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Abstract

This paper extends hyperkahler Floer theory with flat target mani-
folds from the case where the source is a 3-sphere or 3-torus, equipped
with a standard frame, to the case where the source is a general closed
orientable 3-manifold, equipped with a regular divergence-free frame.
Regular divergence-free frames are characterized by the nonexistence of
nonconstant solutions to the unperturbed linear Fueter equation. They
form a dense open subset of the space of all divergence-free frames.
A gauged version of the Fueter equation is introduced, which unifies
various geometric equations in gauge theory.

1 Introduction

The equation in the title was introduced by Rudolph Fueter in his study of
analytic functions of one quaternionic variable in the 1930’s [16, 17]. The
three-dimensional reduction of the Fueter equation carries over to functions
f: M — X from any three-manifold M (equipped with a volume form and a
global divergence-free frame vy, vy, v3) to any hyperkihler manifold X (with
complex structures Jy, Jo, J3). It has the form

Jlav1f + J28112f + J38U3f = VH(f) (1)

The function H : M x X — R determines a zeroth order perturbation.
There is a natural analogy between the solutions of (1) and periodic orbits
of Hamiltonian systems in a symplectic manifold. The solutions of (1) are
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critical points of an action functional, there is a Floer type theory for this
functional, and an analogue of the Arnold conjecture holds in favorable cases.
For flat target manifolds and standard frames on S® and T? hyperkihler
Floer theory was developed in [23, 24] and the Arnold conjecture was derived
as a corollary. With different methods the hyperkahler Arnold conjecture
was extended by Ginzburg—Hein [19, 20] to a more general setting.

The starting point for the present paper was the question under which
condition the hyperkéhler Floer theory in [23, 24] extends to general three-
manifolds and divergence-free frames. The key point is an estimate which
asserts that the L2-norm of the sum @, f := J10y, f+J20y, f +J30,, f controls
the L? norm of df (Lemma 4.2). Such an estimate holds if and only if the
linear Fueter equation with target space X = H (the quaternions) and zero
Hamiltonian has no nonconstant solutions. If nonconstant solutions do exist,
compactness fails for the solutions of equation (1). Call a divergence-free
frame v regular if every solution f : M — H of the linear Fueter equation
@,f = 0 is constant and call it singular otherwise. Then the hyperkéhler
Floer theory with flat target manifolds carries over to all regular divergence-
free frames and the hyperkahler Arnold conjecture holds in this case.

Section 2 discusses the space ¥ of divergence-free frames on a closed
three-manifold and the linear Fueter operator. It is shown that the set
P78 of regular divergence-free frames is open and dense in ¥ (Lemma 2.3),
that the set 7] of divergence-free frames v € ¥ with dim(ker g,) = 8 is a
codimension one submanifold of ¥ (Lemma 2.4), and the topology of ¥ is
examined (Lemma 2.7). Section 3 discusses several examples. It is shown
that singular divergence-free frames exist on M = S% and that the standard
frame on M = S? x S' is regular. Section 4 explains how the hyperkihler
Floer theory of [23, 24] extends to regular divergence-free frames.

Section 6 introduces the gauged Fueter equation, associated to a G-action
on X generated by a hyperkdhler moment map p = (1, po, p3) : X — g°.
The four-dimensional version of this equation has the form

Ostt + Ly ® — ﬁAmu =0, OsA —dy® + xFy = Z:(,uZ ou)t ey (2)
(A

for a principal G-bundle P — Y, a G-equivariant function v : R x P — X,
and a G-connection A(s) + ®(s)ds on R x P. This is analogous to the
symplectic vortex equations [2, 28], and similar equations were studied by
Haydys [22]. The Fueter equation in dimension four corresponds to G = 1,
the Seiberg-Witten equations to X = H, G = S! (Section 7), Taubes’
generalized Seiberg-Witten equations in [36] to G = S!, the Pidstrigatch—
Tyurin equations [31, 32] to X = H, G = Sp(1), the instanton Floer equation



to X = {point}, and the Donaldson-Thomas Ge-instantons on ¥ = M x ¥
(X a hyperkahler surface) appear when X is taken to be the space of con-
nections on ¥ and G the group of gauge transformations (Section 5).
Multiplying the right hand side in (2) by e =2 and taking the limit ¢ — 0,
one finds that equation (2) degenerates formally to the standard Fueter equa-
tion for functions with values in the hyperkihler quotient X /G = u~1(0)/G.
This is reminiscent of the Atiyah-Floer conjecture [6]. In [38, 39] Walpuski
carried out the adiabatic limit analysis to prove existence of Go-instantons.
Appendix A contains a proof of Gromov’s theorem that the inclusion of
the space of global divergence-free frames into the space of all frames is a
homotopy equivalence. Appendix B discusses some functional analytic back-
ground about self-adjoint Fredholm operators that is needed in Section 2.

2 The Fueter equation

Let M be a closed oriented three-manifold and dvoly; € Q3(M) be a positive
volume form. Then M is parallelizable and a theorem of Gromov [21] asserts
that every frame of T'M can be deformed to a divergence-free frame. The
space of positive divergence-free frames will be denoted by
Ly, dvolyr =0 for i =1,2,3
V= {(Ul’vz’v?’) < Vect(M)3 and dvolyy(v1,v9,v3) > 0 on M } - )
Thus ¥ is a subset of the space .# of positive frames. Formally, there is
an analogy between the inclusion ¥ < % and the inclusion of the space of
symplectic forms into the space of all nondegenerate 2-forms. However, in
contrast to the symplectic setting, the h-principle rules and the inclusion of
¥ into .Z is a homotopy equivalence (see Theorem A.1).

Associated to every divergence-free frame v = (v1, v, v3) is a self-adjoint
Fredholm operator ¢, defined as follows. Let H denote the space of quater-
nions and write the elements of H in the form =z = zg + iz1 + jro + kg with
g, T1, T2, 23 € R. Define the complex structures Iy, I, I3 and Ji, Js, J3 on
H as right and left multiplication by i, j, k, respectively. Thus, for x € H,

Jix =iz, Jox = jx, Jyx =k,

(4)

Iz = —xi, Iz == —xj, I3z .= —zxk.

Thus the complex structures Ji,Js, Js (respectively Iy, Iy, I3) satisfy the
Clifford relations. Given a divergence-free frame v = (vy,v9,v3) € ¥ define
the linear first order differential operator @, : Q°(M,H) — Q°(M,H) by

avf = Jlavlf + J28112f + J3av3f' (5)



This is the Fueter operator [16, 17]. It commutes with I; for i = 1,2,3 and
hence is equivariant under the right action of the quaternions on Q°(M, H).
The divergence-free condition asserts that ¢, is symmetric with respect to
the L? inner product on Q°(M, H) determined by the volume form and the
standard inner product on H. Denote this inner product by

<fy 9>L2 = /M<f, g> dVOlM.

The notation (5) extends to any triple of divergence-free vector fields and
still defines a symmetric operator. It is self-adjoint, whenever v is also a
frame.

Lemma 2.1. Let v = (v1,v2,v3) € ¥. Then @, : WH2(M,H) — L*(M, H)
is a symmetric operator and, for every f € L*(M,H),

“up [(f,2,9) 12|

<oo = feWL(M, H). (6)
05£9g€Q0 (M H) ”9HL2

Proof. That the operator is symmetric is obvious. To prove (6), define the
divergence-free vector fields wy, wy, ws € Vect(M) by
wy = [vg, V3], wey = [v3, V1], ws = [v1, va]. (7)

(Here and throughout I use the sign convention Ly, ,j = —[Ly, Ly] for the
Lie bracket of two vector fields u,v € Vect(M).) Then

3
PPy =—Lo =Py Lo=> 00 (8)

i=1
Hence, taking g = ¢ h in (6), we find
Y 79%1)}7’
sup |<f ﬁv9>L2| < 00 —  sup I(f >L2’
g#0 gl ht0 N Allyre

Now it follows from standard elliptic regularity for the second order operator
%, that f € WL2(M,H). This proves Lemma 2.1. O

By Lemma 2.1, the operator @, : Wh2(M,H) — L*(M,H) satisfies
condition (i) in Lemma B.1 and hence is a self-adjoint index zero Fredholm
operator for every v € ¥. Its kernel consists of smooth functions, by elliptic
regularity, and contains the constant functions. The dimension of the kernel
is divisible by four.



Definition 2.2. A divergence-free frame v € ¥ is called regular if ev-
ery solution f: M — H of the linear Fueter equation @,f = 0 is constant.
Otherwise v is called singular. The set of reqular (respectively singular)
divergence-free frames is denoted by 78 (respectively 758 ).

Lemma 2.3. The set 7*°% is open and dense in V.

Proof. Fix a divergence-free frame v € ¥ and let w = (wy, w2, w3) be as
in (7). Denote by L2(M,H) C L*(M,H) and W, *(M,H) ¢ W2(M,H) the
spaces of functions with mean value zero and consider the operator family

D(8) = Pyrgp : Wo (M, H) — LE(M,H).

The path s+ D(s) is differentiable with derivative D(0) = g,,. By (8),

3
/M<f’ ﬁw9>dV01M = /M ;<8mfv avi.g> dvolyy

for all f,g € W()1’2(M, H) with @,f = @,9 = 0. Hence the path s — D(s)
has a positive definite crossing form at s = 0. Hence, by Lemma B.2, the
operator @, . .. W01’2(M, H) — L3(M,H) is bijective for s # 0 sufficiently
small and so v + sw € 778 for small s # 0. Thus ¥ is dense in #. That
¥*8 is an open subset of ¥ is obvious. O

The set of divergence-free frames decomposes as the disjoint union
V=%  Yh={ve?|dimker g,)=4(k+1)}. (9)
k=0

In this notation #7 = ¥, and ¥*"8 = Ur—y %. By Lemma 2.3, % is a
dense open subset of 7.

Lemma 2.4. 7 is a codimension one Fréchet submanifold of V.
Proof. Let Q)(M,H) be the space of smooth functions f : M — H with
mean value zero and define

%= {(v,f) & (46U %) x QY(M, H) ‘ [ 181 vl = 1} |

Since #5U ] is an open subset of the Fréchet space of triples of divergence-
free vector fields, 4 is a Fréchet manifold with tangent spaces

L, dvoly =0, }

Tio,p) 2B = {(@, F) € Vect(M)? x Q9(M, H) It ﬂdvolM 0
M\ -
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This space carries a free action of the Lie group Sp(1) (the unit quaternions)
by z.(v, f) := (v,zof + Z?:l ;L f) for © = zg + ixy + jro + kzg € Sp(1).
So does the total space of the vector bundle & — % with fibers

Sw.5) = {h € Qp(M, H) ‘ /M<h,fz‘f> dvoly; = 0 for i = 1,2,3} .

This bundle has a natural Sp(1)-equivariant section
S B =&, (v, f)=4d,f.

The intrinsic differential of . at a zero (v, f) € A is the linear operator

~

Divg) : Ty B = Ewg)s Doy @ F) =9, + P51

The kernel of the operator @, : Q)(M,H) — QJ(M,H) is equal to its
cokernel, has dimension four, and is spanned by f,I1f, I2f, I3f whenever
(v, f) € # and g, f = 0. The summand f +— g, f in Z, y) is restricted to a
codimension one subspace of Q9(M,H) (the L? orthgonal complement of f)
while the target is restricted to the codimension three subspace &, sy (the
L? orthogonal complement of I1f, Isf, I3f). Thus its kernel has dimension
three, its cokernel has dimension one, and so its Fredholm index is two.
Hence the projection

~

(@0 eTup® |9, +0:5 =0} 5Ty @) =7 (10)

is a Fredholm operator of Fredholm index two. (See [27, Lemma A.3.6].)

Let (v, f) € % such that g, f = 0. Then %, ) is surjective. To see
this, observe that %, r) : T(y, ;)% — &(v,r) has a closed image, by standard
elliptic theory, and hence it suffices to prove that the image is dense. Thus let
h € L?(M;H) be a function with mean value zero, orthogonal to I1 f, Io f, I3 f
(i.e. in the L? completion of S, p))s and L? orthogonal to the image of Dw, 1)
Then

/ hdvolyr = 0, / (h,I;f)dvolyy =0 fori=1,2,3, (11)
M M

/ (h,@,f)dvolyy =0 for f € QY(M,H) with / (f, P)dvoly =0, (12)
M M

/M<h,ﬁﬁf>dvolM =0 foroveT,”. (13)



It follows from (12) and elliptic regularity that A : M — H is smooth and
that g, h — hg € Rf for some element hy € H. Since g, f = 0 it follows
that @ @, h = 0 and hence g h = 0. (Take the L%inner product with h
and integrate by parts.) Since the kernel of @, : Q8(M,H) — QJ(M,H) is
spanned by f, I f, Iof, Isf it follows from (11) that h = Af for some A € R.
Hence it follows from (13), with ¥ = w given by (7), and from (8) that

3
0 :/ <h,ﬁwf>dvolM :/ Z<8”ih’ 8vif> dvoly, = )\/ ‘df‘Q dvol,y.
M M= M

Since f is nonconstant, this implies A = 0 and hence h = 0.

This shows that the operator %, r) : Ty, )@ — &(v,p) is surjective for
all (v, f) € # with g,f = 0. Via Sobolev completion and the infinite-
dimensional implicit function theorem, it follows that the set

2= {(v.f) € #|9,f =0}

is a Fréchet submanifold of % with tangent spaces

The group Sp(1) acts freely on & and the quotient space &2 /Sp(1) is homeo-
morphic to ¥] via the projection 7 : & — ¥ defined by 7 (v, f) := v. The
derivative of 7 is the linear operator dm(v, f) : Ty 5y & — T,/ given by

dr(v, f)(D, f) = 0. This is a Fredholm operator of index two (equation (10))
and it has a three-dimensional kernel. Hence its cokernel has dimension
one. This implies, again via suitable Sobolev completions, that the map
m: P — ¥ descends to an injective immersion ¢ : & /Sp(1) — ¥ with
image 71 and derivative of Fredholm index —1. The immersion ¢ is obviously
proper (compact subsets of #; have compact preimages in &?/Sp(1)) and
hence ¢ is an embedding. This proves Lemma 2.4. O

Conjecture 2.5. ¥, is a Fréchet submanifold of ¥ of codimension 2k* — k.

Conjecture 2.5 is motivated by an analogous result for quaternionic-
hermitian matrices and by Lemma 2.4. If the conjecture is true, then every
path s — v® in ¥ with endpoints in % is homotopic, with fixed endpoints, to
a path that is transverse to #; and misses ¥, for k > 1. The resulting path
s+ @, . of self-adjoint Fredholm operators then has only regular crossings
and its spectral flow is the intersection number with ¥7.



Remark 2.6 (Spectral flow). A loop of divergence-free frames with non-
zero spectral flow, if it exists, has infinite order in m1(%"). The existence
of such a loop would prove that #5"& =£ (). If the fundamental group of a
connected component ¥’ C ¥ is finite and #*"& N ¥’ #£ (), then the spectral
flow of a path with endpoints in #*& N ¥’ depends only on the endpoints,
so ¥*& N ¥ is disconnected. (See Example 3.3 below for M = S3.)

The next lemma relates the topology of ¥ to the topology of the group
of gauge transformations

4 .= Map(M,SO(3)). (14)
The identity component of ¢ will be denoted by
% = {g: M — SO(3) | g lifts to a degree zero map g : M — Sp(1)}
and the group of based gauge transformations, associated to p* € M, by
G ={g9: M = S0(3)[g(p") = 1}.
Their intersection is the group
G =% N9 ={g: M —Sp(1)| deg(g) =0, g(p*) =1}.  (15)

Lemma 2.7. (i) ¥ is homotopy equivalent to 4 and each connected com-
ponent of ¥ is homotopy equivalent to 4; x SO(3).

(ii) There is a short exact sequence

0 7, Wo(g)—>Hl(M;Z2)—>0

where the homomorphism 7. — mo(9) assigns to an integer d the homotopy
class of maps M — SO(3) that lift to degree-d maps M — Sp(1), and the ho-
momorphism 7o(9) = 70(9*) — Hom(my (M, p*),Zs) = H'(M;Zs) assigns
to a based gauge transformation g : M — SO(3) the induced homomorphism
gs : ™ (M, p*) — w1 (SO(3), 1) = Zs.

(iii) Let ¥’ be a connected component of ¥. Then
7_‘_1(4///) = Wl(go*) X Zg.

IfM = 53 then 7T1(7/) = Z2 X Zg.



(iv) Let M = S3 = Sp(1) C H be the unit sphere in the quaternions and
denote by V' C V¥ the connected component of the standard frame of TM.
Then the inclusion

SO(3) = ¥ : A va = (vA,1,04,2,V43), (17)

which assigns to a matriz A = (a;j)1<4,j<3 € SO(3) the divergence-free frame
defined by va ;(y) = a1iy + ajy + ag;ky fory € S® and i = 1,2, 3, induces
an isomorphism on rational homology.

Proof. By Theorem A.1 the inclusion of ¥ into the space % of positive
global frames is a homotopy equivalence. So is the inclusion into .# of the
space of positive global orthonormal frames (associated to a Riemannian
metric). The latter is homeomorphic to the gauge group ¢. Hence ¥ is
homotopy equivalent to 4. An explicit homotopy equivalence from ¥ to ¢
can be constructed by fixing a positive global frame of T'M and defining

YV =94 v gv ‘= AU(A%‘AU)_I/27 (18)

where A, : M — GLT(R?) is the gauge transformation relating v to the
reference frame. Now the map

G — G* x SO(3) : g — (99(p") L, g(p™))

is a homeomorphism and restricts to a homeomorphism % = ¢ x SO(3).
This proves (i).

Next observe that a based gauge transformation g : M — SO(3) lifts to
amap g : M — Sp(1) if and only if the induced map

g« : 7'('1(]\4717*) — 7'('1(80(3), ]1) = ZZ
on fundamental groups is trivial. Hence the kernel of the map
@* — Hom(my (M, p*), %) = H' (M, Zs) : g — g«

is isomorphic to the subgroup of all based gauge transformations that lift
to maps M — S3. Hence exactness at Z and exactness at mo(¥4) = mo(94*)
follow from the Hopf degree theorem. Exactness at H'(M;Zsy) follows by
considering the subgroup of gauge transformations with values in the stan-
dard circle in SO(3). This proves (ii).

It follows immediately from (i) that 7 (7') = 7 (4;) x Zo. If M = S3
then 71 (94}) = 74(S?) & Zg and hence 1 (#") 2 Zy x Zy. This proves (iii).

Assertion (iv) follows from (i) and a result of Donaldson and Kronheimer
(Lemma 5.1.14 in [5]), which asserts that the group ¢} = (235%) has the
rational homology of a point. This proves Lemma 2.7. O



Remark 2.8 (K-theory). The positive divergence-free frames v € ¥
parametrize the universal family of (self-adjoint) Fueter operators @,. This
family determines a K-theory class

index(g) € K~1(#) = K%(S* x ¥)

(see Atiyah—Patodi-Singer [1]). Its Chern character determines an odd-
dimensional cohomology class ch(index(d)) € H°¥(¥;Q) (given by the
spectral flow in degree one). When M = S% and ¥ is the connected com-
ponent of the standard frame, it follows from Lemma 2.7 (iv) that the re-
striction of the class ch(index(#)) to ¥’ is determined by its pullback under
the embedding SO(3) — ¥” in (17). Since the image of this embedding is
contained in %) (see Example 3.2 below), the dimension of the kernel of @,
is constant along this embedding and hence its class in K~(SO(3)) is trivial
(see Ebert [9, Theorem 4.2.1]). Hence the Chern character of the K-theory
class index(d) € K1 (#"') vanishes in H°(#";Q), when M = S3, and thus
the K-theory class itself vanishes in K ~!(#”) modulo torsion.

Remark 2.9 (Dual frame). Let v € 7 and denote by a1, ag, ag € QM)
the dual frame so that «;(vj) = d;;. Define a metric on M by

3
(u,v) == Zai(u)ai(v), u,v € T,M. (19)

i=1
Then the vector fields vy, v9, v form an orthonormal frame and the volume
form is a1 A as A 3. It does not, in general, agree with dvoly;. They agree
up to a constant factor if and only if the 2-forms a; A a, are closed. To see
this, define A := dvolys (v, v2,v3). Then ¢(v;)dvolys = Ay A oy, for every
cyclic permutation ¢, j,k of 1,2,3. If a; A ay, is closed for j # k it follows

that dA A a; A oy, = 0, hence 0, A = 0 for all ¢, and hence A is constant.

Remark 2.10 (Laplace—Beltrami operator). The pointwise norm of the
differential df of a function f : M — H with respect to the metric (19) is
given by |df|* = 2,10y, f|*. If the function A := dvolys (vy, va, v3) is constant,
then ., is the Laplace-Beltrami operator of the metric (19). Otherwise
it is the composition of d and its formal adjoint with respect to the L?
inner products on functions and 1-forms associated to the pointwise inner
products of the metric (19) and the volume form dvolys. It is then related
to the Laplace—Beltrami operator by the formula

Lof = —%d*()\df) = —d*df + % Z(aviA)awf
for f € QO(M,H).

10



Definition 2.11. A divergence-free frame (vi,va,v3) € ¥ (M,dvolys) is
called normal if dvolys(vy,vg,v3) = 1.

Lemma 2.12. Every positive regular (respectively singular) divergence-free
frame v € ¥ (M,dvolys) can be deformed through regular (respectively singu-
lar) divergence-free frames to a normal reqular (respectively singular) diver-
gence-free frame.

Proof. Let v € ¥*°¢(M,dvolys) and A := dvolys(v1,ve,v3). Define

fM dVOlM

= A Pdvoly, v = o AT, SR e
prom QA YOG e G Y T NP dvoly

Then vy := (vi4,v2,4,03:) € ¥ (M, py) for every t. Second, vy is equal to v
for ¢ = 0 and is a normal frame for ¢ = 1. Third, v; is regular for every ¢,
because ker @, = ker @,. Fourth py = dvoly and [, p; = [}, dvoly for all ¢.
By Moser isotopy, choose a smooth isotopy [0,1] — Diff (M) : t — ¢; such
that ¢9 = id and ¢;p; = dvolys for all t. The required isotopy of regular
frames is ¢fvy € ¥"8(M,dvolys), 0 < t < 1. Namely, the frame ¢jv, is
regular for every ¢ because

ker ﬁ(ﬁvt = ¢y ker ﬂvt = ¢; ker g, = 0.

This proves Lemma 2.12. O

3 Examples

Fix a divergence-free frame v € ¥ (M,dvolys) and let a1, a9, a3 € QM)
be the dual frame (see Remark 2.9). For i = 1,2,3 define w; € Q?(H) by
w; = dxg A dx; + dxj A dxy, where 7,7,k is a cyclic permutation of 1,2, 3.
Let f: M — H be a smooth map and abbreviate |df|* := > |8y, f|*. Then
there is an energy identity

— df|” dvoly = = L f17 dvolys — a; N ffw;. 20
5 P ol =5 [ 1puSP dvol =3 [ (20)

This continues to hold for maps from M to any hyperkahler manifold X.

Example 3.1. Consider the 3-torus M = T? = R3/Z3. Every linearly
independent triple of constant vector fields vy, vo, v3 is a regular divergence-
free frame. Namely, the dual frame consists of closed 1-forms, hence the
second term on the right in (20) vanishes for functions f : M — H, and
hence every solution of the Fueter equation is constant.

11



Example 3.2. Consider the 3-sphere M = S3 C H with the volume form

dvolys = yody1dy2dyz — y1dyodyadys — yadyodysdy: — y3dyodyidys and the
frame

vi(y) =iy,  va(y) =Jjy,  vs(y) =ky.

The v; are divergence-free and dvoly(v1,ve,v3) = 1. The dual frame is

a1 = Yody1 — y1dyo + y2dys — y3dys,
o = yodyz — yodyo + y3dyr — y1dys,
a3 = yodys — y3dyo + y1dy2 — y2dy: .

Note that [vj,v;] = 2v; and doy; = 2a; A oy, = 2u(v;)dvolys for every cyclic
permutation i, 7, k of 1,2,3. The energy identity (20) has the form

1 1
5/M|df|2dvolM = 5/M |ﬂvf|2dvolM+/M<f,ﬂvf>dvolM.

(See (28) and (29) below.) Hence every solution f : M — H of the Fueter
equation is constant, so v is a normal regular divergence-free frame.

Example 3.3. Consider the 3-sphere M = S2 C H. The frame
vi(y) =27, wl)=-2""%y,  wuy) = -2 ky,

is a normal singular divergence-free frame on the 3-sphere for the standard
volume form. The obvious inclusion f : S — H is a nonconstant solution
of the Fueter equation.

This example shows that #®"& 0 ¥’ £ (), where ¥’ C ¥ denotes the
connected component of the standard frame on S3. Since 71 (7") = Zy x Zs
is a finite group (see Lemma 2.7 (iii)) it follows that #**8N¥” is disconnected
(see Remark 2.6).

Example 3.4. Consider the product M := S' x S?, where S! is the unit
circle with coordinate € and S? C R3? is the unit sphere with coordi-
nates y1,¥2,ys. The standard volume form is dvoly; := df A dvolg2, where
dvolg2 1= y1dyadys + yodysdyr + ysdyidys. Define v;, w;, a;, B; by

0 0 0
= Y Yo — Yy i= y1df + yadys — y3d
V1 ?Jla9 +y28y3 y3ay2, o1 = Y100 + Y2dy3 — Y3dyz,
0 0 0
wy = 2%@ + y2—8y3 — y3—ay27 Br == y1df + § (y2dys — ysdys) ,

12



for ¢ = 1 and by cyclic permutation for ¢ = 2,3. Then wvy,vo,v3 is a
divergence-free orthonormal frame and «q, as, a3 is the dual frame. More-
over,

w; = [vj, Vk), dp; = aj A\ oy, = 1(vs)dvol

for every cyclic permutation i, 7, k of 1,2, 3.
The energy identity (20) takes the form

1 1 1 —
3 ] vl =5 [ purPavoly 5 [ (7. 0)dvolu + D). (21)
where

) ==Y /M Gin frw = b (i — wrdy;)

for every cyclic permutation i, 7,k of 1,2,3. For y € S? define
Wy 1= Y1W1 + Yawa + Y3ws € QZ(H)'
Then

P 1 2
A(f) = —/ / wy(Opf, f)df dvolgs. (22)
2 Js2 Jo
(This discussion extends to maps with values in any hyperkéhler manifold X,
if the second summand in (21) is replaced by </ (f) == =, [, Bi A frws

and the integrand in (22) by the symplectic action of the loop 8 — f(elf, y)
with respect to wy.)
The isoperimetric inequality asserts that

1 1

2T 2T
5/ wy(Bpf, f)do < 5/ By f)* do,  ye S (23)
0 0

This inequality is sharp (see [27, Section 4.4]). Now let f : S! x S? — H be
a solution of the Fueter equation. By (21), (22), and (23) it satisfies

1 — 1
—/ df|? dvolyr = F(f) < —/ 100 fI? dvolas. (24)
2 J/m 2J/m
Since 5
% = Z Yiv;
is a unit vector field, equality must hold in (24) and

|df| = |09 f1.

Hence f is independent of the variable in S2. Thus the derivative of f has
rank one everywhere and so f is constant. This shows that vy,vs,v3 is a
normal regular divergence-free frame.
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4 Hyperkahler Floer theory

Fix a closed connected oriented three-manifold M, a volume form dvoly;,
a divergence-free frame v € ¥ (M, dvolys), and a closed hyperkéhler mani-
fold X with symplectic forms wq,ws, w3 and complex structures Ji, Jo, J3.
Denote the hyperkédhler metric on X by <-, > = w;(+,J;+). Consider the
Fueter equation with a Hamiltonian perturbation. It has the form

J10u, f + J20, f + J30u, f = VH([) (25)

for amap f : M — X. The left hand side of (25) will still be denoted by g, f.
The operator @, should now be thought of as a vector field on the infinite-
dimensional space F := C*°(M, X) of all smooth maps from M to X. The
perturbation is determined by a smooth function H : M x X — R and VH is
the gradient with respect to the variable in X. A solution f of (25) is called
nondegenerate if the linearized operator of (25) is bjective. The next
theorem is a hyperkéhler analogue of the Arnold conjecture for Hamiltonian
systems on the torus as proved by Conley—Zehnder [4].

Theorem 4.1 ([23, 24, 19, 20]). Assume v € ¥"¢ and X s flat. If every
contractible solution of (25) is nondegenerate then their number is bounded
below by dim H*(X;Zs3). In particular, (25) has a contractible solution for
every H.

There are two proofs of Theorem 4.1. One is due to Sonja Hohloch,
Gregor Noetzel, and the present author. It is based on a hyperkéahler ana-
logue of Floer theory and is carried out in [23, 24] for the 3-sphere and the
3-torus. The second proof is due to Viktor Ginzburg and Doris Hein, is
based on finite-dimensional reduction, and is carried out in full generality
in [19, 20]. Both proofs rely on the following fundamental estimate.

Lemma 4.2. Assume v € ¥*8 and X is flat. Then there is a constant c
such that every contractible smooth map f: M — X satisfies

/ df|? dvoly < c/ 7. £ dvolys. (26)
M M

Proof. Since X is flat, it is isomorphic to a quotient of a torus H"/A by
the free action of a finite group. Hence every contractible map f: M — X
lifts to a map from M to H". Thus it suffices to prove (26) for f: M — H.
By Lemma 2.1 and Lemma B.1, the operator ¢, : W(}’2(M, H) — L3(M,H)
is Fredholm and has index zero. Since v € ¥7°& this operator is bijective.
Hence, for functions f : M — H with mean value zero, (26) follows from the
inverse operator theorem. Adding a constant to f does not affect (26). O

14



Here is an outline of the Floer theory proof of Theorem 4.1. The space
F of maps from M to X carries a natural 1-form Wy : Ty F — R defined by

Vi(f) = 3 [ @t Pravoly 1)

for a vector field f € T¢F = QO(M, f*TX) along f. This 1-form is closed
because the vector fields v; are divergence-free.

Remark 4.3. Assume that the 2-forms ¢(v;)dvoly; are exact and choose
I-forms f; € QY(M) such that dB; = t(v;)dvolys for i = 1,2,3. Then the
1-form W in (27) is the differential of the hyperkéhler action functional

A==y /M BiAfw,  fEF. (25)

Remark 4.4. Assume X is flat and let Fy C F be the connected component
of the constant maps. Then the restriction of ¥ to Fy is the differential of
the action functional & = 7, : Fy — R, defined by

A (f) = %/M<f, d,f)dvoly,  feFo. (29)

To understand the right hand side, lift f to a function with values in H" and
observe that the integrand is invariant under the action of the hyperkéahler
isometry group of H".

Assume from now on that X is flat. The contractible solutions of (25)
are the critical points of the perturbed hyperkahler action functional
gy = <y g2 Fo — R, defined by

Au(f) = (f) - /M H(f)dvoly,  f € Fo.

The gradient flow lines of o/ are the solutions u : R x M — X of the
perturbed four-dimensional Fueter equation

83“ + Jlavlu + J28112u + J38113u = VH(’LL), (30)
lim u(s,p) = F£). (31)

Here f* € Fy are solutions of (25). The convergence in (31) is in the C*
topology on M and exponential in s. The solutions of (30) and (31) satisfy
the usual energy identity

&(u) = /_Oo /M |Bsul® dvolys ds = oy (f7) — o (f7). (32)
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By Lemma 4.2, the energy controls the W2-norms of the solutions of (30)
on every compact subset of R x M. Since the leading term in (30) is a linear
elliptic operator, this suffices for the standard regularity and compactness
arguments in symplectic Floer theory to extend to the present setting. For
M = S3 the proof is carried out in detail in [24, Section 3] and the arguments
extend verbatim to general three-manifolds. The same holds for unique con-
tinuation and transversality in [24, Section 4]. An index formula involving
the spectral flow shows that there is a function p g : Crit(e/f) — Z such that
the Fredholm index of the linearized operator of equation (30) is equal to the
difference pg(f~) — pr(fT) for every solution u of (30) and (31) (see [24,
Section 4]). The third ingredient in the analysis is a gluing result and it
follows from a standard adaptation of Floer’s gluing theorem [11, 12, 13]
to the hyperkahler setting. The upshot is, that the contractible solutions
of (25) generate a Floer chain complex

CFM(M, X, m;v,H) = P Zof
fECrit(y{H)

with Zg coefficients. Here 19 € mo(F) denotes the homotopy class of the
constant maps. The Floer complex is graded by the index function pz, and
the boundary operator 0 : CF},;k(M, X, 1050, H) — CFglil(M, X, 1050, H) is
defined by the mod two count of the solutions of (30) and (31) (modulo
time shift) in the case ugy(f~) — pu(f*T) = 1. The hyperkihler Floer
homology groups

HF'™ (M, X, 79;v, H) := ker 9/im 0

are independent of the regular Hamiltonian perturbation up to canonical iso-
morphism. Theorem 4.1 then follows from the fact that HFPX (M, X, 105 v, H)
is isomorphic to H,(X;Zs). For the standard divergence-free frame on the
3-sphere this was proved in [24, Section 5] and the argument again carries
over verbatim to the general setting.

Remark 4.5. Assume v € 77 let X = H"/A be a hyperkahler torus, and
let F. C F be a connected component of F. Then the unperturbed Fueter
equation ¢, f = 0 may have a nonconstant solution fy € F,. (Examples are
discussed in [23, 24].) In this case (26) cannot hold for f € F,. However, X
is an additive group and, for f € F,, the difference f — fy lifts to a function
with values in the universal cover H". Hence it follows from Lemma 4.2 that
there is a constant ¢, > 0 such that every f € F. satisfies the inequality

/ |d/f|2 dvoly < CT/ <|ﬁvf|2 + 1) dvolyy.
M M
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Moreover, the restriction of the 1-form ¥ in (27) to F; is still exact. It is
the differential of the action functional <7 : 7. — R given by

A(f) = /M<f @ f)dvoly,  feFn

To understand this, use the fact that the tangent bundle of X is trivial,
lift f — fo to a function with values in H", and note that the integral is
independent of the choice of the lift. Thus the construction of the Floer
homology groups carries over to J,. In favourable cases the Floer homo-
logy groups HFX8 (M, X, 7:v, H) can be computed with the methods of [33].
They are invariant under the action of the group of volume preserving dif-
feomorphism of M on the set of triples (7,v, H). In general, they will not
be invariant under deformation of the divergence-free frame wv.

Remark 4.6. It would be interesting to understand the behavior of the
solutions of the Fueter equation (25) as v approaches a singular frame.

Remark 4.7. Another interesting question is whether the construction of
the Floer homology groups can be extended to nonflat target manifolds X.
The key obstacle is noncompactness for the solutions to the Fueter equation.
The expected phenomenon, which can be demonstrated in examples, is bub-
bling along codimension two submanifolds of M. Important progress in un-
derstanding this phenomenon was recently made by Thomas Walpuski [37].
His work will be an essential ingredient in the conjectural development of a
general hyperkéhler Floer theory.

5 Relation to Donaldson—Thomas theory

The discussion in this section is speculative. It concerns the relation between
the Donaldson—-Thomas—Floer theory of a product manifold ¥ = M x X
(where ¥ is a hyperkéhler 4-manifold) and hyperkéahler Floer theory.

Let Y be a closed connected 7-manifold. A 3-form ¢ € Q3(Y) is called
nondegenerate if, for any two linearly independent tangent vectors u, v,
there is a third tangent vector w such that ¢(u,v,w) # 0. Every nondegen-
erate 3-form ¢ determines a unique Riemannian metric on Y such that the
bilinear form (u,v) — u x v on TY, defined by <u X v,w> = ¢(u,v,w), is a
cross product, i.e. it satisfies |u x v|* = |u|?|v]* — (u,v)? for all u,v € T,V
(see e.g. [35]). A nondegenerate 3-form also determines a unique orientation
on Y such that the 7-form ¢(u)p A t(u)p A ¢ is positive for every nonzero
tangent vector u € TY. A Gg-structure on Y is a nondegenerate 3-form ¢
that is harmonic with respect to the Riemannian metric determined by ¢.
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Assume ¢ € Q3(Y) is a Go-structure and denote ¢ = x¢ € QY.
Fix a compact Lie group G and let A(Y') be the space of connections on a
principal G-bundle over Y. For this discussion it suffices to think of A(Y")
as the space of 1-forms on Y with values in the Lie algebra g = Lie(G).
The Donaldson—-Thomas—Chern—Simons functional CS¥ : A(Y) — R
is defined by

CS¥(A) := /YCSAO(A) At

where Ag € A(Y) is a reference connection and csy,(A) € Q3(Y) denotes
the Chern—Simons 3-form

csao(A) := (an (Fa, + 3dasa+ tlaNal)), a:=A—Ag.
A critical point of CS¥ is a connection A € A(Y') whose curvature Fj satisfies
Fy Ny =0. (33)

The solutions are Go-instantons. A negative gradient flow line of CSY
is (gauge equivalent to) a pair, consisting of a path R — A(Y) : s — A(s)
of connections and a path R — Q%(Y,g) : s = ®(s) of sections of the Lie
algebra bundle, that satisfy

OA — da® + #(Fy A1p) = 0, (34)

The basic idea of Donaldson—Thomas theory in the Go setting is to define
Floer homology groups HFET(Y), generated by the gauge equivalence classes
of solutions of (33), with the boundary operator given by counting the gauge
equivalence classes of solutions of (34) (see [6, 7]).

Now let M be a closed connected oriented 3-manifold, equipped with a
volume form dvoly; and a normal regular divergence-free frame v € ¥,
Denote by aq, a9, a3 the dual frame in Q'(M). Then the 2-forms a; A a;
are closed for all 7 and j (see Remark 2.9). Let X be a closed connected
hyperkéhler 4-manifold (i.e. either a 4-torus or a K3 surface) with symplectic
forms o1, 09, 03 and complex structures ji, jo, j3. These structures determine
a nondegenerate 3-form ¢ on the product Y := M x X, given by

¢ :=dvoly; —ay Aoy — as Aoy — ag A os, 35

Y :=dvoly —as Aag Ao1 —az ANag Aoy —ag Aas A\ os. (35)
Here differential forms on M and ¥ are identified with their pullbacks to
Y = M x ¥. The Riemannian metric on M x ¥ determined by ¢ is the
product metric and the cross product is given by v1 X vo = v3 and £ X v; = 7;€
for 6 € TS and i = 1,2, 3.
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Fix a principal G-bundle Q — ¥ and consider the product G-bundle
M x @@ — M x X. Denote by A(X) the space of connections on @ and by
go — 2 the Lie algebra bundle. Write a connection on R x M x ¥ in the form
A+®ds+>, Vo with A: Rx M — A(X) and @, ¥, : Rx M — Q(X, gg).
Then equation (34) has the following form (with e = 1)

0A = da®+ ) (0y,A—da¥y)oji =0,

7

Fo1 + Fyg — e *(Fa,01) =0, (36)
Foz + F31 — e *(Fa,02) =0,
Fos + Fio — €_2<FA,O'3> =0.
Here Fo; = Fp1945(0/0s,v;) and Fji, := Faia4s(vj,vr). Thus
FOZ' = 8S\If — &,ﬂ) + [(I), \I’Z],
Flgi= 0y, U, — 0y, U5 + (W5, Uh] + > ai([vg, 0p]) . (37)

(2

For general ¢ equation (36) is obtained by replacing o; with e20; and dvols
with etdvoly,. Taking the limit ¢ — 0 in (36) one obtains the equation

0A—da® =Y (0, A—da¥)oji =0,  Ff=0. (38)

7

This is the unperturbed Fueter equation (30) on R x M with values in the
moduli space X = M*4(3) of anti-self-dual instantons on ¥ with its stan-
dard hyperkéhler structure (see Remark 6.5 below). These observations
suggests a correspondence between the Donaldson—Thomas—Floer homol-
ogy groups HFPT(M x %) and the hyperkihler Floer homology groups
HFM (M, M>4(%))), in analogy to the Atiyah-Floer conjecture [3].

Remark 5.1. (i) The 4-form ¢ in (35) is closed when A = dvolys (v, ve, v3)
is constant, however, the 3-form ¢ will in general not be closed.

(ii) Consider the 7-manifold Y := M x X, where ¥ is a K3-surface and
M is a closed oriented 3-manifold with by (M) < 2. Let 7 : Y — X be the
projection. The following argument by Donaldson shows that Y does not
admit a Ga-structure. On a Gso-manifold there is a splitting of the space
H2(Y) of harmonic 2-forms into the eigenspaces

H* N (Y)={re H}Y)| x(pA1) =27} = {x(¥ Aa)|a € H(Y)},
H*>(Y) = {7’ e HXY)| (oA T) = —7'} = {T e HAY)|Yp AT = 0}.
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The subspace H%*(Y') is isomorphic to H'(Y') and, by definition, the qua-
dratic form H>~(Y) — R : 7~ [,, ¢ A T A T is negative definite. In the
case at hand, H>~(Y) has codimension b1(Y) = b;(M) < 2, and hence
intersects 7*H>*(X) nontrivially. Choose 0 # 75 € H?**(X) such that
1% € H>~(Y) and 75 A 7% = £dvolg. Then [, ¢ A 7*(r~ A 77) and
Jy & Am*(rT A7) have opposite signs, a contradiction.

(iii) The argument in (ii) breaks down for M = T3 and in this case the
3-form ¢ in (35) is indeed a Ga-structure (for a suitable frame on T?).

(iv) Existence results for Go-structures were established by Joyce [25]. A
question posed by Donaldson is, which 7-manifolds admit nondegenerate
3-forms ¢ that are closed or co-closed, but not necessarily both. This is
analogous to the question, which manifolds admit symplectic or complex
structures, but not necessarily Kéahler structures.

Remark 5.2. The above setting extends naturally to general G-bundles
over M x ¥. A homotopy class of maps from M to the moduli space M?34(%)
determines the relevant principal G-bundle over M x X.

Remark 5.3. The discussion of the present section is closely related to
several observations by Donaldson-Thomas in [6] and by Donaldson-Segal
in [7]. In [6, Section 5] Donaldson and Thomas discuss Spin(7)-instantons
on a product S x ¥ of two hyperkéhler 4-manifolds S and . They note
that, shrinking the metric on X, leads in the adiabatic limit to solutions of
the Fueter equation for maps u : S — M?®4(X). Taking S = R x M one
arrives at equation (36).

In [7, Section 6] Donaldson and Segal extend this discussion to a setting
where M x X is replaced by a Go-manifold Y, and M is replaced by an asso-
ciative submanifold of Y. This leads to an interaction between Go-instantons
on Y and Fueter sections of the bundle of framed anti-self-dual instantons
on the fibers of the normal bundle of M. Generically, such Fueter sections
are expected to exist at isolated parameters in a 1-parameter family of Go
structures. The existence of nonconstant solutions of the Fueter equation
for singular divergence-free frames, as discussed in Section 2, seems to be a
linear analogue of this codimension one phenomenon.

In this extended setting, relating the Donaldson—-Thomas equations over
a Go-manifold Y to the Fueter equations over an associative submanifold M,
important progress has recently been made by Walpuski [38, 39]. He carried
out the adiabatic limit analysis and proved that Fueter sections over M,
under suitable transversality assumptions, give rise to Go-instantons over Y
whose energy is concentrated near M.
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6 The gauged Fueter equation

Equation (36) extends naturally to a setting where the space of connections
over ¥ is replaced by a hyperkéhler manifold (X,w,ws,ws, Ji, Jo, J3) and
the group of gauge transformations over % by a compact Lie group G, acting
on X by hyperkéhler isometries. Denote the action by (g,z) — gz and
the infinitesimal action of the Lie algebra g := Lie(G) by L, : g — T, X.
Thus L,¢ = %‘t:o exp(t&)x for z € X and £ € g. Choose an invariant
inner product on g and suppose that the action is generated by equivariant
moment maps fi1, fto, 43 : X — @, so that

forall z € T, X, &n € g, and ¢ = 1,2,3. Fix an oriented 3-manifold M
with a volume form dvoly;, a normal divergence-free frame vy, v, v3, and
denote by ay,as, a3 € QY(M) the dual frame. Choose a principal G-bundle
7:P— M, let A C QYP,g) be the space of connections on P, and let
F be the space of G-equivariant maps f : P — X. There is a natural 1-
form on A x F, which assigns to every pair (A, f) € A x F the linear map
Uy p:TaAx Ty F — R, given by

o (A f)= /M<FA A A)

-3 /M (wildaf @), £) + (il £), Alw:)) ) dvolys

N Z/M<FA(UJ’U"€) _Ni(f),A(vi)>dvolM (39)

- /M<Z Jidaf(w), f) dvolay

for A € TaAd = QY(M,gp) and f € TpF = QO(M, f*TX/G). Here the
second sum runs over all cyclic permutations 4, j, k of 1,2,3. The 1-form
daf: TP — f*T'X is the covariant derivative of f with respect to A, defined
by (daf)p(p) == df (p)p + Lyp)Ap(p) for p € T,P. Tt is G-equivariant and
horizontal (i.e. (daf),(p€) = 0 for £ € g). Hence it descends to a 1-form
on M with values in the quotient bundle f*T'X/G — M. To understand the
term daf(v;) € QU(M, f*TX/G), choose G-equivariant lifts ©; € Vect(P)
of v; and observe that the section d f(v;) of the vector bundle f*TX — P
is G-equivariant and independent of the choice of the lifts. The resulting
section of the bundle f*T'X/G — P/G = M is denoted d 4 f(v;).
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The group G = G(P) of gauge transformations acts contravariantly
on Ax F by ¢g*A := g 'dg + g 'Ag and ¢*f := g~ 'f. The covariant
infinitesimal action of the Lie algebra Q°(M,gp) = Lie(G) is given by
® — (—da®,Ls®) € TaA x TyF. The 1-form (39) is G-invariant and
horizontal, in the sense that W4 (—da®,Ls®) = 0 for all A, f, and ®.
Hence ¥ descends to a 1-form on the quotient space B := (A x F)/G.

Remark 6.1. The 1-form (39) is closed. To see this, choose a smooth path
I - Ax F:sw (As,us). Think of A := {A,}scr as a connection on the
principal bundle I x P over I x M, and of u as a G-equivariant map from
I x P to X. The integral of ¥ over this path is given by

/(A,u)*\I/ = /\I’As,fs (0sA, Osu) ds
I I

— /ij(% (FaNFyp) — Z(u*wl — d(pi(u), A)) A L(’Ui)dVOlM>,

The last integral is meaningful, because the 2-form u*w; — d<,u,~(u),A> on
I x P descends to I x M. Since the integrand is closed, the integral is
invariant under homotopy with fixed endpoints. If ¢(v;)dvoly; = df; and
CS : A — R denotes the Chern—Simons functional, then (39) is the differen-
tial of the action functional

SA =08+ Y [ An (P d(un)A). @0

Remark 6.2. Given A € A, define the twisted Fueter operator by

Dyl = Jidaf(v1) + Jadaf(ve) + Jzdaf(vs)

for f € F. Thus ¢ A f is a section of the quotient bundle f*T'X/G — M.
Then the zeros of the 1-form (39) are the solutions (A, f) € A x F of the
three-dimensional gauged Fueter equation

Panf =0, *Fa=3(uiof)m*o (41)

7

Here * denotes the Hodge *-operator on M associated to the metric (19).
Thus

*FA - Z FA(Ujv ’Uk)ﬂ-*aiv

2

where the sum runs over all cyclic permutations i, j, k of 1,2, 3.
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The gradient flow lines are pairs, consisting of a connection A = A+ ® ds
on R x P and a G-equivariant map u : R x P — X, that satisfy the four-
dimensional gauged Fueter equation

Ou+Ly®—J,,u=0 — 0A—da®++Fa=> (mioura;. (42)

This is reminiscent of the symplectic vortex equations [2, 3, 15, 18, 28, 29,
30]. Similar equations were studied by Taubes [36], Pidstrigatch [31], and
Haydys [22]. The usual Fueter equation corresponds to the case G = {1}, the
instanton Floer equation [14] to the case X = {pt}, the Donaldson-Thomas

equation to the case X = A(X) and G = G(X) (see Remark 6.5), and the
Seiberg-Witten equation to the case X = H and G = S (see Section 7).

Remark 6.3. Define the energy of a pair (A, f) € A x F by

1

E(A,f) = 3

2 2 2
[ (s + |Paf? + S dvlas. (13
Then there is an energy identity

1
9 /MOaA,va + ‘*FA - Z,ui(f)w*ozi‘z) dvoly,
| (11
=&, f)+ /i/\ Ywi —d(pi(f),A)).
An+2 f,e (i — (i), 4))
This is the gauged analogue of equation (20).

Remark 6.4. One can introduce an e-parameter in (42) as follows

Osut + L, @ — ﬂAﬂ)u =0, OA — dsg® + xFy =72 Z(“Z ou)m ;. (45)

2

In the limit € — 0 one obtains, formally, the equation
85u+Lu<I>—ﬁA’Uu:O, piou=psou=pzou=>0. (46)

This corresponds to the four-dimensional Fueter equation on R x M with
values in the hyperkéhler quotient

X/G 1= (uy(0) N a3 (0) N 1257 (0)) /G
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Remark 6.5. The space X := A(X) of connections on a principal G-bundle
Q@ over a closed hyperkdhler 4-manifold (X, 01, 09,03, J1,j2,73) is itself a
hyperkihler manifold. The symplectic forms w; € Q?(X) and the complex
structures J; : TX — TX are given by

wi(a, B) == /E (aAB) A o, Jia:=xxn(aNoy) = —aoj;

for a, 8 € QY(2,99) = T4A(X) and i = 1,2,3. The group G = G(X) of
gauge transformations of @ acts on X = A(X) by hyperkéhler isometries
and the moment maps y; : A(Z) — Q0(%, gg) = Lie(G(X)) are

pi(A) == *s(Fa N oy) = (Fa,01), A A(R).

If P = M xG(X) is the trivial bundle with the infinite-dimensional structure
group G(X) then (45) is equivalent to the Donaldson-Thomas equation (36)
on M x 3. The function A : R x M — A(X) in (36) corresponds to u
n (45), while the functions ¥; : R x M — Q%(%,gg) in (36) determine the
path of connections A(s) := >, U;(s)a; € QYM,Q%(S,g¢)) in (45). The
hyperkithler quotient is the moduli space A(X)/G(X) = M*4(X) of anti-
self-dual instantons on ¥. These observations extend to nontrivial G(X)-
bundles P — M, arising from general G-bundles over M x .

7 Relation to Seiberg—Witten theory

Let M be a closed connected oriented Riemannian 3-manifold. A spin®
structure on M is a rank two complex hermitian vector bundle W — M
equipped with a Clifford action v : TM — End(W). This action assigns to
every tangent vector v € T, M a traceless endomorphism vy(v) of the fiber
W, satisfying

V(W) +y@) =0, A()(v) = L,

and it satisfies y(v3)y(ve)y(v1) = 1 for every positive orthonormal frame.
A spin® connection is a hermitian connection on W that satisfies the Leib-
niz rule for Clifford multiplication (with the Levi-Civita connection on the
tangent bundle). Associated to a spin® connection V4 is a Dirac operator
Dy QM W) — Q°(M, W) defined by

Paf =3 1w)Vant
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for f € Q°(M,W). Here v1,v,v3 is any global orthonormal frame of T'M.
The Dirac operator is self-adjoint and independent of the choice of the frame.
The difference of two spin® connections is an imaginary valued 1-form. Let
A(7) denote the space of spin® connections on W. The perturbed Chern—
Simons—Dirac functional CSD,, : A(y) x Q°(M, W) has the form

CSD, (A, f) = /

(A= AN+ §(Fay + Fa)) = 5 [ (7. af)dvolur
Y Y

Here Ag € A(y) is a reference connection, n € Q*(M,iR) is a closed 2-
form, and F4 := ftrace(F¥4) € Q*(M,iR). A negative gradient flow line of
CSD,, is a triple (A, ®,u), consisting of a smooth path R — A(7v) : s — A(s)
of spin® connections, a smooth path R — QO(M,iR) : s ++ ®(s) of functions
on M, and a smooth path R — QO(M, W) : s — us = u(s, -) of sections of W,
that satisfy the 4-dimensional Seiberg—Witten—Floer equation

Osu+ Pu— P 4u=0, DsA —d® + *(Fy +n) =7 ((uwu*)g). (47

Here (uu*)o : W — W denotes the traceless hermitian endomorphism given
by (uu*)ow := <u,w>u - %|u|2w, I denotes the complex structure on W,
(+,+) denotes the real inner product on W, and v~ ((uu*)g) := %(Iy(-)u, u).
(See the book by Kronheimer—Mrowka [26] for a detailed account of Seiberg—
Witten—Floer theory and its applications to low-dimensional topology.)

Now let vy, v9,v3 € Vect(M) be an orthonormal divergence-free frame
and let ay,az, a3 € QY(M) be the dual frame. For an orthonormal frame
the divergence-free condition can be expressed in the form

Vvlvl + szvg + Vv31)3 =0. (48)
The frame induces a spin structure on the trivial bundle W := M x H via
’Y(Ul) = JZ 1= 172737

where Jy, Jy, J3 are the complex structures in (4). (This is a spin structure
because it commutes with all three complex structures Iy, Is, I3 in (4).) The
spin connection Ay € A(7) of this structure is given by

VAO,Uif = 8sz + AO(UZ)f
for f € Q°(M,H) and i = 1,2, 3, where

1 1 1
Ap(vg) := §<Vvivj,vk>Ji + §<Vvivi,vj>,]k — §<Vvivi,vk>,]j
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for every cyclic permutation i, j, k of 1,2,3. The curvature of Ay is traceless.
A simple calculation, using (48) and the orthonormal condition, shows that

Panf =00 +7 A= 7D aulles, ), (49)

where the sum runs over all cyclic permutations i, j, k of 1,2, 3. Now consider
the circle action on H generated by the vector field x — —zi. This is the
standard circle action associated to the complex structure [; in (4). It
preserves the hyperkéhler structure determined by the complex structures
J1, J2, J3 and the symplectic forms wi,ws,ws in (20). The moment maps
w1, o, pis - H — iR of this action are given by pu,(z) = %wi(—azi,x). Hence

7 H(uu)o) = §<_fy(.)ui,u> = EZ: %wi(—ui,u)ai = z@:(,u, ou)ag. (50)

By (49) and (50), the Seiberg—Witten—Floer equation (47) has the form

Ou—ud — @, u=Xu, 0A—d®+x(dA+n) =) (giouwa. (51)

)

Here R — Q'(M,iR) : s — A(s) is a path of imaginary valued 1-forms and
the associated path of spin® connections is s — Ay + A(s). With n = 0
and A = 0 this is the gauged Fueter equation (42) for X = H and G = S'.
This correspondence extends to general spin® structures via the appropriate
circle bundles over M. Replacing the circle by the group G = Sp(1), acting
on H on the right, one obtains the equations of Pidstrigatch—Tyurin [32].

A Divergence-free frames

Let M be a closed connected oriented 3-manifold and dvoly, € Q3(M) be a
positive volume form. Denote the set of positive frames by

F = {U = (v1,v2,v3) € Vect(M)3 | dvolys (v, v, v3) > 0}
and the set of divergence-free positive frames by
V= {v e F|du(v;)dvolys =0 for i =1,2,3}.

Given three deRham cohomology classes a1, az,az € H*(M;R), denote the
set of divergence-free positive frames that represent the classes a; by

Yo :={v € ¥ |[t(v;)dvoly] = a; for i =1,2,3}.
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The following theorem is an application of Gromov’s h-principle and is
proved in [21, page 182] and [10, Corollary 20.4.3]. Although the result
is stated in these references in the weaker form that every frame can be de-
formed in % to a divergence-free frame, the proofs give the stronger result
stated below (as explained to the author by Yasha Eliashberg).

Theorem A.1 (Gromov). The inclusion ¥, — F is a homotopy equiva-
lence for all ay,as,a3 € H?(M;R), and so is the inclusion ¥ < F.

Lemma A.2 (Gromov). Let V' be a 3-dimensional real vector space and
S: VXV =V be a skew-symmetric bilinear map. Let R C Hom(V,End(V))
be the set of all linear maps L : V — End(V') such that the map

AV =V iuAves S(u,v) + L(u)v — L(v)u

1$ a vector space isomorphism. Fix a 2-dimensional linear subspace E C V
and a linear map A : E — End(V). Define

L:={L € Hom(V,End(V))| L|g = A\}.

If LNOR is nonempty, then it has two connected components and the convex
hull of each connected component of LNR is equal to L.

Proof. The proof is a special case of the argument given by Eliashberg—
Mishachev in [10, pages 183/184]. Assume without loss of generality that

V=R)  E={zeR’|z=0}.
Write S in the form

S(u,v) =: Zuivjsij, Sz'j = —Sji S Rg,

1<j
and write a linear map L : R3 — End(R?) in the form
3
L(’LL)U = Z uiijij, Lij € R3.
ij=1
Then L € R if and only if
det(Sa3 + Log — Laa, S31 + La1 — L13, S12 + L1z — La1) # 0. (52)

Denote by R, respectively R, the set of all L € R for which the sign of
the determinant in (52) is positive, respectively negative.
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Fix a linear map A : £ — End(R3). This map is determined by the
coefficients L;; with 7 = 2,3. Thus an element L € £LNR is determined by
the choice of L1, Lo, L13. If Sog+Lo3— L3z = 0 then the determinant in (52)
vanishes for every L € £ and so LNR = (). Hence assume Soz + Loz — L3o #
0. Then £LNRT and £ N R~ are nonempty connected submanifolds of
R3? x R3 x R3. (Namely, L;; is any vector in R3, Ly is required to be
in the complement of an affine line, and then Li3 is required to be in the
complement of an affine plane depending smoothly on Ljs.)

Choose z,y € R? such that

det(Ses + Log — Ls2, x,y) > 0.
Then, for ¢t > 0 sufficiently large,
det (S23 + Loz — L3, S31 + tx, S12 + ty) > 0,
det (So3 + Loz — Lsa, S31 — tx, S12 — ty) > 0.
Given L € L choose L', L" € L such that
L}y =Ly, Ly == Loy + ty, L3 = L3 — tz,
LY, = Ly, LYy = Loy — ty, LYy := L3y + t.
Then L', L" € LAR" and L = 3(L'+ L"). Hence the convex hull of LNR™*

is equal to £. A similar argument shows that the convex hull of LNR™ is
also equal to £. This proves Lemma A.2. O

Proof of Theorem A.1. Fix a Riemannian metric on M, let a € H?(M;R)3,
and let o; € Q?(M) be the harmonic representative of a;, i = 1,2, 3. Define

Ay = {B=(B1,P2,B3) € QY (M)?| o; + dp; are linearly independent } .
Let
o I — VY,
be the projection defined by m,(8) = v for g € 4, where t(v;)dvoly :=
o; + dp;. This is a homotopy equivalence. A homotopy inverse assigns to
v € ¥, the unique co-exact triple of 1-forms 3 € 7, *(v).
Consider the vector bundle
X =T"MeT"MaeT*M

over M and denote by X() the 1-jet bundle. Use the Riemannian metric
on M to identify X! with the set of tuples (y, 51, 81, 83, L1, L2, L3) with
ye M, p; € TyM, and L; € Hom(T, M, T;M). Denote by

%, c XD
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the open subset of all (y,3,L) € X guch that the 2-forms 7; € A2T;M,
defined by

7i(u,v) = 05(u,v) + (Li(u),v) — (Li(v),u), 1=1,2,3, (53)

are linearly independent. Denote by .7, the space of sections of %,. Thus
an element of .7, is a tuple (3, L) = (B1, B2, B3, L1, L2, L3) with 8; € QY(M)
and L; € QY(M,T*M) such that the 2-forms 7; € Q?(M), defined by (53)
are everywhere linearly independent. Then .7, is a bundle over .%. The
projection 7, : %, — % is given by 7,(8, L) = v, where t(v;)dvoly; := 7;
and 7; is as in (53). This map is a homotopy equivalence. A homotopy
inverse of 7, is the inclusion ¢, : F — ¥, given by (,(v) := (0, L), where
Li(u) := % (dvolp(vi, u,-) — i (u,-)). Namely, m, 014 =id : F — Z, both
maps are linear between open subsets of topological vector spaces, and the
kernel of 7, is the space of tuples (5, L) such that each L; is symmetric.
The previous discussion shows that there is a commutative diagram

Da

Ha a
Ya F

where the vertical maps are homotopy equivalences and the differential op-
erator 9, : o, — S, is given by 7,6 := (8,Vp). Thus 7, is the space
of all sections 8 of X such that &, satisfies the differential relation %,.
By Lemma A.2, %, is ample in the sense of [10, page 167]. Hence %,
satisfies the h-principle (see [10, Theorem 18.4.1]). In particular, every sec-
tion of %, is homotopic, through sections of %,, to a section of the form
(8,Vp). Equivalently, every frame v € % can be deformed within # to
a divergence-free frame in 7,. In fact, by the parametric h-principle, the
inclusion 9, : 2, — ., induces isomorphisms on all homotopy groups, and
is therefore a homotopy equivalence (see [10, 6.2.A]). Hence the inclusion
Y, — % is a homotopy equivalence.

To explain the extension of this result to the inclusion of ¥ into %, it is
convenient to spell out the details of the parametric h-principle in the present
setting. Choose a smooth manifold A and a smooth map a : A — H?(M;R)3.
Consider the vector bundle

X:=AXT*M®T*M&T*M — M := A x M.
Define Z ¢ X as the set of tuples (A, y, 81, B2, B3, L, Eg,Zg), with A € A,
ye M, B € TyM, and L; € Hom(T\A x T,,M,T;; M), such that the 2-forms
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Ti = Txi € AQTZ;k M in (53) are linearly independent. Here o; = 0y, is the
harmonic representative of the class a;(A) and L; € Hom(T, M, T;y M) is the
restriction of L; to 0 x T, yM . Define the operator 9 from sections of X to
sections of X() as the covariant derivative

98 = (8,VH).

Let .7 be the space of sections of % c XM and denote by A its preimage
under Z. Thus an element of . is a map A — Q'(M)3 : X\ 3y such that
the 2-forms

TN ‘= O)\; T dﬁ)\ﬂ', 1 =1,2,3, (54)

are everywhere linearly independent for every A. An element of 7 is a
smooth section that assigns to A € A a tuple

(Bri1sBros Brgs Loty Lao, Lyg) € QHM)3 x Hom(T)\A, Q1 (M, T* M))* (55)

such that the 2-forms 7, ; € Q?(M), defined by (53), are everywhere linearly
independent for every A € A. As before there is a commutative diagram

7

H S
2 T

Here ¥ is the space of maps A — ¥ : A — vy such that v\ € ¥;,) and F

is the space of all smooth maps from A to .#. The projection 7 : J# — ¥/,
respectively 7 : ¥ — % assigns to the section A — ), respectively (55),
the section A — vy with ¢(vy;)dvolysr = 7x;, where 7y, is given by (54),
respectively (53). Both projections are homotopy equivalences.

By Lemma A.2, the open differential relation % is ample. Hence it
follows from the h-principle in [10, Theorem 18.4.1] that every smooth map
from A to .% can be deformed within .Z to a smooth map A = 7 A — vy
that satisfies vy € ¥(y). With A = S* this implies that the homomorphism
m(Va) — mi(F) is surjective for all a1, az,a3 € H*(M;R).

The relation Z also satisfies the relative h-principle in [10, 6.2.C]. For
the (k + 1)-ball A = B! with boundary 0B**! = S* this means that,
if a map S¥ — ¥ C .Z extends over BFt! in .%, and one chooses any
smooth extension of the projection S¥ — ¥ — H?(M;R)3 over B**! then
this extension lifts to a smooth map B**! — ¥ equal to the given map
over the boundary (and homotopic to the given map in .%). Hence the
homomorphism 7(¥") — m,(.%) is injective. This proves Theorem A.1. [
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B Self-Adjoint Fredholm operators

This appendix is included for the benefit of the reader. It discusses two
well known results about self-adjoint Fredholm operators, that are used
in Section 2. Lemma B.1 characterizes unbounded self-adjoint Fredholm
operators and Lemma B.2 shows that regular crossings are isolated. While
Lemma B.2 follows from the Kato selection theorem (see [34, Lemma 4.7]),
the proof given below is simpler and more direct.

Let H be a Hilbert space and V' C H be a dense linear subspace that
is a Hilbert space in its own right. Suppose that the inclusion V' — H is
a compact operator. Denote the inner product on H by (-,-), the norm on
H by ||z||y == /(z,z) for v € H, and the norm on V by |[z|, for x € V.
Let . be the space of symmetric bounded linear operators A : V — H
and Z C . be the subset of self-adjoint operators. Thus a bounded linear
operator D : V — H is an element of Z if and only if <Da;, §> = <x, D§> for
all x,& € V and, for every x € H, the following holds

o 00

1 <0 = xeV. (56)
ozeev €l g

Every D € Z is a Fredholm operator of index zero and regular crossings of
differentiable paths R — 2 : s — D(s) are isolated. Proofs of these well
known observations are included here for completeness of the exposition.

Lemma B.1. Let D € .. Then the following are equivalent.
(i) De 2.
(ii) (im D)+ C V and there is a constant ¢ > 0 such that, for all x €V,

lzlly < e(IDellg + 1zl g) - (57)

(iii) D is a Fredholm operator of index zero.

In particular, & is an open subset of . in the norm topology.

Proof. We prove that (i) implies (ii). Assume D € 2. By (56) (im D)+ C V.
We show that the graph of D is a closed subspace of H x H. Let x,, € V and
x,y € H be such that lim,,_, ||z — 2| ; = 0 and lim,, o ||y — Dy = 0.
Then <:1:,D£> = limn_>oo<xn,D£> = limn_>oo<Dxn,£> = <y,£> for £ € V.
Hence z € V by (56) and, since D is symmetric, it follows that Dz = y.
Thus D has a closed graph. Now V' — graph(D) : z — (z, Az) is a bijective
bounded linear operator and so has a bounded inverse. This proves (57).
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We prove that (ii) implies (iii). Since V < H is a compact operator, it
follows from (57) that D has a finite-dimensional kernel and a closed image
(see [27, Lemma A.1.1]). Since (im D)+ C V and D is symmetric, it follows
that (im D)+ = ker D. Hence dim coker D = dim ker D.

We prove that (iii) implies (i). Let D € . be a Fredholm operator
of index zero. Then D has a finite-dimensional kernel and a closed image.
Since D is symmetric, ker D C (im D)*. Since D has Fredholm index zero,
ker D = (im D)+ and hence im D = (ker D)*. Now let # € H and suppose
that there is a constant ¢ such that ‘<:17, D£>‘ < cll|ly for every £ € V. By
the Riesz representation theorem, there exists an element y € H such that
<x,D£> = <y,£> for £ € V. Choose yg € ker D such that y — yg L ker D.
Then y — yo € imD. Choose x1 € V such that Dxy = y — yg. Then
<x — $1,D£> = <y,£> — <Dm1,£> = <y0,£> for every £ € V. Given £ € V
choose &y € ker D such that & — &y L ker D. Then

(# —21,D€) = (x — 1, D(€ — &)) = (y0,£ — &) = 0.

Hence x — 21 € (im D)+ =ker D C V and hence z € V.

Since (i) and (iii) are equivalent it follows from the perturbation theory
for Fredholm operators (see [27, Theorem A.1.5]) that & is an open subset
of . with respect to the norm topology. This proves Lemma B.1. O

Let I C R be an open interval and I — Z : s — D(s) be a continuous
path with respect to the norm topology on &. The path is called weakly
differentiable if the map I — R : s — (z, D(s)¢) is differentiable for every
x € H and every £ € V. A crossing is an element s € [ such that D(s) has
a nontrivial kernel. A crossing s € [ is called regular if the quadratic form

Ty:ker D(s) =R,  T(&) = (& D(s)),
is nondegenerate.

Lemma B.2. Let [ — 2 : s+ D(s) be a weakly differentiable path of self-
adjoint operators and let sog € I be a reqular crossing. Then there is a § > 0
such that D(s) : V' — H is bijective for every s € I with 0 < |s — so| < 0.

Proof. Assume without loss of generality that sy = 0. By Lemma B.1 there
is a constant ¢ > 0 such that

lzlly < c(ID(s)2l g + llzllz) (58)

for every z € V and every s in some neighborhood of zero. Shrinking 7, if
necessary, we may assume that (58) holds for every s € I.

32



Assume, by contradiction, that there is a sequence s, € I such that
Sn — 0 and D(s,) is not injective for every n. Then there is a sequence
xp € V such that D(s,)z, = 0 and [|z,||; = 1. Thus |z,||,, < c by (58).
Passing to a subsequence we may assume that x,, converges in H to xg. Then
|zoll gz = 1 and (g, D(0)€) = limy—yo0(Tn, D(s,)€) = 0 for £ € V. Hence
xo € ker D(0). Moreover, for every ¢ € ker D(0), the sequence D(sy,){/sn
converges weakly to D(0)¢ and is therefore bounded, so

(D(0)¢,20) = lim <M,xo> = lim <an> =0.

n—o00 Sn, n—o00 Sn,
This contradicts the nondegeneracy of I'y and proves Lemma B.2. O

Let I be a compact interval and I — 2 : s — D(s) be a weakly differ-
entiable path with only regular crossings such that D(s) is bijective at the
endpoints of I. The spectral flow is the sum of the signatures of the cross-
ing forms 'y over all crossings. It is invariant under homotopy with fixed
endpoints and is additive under catenation. (See [34] for an exposition.)
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