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Abstract

The Ricci form is a moment map for the action of the group of
exact volume preserving diffeomorphisms on the space of almost com-
plex structures. This observation yields a new approach to the Weil-
Petersson symplectic form on the Teichmiiller space of isotopy classes
of complex structures with real first Chern class zero and nonempty
Kaéhler cone. This extended version of the paper includes a proof of
the Bochner—Kodaira—Nakano identity (Appendix , a brief exposi-
tion of Bott—Chern cohomology (Appendix|C]), and a discussion of the
relation between complex structures and differential forms of middle
degree (Appendix @

Contents
[ Introductionl
2The Ricci forml

|3__The integrable case|

|4 Teichmuller space]

IA_Torsion-free connections|

|IB The Bochner—Kodaira—Nakano i1dentity|

|IC Bott—Chern cohomology]|

|ID_Complex structures and n-forms|

[Referencesl

20

30

38

40

46

51

61



1 Introduction

This paper is based on a remark by Simon Donaldson. The remark is that
the space of linear complex structures on R?" can be viewed as a co-adjoint
SL(2n, R)-orbit and hence is equipped with a canonical symplectic form and
a Hamiltonian SL(2n, R)-action. Thus, for any volume form p on a closed ori-
ented 2n-manifold M, the space # (M) of almost complex structures carries
a natural symplectic structure. Following [I3], one can then deduce that the
action of the group of exact volume preserving diffeomorphisms on _# (M)
is a Hamiltonian group action with the Ricci form as a moment map. In the
integrable case this yields a new approach to the Weil-Petersson symplectic
form on the Teichmiiller space of isotopy classes of complex structures with
real first Chern class zero and nonempty Kahler cone. Here are the details.

Fix a closed connected oriented 2n-manifold M and a positive volume
form p and denote by _# (M) the space of almost complex structures com-
patible with the orientation. This space is equipped with a symplectic form

QP,J(:]\l,:]\Q) = %/ trace(lejg)p for jl,jg € Qg’l(M,TM). (1.1)
M

The Ricci form Ric, ; € Q?(M) associated to p and J is defined by
Ric,, s(u,v) := ttrace((V,J)J(V,J)) + Strace(JRY (u,v)) + 1dAY (u, v)

for u,v € Vect(M), where V is a torsion-free p-connection and the 1-form \Y
on M is defined by AY(u):= trace((V.J)u) for u € Vect(M). In the inte-
grable case iRic, s is the curvature of the Chern connection on the canonical
bundle associated to the Hermitian structure determined by p.

Theorem A (The Ricci Form). The Ricci form is independent of the
choice of the torsion-free p-connection V used to define it. It is closed, rep-
resents the cohomology class 2mei(T'M, J), satisfies ¢p*Ric,, ; = Ricgep ¢y for
every diffeomorphism ¢, and Ric,s, ; = Ric, s+ 1d(df oJ) for all f € Q°(M).
Moreover, the map J > 2Ric,; is a moment map for the action of the
group Diff™ (M, p) of exact volume preserving diffeomorphisms on 7 (M),
.e. if t — Jy is a smooth path of almost complex structures on M, then

d
_/ 2Ric, j, N = %/ trace((@tJt)Jt(ﬁvaJt))p (1.2)
dt M ’ M
fort € R and o € Q*2(M), where v, € Vect(M) is defined by 1(v,)p = da.
Proof. See Theorem [2.6] O



The proof of Theorem A is based on the aforementioned observation that
the space of linear complex structures is a co-adjoint SL(2n, R)-orbit. Theo-
rem A can then be derived from a general result of Donaldson [I3] about the
action of the group Diff™ (M, p) on a suitable space of sections of a fibration
over M. In Section [2| we give a direct proof which does not rely on [13]. That
the Ricci form is closed and represents 27 times the first Chern class is a con-
sequence of the formula Ric, ; = itrace(JRY) + d\Y, where w € Q*(M) is
a nondegenerate 2-form compatible with J, V is the Levi-Civita connection
of the metric w(-,J-), and V :=V — %JVJ. Moreover, Ay = 0 whenever w
is closed, so one obtains the standard Ricci form in the symplectic case. We
emphasize that the dual space of the space of exact divergence-free vector
fields is the space of exact 2-forms on M, so one obtains a genuine moment
map only for almost complex structures with real first Chern class zero.

Equation extends to an identity that holds for all vector fields v.
This identity takes the form

/MA,,(J, j) Ai(v)p = %/Mtrace<j(]£v<]>p (1.3)

for all J € Q%' (M, TM) and all v € Vect(M), where A,(J, J) € QL(M) is de-
fined by (A,(J, J))(u) := trace((VJ)u + 3 JJV,J) for u € Vect(M). Thus A,
is a 1-form on _# (M) with values in Q'(M). The next theorem shows that
the differential of this 1-form is a 2-form on _# (M) with values in dQ°(M).
Theorem B (The one-form A,). Let v € Vect(M) and define f, € Q°(M)
by fop :=du(v)p. Then, for all J € #(M),
A, (J, L, J) = 2u(v)Ric, ; — df, o J + df 1. (1.4)
Moreover, if R — #(M) : (s,t) — J(s,t) is a smooth map, then
OsAp(J, 0, T) — OM (T, 0,J) + Fdtrace((0sJ)J (0, ])) = 0. (1.5)
Proof. See Theorem 2.7 O

Theorem C (The Integrable Case). Let p € Q*(M) be a positive vol-
ume form and let J € Z (M) be an integrable almost complex structure.
Then %RiCmJ is a (1,1)-form and represents the first Bott—Chern class of J.
Moreover, the first Bott—Chern class of J vanishes if and only if there exists a
diffeomorphism ¢ € Diffo(M) such that Ric, 4y = 0. IfRic, ; = Ric, ¢y =0
for some orientation preserving diffeomorphism ¢, then ¢*p = p.

Proof. See Theorem [3.1] O



Let Zinto(M) C _Z (M) be the space of integrable almost complex struc-
tures with real first Chern class zero and nonempty Kéhler cone. Then Theo-
rem C shows that the Teichmiiller space J5(M) := Fino(M)/Diffo(M) can
be identified with the quotient space Jo(M, p) := Finto(M, p)/Diffy(M, p),
where Zino(M, p) :={J € Finto(M)|Ric,; = 0}. We emphasize that the
quotient group Diffy(M, p) /lefex(M p) acts trivially. The space / ( )
carries a complex structure J s —JJ and the symplectic form (2, in
is of type (1,1). However, it is not Kéhler because the symmetrlc pair-
ing (j\l, (72> =11y trace(:]\ljg) p is indefinite in general. Thus complex sub-
manifolds of _# (M) need not be symplectic. The space Zino(M) is an exam-
ple. Its tangent space at .J is the kernel of Ay QYN (M, TM) — Q% (M, TM).
If Ric, ; = 0 and 0 JJ = 0, then Theorem B implies that there exist unique
smooth functions f = fp,j and g = fpij such that

Ap(J,j):—dfoJ+dg, /pr:/Mgp:O. (1.6)

This implies that the restriction of the 2-form €2, ; to ker J; vanishes on the
subspace {L,J | f, = f, = 0}. It turns out that Q, descends to a symplectic
form on the Teichmiiller space J5(M, p) = Zo(M) that is independent of p.
For J € Zino(M)let py be the volume form with Ric,, ; = 0and [, , p; = V.

Theorem D (Teichmiiller Space). The formula

(1, J) ;:/ (%tl"ace(jljjz) — fig2 + f291>PJ> (1.7)
M

forJ € Fiwo(M) and jz S Q?,’I(M, TM) with 5]2 =0 and f;, g; asin (1.6),
defines a symplectic form on the Teichmiiller space Fo(M). It satisfies the
naturality condition Q¢*J(¢*:7\1, ¢*:f;) = ¢*Qj(jl, :7;) for every ¢ € Diff* (M)
and thus the mapping class group acts on Fo(M) by symplectomorphisms.

Proof. See Theorem [4.4] O

Theorem D gives an alternative construction of the Weil-Petersson sym-
plectic form on Calabi-Yau Teichmiiller spaces (see [21], 26] 3], [32] [33] [34]
for the polarized case and [15, Ch 16] for the symplectic form on (M) for
the K3 surface). The proof relies on Yau’s theorem and the observations, for
Ricci-flat Kéhler manifolds (M, w, J), that a vector field v is holomorphic if
and only if ¢(v)w is harmonic (Lemma, and that the space of 9;-harmonic
1-forms J € Q%' (M, TM) is invariant under the map T J* (Lemma.
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Associated to the symplectic form ((1.7)) on Z,(M) and the complex struc-
ture J — —JJ is the symmetric bilinear form

(Z,£>:/M<%trace(jlj2) Jifa — 9192) (1.8)

This is indefinite in general, so Z5(M) need not be Kéhler. If w is a Kéhler
form with w"/n! = p;, then the subspace of self-adjoint harmonic endomor-
phisms J = J* € Q%' (M, TM) is positive for (T.8) (and tangent to the Teich-
miiller space of w-compatible complex structures). Its symplectic comple-
ment is the negative subspace of skew-adjoint harmonic endomorphisms. The
2-form defines a symplectic connection on the space &y(M) of isotopy
classes of Ricci-flat Kéhler structures, fibered over the space %,(M) of iso-
topy classes of Kéhlerable symplectic forms with real first Chern class zero,
whose fiber over [w] is the space 75(M,w) of w-compatible (integrable) com-
plex structures J with Ric, ; = 0 modulo Symp(M,w) N Diffy(M).

Theorem E (A Connection). The projection (M) — Bo(M) is a sub-
mersion and the 2-form defines a symplectic connection on &(M). The
connection 1-form </ assigns to each Ricci-flat Kdhler structure (w, J) cmd
each closed 2-form @ the unique element J = o, (@) € QY (M, TM)
satisfies 8,0 =0 and A,(J, j) = —d(W,w) o J and & — J*w = ((J —

and Qj(j,j’) =0 for all J' € QYN (M, TM) with 8,0 =0 and J = (

The connection is Diff " (M)-equivariant and is given by

Loy @) = LoJ +Jo, o) = 3(@—d) =T @=dY),  (19)
where v € Vect(M) and A= 1(v)w € QY (M) satisfy d* (W — dX) =0, d*A=0.
Proof. See Lemma [4.5 and Theorem O

The Weil-Petersson metric on the fiber Z5(M,w) in Theorem E is Kéhler
and has been studied by many authors (see e.g. [0, 17, I8, 26, 29], [31]-
[38], [41], 43] and the references therein). An important special case arises
when H7°(M) = 0 for all J € iy 0(M). In this case F(M) is Kéhler, each
polarized fiber Z5(M,w) is an open subset of J5(M), the symplectic forms
on the fibers agree on the overlaps (as noted by Todorov [37, p 328]), and
the connection is trivial.

tha
>A,>
Ty,

Acknowledgement. Thanks to Simon Donaldson for suggesting this prob-
lem. Thanks to Paul Biran, Ron Donagi, Andrew Kresch, Rahul Pandhari-
pande, Yanir Rubinstein, and Claire Voisin for helpful discussions.
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2 The Ricci form

Linear complex structures

The standard orientation of R?" with the coordinates x1,...,Zn, Y1, ..., Yn is
determined by the volume form dx; A dy; A --- A dx, A dy,. The space of
linear complex structures on R?" compatible with the orientation is given by

—1
In = {gJog_1 g€ SL(2n,]R)}, Jo = ( ?1 0 ) : (2.1)
This is a co-adjoint orbit equipped with a Hamiltonian SL(2n, R)-action. Ab-
breviate G := SL(2n,R) and g := Lie(G) = sl(2n,R) and note that ¢, C g.

Lemma 2.1. The set ¢, C R2"2M 45 q connected 2n?-dimensional submani-
fold and its tangent space at J € _Z, is given by

Ty fn={TeR™™|JT+JT=0}={¢,J]|¢cg}. (22
The formula T —JJ defines a complex structure on _#, and the formula
Tj(jl, (72) = %trace(jl(]fg) = —trace([&,&]J) (2.3)

for & € g and J; = &, J] defines a symplectic form T € Q*(_7,). The G-
action G X _fZn— 2o (g, J) — gJg~" is Hamiltonian and is generated by
the G-equivariant moment map p: _#, — g given by p(J) = —J for J € _7,.

Proof. The set H := {h € SL(2n,R) | hJy = Joh} is a Lie subgroup of G and
is isomorphic to the group of complex n X n-matrices with determinant in
the unit circle. So dimH = 2n? — 1 and dim G = 4n? — 1 and thus the ho-
mogeneous space G/H is a manifold of dimension 2n?.  Since G is con-
nected, so is G/H. Next we claim that the map G — R* 2" : g gJyg~!
descends to a proper injective immersion ¢ : G/H — R?™2" Tt is injective
by definition. To see that ¢ is an immersion, observe that 7iyG/H = gg/gb
and di([g])[g€] = g[&, Jo)g~! for g € G and £ € g. To prove that ¢ is proper,
choose g, € G such that the sequence J := ngogk_l converges to .Jy, and
define hy, := g; '[e1- - en Jpe1 - Jyen], Where the vectors ep,...,e, € R
form the standard basis of R" x {0}. Then h; € H for k sufficiently large
and limy_,o, grhe = 1. This shows that the map ¢ : G/H — R?"2" is a proper
injective immersion. Hence its image _#, = ¢(G/H) is a connected 2n*-
dimensional submanifold of R?"*2n,



Nowlet J € #,. ThengJg~' e #,forallg € Gandso[¢,J] € T)_#, for
all € € g. Thus {[¢,J]|€ € g} C Ty #Z, C {J € R2>| JJ 4 .J.J = 0}. Since
all three spaces have dimension 2n%, equality holds and this proves .
The formula follows by direct calculation. To show that the 2-form 7
in is nondegenerate, let J = [¢,J] € T; #a\ {0} and define n := [¢, J]*
and J' :=[n,J]. Then 7,(J,J") = trace(n[¢, J]) = trace([¢, J]T[¢, J]) > 0.
The 2-form 7 is closed and the complex structure T —JJ is integrable by
Lemma [A.T] as both structures are preserved by the torsion-free connection

Vid = 4T+ 177J+ LigT.

dt

The map 7, — g:J +— pu(J) := —J is a moment map for the G-action be-
cause 7, ([, J], J) = —trace(§J) = trace((du(J)J)E) for J € #Z,, J € Ty _#,
and £ € g. This proves Lemma 2.1 O]

Remark 2.2. The symplectic form 7 in (2.3) is a (1, 1)-form with respect to
the complex structure J +— —JJ. For n > 1 it is not a Kéhler form, because
the bilinear form (.J;, Jo) = Strace(J;J») is indefinite on each tangent space.

Remark 2.3. Let wy := >, | dx; A dy; denote the standard symplectic form
on R?" and consider the space of wy-compatible linear complex structures

Fno = {J c 7 J*wy = wp and wy(¢, JC) >0 }

for all ¢ € R*\ {0}
This is a complex submanifold of _#, of real dimension n? + n and the
symplectic form ([2.3)) restricts to a Kéhler form on _#,,. The symplec-
tic linear group Sp(2n) acts on _Z,, by Kéhler isometries and a moment
map f: _Zno — sp(2n) for this action is again given by pu(J) = —J.

(2.4)

Remark 2.4. The group Sp(2n) acts on Siegel upper half space ., C C"*"
of symmetric matrices with positive definite imaginary part via

A B
- -1 _.
9:2 = (AZ+ B)(CZ+ D), g—.(c D)
for g € Sp(2n) and Z € .#,. There is a unique Sp(2n)-equivariant diffeomor-
phism from ., to Z, that sends ill € ./, to Jy € _Znp. It is given by

( Xyt -y -XY~'X

J(Z) = Y—l _Y—lX

)an,o, 7 =X+1iY € .4,.

This diffeomorphism is a Kahler isometry with respect to the Kahler metric
on %, given by |Z|* = trace((Y ' X)? + (Y 71Y)?) for Z = X +1iY € Tz.%,.
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Definition of the Ricci form

By Lemma the space ¢Z, fits as a fiber into the general framework de-
veloped by Donaldson [I3]. Starting from this observation we will show that
the action of the group of exact volume preserving diffeomorphisms on the
space of almost complex structures is a Hamiltonian group action with twice
the Ricci form as a moment map. Let M be a closed connected oriented 2n-
manifold. Assume M admits an almost complex structure compatible with
the orientation and denote the space of such almost complex structures by

J? = —1 and
J is compatible with . (2.5)
the orientation of M

F(M) =1 J € Q°(M,End(TM))

Thus #Z (M) is the space of sections of a bundle each of whose fibers is
equipped with a natural symplectic form by Lemma [2.1] It can be viewed
formally as an infinite-dimensional manifold whose tangent space at J is the
space Ty _# (M) = {J € Q°(M,End(TM)) | JJ + JJ = 0} = Q3 (M, TM) of
complex anti-linear 1-forms on M with values in T'M . Every positive volume
form p € Q* (M) determines a symplectic form 2, on _# (M) defined by

(T ) = 1 /

Mtrace <ﬁJ@> p (2.6)

for J € #(M) and Ji, Ty € Ty #(M). The group ¢ = Diff(M, p) of vol-
ume preserving diffeomorphisms acts on _# (M) contravariantly by J — ¢*J
for g € 4 and J € #(M). This action preserves the symplectic form €2,.

Definition 2.5 (Ricci Form). Fiz a positive volume form p € Q> (M),
an almost complex structure J € (M), and a torsion-free p-connection V
on TM. The Ricci form of the pair (p,J) is the 2-form

(7 +dAY), (2.7)

7y (u,v) == $trace((V,J)J(V,J)) + trace(JRY (u,v)),

T2

A (u) = trace((VJ)u) (2.8)

for u,v € Vect(M). For J € Q% (M, TM) define A,(J,J) € Q*(M) by
(A, (J, j))(u) = trace((Vj)u + %jJVuJ) for uw € Vect(M).  (2.9)

8



The Ricci form as a moment map

The next theorem is the main result of this section. It asserts that the action
of the subgroup

( there exists a smooth isotopy

[0,1] x Diff (M) : t — ¢y

and a smooth family of vector fields
G = ¢ ¢ € Diff (M) | [0,1] = Vect(M) : t — v (2.10)
such that ¢(v;)p is exact for all ¢
and 0;¢; = vy 0 ¢y for all t

and ¢y = id and ¢; = ¢

\ Ve

of exact volume preserving diffeomorphisms on _# (M) is a Hamiltonian
group action and is generated by the ¥-equivariant moment map which as-
signs to each J € _# (M) twice the Ricci form Ric, ;. The moment map must
take values in the dual space of the Lie algebra

Lie(9%) = Vect™ (M, p) = {v € Vect(M) | t(v)p is exact} .

Every (2n—2)-form a € Q*'~2(M) determines an exact divergence-free vector
field v, € Vect™(M, p) via
L(ve)p = da.

Thus Vect™ (M, p) can be identified with the quotient of the space Q*"~2(M)
by the space of closed (2n — 2)-forms on M. Its dual space can be viewed
formally as the space of exact 2-forms on M, in that every exact 2-form 7
on M determines a linear functional

Vect™ (M, p) = R : v, r—)/ TA .
M

With this understood, equation in the following theorem is the as-
sertion that the map J +— 2Ric, ; is a moment map for the action of ¢
on Z(M). In general, however, the Ricci form is only closed and not exact;
only its differential in the direction of an infinitesimal almost complex struc-
ture is always exact. Thus the map J — 2Ric, ; is only a moment in the strict
sense of the word when restricted to the space of almost complex structures
with real first Chern class zero. One could attempt to rectify this situation
by subtracting a closed 2-form in the appropriate cohomology class from the
Ricci form, however such a modification would destroy the ¢ “*-equivariance
of the moment map unless M has real dimension two.

9



Theorem 2.6. Let p € Q*"(M) be a positive volume form, let J € 7 (M),
and let J € Q5 (M, TM). Then the following holds.

~

(i) The Ricci form Ric, ; and the 1-form A,(J,J) are independent of the
choice of the torsion-free p-connection V used to define them. Moreover,

Rices,; = Ricy s + 2d(df o J), Ausp(J,T) = A(J, T) +df o T  (2.11)

for all f € Q°(M) and the Ricci form and A, satisfy the naturality condition

~

¢ Ric, ;s = RiCgep e, "N (J, T) = Ngep(67 T, ¢ T) (2.12)

for all ¢ € Diff(M).
(i) Every vector field v € Vect(M) satisfies

/MA,,(J,j)/\L(v)p:%/Mtrace(jJﬁvJ)p. (2.13)

Moreover, every smooth path R — # (M) :t — J; of almost complex struc-
tures with Jo = J and %‘tzo Jy = J satisfies the equations

— ~ d N
Ric,(J, J) := g Ric,, s, = 3d(A,(J, J)) (2.14)
t=0
and
/ 21§i\cp((], DAa= %/ trace(jJEvaJ)p (2.15)
M M

for a € Q*""2(M), where v, € Vect(M) is defined by 1(vy)p = da.
(iii) Let w € Q*(M) be a nondegenerate 2-form compatible with J such

that w"/n! = p, let V be the Levi-Civita connection of the Riemannian met-
ric {-,-) = w(-,J-), and define

V:i=V-1lJvJ (2.16)
Then V is a Hermitian connection and
Ric, ; = %(trace(JRﬁ) +d\Y). (2.17)
Thus Ric, j is closed and represents the class 2mey(T'M, J). Moreover,
dw =10 — AV =0, Ric, ; = %trace(JRﬁ). (2.18)

10



Proof. We prove part (i). Choose a smooth function
0,1] x M — R (t,p) = fi(p)

with fo = 0 and f; = f, define p, := e/tp for 0 <t < 1, and choose a smooth
path of torsion-free connections V, on T'M such that V,p, =0 for all ¢.
For 0 < ¢ < 1 define the 1-forms A, € Q'(M,End(T'M)) and o, € Q'(M) by

Ay =4V, oy (u) := trace(JAy(u)) (2.19)

for u € Vect(M). Then, for all ¢ and all u,v € Vect(M), we have
Ai(u)v = Ay(v)u, trace(A¢(u)) = d(Ofi)(u), (2.20)
LN, wd = [As(u), J], LRV = dVA,. (2.21)

It follows from ([2.8)), (2.19)), (2.20)), and (2.21)) that
iTVt(’LL, v) = trace((VmJ)At(v) — (VMJ)At(u)) + trace(JdV%t(u, v))

at’y
= trace(th(JAt)(u, v))
= day(u,v)
and
% |t:0 )‘yt (u) = trace([At, J]u)

= trace(A;(Ju)) — trace(J A (u))
= (0 f1)(Ju) = ay(u)
for all ¢t and all u,v € Vect(M). Hence
% ‘t:() (TJVt -+ d/\yt) = d(d(atft) o J)

Integrate this formula to obtain the first equation in (2.11]) and consider the
case where p;, = p is independent of ¢ to deduce that the 2-form Ric, ; is
independent of the choice of the torsion-free p-connection V used to define

it. Moreover, it follows from (2.19)), (2.20)), and that
%trace((vtj)u + %jJVwJ) = trace([A;, Ju + %:fJ[At(u), J])
= trace(At(ju))
= d(0,f,)(Ju).

for all ¢t and all u € Vect(M). Integrate this formula to obtain the second
equation in (2.11)) and consider the case where p; = p is independent of ¢ to

deduce that the 1-form A,(/J, J) is independent of the choice of the torsion-
free p-connection V used to define it. The naturality condition (2.12)) follows

directly ftom the definitions and this proves (i).
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To prove part (ii) we use the formulas
trace(Vu)p = du(u)p, (2.22)
(Lo J)u = IV, 0 — Vo + (VJ)u (2.23)
for u,v € Vect(M). By (2-23)), we have
trace(jJﬁvJ) = trace(—jVU — :fJVJ.'U + jJVvJ)
= trace(—2va + jJVvJ)

for all u,v € Vect(M). Here the second equality holds because two endomor-
phisms ® and —J®J are conjugate and so have the same trace. Thus

A, J)(v) = trace((Vj)v + %jJVUJ)
= trace(V(jv) — JVv + %jJVvJ)
= trace(V(Jv)) + Ltrace(TJL,J)
for all v € Vect(M). Hence it follows from (2.22) with u = Juv that
/ A,(J, J) /\I,(U)pZ/ A,(J, D()p = %/ trace(jJﬁvJ)p
M M

M

for all v € Vect(M). This proves ([2.13]).
Now fix a torsion-free p-connection V and abbreviate

A (u), B(u) = 1trace(jJVuJ)

— 2

~

X(u) = trace((VJ)u)

_ d
- E}t:O

for u € Vect(M). Then A,(J, J) = A+ 3 and

dB(u,v)
= %Eutrace(jjvvj) — %[,vtrace(jJVuJ) + %traee(jJV[M]J)
= %trace((vu(jJ))VUJ) — %trace((vv(jj))VuJ)

+ Ltrace(TT(VuVed — Vi Vid + Vi)
= %trace((vuj)J(%J)) — Ltrace(( )

) J(V,
= %trace((vuj\)J(VvJ)) + strace((V,J)J(V,

%ltzo TZ(U’ v)

for all u,v € Vect(M). Since Ric,, j, = 3(7) + dAY) this proves (2.14). Equa-
tion (2.15)) follows directly from ([2.13]), (2.14)), and Stokes’ theorem and this

proves part (ii).

J)) + %trace(jJ[Rv(u, v), J])

) + trace(JARv(u, v))
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We prove part (iii). The connection V in (2.16) will in general no longer
be torsion-free. However, since the endomorphism JV,.J is skew-adjoint for
all u € Vect(M), it preserves the Riemannian metric on M and the volume
form p. In addition it preserves the almost complex structure J because

Vi = Nid = LIV, J) = Nd = LI(NL)T + LJINLT = 0

for all u € Vect(M). Next we compute the curvature tensor of V. Fix three
vector fields u, v, w € Vect(M). Then V,w = Vw — $J(V,J)w and so

V.Vow =V, (Vew — LI(V)w) = V. Vw — 3TV, (V. J)w)
= V.Vw — 2 J(V,))Vow — 2V, (W J)w) — (V) (Y J)w
= V.Vw — 2 J(V,V,J)w — (V) (Y J)w
— LIV Vo — 2T (N, ) V.
Hence
Re(u, v)w = %uﬁ)w — ﬁuﬁ,w + ﬁu,v}w
= V.Vow — I (VN )w — 1(V ) (V) w
— VoVuw + LI (V) w + (V) (V) w
+ V0 = 5J (V) S w
= RY (u,v)w — LJ[RY (u,v), Jjw — [V, J, ¥, J]w
= 1RV (u,v)w — LJRY (u,v)Jw — L[V, J, ¥, J]w.

This implies

JRY (u,v) = LJRY (u,v) + 1R (u,v)] — LJ[V,J, V,J] (2.24)

and hence
trace(JRe(u, v)) = trace(JRY (u,v)) + trace((V,J)J(V,J)).  (2.25)

Thus trace(JRY) = 7y and this proves (2.17)). Since V is a Hermitian con-
nection, the 2-form trace(£JRY) = trace®(5=JRY) € Q*(M) is closed and
represents the first Chern class of (T'M, J).

If w is closed, then Vj,J = —J(V,J) for every vector field v € Vect(M)
by [30, Lemma 4.1.14], so the endomorphism v — (V,J)u anti-commutes
with J and therefore has trace zero. Hence Ay = 0. This proves part (iii)

and Theorem [2.6] n
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For u € Vect(M) define f, := f,, = div,(u) € Q°(M), so that

fup = di(u)p. (2.26)
Theorem 2.7. Let p € Q*(M) be a positive volume form, let J € # (M),
and let u € Vect(M). Then

A, (J, L, J) = 2u(u)Ric, y — df, o J +df sy (2.27)
Moreover, every smooth map R?* — # (M) : (s,t) — J(s,t) satisfies
OsNo(J,0,T) — O\ ,(J,05J) + Sdtrace((95J)J(8,J)) = 0. (2.28)

Proof. The proof has six steps.
Step 1. We prove ([2.28)).
Let v € Vect(M). Then it follows from equation (2.13)) that

/ (00, (J,0,7) — Ay (J, 0.7)) A u(w)p
= %@/Mtrace((atJ)J(EvJ))p—%({%/Mtrace((@sJ)J(EUJ))p

=1 / trace(([,vatJ)J(aSJ) + (0y ) (LyJ)(0s]) + (atJ)J(EU(')SJ))p

2
=1 /M (Lotrace((8,J)J(957)))p = 3 /M dtrace((0,J)J(95J)) A u(v)p.
This proves Step 1.
Step 2. dA,(J, L,J) = 2diu(u)Ric, ; — d(df, o J).

Let ¢, be the flow of u. Then ¢;Ric, ; = Ricg:, 4:7 by part (i) of Theorem 2.6|
Differentiate this equation and use parts (i) and (ii) of Theorem to

get du(u)Ric, ; = Ric,(J, £,J) + Ld(df, o J) = L(dA,(J, £,J) + d(df, o J)).
Step 3. Suppose t(u)p is exact. Then u satisfies (2.27)).
Choose a € Q*2(M) such that ¢(u)p = da. Then, for all v € Vect(M),

/ 2u(u)Ric, j A t(v)p = / 2Ric, ; A v(v)da = — / 2du(v)Ric, ; N
M M M

:—/ d(Ap(J,EvJ)—f—dfvoJ)/\a:—/ (Ap(J, Ly ) +dfy o J) Au(u)p

_ /M (Ap(J, L) — df ) Ai(0)p.

Here the third equality follows from Step 2. This proves Step 3.
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Step 4. Let A € Q°(M) and Je Q%Y (M, TM). Then
P = My + dX\(u), (2.2
AT NT) = A (J, ) +dX o J, (2.30)
Lawd = ACuJ + oy Jui=Ju®@d\—u®dXo J. (2.31)
and follow from the definitions and follows from .
Step 5. If u satisfies and X € Q°(M), then u satisfies (2.27)).
Let J, € Qg’l(M, TM) be as in . We prove the identity
Ap(J, Tu) 4+ dN o Lo J = frud) — fudho J +dLj A —dL,Ao J.  (2.32)
To see this, let v,w € Vect(M). Then
(Vi du)v = Vi (dA(0) Ju — dA(Jv)u) — dN(Viyv)Ju + dA(JVio)u
= d\(0)V,(Ju) + (L LoA)Ju — (Lgw))Ju
— dA(Jv)Vpu — (Lo Ly AN)u + (Lyg, o)) u.
Hence it follows from (2.22)) and (2.23)) that
trace((V:f;)v) = dA\(v)trace(V(Ju)) + L LoA — L0\
— d)\(Jv)trace(Vu) — Lo LA+ Lo\
— AN(0) fr — ANTO) fu + LoLni) — Lo L)
— dN(V,J)u =+ (L, J)v).
Since (A,(J, J))(v) = trace((V.J,)v) + dA((V,J)u), this proves (2-32). Now
suppose u satisfies and let v € Vect(M). Then, by Step 4, we have
(Ap(J, Low)) () = (Ap(J, ALY + J)) (v)
= A L)) () (A7, T)) () + ML, 7))
= M(2Ric, s (u,v) — dfu(Jv) + df 1u(v))
+ dA(V) fru — AN(JV) fu + Lo L\ — Ly LoA
= 2Ric, j(Au, v) — dfsu(Jv) + dfsju(v).
Here the third equality uses . This proves Step 5.
Step 6. We prove ([2.27).

There exist finitely many exact divergence-free vector fields u; and smooth
functions \; such that w =), A\ju;. For each i the vector field A\u; satis-
fies (2.27)) by Steps 3 and 5. Hence so does u and this proves Theorem[2.7, O
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Equation (2.27)) is equivalent to the formula

Qp,J(ﬁuja ‘Cvt]) = / (QRiCp,J(ua U) + fuva - fJufv)p (233)
M

for u,v € Vect(M). For exact divergence-free vector fields u, v this is the ana-
logue of the identity w(L,&, L.n) = (u(x), [, n]) for Hamiltonian group ac-
tions on finite-dimensional symplectic manifolds. The analogue in the scalar
curvature setting is discussed in Remark below.

Scalar curvature

Let (M,w) be a 2n-dimensional closed connected symplectic manifold and
denote by

J?=—Tland J'w=w
, W) = S , Bn and w(x, Jx) >
F(M,w) J € Q°(M,End(TM)) dw(@, Jz) >0
for all 7 € T, M \ {0}

the space of all almost complex structures that are compatible with w. This
is an infinite-dimensional Kéhler submanifold of # (M) with the tangent

spaces Ty ¢ (M,w) = {J e QY (M, TM) lw(J-, ) +w(-, J-) =0}, the sym-
plectic form €2, in (2.6, and the complex structure J — —JJ.

Definition 2.8 (Scalar Curvature). Let w be a symplectic form on M,
let J be an w-compatible almost complex structure on M, let V be the Levi-
Civita connection of the metric (-,-) = w(-,J-), and let V :=V —1J(VJ).
Define the Ricci form of (w,J) by Ric, s := Ricyn/n g = %trace(JRV) and
define the scalar curvature by

_ 2Ricy  Aw" ! /(n—1)!

Sw.g = 2(Ricy, j,w) := o7 € Q°(M). (2.34)

By Theorem [2.6 the scalar curvature S, ; in (2.34) satisfies

o o)
/MSUJ,JH =4m <01(TM, J) — TRk [M]> (2.35)
and ¢*S,, ; = Sgrw.¢+s for every diffeomorphism ¢ : M — M. The following

result was proved by Donaldson [12], and independently by Fujiki [17] (in
the integrable case) and Quillen (for Riemann surfaces).
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Corollary 2.9 (Fujiki—Quillen—-Donaldson). The map J +— S, ; is an
equivariant moment map for the action of Ham(M,w) on #Z(M,w), i.e.
if He QM) and vy € Vect(M) is the Hamiltonian vector field defined
by L(vg)w = dH, then every smooth path R — 7 (M,w) : t — J; satisfies

d whooy
pr MSWJtHH = i/Mtrace<(8tJt)Jt(£vHJt))
Proof. Define J := Jo, J :=

4
dt

wn

(2.36)

n!

4| . Jp and p:=w"/nl. Then

w" —~ ~
Sus H— = | 2HRic,(J, J) A
to/M 7 n! /M p( ) (n — 1)'

= / HdA,(J,J) A
M

= / A (T, ) A v p.
M
Hence the assertion follows from Theorem [2.6] O

Remark 2.10. For a closed connected symplectic 2n-manifold (M, w) with
volume form p := w"/n!, an almost complex structure J € _# (M, w), and two
Hamiltonian functions F, G : M — R equation (2.33) takes the form

Qp,J(ﬁvFJ,ﬁvGJ):/ QRij’J(UF,UG’)p
M

:/ 2Ric, g A t(vg)e(vr)p
M

- /M 2Ricy.s A (v6) (dF/\ (nwj)!) (2.37)

wn—l

= /MQRlcm NAF, G}(n i

= / Sw’J{F, G}p
M

Here {F, G} := w(vp, vg) denotes the Poisson bracket. If the scalar curvature
is constant, equation implies that £,,J and JL,.J are L* orthogo-
nal and hence ||Ly,.J + JLu J||” = || Lop||* + | Lo J||” for all F,G € QO(M).
If J is integrable, the scalar curvature is constant, and H'(M;R) = 0, this in
turn implies that the Lie algebra of holomorphic vector fields is the complex-
ification of the Lie algebra of Killing vector fields and is therefore reductive
(Matsushima’s Theorem).
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Symplectic complements

The next theorem examines symplectic complements in Ty ¢ (M). It shows
that the regular part of the Marsden—Weinstein quotient

Wo(M,p) :={J e Z(M)|Ric,; = 0}/Diff*(M, p) (2.38)
is an infinite-dimensional symplectic manifold.

Theorem 2.11 (Complements). Let p € Q> (M) be a positive volume form
and J € _Z (M), J€ QY (M, TM), X € Q'(M). Then the following holds.
(i) There exists a J' € QYN (M, TM) such that A,(J, 7)) =X if and only
if [y AN L(v)p =0 for all v € Vect(M) with L,J = 0.
(ii) There exists a v € Vect(M) with L,J = J if and only if Qp7J<</]\, j’) =0
for all J' € QY (M, TM) with A,(J,J") = 0.
(iii) There exists a J e Q%Y (M, TM) such that ﬁi\cp(J, j’) = d\ if and only
if [i;dAN =0 for all o € Q*" (M) with L,,J = 0.
(iv) There exists a v € Vect(M) such that L,J = J and t(v)p is ezact if and
only if Q,.5(J,J) =0 for all J' € Q%' (M, TM) such that Ric,(J, J') = 0.
Proof. See page |19, O

To prove Theorem [2.11] it is convenient to choose a nondegenerate 2-
form w € Q?(M) that is compatible with J and satisfies w"/n! = p. Let V
be the Levi-Civita connection of the Riemannian metric (-,-) = w(-,J-) and
define the linear operator 9y : Q°(M,TM) — Q5" (M, TM) by

(Oyv)u = =LJ(L,J)u = L(Vo + IVy0 — J(V,J])u) (2.39)

for u,v € Vect(M). Let 0% be the formal adjoint operator of d; with respect

to the standard L2-inner products. Then both 9 and 9% are bounded linear
operators with closed images between appropriate Sobolev completions.

Lemma 2.12. Let J € Q' (M, TM). Then A,(J,J) = o(J&;T)w.
Proof. Let v € Vect(M). Then part (ii) of Theorem [2.6| yields

/ A,(J, j)/\a(v)p:%/ trace(jJﬁvJ)p:—<j*,5JU>Lz
M M

M

R R (2.40)
w(JONT* v)p = / L(JO5 T )w A u(v)p.

M
This proves Lemma [2.12] ]
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Proof of Theorem[2.11, Choose w as in Lemma[2.12] We prove part (i). The
condition is necessary by (2.13). Conversely, assume [ MX/\ t(v)p =0 for
all v e Vect(M) with £,J = 0. Define the vector field u by t(Ju)w := A,
Then (u,v)2 = [,, w(u, Jv)p = —fM/)\\/\L (v)p = 0 for all v € ker 3;. Hence
there exists a J' € Q% oM, TM) such that 8*(J’) = u and so by Lemma-
we have \ = (Ju)w = L(J(?*(J’) Jw = A, (J, J’) This proves (i).

We prove part (ii). The condition is necessary by ([2.13 - Conversely,
assume Qp,J(j, J) =0 for all J' € Q%' (M, TM) that satisfy A o(J, J’) = 0.
Let v € Vect(M) with 07 (aﬂ)—i- Jﬂ =0 and define J := (3JU—|— L1J)*,
Then 5*(?) =0, hence A,(J, J) =0 by (2.40 - and hence QpJ(J J) = 0.
This implies fM\J’|2p = fMtrace(J’(8Jv+ JJ))p = ((J)*,00) 2 = 0.
Thus J' = 0 and so J = 2J9,v = L,J by (2.39 (2-39). This proves (ii).

We prove part (iii). The condition is necessary by (2.15) - Conversely,
assume [, dANAa =0 for all a € Q22(M) with £,,J =0. Choose a ba-
sis uy, ..., up of V:={u € Vect(M) | L,J = 0} such that ugiq,...,u, form a
basis of {u € V'|¢(u)p € imd}. Then t(uy)p, ..., t(ug)p are linearly indepen-
dent in the quotient Q*"~!(M)/imd. Hence, by Poincaré duality, there exist
closed 1-forms Ay, ..., A\, € Q'(M) such that [,, A\ A v(u;)p = 6 for i, j < k.
Define \ := \ — Zle(fM/)\\ A t(u;)p)A;.  Then we have [, N A u(u;)p =0
for j=1,...,¢. Hence by (i) there exists a 1-form J' € Q%' (M, TM) such
that A,(J, J') = 2XN. Thus ﬁi\cp((] J') = dX' = dX and this proves (iii).

We prove part (iv). The condition is necessary by (2.15 - Conversely,
assume QpJ(J J) =0 for all J € Q%' (M, TM) such that Rlcp(J J) = 0.
Then by (i) there is a v € Vect(M) with £,J = J. Choose u;, \; as in
the proof of part (iii) and define vy :=v — Zf L T, T = fM)\ A u(v)p.
Then L,,J = J. We prove that L(Uo)p is exact. To see this, let \e QY(M)
be any closed 1-form and define Vo= A — Zl LYiNis Yi fMA A t(u;)p.
Then fM)\ At(uj)p=0 for j=1,...,¢. Hence by (i) there exists a 1-
form J' € QOl(M TM) such that A »(J, J) = N. Thus f/{i\cp(J, J) =0,
hence Q,, s(J,J") = 0, and therefore

//):/\L(’Uo)p:/ AN (v szyl—/X’/\L(v)p:QpJ(j’,D:O.
M M M

This shows that ¢(vg)p is exact and completes the proof of Theorem [2.11]
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3 The integrable case

Let M be a closed connected oriented 2n-manifold. In this section we restrict
attention to (integrable) complex structures that are compatible with the
orientation. Denote the space of such complex structures by _Ziu(M).

The Ricci form in the integrable case

Let J € Zi(M). Then (T'M,J) is a holomorphic vector bundle with the
Cauchy-Riemann operator 9y : QY/(M, TM) — QY (M, TM). Tt satisfies

2J05,v = JVv — V0 = (L,J)u (3.1)

and

~ ~ ~

2J0,J (u,v) = J(VyJ)v — J(V D — J (Vo) Jv + J (Ve d) Ju
)

Ny (0 (3.2)

= — i’

for all u,v € Vect(M), all J € Q%' (M, TM), and every smooth path of al-
most complex structures R — _# (M) : t — J, with Jo = J and £]—oJ; = J.
Here V is a torsion-free connection on T'M with V.J = 0, equation
follows from (2.23), and follows by differentiating (A.2).

Next observe that
d(df o J)(u,v) —d(df o J)(Ju, Jv) = df (JN;(u,v)). (3.3)

for all f € Q°(M) and all u,v € Vect(M). Hence an almost complex struc-
ture J is integrable if and only if the 2-form d(df o J) is of type (1,1)
for all f € Q% M). Theorem below uses the Bott-Chern cohomology
group HEM(M,J) == (kerd N QN (M))/{d(df o J)| f € Q°(M)} [T, 2, 13, [5].
It shows that Ric, ; is the standard Ricci form in the integrable case.
Theorem 3.1. Let p € Q*"(M) be a positive volume form, let J € Fin(M),
and let V be a torsion-free p-connection with VJ = 0. The following holds.
(i) Ric, s = ttrace(JRY) is a closed (1,1)-form and 5=Ric, ; represents the
first Bott—Chern class of the holomorphic tangent bundle (T'M, J).

(ii) There exists a diffeomorphism ¢ € Diffo(M) such that Ric, 4y = 0 if and
only if the first Bott—Chern class of (T'M, J) vanishes.

(iii) Let ¢ : M — M be an orientation preserving diffeomorphism and sup-
pose that Ric, y = Ric, 47 = 0. Then ¢*p = p. If in addition ¢ is isotopic to
the identity, then ¢ € Diffq(M, p).
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Proof. The formula Ric, ; = %trace(J RY) follows from Definition . More-
over, Ric, ; is independent of the choice of V by part (i) of Theorem ,
is closed and represents the cohomology class 2mwei (T M, J) € H?*(M;R) by
part (iii) of Theorem [2.6] and is a (1,1)-form by Lemma[A.2]

Now choose a nondegenerate 2-form w € Q%(M), compatible with J, such
that p is the volume form of the metric (-,-) = w(-, J-). Let V be the Levi-
Civita connection of this metric and define

Vi=V-1JVJ] V:i=V-1l4-4a, (3.4)
where A € QY(M,End(TM)) is the endomorphism valued 1-form defined by
A(uw)v == J(VJ)u + (Vi J)u (3.5)

for u,v € Vect(M). Then, for all u € Vect(M),

A(u)J = JA(u) = —A(Ju), A(u)*J = JA(u)* = A(Ju)". (3.6)
This shows that 3 is a Hermitian connection on T'M and induces the same
Cauchy—Riemann operator on T'M as the connection V — iA. The latter

preserves J by (3.6) and is torsion-free by (A.2)) (but it need not preserve p).
Hence, for all u,v € Vect(M ), we have

AV-14

05,0 =0y, v =y =1 <Vuv + Va0 — J(VUJ)U).

Here the last equality holds because V is torsion-free and J is integrable.
Thus V is the unique Hermltlan connection on TM with 9Y Y = 0.
The curvature tensor of V is given by

RY = RY + Ld¥ (A" — A) + L[(A* — A) A (4" — A)].
Since J commutes with A* — A by , we obtain
trace(JRé) = trace(JR%) + ltrace(Jd%(A* — A))
= trace(JRV) + trace(dV(JA* JA))
= trace(JRV) + 1d(trace(A) o J)
= trace(JRv) +d\Y = 2Ric, ;.

Here the third equality follows from and the fact that the endomor-
phisms A(Ju) and A(Ju)* have the same trace, the fourth equality uses the
fact that the two summands in v — A(Ju)v = (V,J)u + (Vy,J)Ju have the
same trace, both equal to A\Y (u) (see equation (2.8)), and the last equality
follows from part (iii) of Theorem [2.6] This proves (i).
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We prove part (ii). Let ¢ € Diffo(M) such that Ric, 4y = 0. Then we
have Ricy,,; = ¢.Ric, 45 = 0 by part (i) of Theorem . Define the func-
tion f € Q°(M) by e /p := ¢,p. Then

Ric, ; = Ric,, ; — Ricg,,,; = Ric, ; — Ric.-s, ; = %d(df oJ).

Here the last equality uses . Since Ric, ; represents 27 times the first
Bott-Chern class of (T'M, J) by (i), this shows that ¢; gc(TM, J) = 0.
Conversely, assume ¢y gc(TM,J) =0. Then, by part (i), there exists
a smooth function f: M — R such that Ric, ; = 1d(df o J). Choose ¢ € R
such that e [,, p = [,, ¢ fpandreplace f by f + ctoobtain [, e 7p= [, p.
Then by Moser isotopy there exists a smooth isotopy {¢:}o<i<1 of M such
that ¢o = id and ¢} ((1 — ¢)p + te 7 p) = pfor 0 < ¢ < 1. Thus the diffeomor-
phism ¢ := ¢, is isotopic to the identity and satisfies ¢*(e~/p) = p. Hence

Ricy, g0y = Ricy: 1) grs = 0" Ricer, s = &" (Ric,s = 3d(df 0 1)) =0,

This proves (ii).
We prove part (iii). Let ¢ € Diff (M) be orientation preserving, assume
that Ric, 4; = Ric, s = 0, and define f € Q°(M) by e /p := ¢.p. Then

%d(df o J) = RiCp,J - RiCeffp’J = —RiC¢*p7J = —¢*Ricp,¢q =0.

Thus f is constant. Since [,, e 7p= [,, dup= [;,p, it follows that f =0
and so ¢.p = p. Moreover, Diffy(M, p) = Diff (M, p) N Diffy(M) by Moser
isotopy. This proves part (iii) and Theorem [3.1] ]

Example 3.2. Assume n = 1, suppose M has genus g > 1, define V' := fM p
and ¢ :=27m(2 — 2¢g)V ! <0, and let K, ; := Ric, ;/p be the GauBian curva-
ture. Then the moment map

I (M) — Q*(M) : J — 2(Ric,; —cp) =2(K,; —c)p

is ¥-equivariant and takes values in the space of exact 2-forms. The uni-
formization theorem for Riemann surfaces asserts that for every J € ¢ (M)
there exists a diffeomorphism ¢ € Diffo(M) such that Ky, , ; = ¢ and there-
fore Ric,¢+; = cp. Moreover, if Ric, ; = Ric, 4+; = cp for some orientation
preserving diffeomorphism ¢ and ¢.p =: e/p, then 3d(df o J) = c(ef — 1)p.
Hence d*df = 2c(e/ — 1) and this implies [,,|df|*p = 2¢ [, f(e/ = 1)p < 0.
Thus f is constant and [,, e/p= [, ¢.p = [,,p, 80 f =0 and ¢*p = p.
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Let (M, w, J) be a closed connected Kéhler manifold. For a Kéhler poten-
tial h: M — R (with mean value zero) let wy, := w + i00h = w + 1d(dh o J)
be the associated symplectic form and let pp, := wj/nl. The Calabi conjec-
ture asserts that the map h — Ric,, s is a bijection onto the space of closed
(1, 1)-forms representing the cohomology class 2wey (T'M, J). Injectivity was
proved by Calabi [8, [9] and surjectivity by Yau [44] [45].

Corollary 3.3 (Calabi-Yau). Let (M,w,J) be a closed connected Kdhler
manifold and let p € Q*"(M) be a positive volume form with [y, p = [,,w"/nl.
Then the following holds.

(1) There exists a unique Kdhler potential h : M — R such that py = p.

(ii) Assume w"/n! = p and c1(TM,J) =0 € H*(M;R). Then there ezists a
diffeomorphism ¢ € Diffo(M) such that

Ric, 4+ = 0 and ¢*J is compatible with w. (3.7)

(iii) Assume w"/n! = p and Ric, ; = 0. Suppose ¢ € Diff (M) satisfies (3.7
and the 2-form ¢*w — w s exact. Then ¢*w = w.

Proof. We prove part (i). By part (i) of Theorem , Ric, ; is a closed
(1, 1)-form representing the cohomology class 2mei(T'M, J). Hence, by Yau's
existence theorem [44], [45] and Calabi’s uniqueness theorem [8, 9], there exists
a unique Kéhler potential i such that Ric,, ; = Ric, ;. Since [,, pn = [,, p by
assumption, this implies p, = p by equation in part (i) of Theorem .

We prove part (ii). By assumption and part (i) of Theorem Ric,, ; is
an exact (1,1)-form. Since J admits a compatible Kahler form, this implies
that there exists a function f € Q°(M) such that

Ric,; = 1d(df o J), / e lp= / p.
M M

Hence Ric,—s,; =0 by part (i) of Theorem 2.6 Now it follows from (i)
that there exists a Kihler potential h such that p, = e™p. Since w; and w
are compatible with J, Moser isotopy yields a diffeomorphism ¢ € Diffy(M)
with ¢*wp, = w. Thus ¢*J is compatible with w and ¢*p, = p. This im-
plies Ric, 4; = ¢*Ric,, ; = 0 by part (i) of Theorem [2.6]

To prove (iii), note that (¢~1)*w is compatible with J and represents the
cohomology class of w. Thus there is a Kéhler potential h with wy, = (¢71)*w.
Hence ¢*p;, = p and ¢*Ric,, ; = Ric, 4y =0 by part (i) of Theorem .
Thus h = 0 by Calabi uniqueness, so ¢*w = w. This proves Corollary[3.3] [
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Ricci-flat Kahler manifolds

Let p € Q*"(M) be a positive volume form. Then the symplectic form €,
on Z(M)isa (1,1)-form for the complex structure J — —JJ. However, the
resulting symmetric bilinear form (J;, J5) ot =3 fos trace(.J;.J2)p is indefinite,
so #Z (M) is not Kéhler and complex submanifolds need not be symplectic.
An example is the space of (integrable) complex structures with real first
Chern class zero and nonempty Kahler cone. It is denoted by

/int,O(M) = {JE/M(M) Cl(TM’J):O€H2(M;R) }

and J admits a Kahler form
Its tangent space at J is the kernel of 0, : Q%' (M, TM) — Q%*(M,TM).
Theorem 3.4. Let J € Finio(M) with Ric, ; = 0 and let Je Q%N (M, TM)
such that 0;J = 0. Then the following holds.
(i) Q,(J, j’) =0 for all J" with 0;J" = 0 if and only if there exists a vector
field v such that f, = fJU =0and L,J = J.
(ii) Assume Rlcp(J J)=0. Then QpJ(J JY) =0 for all J' with 8;J =0
and RICp(J J’) = 0 if and only if there exists a vector field v such that f, =0
and L,J = J or, equivalently, there exists an a € Q"= 2(M) with L,,J = J.

Proof. See page 28| O]

Define _Zino(M,p) :={J € Finmo(M)|Ric,, =0}. Part (ii) of Theo-
rem (compare with part (iv) of Theorem implies that the Teich-
miiller space (M, p) := _Fineo(M, p)/Diffo(M, p) is a symplectic submani-
fold of the infinite-dimensional symplectic quotient #4(M, p) in (2.38)). The
Teichmiiller space will be discussed further in Section [4]

The proof of Theorem relies on three lemmas about Ricci-flat Kahler
manifolds, which examine A, (Lemma , show that holomorphic vec-
tor fields correspond to harmomc 1-forms (Lemma , and show that the
space of harmonic infinitesimal complex structures is 1nvar1ant under J — J*
(Lemma. These in turn require three preparatory lemmas about Hamil-
tonian and gradient vector fields (Lemma , about infinitesimal compati-
bility (Lemma , and about vector fields v such that £,J is self-adjoint
(Lemma [3.7). While some of this material is well-known, we include full
proofs for completeness of the exposition. For a symplectic manifold (M, w)
and J € _#(M,w) the Hamiltonian and gradient vector fields of H € Q°(M)
are given by «(vg)w = dH and VH = Jug.
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Lemma 3.5 (Hamiltonian and Gradient Vector Fields). Let (M,w)
be a symplectic 2n-manifold, let J € #(M,w), let H € Q°(M), and de-
fine p:=w"/nl. Then f,, =0 and fyy = —d*dH. Moreover, if Ric, ; =0,
then A,(J, LypJ) = dd*dH o J and A,(J, L,,,J) = —dd*dH.

Proof. Since ¥\ = —(Ao J) Aw"1/(n —1)! for all X € Ql(M), we have
)! = (Ju)p (3.8)

n1
(nl

x(v)w = —(t(v)wo J) A = 1(Jo)w

(

for all v € Vect(M). Hence fyy = *diu(Jvg)p = *dxdH = —d*dH and the
remaining assertions follow from (2.27). This proves Lemma [3.5] O

Lemma 3.6 (Infinitesimal Compatibility). Let M be an oriented 2n-
manifold and let J € ¢ (M). If 7 € Q3 (M) and v € Vect(M), then the Lie
deriwatives T := L,7 and J := L,J satisfy the equation

Flu, ) — F(Ju, Ju') = 7(Ju, Ju') + 7(Ju, Ju) (3.9)

for all u,u’ € Vect(M). If J is integrable and J € Q% 1(M TM) satisfies the

equation 0,0 = 0, then T := Ric, ; and T := R,le<J J) satisfy equation (3
for every positive volume form p € Q*"(M).

Proof. Let 7 € QY (M), let ¢, be the flow of v € Vect(M), and let J, := ¢ J.
If 7:=L,7 and J = L,J, differentiate the identity 7 (u,u') = 7(Jyu, Jyu')
with 7, := ¢7 to obtain (3.9). Now assume J is integrable and 7 = Ric, ;
If 7 := Ric,(J, £,J), then L,7 — 7 = Ld(df, o J) € Q4 (M) by Theorem 2.7,
SO holds with J = L,J. Now use the holomorphic Poincaré Lemma. []

Lemma 3.7 (Self-Adjoint Lie Derivative £,J). Let (M,w) be a closed
connected symplectic 2n-manifold, let J € #(M,w), and let v € Vect(M).
Then the following holds (with p = w"/n! in part (iii)).

(i) L,J is self-adjoint if and only if du(v)w € QY (M).

(ii) If J is integrable, then L,J is self-adjoint if and only if there exists a
function F € Q°(M) such that du(v + VF)w = 0.

(iii) ¢(v)w is harmonic if and only if f, = f;, =0 and L,J = (L,J)*.

Proof. Part (i) follows from Lemma [3.6] with 7 = w.

Now suppose J is integrable. Then £, J and L;,J = JL,J are self-adjoint
for every symplectic vector field v by (i). Conversely, assume L,J = (L,J)*.
Then di(v)w € Q51 (M) by (i), and so there exists a function F' € Q°(M)
such that du(v)w = d(dF o J) = —di(VF)w. This proves (ii).
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To prove (iii) define p := w"/nl. Then shows that d*t(v)w = 0 if and
only if f;, =0. If di(v)w =0, then f, =0 and L,J is self-adjoint by (i).
Conversely, assume f, = 0 and £,J = (£,J)*. Then di(v)w € Q' (M) by (i)
and (di(v)w,w) = f, = 0. Thus

*dL(v)w = —di(v)w A (ﬁ" 22),,

so dxdi(v)w = 0, and hence di(v)w = 0. This proves Lemma [3.7] O

Lemma 3.8 (A, in the Ricci-flat Case). Let (M, J,w) be a closed con-
nected 2n-dimensional Ricci-flat Kdhler manifold with volume form p = w"/n!
and let J € Q%Y (M, TM) such that 8,0 =0. Then ﬁi\cp(J, J) e QY (M) and
there exists a unique pair of functions f = f3,9 = f,7 € Q°(M) such that

A(J, J) = —df o J +dyg, /M fp= /Mgp =0. (3.10)

Moreover, if 5}72 0 then A,(J, J) =0.

Proof. It follows directly from Lemma that Rle(J J) e Qb H(M). Now
assume 0%J = 0 and let v := 8JJ* € Vect(M) Then t(v)w = —A,(J, JJ) by
Lemma 2| hence du(v)w = —2Rlcp(J JJ) is an exact (1, 1)-form, thus £,.J
is self-adjoint by Lemma 3.7, and so is JL,J = —28ﬂ) = 28J8*(J J).
Thus 8J6J(J* J)is L? orthogonal to J* — J and so 95.J* = %(J* — J) = 0.
Hence A,(/J, ) = 0 by Lemma [2.12, To prove (3.10), choose v € Vect(M)
such that (9J(J L,J) =0. Then A,(J, J) = A,(J,L,J) and hence f := f,
and g := f;, satisfy (3.10] - ) by Theorem [2 . This proves Lemma . O]

Lemma 3.9 (Holomorphic Vector Fields). Let M be a closed connected
oriented 2n-manifold, fix a positive volume form p € Q*"(M) and an almost
complex structure J € (M) such that Ric, ; =0, and let v € Vect(M).
Then the following holds.

(i) A, (J. L,J) =0 if and only if du(v)p = du(Jv)p = 0.

(i) Assume J is compatible with a symplectic form w such that w"/n! = p
and that L,J = 0. Then t(v)w is a harmonic 1-form.

(iii) Assume J is integrable and compatible with a symplectic form w such
thatw"/n! = p. Then L,J = 0 if and only if 1(v)w is harmonic. If di(v)p = 0,
then there exists a vg € Vect(M) such that t(vo)p is exact and L,,J = L, J.
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Proof. To prove (i), observe that A,(J, £,J) = —df, o J + df s, by (2.27)). As-
sume A,(J, £,J) = 0 and choose a nondegenerate 2-form w € Q*(M) that is
compatible with J and satisfies w"/n! = p. Then equation (3.8)) yields

0=« ((d(dfv o J)) A ﬁ) — d*df, — ((dfv o J) Adw A ﬁ) .

By the Hopf maximum principle, this implies that f, is locally constant.
Thus f;, is also locally constant. Since f, and f;, have mean value zero on
each connected component of M, it follows that f, = f;, = 0. This proves (i).

Part (ii) follows directly from (i) and Lemma [3.7 To prove (iii), as-
sume J is integrable and w is closed. If ¢(v)w is harmonic, then (£,J)* = L, J
and f, = f, = 0 by Lemmal[3.7] thus it follows from (i) and Lemma[2.12] that

0=A,(J,L,J) = t(JON (L) )w = t(J3 L, T )w = —20(T%0,v)w,

and so L,J = 2J9;v =0. Now assume di(v)p = 0, choose ay € Q*"~2(M)
such that dxday = du(Jv)w, and define vy € Vect(M) by t(vg)p = dap.
Then ¢(Jvg)w = *dag by (3-8). Hence di(Jvg)w = dxdag = di(Jv)w. We also
have dxi(J(v — vg))w = —di(v —vg)p = 0. Thus ¢(J(v — vg))w is harmonic
and so L,_yyJ = —JL jp—vy)J = 0. This proves Lemma . O

Lemma 3.10 (Harmonic Complex Anti-Linear Endomorphisms J ).

Let (M, J,w) be a closed connected 2n- dzmenszonal Ricci-flat Kdhler mamfold
with volume form p := w "/nl and let Je Q%Y (M, TM) such that 9;J =0
and 0* =0. Then a]J* =0 and G*J* =0.

Proof. Let V be the Levi-Civita connection of a Kéhler metric w(-, J-). Then
the Bochner-Kodaira-Nakano identity for J € Q)" (M, TM) takes the form

950, J + 0,050 = YV T + 1JQ, T + T(J), (3.11)
where

V'V = — Z(Veiveij—k div(ei)Veij), T(Ju = Z RY(e;,u)Je;
for a local orthonormal frame eq,...,es,, and the skew- ad301nt endomor—
phism @ is defined by (Q-,-) = RiCpJ (See [11].) Since T(J)* 'T(J*),
follows that the operator 9%0; + 0;0% commutes with the operator I J*
in the Kahler—Einstein case () = xJ. This proves Lemma [3.10} ]

27



Proof of Theorem[3.4 Let Je Q%' (M, TM) with d;J =0. Then part (iii)
of Lemma shows that the last two assertions in (ii) are equivalent. Next
observe the following.

Claim 1. Ric,(J,J) = 0 if and only if f7 = 0.

Claim 2. Qp,J(j, L,J) = fM(fijv — fjjfv)p for all v € Vect(M).

By and Lemma we have lii\cp(J, J) = 2dA,(J, J) = —2d(df50 J)
and this proves Claim 1. Claim 2 follows from (2.13)) and Lemma .

Sufficiency in (i) and (ii) follows directly from Claim 1 and Claim 2. To
prove necessity, choose a symplectic form w such that J is compatible with w
and w"/n! = p. Then (M, J,w) is a Ricci-flat K&hler manifold.

We prove part (i). Assume Qp,J(j\, J') =0 for all J with 9,J' =0 and
choose v € Vect(M) such that 3§(j— L,J)=0. Then A,(J, J—L,J)=0
by Lemma and 0;(J — £,J)* =0 by Lemma Thus it follows from
the assumption and equations and that

0=, (J = Lo, L1yJ) = =Qp s (Lo, L) = / (f + f3.)p-
M

Hence f, = f;, = 0. Now fix an element J e Q?,’l(M, TM) with a]j’ =0.
Then Q, ;(J — L,J, JJ") = 0 by assumption and Claim 2. Thus

(T = LyJ), T2 = / trace((J — LyJ)J)p = —2Q, ,(J — L,J, JJ) = 0.
M
This implies that there exists a 7 € Q*(M,TM) with %7 = (] = LyJ)"
Hence 0;0%T = 5J(j— L,J)* =0 and so J = L,J. This proves (i).

We prove part (ii). Assume ﬁ:p(J, j) =0 and QpJ(j, j’) =0 for all .J’
that satisfy d;J =0 and ﬁi\cp(l], j\’) = 0. Then f; =0 by Claim 1 and we
choose H € Q°(M) such that d*dH = —f,5. Then A,(J, J— L,,J)=0 by
Lemma and Lemma . Now let J' € Q%' (M, TM) with 8,0 =0 and
choose F € Q°(M) such that d*dF = —f. Then Ric,(J,J' — LypJ) =0
by (2.14)), Lemma 3.5, and Lemma[3.8] Hence

Qs (T = Loy 1 T) = Qui(J = Loy J, T — Lopd) =Q, (], T — Lop) =0

by assumption and Theorem So part (i) asserts that there exists a
vector field u with f, = fu =0and £,J =J — L,,,J. Thus v:=u+ vy is
a divergence-free vector field with £,J = J. This proves Theorem . m
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We close this section with a well known lemma (see [22]) that is used in
Theorem We include a proof for completeness of the exposition.

Lemma 3.11 (Harmonic (0,2)-Forms). Let (M, J,w) be a closed con-
nected 2n-dimensional Ricci-flat Kahler manifold, let V be the Levi-Civita
connection of the Kahler metric, let Je Qg’l(M, TM) with T+ J* = 0, and
define & := (J-,-) € Q2(M). Then %' =0 and the following are equivalent.
() 9,7 =0 and 93 =0

(ii) V.J = 0.

(iii) Vo = 0.

(iv) @ is a harmonic 2-form.

(v) do =0.

Proof. Tt follows directly from the definition that &' = 0. To prove that (1)
is equivalent to (ii), let 7 be the operator in the proof of Lemma and

assume that J is skew-adjoint. Then, by the first Bianchi identity, we have
T()u = Z RY(e;,u)Je; = Z(ej, Je)RY(e;, u)e;
i ij
— Z(jej, ei) (R¥(ej,e;)u+ R¥(u, e;)e;) = Z RY(e;, Jej)u — T (J)u.
2 J

Hence, for a local orthonormal frame with e,,; = Je;, we obtain

ZRV er, Jer) = Z ( (e:, Je;) + R¥(Jei, fJel-)) —0.

Thus [|0,J]|% + |82 = ||VJ||? by with Q = 0 and so (i) is equivalent
to (ii). The equivalence of (ii) and (iii) follows directly from the definition
of &. That (iii) implies (v) follows from Lemma [A.1] and (iv) is equivalent
to (v) because @y = 0 and so 0 = @ A w"2/(n — 2)!. That (iv) implies (iii)
is a consequence of the Weitzenbock formula

(d*d@ —AdD — v*va) (u,0)

3.12

= Z( ei, RV (u ’0)61) (u, R¥(v, ei)ei) + @(U, RY(u, ei)ei)) (312)
for @ € Q2(M), u,v € Vect(M), and a local orthonormal frame ey, . .., eg,. In
the Ricci-flat Kahler case with @},1 = 0 the right hand side in 3.12 vanishes
and hence ||d©||* + ||d*©||* = || V®]||?. This proves Lemma O
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4 Teichmiiller space

The Calabi—Yau Teichmiiller space

Fix a closed connected oriented 2n-manifold M. The Calabi—Yau Teich-
miiller space is the space of isotopy classes of complex structures J with
real first Chern class zero and nonempty Kahler cone K ;. It is denoted by

To(M) = _Fiueo(M)/Diffo(M),
FraeolM) ZZ{Je%m(M) e(TM,.J) = 0 € H*(M;R) } (4.1)

and J admits a Kahler form
For every J € i o(M) the space of holomorphic vector fields is isomor-
phic to H'(M;R) by part (iii) of Lemma [3.9 and the Calabi-Yau Theorem.
Moreover, the Bogomolov—Tian—Todorov theorem asserts that the obstruc-
tion class vanishes [4 [36, [37]. Hence the cohomology of the complex

OO(M, TM) 22 Q%Y (M, TM) 2% Q%% (M, TM) (4.2)

has constant dimension. (This assertion can also be derived from [42] Propo-
sition 9.30] and Lemma[D.4]) It follows that the Teichmiiller space (M) is a
smooth manifold [10} 23, 24} 25], 27, 28] whose tangent space at J € _Ziy (M)
is the cohomology of the complex (4.2)), i.e.
3 0,1 0,2
T[J]Q%(M):k‘er(@:].QJ (M,TM)—)SE)% (M,TM)). (43)
im (9 : QO(M,TM) — Q; (M, TM))

Remark 4.1. The Teichmiiller space is in general not Hausdorff, even for
the K3 surface [19,[39]. Let (M, J) be a K3-surface that admits an embedded
holomorphic sphere C' C M with self-intersection number C' - C' = —2, and
let 7: M — M be a Dehn twist about C'. Then there exists a smooth family
of complex structures {J; € _Zin0(M)}iec and a smooth family of diffeo-
morphisms {¢; € Diffo(M)}iec\joy such that Jo = J and ¢;J, = 7*J_; for
all t € C\ {0}. Thus J; and 7*J_; represent the same class in Teichmiiller
space, however, their limits lim; .o J; = Jy and lim;_,q7*J_; = 7*.Jy do not
represent the same class in Teichmiiller space because their effective cones
differ. Namely, the class [C] € Hy(M;Z) belongs to the effective cone of Jy
while the class —[C] € Ho(M;Z) belongs to the effective cone of 7% J.

For general hyperKéhler manifolds the Teichmiiller space becomes Haus-
dorff after identifying inseparable complex structures (see Verbitsky [39, 40]),
which are biholomorphic by a theorem of Huybrechts [20].
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Teichmiiller space as a symplectic quotient

Fix a positive volume form p on M and define
(M, p) = Fino(M, p)/Diffo(M, p),
Hineo(M, p) = {J € Finro(M)|Ric, ;= 0}.
The tangent space of (M, p) at J € Fino(M, p) is the quotient

T e QG (M, TM)|9;J = 0, Ric,(J,J) =0
T J0(M, p) = { s 12, p(_ : } (4.5)
{L,J|v € Vect(M), du(v)p =0}

Lemma 4.2. The inclusion v, : To(M, p) = Fo(M) is a diffeomorphism.

Proof. The map ¢, is bijective by Theorem [3.1] The derivative of ¢, at an

element J € _Zi 0(M, p) is the inclusion of the quotient into (£.3). It is
injective because lii\cp((]7 L,J) = —3d(df, o J), and so ﬁi:p(J, L,J)=0 im-
plies f, = 0 and thus de(v)p = 0. It is surjective because, if J € QYN (M, TM)
satisfies 9;J = 0 and F € Q°(M) is the unique solution of d*dF = f; with
mean value zero, then A,(J, LypJ) = dd*dF o J = df;o0J by Lemmaand
SO ﬁi\cp(J, J + LypJ) =0 by Lemma . This proves Lemma . O

By Lemma the quotient group Diffo(M, p)/Diff™ (M, p) acts triv-
ially on _Zint0(M, p)/Diff™ (M, p). Hence F5(M, p) is a submanifold of the
infinite-dimensional symplectic quotient %4 (M, p) = _Zo(M, p)/Diff™ (M, p)
in (2.38)), which is regular near (M, p) by Lemma and Theorem @
Moreover, 2, descends to a symplectic form on (M, p) by Theorem @
Here is a formula for the pushforward of this symplectic form under the diffeo-
morphism ¢, in Lemma[t.2] Let V > 0. By Theorem[3.1]every J € Zino(M)
admits a unique positive volume form p = p; € Q?"(M) such that

Ric, s = 0, / p="V. (4.6)
M

Definition 4.3 (Weil-Petersson Symplectic Form). ForJ € Zi,o(M),
for the volume form py in (4.6), and for Jy, Js € Qg’l(M, TM) with 0;J; =0
and f;, g; as in Lemma([3.8, define

Q(Th, o) :=/ (%trace(fl(]@) — fig2 + fzgl>pj, (4.7)
M

(o Ty = (T —TTa) = /

; (%trace(jljz) — fif2 — 9192>,0J- (4.8)

31



Theorem 4.4. (i) The 2-form Q; in (4.7) descends to a nondegenerate 2-
form on the quotient space (4.3)) and defines a symplectic form on Fo(M).
Its pullback to Fo(M, p) under the diffeomorphism v, of Lemma 15 the
symplectic form induced by €2,,.
(ii) If ¢ : M — M is an orientation preserving diffeomorphism then

Qs (¢°T1, 0" ) = Qu (1, Jo) (4.9)
for all jl, Jp € Q?,’I(M, TM) such that d;J; = 0. Thus the mapping class
group T := Diff * (M) /Diffo(M) acts on Fo(M) by symplectomorphisms.
(iii) For a symplectic form w € Q*(M) with real first Chern class zero define

g(Mvw) = /int(M7w>/N7 /int(M7w) = /mt(M) N /(M7w)7 (410)

where Jo ~ Jy iff there is a diffeomorphism ¢ € Diffo(M) such that ¢* Jy =
This space is a complex submanifold of (M) and the symplectic form (4.7))
restricts to the standard Kdhler form on 7 (M,w). The symmetric bilin-
ear form is positive on 117 (M,w) and is negative on its symplectic
complement.

Proof. The proof has three steps.

Step 1. Let J € Fino(M), let Je Qg’l(]\/[, TM) such that a]j: 0, and
let v € Vect(M). Then Q;(J, L, J) = 0.

Let p:=pyandlet f = f;and g = f,5 be as in Lemma 3.8 Then

0(7.£,) =4 [ trace(F3£,0) = [ (Ffa=aflo

/A (J, ) A (v /deJv)p—l—/gdL() =0

because A,(J, J) = —df o J + dg. This proves Step 1.

Step 2. Let J € Fiwo(M) and let J € Q5" (M,TM) such that 9,J =0
and Q;(J, T) = 0 for all J € Q% (M, TM) with 8;J = 0. Then J € imd;.

Choose a symplectic form w such that J € _#,(M,w) and w"/n! = p;, and
choose functions F,G € Q°(M) such that d*dF = —f,7 and d*dG = —f5.

Then A,(J, Lypived) = Ay (J, j) by Lemma and hence, by Step 1,
(] = Lopivad, ') = (] = Lopivad. J) = (T, 7) =0

for all J' € Q%' (M, TM) with 9,0 =0. Hence, by part (i) of Theorem ,

there exists a vector field v with £,J = J — L, 1vaJ. This proves Step 2.
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Step 3. We prove Theorem [{.4}

By Step 1 the 2-form on _Fino(M) descends to J5(M ) and by Step 2 the
induced 2-form on .7 (M) is nondegenerate. Its pullback under the diffeomor-
phism ¢, in Lemma [4.2]is the restricton of the symplectic form €2, on ¢ (M)
to the subquotient Z5(M, p). Hence it is closed and this proves part (i).
Part (ii) follows directly from the definitions and part (iii) holds because
the tangent space 77,7 (M,w) is the quotient of the space of self-adjoint
endomorphisms J=1J ¢ Qg’l(M, TM) with 97 =0 by those generated by
Hamiltonian and gradient vector fields. This proves Theorem [4.4] ]

A symplectic connection

Consider the fibration 7(M,w) < & (M) — Bo(M), where By(M) denotes
the space of isotopy classes of symplectic forms with real first Chern class zero
which admit compatible complex structures and &y(M) denotes the space of
isotopy classes of Ricci-flat Kéhler structures (w,JJ) on M. Thus

To(M,w) = _Fino(M,w)/Symp(M,w) N Diffo (M),
Fino(M,w) :={J € fin(M,w)|Ric,; =0},
)

PBo(M : Fo(M)/Ditto(M),

— 2 dw = 0,w" >0, cf(w) =0, (4.11)
Fo(M) = {w caran| ‘g }
55(M) = Ho(M) /Diffo (1),

Ho(M) :={(w,J) |w e AM), J € Fim(M,w), Ric, s =0}.

These quotient spaces are finite-dimensional manifolds. Here is a list of the
real dimensions for the cases where M is the 2n-torus, the K3 surface, the
Enriques surface, the quintic in CP*, the banana manifold B in [7], and a rigid
Calabi-Yau 3-fold JB introduced recently by Jim Bryan (as yet unpublished).

M Fo(M) | Ky &o(M) Po(M) To(M, w)
2hy ' | AN | RN+ 2RY | R 4 2020 | 2h - 2020

T2n 2n? n? 3n? 2n? —n n? +n

K3 40 20 60 22 38
Enriques 20 10 30 10 20
Quintic 202 1 203 1 202

B 16 20 36 20 16

JB 0 4 4 4 0
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The symplectic form in Theorem gives rise to a closed 2-form
on &y(M) which restricts to the canonical Kéhler form on each fiber and
whose kernel at (w, J) is the space H ' (M) x{0}. Tt gives rise to a symplectic
connection on &y(M) as in [30, Chapter 6]. To describe this connection, it
will be convenient to use the notation

(J*O)(u,u') == ©(Ju, Ju'),
((J)@)(u,u') == &(Ju,u") + &(u, Ju').

for @ € Q*(M) and u,u’ € Vect(M). The 2-forms J*@ and «(J)@ are closed
whenever @ is harmonic, because &2° = Lo —Jw) - ().
The tangent space of (M) at (w,J) with p := w"/n! is the space of all

pairs (©,.J) € Q2(M) x Q%' (M, TM) that satisfy the conditions

(4.12)

Bu, o) — B(Ju, Ju') = w(Ju, Ju') + w(Ju, Ju') (4.13)
for all u,u’ € Vect(M) and
do =0, 9;7=0,  Ric,(J,J)+ 1d(d(@,w) o J)=0. (4.14)
We will strengthen the last condition in and require
AT, T) = —d{@,w) o J. (4.15)

The definition of the connection is based on the next lemma.

Lemma 4.5. Let (w,J) € H#y(M) be a Ricci-flat Kdhler structure, denote
by () :=w(-, J-) the Kdhler metric, define p := w"/n!, and let @ € Q*(M)
be a closed 2-form. Then, for J € QS’I(M, TM), the following are equivalent.
(a) J satisfies [@13), (@14), [@.15), and, for all J' € Q%N (M, TM),

T=(T)y, 8,7=0 = QJJ)=0 (4.16)

(b) If v € Vect(M) satisfies
d* (0 — di(v)w) =0, d*1(v)w =0, (4.17)
and Gy € QA(M) and Jo € Q% (M, TM) are defined by
Do =0 —diw)w,  (Jo-) = (@ — J*T), (4.18)

then J = L,J + Jo.
Moreover, for every closed 2-form @ there exists a unique J € Qg’l(M, TM)
that satisfies the equivalent conditions (a) and (b).
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Proof. We prove in three steps that (a) is equivalent to (b).
Step 1. Suppose jl and :]\2 satisfy (a). Then jl = j\g

The difference .J := jl Jy satisfies  (a) with & = 0. Hence J = J" by ([“.13),

and aJJ_o by @14), and A,(J, J) =0 by @E15). Let J' € Q% (M, TM)
with 9, = 0, choose a vector field v’ such that 8*(J’ L, J) =0, and de-
fine (J' — L, J)" = 3(J = Ly + (J' — L, J)*). Then a,(f’ — Ly )T =0
by Lemma hence (], (J' — Lo J)*) =0 by (4.16), and this implies
that Q(J, J') = Qu(J, J — Lo J) = Q0] (] LU/J) ) = 0. Thus by The-
oremthere exists a vector field v with £,J = J. Since J = J* Lemma
asserts that there exist functions F, H € Q°(M) and a vector ﬁeld vp such
that v := vg + vy + VF and ¢(vg)w is a harmonic 1-form. Thus £,,J = 0 by
Lemma[3.9/and dd*dFo.J—dd*dH = A,(J, L,J) = 0 by Lemma[3.5 Hence F

and H are constant, so J = L,,J =0 and J1 Jg This proves Step 1.

Step 2. Suppose v € Vect(M) satisfies (4.17), define &y and Jo by (4.18),
and define J := L,J + Jo. Then J satisfies (a).

By (4.18)) and (3.8)), we have
fop =di(v)p = di(v)w A {:T_ll), = (0 — Wo, w)p,
frop = du(Jv)p = dxi(v)w = 0.
Moreover, Wy is a harmonic 2-form and SURE Wo — J*@g. Thus 5Jjg =0
and 0% Jo=0 by Lemma 1}, hence A,(/J, Jg) =0 by Lemma . and there-
fore A,(J, J) = (J E J) = —dfy o J = —d{W,w) o J by - Since Jg

is skew—adjomt by , we have QJ(J J’) Qy(L,J, J’) =0 for all J'
with J' = (J')* and aJJ = 0 and, by Lemma

(T =T,y = ((Lod = (Lo D)), ) + 200, ) =& — .
Hence J satisfies (a) and this proves Step 2.
Step 3. (a) is equivalent to (b).
By Step 2, (b) implies (a). Now assume J satisfies (a) and v satisfies ([{I.17).
Deﬁne Wy and JO by (4.18 - Then L,J + Jy satisfies (a) by Step 2 and
so J = LoJ + Jo by Step 1. Thus J satisfies (b) and this proves Step 3.
Thus we have established the equivalence of (a) and (b). By Step 2 and

Hodge theory there exists an element J € Q%' (M, TM) that satisfies (a).
Uniqueness was established in Step 1 and this proves Lemma O]

(4.19)
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Theorem 4.6 (Symplectic Connection). (i) Let (w,J) € H#y(M) and
let p:=w"/n!. Then there exists a unique linear map

A, 5 P(M) Dkerd — QY (M, TM)

which assigns to every closed real valued 2-form & € Q*(M) the unique in-
finitesimal complez structure J = o, (@) € QYN (M, TM) that satisfies the
equivalent conditions (a) and (b) in Lemmal[{.5|

(ii) The 1-form <f is Diff(M)-equivariant, i.e.

Hyr - (P0) = ¢" 5 (W) (4.20)

for every (w, J) € J(M), every closed 2-form W, and every orientation pre-
serving diffeomorphism ¢ : M — M. Moreover,

o, j(di(v)w) = L,J (4.21)

for all (w,J) € (M) and all v € Vect(M) with du(Jv)w" = 0.

(iii) The curvature of the connection < is a Diffo(M)-equivariant 2-form
on So(M) with values in the space of smooth functions on the fiber (M, w).
It assigns to every w € (M) and every pair Wy, Ws of closed 2-forms on M
the Hamiltonian function s, &, + J0(M,w) — R given by

Ay n(J) = = Qg (A g (@), Ay g (@2))
1 o (4.22)
_1 /M(L(J)(w1 —dN) A D A

for J € Fin(M,w) with Ric,, ; = 0, where the 1-form A € QM) is chosen
such that d* (i, — d//{l) = 0 with respect to the Kdhler metric (-,-) == w(-, J-).
The Hamiltonian vector field on J5(M,w) generated by this function is the
vertical part of the Lie bracket of the horizontal lifts of two wvector fields
on By(M) that take the values W; at w (see [30, Lemma 6.4.8]).

Proof. Part (i) and ) follow directly from Lemma [4.5] E, while ) fol-
lows by cornblmng umqueness in part (i) with the naturality condltlons in
Theorem [2.6| and Theorem 4.4] This proves (i) and (ii).

For part (iii) we must verify the second equality in (4.22). Fix a sym-
plectic form w € Q?(M) with real first Chern class zero, define p := w"/n!,
and let Uy, @y € Q*(M) be closed. Let J € _Zin(M, w) such that Ric, ; =0,

choose \; € QY(M) such that d*(w; — d; ;) =0 and d*)\; = 0 with respect to
the Kéhler metric (-,-) = w(-, J-), and define v; € Vect(M) by t(v;)w := i
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By (i) and Lemma [4.5 we have
Ay ) (B5) = Ti4 Lo, (i) = 2@ — dN) — T (@ —dh)). (4.23)
Since A,(J, j;) =0 and fj,, =0 by (4.19), equation (4.23) yields

Honn o)) = =y (Ty + Lo, To + Loy ) = —1 / trace(Jr. ) p.
M

Now choose a local orthonormal frame e, ..., es,. Then

—Ltrace(J1JTy) = =1 (JTies, Jaes) = =1 ) (I Jrei ) (e;, Jaes)

7 7

= “(Jies, Jej)es, haer) = ()i, ),

i<j

where 7; := (J;-, ) = %(@i—dii—J*(@i—dXi)). This 2-form satisfies (7;)"" = 0

~

and hence *7; = 7; A w"2/(n — 2)!. Moreover, «(J)7; = 1(J)(@; — d)\;). Thus
Ty, 5,(J) = —%/ trace(jlj:f;)p = %/ (L(J)Tl) A *Ty
M M

/M<L(J)(@1 B d/)\\l)) A @2 — X, — J* (W2 — d:\\2)) A (orfn:;)!

NI

_1 /M () @1 — dA)) A (@2 — de) A 20,

n—2

M

This proves (4.22). The right hand side of depends only on the
cohomology classes of W, and W,. Hence it is invariant under the action
of Diffo(M) N Symp(M,w) on J, because ¢*w; —w; is exact for ¢ € Diffo(M).
Thus it descends to a function on (M, w). This proves Theorem .6, O

N =

The quotient of the Calabi—Yau Teichmiiller space by the mapping class
group is the Calabi-Yau moduli space #,(M) := Zino(M)/Diff*(M). For
each Kahlerable symplectic form w with real first Chern class zero there is a
polarized Calabi-Yau moduli space #,(M,w) := Fino(M,w)/Symp(M,w),
the quotient of the polarized Teichmiiller space Z5(M,w) by the symplectic
mapping class group. The study of the geometry of these moduli spaces
is a vast and extremely active area of research in both mathematics and
physics. An overview of the subject and many references can be found in the
article [46] by Shing-Tung Yau.
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A Torsion-free connections

Let M be an oriented 2n-manifold. We prove that a nondegenerate 2-form
on M is preserved by a torsion-free connection if and only if it is closed,
and that an almost complex structure on M is preserved by a torsion-free
connection if and only if it is integrable. We use the sign conventions

[Lus Lo] + Liuw) =0
for the Lie bracket and
Ny(u,v) = [u,v] + J[Ju,v] + J[u, Jv] — [Ju, Jv] (A.1)
for the Nijenhuis tensor. If V is a torsion-free connection on T'M then
Ny(u,v) = (Vo J)Jv + (Vi )v — (Vo J)Ju — (Vi J)u. (A.2)

Lemma A.1. Let M be a 2n-manifold.

(i) An almost complex structure J is integrable if and only if there ex-
ists a torsion-free connection V on TM such that VJ =0. If J is inte-
grable and p € Q* (M) is a volume form inducing the same orientation
as J, then there exists a torsion-free connection NV on T'M such that Vp =0

and VJ = 0.

(ii) A nondegenerate 2-form w € Q%(M) is closed if and only if there exists
a torsion-free connection V on T'M such that Vw = 0.

Proof. We prove part (i). If V is a torsion-free connection with V.J =0 it
follows directly from that Nj; = 0. Conversely suppose J is integrable
and let p be a volume form on M inducing the same orientation as J. Fix
a background metric g on M. Then g; := g+ J*g is a metric with respect
to which J is skew-adjoint and, if dvol; € Q?"(M) is the volume form of this
metric, then the metric g, ; := (p/dvol;)*/"g; has the volume form p. Let V
be the Levi-Civita connection of the metric g, ;. Then V is torsion-free
and Vp = 0. Let a(u) := ttrace(J(VJ)u) and define
Voo = Vv — LI(V ) — LI (VT )u — 1(Vy, T )u
a(u)v + a(v)u — a(Ju)Jv — a(Jv)Ju (A.3)
* 2n + 2 '

Then ﬁp =0, VJ = 0, and a calculation shows that Tor¥ = _%NJ, so V is
torsion-free if and only if J is integrable. This proves (i).
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We prove part (ii). If V is torsion-free and Vw = 0 then
dw(u,v,w) = L, (w(v,w)) + Ly(w(w,w)) + Loy(w(u,v))
+ w([v, w],u) + w([w, u|,v) + w([u, v],w)
= w([v, w] — Vv + Vyw, u) + w([w, u] — V,w + V,u,v)
+ w([u,v] — Vyu + Vv, w) = 0.
Conversely, suppose w is a symplectic form and choose an almost complex

structure J on M that is compatible with w, so (-,-) := w(-, J-) is a Rieman-
nian metric. Let V be its Levi-Civita connection. Then

(Vu)v, w) + (VJ)w, u) + (Vg )u, v) = dw(u,v,w) =0 (A.4)
for all u,v,w € Vect(M) by [30, Lemma 4.1.14]. Define
Vv i= Vo + A(u)v, A = —3J ((Vud)v + (VN )u). (A.5)

This connection is torsion-free and satisfies JA(u) + A(u)*J =V, J for every
vector field u € Vect(M) by a straight forward calculation. Hence

w(%uv, w) + w(v, %uw) = (JVyv + JA(u)v, w) + (
= ((JA(u) + A(u)*J)v, w)
= (Vi J)v,w) + (JV,v, w)
= L,(Jv,w) = L, (w(v,w))

for all u,v,w € Vect(M). This proves Lemma O

Lemma A.2. Let M be an oriented 2n-manifold, let p € Q> (M) be a pos-
itive volume form, let J € Zin (M) be a complex structure compatible with

the orientation, and let V be a torsion-free p-connection such that VJ = 0.
Then trace(JRY) is a (1,1)-form.

Proof. Since V is torsion-free, RV satisfies the first Bianchi identity. Thus
R(u,v)w + JR(Ju,v)w + JR(u, Jv)w — R(Ju, Jv)w
= R(u,v)w + JR(Ju,v)w + JR(u, Jv)w + R(Jv,w)Ju + R(w, Ju)Jv
= R(u,v)w + JR(Ju,v)w + JR(w, Ju)v + JR(u, Jo)w + JR(Jv,w)u
= R(u,v)w — JR(v,w)Ju — JR(w,u)Jv
= R(u,v)w + R(v,w)u + R(w,u)v =0

and so JR(u,v) — R(Ju,v) — R(u, Jv) — JR(Ju, Jv) = 0. Take the trace to
obtain trace(.JR(u,v)) = trace(JR(Ju, Jv)). This proves Lemma[A.2l O

Jvu, Vyw + A(u)w)
(JVv,w) + (Jv, V,w)

_l’_
+ (Jv, V,w)
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B The Bochner—Kodaira—Nakano identity

This appendix gives a self-contained proof of the Bochner—Kodaira—Nakano
identity for complex anti-linear 1-forms with values in the tangent
bundle. This formula plays a central role in the proofs of Lemma and
Lemma Assume throughout that (M, w,J) is a 2n-dimensional Kéhler
manifold with the volume form p := w"/n!, denote by V the Levi-Civita con-
nection of the Kéhler metric, by RY € Q*(M,End(T'M)) the Riemann cur-
vature tensor, by Ric,, ; := strace(JRY) € Q*(M) the Ricci-form, and define
the complex linear skew-adjoint endomorphism @Q € QY(M,End(T'M)) by

(Qu,v) = Ric, j(u,v) (B.1)
for u,v € Vect(M). Define the map 7 : QY (M, TM) — Q%' (M, TM) by

T(J)u = Z RY(e;,u)Je; (B.2)

for J € Q%' (M, TM) and u € Vect(M), where ey, . . . , eg, is a local orthonor-
mal frame of the tangent bundle. With this notation the operator V*V on
the space of sections of the endomorphism bundle is given by

vvi=-%" (veiveif + div(ei)Veij> (B.3)

for J € Q% (M, TM).

Theorem B.1 (Bochner—-Kodaira—Nakano). Fuvery J € Qg’l(M, TM)
satisfies the equation

830, + 8,070 = 2T + LJQ, T+ T(J). (B.4)

Proof. See page |44l m
The proof relies on the following three lemmas. Throughout we use the
notation eq, ..., es, for a local orthonormal frame of the tangent bundle, and
it will sometimes be convenient to choose the frame such that e,.; = Je;
for i=1,...,n. We will use the notation div(u) for the divergence of a

vector field u € Vect(M); thus div(u) = trace(Vu) and div(u)p = du(u)p.
For u € Vect(M) we denote by L, the Lie derivative (of any object on M)
in the direction of u; thus L,f =df ou for f € QM) and L,v = [v,u]
for v € Vect(M). (Note the sign convention for the Lie bracket.)
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Lemma B.2. Let B: TM Q@ TM — E be any bilinear form on the tangent
bundle with values in a vector bundle 2 — M. Then

2n

Z(B(ei, Vuei) + B(Vae, €i)> =0 (B.5)

i=1
for all uw € Vect(M). Moreover,

2n

> (Ve + div(es)e;) = 0. (B.6)

i=1
Proof. Define the coefficients ¢;; by
Cij = <Vuei7€j>

so that V,e; = Zj cijej. Then ¢;; + ¢;; = Ly (ei, ej) = 0, because the frame is
orthonormal and V is a Riemannian connection. Hence

2n 2n  2n
Z B(e;, Vue;) = Z Z cijBlei, €5)
=1 i=1 j=1
2i 2n
= — Z Z cjiB(eZ-, ej)
j=1 i=1

2n
==Y B(Vuej,¢;)
j=1

and this proves (B.5]). Since
0= Le(ej, i) = (Ve,e5,€) + (€5, Ve, )

for all 7 and j, we also have

2n 2n
> e diviee; + Vi) = div(e;) — Y (Viej,¢e5)
i=1 i=1
= div(e;) — trace(Ve;)
=0
for all 5. This proves and Lemma . ]
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Lemma B.3. The endomorphism @ in (B.1) is given by

n 2n
Qu= 1Y R¥(er, JeJu=Y JRY(u,e;)e;
i=1 i=1

for u € Vect(M).
Proof. Let u,v € Vect(M). Then by (B.1]) we have

(Qu,v) = Ric, j(u,v)
= Ltrace(JRY(u,v))
2n

— %Z(ei, JRY (u,v)e;)
iﬂzn
=-1 Z(Rv(u, v)e;, Je;)
i2:nl
=-1 Z(Rv(ei, Je;)u,v).

=1

(B.7)

This proves the first equality in (B.7). Moreover, it follows from the first

Bianchi identity that

2n

Qu=—3 Z RY(e;, Je;)u
i=1

2n

— % Z(Rv(u, e;)Je; + RY(Je;, U>ei)

i=1

2n
= %Z(Rv(u, ei)Je; — Rv(ei, U)J&')

i=1

2n
=1

2n
= Z JRY (u, e;)e;.
i=1

Here the third step uses a frame that satisfies e ,,; = Je; for 1 =1,...,n.

This proves (B.7) and Lemma
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Lemma B.4. Let J € Q% (M, TM) and 7 € Q4*(M,TM). Then

05T == (W, J)e; € Vect(M), (B.8)

7 == (Ver)(ei ) € QN (M, TM). (B.9)

Proof. For u € Vect(M) the formal adjoint operator of the covariant deriva-
tive V, is given by V," = =V, — div(u). Fix a vector field X € Vect(M).
Since the (1,0)-form 9,X = 1(VX — J(VX)J) is orthogonal to J, we have

(05T, X2 = (J,0,X) 2 = (], VX) 2 = / trace (f*vx)
_Z/ JeZ,V X)p Z/ . ( Jez +d1v(eZ)JeZ,X>
Y [ e - T X ==Y [ (% T X0
i=1 Y M i=1 Y M

Here the penultimate step uses in Lemma . This proves (B.8). Now

@y, D = (r,d% e = 1Y / (r(eire5). (Vo T)e; — (i, Dea)p

ij=1
= Z/ T(€i, e;), VelJ)ej>
i,7=1
= Z/ el’e.] ez Je]) Jv@16]>
i,7=1
:_Z/ 7(e;, €5)) ‘l—diV(ei)T(ei,e]’)_T(€i7vei€j),j\ej>p
7,7=1
:—Z/ (W, 7) (€, €5), ), Je Q)P
7,7=1

Here the last but one step uses equation (B.5)) and the last step uses equa-

tion (B.6]) in Lemma [B.2] This proves equation and Lemma [B.4 O
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Proof of Theorem [B.1]. Let J € Q%' (M, TM) and let X := 5}76 Vect(M)
and 7:=0;J € QS’Q(M, TM). Then, by Lemma , we have

X =- Z(Veij)ei7

7(u,0) = (VT o — (VT yu — (VY d) Jv + (Vg ) Ju),

(@5)(w) = =D (V) (es,u)

for all u,v € Vect(M). Hence, by Lemma [B.2]

(95057 + 0,05.7)(u) = (957)(u) + (9, X) (w)

S Z Ve (r(eiw)) + Y m(Venu) + > 7(es, Viu)
-1 Z(vu((veif)ei) + JVJU((Veif)ei))
1 Z v, ( (Voo D) — (Vo T)es — (Vye, ) Ju + (VJuf)Jei>
__ Zdw ) (VT)u = (Vud)es = (Ve ) Ju — (Vpud) Jes)
L1 Z( V)Vt — (Ve )i — (Voe, D) IV + (Vi o) e
( (V) Vaei + T (Ve T )i + T (Ve T) Ve

(velvelj + div(e) Vi, J)u +1y (veivJeif + div(ei)Vjeij) Ju

%

Z( j V[ei,u]j> e;
z(

VeV = VN T + Ve ) Jeq

4

N[ —=

— L(V*V)u + Z (veleeZJ + div(es) Ve, J) Ju
%Z RV 617 ]e’i - %Z[RV(GZ’JU),J]JQ
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Here we have used equation (B.3]) and the formula

[R¥(u,), J] = VN — VN + V)]
for the Riemann curvature tensor. Now use the identities in Lemma
and (B.7) in Lemma to obtain

-~ -~

(@, 7) = 3 3[R (er, Jeo), T

=1 Z <V(3iVJeij_ Ve Verd + Voo e j)

(2

= %Z(V@ivjeij_ VVei(Jei)j) o % (Vjeiveij_ VVJeieij)

7

_ Z(veiv‘]eij_ VVei(Jez‘)j>
Y (VT T+ div(e) 7).

This yields the formula

~

(050, + 8,0%J)u
= %(V*V:f)u — %[Q, j]Ju + % Z([Rv(ei,u), A]ez- — [RY(e;, Ju), A]Jez-)
— %(V*Vj)u — %[Q, j]Ju + % Z([Rv(ei,u), A]ei + [RY(Je;, Ju), A]e,~>

~

(V*VT)u— 4@, J)Ju+ Y [R¥(e; u), Jle;

N[

N[ =

(V*VJ)u — 1@, j]Ju - Z JRY(e;, u)e; + Z RY(e;,u)Je;

= J(V'VDu — Q. TV Ju = 3 TIIR (u,e)ei + T(T)u
= L'V u— QT Ju+17QJu — TIQu+ T(T)u

= LV )u+ LJQTu — LTIQu + T(J)u

= LV )u+ LJQ, Tu+ T(J)u.

Here we have used (B.2)) and Lemma [B.3| This proves Theorem [B.1] O
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C Bott—Chern cohomology

Let M be a closed connected 2n-manifold and let J be an almost complex
structure on M.

Lemma C.1. The almost complex structure J 1is integrable if and only if
2-form d(df o J) is of type (1,1) for every smooth function f: M — R.

Proof. The assertion follows directly from the identity
d(df o J)(u,v) —d(df o J)(Ju, Jv) = df (JN;(u,v)). (C.1)

for all f € QY(M) and all u,v € Vect(M). To prove this equation, choose a
Riemannian metric on M with respect to which the almost complex structure

is skew-adjoint, let V be the Levi-Civita connection of this metric, denote
by V f the gradient of f, and abbreviate 7y := d(df o J). Then

Tp(u,v) = Loy (df (Jv)) — Lo(df (Ju)) + df (J[u, v])
LV, J0) = Lo(Vf, Tu) + (Vf, Tu, v])

and hence
Tf(Ju, J?}) = _<VJMVf,'U> + <VJva, U> + <Vf, (VJUJ)J'U — <VJUJ)JU>

Take the difference of these equations and use the fact that the covariant
Hessian of f is symmetric to obtain

= <Vf, (vu‘])v - (VUJ)U - (VJuJ)JU + (VJUJ)JU>
= (Vf, JN;(u,v))
=df (JN;(u,v)).

Here the second equality follows from (|A.2). This proves Lemma . O

7 (u,v) — 74 (Ju, Jv)

Throughout the remainder of this appendix we assume that J is inte-
grable. Then 0o d =0 and so

i00f = id0f = —1d(df o J) (C.2)
for every smooth function f: M — R.
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The Bott—Chern cohomology groups of M are defined by
€ Qri(M;C) |91 =0, 01 =0
g, ©) = L EXIAEC) 97 = 0. 07 = 0}
{000 |0 € Qr-1a-1(M;C)}

These are finite-dimensional complex vector spaces [5]. In the Kihler case the
00-lemma asserts that every exact (p, ¢)-form on M belongs to the image of

the operator 99 : QP~14=1(M; C) — QP4(M;C). This implies that the Bott—
Chern cohomology group agrees with the deRham cohomology group
QPa( M, dr =
{da|a € Qrta=1(M;C), da € QP4 (M)}
and the direct sum of these groups is Hgﬁq(M ;C). In general, there is a
surjective map HEd(M; C) — HEY(M; C) which may have a nontrivial kernel.
In the present paper the relevant case is p = ¢ = 1. Denote by Qb1(M)

the space of real valued 2-forms 7 € Q?(M) that satisfy 7(u,v) = 7(Ju, Jv)
for all u,v € Vect(M) and define

QLYY M) |dr =0}
HY (M) = € .
5= Taar o 1 Fe POTR))
The kernel of the homomorphism Hg (M) — Hji (M) has the dimension
d\ | X € QYM), d\ € QY (M
) o dim AL € 2100, 1 € 2301
{d(df o J) [ f € Q°(M)}

To examine this invariant, choose a nondegenerate 2-form w that is compat-
ible with J, so (-,-) :=w(-,J-) is a Riemannian metric on M, and denote
by x : QF(M) — Q* (M) the Hodge *-operator of this metric. Then

(C.3)

(C.4)

A= —(AoJ) A (n“’__l)!, 5 ()\ A (nw—_l)!) — )oJ (C.5)

for A € QY(M). For n > 2 the operator 7 — *(7 Aw"2/(n — 2)!) on Q%(M)
has trace zero and eigenvalues +1 and n — 1. Define

(/\ﬁ)zi}

Then QY (M) = Q°(M)w & Q= (M) and

QF(M) = {T € O*(M)

w" n—1

* (T/\ﬁ) = (T,w)w — J*T, <T,W>W =TA T (C.6)

for all 7 € Q*(M), where (J*7)(u,v) := 7(Ju, Jv) for u,v € Vect(M).
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Lemma C.2. (i) The numbers
{{d\,w) | X € QY(M), d\ € QY (M)}
{{d(df o J),w)| fe (M)} (C.7)
k1 (J,w) = dim {d\ | X € Q' (M), d\ € Q" (M), (d\,w) =0}
are finite and ro(J,w) € {0,1}.  Moreover, the number rko(J,w) vanishes
whenever w" is closed, and ri(J,w) vanishes whenever w"=2 is closed.
(ii) k(J) = ko(J,w) + K1 (J,w).
(iii) x(J) =0 if and only if for every exact (1,1)-form T € QYY(M) there
exists a function f € Q°(M) such that d(df o JJ) =71. Moreover, r(J) =0
whenever J admits a Kahler form.
Proof. We prove part (i). Define the operator Ly : Q°(M) — Q%(M) by
(df 0 J) Ad(w/(n = 1))
wn/n!
for f € Q°%(M). Here the second equation follows from (C.5). Then L, is a
second order elliptic operator without zeroth order terms. Thus its kernel
consists of the constant functions by the Hopf maximum principle. More-
over, Ly is an index zero Fredholm operator and so has a one-dimensional
cokernel. Thus ro(J,w) € {0,1}. If w"! is closed then Ly = d*d and the

function (d\,w) has mean value zero for all A € QY(M), so o(J,w) = 0.
Next define the operator d* : Q' (M) — QY(M) by

A\ = d\ + % (d)\ A (W_—Q)) (C.9)

ko(J,w) := dim

Lof :={d(df o J),w) = d*df —

(C.8)

for A € QY(M). Then it follows from (C.6) that a 1-form A\ € Q'(M) satis-
fies ™A = 0 if and only if d\ € QY1(M) and (d\,w) = 0. Thus

k1(J,w) = dim(d(ker d)) = dim(ker d*/ ker d). (C.10)
Now define the operator L, : QY(M) — QY(M) by
Lo\ i= d*d™\ + dd*\ = (d°d + dd*)\ — (dA/\d(;"_—;!). (C.11)

Then L; is a second order elliptic operator and so has a finite dimensional
kernel. Its kernel contains the space ker d* N ker d*, which in turn contains
the space H'(M) := ker d Nker d* of harmonic 1 forms. Moreover, the quo-
tient (ker ™ Nkerd*)/H"(M) has dimension x;(J,w) by (C.10). Thus

dim H' (M) + k1 (J,w) = dim(ker d* Nker d*) < dimker L; < co.
If dw"? =0 then L; = d*d + dd* and so k1(J,w) = 0. This proves part (i).
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To prove part (ii), assume first that xo(J,w) = 1 and choose \g € Q(M)
such that d\g € QY1 (M) and (d\g,w) & imLg. Then

QY (M) = imLy © R{d\o,w). (C.12)
We prove that
QM(M) Nimd = RdX\g @ d(kerd™) @ {d(df o J) | f € Q°(M)}.  (C.13)

First note that d\g ¢ d(kerd™) by (C.6]) and (C.9), and that d\g # d(df o J)
for all f € Q°(M) because (d\g,w) & imLy. Moreover, if X € QY(M) satis-
fies dtA = 0 and d\ = d(df o J) for some f € Q°(M), then

Lof = <d(df © J)7w> = <d>"w> =0,

and so f is constant. Thus the right hand side of (C.13) is a direct sum
decomposition. Now let A € Q' (M) with d\ € QY1 (M). Then by (C.12)

there exist a real number s and a function f € Q°(M) such that
(d\,w) = (d(df o J),w) + s{dAg,w).

Define \; := A — df o J — s\g. Then d\; € QY (M) and A\, € kerd™ by
and (C.9)), and we have d\ = sdX\g + d\; + d(df o J). This proves (C.13)). It
follows from ((C.10)) and (C.13)) that x(J) = 1 + 1(J,w). This proves part (ii)
in the case ko(J,w) = 1. The proof in the case ko(J,w) = 0 is analogous.
Part (iii) follows directly from the definitions and parts (i) and (ii). This
proves Lemma [C.2] O

Corollary C.3. Let M be closed connected oriented smooth four-manifold,
let J be a complex structure on M that is compatible with the orientation,
let we Q*(M) be a nondegenerate 2-form that is compatible with J, and
equip M with the Riemannian metric (-,-) := w(-, J-). Then

k1(J,w) =0

and k(J) = ko(J,w) € {0,1}. Moreover, the following are equivalent.
(i) r(J) = 1.

(ii) QM) = {{d\,w) | X € QY (M), d\ € QM (M)},

(iii) Every self-dual harmonic 2-form T € Q*(M) satisfies (T,w) = 0.
(iv) Hz (M) € Q5° (M) @ QF*(M).
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Proof. Since M has dimension four, w" 2 is the constant function 1 and

so k1(J,w) =0 by Lemma This shows that k(J) = ko(J,w) € {0,1}.
The equivalence of (i) and (ii) follows from the fact that the operator L
in (C.8) has a one-dimensional cokernel and that xo(J,w) = 1 if and only if

imLo € {(dA\,w) | X € Q' (M), d\ € Q"' (M)} € Q°(M).

Next observe that the L2-orthogonal complement of the image of the oper-
ator d* : QY(M) — QF /(M) is the space H2 (M) of self-dual harmonic 2-
forms, and that (ii) holds if and only if Q°(M)w C imd" (see equation ((C.6))).
Thus (ii) holds if and only if the spaces Hng(M) and Q°(M)w are L? or-
thogonal to each other, and this is equivalent to (iii). The equivalence of (iii)
and (iv) follows from the fact that the space Q%°(M;C) @ Q%*(M; C) inter-
sects Q?(M) in the space of all 7 € Q?(M) that satisfy 7(u, v) + 7(Ju, Jv) =0
for all u,v € Vect(M), the L? orthogonal complement of Q°(M)w in Q%7 (M).
This proves Corollary [C.3] O]

On a closed connected oriented smooth four-manifold M Corollary
shows that the set of complex structures J that satisfy x(J) = 0 is open, and
that x(J) = 1 whenever b*>T (M) = 0.

Remark C.4. Let E be a holomorphic vector bundle over a complex mani-
fold (M, J). Then, for every Hermitian metric h on F, there exists a unique
Hermitian connection V on E such that 9V = 9 : Q°(M, E) — Q% (M, E).
The real valued 2-form 5-trace®(FV) is a closed (1, 1)-form which represents
the first Chern class of E. If h/(sq,s2) = h(s1,Qs2) is another Hermitian
structure (with @ a section of the bundle of positive definite Hermitian auto-
morphisms with respect to h) then the corresponding Hermitian connection
is given by V' = V 4+ Q710Q and the complex trace of its curvature is

trace®(FY') = trace®(FY) — 00 f, fri=det(Q): M — R.
Thus by (C.2)) the first Chern class

™

c1(E) = [LtraceC(Fv)} € Hig(M)
2 dr
in de Rham cohomology lifts to a well defined class

c1pe(E) = {itracec(Fv)l € HY (M)
BC

in Bott—Chern cohmology, called the first Bott—Chern class of E. (For
more details see [1], 2] 3 [5]).
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D Complex structures and n-forms

Fix a closed connected oriented 2n-manifold M and a complex line bun-
dle L — M with a Hermitian form (s, sy) for si,s, € Q°(M, L) (complex
anti-linear in the first variable and complex linear in the second variable).

Define
1, if nis even,

n(n+1) on
ei= (1) = { —i, if n is odd. (D-1)

Lemma D.1. Let J € # (M) be an almost complex structure compatible
with the orientation. Then ci(TM,J) = (L) € H*(M;Z) if and only if
there exists a nowhere vanishing n-form 0 € Qg’O(M, L). If this holds then

p = cr{OA0) € Q2" (M) (D.2)
s a positive volume form on M.

Proof. The first Chern class of (T'M, J) agrees with minus the first Chern
class of the complex line bundle AY’T*M. Hence ¢, (T'M,.J) = ¢;(L) if and
onlyif £ := A?OT *M ® L admits a a trivialization or, equivalently, a nowhere
vanishing section, and such a section is an (n, 0)-form 6 € Q°(M, L).

To show that, for any nowhere vanishing n-form 6 € Q°(M), the for-
mula defines a positive volume form on M, fix an element m € M
and choose a complex isomorphism (C",i) — (7,,,M,J). Let z; = z; +iy;
for : =1,...,n be the coordinates on C". Then there is an element A\ € L,,
(the fiber of L over m) such that

O, = Xdzy N ANdz,.

Hence
Pm = Cn <9m/\0m>
n(n—1)
-1
= up\ﬁdzl/\mAdzn/\dzlAm/\dzn
ln
dzy Nd dz, N\ dz,
P e S . Rl
21 21
= 2"\ \Pday Adyy A -+ - Aday A dyy.
Thus p is a positive volume form on M and this proves Lemma |D.1] O]
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Lemma D.2. Let J € Z(M) be an almost complex structure compatible
with the orientation, let 6 € QY (M, L) be a nowhere vanishing (n,0)-form,
let w € Q*(M) be a nondegenerate 2-form that is compatible with J such that

% = ¢ (ONG) =: p, (D.3)

and let x : QUY(M, L) — Q5 """P(M, L) be the Hodge *-operator of the Rie-
mannian metric (-, ) := w(-, J-). Then the following holds.
(i) For every Je Q371(M, TM) there is a unique [3 € Qg_l’l(M, L) such that

i(u)B — (Ju)B = o(Ju)b (D.4)

for all uw € Vect(M).

(ii) For every B € Q"' (M, L) there exists a unique Je Q%Y (M, TM) such
that (D.4) holds for all u € Vect(M).

(iii) Suppose f € Q?,_l’l(M, L) and Je Qg’l(M, T M) satisfy equation (D.4)).
Then R
iv(u)xf — o(Ju)xp = —cot(J u)d (D.5)
for all uw € Vect(M). Moreover,
J=T <= x0=—c,f <= [BAw=0, (D.6)
J+T =0 <= «8=cf <= BeQ7* (M L)Aw. (D7)

(iv) Suppose B € Q1 (M, L) and Je Q%Y (M, TM) satisfy equation (D.4)
and let © € Q*(M). Then

G(u,v) — B (Ju, Jv) = ((J = T)u, v)

WAPFUNI=0 = for all u,v € Vect(M).

(D.8)

(v) Let ECAS Qyh 1(M L) and J,J € QY “H(M, TM) be given such that the

pairs (3, J) and (ﬁ’ J’) satisfy (D.4). Then the pointwise inner product of 3
and (' is given by

(8,8") = Re (M) = %traee(j*j')p. (D.9)

Moreover, we have

cn{BAB) = —%trace(jj')p—i— %trace(j]j')p. (D.10)
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Proof. Define 5 € Q"(M, L) by

B(vg, ..., v5) = 9<—%Jj\1)1,1)2, ceey Un)
+ (v, —%J:fvg,@g, ey Un)
+ o+ 9(2)17 vy Un—1, —%Jj’l)n)

for vy, ..., v, € Vect(M). Then

B(Ju, v, ... ,v) + Q(ju,UQ, RIES 0(%ju,vg, ey Un)
+ 0(Ju, —%J:]\'UQ,Ug, ey Un)
+ - 4+ 0(Ju,ve, ..., V01, —%ijn)
=1if(u, ve, ..., v,)

for all u,vq,...,v, € Vect(M). Thus § is an (n — 1,1)-form that satisfies
equation (D.4). If 8 is another (n — 1, 1)-form that satisfies equation (D.4),
then ¢(Ju) (8" — B) = i(u)(B' — B), thus g’ — 3 € QF(M, L), and so ' = J3.
This proves (i).

We prove part (ii). Thus let 8 € Q5 "'(M, L) be given. Then for every
vector field u € Vect(M) the (n—1)-form ic(u)B — «(Ju)p is of type (n — 1,0)
and hence can be written in the form ¢(v)# for some vector field v € Vect(M)
that is uniquely determined by u. This shows that there exists a unique sec-
tion J € QY(M,End(TM)) of the endomorphism bundle that satisfies
for all u € Vect(M). By we have

W(JJw)0 = iu(Ju)B + 1(u) B = —it(Ju)d = —u(JJu)d

for all u € Vect(M) and thus J.J + J.J = 0. This proves (ii).

We prove part (iii). It suffices to consider the trivial line bundle and the
standard structures on R?" with the coordinates zi,...,Zn, y1,...,%,. They
are given by

0 -1 : le dzn
J = y w = dl'z/\dz, 9:—/\/\—, D.11
(]1 0) ; Y V2 V2 (D-11)

where z; ;== x; +1iy; for i =1,...,n. A complex anti-linear endomorphism
has the form

T = ( é —i ) ’ A+iB = (ai;)i,j=1,..n € C"". (D.12)
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The corresponding (n —1,1)-form B € Q5 "' (R?") is given by

dZi_l d,?j dzi—l—l dZn
Qs A= AN— AN AN —. D.13
i Z IR L R
Now J* is represented by the transposed matrix A7 +iB” = (a;); j—1...n and
—Cp ! le dZi_l dEj dZi—l—l dZn
*0 = —(— a.i_/\...—/\_/\—/\.../\_.
S S v Ly S A s,

This proves . Now ({D.6)) and ( - follow from ({D.5]) and the eigenspace

decomp081t10n of the Hodge x-operator on Q" L(M). This proves (iii).
We prove part (iv). Continue the notation in the proof of part (iii),

so J,w,0,.J,3 are as in (D.11), , and (D.13). Then a 2-form @ € Q*(M)
satisfies O (u, v) — ©(Ju, Jv) = ((J — J*)u,v) for all u,v € Vect(M) if and
only if its (0,2)-part is given by @ = —3 37, ~a;;dZ; A dZ;, and this in turn
is equivalent to the equation @ A 6 = —w A 8. This proves (iv).

We prove part (v). Continue the notation in the proof of part (iii) and
use the same notation for (5', .J 7 ) with A, B, a;; replaced by A’, B',a;.. Then

77,]

BA ’—_C”ZZa LN N N L)
Zjlulz”kx/_ V2 V2 V2 V2

dz dz di dz dz
AL BB ¢ k+1 n

\/§ \/_ 7 \/_ /\.../\\/§
:ﬁid-a’--%/\. dz, dZ ./\%
T ERY A R

3,j=1
n
1Y audand
—
= - Qiits:cnB N0
4 £ 791
4,j=1

= itrace(A —iB)T(A +iB)p.

Thus Re(ﬁ A *B’) = ttrace(ATA' + BT B')p = 1trace(J j’)p and this proves
equation (D.9). Moreover, the pair (¢, * 5, —J *) satisfies (D.4]) by part (111)

Thus Re(c,( /\ B)=Re(G *xBAB) = 1trace(JJ’)p ThlS conﬁrms
for the real part. The formula for the imaginary part holds because both
sides of the equation are complex linear in J' with respect to the complex
structure J' — JJ'. This proves (v) and Lemma . O
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The next lemma adapts an observation by Donaldson in [14] Lemma 1]
to the present setting.

Lemma D.3. Let p be a positive volume form and let J € _# (M) be a
positive almost complex structure such that c;(TM, J) = ¢,(L) € H*(M;Z).
Then the following are equivalent.

(i) J is integrable.
(ii) There exists a nowhere vanishing n-form 6 € Q°(M, L) and a Hermitian
connection Vi, on L such that d"*0 = 0 and c,(ON0) = p.

If (i) holds then the pair (Vg,0) in (ii) is uniquely determined by J up to
unitary gauge equivalence. If (ii) holds then

(F¥)%% =0,  Ric, s = iF“. (D.14)
If (i) and (ii) hold and V is a torsion-free connection on TM that satis-
fies VJ =0, then Vp =0 if and only if VO = 0.

Proof. We prove that (i) implies (ii). By Lemma there exists a nowhere
vanishing (n, 0)-form 6 € Q°(M, L) such that c,(9A0) = p. Choose any Her-
mitian connection Vy on L. Then d¥°0 € Qf}l(M , L) because J is integrable
and hence there exists a unique 1-form 1 € Q%' (M) such that n A § = d¥04.
Define the Hermitian connection V;, by V := Vo + 7 —n. Then

A0 =d°0+ @ - AN0=1A0=0
because 77 € Q5°(M). This shows that (i) implies (ii). Moreover, (ii) implies
(F™M)YP A0 =F" N0 =d"d"0=0

and hence (F¥)%% = 0.
We prove uniqueness in (ii). If (¢, V') is any other pair as in (ii), then
there exists a unique unitary gauge transformation g : M — S* such that

0 =g 10
Hence the 1-form o := V' — V, € Q1 (M, iR) satisfies
0=d¥ ¢ =d" (g0 =ang 0+dg ' A0 = (™ — g7 'dg) A g70.

Hence o®! = ¢7'0g and so o = ¢~ '0;9 — §~'0;§ = g~ 'dg because g 'dg is
a 1-form on M with values in iR. Thus

Vi'=V,+g 'dg =gV,

and this proves uniqueness up to unitary gauge equivalence.
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We prove that (i) implies (i). If € QY°(M, L) and V, is any complex
connection on L then (d¥:6)"~12 = 1,(N;)f, where

1
(L(NJ)H)(’UM cee 7/Un+1)
=3 (1) (N (03,0), 01, Ty, Ty Un) (D.15)

1<J

for vy, ..., v € Vect(M). If d¥6 = 0 it follows that «(N;)§ = 0. If 6 van-
ishes nowhere this implies N; = 0. To see this, fix two vector fields vy, vs.
Then ¢(Ny(v1,v2))0 is a nonzero (n — 1,0)-form while the remaining sum-
mands on the right in are of type (n—2,1) or (n—3,2). This implies
that ¢(Ny(v1,v2))0 = 0 and hence Nj(vy,v9) = 0 because 6 vanishes nowhere.
Thus N; = 0 and therefore J is integrable.

Now assume (ii) and let V be a torsion-free connection on 7'M that satis-
fies VJ =0 and Vp = 0. Such a connection exists by part (i) of Lemma[A.]]
For u € Vect(M) the n-form V,0 € Q"(M, L) is defined by

(Vi0)(v1, ... vn) := Vi (9(1}1, . ,vn))
- e(vuvlavb cee avn) -t 9(“27 <+ Un-1, v1/Un)

Since VJ = 0, this is an (n,0)-form. Hence there exists a unique complex
valued 1-form a € QY(M, C) such that

V.0 = a(u)fd

for all u € Vect(M). Now the equation d* = 0 can be expressed in the form

n

(Vuﬁ)(vl, Ce ’Un) = Z(—1)171<Vv16)<u, Uiy oo o5 Uim1,Via1y- - - ;Un)

i=1

for w,vy,...,v, € Vect(M). The right hand side of this equation is complex
linear in u and this implies a € Q"0(M), i.e.

a(Ju) = ia(u)

for all u € Vect(M). Since p = ¢,(0A0) and Vp = 0, we also have Rear = 0,
hence a = 0, and so VO = 0. This implies trace®(RY) = F** and therefore

Ric,,; = itrace(JRY) = itrace®(RY) = iF .

This proves Lemma [D.3] [
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Lemma D.4. Let p € Q*"(M) be a positive volume form, let J € Fint(M),
let Vj, be a Hermitian connection on L, and let 6 € QY(M, L) be nowhere
vanishing such that d¥*0 = 0 and c,(ON0) = p. Then the following holds.
(i) Let v € Vect(M) and define J := L,J and f = () € QY (M, L)
and h := 5(f, —if ). Then d¥eu(v)0 = B+ h6 and (D.4) holds for all u.

(ii) Suppose J€ Qg7l(M, TM) and B € Q;_l’l(M, L) satisfy (D.4). Then

F5J =0 — (87) B =0, (D.16)
9,0 =0 — 8 = 0. (D.17)

(iii) Let J and B be as in (ii) and let A (J, J) be as in [2.9). Then
0¥ 8+ 1A, (J, T) A =0. (D.18)

(iv) Let J and B be as in (ii) with 8,0 = 0 and let Ric, ; and lii\cp((], J) be
as in Theorem . Then Ric, y A 5+ Ric,(J,J) A0 = 0.

(v) Let J and f be as in (i) with 0;J = 0 and assume F¥ = 0 and J admits
a Kdihler form. Then there exists a unique function h € Q°(M,C) such that

d* (B + ho) =0, / hp = 0. (D.19)
M

Moreover, h = %(f —ig) in the notation of Lemma and B+ hf € imd“r
if and only if there exists a vector field v such that J = L,J.

Proof. Fix a torsion-free connection V such that VJ = 0 and V& = 0. Next
define LYo := d“ru(v)a + 1(v)dYea for o € QF(M, L) and v € Vect(M) Then

(L) (v, ... 0) = VL,v(a(vl, . ,Uk)) — Za(. Vi1, [ V] Vi, )
for v, vy, ..., v5 € Vect(M) and LY = d“1(v)d. Hence, by the Leibniz rule,
(d1(0)0) (v, . . ., v0) = O(N, 0,09, ..., 08) + -+ 0(v1, ..., Va1, Vi V)

for all v,vy,...,v, € Vect(M). Since 6 is complex multi-linear this implies
iL(w)d¥eu(v)0 — o(Ju)d EL(v)0 = oIV — V)0 = (L, J)u)d  (D.20)
for all u,v € Vect(M). Hence
V(Lo J)w)0 = ie(u)(d¥ee(v)0) T — (Ju)(d¥u(v)0) " = iu(u)B — (Ju)B
for all u, v and this proves (D-4). The equation (IAO}"¢(v)0) = (OAhG) follows
directly from the definitions and the formula p = ¢,(6A8). This proves (i).
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We prove part (ii). The equivalence in (D.16|) follows from the identity
(B, 0y 1(v)8) 2 = / trace(J*L,J)p = 1T, JO) 2 = HT5T, Jv)a
M

for v € Vect(M). Here we have used part (v) of Lemma as well as (i).
To prove (D.17)), define o, € Q"(M, L) by

oy = i(u)d™ B — o(Ju)d e (D.21)
for u € Vect(M). We will prove that, for all u,v € Vect(M),
(V) — o(Jv) oy = o(Js T (u, )b, (D.22)

Equation shows that d,J = 0 if and only if o, € Q7 "O(M, L) for ev-
ery vector field u € Vect(M). By (D.2]] m this is equivalent to the condi-
tion d“:j3 € Q" 1(Z\/[ L) or, equivalently, to 0y = (d%+3) " = 0.

To prove (| , fix a torsion-free connection V that satisfies VJ =0
and V6 = 0. Then it follows from (D.20]) with v replaced by Ju that

i(u)d o (Jv)0 — o(Ju)d¥ o(Jv)6
= o(J(Vud)o = (V3 J)0)0 + o(JTVw — TV,0)0
for all uw,v € Vect(M). Moreover,
= ie(w)d" 8 — o(Ju)d" B =LV B — LY — d¥u(Tu)d (D.24)
for all u € Vect(M) by (D.4). With this understood, we obtain
(v, — t(Jv)a, = —1(V)LYEB — iu(v) LY B — i(v)du(Ju)d
— 1(J0) LY B+ o(JO) LB + o(Jv)d o Tu)d
= —L3Eu(0)B = o([u, o)) = iLYse(v) B — i([Ju,v])B
— 1LY u(Jv)B = iul[u, Jo])B + L3u(J0)B + u([Ju, Jv])B
— iu(v)de(Tu)0 + (Jv)de(Tu)0
= iu(w)dY o(Jv)0 — (Ju)d% o (Jv)0 — ie(v)d™ o(Ju)b
+ o (JO)d o (Ju)0 + o(J T[u,v])0 + (T T [Ju, Jv])6
= 1(J(Vd)o = (Vyud o = J (V) + (Vi T)u) 6
= 1(J8;J (u,v))6.
Here the first equality follows from , the third from , and the
fourth from (D.23)). This proves and (ii).
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We prove part (iii). Since i0}:3 € Q%'(M, L), there is an n € Q%' (M)
such that

0y 8 +nA6=0. (D.25)

Now let v € Vect(M). Then the pair (£,.J,0) t(v)f) satisfies (D.4) by (i).
Hence, by (2.13)) and (D.10)), we have

%1/ A,(J, j)/\a(’u)p:%/ trace(jJﬁvJ)p
M M

— ([ c(ardaom)

—re ([ allig)naawe)
— ke [ st )

([ it

= Re ( /M @cn«mw)

= [ Retw) nifop

~

Here the penultimate equality follows from (D.25)). Thus Re(n) = 1A,(J, J),
hence n = $A,(J, J) )%, and so (D.18) follows from (D.25). This proves (iii).
We prove part (iv). Since 0 ;J = 0 it follows from part (ii) that 9y = 0.

Hence id“: 3 + %AP(J, j) A6 =0 by (D.18) and so, by Lemma , we have
Ric, s A B =iF"% A B =id%d% 3 = —LdA,(J,J) A9 = —Ric,(J, J) A 0.

If Ric, s is nondegenerate, the assertion follows directly from Lemma and
part (iv) of Lemma[D.2] This proves (iv).

We prove part (v). Since F* =0 we have Ric, ; =0 by Lemma .
Hence Lemma |3.8 asserts that there exists a unique pair of smooth func-
tions f,g € Q°(M) of mean value zero such that A,(J,J) = —df o J + dg.
Let h:=1(f —ig). Then d;h = —iA,(J,J)5" and so d% (6 + h8) = 0
by (D.18). If B+ h6 € imd™, choose a Kahler form w such that w"/n! = p
and use the identity d% (d%)* + (d%)*d% = 2(d} (DYF)* + (9Y)*D}*) to de-
duce that 3 = 9}¥1(v)f for some vector field v. This proves Lemma . O
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If J € Q%' (M, TM) satisfies 8;J = 0, then the n-form
0:=B+hoeQ (ML)

in part (v) of Lemma should be thought of as the tangent vector asso-
ciated to J in the projective space of closed complex valued n-forms modulo
scaling. Namely, if ¢ — J; is a smooth path of (integrable) complex struc-
tures such that 0y|;—oJ; = :]\, and t+— 0, € Q;;O(M, L) is a smooth path of
nowhere vanishing closed (n, 0)-forms, then 0|;—¢0; € 0 + Co.

Corollary D.5. Let M be an closed connected oriented 2n-manifold, let J
be a complex structure on M with real first Chern class zero and nonempty
Kahler cone, let L — M be a Hermitian line bundle equipped with a flat con-
nection Vy, such that ¢;(L) = c¢;(TM,J) € HX(M;7Z), let 0 € QY°(M, L) be a
nowhere vanishing (n,0)-form such that d*t6 = 0, and define p := c,(ON0).
Fori=1,2let J, € Q%Y (M, TM) such that d;J; =0, let B; € Q7 N(M, L)
satisfy for allu € Vect(M) with J=J;, leth; € Q°(M, C) be the unique
function that satisfies with B = B;, and define @ = B; + h;0. Then

Re (cn/ (51/\52)) :—%/ traee(jljg)p—i—/ Re(hihs)p,
M M M

(D.26)
Im (cn/ (91/\02>) = %/ trace(J;JJa)p +/ Im(hyhy)p.
M M M
Proof. This follows directly from and the definition of @ m

The discussion in this appendix is inspired by Donaldson’s symplectic
form on the space of complex structures on a Fano manifold in [I4]. He
proved in [I4] Theorem 1] in the Fano case that the Hermitian form

(Jl, JQ) — Cn/ <81/\92>
M
is negative definite on the space of complex structures compatible with a fixed
symplectic form w. In the Calabi-Yau case (with the symplectic form not
fixed) this Hermitian form on the kernel of 9; : Qg’l(]\/[, TM) — 93’2(M, M)
vanishes on the image of the operator d; : Q°(M, TM) — Q%' (M, TM) and
descends to a well-defined and nondegenerate, but indefinite, Hermitian form
on the quotient space ker d;/imd; = Tin(M). Its imaginary part is the
symplectic form on Teichmiiller space in Theorem [4.4]
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