3. Fix an integer s+1/2 > 1. Since 7g|W is a submersion the space H*(I", W)
is, for each b € B, a submanifold of the Hilbert manifold of all H® maps from I'
to W (see Appendix B). Define an open subset

W(b) C H*(T,Wy,)
by the condition that for v € H*(I', W,) we have v € W(b) iff
(&N SH) S Wi, y(y H(SY) € Wi,

and the curves §; o~y o xi_l and n; oy o yi_l from S* to C\ 0 both have winding
number one about the origin. Introduce sets

Z(b) := {v € Hol*™2(Q,V}) : vl € W(b) and v(s, NQ) = S. N Qp},
N(b) := {u € Hol**Y2(A, ;) : u|l' € W(b) and u preserves v}.
Here we use the notation

HOIS+1/2(X,Y) _ {f c H5+1/2(X,Y) cdfodx =Jy Odf} (16)

for a compact Riemann surface X with boundary and an almost complex man-
ifold Y. By Theorem B.4 (i), restriction to the boundary defines a continuous

map Hol**V/2(X,Y) — H*(0X,Y). The phrase “u preserves v” means that
{z,y} € v = u(x) = u(y) € Cp. Define the nonlinear Hardy spaces by

Ub) = {ull : ue N(b)}, V(b) :={v|l : ve Z(b)}.
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Wo = [ [WO), Vo= | |VO), U= ]up),
beB beB beB
so that (v,b) € Wy <= v € W(b), etc. The desingularization wg : ¥ — Qp,
determines a point

(’70, bo) eEUyNVy C Wy, Yo 1= w0|1". (17)

Lemma 9.4. For every (v,b) € Uy NV there is a unique desingularization
w: Y — Qp with w|l' =~.

Proof. Uniqueness is an immediate consequence of unique continuation. To
prove existence, let (y,b) € Uy NV be given. Then, by definition of Uy and Vg,
there is a continuous map w : ¥ — @3 which is holomorphic in int(2) and in
int(A) with w(s.) = S.NQp and w(zp) = w(z1) for every nodal pair {zg, 21} € v.
The map w : ¥ — Q is of class H*1/2 and is therefore holomorphic on all of ¥.
We must prove that if zg # 21 we have w(zp) = w(z1) if and only if {29, 21} € v.
Assume first that there are no nodes, i.e. @, N Cp = (). Then A is a union
of disjoint annuli and, by the winding number assumption, the restriction of w
to A is an embedding into @ and w(A) UV, = Qp. Hence there is a point
g € w(A)\ V. Hence the degree of w at ¢ is one and hence w : ¥ — @ is a
holomorphic diffeomorphism. Now assume Q, N Cp # (). Then w=(Cp) = Uv,
by the winding number assumption, and so the restriction w : X\ Ur — @\ Cp
is proper. Hence the degree of this restriction is constant on each component
of ¥\ Uv. Now each component of ¥ contains a component A’ of A that is
diffeomorphic a disc. By the winding number assumption, the restriction of w
to A’ is an embedding. Moreover, the images under w of the components of
A\Cp are disjoint and there is a point ¢ € w(A")\(CgUV). Since w(Q) C V, the
degree of the restriction w : ¥\ Ur — Qp \ Cp at any such point ¢ is one. Hence
the degree of the restriction is one at every point and hence w : ¥\Ur — @\ Cp
is a holomorphic diffeomorphism. This proves the lemma. o

Theorem 9.5. Fiz an integer s+1/2 > 4. Let (tp : Q@ — B, Ss, bo) be a nodal
unfolding of a marked nodal Riemann surface (3,s.,v,7) and wy : ¥ — Qp,
be a desingularization as in 9.1. Let Uy, Vo C Wy be the subspaces in 9.3 and
Yo := wo|l' as in (17). Let Dy b, be the Fredholm operator in Definition 5.2.
Then the following holds.

(1) Uy and Vo are complex Hilbert submanifolds of Wy.
(ii) The intersection T(, b0\UoNT (+,50) Vo is isomorphic to the kernel of Doy, b, -

(iii) The quotient Ty, p)Wo/(T(~e,b0) U0 + T(~o,60) Vo) is isomorphic to the co-
kernel of Dayq b, -

(iv) The unfolding (g, S, bo) is infinitesimally universal if and only if

T(’Yo,bo)WO = T('Yoybo)uo ® T('Yo,bo)VO'
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Proof. We prove that Uy is a complex Hilbert submanifold of Wy .

Choose the indexing so that z;(bg) = 0 for ¢ < £ and z;(bg) # 0 for i > £.
Abbreviate H® := H*(S!,C) for the Sobolev space in B.1 and consider the map

VVO_)(I{S)WC XB:’Y’_)(alaﬂlv"'vakaﬁkab)

where v € W(b) and o; = { oy o m;l and B; = n;07vo0 y;l. This maps Wy
diffeomorphically onto an open set in a Hilbert space. The map sends Uy C
Wy to the subset of all tuples (a1, 1, ..., ok, Ok, b) such that all nonpositive
coefficients of a; and 3; vanish for ¢ < ¢ and such that
Gi(b)
) = e
for ¢ > ¢. Thus the tuple (a1, b1, ..., ar, Be) is restricted to a closed subspace
of (H*)?* and, for i > ¢, the component 3; can be expressed as a holomorphic
function of «; and b. This shows that Uy is a complex Hilbert submanifold
of WQ.
We will show that the restriction map

Zp = |_|Z(b)—>W0:vl—>v|F
beB

is a holomorphic embedding. Since the image is precisely Vy by definition, this
will show that Vy is a complex Hilbert submanifold of Wy. Denote by B the
space of all pairs (v, b), where b € B and v : Q — Vj, is an H*t'/2 map satisfying

v(8x) = S« N Qp.

The space B is a complex Hilbert manifold whose tangent space at (v,b) is the
Sobolev space

Ty B =3 (0,b) € HTV2(Q0*TQ) x T,B : drg(v)d = b, 9(s;) € Tys)Si ¢
: (s1)

ie. 0 is a section of class H*t'/2 of the pullback tangent bundle v*T'Q that
projects to a constant tangent vector of B and at the marked points is tangent
to S,. Consider the complex Hilbert space bundle & — B whose fiber

Evp = HTV2Q A T* Q@ 0" TQs)

over (v,b) € B is the Sobolev space of (0,1)-forms on Q of class H*~1/2 with
values in the vertical pullback tangent bundle v*T'Q,. The Cauchy-Riemann
operator 0 is a section of this bundle and its zero set is the space Z5 C B defined
above. The vertical derivative of 0 at a zero (v, b) is the restriction

Dv,b : Tv,bB - 51),1)

of the Cauchy—Riemann operator of the holomorphic vector bundle v*T'Q) — Q
to the subspace T,,B C H**'/2(Q,v*TQ). This operator is split surjective;
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a right inverse can be constructed from an appropriate Lagrangian boundary
condition (see [16, Appendix C]). Hence Zj is a complex submanifold of B.

We show that the restriction map is an injective holomorphic immersion.

By unique continuation at boundary points, the restriction map is injective, i.e.
two elements of Hol*+1/2 (Q,Vp) that agree on the boundary agree everywhere.
The derivative of the restriction map is also a restriction map; it is injective and
has a left inverse, by Theorem B.4 (ii). Hence the restriction map Zy — W is
a holomorphic immersion.

We show that the restriction map Zo — Wy is proper.

Suppose that v, € Z(by), that i := vg|T, that v, converges to v € W(b), and
that v = v|I’ where v € Z(b). We prove in four steps that vj converges to v in
HH2(Q,Q).

Step 1. We may assume without loss of generality that each vy is an embedding
for every k.

After shrinking 1V, we obtain that v : I' — @)} is an embedding for every (v, b) €
Vo. (This makes sense because s > 3/2, so v is continuously differentiable.)
If v = o|l" is an embedding and v € Hol*T'/2(€2, V}) then v is an embedding.
This is because #v~!(q) (the number of preimages counted with multiplicity)
for ¢ € Qp \ v(T") can only change as ¢ passes through the image of 7. As v is
an embedding #v~1(q) is either zero or one. Hence v is an embedding.

Step 2. A subsequence of vy converges in the C°° topology on every compact
subset of int ().

If the first derivatives of vy are uniformly bounded then vy|int(Q2) has a C*
convergent subsequence (see [16, Appendix B]). Moreover, a nonconstant holo-
morphic sphere in Q bubbles off whenever the first derivatives of v; are not
bounded. But bubbling cannot occur in V. To see this argue as follows. Sup-
pose zj converges to zg € int(£2) and the derivatives of vy at z; blow up. Then
the standard bubbling argument (see [16, Chapter 4]) applies. It shows that,
after passing to a subsequence and modifying zj (without changing the limit),
there are (i, ji)-holomorphic embeddings e from the disk Dy C C, centered
at zero with radius k, to @ such that €5(0) = z, the family of disks e (Dy)
converges to zg, and vy o € converges to a nonconstant J-holomorphic sphere
vp : S22 = CUoo — Qp. (The convergence is uniform with all derivatives on ev-
ery compact subset of C.) The image of vy must intersect the nodal set Q,NCp.
Hence there is a point a € C = S?\ {00} such that vg(a) € Q\ V. This implies
vi(ex(a)) ¢ V for k sufficiently large, contradicting the fact that v, (Q2) C V.

Step 3. A subsequence of vy converges to v in the C° topology.

By Arzéla—Ascoli it suffices to show that the sequence vy, is bounded in C*. We
treat this as a Lagrangian boundary value problem. Choose M C @ to be a
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submanifold with boundary that contains the image of v in its interior. Choose
a smooth family of embeddings

to : M — Q. \Cpg, a € B,

such that ¢, : M — @ \ Cp is the inclusion. Then the image of ¢p, contains the
image of vy for k sufficiently large. Think of M as a symplectic manifold and
define the Lagrangian submanifolds L C M and L C M by

L:=~(T), Ly = Ll;cl o v (T).

Since s > 7/2 the sequence Lgkl o4y : I' — M converges to 7 in the C® topol-
ogy. Hence there is a sequence of diffeomorphisms ¢ : M — M such that ¢y
converges to the identity in the C? topology and

Pk o, ok =1, ér(Ly) = L.

Define
_ -1 7 -1
Uk i= @k O Ly~ © Uk, T = (D 01y, )by

where J, denotes the complex structure on @),. Then jk converges to J = Jp
in the C2 topology, o : Q@ — M is a Jj-holomorphic curve such that o (') C L
and, moreover,

l=~v:T—1L (18)

for all k. We must prove that the first derivatives of v, are uniformly bounded.
Suppose by contradiction that that there is a sequence zj € €2 such that

ck = |do(z1)| = ||dO|| e — 0.

Now apply the standard rescaling argument: Assume w.l.o.g. that z; converges
to zg € €2, choose a coordinate chart from a neighborhood of zg to upper half
plane (sending z; to x), and compose the resulting J-holomorphic curve with
the rescaling map ex(¢) := (x + (/ck. Let di be the Euclidean distance of (i
from the boundary of the upper half plane. There are two cases. If ¢x - d — o0
then a nonconstant holomorphic sphere bubbles off and the same argument as
in Step 2 leads to a contradiction. If the sequence cg - dj is bounded then,
by [16, Theorem B.4.2], the rescaled sequence has a subsequence that converges
in the C*! topology to a holomorphic curve w : {¢ € C :im¢ > 0} — M with
w(R) C L. The choice of the rescaling factor shows that the derivative of w
has norm one at some point and so @ is nonconstant. On the other hand, since
e converges to a constant, condition (18) implies that the restriction of this
holomorphic curve to the boundary is constant; contradiction.

Step 4. A subsequence of vy, converges to v in the H*T1/2 topology.

Let v be the limit in Step 3. Then v|I' = v takes values in W;. By Step 2 it
is enough to show that vy converges to v in some neighborhood of each bound-
ary component in the H*t'/2 topology. We can identify such a neighborhood
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holomorphically with A(r,1). Shrinking the neighborhood if necessary we may
assume that vy maps A(r, 1) to W for k sufficiently large. By assumption and
Step 2 the restriction of vy to JA(r.1) converges in H®. Hence Step 4 follows
from the fact that the restriction map H*TY/2(A(r,1)) — H*(9A(r,1)) is a lin-
ear embedding onto a closed subspace (see Theorem B.4 (ii)). In the notation
of 10.5 below this subspace is the diagonal in H? x H?®.

Thus we have proved that every subsequence of vy has a further subsequence
converging to v in H*t1/2. Hence the sequence vy itself converges to v in the
H*+1/2 topology. This completes the proof of (i).

We prove (ii). It follows directly from the definitions that there is a map
ker Dwo,bo — T(’Yo,bo)uo n T(Vo,bo)VO . (f, ZA)) — (§|F, ZA))

This map is surjective by elliptic regularity: if £ : ¥ — w{T'Q is a continuous
section with drp(wo)¢ = b whose restriction to both A and Q is of class H51/2
and belongs to the kernel of the differential operator D,,,, then £ is smooth. The
map is injective by unique continuation: an element (&, l;) € ker D, 4, vanishes
identically if and only if the restriction of ¢ to the disjoint union I' of circles
vanishes. (The fibers are connected and so I' intersects each component of ¥ in
at least one circle.) This proves (ii).

To prove (iii), we define a map

T W .
et 2 ] 3,0 (19)
Lo 000 + T0,60) Vo

coker Dy, b, —

as follows. Given n € Yy, (ie. n € QUY(Z, wiTQ) with dr(we)n = 0) choose
two vector fields &, along ug = wp|A and §U along vo := wp|§2 that project each
to a constant vector b, := drp (ug)&, and by = = drp(v9)&, in Ty, B and satisfy

Duo,b0(§U7 BU) = rrI|A7 Dvo,bo(g’uu BU) = 77|Q' (20)

The existence of &, and &, (with b, = b, = 0) can be proved by imposing a
Lagrangian boundary condition with high Maslov index. Define

4= 6,0 = &[0 :T = TQ,  b:=by — b, (21)
Given 7, the pair (&,|T, Eu) is well defined up to an additive vector in T\, 4,\Uo
and (&,|T, b,) up to an additive vector in T+o,60) Yo Moreover, if 1 € imDy, b,
then there is a pair (€,b) € Xy, 4, such that Da, 4, (€,b) = 1 (see Definition 5. 2)
and we may choose &, := €A and &, = £|Q in (20) so that b, = b, = b
and (4,b) = (0,0) in (21). This shows that the equivalence class of (%,b) is

independent of the choice of &, and &, and depends only on the equivalence
class of  in Yy, /imDy, p,- Hence the map (19) is well defined.

We prove that (19) is injective. Let 5 € Y, be given, choose (£,,b,) and
(§u,by) s0 as to satisfy (20), and define (7,b) € T{(4,5,)Wo by (21). Assume
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(5,b) € Ty b0)Uo + T(+,60)Vo- Then there are vector fields ¢, along 1o and
¢ along vy, as well as tangent vectors b/, € Ty, B such that dm(ug)g,, = b,
drm(ug)é) = b, and
Dog o (5;7 l;;) =0, Dyg b, (&)7 I;;) =0,
F=gr—gIr,  bi=1, -1,

Hence, replacing (£, by) by (€4 — &, by — b)) and (&,,b,) by (&4 — &, by, — 1),
we may assume without loss of generality that ¥ = 0 and b = 0 in (21). Thus
& T = &|T. In other words, there is a continuous vector field £ along wy
such that §JA = &, and &|Q = &,. Since D, = 7 is smooth it follows from
elliptic regularity that £ is smooth and hence n € imD,,,p,. This shows that

the map (19) is injective as claimed.
That (19) is surjective follows from the next two assertions.

(a) Each element of the quotient space T\~ 50) Wo/(T(+o,60) 40 + T(o,b0) Vo) can
be represented by a smooth vertical vector field along .

(b) For every smooth vertical vector field 4 along ~o there exist smooth vertical
vector fields £, along ug and &, along vy such that ¥ = £,|T" — &,|T" and
the (0,1)-form 7 along wo defined by n|A := Dy, 1, (€, by) and 7|Q =
Doy by (€, by) is smooth.

To prove (b) choose holomorphic coordinates 7 + i0 € [—§,6] + iR/27Z
near each component of I' so that that component is {7 = 0} and Q is {7 > 0}.
Choose a complex trivialization of the vertical tangent bundle over this annulus.
In this trivialization a (0, 1)-form over the annulus has the form 1 (nds — indt)
with 7 : [=4,6] x ST — C and the operator D = D, , has the form

DE = 0:€ + i0p€ + SE

where S : [-d,0] x S' — Endg(C) is a smooth map. We seek three smooth
sections &, over {7 < 0}, £, over {r > 0}, and 7 over the whole annulus (of the
vertical tangent bundle) such that

ni{r <0} =D&,  nl{r 20} = D¢,

and
£,(0,0) — £,(0,0) = & (0) := —4(0). (22)
We take £, := 0 and &, in the form
() [ c(0,0) for 0 <7 <y,
51;(7-7 9) - I;) A T, Ck(Tv 9) - 0 for T > 26k7

where 26, < § and each ¢, is smooth on [0, 4] x S2. To satisfy condition (22)
we must choose ¢o(0,6) = &(6). To make 7 continuous we must choose &, such
that

0:£,(0,0) + 10 (0,0) + S(0,0)£,(0,0) =0
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and hence
C1 (07 9) = a‘rgv (07 9) = _26950(9) - S(Oa 9)50 (9)

More generally, once co, ..., ¢, have been chosen to make 7 of class C¥~1 the
function 6 — ck11(0, 0) is uniquely determined by &y and the condition that 1 be
of class C*. Finally choose ) converging sufficiently rapidly to zero and define
ek (T, 0) :== B(1/01)ck(0,0) for a suitable cutoff function 3 so that the series for
&, converges in the C*-norm for every £. Note that our argument follows the
construction, due to Emile Borel, of a smooth function with a prescribed Taylor
series at a point.

To prove (a) we first observe that every smooth pair (§,0) € T, (70,00) Wo
is equivalent in the quotient (., 5,)Wo/(T(vo,0)Uo + T(~4,50)V0) to a smooth
vertical vector field. Namely, choose any vector field £’ along vy that projects
to b, and choose a vertical vector field £ along vy such that & := & + &’
satisfies Dy, & = 0 (as we did in the proof of (b)). Then (£|T,b) € T(+0,50) Vo and

hence (¥ — &|T',0) is a vertical vector field equivalent to (9,b). Now consider
the subspace of all elements of the quotient T\, p.)Wo/(T(~4,50) 10 + T(~,56) Vo)
that can be represented by smooth vertical vector fields. By what we have just
proved, this subspace is dense and, by (b), it is finite dimensional. Hence this
subspace must be equal to the entire quotient and this proves (a). Thus we have
proved (a) and (b) and hence the operator (19) is surjective. This proves (iii).
Part (iv) is an immediate consequence of (ii) and (iii). This completes the proof
of Theorem 9.5. O

Remark 9.6. The strategy for the proof of the universal unfolding theorem is
to assign to each unfolding (w4 : P — A, R.,ag) of the marked nodal Riemann
surface (X, s«,v,7) a family of Hilbert submanifolds U,,V, C W, as in 9.3
parametrized by a € A. Transversality will then imply that for each a near ag
there is a unique intersection point (va,bs) € Uy NV, near (yo,bo). Then the
fiber isomorphisms f, : P, — @, determined by the 7, as in Lemma 9.4 will
fit together to determine the required morphisms P — @ of nodal families. The
key point is to show that the submanifolds U, fit together to form a complex
submanifold
U=||u. c w=|[]|w
a€A a€A

(see Theorem 11.9 below). We begin by studying a local model near a given
nodal point in the next section.

10 The local model

10.1. Consider the standard node defined as the map
N —int(D) : (z,y) — zy, N :={(z,y) eD?: |zy| < 1}.
For a € int(D) and b € C denote

N, = {(z,y) € D? : 2y = a}, Qv == {(z,y) € C*: zy = b}.
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We study the set of all quadruples (a, &, n,b) where a,b € C are close to 0 and

(5577) : Ng _’Qb

is a holomorphic map. If a # 0 this means &£(z),7n(z) are holomorphic functions
on the annulus |a|] < |z] < 1 that are close to the identity, and satisfy the
condition

ry=a = &x)n(y) =0 (23)

for |a] < |z| <1 and |a| < |y| < 1. If @ # 0, this condition implies that b # 0.
When a = 0, the functions £ and 7 are defined on the closed unit disk and
vanish at the origin; hence b = 0.

10.2. Fix s > 1/2 and let H® = H*(S',C") be the Sobolev space in B.1. We
think of the elements of H® as power series

C(2) = Gu" (24)

nez

For r > 0 the rescaling map z — rz maps the unit circle to the circle of radius
r. Denote by (. the result of conjugating ¢ by this map, i.e.

¢r(2) = T’_1<(TZ).

The norm ||, || is finite if and only if the series ¢ converges to an H® function
on the circle of radius r.

10.3. For § > 0 define the open set Ws C C x H* x H® x C by
Wi = {(a.&,m.) : €~ id], <4, n—id], <5, |a] < ).

Define Us C Ws to be the set of those quadruples (a,&,n,b) € Ws which sat-
isfy (23). More precisely if (a,&,n,b) € W;, then for a # 0 we have

HQ“'HS < 09, ’n|a|H5 < 00, and
(aa€7nub) eué <

(x)nlax=t) =bfor |a| < |z| < 1
while for a = 0 we have

Thus Us is the space of (boundary values of) local holomorphic fiber isomor-
phisms in the standard model. The main result of this section is that Us is a
manifold:

Theorem 10.4. Let s > 1/2. Then, for § > 0 sufficiently small, the set Us is
a complex submanifold of the open set Ws C C x H® x H® x C.
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The proof occupies the rest of this section. Using the Hardy space decom-
position defined in 10.5 we formulate three propositions which define a map 7°
whose graph lies in Us. We then prove six lemmas, then we prove the three
propositions, and finally we prove that the graph of 7 is exactly equal to Us.

10.5. A holomorphic function {(z) defined on an annulus centered at the origin
has a Laurent expansion of the form (24). We write ¢ = (4 + ¢~ where

C+(2) = Z 2", (—(2) = Z Cn2™.

n>0 n<0

For r > 0 and s > 1/2 introduce the norm

Il =, [ D1+ [nf)2or20=2]C, |

nez

so that (4 converges inside the circle of radius 7 if ||y ||,,s < oo and (_ converges
outside the circle of radius r if ||(_||,s < co. Let

H = A{C: [Cllrs < oo}

and H;, be the subspace of those ¢ for which ¢ = (1 so we have the Hardy
space decomposition
H =H;, ©H _.

Then H® = Hj and || - ||s = || - ||1,s- We abbreviate
Hjs: = Hii

We view the ball of radius ¢ about id in the Hilbert space H; as a space of
H?-maps from the circle of radius r to a neighborhood of this circle; the norm
on H? is defined so that conjugation by the rescaling map z — rz induces an
isometry H? — H® : { — (,, i.e.

H<||T,s = 1¢e Il Gr(2) = rilg(rzy (25)

Proposition 10.6 (Existence). For every s > 1/2 there are positive constants
0 and c such that the following holds. If a € C with 0 < r := y/|a| < 1 and

§+.n+ € HY satisfy
&+ —idll, <o, Iy —idfl, <9 (26)

then there exists a triple (b,§_,n_) € Cx H? _ x H?, _ such that { := &, +&_
and 1 :=n4 +n— satisfy the equation

E(z)n(az™") =0 (27)

forr? <|z| <1 and

b =& |+ 0Ny - lin- s < 2er (6 —idl, + e —id],). - (28)
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Proposition 10.7 (Uniqueness). For every s > 1/2 there exist positive con-
stants 0 and € such that the following holds. If a,b,b’" € C, &4,m4 € HS and

§-n—, & ,n_ € HY _ with 0 <r:=/|a| <1 satisfy (26) and

-l <e -l s <e  sup [€L(x)] <re,  sup [nl(y)| <re,

|z|=r lyl=r

and if (a,§ ==& +&-,n =104+ +n-,b) and (a,& =& + &L, 0 =4 +n_,0)
satisfy (27) for x| =1 then (§-,m-,b) = (L, 0, 0").

10.8. Fix a constant s > 1/2. Choose positive constants § and ¢ such that
Proposition 10.7 holds. Shrinking § if necessary we may assume that Proposi-
tion 10.6 holds with the same constant § and a suitable constant ¢ > 0. Let

H$(id,8) == {¢ € HS : || —id]||s < 6}

and define
T :Dx Hi(id,0) x H](id,8) - Cx H® x H?

by the conditions that 7 (a,&4,n4+) = (b,€—,n-) is the triple constructed in
Proposition 10.6 for a # 0 and

T(O, £+, 77.;,.) = (O, 07 O)
(In defining 7 we used the fact that H; _ C H® for r < 1.)
Proposition 10.9. The map T is continuous. It is holomorphic for |a| < 1.

Lemma 10.10 (A priori estimates). There is a constant ¢ > 0 such that, for
0 > 0 sufficiently small, the following holds. If (a,&,1,b) € Us and a # 0 then

‘bcfl — 1‘ < cd, sup ‘5(17)5071 — 1‘ < cd, sup ’n(y)y71 — 1’ < cd.
la|<]z|<1 lal<]y|<1

Proof. Rewrite &(z)n(az™!) = b as

x? n(az=t)’

Using the substitution y = az™!, dy = —az~2 dz we get

Y O COL ar*dr Ay _ Ay
7{1—1 2 by{cﬂ n(az—1) b%y—|a| n(y) b%y—l n(y)

where all the contour integrals are counter clockwise. By the Sobolev embedding
theorem, there is a constant ¢ such that |((2)| < ¢||(]|s for ¢ € H® and |z| = 1.
This gives the estimate

§(z) 1

2 T

=[6(x) —a| < cfl§ —idfls < b
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for |z| = 1. If |[p —id||, < 6 < 1/2c¢ then, by the Sobolev embedding theorem
again, |n(y) —y| < 1/2 and so |n(y)| > 1/2 for |y| = 1. Hence

1 1’: In(y) — vl

ny) y ()|

< 2¢|p —id||s < 2¢6
n(y) y

for |y| = 1. Hence the contour integrals are within 47cd of 27i and so, enlarging
¢, b/a is within ¢d of 1 as required.

By symmetry the third inequality follows from the second; we prove the
second. Using the Sobolev inequality we have

€ _ w)

Y

' < ¢é, sup
lyl=1

‘Scc?.

Now let y := ax~! and |z| = |a|. Then |y| =1 and

by — b
@) _by-uw) b
x a nly) a
Hence ;
sup @—1‘§ —| sup y_n(y)‘—l-——l‘gcc?.
jal=lal | aly=1| 1) a
By the maximum principle this implies
sup @ — 1‘ < ¢é.
la|<|z|<1] T
This proves the lemma. O

10.11. The proofs of Propositions 10.6, 10.7, and 10.9 are based on a version
of the implicit function theorem for the map

Fr:Cx H)x H}— H®

defined by

Fe\&m)(2) = r2E(ra)n(rz"") — A (29)
for |z| =1 and r > 0. The zeros of F, are solutions of (27) with a = r? and
b = Aa. Note that F,(1,id,id) = 0 for every r > 0. The differential of F,. at the
point (1,id,id) will be denoted by

D, = dF,(1,id,id) : C x Hf x H® — H®.

Thus A . "

Dy (N E ) (2) =17 27 (rz) +r () — A
We shall need six lemmata. They are routine consequences of well known facts
and rescaling. To ease the exposition we relegate the proofs of the first five to
the end of the section and omit the proof of the sixth entirely. (The proof of
the sixth is just the proof of the implicit function theorem keeping track of the
estimates.)
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Lemma 10.12 (Sobolev Estimate). Denote by A(r, R) C C the closed annulus
r <|z| < R. For every s > 1/2 there is a constant ¢ > 0 such that

rs + R[IC4|

1SN e arryy < (rlIC-| R,s)
for allr and R and every holomorphic function ((z) on the annulusr < |z| < R.

Proof. This follows from Lemma A.2 and the maximum principle. O

Lemma 10.13 (Product Estimate). For every s > 1/2 there is a positive con-
stant C such that, for any two functions £&,m € H®, we have

lgnlls < Cliglslinlls, — llénlls < C (I€llslinllzee sy + 1€ s lmlls) -
Proof. Lemma A.3 and Corollary A.11. O

Lemma 10.14 (Linear Estimate). For {_ 7)_ € H;_ and A € C we have
€117 o+ A-117 s + AP < 1D (A E )12

Proof. The formula

DN Eo, i) (z2) =1 27N (r2) +r e (rz7h) — A

shows that

Dr(j\vé*a ﬁ*) = Dl()‘v (5*)7“5 (ﬁ*)T)
Hence, by (25) it suffices to prove the lemma for » = 1. Then

Dl(Xaéfvﬁ*)(z) = ZénJrlZn_/A\"’Zﬁlfnzn

n<0 n>0
SO
N 2 s 3 S|
DA E i, = DA +1n)> Ena [ + AP+ Y (1 + [n)* il
n<0 n>0
= D @+ DG+ AP+ Y2+ ) 0]
n<0 n<0
>[I+ AP+ 113
This proves the lemma. O

Lemma 10.15 (Approximate Solution). For every s > 1/2 there is a constant
¢ > 0 such that

I1Fr €ams &)l < er (164 = idl[, + [[ny —id]l,)

for every pair {1,ny € HY with [|E4]|, < 1, [[n4]|, < 1, and every r € (0,1].
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Proof. The constant is ¢ = 4+/3C where C is the constant of Lemma 10.13. We
first prove the inequality

I F1(Em, Exono)ll, < 2VBC (164 — &Gid|l, + [lng — mid],) - (30)

Since

Fillam,&one)(z) = &e(@ne(z7h) —&am

- 5 (St ) S
k#0 \n>0 n>1
we have
2 2
Z §n+k77n +

n>0

> &amn

n>1

I G, En)lls = D (1 +][k)>
k0

> (1+k)* (Z |£n+knn|> 2 + (Z |£nnn|> 2

k>0 n>0 n>1

+ Z(l + k)zs (Z |§n—knn|>

k>0 n>k

IN

< 3C? (||§+ - §1id|\§ ||77+H§ + ||§+H§ llny — ﬁlidHi) :

The last inequality follows from Lemma 10.13; note that each sum omits either
&1 or 1y or both. The inequality (30) follows by taking the square root of the
last estimate and using the fact that [|£4]|, <2 and |74, < 2.

The formula

Follaom, &4om4)(2) = 726 (r2)ny (rz7 1) — &am

shows that
Fr(&am, &4,m4) = Frl&ams (E4)m (04)r)-

Note that the operation £ — &, leaves the coeflicient &; unchanged. Hence,
by (30), we have

1Fr (€ Eni)lls = 17L& (€4)r, (04l

< 2V3O([[(&4)r — &idll, + [ (n4)r = mid]],)
= 2V30(|& — &id|,., + [Iny —mid],.,)
< 2v30r(||&4 — &id|, + [Ins — midll,)
< 4V30r (€ —idl, + e —idll,).
This proves the lemma. O
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Lemma 10.16 (Quadratic Estimate). For every s > 1/2 there is a constant
¢ > 0 such that

H(dfr()\=§777) - Dr) (5\757 77) s < C(||77 - id”nS”é”ns + ||§ - id”T,SHﬁHT,S)

for all €,n,€,7 € H® and \,\ € C.

Proof. We have

d}—T(Av 57 77)(5‘7 év ﬁ)(z) = 7‘725(7"2)77(7"271) + Tﬁ?g(rz)ﬁ(rffil) - A
and hence
(dF+ (A &) = Dp) (A, €,9)(2) = r—2E(rz) (n—id) (rz ") +r~2(€—id) (r2)i(rz"").
So the result follows from Lemma 10.13 with ¢ = C. O

Lemma 10.17 (Inverse Function Theorem). Let f : U — V be a smooth map
between Banach spaces and D : U — V be a Banach space isomorphism. Let
ug € U and suppose that there is a constant p > 0 such that
- 14
D7 <1 ol < (31)

and, for every u € U,

(32)

N | =

[l = wolly, < p - ldf (u) = DIl <
Then there is a unique element u € U such that
Ju—uolly <p,  flu) =0.
Moreover, ||[u — uo|l,; < 2| f(uo)|y -
Proof. Standard. O

Proof of Proposition 10.6. Throughout we fix a constant s > 1/2 and a constant
¢ > 1 such that the assertions of Lemmata 10.12, 10.15 and 10.16 hold with these
constants s and ¢. Choose positive constants ¢, p, and ¢ such that

1 1
3ce < 3 c\/26% + p? < 2 2¢6 < %, pi=3e. (33)

We prove the assertion with these constants ¢ and §.
Assume first that a is a positive real number and denote 7 := /a. Fix a pair
(€+,m4+) € HY x Hi satisfying (26). Let
U:=CxH;_ xH; V.=H?®

=)

and consider the map f: U — V defined by

f(u) = FT(Avng +§*577++77*)a U= (/\75*777*)' (34)
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Let D :=D, : U — V and ug := (£&11m,0,0). Then, by Lemma 10.14,

D7 vy <1 (35)

and, by Lemma 10.15 and (33),
1f(uo)lly < er(ll§+ —idl[; + [Iny —id]|,) < 2¢6 <
In this notation the operator df (u)—D : U — V is the restriction of the operator

dF-(N\&m) — Dy : Cx HE x H? — H? to the subspace U, so by Lemma 10.16
we have

ldf (u) = Dl vy < C\/H?? —id[]2s +llE —1d)IZ

for u = (\é-,n-) € U and £ := & + & and n := ny + n—. Note that
<l < ¢l for ¢ € HY and 0 < r < 1. Hence

ldf (w) = Dllzw,vy < c\/||§+ —1d[fZ + [y — 1413 + 161125 + (01175

for u=(\,&_,n_) € U. Since ||{; —id||s < § and ||ny —id||s < § we have

1
lu—wly <p = ldf (u) = Dllgw,vy < ev20? +p* < 5 (37)

for every u := (A, &_,n_) € U. Here we have used (33).
It follows from (35), (36), and (37) that the assumptions of Lemma 10.17
are satisfied. Hence there is a unique point u € U such that

lu—wolly <p,  flu)=0,
and this unique point satisfies
l[u = wuolly < 2|[f(wo)lly <e. (38)

Thus, for every ({4,7m4+) € Hi x Hf satisfying (26), we have found a unique
triple (A, §_,n—) € U such that £ := {4 +&_ and n := ny + n— satisfy

Fr(A&m) =0, [€=1rs <&, n-lrs <e, A —=&ml <e.
That the quadruple (a,&,n,b) also satisfies the estimate (28) follows from (36)
and (38).

Next we prove that this quadruple (a,&,n,b) satisfies {(z) # 0 and n(z) # 0
for r < |z| < 1. To see this note that

I¢/id)ill, = [ n2 [Gal* < N6l
n>2
and

rIC/id) ], . = \/|<1|2 3 @ nzrn2 |G < (G, + 201C s

n<0
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Hence

swp[¢@)e =1 < e (I =1l +rfid = 1)-],,)
r<|z|<1
< 2¢(llgs —idll, + eIl
< 2e(6+¢)
< 1/2.

Here the first inequality follows from Lemma 10.12 and the last uses the fact
that 2ce < 1/3 and 2¢d < /2 < 1/6. Thus we have proved that ¢ and 7 do not
vanish on the closed annulus r < |z| < 1. Now extend & and 7 to the annulus
r? < |z| <1 by the formulas

b b

e "W g

lay 1)’ r? < ||yl <.

§(x) =

The resulting functions & and 7 are continuous across the circle of of radius

r by (27). Hence they are holomorphic on the large annulus 7% < |z| < 1.

Since (27) holds on the middle circle |z| = 7 it holds on the annulus 7% < |z| < 1.
This proves the proposition for positive real numbers a.

To prove the proposition for general a we use the following “rotation trick”.

Fix a constant § € R. Given {,n € H] ® H;_ and a,b € C define &7 e

H: ® H; _ and a,b € C by

{N(z) = efwg(ewz), 7(z) :== efien(eiez), a:=e 29, b= e 2%,

Then a, b, £, n satisfy (27) if and only if a, b, €, 7 satisfy (27). Hence the result
for general a can be reduced to the special case case by choosing 6 such that
@ := e 2%q is a positive real number. This proves the proposition. O

Proof of Proposition 10.7. The general case can be reduced to the case a > 0
by the rotation trick in the proof of Proposition 10.6. Hence we assume a = 12
and r > 0. Choose positive constants ¢ and C' such that the assertions of
Lemmata 10.12, 10.13, and 10.16 hold with these constants. Choose § and ¢
such that

2¢0 <1, 8C(1+c)e < 1.

Let (a,&,n,b) and (a’,&', 7, V") satisfy the assumptions of Proposition 10.7 with
these constants ¢ and € and denote

A:=b/a=b/r? N=V/d =V /r
Then
r26(r2)n(rz7t) = A, 2 (r2)ny (rz7 ) = N, |z| = 1. (39)
Denote by L, : C x H?

T, —

X H;_ — H? the linear operator given by

LA o) (2) = r 2 (rane (r2 ™) 26 (r2)i(r2 1) = A
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In the notation of 10.11 the operator L, is the restriction of the differential of
Frat (A, &4,my) (for any A) to the subspace C x H; _ x H; _. Since cd < 1/2
it follows from Lemmata 10.14 and 10.16 that the operator L, is invertible and
the norm of the inverse is bounded by 2:

2e SAlL A ). (40)

r,s —

A1+ 1|

2 i)
Let us denote by Q. : H _ x H; _ — H?* the quadratic form

Qule n ) (=) i= 172 (r)m-(r=71).
Then, by Lemma 10.13, we have

lyl=r |z|=r

1Qr (6=, n-)ll, < Cr <|I§—|Ir,s sup [n-(y)| + [n-|l,., sup |§—(9€)I> - (41)

Now let . .
A= N =\ E_=¢ ¢, N :=n" —n.
Then the difference of the two equations in (39) can be expressed in the form
LA\ &) = Q& n-) = Qulel )
= —Qu(6-n) — Q€ 0-) — Qe(6- o).
Abbreviate

Cim i)y [Cs = I+ €12, + - 2.
Then

2Ll

2 (1@ m) s + 1Qr (6= )Ml + Q€= )1 )
20(6- s + 7l s

+20r~1 (sup |é_(x)| + sup |17_(y)|> ||CA||rs

|z[=r lyl=r

1€llrs

INIA

IN

IN

2C(1+ &) (€ [lrs + 7 llrs) IEllms

+20r~1 (sup |€" (x)| + sup |77/(3/)|> 1€]lrs

|z|=r lyl=r
< 8C(1+ c)eC]lr,s-
Here the first inequality follows from (40), the second from the triangle inequal-
ity, the third from Lemma 10.13 and (41), the fourth from Lemma 10.12, and

the last from the assumptions of the proposition. Since 8C(1+c¢)e < 1 it follows
that ¢ = 0. This proves the proposition. o
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Proof of Proposition 10.9. Step 1. The map 7 is continuous.

Continuity for a > 0 is an easy consequence of the proof of Proposition 10.6.
The map f defined in equation (34) depends continuously on the parameters
&4,ny,r and r = y/a depends continuously on a. For complex nonzero a we can
choose 6 in the rotation trick to depend continuously on a. To prove continuity
for a = 0 we deduce from (28) that there is a constant ¢ > 0 such that

17 (a, &+ m)ll == V/[B1% + €112 + [In-[12 < clal.
Here we used the fact that [|C||s < 7||C]|,s for ¢ € HS .

Step 2. Let {1,my € H3(id,d) and a € D\ 0 and denote § := § + & and
7 :=n4 + n—, where (b,6_,n-) =T (a,&+,n+). Then the linear operator

L:CxH;_ xH — H}

defined by

L(b,é- i) (@) = - (2)n(az™") + &(x)ilaz™") — b

1s invertible.

In the notation of the proof of Proposition 10.6 we have that L is conjugate to
the operator df (u). Specifically,

L(S‘T27£*a ﬁ*)T = Tdf(u)(j‘véfvﬁ*)

when a = r2. The operator df (u) is invertible by (35) and (37). For general a
use the rotation trick from the end of the proof of Proposition 10.6.

Step 3. The map T is continuously differentiable for 0 < |a| < 1.

We formulate a related problem. Define a partial rescaling operator
ReiH = HY @ H_,  (Re&)(2) = &(2) + e (r12).
The operator R, is a Hilbert space isometry for every r € (0, 1]. Let
X:=CxCx H®°x H?, Y .= H°.
There is a splitting X = X, & X_ where
Xy =Cx H} x HY, X_=CxH’ xH®.

Let 4 C X denote the open set {0 < |a| < 1} and define F : U — Y by

Fla.b,&n)(2) = (Re&)(r2) - (Rem)(ar™271) =b, = /lal.
Define 7 : U N Xy — X_ by

i(aa §+777+) = (ba (5*)7“5 (77*)7“)5 (bv 5*5 77*) = T(a7§+-77+)-
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(Recall that (.(z) := r7((rz) for ¢ € H? and |z| = 1.) By construction the
graph of T is contained in the zero set of F. By step 2 the derivative of F in the
direction X_ is an invertible operator at every point in the graph of 7. Hence,
by the implicit function theorem, 7 is continuously differentiable. Define the
map R : U — U by

R(a,b,&,n) == (a,b, R,& Rem), 1 :=/]al.

This map is continuously differentiable and

graph(7) = R o graph(7).

Here graph(7') denotes the map (a,§1,n4) — (a,b,&,m) given by (b,{_,n-) :=
T(a,&4,n4). Similarly for graph(7). Hence graph(7) is continuously differen-
tiable for 0 < |a| < 1 and so is 7.

Step 4. The map T is holomorphic for 0 < |a| < 1.

As T is differentiable we have
dT(aa §+7 77+)(d7 é—i—a ﬁ-l—) = (87 é—u ﬁ—)

for @ € C and &4, 74 € HY where &7 € HS
the equation

L(b, e i) () = =& (@)n(az™) = E(@)i(ax™") = (@)’ (ax™aa ™" (42)

for [x| = r := \/|a|. Here L : C x H; x H; — H?® is the operator of Step 2.
Since L is complex linear so is d7 (a, &4, 04 ).

and b € C are determined by

Step 5. The map T is holomorphic for |a| < 1.

That 7 is holomorphic near a = 0 follows from Step 4, continuity, and the
Cauchy integral formula. More precisely, suppose X and Y are complex Hilbert
spaces and 7 : C x X — Y is a continuous map which is holomorphic on
(C\0) x X. Then

1 2m ) )
T(a,7) = o i T(a+ea,z+e?i)do

and
1

T o

27
d7T (a,x)(a, &) / e T (a+ea, x4 e?i)do
0
for a,a € C and z,& € X with a # 0. In the case at hand 7 (a, ) converges
uniformly to zero as |a| tends to zero (see the proof of Step 1). By the Cauchy
integral formula, this implies that d7 (a,x) converges uniformly to zero in the
operator norm as |a| tends to zero. This proves the proposition. O
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Proof of Theorem 10.4. Fix a constant s > 1/2 and choose 4, ¢, and ¢ such that
Propositions 10.6 and 10.7 hold. Shrinking § we may assume 4céd < €. We prove
that the graph of 7 intersects W5 in Us. By definition

graph(7) N Ws C Us.

To prove the converse choose (a,&,7,b) € Us. If a =0 then £- = n_ = 0 and
b =0 so (a,&,n,b) belongs to the graph of 7. Hence assume a # 0 and let
r:=y/la]. Then ||&; —id||, < ¢ and |n4 —id||, < 8. So, by Proposition 10.6,
there is an element (a,&’,n’,b") € Ws N graph(7) satisfying &, = &4, v/, = 14,
and

H{’_Hrs < deré < g, Hn/_HT’S < deréd < e.

We claim that £ =&, n =1n', and b = b'. By Proposition 10.7 it suffices to show
that

sup [§-(z)] <re,  sup [n-(y)| <re.

|z|=r lyl=r

By symmetry we need only prove the first inequality. By the triangle inequality

sup [£(2)| < sup [€(x) — x|+ sup [§4(z) — =] (43)

|z|=r |z|=r |z|=r
By Lemma 10.10 we estimate the first term on the right by

sup |¢(x) — x| < erd. (44)

|z|=r
For the second term we have by Lemma 10.12

sup [§4(z) =z =7 sup |(§4 —id),(2)] < re (&4 —id) [l = er[l&4 —id]],

|z|=r |z|=1
But the series for £ — id has only positive powers and r <1 so

€4 —idll,, < &+ —1d[|, < [I€ —id]], <.

r,s —

Combining the last two lines gives

sup |4 (z) — x| < erd. (45)
|z|=r
Now use (43), (44), and (45) and shrink § so 2¢d < e. O

We close this section with two lemmas that will be useful in the sequel.

Lemma 10.18. Fiz s > 1/2 and choose 6 > 0 as in Theorem 10.4. Let A C
int(D) x C™ be an open set and

A— u5 : (CL, t) = (a’v €a,t; Ta,t, ba,t)
be a holomorphic map. Then the map

®: {(x,y,t) € C*T™ : x,y € int(D), (vy,t) € A} - C xC
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given by
@(1’7 Y, t) = (bt(xu y) = (é-my,t(x)7 nw%t(y))
s holomorphic.

Proof. The evaluation map
HNH: x{z€C:r?<|z| <1} = C:((2) — ((2)

is holomorphic. It follows that the map (x,y,t) — ®¢(z,y) is holomorphic in the
domain xy # 0. We prove that ® is continuous. Suppose x; — = # 0, y; — 0,
and t; — t. Then &y, +, converges to &y, uniformly in a neighbourhood of z,
and hence &g, , +, (x;) converges to &o ¢(x). Moreover, if c and § are the constants
of Lemma 10.10, then

|77$z'yi,ti (yl)| < (06 + 1)|yl|
and SO 7,y ¢, (yi) converges to 79,.(0) = 0. Hence ®,(z;,y;) converges to
Oy (x,0) = (€o,t(x),0). Hence @ is continuous at every point (x,0,t) with = # 0.
By symmetry, ® is continuous at every point (0,y,t) with y # 0. That ® is
continuous at very point (0,0,t) follows again from Lemma 10.10. Since ® is
continuous and is holomorphic in xy # 0, it follows from the Cauchy integral
formula that ® is holmorphic. O

Lemma 10.19. Let &y, 1o : int(D) — C be two holomorphic functions satisfying
£0(0) = n0(0) = 0 and &(0) # 0, n(0) # 0. Then there are neighborhoods Uy
and Uy of (0,0) in C? and By and By of 0 in C and holomorphic diffeomorphisms
O :=(&,m): Uy — Uy and ¢ : By — By such that

5(17, O) = 50(56)7 77(07y) = 770(3J)7 §(x7y)n(x7y) = C(xy)
for x,y near 0.

Proof. Replacing &, and 1o by &,(0)71& and 1 (0)~'ny we may assume w.l.o.g.
that &(0) = n}(0) = 1. Replacing & (x) and no(y) by e *&o(ex) and e~ 1no(ey)
we may assume w.l.o.g. that the power series for £y and 7o lie in H? (id, §) with
0 > 0 as in 10.8. For z € D define «,, 8, € H? by (((2),az, 5.) == T(2,&,M0)
and then define {(x,y) 1= &o(z) + agy(z) and n(z,y) = no(y) + Bay(y). Then
® is holomorphic by Lemma 10.18. A direct calculation shows that d®(0,0) is
the identity so @ is a local diffeomorphism. The desired identities follow from
the definition of 7. To prove that ¢’(0) = 1 differentiate the identity &n = ¢
twice. o

11 Hardy decompositions

In this section we redo Section 9 in parametrized form. We will use the implicit
function theorem on a manifold of maps. The main difficulty in defining a
suitable manifold of maps is that the nodal family 74 is not locally trivial
because the homotopy type of the fiber changes. To circumvent this difficulty
we use the local model of Section 10 for a neighborhood of the nodal set and
suitable trivializations for the complement (see Definitions 11.2 and 11.6).
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11.1. Throughout this section (74 : P — A, Ry, a0) and (75 : Q — B, Sy, bo)
are nodal unfoldings,

Jo i Payg — Qb
is a fiber isomorphism, and py, pa, . . ., pi are the nodal points of the central fiber
Py, 80 q; := fo(pi) (for i = 1,... k) are the nodal points of the central fiber
Qp,- Let m := dimc(A) and d := dim¢(B). Let C4 C P and Cp C Q denote
the critical points of w4 and 7 respectively.

Definition 11.2. A Hardy decomposition for (7 4, R, ap) is a decomposition
P=MUN, OM=0N=DMnN,
into manifolds with boundary such that
N =Ny U---UNy,

each N; is a neighborhood of p;, the closures of the N; are pairwise disjoint, N is
disjoint from the elements of R,, and N is the domain of a nodal coordinate
system. This consists of three sequences of holomorphic maps

(x5, ;) : Ny — D?, 2z A—C, ti: A—Cm L
such that each map
A—=DxC™ ' :ar (z(a),ti(a))
is a holomorphic coordinate system, each map
N; = D? x C" " p— (2i(p), yi(p), ti(wa(p)))
is a holomorphic coordinate system and
zi(pi) = yi(pi) = 0, 2; O MA = T;iYj.

(Note that here N; has a boundary whereas its analog U; in 9.1 was open.)
Restricting to a fiber gives a decomposition

P,=M,UN,, M,=MNP,, N,:=NNP,

where M, is a Riemann surface with boundary and each component of N, is
either a closed annulus or a pair of transverse closed disks. The nodal coordinate
system determines a trivialization

k
L AxT — 0N,  T:=|J{(1),(i,2)} xS, (46)
i=1

where ¢! is the disjoint union of the maps
7r><xi:61Ni—>A><51, O N; == {|x1|:1}7
Xy N, — Ax S 92N; = {ly;| = 1}.

The indexing is so that ¢(A x (i,1) x S*) = 1 N; and (A x (i,2) x S1) = 92 N;.
For a € A define ¢, : ' — ON by 14(A) := i(a, A).

99



Lemma 11.3. After shrinking A and B if necessary, there is a Hardy decom-
position P =M UN as in 11.2 and there are open subsets

U=U,U---UUy, V, W:=U0UnV
of Q and functions &;,m;, (i, i as described in 9.1 such that
fO(Mao) C‘/bov fO(Nao)CUboa

and
&iofoow; (,0,0)=xz,  miofooy; '(0,5,0)=y
for xz,y € D.

Proof. Choose any Hardy decomposition P = M U N as in 11.2 as well as open
subsets U = UU- - -UUy, V., W of Q and functions &;,n;, (;, 7; as described in 9.1.
Read §i0foocvi_1(x) for & (x) and niOfooyi_l(y) for no(y) in Lemma 10.19, let ®
and ¢ be as in the conclusion of that Lemma, and replace (&;,7;) by ® 1o (&, n;)
and ¢; by (7! o (;. This requires shrinking U; (and B). Then shrink N so that
fo(Ng,) C Up, and enlarge V so that fo(Mg,) C Vi,- O

11.4. We use a Hardy decomposition to mimic the construction of 9.3 with a €
A as a parameter. Choose a Hardy decomposition P = M U N for (74, Rx, ap),
open subsets U = Uy U- - -UUg, V, W of @, and functions &;, n;, (;, 7; as described
in 9.1, such that the conditions of Lemma 11.3 are satisfied. Fix an integer
s+1/2 > 1 and define an open subset

W(a,b) € H*(ONa, W)
by the condition that for v € H*(ON,, W) we have v € W(a, b) iff
(@ N SY) C Wi, y(y H(SY) € Wi,

(see 9.1 for the notation W; ; and W; ) and the curves & oyoz; * and n;0yoy; *
from S! to C\ 0 both have winding number one about the origin. For a € A
and b € B let

s+1/2
U(a,b) = {7 _WoN, € Wiap): 1€ Oy, } |

u(CanP,)=CpNQy

v € Hol**V2(M,, Vi), } _

V(a,b) := {’y = v|ON, € W(a,b) : w(R.OPy) = 8.0,

Here Hol**'/2(X,Y) is defined by (16); holomorphicity at a nodal point is de-
fined as in 10.1. Define

Wa = | | W(a,b),  Va:=| | V(a,b), Uy = | | U(a,b),

beB beB beB
We=||Wa,  Vi=| Ve, U=]|]U.
acA acA acA

Our notation means that the three formulas (a,v,b) € W, (v,b) € W,, and
~v € W(a,b) have the same meaning.
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11.5. We use the trivialization ¢ : Ax T — 9N in (46) to construct an auxiliary
Hilbert manifold structure on W. Define an open set

Wo C {(a,v,b) € Ax H*(T,W) x B:wgo~vy=>b}
by the condition that the map
Wo — W (a,,b) — (a,you, ", b) (47)

is a bijection. In particular vy((i,1) x S1) C W; 1 and v((i,2) x S1) C W2
for (a,v,b) € Wy. By a standard construction H*(I', W) is a complex Hilbert
manifold and the subset {(a,~,b) : mgovy = b} is a complex Hilbert submanifold
of Ax H*(I','W) x B. This is because the map H*(I', W) — H*(T', B) induced
by 7p is a holomorphic submersion. Note that Wy is a connected component
of {(a,7,b) : mp oy = b} and hence inherits its Hilbert manifold structure. We
emphasize that the resulting Hilbert manifold structure on W depends on the
choice of the trivialization. Two different trivializations give rise to a homeo-
morphism which is of class C* on the dense subset W N H*T*,

Definition 11.6. A Hardy trivialization for (74 : P — A, R.,ag) is a triple
(M U N,¢,p) where P = M U N is a Hardy decomposition with corresponding
trivialization ¢ : A x I' = ON as in 11.2 and

p: M — Q= M,
is a trivialization such that
Pa O la = lags Pa = p| My : My — Q

fora € A and
p(R) =R.NQ=:71,.

We require further that p is holomorphic in a neighborhood of the boundary,
more precisely that the coordinates x; and y; in Definition 11.2 extend holomor-
phically to a neighborhood of N; and that z; o p = x; near 01 N; and y; 0 p = y;
near 82N1

11.7. The fiber isomorphism fq : P,, — Qp, determines a point
(@0, 70 == fo|ONa,, bo) € W;
this point lies in Y NV as
Yo = tg|ONg, = v9|OMag,, where ug = fo|Nag, 00 := fo|Ma,.

In the sequel we will denote neighborhoods of ag in A and (ag,70,bo) in U, V,
or W by the same letters A, respectively U, V, or W, and signal this with the
text “shrinking A, U, V, or W, if necessary”.

Lemma 11.8. For every (a,v,b) € U NV there is a unique fiber isomorphism
f: Py — Qp with flJON, = .
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Proof. This follows immediately from Lemma 9.4. O

Theorem 11.9. Fiz an integer s + 1/2 > 4. After shrinking A, U, V, W, if
necessary, the following holds.

(i) For each a € A, U, and V, are complex submanifolds of W,.

(ii) U and V are complex submanifolds of W.

(iii) The projections W — A, U — A, V — A are holomorphic submersions.

(iv) The unfolding (mwp, Sk, bo) is infinitesimally universal if and only if
TwoWao = Twolhag D TwoVao wo = (ao,0,bo)-

Proof. In 9.1 it was not assumed that k was precisely the number of nodal pairs

so the arguments of Section 9 will apply when the central fiber @4, is replaced

by a nearby fiber @, with possibly fewer nodal points. Hence (i) and (iv) follow
from Theorem 9.5. We prove (ii) and (iii) in four steps.

Step 1. We prove that U is a complex Hilbert submanifold of W.
The image of the nodal coordinate system (x;,y;,t;) on N; in C x C x C™~!
has the form

{(z,y,t) €D* x C™ 1 (xy,t) € Ay, |2 < 1, |y| < 1}

where A; C C x C™~1 is contained in the open set {|z;| < 1} x C™~1. The
image of the nodal coordinate systems (£;,7;,7;) on U; in C x C x C?~! has the
form

{(&mi;m) € CXCTxC 6] <2, |mil <2, (§mismi) € By},

where B; C C x C?~! is contained in the open set {|¢;| < 4} x C¢~1. By
assumption (see 11.4), the fiber isomorphism fo : Py — Qo between the fibers
over the origin is the identity in these coordinates.

Consider the map

W_)Ax (HS)2k XBI((Z,’}/7b)|—> (a7alaﬂlv"'7ak56kab)

where v € W(a,b) and «; = & ovomi_l and §B; = n; owoyi_l. This map is
a diffeomorphism from W, with the manifold structure of 11.5, onto an open
subset of the Hilbert manifold A x (H*)?* x B. The image of the subset U C W
under this diffomorphism consists of all tuples (a,aq, S, ..., ak, Bk, b) in the
image of W such that

xy = zi(a) = o;(x)Bi(y) = G(b) for i =1,... k.

That this subset is a complex submanifold of A x (H*)?* x B follows from
Theorem 10.4
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Step 2. Define

B={(auvp: °F A, beB, wveHTY2(M,, V),
o P (RN Py) = 8. N Qyp, v|ON, € W(a,b)

and
Z = {(a,v,b) ceB:ve HOlS+1/2(Ma; Vb)}- (48)

We construct an auziliary Hilbert manifold structure on B and show that Z is
a smooth submanifold of B.

In analogy with 11.4 denote

_ Ca€A, beB, veHHVHQ V),
BO . {(a,v,b) : ’U(T*) = S, mea v Opa|8Na € W(a” b) ,

where Q := M,, and 7. := R, N Q = p(R.) as in Definition 11.6. This space
is a Hilbert manifold and the Hardy trivialization (P = N U M, ¢, p) induces a
bijection

By — B: (a,v,b) — (a,v0 pg,b).

This defines the Hilbert manifold structure on B. Note the commutative diagram

By, — B
|
Wo — W

where the bijection Wy — W is given by (47), the map B — W is given by
restriction to the boundary, and the map By — W)y is (a,v,b) — (a,v 0 g, b).
The bijection By — B identifies the subset Z C B with the subset Zy C By
given by

Zy = {(a,v,b) € By:v € Hols+1/2((Q,ja),Qb)},

where j, := (pa)«J|Ma, po : M, — Q is the Hardy trivialization, and J is the
complex structure on P. (Note that the map a — j, need not be holomorphic.)

We prove that Zj is a smooth Hilbert submanifold of By. The tangent space
of By at a triple (a,v,b) is

ToopBo = ToA x {(0,b) € H**V2(Q,0*TQ) x TyB :
drp(v)0 = b, 9(r;) € Ty(sn)Si}-
Let £ — By be the complex Hilbert space bundle whose fiber
Eanwp = H T2 (AT T* Q@ 0" TQy)

over (a,v,b) € By is the Sobolev space of (0, 1)-forms on (€2, j,) of class H*~1/2
with values in the pullback tangent bundle v*7'Q,. As before the Cauchy—
Riemann operator defines a smooth section 9 : By — £ given by

Bla,0,b) = 0y, s(0) = 3 (do+ T o dvo i) (49)
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Here J denotes the complex structure on ). The zero set of this section is the set
Zy defined above. It follows as in the proof of Theorem 9.5 that the linearized
operator Dg v b @ Ty 08B0 — Eawp is surjective and has a right inverse. Hence
the zero set Zy is a smooth Hilbert submanifold of Bg.

Step 3. We prove that V is a complex Hilbert submanifold of W.

As in the proof of Theorem 9.5 restriction to the boundary gives rise to a smooth
embedding
zZ—=W: (a,v,b) = (a77?b)7 Y= U|6Ma,

whose image is V. The only difference in the proof that the restriction map
Z — W is proper is that now we have a C*° convergent sequence of complex
structures on . The proof is otherwise word for word the same. (Note that [16,
Theorem B.4.2] allows for a sequence of complex structures on the domain.)
Hence V is a smooth Hilbert submanifold of W.

We prove that T(4 ) is a complex subspace of T\, WV for each triple
(a,7,b) € V. For this we identify W with W, and hence V with the image V,
of the embedding

Zo— Wy : (a,v,b) — (a,v 0 tgq,b). 50)

(
The tangent space of By at a point (a,v,b) is the space of all triples (a, v, 5) €
T, A x Q°(Q,v*TQ) x T, B that satisfy

dm(v)d =, 0(ri) € Ty(r,)Si, i=1,...,n.

The trivialization 7 x p : M — Ax ) induces a complex structure of the form (6)
on AxQ where j : A — J() is a smooth map and o : TA — Vect(X) a smooth
1-form satisfying (7) and (8). Since p is holomorphic near M with respect to
the complex structure j(ag) on @ = M,, (see Definition 11.6) it follows that
a vanishes near A x 9Q. Let D, : Q%(Q,v*TQ) — Qg&i)(Q,U*TQ) denote
the linearized Cauchy-Riemann operator associated to a (j(a), J)-holomorphic
curve v :  — Q. Then the tangent space of Zy at (a,v,b) is the kernel of the
operator Dqy : T{(a,v,5)Bo — Q?i}l) (Q,v*TQ) given by

Dao (i, 0,b) i= Dy + %J(U)dv . dj(a)a. (51)

It follows from (15) with o;(a) = r; that the vector field a(a, @) vanishes at the
point 7; for every a € A and every a € T, A. Hence the tangent space T{q4 .5 Bo
carries a complex structure

I(a,v,b)(a,9,b) = (\/—m, J(0) — dv - a(a, &), \/—113)
and, by direct calculation using (8), we find
J() 0Dy .y =Dy 0 Z(a,v,b).

Hence the (almost) complex structure Z descends to Zy. Since « vanishes near
the boundary the differential of the embedding (50) is complex linear and hence
Vo is a complex submanifold of W, as claimed.
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Step 4. We prove (iii).

That the projections W — A, U — A, V — A are holomorphic is obvious from
the construction. We prove that these three maps are submersions. For the map
U — A, and hence for W — A, this follows immediately from Proposition 10.9.
For V observe that the linearized operator of the section (49) is the operator (51).
Choose @ € T, A and solve the equation D, ,(a,?,0) = 0 for 0. This equation
has a solution because D, is surjective with domain the space of vertical vector
fields that vanish at the points r; and target the space of vertical (0, 1)-forms.
This proves (iii). O

12 Proofs of the main theorems

Definition 12.1. The set C of critical points of a nodal family 7 : Q — B is
a submanifold of @) and the restriction of 7 to this set is an immersion. The
family is said to be regular nodal at b € B if all self-intersections of 7(C') in
7~ 1(b) are transverse, i.e.

dime¢ (imdn(g1) N -+ - Nimdn(¢m)) = dime(B) —m

whenever ¢, ..., ¢, € C are pairwise distinct and 7(q1) = -+ = 7(¢m) = b; the
nodal family is called regular nodal if it is regular nodal at each b € B.

Lemma 12.2. Let u be a desingularization of the fiber Qy, g be the arithmetic
genus of the fiber, and n be the number of marked points. Then the following
hold:

(i) We have Dy (1i,b) € Yy for (i1,0) € Xyp.
(ii) The operator Dy p : Xyp — Yy is Fredholm.
(iii) The Fredholm index satisfies
indexc(Dyp) > 3 — 39 —n + dime(B)
with equality if and only if ™ is reqular nodal at b.
Proof. We prove (i). Choose (@, b) € X, and let
d: %%, TyB) — QY(2, T, B)

denote usual Cauchy-Riemann operator. Then drg(u)D,4 = ddrp(u)i = 0
since drp(u)i is a constant vector. Hence D, 4 € V,,. Item (ii) is immediate as
D, is Fredholm as a map from vertical vector fields to vertical (0, 1)-forms and
D, is obtained from D, by a finite dimensional modification of the domain.
(A vertical vector field is an element @ € Q°(3, u*T'Q) such that dr(u)i = 0; a
vertical (0, 1)-form is an element n € Q%1 (X, w*T'Q) such that dr(u)n = 0, i.e.
an element of Y,,.)
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We prove (iii). The arithmetic genus g of the fiber is given by

g = #edges — #vertices + 1 + Z gi (52)

2

where #vertices = ). 1 is the number of components of ¥, #edges is the number
of pairs of nodal points, and g; is the genus of the ith component. Now consider
the subspace . .

Xy = {(4,b) € Xp : b=0}

of all vertical vector fields along u satisfying the nodal and marked point condi-
tions. If (@, b) € X, then the vector b belongs to the image of dm(q) for every
q € Qp. Hence the codimension of &, in &, is

codimy, ,(X,) = dim ﬂ imdn(q) | > dimc(B) — #edges
q€Qs

with equality if and only if 7p is regular nodal at b. By Riemann-Roch the
restricted operator has Fredholm index

indexc(Dy, : Xy — V) = 2(3 — 3¢;) — 2 #edges — n.

K2

Here the summand —2 #edges arises from the nodal point conditions in the
definition of X,,. To obtain the Fredholm index of D, ; we must add the codi-
mension of X, in &, ; to the last identity. Hence

indexc(Dyp) > 2(3 — 3¢;) — 3 #edges — n + dimg(B)

K2

= 3-3g—n+dimc(B).

The last identity follows from equation (52). Again, equality holds if and only
if mp is regular nodal at b. O

Proof of Theorem 5.3. The proof is an easy application of the openness of trans-
versality. Take P = Q, A = B, ma = 7w, and fo = id, so 7 is the inclusion
of Ny, in Qp,. Assume the unfolding (7 : Q@ — B, Sk, bo) is infinitesimally
universal. Choose b € B near by, fix an integer s + 1/2 > 4, and let U;, and V,
be the manifolds in 11.4 with P = @ and a = b. To show that (75, Ss,b) is
infinitesimally universal we must show that U}, and V), intersect transversally at
~ where «y is the inclusion of Ny in Q. Since b is near by, so also is 7y near ~p.
Consider the three subspaces T, W, T,,Uy, TV, of T, V. We have that T, Uy =
T\ Wy, NTU and the intersection is transverse as the projection Y — B is a
submersion. Similarly, T,V = T, W,NT, V. Hence the subspaces T,y and T,V
depend contiuously on (b,v). By part (iv) of Theorem 11.9 the submanifolds
Uy, and V, intersect transversally at o, i.e. Ty Wsy, = Ty, U, + T, Vs, Hence
T Wy = T\Uy + T,V for (b,) near (bo,70). Hence the unfolding (7g, S, b) is
infinitesimally universal for b near by by Theorem 11.9 again as required. o
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Proof of Theorem 5.4. We proved ‘only if’ in Section 5. For ‘if” assume that the
unfolding (75, S, bp) is infinitesimally universal. Let (w4, Rs, ag) be another
unfolding and fy : P,, — @b, be a fiber isomorphism. Assume the notation
introduced in Section 11. In particular assume the hypotheses of Theorem 11.9.

Step 1. We show that U and V intersect transversally at (ag,Yo,bo)-

Abbreviate wg := (ag,0,b0). Choose W € Ty, W and let & = dr(wg)w. As
the restriction of m to U is a submersion there is a vector 4 € Ty, with
dm(wo)t = . Then W — 4 € Ty, W,, so by part (iv) of Theorem 11.9 there are
vectors o € TyoUa, and dg € Ty, Va, With W — 4 = 1g + Do.

Step 2. The projection U NV — A is a holomorphic diffeomorphism.

By Step 1 the intersection & NV is a smooth submanifold of W (after shrinking)
and T, (UNV) = T, UUNT,,V for w € UNV. By the inverse function theorem it is
enough to show that dm(wp) : Ty, UUNV) — Ty, A is bijective. Injectivity follows
from part (iv) of Theorem 11.9 and the fact that T, Uy, = Tw,U N ker dm(wo)
and Ty, Vo, = Tw, VNker drr(wo). We prove surjectivity. Choose a € Ty, A. Since
the restrictions of m to U and V are submersions, there exist tangent vectors
@ € TyU and 0 € T,V with dr(wp)t = dn(wo)? = a. The difference 4 — o lies
in Ty, Wa, so, by part (iv) of Theorem 11.9, there are vectors @9 € Ty,Ua, and
00 € TwoVae With @& — 9 = o + 0. Hence @ — @9 = 0 + 0 lies in T3,y (4 NV) and
projects to a.

Now define @ : P — @Q and ¢ : A — B by ¢(a) := b, and ®|P, := f,, where
fa : Po — Qp, is the unique fiber isomorphism that satisfies f,|0N, = 4. (See
Lemma 11.8.)

Step 3. The maps ¢ and ® and holomorphic.

The map ¢ is the composition of the inverse of the projection YNV — A with the
projection YNV — B and is therefore holomorphic by Step 2. By Lemma 10.18
the restriction of ® to int(NN) is holomorphic and hence smooth. To prove that
the restriction of ® to int(M) is holomorphic we write it as the composition

(M) = AxQ—->UNV)xQ— Zix 02— Q

where the first map is the product w4 X p, the second map is the inverse of the
projection U NV — A on the first factor, the third map is given by the obvious
embedding of Y NV into Vy = Z;, and the fourth map is the evaluation map
(a,v,b,2) — v(z). All five spaces are complex manifolds. In particular, the
complex structure on Zy x Q is

(a, 0,b, z) = (\/—m, J(©)0 — dv - ala,d), V—1b, j(a)(z)2 + ala, d)(z)) .
All four maps are holomorphic and hence, so is the restriction of ® to int(M).

Thus we have proved that ® is holomorphic on P\ ON. Since ® is continuous,
it follows that ® is holomorphic everywhere. This proves the theorem. O
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Proof of Theorem 5.5. Assume that the unfolding (75, Sk, bo) is infinitesimally
universal and let (¢, ®) is a pseudomorphism from (w4, Ry, ag) to (wp, Sk, bo).
Then, in the notation of the proof of Theorem 5.4, we have that (y,,bs) =
(D|ON,, ¢(a)) is the unique intersection point of U, and V,. Hence (¢, P)
agrees with the unique (holomorphic) morphism constructed in the proof of
Theorem 5.4. O

Proof of Theorem 5.6. We proved ‘only if’ in Section 5. For ‘if’ assume that
(3, 54,1, 7) is stable. We first consider the case where ¥ is disconnected and
there are no nodal points. Let ¥1,...,3; be the components of ¥, g; be the
genus of 3;, and n; be the number of marked points on ¥;. Let I; C {1,...,n}
be the index set associated to the marked points in 3;. Then {1,...,n} is the
disjoint union of the sets I1,...,I; and n; = |I;| > 2 — 2g;. By Theorem 8.9
there exists, for each j, a universal unfolding (7; : Q; — Bj, {Sji}icr;,boj, voj)
of ¥,. Note that dimc(B;) = 3g; — 3 + n;. Define

BQZ:Bl><'-'><Bk,

k
QO;:|_|Bl><---><Bj_1><Qj><Bj+1X"'XBku

j=1
0Bt oo b1, G5 by b8) = (b ity 75 (@5) s bists - s b,
Soi == {(1,...,bj-1,4¢5,bj41,...,bk) : g € Si;}, iel;
bo := (bo1, - - -, bok),
vo(2) := (bo1, - - -, b0,j—1,v0i(2), b0, j+1; - - -, bok)s z € 3.

Then the quadruple (g, So«, bo, v9) is a universal unfolding of .

Next consider the general case. Denote the nodal points on ¥ by v =
{{r1,s1},---,{rm, sm}} and the marked points by t¢1,...,t,. Assume, with-
out loss of generality, that the signature of (3, ¢, v, j) is a connected graph (see
Definition 3.4). Replace all the nodal points by marked points. Then, by what
we have just proved, there exists a universal unfolding (o, Rox, Sox, Tox, bo, Vo)
of (X, 7, S«,tx, 7). Choose disjoint open sets Uy, ..., Un, V1,...,Vy C Qo such
that

Ry; C Uy, Soi C Vi, UinNTy =ViNTy; =10

fori=1,...,mand j = 1,...,n. Choose holomorphic functions z; : U; — C
and y; : V; — C such that

zi(Ro;) =0, ¥i(S0:) =0

and (mo, ;) and (mo,y;) are coordinates on Q. Shrink B and the open sets
U;, Vi, if necessary. Assume without loss of generality that x,;(U;) = y;(V;) = D.
Define

B::BQX]D)m, QIZQ()X]D)m/N.
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Two points (g, z) and (¢’, z) with ¢ € U; and ¢’ € V; are identified if and only if
mo(q) = mo(q’) and either

zi(q)yi(q') = 2z #0

The equivalence relation on Qg x D™ is generated by these identifications. (Two
points (g,2) and (¢, z) with mo(q) = mo(¢'), ¢ € Ui, ¢ € Vi, 2z; = 0 are not
identified in the case x;(¢) = 0 and y;(¢’) # 0 nor in the case z;(¢) # 0 and
yi(¢') = 0.) The projection 7 : ) — B and the sections T : B — @ are defined
by

or  zi(q) =yi(¢) =2 =0.

m(lg, 2]) == (mo(q), 2),  Tj:={lg, 2] : q € To;}

forj=1,...,n.

We have thus defined @ as a set. The manifold structure is defined as follows.
For i € {1,...,m} denote by C; C @ the set of all equivalence classes [q, z] € Q
that satisfy z; = 0 and ¢ € Rp;. Note that any such point is equivalent to the
pair [¢/, z] with ¢’ € So; and mo(¢") = mo(g). Let

The manifold structure on @ \ C' is induced by the product manifold structure
on Qo x D™. We now explain the manifold structure near C;. Fix a constant
0 < € < 1 and define an open neighborhood N; C @ of C; by

N; = Ciu{[q,z]eQ:qui,@<|xi(q)|<5}
2
o{ide@gen B <<},

A coordinate chart on N; is the map

[Q72] = (b07217' ey Ri—1,T5, Yiy Zi1y - - - ,Zm),

where by := mo(q) € By,

x;(q), ifqeU,
zi= ¢ zi/yilq), ifqeVi 2z #0,
0, ifgeV;, z; =0,

(if [q,2] € N; and g € V; then z; # 0 implies y;(q) # 0), and

yi =< zi/xi(q), ifqeU;, z #0,
0, ifqelU, z =0.

With this construction the transition maps are holomorphic and so @ is a com-
plex manifold. In the coordinate chart on N; the projection 7 has the form

(bOazlv sy Bi—1,Liy Yiy Zit1y - -

] Zm) — (bO; Z)a
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It follows that 7 is holomorphic, the critical set of 7 is C', and each critical point
isnodal. Moreover, 7 restricts to a diffeomorphism from C; onto the submanifold
{#i =0} C B. Hence 7 is a regular nodal family (see Definition 12.1).

Denote b := (bg,0) € B, let ¢ : Qo — Q be the holomorphic map defined by
t(q) :=[g,0], and define v : ¥ — @ by v := ¢ 0 vy. Then v is a desingularization
of the fiber Q, = m=1(b).

We prove that the triple (m,T%,b) is a universal unfolding. Since the sig-
nature of the marked nodal Riemann surface ¥ is a connected graph, the first
Betti number of this graph is 1 — k + m (since m is the number of edges, i.e.
of equivalent pairs of nodal points, and k is the number of vertices, i.e. of com-
ponents of ). Hence the arithmetic genus g (see Definition 3.6) of the central
fiber Qy is given by

k
g—l=m+)Y (g;—1).
j=1

Now recall that n; is the number of special points on X; and

k
an =n+2m.
j=1

Since dimc(B;) = 3g; — 3 + n; this implies

k
dimc(B) = dim¢(By) + m = Z(3gj —3+4+n;)+m=39g—-3+n.

Jj=1

Since the Riemann family 7 : Q — B is regular nodal it follows from lemma 12.2
that the operator D, ; (see Definition 5.2) has Fredholm index zero. Hence D, ;
is bijective if and only if it is injective.

We prove in three steps that D, ; is injective. First, every vector (,b) € X,
with b =: (bo, 2) satisfies 2 = 0. To see this note that dr(v)d = b. For every
1 there is a unique pair of equivalent nodal points in ¥ that are mapped to C;
under v. Since the image of dm at each point in C; is contained in the subspace
{2; = 0} it follows that £ = 0. Second, we define a linear operator

Xvoﬁo — Ayb (60760) = ('[)al;)
by R A
b:= (bo, 0)7 ’[)(8) = (@0(5)70) € Tv(s)Qv

for s € X\ {r1,...,7m,S1,--.,8m}. Then ¢ extends uniquely to a smooth vector
field along v. In the above coordinates on N; the tangent vector (r;) = 0(s;) €
Tyr)@ = Ty(s,)@ has the form (Z;, i, bo, 0), where &; := da;(vo(r;))vo(rs) and
Ui = dy;(vo(si))0o(s;). It is easy to see that this operator is bijective. Third,
since the map ¢ : Qg — @ is holomorphic, it follows that

Dy (9, b) = du(v) Doy 4, (B0, bo).-
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Hence the operator X, 5, — X, restricts to a vector space isomorphism from
the kernel of D, 4, to the kernel of D, . By construction, the operator D, s,
is injective and hence, so is D, ;. Thus we have proved that D, ; is bijective.
Hence, by Theorem 5.4, the quadruple (,Ty,b,v) is a universal unfolding of
(3, 84,1, 7). O

13 Topology

The orbit space of a groupoid inherits a topology from an orbifold structure on
the groupoid. This topology is independent of the choice of the structure in
the sense that equivalent orbifold structures determine the same topology (see
Section 2). In the case of the Deligne-Mumford orbifold M, ,, the topology
has as a basis for the open sets the collection of all sets {[Es]g : b € U} where
(mp : Q — B, S.) is a universal family as in Definition 6.2, the functor

B—>l§gﬁn:bl—>2b

is the corresponding orbifold structure as in Definition 6.4, and U runs over all
open subsets of B. In section 14 we show that M, , is compact and Hausdorff.
(See Example 2.8 for an example which shows why it is not obvious that the
moduli space is Hausdorff.) For this purpose we introduce in this section a
notion of convergence of sequences of marked nodal Riemann surfaces which we
call DM-convergence.

13.1. Let ¥ be a compact oriented surface and v C ¥ be a disjoint union of
embedded circles. We denote by X, the compact surface with boundary which
results by cutting open ¥ along . This implies that there is a local embedding

o:¥y— X

which maps int(X,) one to one onto ¥ \ v and maps 03, two to one onto 7.
One might call o the suture map and v the incision.

Definition 13.2. Let (X,2') and (X,v) be nodal surfaces. A smooth map
¢: X'\ v — X is called a (v/,v)-deformation iff v C ¥\ v/ is a disjoint
union of embedded circles such that (where o : E;, — ¥/ is the suture map just
defined) we have

o ¢’ = {{o(h), o)} {wi. a} €v'} C v
e ¢ is a diffeomorphism from %'\ 4" onto X\ 7, where v := J(v \ ¢.1/).

e ¢oolint(X],) extends to a continuous surjective map ¥, — ¥ such that
the preimage of each nodal point in v is a component of 62;, and two
boundary components which map under o to the same component of ~’
map to a nodal pair {z,y} € v.

A sequence ¢ : (B \ Vi, k) — (2, v) of (v, v)-deformations is called mono-
typic iff (¢).vx is independent of k.
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Definition 13.3. A sequence (Xy, Sk «, Vk, jx) of marked nodal Riemann sur-
faces of type (g,n) is said to converge monotypically to a marked nodal
Riemann surface (X, s.,v,j) of type (g,n) iff there is a monotypic sequence
oK X \ vk — X of (v, v)-deformations such that for i = 1,...,n the sequence
¢1(Sk,;) converges to s; in X, and the sequence (¢x).Jji of complex structures on
¥\ v converges to j|(X \ 7) in the C* topology. The sequence (X, Sk «, Vi, jk)
is said to DM-converge to (X, j, s, v) iff, after discarding finitely many terms,
it is the disjoint union of finitely many sequences which converge monotypically
to (%, 8,v,7).

Remark 13.4. Assume that (X, Sk, «, Vk, jr) DM-converges to (3, s., v, j), that
(ks Sk,x; Vi, Jk) 18 isomorphic to (37, sy, ., 1, ji.), and that (3, s., v, j) is isomor-
phic to (X', s},v/,5'). Then (3, s}, ., vy, jj,) DM-converges to (X', s},v/, j').

R

Remark 13.5. Our definition of deformation agrees with [10, page 79]. Our
definition of monotypic convergence is Hummel’s definition of weak convergence
to cusp curves in [10, page 80] (with the target manifold M a point) except that
he does not allow marked points. However, the conclusion of Proposition 5.1
in [10, page 71] allows marked points in the guise of what Hummel calls degener-
ate boundary components. We will apply Proposition 5.1 of [10] in the proof of
Theorem 14.5 below after some preliminary constructions to fit its hypotheses.

Theorem 13.6. Let (7 : Q — B, S,,by) be a universal unfolding of a marked
nodal Riemann surface (2o, So,x, V0, J0) of type (g,m) and (Bk, Sk, Vi, ji) be a
sequence of marked nodal Riemann surfaces of type (g,n). Then the following
are equivalent.

(i) The sequence (X, Sk, Vi, ji) DM-converges to (2o, 0.4, V0, Jo)-

(ii) After discarding finitely many terms there is a sequence by, € B such that
bi, converges to by and (X, Sk, Vk, ji) arises from a desingularization
Uk - Zk — Qbk'

We postpone the proof of Theorem 13.6 till after we treat the analogous
theorem for fiber isomorphisms.

Definition 13.7. Let (74 : P — A, Ry, a9) and (75 : Q — B, S.,bg) be two
unfoldings of type (g,n) and fi, : P, — @, be a sequence of fiber isomorphisms.
The sequence fr, DM-converge to a fiber isomorphism fy : Py, — @, iff
ar — ag, by — bg, and for every Hardy decomposition P = M U N as in
Definition 11.2 the sequence fi o tq, converges to fo o ¢y, in the C*° topology.

Theorem 13.8. Let (ma : P — A, R.,a0) and (7 : Q@ — B, S.,by) be two
universal unfoldings of type (g,n) and ar — ao and by — by be convergent
sequences. Let (®,¢) : (P,A) — (Q,B) be the germ of a morphism satisfying
¢(ag) = bo and @,, = fo. Then the following are equivalent.

(1) The sequence (ag, fr,br) DM-converges to (ao, fo,bo)-
(ii) For k sufficiently large we have ¢p(ax) = by and ®,, = fr.
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Proof. That (ii) implies (i) is obvious. We prove that (i) implies (ii). Recall the
Hardy decomposition as in the definition of the spaces U, V, W in 11.4. The
proof of Theorem 5.4 in Section 12 shows that

(a, 40N N Py, $(a)) = Uy N V.

But (ak, fx|ON N P, ,by) € Uy, NV, C W for k sufficiently large by DM-
convergence. Both sequences (ay, ., |[ONNP,, ,d(ar)) and (ag, fx|ONNP,, , bi)
converge to the same point (ag, fo|ON N P,,,bo). Hence by transversality in
Theorem 11.9 they are equal for large k. Now use Lemma 11.8. O

Proof of Theorem 13.6. We prove that (ii) implies (i). Let ug : g — Qp, be a
desingularization. Assume that by converges to b and that uy : ¥ — Qp, is a
sequence of desingularizations. Choose a Hardy trivialization (Q = M UN, ¢, p)
for (m, Si, bo) as in Definition 11.6. For each b € B choose a smooth map

Yy 1 Qp — Qo

as follows. The restriction of 1, to M, agrees with p,. Next, using the nodal
coordinates of Definition 11.2, extend v to a neighborhood of the common
boundary of M and N via (x;,0,%;) +— (2;,0,0) for 24/]2;(b)| < |z;] < 1 and
(0,yi,t;) — (0,9, 0) for 24/|2;(b)| < |yi| < 1. Finally, when z;(b) # 0, extend to
a smooth map @, N N; — Qp, N N; that maps the circle |z;| = |yi| = /|2i(b)]
onto the nodal point ¢g; and is a diffeomorphism from the complement of this
circle in @Qp N N; onto the complement of ¢; in Qp, N V;. Denote

we= J u'({feeQnN;: |zi(q)] = lyi(9)] = VIzi(r)]}) C Zi.

Zq (bk);éO

Then, for every k, there is a unique smooth map ¢y, : X \ 7 — o such that

U0 © P = Py, o up : X \ Vi — Qb -

It follows that ¢ is a sequence of deformations as in Definition 13.2 and that
this sequence satisfies the requirements of Definition 13.3. (The sequence ¢y
is monotypic whenever there is an index set I such that, for every k, we have
zi(bg) = 0 for i € I and zx(b;) # 0 for i ¢ I; after discarding finitely many
terms, we can write ¢ as a finite union of monotypic sequences.) Hence the
sequence (X, Sk.«, Vi, jk) DM-converges to (X, 4, S«,v). Thus we have proved
that (ii) implies (i).

We prove that (i) implies (ii). Let (X, Sk «, Vk, ji) be a sequence of marked
nodal Riemann surfaces of type (g,n) that DM-converges to (%, 7, s«,v). If
Y. has no nodes then ¥; has no nodes and the maps ¢ : X — X in the
definition of DM-convergence are diffeomorphisms. Since (¢).ji converges to
J, assertion (ii) follows from the fact that a slice in J(3) determines a universal
unfolding. The same reasoning works when (X, sk «, V) has the same signature

73



as (X, s«,v). To avoid excessive notation we consider the case where (X, ) has
precisely one node and (X, 1) has no nodes, i.e.

v =0, v =:{{20, 200 } }
Choose holomorphic diffeomorphisms
z:(Do,20) = (D,0), Y1 (Aoo, 200) = (D, 0),
where Ag, Ay C X are disjoint closed disks centered at zg, zo, respectively and
A:=AgUAx

does not contain any marked points. For § € (0,1) let A(d) := Ag(d) U Ax(9)
where

Ao(0) :=={p€ Ao :|z(p)| <6},  Ax(d):={q€ Ax:y(q)| <d}.

A decreasing sequence §; € (0,1) converging to zero determines a sequence of
decompositions

Y =0Q,U A(ék), oy, = 6A(6k) =N A((Sk)

Thus € is obtained from ¥ by removing a nested sequence of pairs of open
disks centered at the nodal points so (J, Qr = X\ {20,200}, QU C Qi41, and
Qe NA = (2N AU (Q NAy) is a disjoint union of two closed annuli.

Claim. There are sequences of real numbers Ok, Tk, Ook, Ok, SMOOth embed-
dings

Jo i Qe =k, & Ak 1) = Alre, 1), et A(Gk, 1) — A(ri, 1),
and holomorphic diffeomorphisms
hi : Alrg, 1) = A =35\ fe(Z\ A),
satisfying the following conditions.
1) fijr converges to j in the C* topology on X\ {20, zeo }-
2) fijk is equal to j on QN A(3).
3) &(Sh) =m(Sh) =S
4) hi(&k(z(p))) = f(p) for p € QN Ao.
5) hg <L> = fr(q) for g € QN A.
m(y(9))

6) &u(xz(p)) = ek a(p) for p € U N Ao(3).
7) ne(y(q)) = €=ry(q) for g € QN As(3).
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Proof of the Claim. Let d; € (0, 1] be any sequence decreasing to zero, for
example d; := 1/k, and denote Qj, := X \ int(A(d;)). Define fi : Qr — Xi by
Fro o= (drlér (%))~ where ¢y : $i \ 7% — 3 is as in Definition 13.3. Then f;
satisfies 1). We will modify J; and fi to satisfy the other conditions.

By the path lifting arguments used in the proof of Theorem 7.1 (see also
Appendix C.5 of [16]) there is a sequence of holomorphic embeddings

gr s (N A, J) — (e, frJx)

that converges to the identity in the C*° topology and preserves the boundary
of Q. Extend gi to a diffeomorphism, still denoted by gi : Q — Qg, so that
the extensions converge to the identity in the C*° topology and replace fi by
f% o gr. This new sequence satisfies 1) and 2); in fact, fx is now holomorphic on
Q. N A. (Below we modify f; again.)

The set A C X, is an annulus with boundary fx(90A¢)U fr(0A) so there is
a unique number 7, > 0 and a holomorphic diffeomorphism Ay : A(rg, 1) — Ay,
unique up to composition with a rotation, such that

hi(S") = fr(0A0), hi(riSt) = fr(0Ax).

The embeddings & : A(dk, 1) — A(rg, 1) and ng @ A0k, 1) — A(rg, 1) defined
by 4) and 5) satisfy 3); they are holomorphic because fj is holomorphic on
Qr N A. Hence by Lemma 13.10 below 7 < d; and so 1, converges to zero.

By Lemma 13.11 below, there are sequences g > 0, pg > 0k, and Ogi, Ooor, €
[0, 27] such that ej and py converge to zero and

|27 & (2) — e"or| < e, ly e (y) — ek | < ey,

for z,y € A(pr,1). To see this let 6(m) > 0 be the constant of Lemma 13.11 with
e = p = 1/m, choose an increasing sequence of integers k., such that d; < d(m)
for k > ky,, and define ¢ := pp := 1/m for kp, < k < k1. We call this
kind of argument proof by patience. It follows that the maps x +— e~ "0r &, ()
and y — e~k (y) converge to the identity uniformly with all derivatives on
every compact subset of int(D) \ 0.

Next we construct two sequences of diffeomorphisms ay, G : D — D, con-
verging to the identity in the C'°° topology, and an exhausting sequence of
closed annuli By, C int(D) \ 0, such that ay and By are equal to the identity in
a neighborhood of S' = 9D and

& (ap () = e, M (Bi(y)) = e¥=ry

for z,y € Bi. The assertion is obvious by an interpolation argument when the
sequence By, is replaced by a single closed annulus B C int(D) \ 0. Now argue
by patience as above.

Increasing dy, if necessary we may assume that A(dy, %) C By, for all k.
Denote 2 := X \ int(A(dx)) as above. Now replace & by & o aj and n; by
Nk © Br. These functions satisfy 6) and 7). Redefine fi so that 4) and 5) hold
with the new definitions of £, and 7. Thus we have proved the claim.
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In the following we assume w.l.0.g. that (7 : Q — B, S, bp) is the universal
unfolding of (X, s,, v, j) constructed in the proof of Theorem 5.6. Now define
the marked Riemann surface (3}, s} ., ;) by

g Z\int(AGR)

~

)

where
k= Fidks Shi=fi (ska),
and where the equivalence relation is defined by

pr~q = z(p)y(q) = z, 2 1= rpe PortOocr)

for p € Ap and ¢ € Ay with |z(p)| = |y(¢)| = /7k. Then, after removing
finitely many terms, there is a sequence of regular values by, € Bof 7 : Q — B
and a sequence of desingularizations u}, : ¥ — @, such that

up(s).:) = Si N Qu,

and jj, is the pullback of the complex structure on Qp, under u). This follows
from Theorem 8.9 and the construction of a universal unfolding in the proof of
Theorem 5.6. Moreover, (X7, 8;67*,]'];) is isomorphic to (Xg, Sk, jk). An explicit
isomorphism is the map 1y, : ¥}, — X, defined by

fx(p) for p e ¥\ A,
hi (& (2(p))) for p € Ag with 6 < |z(p)| < 1,
Uelp) = { (@ a(p)  for p e Ao with VT < [a(p)] < by,

Tk .
hy | —————= for p € A with 6 < |y(p)| <1,
* (nk(y(p))> + < )l

Tk

gy ) P € Ao with VT < [y(p)] < 0

hi

That (i) implies (ii) in the case of a single node follows immediately with
Up = u% O’Qle_l 1 Xk — Qb
The case of several nodes is analogous. This proves Theorem 13.6. O

Remark 13.9. The sequence uy, just constructed is such that ug () converges
to the nodal set in Qp, and ug o ¢ " : ¥\ Ur — @Q converges to ug|(X \ Uv) in
the C*° topology. To prove this, note that

e () € {lpl = [a] € %+ vk < Jz(p)l, ly()] < 6k}

Hence, by Step 1, u(vx) converges to the nodal point in Qp,. Moreover, the
main part of 3} can be identified with the subset Q) C ¥ (exhausting ¥ \ Uv in
the limit £ — 00), the sequence uj, converges to ug on 3\ Ur under this identifi-
cation, and ¢y o Yy : Q0 — X converges to the identity under this identification.
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Lemma 13.10. If there is a holomorphic map f : A(ri, R1) — A(re, Ra) in-
ducing an isomorphism of fundamental groups, then Ry/r1 < Ra/rs.

Proof. The result is due to Huber [9]; an exposition appears in [14, Theorem 6.1,
page 14]. The proof uses the Schwarz Pick Ahlfors Lemma (a holomorphic map
from the unit disk to itself is a contraction in the Poincaré metric). The circle of
radius v/r1 Ry is a geodesic in the hyperbolic metric of length 272/ log(R1/7r1);
its image under f is shorter and hence so is the central geodesic in A(rq, Re). O

Lemma 13.11. For every ¢ > 0 and every p > 0 there is a constant 6 € (0, p)
such that the following holds. If u : A(6,1) — D\ 0 is a holomorphic embedding
such that u(S') = St then there is a real number 0 such that

x € Ap, 1) = |z u(z) — eie‘ <e.

Proof. Tt suffices to assume u(1) = 1 and then prove the claim with 6 = 0.
Suppose, by contradiction that there exist constants € > 0 and p > 0 such that
the assertion is wrong. Then there exists a sequence d; > 0 converging to zero
and a sequence of holomorphic embeddings u; : A(d;,1) — D\ 0 such that

u; (S = St u; (1) =1, sup |ui(z) — x| > ep.
p<|z[<1

We claim that u; converges to the identity, uniformly on every compact subset
of D\ 0. To see this extend u; to the annulus A(d;,1/d;) by the formula

1

for 1 < |z| < 1/6;. Think of the extended map as a holomorphic embedding
wi : A(6;,1/8;) — S?\ {0,00}. Next we claim that

sup sup |du;(z)] < oo (53)
i z€K

for every compact subset K C C\ 0. Namely, the energy of the holomorphic
curve u; is bounded by the area of the target manifold S2. So if |du;(z;)| — o
for some sequence z; — zo € C\0, then a holomorphic sphere bubbles off near zg
and it follows that a subsequence of u; converges to a constant, uniformly on ev-
ery compact subset of C\ {0, z9}. But this contradicts the fact that u;(S') = S*.
Thus we have proved (53). Now it follows from the standard elliptic bootstrap-
ping techniques (or alternatively from Cauchy’s integral formula and the Arzela—
Ascoli theorem) that there is a subsequence, still denoted by w;, that converges
in the C* topology to a holomorphic curve ug : C\ 0 — 52\ {0,00}. By the
removable singularity theorem, ug extends to a holomorphic curve ug : 2 — S2.
Since u; is an embedding for every i, it follows that ¢ is an embedding and hence
a Mobius transformation. Since u;(S') = S, u;(1) = 1 and 0 ¢ u;(A(d;, 1)), it
follows that
ug(Sh) = St ug(1) =1, uo(0) = 0.



This implies that ug = id. Thus we have proved that u; converges to the identity,
uniformly on every compact subset of D\ 0. This contradicts the inequality
SUP,<|q<1 |wi(2) — 2| > €p and this contradiction proves the lemma. O

14 Compactness

In this section we prove that every sequence of stable marked nodal Riemann
surfaces of type (g,n) has a DM-convergent subsequence. Our strategy is to
perform some preliminary constructions to reduce our compactness theorem to
Proposition 5.1 of [10, page 71]. We begin by rephrasing Hummel’s result in a
weaker form that we will apply directly (see Proposition 14.4 below).

14.1. Let W be a smooth oriented surface, possibly with boundary and not
necessarily compact or connected. A finite extension of W is a smooth ori-
entation preserving embedding ¢ : W — S into a compact oriented surface S
such that S\ ¢(W) is finite. If ¢; : W — S and o : W — Sy are two such
extensions, the map ¢ o Lfl extends to a homeomorphism, but not necessarily
to a diffeomorphism. Let Wy,..., W, be the components of W, Si,...,S; be
the corresponding components of a finite extension S, g; be the genus of .S;,
m; be the number of boundary components of W;, and n; be the number of
points in S; \ ¢(W;). The (unordered) list (g;, mi, n;) is called the signature of
W. Two surfaces of finite type are diffeomorphic if and only if they have the
same signature. (Compare 3.4 and 3.5.) We say that W is of stable type if
n; > x(S;) (at least one puncture point on an annulus or torus, at least two on
a disk, and at least three on a sphere).

14.2. A hyperbolic metric on W is a complete Riemannian metric h of con-
stant curvature —1 such that each boundary component is a closed geodesic. A
finite extension of a complex structure j on W is a finite extension ¢ : W — §
such that ¢,j extends to a complex structure on S; we say j has finite type if
it admits a finite extension.

Proposition 14.3. Let W be a surface of stable type. Then the operation which
assigns to each hyperbolic metric on W its corresponding complex structure (ro-
tation by 90°) is bijective. It restricts to a bijection between hyperbolic metrics
of finite area and complex structures of finite type.

Proof. The operation h — j is injective by the removable singularities theorem
and surjective by applying the uniformization theorem to the holomorphic dou-
ble. If j is of finite type, then the area is finite by [10, Proposition 3.9 page 68].
If h is of finite area, then j is of finite type by [10, Proposition 3.6 page 65]. O

Proposition 14.4 (Mumford—Hummel). Let S be a compact connected surface
with boundary and x1,...,T, be a sequence of marked points in the interior of
S such that W := S\ {x1,...,x,} is of stable type. Denote

0S5 =: 1S U---U0nS,
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where each 0;S is a circle. Let ji be a sequence of complex structures on S and
hi be the corresponding sequence of hyperbolic metrics on W. Assume:

(a) The lengths of the closed geodesics in W\ OW are bounded away from zero.
(b) The lengths of the boundary geodesics converge to zero.

Then there exists a subsequence, still denoted by (ji, hi), a closed Riemann sur-
face (2, 7) with distinct marked points &1,...,&n, M1, - -, Nm, @ hyperbolic metric
h of finite area on X\ {&1,...,&n, M1,y m}, and a sequence of continuous
maps ¢ S — X satisfying the following conditions.

(1) ou(xi) =& fori=1,...,n and ¢(0;S) =n; fori=1,...,m.
(ii) The restriction of ¢y to S\ IS is a diffeomorphism onto X\ {n1,...,nm}.

(iii) (dr)«jr converges to j on B\ {n1,...,nm}.
(iv) (¢r)«hi converges to h on L\ {&1, ..., &, My s Pm}-

Proof. This follows from Proposition 5.1 in [10, page 71]. The discussion pre-
ceding Proposition 5.1 in [10] explains how to extract the subsequence and how
to construct the Riemann surface (X, j) and the hyperbolic metric h. O

Theorem 14.5. Every sequence of stable marked nodal Riemann surfaces of
type (g,m) has a DM-convergent subsequence.

Proof. Let (Xg, Sk« Vk,jk) be a sequence of marked nodal Riemann surfaces
of type (g,n). Passing to a subsequence, if necessary, we may assume that
all marked nodal surfaces in our sequence have the same signature (see Defini-
tion 3.4) and hence are diffeomorphic. Thus we assume that

(Eka Sk,*vyk) = (275*71/)

is independent of k. Denote by ¥* the possibly disconnected and noncompact
surface obtained from ¥ by removing the special points. Let hj be the hyperbolic
metric on ¥* determined by ji (see Proposition 14.3).

Let £} be the length of the shortest geodesic in X* with respect to hy. If a
subsequence of the E}C is bounded away from zero we can apply Proposition 14.4
to each component of ¥ and the assertion follows. Namely, the maps ¢y in
Proposition 14.4 are deformations as in Definition 13.2.

Hence assume £}, converges to zero as k tends to infinity and, for each k,
choose a geodesic v} with length £}. Passing to a further subsequence and, if
necessary, modifying hjy by a diffeomorphism that fixes the marked and nodal
points we may assume that the geodesics 7% are all homotopic and indeed equal.
Thus

="
for every k. Now let £2 be the length of the shortest geodesic in ¥\ ! with
respect to hg. If a subsequence of éi is bounded away from zero we cut open
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¥ along v'. Again the assertion follows by applying Proposition 14.4 to each
component of the resulting surface with boundary.

Continue by induction. That the induction terminates follows from the fact
that the geodesics in (X*, hy) of lengths at most 2arcsinh(1) are pairwise disjoint
and their number is bounded above by 3g — 3 + N, where N is the number of
special points (see [10, Lemma 4.1 page 68]). This proves the theorem. O

Lemma 14.6. Let (7 : P — A, R.,ag) be a nodal unfolding and C C P be the
set of critical points of m. Then, after shrinking A if necessary, there exists a
closed subset V. C P and a smooth map

p: P\V = P, \V
satisfying the following conditions.

(i) For every a € A we have CN P, CV NP, =:V,; moreover C N Py, = V.

(ii) FEach component of V intersects P, either in a simple closed curve or in a
nodal point.

(iif) For every a € A the restriction pg := p|Pa \ Va : Po \ Vo — Pay \ Vu, s a
diffeomorphism; moreover pq, = id.
Proof. Choose a Hardy trivialization (P = M U N, ¢, p) as in 11.6 and write
N=N;U---UNjg.

as in Definition 11.2. Let (z;,t;) : A — U; € D x C™ ! and (z,v:,t;) :
N; — D? x C™~! be the holomorphic coordinates of Definition 11.2 so that
zi(m(p)) = z;(p)y:(p) and the critical set C' C P has components

Ci:={p e Ni : zi(p) = yi(p) = 0}.
Define

ViU UV, Vo= {pe Ni s i)l = o) = VIEGE)T |-

This set satisfies (i) and (ii). The restriction of the trivialization p : M — M, to
ON; C ON = OM is, in the above coordinates, given by p(x;,v:,t;) = (2;,0,1;)
for |x;| = 1 and by p(z;, y;, ;) = (0,y:,t;) for |y;| = 1. We extend this map by
an explicit formula. Choose a smooth cutoff function f : [1,00) — [0, 1] such
that 5'(r) > 0 for every r and

fr=1, for1<r<3/2,
A(r) _{ 1, forr > 2.

3

Then define the extension p : N; \ V; — P,, in local coordinates by

(8 (VT @i 0,t:) . if sl > i,
(0.8 (VIol i) wists) - i€ [yl > ol

The resulting map p: P\V — P, is smooth and satisfies (iii). This proves the
lemma. O

p(z’ia ylvt) =
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Proof of Theorem 6.6. Let (m : Q@ — B,S,) be a universal family and denote
by (B,T') the associated etale groupoid of Definition 6.4 (see Theorem 6.5). We
prove that this groupoid is proper. Thus let (ak, fx, bx) be a sequence in " such
that aj converges to ag and by converges to by. We must show that there is
a fiber isomorphism fy : Qq, — @b, such that a suitable subsequence of f
DM-converges to fo (see Definition 13.7). To see this choose desingularizations

LS Qg X Q.

Denote by (3, s.,v,j) and (¥, s,,v/, ;') the induced marked nodal Riemann

R )

surfaces. Consider the following diagram

fi
Qak \ Vak —ts Qbk \ ka

’
L L
/ lpa,C J{pbk k
7

S\ v —= Qap \ Vap Qvo \ Vo, ~— X'\ v/

Here the sets V,, := V N Q, and the diffeomorphisms p, : Qo \ Vo — Quy \ Vao
are as in Lemma 14.6 for a near ag; similarly for b near by. Moreover,

o —1 /o —1 /
U = Pq,, Ol L *= Py, OL-

By definition, the pullback complex structures
gk = | Qays  Jh =1 JIQu,

converge to j, respectively j’, in the C*° topology on every compact subset of
¥\ v, respectively ¥/ \ /. By Lemma 14.6, there exist exhausting sequences of
open sets

UkCE\M U;;CE/\I/, fk(Uk)CU,;,

such that j, can be modified outside Uy, so as to converge in the C'* topology
on all of ¥ to j, and similarly for j;. Then

uy 1= (L?C)f1 ofpotg:Up — Y

is a sequence of (ji, j;.)-holomorphic embeddings such that ux(s.) = s,. The
argument in Remark 8.5 shows that, if the first derivatives of uj are uniformly
bounded, then wi has a C'°° convergent subsequence. It also shows that a
nonconstant holomorphic sphere in @) bubbles off whenever the first derivatives
of uy, are not bounded. But bubbling cannot occur (in 3\ v). To see this argue
as follows. Suppose z; converges to zp € X\ v and the derivatives of uy at zj
blow up. Then the standard bubbling argument (see [16, Chapter 4]) applies. It
shows that, after passing to a subsequence and modifying zj, (without changing
the limit), there are (i, jx)-holomorphic embeddings ¢ from the disk Dy C C,
centered at zero with radius k, to ¥ such that €(0) = z, the family of disks
er(Dy) converges to zp, and uy, o g converges to a nonconstant J-holomorphic
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sphere vg : $2 = CUoco — Qp,. (The convergence is uniform with all derivatives
on every compact subset of C.) Hence the image of vy contains at least three
special points. It follows that the image of uy o e contains at least two special
points for k sufficiently large. But the image of w; contains no nodal points,
the image of e} contains at most one marked point, and u; maps the marked
points of ¥ bijectively onto the marked points of ¥’. Hence the image of uy o ey,
contains at most one special point, a contradiction.

This shows that bubbling cannot occur, as claimed, and hence a suitable
subsequence of u converges in the C*°-topology to a (7, j)-holomorphic curve
uo : X\ v — ¥\ V. Now the removable singularity theorem shows that wug
extends to a (j,j’)-holomorphic curve on all of ¥ and maps v to v'. That ug
is bijective follows by applying the same argument to f, 1. Hence there exists
a unique fiber isomorphism fy : Qu, — Qp, such that /' oug = fy ot By
construction, the subsequence of fi DM-converges to fo

Thus we have proved that the map s x ¢t : I' — B x B is proper. Hence,
by Corollary 2.13, the quotient space B/T" is Hausdorff. Moreover, by Theo-
rems 13.6 and 14.5, it is sequentially compact. Since B is second countable it
follows that B/T is compact. This completes the proof of Theorem 6.6. O

Corollary 14.7. Suppose that a sequence of marked nodal Riemann surfaces of
type (g,n) DM-converges to both (X, s., v, j) and (X', s,,v',j'). Then (X, s«,v, j)
and (X', s,,v',j') are isomorphic.

Proof. Let (7 : Q@ — B, S.) be a universal family. By Theorem 13.6 there exist
points ag, by € B and sequences ar — ao, by — by such that (3, s.,v,j) arises
from a desingularization of Q,,, (X, s, 7', j’) arises from a desingularization of
@b, and the fibers Q,, and Q, are isomorphic. Hence, by Theorem 6.6, there
exists a fiber isomorphism from Q,, to @p,, and so (X, s., v, ) and (X', s, v/, j")

are isomorphic. O

A Fractional Sobolev spaces

In this appendix and the next we summarize, for the convenience of the reader,
the basic properties of fractional Sobolev spaces used in this article.

A.1. For s > 0 denote by H*(S') the Hilbert space of all power series
u(eie) — Z uneme
nez

with coefficients u,, € C whose norm

2
lully = llll o sy = [ D1+ |n)? fun|
neZ

is finite. Thus H°(S') = L?(S!) and, for s > 0, we have H*(S') c L?(S!) with

a compact dense inclusion.
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Lemma A.2 (Sobolev Estimate). For every s > 1/2 there is a constant ¢ > 0
such that every smooth function u: S* — C satisfies

||u||Loo(sl) <c ||u||Hs(sl) :

Proof. The constant is ¢ = /3", o, (1+[n])=2%. For z = ¢ € S* we have
u(2) <D funl =Y (1 [n])” fual (L [n) ™" < ellull o s
ne neZ

where the last step is by the Cauchy—Schwarz inequality. O

Lemma A.3 (Weak product estimate). For allt > s > 0 with t > 1/2 there is
a constant ¢ > 0 such that, for all uw € H*(S*) and v € H'(S'), we have

||u’U||HS(51) <c HUHHS(Sl) HU”Ht(Sl) ’

Proof. The constant is

1 k 2s
cmop |3 (D

25 37 <0
kez \ iy, (L4 [k —n|)™ (1 + [n])

To see that this constant is finite assume k£ > 0 and consider the sum over the
four regions n < 0,0<n <k/2, k/2<n<k,and n > k. Now

luolly < D01+ k)™ (ZI%—TLIIM)

kEZ nez

(1+ k) |
> <Z (+ b= )™ (1+ |n|>2’*>

k€EZ \n€Z

: (Z (L+ [k = n])* fur—n|* (1 + n])* Ivnl2>

nez

A (Wt [k = nl)* Jur—nl® (1 + n))* vn|*

kEZn€EL

2 2
e Jlull lloll; -

A

IN

IN

The third step follows from the Cauchy—Schwarz inequality. This proves the
lemma. O

A.4. The Fourier transform of a function f : R — C is defined by

F(Hw) = w% / e f ) da

For s > 0 the H*(R) norm of f is defined by

171 o= 1l ey = \/ / (14 W)= |F () ()2 do.
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The space H*(R) is defined to be the completion of the space of smooth functions
of compact support in this norm. It is a Hilbert space.

Lemma A.5. For every closed interval I C R of length less than 21 and every
s > 0 there is a constant ¢ > 0 such that

T lull e gsny < Wfll sy < cllullgsgsn

whenever f is supported in I and u(e®®) = f(x) for x € I and u(e’®) = 0 for
x ¢ I+ 27Z.

Proof. Choose a smooth function [0,1] x ST — St : (t,e%®) — ¢;(e™®) such that
Be(e™) = e " for t€[0,1] and =ze€l.

Then the Fourier coefficients of ¢;u are

(G = 5= [ (e ule) do = —=F (1) -+

and hence

1 s
loeulyeqsny = 5= D (1 + [0 IF(H @+ D).

neZ

By Lemma A.3, there is a constant ¢ > 0 such that

cHlullgre sy < Neullgegsny < e llullgesn

for every smooth function u : S' — R and every t € [0,1]. Squaring this
inequality and integrating over the interval 0 <t <1 gives

_ 1 ! ;
2l sy < 52 D / (L+ [n)* |F )+ O dt < e [Jullfe g1 -
neZ

The assertion follows by comparing the factor (1 + |n|)** with (14 |n + ¢)**
their ratio is bounded below by 272% and is bounded above by 225 for all n € Z
and ¢ € [0, 1]. =

Lemma A.6. Assume 0 < s < 1. Then there is a constant ¢ > 0 such that

/RIVIQS |F(f)v // |fx+|t7|51+28 (@) dz dt (54)

for every compactly supported smooth function f: R — C.

Lo [Ty,
0

Proof. The constant is

c t1+2s
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To see this we observe that the Fourier transform of fi(x) := f(x +1t) — f(z)
is given by F(f:)(v) = (e™* — 1) F(f)(v). Hence, by Plancherel’s theorem, we
have

If (@) = f)I° B [fz+t) = f(@)
/RRidmdy = /R/R |t|1+28 dx dt

|.’II B y|1+25

wt 1’2

/]R/]R’6|t|wlﬂf(f)(v)l2 dv dt

4/]R (/Ooo%ﬂsytdt) ()2 dv
1 —cost 9e ,

eég;ﬂm?@W|vmw|w

This proves the lemma. O

Corollary A.7. When s is a nonnegative integer, the space H*(R) is the
completion of the space of smooth functions of compact support in the norm
Z;:o Hd3f||L2. If s > 0 is not an integer H*(R) is the completion of the space of
smooth functions of compact support in the norm ZJ—<S(defHL2 + I fllg—.2)
where k is the unique integer with k < s < k+ 1 and

1/2
lg(x +t) — g(a)|”
lgll, = ) 9@ )
R JR [t]

Lemma A.8. Let o : R — [0,1] be a sequence of smooth cutoff functions,
supported in {2F71 < |v| < 281Y for k > 1 and in [~2,2] for k = 0, such that
Ek ay = 1. Denote by ay, = f‘l(ak) the inverse Fourier transform of ay.
Then

s 2 s 2
D 2%F |lag x [l <47 |2

k=0
Proof. Abbreviate fj := ay * f and ¢y := F(fr) = axF(f). Then
U= [ 4™ 050w ) FA@) dv 2 0

for all 7 and k£ and hence

2 2 —1)s 2
IFIS = DM ally = D222l
k=0 k=0

This proves the lemma. O
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Lemma A.9. For every s > 0 there is a constant ¢ > 0 such that the following
holds. If f = > y5o fx and F(fy) is supported in the interval [—2k+2 2F+2] then

o0
2 2
IS < e D22 1 fellze

k=0

Proof. The constant is ¢ := 52 /(1 — 272%). Denote ¢ := F(f) and ¢y := F(fx)
and assume w.l.o.g. that ¢y is supported in the interval [0,2%+2]. Then

0o 2
T / <1+|u|>252¢k<u>

/041+|y| Z

dv

k=
2
2]+3
+Z / (1+ )% Z or(v)| dv
— /2/? k=j+1
2 %) 2J+3 %) 2
< du+z22(j+l)5/ > onv)| dv
=0 P k=jt1

Now it follows from the Cauchy—Schwarz inequality that

4 00 00
dv < / (Z 2—2ks> (Z 22ks |¢k(7/)|2> dv
0 \k=0 k=0
= e [
1—2-2 o
k=0
and, similarly,
. 2
21+3 00 21+'3
22(j+1)s/ d < 22ks/ d :
2542 Z or()) v < Z 2 19 Y
k=j+1 k j+1
The result follows by combining these three estimates. O

Theorem A.10 (Strong product estimate). For every s > 0 there is a constant
¢ > 0 such that

19 5ze gy < € (1 e oy 191 ey + 1 ey N9 )

for any two compactly supported smooth functions f,g: R — C.
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Proof. For s > 1 we follow the beautiful argument by Bourgain, Brezis, and
Mironescu in [1, Lemma D.2] which is based on the Littlewood-Paley decompo-
sition; it simplifies slightly in our special case. Choose a smooth cutoff function
B :R — [0,1] such that

1, for |v| <1,
Blv) = { 0, for |v]| > 2,
and denote by b := F~1(f3) its inverse Fourier transform. For every integer

k > 0 define
bi(t) == 28b(2Ft),  Be(v) :== B(27 ")

so that B = F(bg). Then there is a constant ¢y > 0 such that

bkllLr < co, 1Bl < 2% (55)
for every k. Next define
ag = B — Br-1, ar == F H(an) = by — by_1,
for k> 1 and ag := 3, ag = b so that
k

ﬁkzzaj, bkzzaj-
j=0 3=0

Then, for every smooth function f : R — C with compact support and s > 0,

the series
oo
f=Y apxf
k=0

is absolutely summable in H*(R). Namely, the Fourier transform ¢ := F(f)
lies in the Schwarz space and so decays faster than any rational function; hence
the series ¢ = ZZOZO a¢ is absolutely summable in the weighted L2 space of all
functions ¢ : R — C for which v — (1 + |v|)®9(v) is square integrable.

Given two smooth functions f,g: R — C with compact support write

fq (aj = f)(al * g)

|
.Mg

S
E
Il
o

—

aj + F)(ah+ 9) + (a5 + )(at *9) (56)

>k

(b % f)(ai, * )+ D (aj % F) By * 9).

0 j=1

<.
IN
Ea

M

el
Il

The Fourier transform of (by * f)(a), * g) is the convolution of the functions
BeF(f) and arF(g'), both supported in the interval [—2F+1 2k+1] "and so it is
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supported in the interval [—2%+2 2F+2]. Hence

1B 5 f)(ag * 9)ll .- 16k * fll oo llar % 'l 2
co [l fll oo llak * gll 2

o2 | fll g llar * gll e -

IAINCIA

The last step follows from the fact that F(a})(v) = ivas(v) and oy, is supported
in the domain {2*~! < |v| < 2F*1}. Similarly,

lar s NG5 Dla < llaws Fllga [Bhos *0]]
< o2 lag * fll 2 gl oo -

Now let ¢; be the constant of Lemma A.9 with s replaced by s — 1. Then

2
14912
o] . 9
< SV (g x f) (b % 9) + (an x £+ 9|3
k=0
> o 2 2
< 2e1 3 22070% (| (anx )b+ 9)|[ 72 + | (an % N bRy + 9)][72)
k=0
< 200e1 30 2% (4113 llaw = gl + llaw = 13 gl )
k=0

2 2 2 2
= 2cqerea (41715 gl + gl 1£12)

The last inequality follows from Lemma A.8 with ¢y := 4°. Interchanging f
and g and using the Leibnitz rule we obtain

1(f9) =1 < ¢ (IflIpoe Nlglls + Mgl e 111
with ¢’ := v/10cgcica. Since

1£gllL> <N fllpee lglle < 1F e llglls s

this proves the theorem for s > 1. For 0 < s < 1 the result follows easily
from Lemma A.6. For s = 0 and s = 1 the result is obvious. This proves the
theorem. O

Corollary A.11. For every s > 0 there is a constant C' > 0 such that

vl progsny < € (Nallgoqsny 0l e sy + Nl poe sy el sy
for any two smooth functions u,v : St — C.

Proof. Lemma A.5 and Theorem A.10. O
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Lemma A.12. Fiz a constant s > 1/2. Let X C C™ and Y C C™ be open sets
and f: X —Y be a smooth map. Then

H*(S', X) :={ve H*(S",C™) :v(S") Cc X}
is an open subset of H*(S*,C™) and H*(S',Y) is an open subset of H*(S*,C").
Morever, composition with f defines a smooth map
H*(S', X) — H*(SYY) :u+ fou. (57)

Proof. This is Lemma C.1 in [1]. We sketch the proof. That H*(S!, X) and
H*(S',Y) are open sets follows immediately from Lemma A.2. To prove that

ue H¥(S', X) = foue H*(S,Y) (58)
we argue by induction. For 1/2 < s <1 this follows from the estimates

Ifoullys < cllullyz I ou)llpesny < clltllpagen

where |||u|||§ 5 is as in Corollary A.7 and c is a Lipschitz constant for f on the
image of u )(WhiCh is compact by Lemma A.2); for 1 < s < 3/2 it follows from
the identity
(f ou)' = df (u)u/

with df (u) € H', v € H* ! and so (fou) € H*"!, by Lemma A.3. Fix an
integer k > 2 and suppose, by induction, that (58) holds for s < k —1/2. Fix
a real number s with k —1/2 < s <k +1/2. If u € H® then, by the induction
hypothesis df (u) € H5~! and, since u’ € H*~! it follows from Lemma A.3 with s
replaced by s — 1 > 1/2 that (f ou)’ = df (u)u’ € H*~! and hence fou € H®.

Thus we have proved (58). The same argument shows that the map (57) is
bounded in the following sense: For every constant co > 0 and every compact
subset K C X there is a constant ¢ > 0 such that

u(8") C K, lullg. < co = I oully. <e¢
for every u € H*(S*, X). It follows that the map
H*(S', X) — H*(S*, Endg(C™,C")) : u — df (u) (59)

is bounded as well. This in turn implies that the map (57), and hence also (59),
is continuous. That (57) is differentiable follows from the continuity of (59) and
the estimate

[f(u+8&) — flu) —df (W)l . < S lldf (u + t&)& — df (u)€]|

c sup ||df(u+mn)—df(uw)| g 1€l g

Imll s <6

IN

for u € H*(S',X) and £ € H*(S',C™) with ||¢|| 5. < &; here c is the constant
in Lemma A.3 and we choose ¢ sufficiently small. Since the differential of (57)
is a map of the same type it then follows by induction that (57) is smooth. This
proves the lemma. O
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B An elliptic boundary estimate

B.1. Let s € R and V be a finite dimensional complex Hilbert space. Denote
by H*(S',V) the Hilbert space of all power series

U(eie) _ Z ,Uneine

nez
with coefficients v,, € V' whose norm
2
vl = vl gogsry =, | D1+ [nl)> [on]
nez

is finite. The crucial properties of these spaces are the following.

(i) If s is a nonnegative integer then the H*® norm is equivalent to the sum of
the L? norms of the derivatives up to order s.

(ii) The elements of H*(S', V) are continuous for s > 1/2 and, in this case, the
inclusion H*(S*, V) — C°(S', V) is a compact operator (Lemma A.2).

(iii) Composition with a diffeomorphism of S' induces an automorphism of
H*(SY, V) for every s € R.

(iv) Multiplication by a smooth complex valued function on S' induces an
automorphism of H*(S!, V) for every s € R (Lemma A.3).

(v) Let X C V be open and assume s > 1/2. Then
H*(SY, X):={ve H(S" V) :v(S") Cc X}
is an open subset of H!(S!,V) (Lemma A.2).

(vi) Let X ¢ V and Y C W be open subsets of finite dimensional complex
Hilbert spaces and ¢ : X — Y be a smooth map. Assume s > 1/2. Then
composition with 1 induces a smooth map from H*(S*, X) to H*(S',Y)
(Lemma A.12).

If E = |per/anz Eo C S 1 x V is a smooth (real) subbundle of the trivial bundle
then, by (iv), the subspace

HY(E):={ve H(S",V):v(e?) € Eg V0 € R}
is a closed (real) subspace of H*(S!, V).

B.2. For every s > 1/2 there is a unique operation which assigns to every
compact 1-manifold I' and every smooth manifold M (both without boundary)
a real Hilbert manifold H*(T', M) C C°(T', M) satisfying the following axioms.

a = an 1s an open subset of a complex vector space then ,
IfI' = S and M i b f 1 hen H*(I', M
is as above.
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(b) If¢p: M — M’ is asmooth map theny € H¥(I', M) = oy € H*(',M’)
and the resulting map ¢, : H*(I', M) — H*(T", M’) is smooth.

(c) If¢ : TV — T'is a diffeomorphism then v € H*(I", M) = ~o¢ € H*(T', M)
and the resulting map ¢* : H*(I", M) — H*(T", M) is smooth.

(d) If T is the disjoint union of I'y and T's then the map v — (y|T'1,v|T'2) is a
diffeomorphism from H*(T', M) to H*(T'y, M) x H*(Ty, M).

The Hilbert manifold structure on H*(T', M) is given by the exponential maps
H3(v*TM) — H*(T', M) along the smooth maps v : ' — M. If M is a complex
manifold so is H*(T", M).

B.3. Let X be a compact surface with smooth boundary, M be a smooth
manifold, and for each integer & > 2 let H*(X, M) denote the space of maps
from X to M with k derivatives in L2. The elements of H*(X, M) are continuous
and a well known construction, analogous to the one sketched in B.2, equips
H¥(X, M) with a smooth Hilbert manifold structure which is a complex Hilbert
manifold structure when M is a complex manifold. In particular, the space of
HP* sections of a vector bundle over X is a Hilbert space. There are various
ways of defining a smooth Hilbert manifold structure on the space H*(X, M)
when s is a real number greater than 1, but we shall avoid these spaces. This
is why many of our earlier theorems begin with the hypothesis “Let s + 1/2 be
an integer”.

Theorem B.4. Let X be a compact Riemann surface with boundary I’ := 0X
and E — X be a complex vector bundle. Denote the complex structure on X by
j and the complex structure on E by J. Fix an integer k = s+ 1/2 > 1.

(i) There is a constant ¢ > 0 (depending continuously on j an J) such that

H§||Hs(r) < C||§||Hs+1/2(x)

for every € € Q°(X, E).

(ii) Assume that X is connected and T' # 0. Let D : Q°(X,E) — QVY(X, E)
be a real linear Cauchy—-Riemann operator. Then there is a constant ¢ > 0
(depending continuously on j, J, and D) such that

€0 417200y < € (D€ 0120y + 1€l e )

for every € € Q°(X, E).

Proof. These estimates are well known and it is not necessary to assume that
s+ 1/2 is an integer. We include a proof because we couldn’t find an explicit
reference for (ii) in the literature. Assertion (i) is proved by the same argument.
Both assertions are easy for sections supported in the interior of X. To prove
them in general we first consider the case where X = [0, 1]x S* is an annulus with
the standard complex structure. Fix a complex (not necessarily holomorphic)
trivialization of E over the annulus.
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As a warmup we prove (i) for any real number s > 1/2. Denote the inner
product on H*(S*,C") by

€)= 30 (L4 0D (€

neZ

where {(e) = Y, &.e™? and n(e”) = 3, ., mme™. Then, for all £,n €
C®°(St,C"), the Schwartz inequality gives

[(€&m)sl < ||§||571/2 ||77||s+1/2'
Hence every smooth function [0,1] — C°°(S*,C") : 7 +— &(7) satisfies the
inequality
2(0-¢(7),&(7))
< 201828 o1 /2 16T 14512
< ||aT§(T)||§71/2 + ||§(T)||§+1/2 :

Integrating this inequality gives

d 2
L e

A

A

KW < [ (106021 + 1€ ) dr

||§||Hs+1/2([o,1]xsl)

IN

whenever £(0) = 0. The last inquality uses the asumption s > 1/2. This
proves (i).

We prove (ii). The operator D has the form
1 1
D¢ = 3 (0-€ +10p€ + SE) ds + 3 (0p€ — 10:€ —iS€) dt
where S : [0,1] x St — Endg(C"). Assume first that S = 0 and denote

f = 0,6 + i€,

We think of f and ¢ as functions from [0, 1] to H*(S*,C"). Consider the de-
composition
H(S', C"Y=E " @E 9 ET

where E° 22 C" denotes the space of constant functions and
E* := closed span {eme tEn > 0} .

The components of an element & € H®(S',C") with respect to this decompo-
sition will be denoted by £~,£% &+, Note that €™’ is an eigenfunction of the
operator A := —idy with eigenvalue n and hence

1 _ _ 1, =
<§+’A§+>s Z 5 H§+H§+1/2= <§ , AE >s < D) H§ H§+1/2'

92



Since 0-& = A€ + f we have

Llerml? = 2(@& e,

= 2(A(r) + fH(1),€7()),

(LG 2 Co 1 N S Co1 [

1
= 3 ||§+(T)H§+1/2 —2 ||f+(7')H§—1/2 :

Y]

Integrating this inequality gives

1 1
L@ e m < [ @I, a2l @l @)

Similarly,

S eI ar < [N Ol a2l o1

and, since £°(7) = £°(0) + [, f°(c) do, we have

1 1
LI dr <2 [IP@IE a2l @

(The three norms agree on E°.) Combining the inequalities (60-62) we obtain

[ dr < a (151 dr IO+ 1EDIE) . (3

Now assume k := s+ 1/2 is an integer. We prove by induction that

1
/O 1€ s sy 7 < € (I s oapsny + NEQO)IZ + IEWIZ)  (64)

for v =0,1,...,k. For v =0 this is (63) with ¢y = 4. Assuming that (64) has
been established for some integer v € {0, ...,k — 1}, we use the inequality
Ha:-‘rlé-HHk—u—l(Sl) = ||8Z(A§+f)”Hk*“*1(Sl)

< 07l v g1y + 107 fll r—v—r sy
to obtain (64) with v replaced by v + 1. This completes the induction. Now
sum (64) for v = 0,1,...,k to obtain the estimate in part (ii) for the case S =0
and X = [0,1] x S'. In the case where S # 0 and X is a general compact

Riemann surface we deduce, using partitions of unity and what we’ve already
proved, that

€l es1r2x) < € (1Dl o sr2 ey + 1€l rosrm ) + WEllproqry)  (65)
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for some constant ¢ > 0 and every smooth section ¢ € Q°(X, E). This implies
that the operator

HTY2(E) —» H7V2(AY'T*X @ E) x H*(E|D) : € — (D¢, €|T)

has a finite dimensional kernel and a closed image (see [16, Lemma A.1.1]). If X
is connected and T" # @ then, by unique continuation, this operator is injective
and so the term [|{[| ;7.-1/2(x) on the right hand side of (65) can be dropped, by

the open mapping principle. This proves the theorem. O
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