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Abstract

We define combinatorial Floer homology of a transverse pair of noncontractible
nonisotopic embedded loops in an oriented 2-manifold without boundary, prove
that it is invariant under isotopy, and prove that it is isomorphic to the original
Lagrangian Floer homology. Our proof uses a formula for the Viterbo-Maslov index
for a smooth lune in a 2-manifold.
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CHAPTER 1

Introduction

The Floer homology of a transverse pair of Lagrangian submanifolds in a sym-
plectic manifold is, under favorable hypotheses, the homology of a chain complex
generated by the intersection points. The boundary operator counts index one
holomorphic strips with boundary on the Lagrangian submanifolds. This theory
was introduced by Floer in [T0,11]; see also the three papers [21] of Oh. In this
memoir we consider the following special case:

(H) X is a connected oriented 2-manifold without boundary and
a, C X are connected smooth one dimensional oriented sub-
manifolds without boundary which are closed as subsets of ¥ and
intersect transversally. We do not assume that ¥ is compact,
but when it is, @ and 8 are embedded circles.

In this special case there is a purely combinatorial approach to Lagrangian Floer
homology which was first developed by de Silva [6]. We give a full and detailed
definition of this combinatorial Floer homology (see Theorem [0 under the hy-
pothesis that « and [ are noncontractible embedded circles and are not isotopic
to each other. Under this hypothesis, combinatorial Floer homology is invariant
under isotopy, not just Hamiltonian isotopy, as in Floer’s original work (see Theo-
rem [0.2]). Combinatorial Floer homology 4s isomorphic to analytic Floer homology
as defined by Floer (see Theorem @.3]).

Floer homology is the homology of a chain complex CF(«, 8) with basis consist-
ing of the points of the intersection aN S (and coefficients in Z/27Z). The boundary
operator 0 : CF(a, ) — CF(«, ) has the form

or = Z n(x,y)y.

Y

In the case of analytic Floer homology as defined by Floer n(z,y) denotes the
number (mod two) of equivalence classes of holomorphic strips v : S — ¥ satisfying
the boundary conditions

v(R) C «, v(R+1) C B, v(—o00) =z, v(+o0) =y

and having Maslov index one. The boundary operator in combinatorial Floer ho-
mology has the same form but now n(z,y) denotes the number (mod two) of equiv-
alence classes of smooth immersions u : D — ¥ satisfying

u(DNR) C o, u(DN S C B, u(—1) ==, u(+1) = y.
We call such an immersion a smooth lune. Here
S:=R+1|0, 1], D:={z€C|Imz >0, |z| <1}

denote the standard strip and the standard half disc respectively. We develop
the combinatorial theory without appeal to the difficult analysis required for the

1
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2 VIN DE SILVA, JOEL W. ROBBIN AND DIETMAR A. SALAMON

analytic theory. The invariance under isotopy rather than just Hamiltonian isotopy
(Theorem [@3) is a benefit of this approach. A corollary is the formula

dim HF (a, 8) = geo (a, )

for the dimension of the HF(a, 3) (see Corollary @.5). Here
geo (o, B) denotes the [geometric intersection_number] of the curves o and 3. In

Remark we indicate how to define combinatorial Floer homology with integer
coefficients, but we do not discuss integer coeflicients in analytic Floer homology.

Let D denote the space of all smooth maps u : D — X satisfying the boundary
conditions u(D NR) C o and u(D N S*) C B. For z,y € aN B let D(z,y) denote
the subset of all u € D satisfying the endpoint conditions u(—1) = x and u(1) = y.
Each u € D determines a locally constant function

w:X\(aUB) =2

defined as the degree
w(z) := deg(u, 2), ze X\ (aUpP).

When z is a regular value of u this is the algebraic number of points in the preimage
u~!(z). The function w depends only on the homotopy class of u. In Theorem 241
we prove that the homotopy class of u € D is uniquely determined by its endpoints
z,y and its degree function w. Theorem [3.4] says that the Viterbo-Maslov index of
every smooth map u € D(z,y) is determined by the values of w near the endpoints
x and y of u, namely, it is given by the following trace formula

Mg (Ay) +my(Ay)

2 )
Here m, denotes the sum of the four values of w encountered when walking along
a small circle surrounding z, and similarly for y. [Parf1l of this memoir is devoted
to proving this formula.

[Part ITl gives a combinatorial characterization of smooth lunes. Specifically, the
equivalent conditions (ii) and (iii) of Theorem [6.7] are necessary for the existence
of a smooth lune. This implies the fact (not obvious to us) that a lune cannot
contain either of its endpoints in the interior of its image. In the simply connected
case we prove in the same theorem that the necessary conditions are also sufficient.
We conjecture that they characterize smooth lunes in general. Theorem shows
that any two smooth lunes with the same counting function w are isotopic and thus
the equivalence class of a smooth lune is uniquely determined by its combinatorial
data. The proofs of these theorems are carried out in Chapters [ and 8 Together
they provide a solution to the Picard—Loewner problem in a special case; see for
example [12] and the references cited therein, e.g. [4,28l[38]. Our result is a special
case because no critical points are allowed (lunes are immersions), the source is a
disc and not a Riemann surface with positive genus, and the prescribed boundary
circle decomposes into two embedded arcs.

[Part 111 introduces combinatorial Floer homology. Here we restrict our dis-
cussion to the case where o and [ are noncontractible embedded circles which
are not isotopic to each other (with either orientation). The basic definitions are
given in Chapter That the square of the boundary operator is indeed zero in
the combinatorial setting will be proved in Chapter [0 by analyzing
Propositions and say that there are two ways to break a heart and this
is why the square of the boundary operator is zero. In Chapter [[I] we prove the

u(u) = Au = (l’,y,W).

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



1. INTRODUCTION 3

isotopy invariance of combinatorial Floer homology by examining generic deforma-
tions of loops that change the number of intersection points. This is very much
in the spirit of Floer’s original proof of deformation invariance (under Hamiltonian
isotopy of the Lagrangian manifolds) of analytic Floer homology. The main theo-
rem in Chapter [[2] asserts, in the general setting, that smooth lunes (up to isotopy)
are in one-to-one correspondence with index one holomorphic strips (up to transla-
tion). The proof is self-contained and does not use any of the other results in this
memoir. It is based on an equation (the index formula ([69) in Theorem [[2:2]) which
expresses the Viterbo-Maslov index of a holomorphic strip in terms of its critical
points and its angles at infinity. A linear version of this equation (the linear index
formula ([[8) in Lemma [I2.3)) also shows that every holomorphic strip is regular in
the sense that the linearized operator is surjective. It follows from these observa-
tions that the combinatorial and analytic definitions of Floer homology agree as
asserted in Theorem In fact, our results show that the two chain complexes
agree.

There are many directions in which the theory developed in the present memoir
can be extended. Some of these are discussed in Chapter For example, it has
been understood for some time that the Donaldson triangle product and the Fukaya
category have combinatorial analogues in dimension two, and that these analogues
are isomorphic to the original analytic theories. The combinatorial approach to
the Donaldson triangle product has been outlined in the PhD thesis of the first
author [6], and the combinatorial approach to the derived Fukaya category has
been used by Abouzaid [I] to compute it. Our formula for the Viterbo-Maslov
index in Theorem B4 and our combinatorial characterization of smooth lunes in
Theorem are not needed for their applications. In our memoir these two results
are limited to the elements of D. (To our knowledge, they have not been extended
to triangles or more general polygons in the existing literature.)

When ¥ = T2, the Heegaard-Floer theory of Ozsvath-Szabo [26127] can be
interpreted as a refinement of the combinatorial Floer theory, in that the wind-
ing number of a lune at a prescribed point in T? \ (« U ) is taken into account
in the definition of their boundary operator. However, for higher genus surfaces
Heegaard—Floer theory does not include the combinatorial Floer theory discussed
in the present memoir as a special case.

Appendix [A] contains a proof that, under suitable hypotheses, the space of
paths connecting « to § is simply connected. Appendix[Blcontains a proof that the
group of orientation preserving diffeomorphisms of the half disc fixing the corners
is connected. Appendix [C] contains an account of Floer’s algebraic deformation ar-
gument. Appendix [Dlsummarizes the relevant results in [32] about the asymptotic
behavior of holomorphic strips.

Throughout this memoir we assume [(H)} We often write “assume [(H)]’
to remind the reader of our standing hypothesis.

Acknowledgement. We would like to thank the referee for his/her careful
work.
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CHAPTER 2

Chains and Traces

Define a cell complex structure on 3 by taking the set of zero-cells to be the set
aN S, the set of one-cells to be the set of connected components of (a\ 8) U (8\ @)
with compact closure, and the set of two-cells to be the set of connected components
of ¥\ (U p) with compact closure. (There is an abuse of language here as the
“two-cells” need not be homeomorphs of the open unit disc if the genus of ¥ is
positive and the “one-cells” need not be arcs if « N8 = @.) Define a boundary
operator 0 as follows. For each two-cell F' let

OF =) +E,

where the sum is over the one-cells £ which abut F' and the plus sign is chosen
iff the orientation of F (determined from the given orientations of o and ) agrees
with the boundary orientation of F' as a connected open subset of the oriented
manifold 3. For each one-cell F let

oOF =y—=

where = and y are the endpoints of the arc E' and the orientation of E goes from
x to y. (The one-cell E is either a subarc of o or a subarc of 8 and both o and
B are oriented one-manifolds.) For k = 0,1,2 a k-chain is defined to be a formal
linear combination (with integer coefficients) of k-cells, i.e. a two-chain is a locally
constant map ¥ \ (e U 8) — Z (whose support has compact closure in ) and
a one-chain is a locally constant map (a \ 8) U (8 \ @) — Z (whose support has
compact closure in aU 3). It follows directly from the definitions that 9*F = 0 for
each two-cell F.
Each u € D determines a two-chain w via

(1) w(z) := deg(u, 2), z€ X\ (aUp).
and a one-chain v via

(2) v(2) :—{ deg(ulppy 1 ODNR = a,z), forz€a\p,

—deg(u|mms1 :0DN St — B,z), forze B\ a.

Here we orient the one-manifolds DNR and DNS?* from —1 to +1. For any one-chain
v:(a\B)U(B\ a) = Z denote
Vo i =Vlg\g:a\ B — Z, vg = Vg B\a— Z.

Conversely, given locally constant functions v, : «\ 8 — Z (whose support has
compact closure in «) and vg : 8\ @ — Z (whose support has compact closure in
B), denote by v = v, — vg the one-chain that agrees with v, on o\ 5 and agrees
with —vg on 3\ a.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



8 VIN DE SILVA, JOEL W. ROBBIN AND DIETMAR A. SALAMON

DEFINITION 2.1 (Traces). Fix two (not necessarily distinct) intersection points
T,y € ang.
(i) Let w: ¥\ (a¢ U pB) = Z be a two-chain. The triple A = (z,y,w) is called an
(o, B)-trace if there exists an element u € D(x,y) such that w is given by ().
In this case A =: A, is also called the (a, 8)-trace of u and we sometimes write
Wy 1= W.
(ii) Let A = (x,y,w) be an («, 8)-trace. The triple A := (z,y,dw) is called the
boundary of A.
(iii) A one-chain v : (a\ f) U (8 \ o) — Z is called an (z,y)-trace if there exist
smooth curves v, : [0,1] — « and g : [0,1] — S such that v,(0) = v3(0) = «,
Ya(1) = v(1) =y, 7o and g are homotopic in ¥ with fixed endpoints, and

deg(vqa,2), for z € a\ B,

(3) v(z) = { —degE’yg,zi, for z € ﬂsa.

REMARK 2.2. Assume Y is simply connected. Then the condition on 7, and
g to be homotopic with fixed endpoints is redundant. Moreover, if z = y then a
one-chain v is an (z, y)-trace if and only if the restrictions

Vo 1= V]a\8s vg = —V|g\a

are constant. If z # y and «, 8 are embedded circles and A, B denote the positively
oriented arcs from z to y in «, 8, then a one-chain v is an (x, y)-trace if and only if

Vala\(aup) = Valars — 1
and

Valp\(Bua) = Vgl Bra — 1.
In particular, when walking along « or 3, the function v only changes its value at
x and y.

LEMMA 2.3. Let z,y € aNB and u € D(x,y). Then the boundary of the (a, 3)-
trace Ay, of u is the triple ON, = (z,y,v), where v is given by [@). In other words,
if w is given by ) and v is given by [2)) then v = Ow.

PRrROOF. Choose an embedding v : [—-1,1] — ¥ such that u is transverse to
v, Y(t) € T\ (aUp) for t # 0, v(—1), v(1) are regular values of u, v(0) € a'\
is a regular value of u|pnr, and ~ intersects a transversally at ¢ = 0 such that
orientations match in

Ty0% = Tyoa ®R(0).
Denote I' := v([—1,1]). Then v (') C D is a 1-dimensional submanifold with
boundary

Ou™H () = u™ (v(=1)) U~ (4(1)) U (u™ ' (+(0)) N R)).
If z€ u=}(T) then
imdu(z) + Tyl = TS, Tou '(T) = du(z) Ty L.
We orient u~!(T") such that the orientations match in
Ty()S = Tux)I & du(2)iT-u™ ().

In other words, if z € v~ !(I') and u(z) = ~(t), then a nonzero tangent vector
¢ € T,u Y(T) is positive if and only if the pair (§(t),du(2)i¢) is a positive basis
of T,(»E. Then the boundary orientation of u=*(I") at the elements of v~ ((1))

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



2. CHAINS AND TRACES 9

agrees with the algebraic count in the definition of w(y(1)), at the elements of
u~1(y(—1)) is opposite to the algebraic count in the definition of w(y(—1)), and at
the elements of u~*(v(0)) NR is opposite to the algebraic count in the definition of
v((0)). Hence
w((1)) = w(y(=1)) +v(7(0)).

In other words the value of v at a point in « \ 8 is equal to the value of w slightly
to the left of a minus the value of w slightly to the right of «. Likewise, the value
of v at a point in 8\ « is equal to the value of w slightly to the right of 5 minus
the value of w slightly to the left of 8. This proves Lemma 23] ]

THEOREM 2.4. (i) Two elements of D belong to the same connected component
of D if and only if they have the same («, B)-trace.

(ii) Assume X is diffeomorphic to the two-sphere. Let x,y € a NS and let w :
S\ (@UB) = Z be a locally constant function. Then A = (x,y,w) is an (o, B)-trace
if and only if Ow is an (z,y)-trace.

(iii) Assume X is not diffeomorphic to the two-sphere and let x,y € aN B. If v is
an (x,y)-trace, then there is a unique two-chain w such that A := (x,y,w) is an
(a, B)-trace and Ow = v.

Proor. We prove (i). “Only if” follows from the standard arguments in degree

theory as in Milnor [19]. To prove “if”, fix two intersection points
T, y€anp
and, for X =%, «, 8, denote by P(z, y; X) the space of all smooth curves v:[0, 1] — X
satisfying v(0) = x and (1) = y. Every u € D(z,y) determines smooth paths
Yu, o S P(%Zﬁ CY) and Yu,B € 7)(957?/; B) via
(4) Yu,a(8) 1= u(—cos(rws),0), Yu,8(s) = u(—cos(ms), sin(ms)).
These paths are homotopic in ¥ with fixed endpoints. An explicit homotopy is the
map
F,:=uop:[0,1]* =%
where ¢ : [0,1]2 — D is the map
o(s,t) := (— cos(ms), tsin(ws)).
By Lemma 23] the homotopy class of 7, in P(z,y; ) is uniquely determined by
Vo i = OWyla\g:a\ B = Z
and that of v, g in P(z,y; 8) is uniquely determined by
vg = —0Wulg\a : B\ — Z.

Hence they are both uniquely determined by the (a,f)-trace of u. If ¥ is not
diffeomorphic to the 2-sphere the assertion follows from the fact that each compo-
nent of P(x,y;X) is contractible (because the universal cover of ¥ is diffeomorphic
to the complex plane). Now assume ¥ is diffeomorphic to the 2-sphere. Then
m1(P(z,y; X)) = Z acts on 7o(D) because the correspondence u — F;, identifies
mo(D) with a space of homotopy classes of paths in P(x,y; X) connecting P(z, y; @)
to P(x,y; ). The induced action on the space of two-chains w : ¥\ (e U ) is given
by adding a global constant. Hence the map u — w induces an injective map

mo(D(x,y)) — {2-chains}.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



10 VIN DE SILVA, JOEL W. ROBBIN AND DIETMAR A. SALAMON

This proves (i).

We prove (ii) and (iii). Let w be a two-chain, suppose that v := dw is an (z, y)-
trace, and denote A := (z,y,w). Let 7, : [0,1] = o and ~g: [0,1] — 5 be as in
Definition 21 Then there is a ' € D(x,y) such that the map s — u'(— cos(rs), 0)
is homotopic to v, and s — u'(— cos(ws), sin(7s)) is homotopic to 3. By definition
the (a, 8)-trace of v’ is A’ = (z,y,w’) for some two-chain w’. By Lemma 23] we
have

ow' =v=0w
and hence w — w’ =: d is constant. If X is not diffeomorphic to the two-sphere and
A is the (o, 8)-trace of some element u € D, then w is homotopic to u’ (as P(z,y; X)
is simply connected) and hence d = 0 and A = A’. If ¥ is diffeomorphic to the 2-
sphere choose a smooth map v : S? — ¥ of degree d and replace ' by the connected
sum u := u'#v. Then A is the («, 8)-trace of u. This proves Theorem 24 O

REMARK 2.5. Let A = (z,y,w) be an («, 8)-trace and define
Vo 1= OW|a\8, vg = —0W|g\q-

(i) The two-chain w is uniquely determined by the condition 0w = v, — vg and its
value at one point. To see this, think of the embedded circles a and [ as traintracks.
Crossing « at a point z € a \ § increases w by v4(z) if the train comes from the
left, and decreases it by v,(z) if the train comes from the right. Crossing g at a
point z € 8\ a decreases w by vg(z) if the train comes from the left and increases
it by vg(z) if the train comes from the right. Moreover, v, extends continuously
to a\ {z,y} and v extends continuously to 8\ {z,y}. At each intersection point
z € (an B)\ {z,y} with intersection index +1 (respectively —1) the function w
takes the values

k, k"'l/a(z)a k+Va(Z)_V/3(Z)7 k_yﬁ(z)

as we march counterclockwise (respectively clockwise) along a small circle surround-
ing the intersection point.

(ii) If ¥ is not diffeomorphic to the 2-sphere then, by Theorem [24] (iii), the («, 5)-
trace A is uniquely determined by its boundary OA = (x,y, Vo — v3).

(iii) Assume ¥ is not diffeomorphic to the 2-sphere and choose a universal covering
7m: C — X. Choose a point 7 € 7~ !(x) and lifts & and 8 of « and 3 such that
Z € an B. Then A lifts to an (@, 8)-trace
A=(Z,5.%).

More precisely, the one chain v := v, — vg = Ow is an (z,y)-trace, by Lemma 2.3
The paths 7, : [0,1] = a and g : [0,1] — B in Definition 1] lift to unique paths
Ya ¢ [0,1] = @ and 75 : [0,1] — B connecting Z to y. For z € C\ (AUB) the number
w(Z) is the winding number of the loop v — 75 about z (by Rouché’s theorem).
The two-chain w is then given by

w(z)= > W), z€X\(aUp).
zer—1(z)

To see this, lift an element u € D(x,y) with («, 8)-trace A to the universal cover

to obtain an element @ € D(Z,y) with Az = A and consider the degree.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



2. CHAINS AND TRACES 11

DEFINITION 2.6 (Catenation). Let x,y,z € a N 8. The catenation of two
(a, B)-traces A = (z,y,w) and A’ = (y,z,w’) is defined by

A#N = (2,2, w+W).

Let u € D(z,y) and v’ € D(y, z) and suppose that « and ' are constant near the
ends £1 € . For 0 < A < 1 sufficiently close to one the A-catenation of v and
u’ is the map u#, u’ € D(z, z) defined by

B u(ﬂ» for Re( <0,

, _ 1+X¢
(u#Au)(C) : o (Q)7 for Re¢ > 0.

T-XC
LEMMA 2.7. Ifu € D(x,y) and v’ € D(y, z) are as in Definition then
Au#xu’ = Au#Au’
Thus the catenation of two (a, B)-traces is again an («, 5)-trace.

PRrOOF. This follows directly from the definitions. O
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CHAPTER 3

The Maslov Index

DEFINITION 3.1. Let z,y € anN B and v € D(x,y). Choose an orientation
preserving trivialization
D x R?* = w*TY : (z,¢) = ®(2)¢
and consider the Lagrangian paths
Ao, A1 ¢ [0,1] — RP!

given by

Ao(s) 1= (= cos(ms),0) " Ty(— cos(rs),0)

A1(s) := ®(— cos(ms), sin(ws))*lTu(_COS(,,SLSin(m))B.

The Viterbo—Maslov index of u is defined as the relative Maslov index of the
pair of Lagrangian paths (Ag, A1) and will be denoted by

() := p(Au) == p(Aos A1)

By the naturality and homotopy axioms for the relative Maslov index (see for
example [30]), the number u(u) is independent of the choice of the trivialization
and depends only on the homotopy class of u; hence it depends only on the («, 5)-
trace of u, by Theorem 24l The relative Maslov index p(Xg, A1) is the degree of the
loop in RP! obtained by traversing \o, followed by a counterclockwise turn from
Ao(1) to A1(1), followed by traversing A; in reverse time, followed by a clockwise
turn from A;(0) to Ag(0). This index was first defined by Viterbo [39] (in all
dimensions). Another exposition is contained in [30].

REMARK 3.2. The Viterbo—Maslov index is additive under catenation, i.e. if
A=(z,y,w), AN=(yzwW)
are (a, B)-traces then
u(A#A) = p(A) + p(d).
For a proof of this formula see [30L[39].

DEFINITION 3.3. Let A = (z,y,w) be an (o, 3)-trace and denote v, := OwW|a\3
and vg := —0w|g\,-. A is said to satisfy the arc condition if

(5) T # Y, min |v,| = min |vg| = 0.
When A satisfies the arc condition there are arcs A C a and B C S from z to y
such that
+1, ifz € A, [ 41, ifzeB,
(6) Vo‘(z){ 0, ifz€a\A, VB(Z){ 0, ifzepB\B.

Here the plus sign is chosen iff the orientation of A from x to y agrees with that
of «, respectively the orientation of B from z to y agrees with that of 5. In this

13
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14 VIN DE SILVA, JOEL W. ROBBIN AND DIETMAR A. SALAMON

situation the quadruple (z,y, A, B) and the triple (x,y,Ow) determine one another
and we also write
oA = (z,y,A, B)
for the boundary of A. When v € D and A, = (z,y, w) satisfies the arc condition
and A, = (z,y, A, B) then
s +— u(—cos(ms),0)
is homotopic in « to a path traversing A and the path
s+ u(—cos(ms), sin(ws))

is homotopic in B to a path traversing B.

THEOREM 3.4. Let A = (x,y,w) be an («, 8)-trace. For z € a N denote by

m.(A) the sum of the four values of w encountered when walking along a small
circle surrounding z. Then the Viterbo—Maslov index of A is given by

- () = ) £ my ().

2
We call this the trace formula.

We first prove the trace formula for the 2-plane C and the 2-sphere S? (Chap-
ter @ on page 21I]). When X is not simply connected we reduce the result to the case
of the 2-plane (Chapter [l page B3]). The key is the identity

(8) Mgz (A) + my-15(A) =0

for every lift A to the universal cover and every deck transformation g # id. We
call this the cancellation formula.
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CHAPTER 4

The Simply Connected Case

A connected oriented 2-manifold ¥ is called planar if it admits an (orientation
preserving) embedding into the complex plane.

PROPOSITION 4.1. The trace formula ([d) holds when ¥ is planar.

PROOF. Assume first that ¥ = C and A = (z,y, w) satisfies the arc condition.
Thus the boundary of A has the form

oA = (x7y7AaB)7

where A C o and B C § are arcs from x to y and w(z) is the winding number of
the loop A — B about the point z € ¥\ (AU B) (see Remark [25). Hence the trace
formula () can be written in the form

9) p(A) = 2%y + 2k, + = 3 %

Here €, = €,(A) € {+1, —1} denotes the intersection index of A and B at a point
z € AN B, ky = ky(A) denotes the value of the winding number w at a point in
a\ A close to z, and k, = k,(A) denotes the value of w at a point in a \ A close
to y. We now prove (@) under the hypothesis that A satisfies the arc condition.
The proof is by induction on the number of intersection points of B and « and has
seven steps.

Step 1. We may assume without loss of generality that

(10) ¥ =C, a =R, A =[z,y], z <y,

and B C C is an embedded arc from x to y that is transverse to R.

Choose a diffeomorphism from ¥ to C that maps A to a bounded closed interval
and maps x to the left endpoint of A. If « is not compact the diffeomorphism can be
chosen such that it also maps « to R. If « is an embedded circle the diffeomorphism

can be chosen such that its restriction to B is transverse to R; now replace the image
of a by R. This proves Step 1.

Step 2. Assume ([{0) and let A := (z,y,z — —w(2)) be the (a,B):tmce obtained
from A by complex conjugation. Then A satisfies Q) if and only if A satisfies ([@).

Step 2 follows from the fact that the numbers pu, ks, ky, €2,€, change sign under
complex conjugation.

Step 3. Assume [I0). If BNR = {z,y} then A satisfies ().

In this case B is contained in the upper or lower closed half plane and the loop
AU B bounds a disc contained in the same half plane. By Step 1 we may assume
that B is contained in the upper half space. Then ¢, =1, ¢, = —1, and p(A) = 1.
Moreover, the winding number w is one in the disc encircled by A and B and is

15
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16 VIN DE SILVA, JOEL W. ROBBIN AND DIETMAR A. SALAMON

zero in the complement of its closure. Since the intervals (—oo,0) and (0, 00) are
contained in this complement, we have k, = k, = 0. This proves Step 3.

Step 4. Assume [{Q) and #(B NR) > 2, follow the arc of B, starting at x, and
let &’ be the mext intersection point with R. Assume x' < x, denote by B’ the arc
in B from a’ toy, and let A’ := [2/,y] (see Figure ). If the (a, B)-trace N’ with
boundary ON' = (a',y, A', B") satisfies [@)) so does A.

FIGURE 1. Maslov index and catenation: z’ < z < y.

By Step 2 we may assume €,(A) = 1. Orient B from z to y. The Viterbo—Maslov
index of A is minus the Maslov index of the path B — RP! : 2z — T, B, relative to
the Lagrangian subspace R C C. Since the Maslov index of the arc in B from z to
x' is +1 we have

(11) p(A) = p(A) = 1.
Since the orientations of A’ and B’ agree with those of A and B we have
(12) ewr(N) =ex(A)=—1,  gy(A) =¢y(A).

Now let 71 < 9 < --- < x,, < = be the intersection points of R and B in the
interval (—oo,x) and let ¢; € {—1,+1} be the intersection index of R and B at x;.
Then there is an integer ¢ € {1,...,m} such that z; = 2’ and ¢ = —1. Moreover,
the winding number w slightly to the left of x is

It agrees with the value of w slightly to the right of ' = z,. Hence

4 £—1
(13) ke(A) =D &= ei—1=ky(A) =1,  ky(A)=ky(A).

It follows from equation (@) for A’ and equations (II), (I2)), and ([I3) that
pA) = pA)-1

= Dk (W) + 2k () + 2D (D)

-1

2

= 2%y () + 2k, (A)) + %{MA) 1
1— e, (A

= hkur (N) + 2k, (N) + % —9

= 2k, (A) + 2k, (A) +
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4. THE SIMPLY CONNECTED CASE 17

This proves Step 4.

Step 5. Assume ([I0) and #(B NR) > 2, follow the arc of B, starting at x, and
let ' be the mext intersection point with R. Assume x < x’ <y, denote by B’ the
arc in B from x’ to y, and let A’ := [2/,y] (see Figure 2)). If the (a, B)-trace A’
with boundary ON' = (2',y, A’, B') satisfies @) so does A.

(a0

~BHO
U\

FIGURE 2. Maslov index and catenation: z < 2’ < y.

By Step 2 we may assume €, (A) = 1. Since the Maslov index of the arc in B from
z to 2’ is —1, we have

(14) p(A) = p(A') + 1.
Since the orientations of A’ and B’ agree with those of A and B we have
(15) ex(A) =ep(A) =—1, ey(A') =g, (A).

Now let z < 21 < T3 < -+ < T, < 2’ be the intersection points of R and B in the
interval (z,2') and let ¢; € {—1,41} be the intersection index of R and B at x;.
Since the interval [z, 2'] in A and the arc in B from z to 2’ bound an open half disc,
every subarc of B in this half disc must enter and exit through the open interval
(z,z"). Hence the intersections indices of R and B at the points z1, ..., z,, cancel

in pairs and thus
m
Z E; = 0.
i=1

Since kys (A’) is the sum of the intersection indices of R and B’ at all points to the
left of 2’ we obtain

(16) b (M) = ko (M) + 3 e = k(A k() = ky (A).

It follows from equation (@) for A’ and equations ([I4)), (I3, and (@) that

nA) = pA)+1
ewr(A) — £, (A)

= 2ky (N) + 2k, (A) + 5 +1
= 2k, (A) + 2k, (A) + _1%@’(1&) +1
= %n(A) + 2k, (A) + M

This proves Step 5.
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18 VIN DE SILVA, JOEL W. ROBBIN AND DIETMAR A. SALAMON

Step 6. Assume [I0) and #(B NR) > 2, follow the arc of B, starting at x, and
let y' be the next intersection point with R. Assume y' > y. Denote by B’ the arc
in B from y toy', and let A’ := [y,y'] (see Figure Bl). If the («, B)-trace A’ with
boundary ON' = (y,y', A’, B) satisfies [@) so does A.

FIGURE 3. Maslov index and catenation: z <y < y/.

By Step 2 we may assume £,(A) = 1. Since the orientation of B’ from y to ¥y’ is
opposite to the orientation of B and the Maslov index of the arc in B from z to 7/
is —1, we have

(17) p(A) =1 - p(A').

Using again the fact that the orientation of B’ is opposite to the orientation of B
we have

(18) ey(A) = —¢,(A), ey (N) = —ey(A) = 1.

Now let 1 < x5 < --- < x,, be all intersection points of R and B and let ¢; €
{=1,+1} be the intersection index of R and B at z;. Choose

j<k</t
such that
zj =z, T =, r=1y.
Then
gj=¢ez(A) =1, e = gy(A), g0 =gy (A) =—1,
and

km(A):Zgh ky(A):_ZEi-
1<j i>k
For i # j the intersection index of R and B’ at z; is —e;. Moreover, k,(A’) is the
sum of the intersection indices of R and B’ at all points to the left of y and &,/ (A")
is minus the sum of the intersection indices of R and B’ at all points to the right

of y'. Hence
ky(A/) = — ZEZ‘ - Z Eiy kyl(A/) = ZEZ‘.

1<j Jj<i<k >0
We claim that
1 A
(19) ky (A) + ko(A) = 0, ky(N) + ky(A) = %()
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4. THE SIMPLY CONNECTED CASE 19

To see this, note that the value of the winding number w slightly to the left of x
agrees with the value of w slightly to the right of 3/, and hence

0= ZEZ‘ + ZEi = km(A) + ]{?yl(Al)
i<j i>e
This proves the first equation in ([I9). To prove the second equation in ([I9) we
observe that

i ex(A) +ey(A
o= el

and hence

ky(A') +ky(A) = —Z&'— Z Ei—zz?i

1<j j<i<k >k
m
= & tep— E €
i=1
m

= (M) +ey(h) =) &
G ta)
2
1+ 5y(A)
—=

This proves the second equation in (I9).
It follows from equation (@) for A’ and equations (7)), (IS), and ([I9) that

pd) = 1-pA)

1= 2k (M) — 2y () — ) e ()

2
= 1— 2k, (A) — 2k, (A) — #
= 2y (A) — ey (A) + 2k, (A) + T ) ;W‘)
1—¢y(A)

= 2k, (A) + 2k, (A) + —

Here the first equality follows from (), the second equality follows from (@) for
A’, the third equality follows from (I8]), and the fourth equality follows from (I9).
This proves Step 6.

Step 7. The trace formula () holds when ¥ = C and A satisfies the arc condition.

It follows from Steps 3-6 by induction that equation (@) holds for every (o, 5)-trace
A = (z,y,w) whose boundary 0A = (z,y, A, B) satisfies (I0]). Hence Step 7 follows
from Step 1.

Next we drop the hypothesis that A satisfies the arc condition and extend the
result to planar surfaces. This requires a further three steps.

Step 8. The trace formula ([{) holds when ¥ = C and z = y.

Under these hypotheses v, := 0w|4\g and vg := —0w|g\, are constant. There are
four cases.
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20 VIN DE SILVA, JOEL W. ROBBIN AND DIETMAR A. SALAMON

Case 1. « is an embedded circle and B is not an embedded circle. In this case we
have vg = 0 and B = {x}. Moroeover, « is the boundary of a unique disc A, and
we assume that « is oriented as the boundary of A,. Then the path v, : [0,1] = X
in Definition 2] satisfies 7, (0) = 74(1) = = and is homotopic to v,«a. Hence

mg(A) = my(A) = 2v, = p(A).
Here the last equation follows from the fact that A can be obtained as the catenation
of v, copies of the disc A,.

Case 2. « is not an embedded circle and 3 is an embedded circle. This follows
from Case 1 by interchanging o and .

Case 3. «a and [ are embedded circles. In this case there is a unique pair of
embedded discs A, and Ag with boundaries o and 3, respectively. Orient o and
B as the boundaries of these discs. Then, for every z € ¥\ a U 8, we have

Vo —vg, forze€ Ay NAg,

) v, for z € A, \ Ag,
w(z) = —vg, for z € Ag \ Aq,
0, for z € £\ A, UAg.

Hence
ma(A) = my(A) = 2vq — 2vg = p(A).

Here the last equation follows from the fact A can be obtained as the catenation of
v, copies of the disc A, (with the orientation inherited from X) and vg copies of
—Ag (with the opposite orientation).

Case 4. Neither o nor 8 is an embedded circle. Under this hypothesis we have
Vo = vg = 0. Hence it follows from Theorem [2Z4] that w = 0 and A = A,, for the
constant map u = x € D(x,x). Thus

ma(A) = my () = u(A) = 0.
This proves Step 8.
Step 9. The trace formula ([{) holds when ¥ = C.

By Step 8, it suffices to assume x # y. It follows from Theorem [2Z.4] that every
u € D(x,y) is homotopic to a catentation u = ug#v, where ug € D(x,y) satisfies
the arc condition and v € D(y,y). Hence it follows from Steps 7 and 8 that

pAy) = p(Ayy) + p(Ay)
A A
— mﬂc( Uo);my( Uo) +my(Av)
Mg (Aw) +my(Ay)
5 )
Here the last equation follows from the fact that w,, = w,,,+w, and hence m,(A,) =

my(Ay,) + m.(A,) for every z € an B. This proves Step 9.
Step 10. The trace formula () holds when X is planar.

Choose an element u € D(z,y) such that A, = A. Modifying « and 5 on the
complement of u(D), if necessary, we may assume without loss of generality that
a and  are embedded circles. Let ¢ : ¥ — C be an orientation preserving em-
bedding. Then ¢, A = A,y is an (¢(a),¢(B8))-trace in C and hence satisfies the
trace formula (@) by Step 9. Since m,(z)(txA) = Mg (A), Mmy(y) (L A) = my(A), and
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4. THE SIMPLY CONNECTED CASE 21

(s A) = p(A) it follows that A also satisfies the trace formula. This proves Step 10
and Proposition [£.1] O

REMARK 4.2. Let A = (z,y, A, B) be an («, 8)-trace in C as in Step 1 in the
proof of Theorem B4l Thus & < y are real numbers, A is the interval [z,y], and
B is an embedded arc with endpoints x,y which is oriented from z to y and is
transverse to R. Thus Z := BN R is a finite set. Define a map

22 \{y} = Z2\{«}

as follows. Given z € Z \ {y} walk along B towards y and let f(z) be the next
intersection point with R. This map is bijective. Now let I be any of the three open
intervals (—oo, ), (x,y), (y,00). Any arc in B from z to f(z) with both endpoints
in the same interval I can be removed by an isotopy of B which does not pass
through z,y. Call A a reduced (a, )-trace if z € I implies f(z) ¢ I for each
of the three intervals. Then every («, 3)-trace is isotopic to a reduced («, 8')-trace
and the isotopy does not affect the numbers p, ky, ky, €2, €y.

Case 1 Case 2

()

o) (&

(T
&)

ase Case 4

FIGURE 4. Reduced (a, 5)-traces in C.

Let Z* (respectively Z~) denote the set of all points z € Z = BNR where the
positive tangent vectors in T, B point up (respectively down). One can prove that
every reduced (o, 3)-trace satisfies one of the following conditions.

Case 1: If z € ZT \ {y} then f(z) > 2. Case 2: Z~ C [z,y].
Case 3: If z € Z~ \ {y} then f(z) > =. Case 4: Z1 C [z,y].
(Examples with e, = 1 and ¢, = —1 are depicted in Figure[dl) One can then show

directly that the reduced (a, 8)-traces satisfy equation (@). This gives rise to an
alternative proof of Proposition ] via case distinction.

PRrROOF OF THEOREM B4 IN THE SIMPLY CONNECTED CASE. If ¥ is diffeo-
morphic to the 2-plane the result has been established in Proposition [£1l Hence
assume

Y =52
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Let u € D(x,y). If u is not surjective the assertion follows from the case of the
complex plane (Proposition ]) via stereographic projection. Hence assume u is
surjective and choose a regular value z € 5%\ (o U ) of u. Denote
u N (2) = {21, )

For i = 1,...,k let &; = 1 according to whether or not the differential du(z;) :
C — T, is orientation preserving. Choose an open disc A C S? centered at z such
that

An(aupB)=10
and u~1(A) is a union of open neighborhoods U; C D of z; with disjoint closures
such that

uly, 1 U; = A
is a diffeomorphism for each i which extends to a neighborhood of U;. Now choose
a continuous map v’ : D — S? which agrees with u on D\ |J; U; and restricts to
a diffeomorphism from U; to S% \ A for each i. Then z does not belong to the
image of v’ and hence the trace formula (7)) holds for v’ (after smoothing along the
boundaries OU;). Moreover, the diffeomorphism

u’|Ui : UZ — 52 \A

is orientation preserving if and only if ¢; = —1. Hence
k
p(Au) = p(Aw) + 4251'7
i=1
k
Mo (M) = mg(Aw) +4) e,
i=1
k
my(Ay) = my(Ay) +4 Z €.
i=1

By Proposition ] the trace formula (@) holds for A,  and hence it also holds for
A.. This proves Theorem [3.4] when ¥ is simply connected. |
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CHAPTER 5

The Non Simply Connected Case

The key step for extending Proposition 1] to non-simply connected two-
manifolds is the next result about lifts to the universal cover.

PROPOSITION 5.1. Suppose ¥ is not diffeomorphic to the 2-sphere. Let A =
(z,y,w) be an (a, B)-trace and m: C — X be a universal covering. Denote by I' C
Diff(C) the group of deck transformations. Choose an element ¥ € 7= 1(z) and let

& and f3 be the lifts of o and B through T. Let A = (Z,7,W) be the lift of A with
left endpoint . Then A satisfies the cancellation formula

(20) mgz(A) +mg-15(A) =0
for every g € T'\ {id}. (Proof on page [211)

LEMMA 5.2 (Annulus Reduction). Suppose ¥ is not diffeomorphic to the
2-sphere. Let A, w, ', A be as in Proposition 5.1l If

(21) maz(A) + my-15(A) = mg1z(R) + mgy(R)
for all g € T'\ {id} then the cancellation formula @20Q)) holds for all g € T'\ {id}.

Proor. If [20) does not hold then there is a deck transformation h € I'\ {id}
such that mpz(A) + my-15(A) # 0. Since there can only be finitely many such
h e '\ {id}, there is an integer k > 1 such that myez(A) + my,-r5(A) # 0 and

mpez(A) + my—ez(A) = 0 for every integer ¢ > k. Define g := h*. Then
(22) mgz(A) +my-15(A) #0

and mgrz(A) +mg-ryz(A) = 0 for every integer k € Z \ {—1,0,1}. Define
So:=C/Ty, To:={¢"|keZ}.

Then X is diffeomorphic to the annulus. Let 7o : C — Xg be the obvious projection,

define o := mo(@), Bo := (), and let Ag := (zo, Yo, wo) be the (ap, So)-trace in
Z() with To = 7T()(:’f)7 Yo ‘= Wo(gj), and

wo(z0) = > W(2), 20 €0\ (eUpy).

zeny (zo0)

Then
May(Mo) =mz(A) + > mgz(A),
keZ\{0}
my,(Ao) =mg(A)+ Y my-iz(A).
keZ\{0}

23
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By Proposition [£.1] both A and Ag satisfy the trace formula () and they have the
same Viterbo-Maslov index. Hence

0 = pu(Ao)— u(A)
M (Ao) + My (Ao) — maz(A) + my(A)
2 2

- > (rmgea(8) + myory(8))

= mgg(A) + mg—ly(A).

Here the last equation follows from (2I]). This contradicts (22]) and proves Lemmal5.2
O

LEMMA 5.3. Suppose X is not diffeomorphic to the 2-sphere. Let A, w, T, A be
as in Proposition [0l and denote vg := 8\7&/\&\5 and vz = —8v~v|5\a. Choose smooth
paths

’Ya:[O,l]—)&, 75[071]—)B
from 75(0) = v5(0) =  to va(1) = v5(1) =y such that v is an immersion when
vz Z 0 and constant when vg = 0, the same holds for V5 and
V&(a:deg(’}’a;a fOT‘ zea\{g,g},
v5(2) = deg(v5,2) for Z€B\ {77}
Define
A :=~5([0,1]), B:= ny([O,l]).
Then, for every g € I', we have

(23) gie A = g 'y e A,
(24) gi¢ A and gj¢ A = AngA=0,
(25) gz € A and gy € A = g =id.

The same holds with A replaced by B.

PRrOOF. If a is a contractible embedded circle or not an embedded circle at all
we have AN gA = () whenever g # id and this implies (23)), (24) and (25). Hence
assume « is a noncontractible embedded circle. Then we may also assume, without
loss of generality, that 7(R) = «, the map z — Z + 1 is a deck transformation, 7
maps the interval [0,1) bijectively onto «, and Z,5 € R = & with & < §. Thus
A = [Z,y] and, for every k € Z,

T+kelr,y <= 0<k<yg-2 <= y—kelz,7.
Similarly, we have
T+ky+ki[ry < [F+Ey+ENEY=0
and

Ptk j+hed) <« [F+ki+ECEy < k=0
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5. THE NON SIMPLY CONNECTED CASE 25

This proves [23)), 24), and ([28) for the deck transformation z — z + k. If ¢ is any
other deck transformation, then we have & Nga = () and so ([23), [24), and (28] are
trivially satisfied. This proves Lemma [5.3] O

LEMMA 5.4 (Winding Number Comparison). Suppose ¥ is not diffeomor-

phic to the 2-sphere. Let A, m, T, A be as in Proposition 5.1, and let A B CC be
as in Lemma B3l Then the followmg holds.

(i) Equation [2I)) holds for every g € ' that satisfies g%, gy ¢ AUB.
(i) If A satisfies the arc condition then it also satisfies the cancellation formula (20])
for every g € '\ {id}.

PRrROOF. We prove (i). Let g € T' such that ¢z, gy ¢ AU B and let Ya,75 be
as in Lemma[53l Then w(Z) is the winding number of the loop v5 — V5 about the
point Z € C\ (AU B). Moreover, the paths 97a, 975 + [0,1] = C connect the points
g%,g7 € C\ (AU B). Hence

w(gy) —w(97) = (va —v3) - 97a = (va — 73) - 975
Similarly with g replaced by g~!. Moreover, it follows from Lemma 5.3 that
AngA =9, Bng 'B=0.

Hence
w(gy) —w(gr) = (7&—75) “97a
= 9%
= Ya-9 '

= (’Ya - 75) '97175

= w(g 'y ~w(g™'7)
Here we have used the fact that every g € I' is an orientation preserving diffeomor-
phism of C. Thus we have proved that

W(gZ) +W(g~'y) = w(gy) + W(g ™' D).
Since ¢z, gy ¢ AU B, we have
mgz(A) = 4% (g7), mg,lg(x) = 4w (g~ 'p),
and the same identities hold with g replaced by g—". This proves (i).

We prove (ii). If A satisfies the arc condition then gANA=0and gBNB =

for every g € T'\ {id}. In particular, for every g € '\ {id}, we have g, gy ¢ AUB
and hence (2I)) holds by (i). Hence it follows from Lemma [5:2] that the cancellation
formula ([20) holds for every g € T"\ {id}. This proves Lemma 5.4 O

The next lemma deals with («, 8)-traces connecting a point = € aN B to itself.
An example on the annulus is depicted in Figure

LEMMA 5.5 (Isotopy Argument). Suppose ¥ is not diffeomorphic to the 2-
sphere. Let A, w, T, A be as in Proposition BIl  Suppose that there is a deck
transformation go € T\ {id} such that y = gox. Then A has Viterbo—Maslov index
zero and mgg(/N\) =0 for every g € T'\ {id, go }.
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FIGURE 5. An (o, 8)-trace on the annulus with = = y.

PrOOF. By hypothesis, we have a = gga and B = gog. Hence o and 3 are
noncontractible embedded circles and some iterate of a is homotopic to some iterate
of 8. Hence, by Lemma [A4] o must be homotopic to 3 (with some orientation).
Hence we may assume, without loss of generality, that 7(R) = «, the map Z — z+1
is a deck transformation, m maps the interval [0,1) bijectively onto o, R = @,
T=0¢€¢ &OE, B: B+1, and that y = ¢ > 0 is an integer. Then gq is the
translation

go(3) =T+

Let A := [0,/] C & and let B C E be the arc connecting 0 to ¢. Then, for
z € C\ (AU B), the integer w(2) is the winding number of A — B about Z. Define
the projection mp : C — C by

770(%/) — 627ri2/£’

denote ag := (@) = S! and By := 7(53), and let Ag = (1,1,wo) be the induced
(w0, Bo)-trace in C with wo(z) := >z, -1(,) W(2). Then Ao satisfies the conditions
of Step 8, Case 3 in the proof of Proposition 1] and its boundary is given by
Voo = OWolag\g, = 1 and vg, = Owo|gy\a, = 1. Hence Ay and A have Viterbo—
Maslov index zero. B

It remains to prove that mgyz(A) = 0 for every g € I' \ {id, go}. To see this we
use the fact that the embedded loops « and 8 are homotopic with fixed endpoint z.
Hence, by a Theorem of Epstein, they are isotopic with fixed basepoint x (see [8]

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



5. THE NON SIMPLY CONNECTED CASE 27

Theorem 4.1]). Thus there exists a smooth map f : R/Z x [0, 1] — X such that

f(s,0)ea,  fls,1)eB,  f(0,t) ==z
for all s € R/Z and t € [0, 1], and the map R/Z — ¥ : s +— f(s,t) is an embedding
for every t € [0,1]. Lift this homotopy to the universal cover to obtain a map
f:R x[0,1] = C such that 7o f = f and

f(s,00€[0,1), f(s,1)€ By, f(0,t)=%, f(s+kt)=f(s.,t)+k

for all s,t € [0,1] and k € Z. Here Bj C B denotes the arc in B from 0 to 1. Since
the map R/Z — X : s — f(s,t) is injective for every t, we have
gFE{F T4+, F+ 0 = gF ¢ f([0,4x[0,1)

for every every g € I'. Now choose a smooth map u : D — C with Az =
(see Theorem 2]). Define the homotopy Fy : [0,£] x [0,1] — C by Fy(s,t) :
u(—cos(ws/l),tsin(ms/l)). Then, by TheoremIQEL Fy is homotopic to f|o,¢x]0,1]
subject to the boundary conditions (s, 0) € @ =R, f(s,1) € B, f(0,t) = 7,
F(¢,t) = 7. Hence, for every Z € C\ (& U ), we have

W(2) = deg(Tl, z) = deg(Fy, %) = deg(f, 2).

In particular, choosing z near gz, we find mg5(1~\) = 4deg(f, 9Z) = 0 for every
g € I that is not one of the translations z — z + k for £k = 0,1,...,£. This proves
the assertion in the case ¢ = 1.

A

If £ > 1 it remains to prove mk(A) =0for k =1,...,0 — 1. To see this,
let A1 := [0,1], By C B be the arc from 0 to 1, , W1(Z) be the winding number
of A1 31 about z € C\ (A1 U Bl) and define A1 = (0, 1,w1). Then, by what
we have already proved, the (&, ,8) trace Al satisfies myz (Al) =0 for every g € T
other than the translations by 0 or 1. In partlcular we have m; (A ) = 0 for every
j € Z\{0,1} and also mo(A1)+mi(Ay) = 2u(A;) = 0. Since w(Z) = Z Owl(z 7)
for Z € C\ (AU B), we obtain

=> mij(A) =0
=0
for every k € Z \ {0,¢}. This proves Lemma [5.5 O

The next example shows that Lemma [5.4] cannot be > strengthened to assert the
identity mgm(A) =0 for every g € T with g7, 97 ¢ AU B.

EXAMPLE 5.6. Figure [f] depicts an (o, 8)-trace A = (z,y,w) on the annulus
¥ = C/Z that has Viterbo-Maslov index one and satisfies the arc condition. The
lift satisfies mz(A) = —3, mz41(A) = 4, mg(]&) = 5, and mg,l(K) = —4. Thus
mg(A) = my(A) = 1.

ProoOF OoF PROPOSITION .1l The proof has five steps.
Step 1. Let A, B C C be as in Lemma and let g € T such that
g’feﬁ\f?, gﬂ%ﬁuﬁ.
(An example is depicted in Figure[[l) Then 1)) holds.
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FIGURE 6. An («, 8)-trace on the annulus satisfying the arc condition.
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FIGURE 7. An («, 8)-trace on the torus not satisfying the arc condition.

The proof is a refinement of the winding number comparison argument in Lemmal5.4l
Since g7 ¢ B we have g # id and, since Z, g% € Ac @, it follows that « is a noncon-
tractible embedded circle. Hence we may choose the universal covering 7 : C — X
and the lifts o, E, A such that m(R) = «, the map z — Z+1 is a deck transformation,
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the projection m maps the interval [0, 1) bijectively onto «, and
a=R, F=0canfB, >0
By hypothesis and Lemma [5.3] there is an integer k& such that
0<k<y, gr =k, g ly=y—F.
Thus ¢ is the deck transformation z +— z + k.

Since gz ¢ B and gj ¢ B it follows from Lemma [53 that ¢~'§ ¢ B and
9717 ¢ B and hence, again by Lemma [5.3] we have

BngB=Bng 'B=0.
With vz and V5 chosen as in Lemma [5.3] this implies
(26) v5-(vg—k)=(z+k) -15=0.
Since k, —k,y+ k,y — k ¢ E, there exists a constant € > 0 such that
—e<t<e = k+it, —k+it, J—k+it, j+k+it ¢ B.

The paths gv5 +1ie and gvgzlzia both connect the point g +1ie to gy +ie. Likewise,

the paths g~ 'vg +ic and g_lny:I:iE both connect the point ¢g~'2

Hence

Z4ie to g7y £ie.

w(gy £ie) —w(gz i) = (va—135) - (97a i)
= (va—13) (s +ktic)
= (a+k+ie) g
= s (- kFie)
= (7&—75)-(75—/63Fi6)
= (va—75) (9 "z Fie)
= W(g 'y Fie) —w(g T Fie).
Here the last but one equation follows from (28). Thus we have proved

W(gT +ie) + W(g~ 'y —ie) = W(g™'T — ie) + W(gy + ie),

(27) B D N ) S SOl UPLPU
w(gz —ie) +w(g 'y +ie) =w(g T +ie) + w(gy — ie).
Since
myz(A) = 2W(gT + ie) + 2w (g7 — ie),
mg(R) = 2W(gy + ie) + 2W(gy — i),
my-1z(A) = 2W(g~ % + ie) + 2w (g~ '7 — ie),
) =

-
mg-15(A) = 2W (g7 + ie) + 2W(g 'y — ie),
Step 1 follows by taking the sum of the two equations in ([27)).

Step 2. Let A,B C C be as in Lemma 53] and let g € I'. Suppose that either
gz, gy ¢ A or g%, g7 ¢ B. Then @) holds.

If g7, gy ¢ AUB the assertion follows from Lemmal5.4l If gz € A\B and gy ¢ AUB
the assertion follows from Step 1. If g7 ¢ AUB and gy € A\B the assertion follows
from Step 1 by interchanging Z and y. Namely, (2I) holds for A if and only if it
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holds for the (&, E)—trace —A = (y, T, —w). This covers the case g, gy ¢ B. If
9T, gy ¢ A the assertion follows by interchanging A and B. Namely, (2I)) holds for
A if and only if it holds for the (8, &)-trace A* := (Z,y, —w). This proves Step 2.

Step 3. Let g, B C C be as in Lemma and let g € ' such that
gi € A\B, gjeB\A.

(An example is depicted in FigureBl) Then the cancellation formula Q) holds for

g and g—*t.

N/
2

3

FIGURE 8. An («, 8)-trace on the annulus with gz € A and gy € B.

Since gz ¢ B (and gj ¢ A) we have g # id and, since Z,g% € A C & and 7, gy €
B C B, it follows that gao = a and gE = 5 Hence « and (8 are noncontractible
embedded circles and some iterate of « is homotopic to some iterate of 8. So « is
homotopic to 8 (with some orientation), by Lemma [A.4]

Choose the universal covering 7 : C — ¥ and the lifts &, 3, A such that m(R) =
«, the map z +— z+1 is a deck transformation, = maps the interval [0, 1) bijectively
onto «a, and

a=R, T=0€anfB, §>0.

Thus A = [0,7] is the arc in & from 0 to § and B is the arc in 3 from 0 to .
Moreover, since « is homotopic to 8, we have

B=pB+1
and the arc in E from 0 to 1 is a fundamental domain for 8. Since ga = a, the

deck transformation g is given by z — Z + £ for some integer £. Since gz € Z\ B
and gy € B, we have g~y ¢ B and ¢~ '7 € B by Lemma[5.3l Hence

0<(<y, (¢B, §j+(eB, §—-(¢B, —lcB.
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This shows that, walking along E from 0 to y (traversing E) one encounters some
negative integer and therefore no positive integers. Hence

ANZ={0,1,2,---,kz}, BNZ={0,-1,-2,---,—kz},

where k 7 is the number of fundamental domains of & contained in A and k 5 is the
number of fundamental domains of 3 contained in B (see Figure[§). For 0 < k < k3
let Ay C & and By, C B be the arcs from 0 to y — k. Thus A}, is obtained from A
by removing k fundamental domains at the end, while By is obtained from B by

attaching k fundamental domains at the end. Consider the (&, 5)-trace
Ap = (0,5 =k, %),  OAg:=(0,§—k, Ay, By),
where Wy : C\ (Zlk U Ek) — Z is the winding number of gk - Ek. Then
BNZ=1{0,-1,-2,---,~kz — k}
and Ag = A. We prove that, for each k, the (a, E)—trace Ay, satisfies
(28) mj(Ae) +mg_r—j(Ax) =0 VjeZ\{0}.
If § is an integer, then (28] follows from Lemma Hence we may assume that g

is not an integer.

We prove equation (28) by reverse induction on k. First let k = k ;. Then we
have j,y — k + j ¢ Ay for every j € N. Hence it follows from Step 2 that

(29) m; (M) + my_u_;(Ax) = m_j(Ap) + my_ej(A)  VjeN
Thus we can apply Lemma to the projection of Ay to the quotient C/Z. Hence
Ay, satisfies ([28)).

Now fix an integer k € {0,1,...,k; — 1} and suppose, by induction, that Aj;1
satisfies ([28). Denote by A’ c & and B’ C 3 the arcs from § — k — 1 to 1, and by
A" C aand B” C j the arcs from 1 to y — k. Then Ay is the catenation of the
(@, B)-traces

A1 = (0,7 — k= 1, Wi1), A1 = (0,7 — k — 1, Apir, By,
Ni=@F-k-11w), 0N =@H-k-1,14 B,
A= (1,5 —kw"), 0N =(Q1,5—k A", B").

Here W' (%) is the winding number of the loop A’ — B’ about Z € C\ (A’ U B') and
simiarly for w”. Note that A" is the shift of Agy; by 1. The catenation of Agyq
and A’ is the (@, 8)-trace from 0 to 1. Hence it has Viterbo—Maslov index zero, by

Lemma [5.5] and satisfies
(30) mj(Ags1) +mi(A) =0 VjeZ\{0,1}.

Since the catenation of A’ and A” is the (@, 5)—trace from y — k — 1 to y — k, it also
has Viterbo—Maslov index zero and satisfies

(31) my (N +mg_r_;(A")y=0  VjeZ\{0,1}.
Moreover, by the induction hypothesis, we have
(32) my (A1) +my g1 j(Ae) =0 Vi€ Z\ {0},
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Combining the equations [B0), 1), (B2) we find that, for j € Z\ {0, 1},
my(A) + mg-p—j(Ae) = my(Resr) +my (A7) +my ()
+mg ke (Rpi1) +mgpj(A) +mg g5 (A")
= my(Agi) +my(R)
+mgp—y (A) + my_p—; (A”)
+my1(Meg1) +mg_p—j (A1)
= 0.
For j = 1 we obtain
mi(Ap) +my_ 1 (M) = mi(Agsr) +mi(A) +my(A”)
+mg_k—1(Mes1) + mg_k_1(K) + my_r_1 (A”)
= mi(Apr1) + my_p_o(Ags1)
+mo(Apgr) + m'y‘—k—l(karl)
+my_g 1 (A) +ma ()
= 2u(Agya) + 2u(N)
= 0.
Here the last but one equation follows from equation ([B2]) and Proposition L] and

the last equation follows from Lemma Hence Ay, satisfies (28). This completes
the induction argument for the proof of Step 3.

Step 4. Let g, B C C be as in Lemma 53 and let g € T such that
g€ ANB, gj¢ AUB.
Then the cancellation formula [20) holds for g and g~—*.

The proof is by induction and catenation based on Step 2 and Lemma Since
gy ¢ AU B we have g # id. Since gz € AN B we have & a = ga and ﬂ—gﬂ Hence
« and (8 are noncontractible embedded circles, and they are homotoplc (with some
orientation) by Lemma [A4l Thus we may choose m: C — X, a, B, A as in Step 3.
By hypothesis there is an integer k € AN B. Hence A and B do not contain any
negative integers. Choose k3, k5 € N such that

Anz=1{0,1,....kz}, BnZ=1{0,1,....kz}.
Assume without loss of generality that
kA' < ké-
For 0 < k < kjz denote by Ay C A and By, C B the arcs from 0 to y — k and
consider the (@, 8)-trace
Kk = (O,g—k,\%k), 8Kk = (O,g—k,gk,ék).

In this case B
BkﬁZ:{O,l,...,kg—k}.

As in Step 3, it follows by reverse induction on k that Ay satisfies [28)) for every k.
We assume again that ¥ is not an integer. (Otherwise (28) follows from Lemmal5.H).
If k = kg then j,y — k + j ¢ Ay for every j € N, hence it follows from Step 2 that
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Ay, satisfies (29), and hence it follows from Lemma for the projection of A to
the annulus C/Z that Ay also satisfies (28)). The induction step is verbatim the
same as in Step 3 and will be omitted. This proves Step 4.

Step 5. We prove Proposition [5.11

If both points gz, gy are contained in A (or in E) then g = id by Lemma [5.3], and in
this case equation (2I)) is a tautology. If both points ¢, gy are not contained in AU
B equation (IZ[I) has been established in Lemma[54l Moreover, we can interchange
Z and y or A and B as in the proof of Step 2. Thus Steps 1 and 4 cover the case
where precisely one of the points gz, gy is contained in AUB while Step 3 covers the
case where g # id and both points gz, gy are contained in AU B. This shows that
equation (1)) holds for every g € T'\ {id}. Hence, by Lemma [5.2] the cancellation
formula (20) holds for every g € "\ {id}. This proves Proposition .11 O

PROOF OF THEOREM [3.4] IN THE NON StMPLY CONNECTED CASE. Choose a
universal covering 7w : C — ¥ and let T, 67 and A = (z,y,w) be as in Proposi-
tion [5.11 Then

ma(A) +my (&) — mz(R) —my(R) = 3 (mgg(A) + mg_lg(A)) =0.
g#id
Here the last equation follows from the cancellation formula in Proposition Bl
Hence, by Proposition 4.1l we have

mz(A) + mz(R) _ ma(A) +my(A)

u(A) = u(A) = 5 = 5

This proves the trace formula in the case where X is not simply connected. O
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CHAPTER 6

Lunes and Traces

We denote the universal covering of ¥ by
X%
and, when X is not diffeomorphic to the 2-sphere, we assume ¥ =C.

DEFINITION 6.1 (Smooth Lunes). Assume|(H)l A smooth (o, 3)-lune is an
orientation preserving immersion u : D — ¥ such that

u(DNR) C a, u(DNSY) B,

Three examples of smooth lunes are depicted in Figure @ Two lunes are said to be
equivalent iff there is an orientation preserving diffeomorphism ¢ : D — D such
that
p(-1)=-1,  p()=1, u =wuop.

The equivalence class of u is denoted by [u]. That u is an immersion means that u
is smooth and du is injective in all of I, even at the corners £1. The set u(DNR)
is called the bottom boundary of the lune, and the set u(D N S?) is called the
top boundary. The points

r=u(-1), y=nu(l)

are called respectively the left and right endpoints of the lune. = The locally
constant function

Y\ uw(0D) = N: 2z #u(2)
is called the counting function of the lune. (This function is locally constant
because a proper local homeomorphism is a covering projection.) A smooth lune
is said to be embedded iff the map u is injective. These notions depend only on
the equivalence class [u] of the smooth lune w.

Our objective is to characterize smooth lunes in terms of their boundary be-
havior, i.e. to say when a pair of immersions u, : (DNR,—1,1) = (a, z,y) and
ug: (DN S —1,1) — (B,z,y) extends to a smooth (a, 3)-lune u. Recall the fol-
lowing definitions and theorems from Part I.

DEFINITION 6.2 (Traces). Assume [(H)| An (a, 8)-trace is a triple
A= (z,y,w)

such that z,y € anNfand w: X\ (U ) — Z is a locally constant function such
that there exists a smooth map u : D — ¥ satisfying

(33) w(DNR) C a, u(Ddn S B,

(34) w-1) ==z, u(l)=y,

(35) w(z) = deg(u, z), ze X\ (aUpP).
37
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| )

FIGURE 9. Three lunes.

The («, 3)-trace associated to a smooth map u : D — ¥ satisfying (B3] is denoted
by A,.
The boundary of an (a, 8)-trace A = (z,y, w) is the triple
OA = (z,y,0w).
Here
Ow: (a\B)U(B\a) = Z

is the locally constant function that assigns to z € a\ § the value of w slightly to
the left of @ minus the value of w slightly to the right of « near z, and to z € 5\ «

the value of w slightly to the right of 8 minus the value of w slightly to the left of
[ near z.

In Lemma 2.3 above it was shown that, if A = (z,y, w) is the (a, 8)-trace of a
smooth map u : D — ¥ that satisfies (33)), then A, = (z,y,v), where the function
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v:=0w: (a\B)U(B\a)— Zis given by

I/(Z) = deg(u|3DﬂR :ODNR — OZ,Z), for z € « \ ﬂ,
—deg(u|aﬂms1 :9DN St — B,2), forze B\ a.

Here we orient the one-manifolds D NR and D N S* from —1 to +1. Moreover,
in Theorem [Z4] above it was shown that the homotopy class of a smooth map
u : D — ¥ satisfying the boundary condition (33)) is uniquely determined by its trace
Ay = (z,y,w). If ¥ is not diffeomorphic to the 2-sphere then its universal cover is
diffeomorphic to the 2-plane. In this situation it was also shown in Theorem [2.4]
that the homotopy class of u and the degree function w are uniquely determined
by the triple OA, = (z,y, V).

REMARK 6.3 (The Viterbo—Maslov index). Let A = (z,y,w) be an (o, 8)-
trace and denote by u(A) its Viterbo-Maslov index as defined in Bl above (see
also [39]). For z € a N S let m,(A) be the sum of the four values of the function
w encountered when walking along a small circle surrounding z. In Theorem [B.4] it
was shown that the Viterbo—Maslov index of A is given by the trace formula

(37) u(A) = M

Let A = (y, z,w’) be another (o, 8)-trace. The catenation of A and A’ is defined
by

(36)

A#N = (z,z,w+ W).
It is again an (o, 8)-trace and has Viterbo-Maslov index
(38) P(AFN') = pu(A) + p(A).
For a proof see [30,39].
DEFINITION 6.4 (Arc Condition). Let A = (z,y,w) be an («, 8)-trace and
Vo 1= OW|a\ 8, vg = —0W|g\q-
A is said to satisfy the arc condition if
(39) x #y, min |v,| = min |vg| = 0.

When A satisfies the arc condition there are arcs A C « and B C § from z to y
such that

+1, ifz€ A, +1, ifz € B,
Va(2) = { 0, ifzea\4, vp(2) = { 0, ifzep\B.

Here the plus sign is chosen iff the orientation of A from x to y agrees with that
of «, respectively the orientation of B from z to y agrees with that of 5. In this
situation the quadruple (x,y, A, B) and the triple (x,y, Ow) determine one another
and we also write

(40)

OA = (z,y,A,B)
for the boundary of A. When v : D — ¥ is a smooth map satisfying (33) and
Ay = (z,y,w) satisfies the arc condition and dA, = (x,y, A, B) then the path
s + u(—cos(ms),0) is homotopic in « to a path traversing A and the path s —
u(—cos(ms), sin(ms)) is homotopic in S to a path traversing B.

THEOREM 6.5. Assume [(H) If u : D — ¥ is a smooth («, B)-lune then its
(a, B)-trace A, satisfies the arc condition.
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PROOF. See Chapter [1 page a

DEFINITION 6.6 (Combinatorial Lunes). Assume A combinatorial

(ar, B)-lune is an (o, B)-trace A = (x,y,w) with boundary OA =: (z,y, A, B) that
satisfies the arc condition and the following.

@M): w(z) >0 for every z € ¥\ (e U f).

(IT): The intersection index of A and B at x is +1 and at y is —1.

(III): w(z) € {0,1} for z sufficiently close to x ory.
Condition (II) says that the angle from A to B at = is between zero and w and the
angle from B to A at y is also between zero and .

D
2

Ao
o AL

FIGURE 10. (o, 8)-traces which satisfy the arc condition but are
not lunes.

THEOREM 6.7 (Existence). Assume and let A = (z,y,w) be an (a, f8)-
trace. Consider the following three conditions.

(i) There exists a smooth (a, B)-lune u such that A,, = A.
(il) w > 0 and p(A) = 1.
(iii) A is a combinatorial (o, 8)-lune.

Then (i) = (ii) <= (%i). If ¥ is simply connected then all three conditions are
equivalent.

PROOF. See Chapter [8 page |

THEOREM 6.8 (Uniqueness). Assume If two smooth (a, §)-lunes have
the same trace then they are equivalent.

PrOOF. See Chapter [8 page a
COROLLARY 6.9. Assume and let
A=(z,y,w)
be an («, B)-trace. Choose a universal covering m : Y — >, a point
Ter ),
and lifts a and 5 of @ and B such that
Feanp.
Let _
A= (z,y,W)
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be the lift of A to the universal cover.

(i) If A is a combinatorial (&, B)-lune then A is a combinatorial (v, B)-lune.

(i) A is a combinatorial (o, E)-lune if and only if there exists a smooth («, 8)-lune
u such that A, = A.

PROOF. Lifting defines a one-to-one correspondence between smooth («, 5)-

lunes with trace A and smooth (@, ,8) lunes with trace A. Hence the assertions
follow from Theorem [67] O

REMARK 6.10. Assume and let A be an (a, §)-trace. We conjecture that
the three conditions in Theorem are equivalent, even when X is not simply
connected, i.e.

If A is a combinatorial (o, B)-lune
then there exists a smooth («, 8)-lune u such that A = A,,.

Theorem [6.7] shows that this conjecture is equivalent to the following.
If A is a combinatorial (e, B)-lune

then A is a combinatorial (o ﬁ) lune.

The hard part is to prove that A satisfies (I), i.e. that the winding numbers are
nonnegative.

REMARK 6.11. Assume|(H)| Corollary [.91and Theorem [6.8]suggest the follow-
ing algorithm for finding a smooth («a, 8)-lune.

1. Fix two points z,y € a N § with opposite intersection indices, and two oriented
embedded arcs A C @ and B C 3 from z to y so that (II) holds.

2. If A is not homotopic to B with fixed endpoints discard this pair Other-
wise (z,y, A, B) is the boundary of an (a, 8)-trace A = (z,y, w) satisfying the arc
condition and (II) (for a suitable function w to be chosen below).

3a. If ¥ is diffeomorphic to the 2-sphere let w : X\ (AU B) — Z be the winding
number of the loop A — B in ¥\ {20}, where zy € o\ A is chosen close to z. Check
if w satisfies (I) and (III). If yes, then A = (z,y,w) is a combinatorial («, $)-lune
and hence, by Theorems and [6.8 gives rise to a smooth (¢, 8)-lune u, unique
up to isotopy.

3b. If ¥ is not diffeomorphic to the 2-sphere choose lifts A of Aand B of B to a
universal covering 7 : C — 3 connecting  and y and let

w:C\(AUB) = Z
be the winding number of A — B. Check if W satisfies (I) and (III). If yes, then

A= (z,y,w) is a combinatorial (a, B)—lune and hence, by Theorem [6.7] gives rise
to a smooth (a, §)-lune u such that

Ay = A= (z,y,w), w(z) = Z w(z).

zer—1(z)

By Theorem [6.8] the (o, §)-lune u is uniquely determined by A up to isotopy.

1This problem is solvable via Dehn’s algorithm. See the wikipedia article http://en.
wikipedia.org/wiki/Small_cancellation_theory and the references cited therein.
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PROPOSITION 6.12. Assume and let A = (z,y,w) be an (o, §)-trace that
satisfies the arc condition and let OA =: (z,y, A, B). Let S be a connected compo-
nent of ¥\ (AU B) such that w|s £ 0. Then S is diffeomorphic to the open unit
disc in C.

PROOF. By Definition [6:2] there is a smooth map u : D — ¥ satisfying (B3]
such that A, = A. By a homotopy argument we may assume, without loss of
generality, that u(DNR) = A and u(DNS!) = B. Let S be a connected component
of ¥\ (AU B) such that w does not vanish on S. We prove in two steps that S is
diffeomorphic to the open unit disc in C.

Step 1. If S is not diffeomorphic to the open unit disc in C then there is an
embedded loop v : R/Z — S and a loop v : R/Z — ¥ with intersection number
vy =1

If S has positive genus there are in fact two embedded loops in S with intersection
number one. If S has genus zero but is not diffeomorphic to the disc it is diffeo-
morphic to a multiply connected subset of C, i.e. a disc with at least one hole cut
out. Let v: R/Z — S be an embedded loop encircling one of the holes and choose
an arc in S which connects two boundary points and has intersection number one
with 4. (For an elegant construction of such a loop in the case of an open subset
of C see Ahlfors [3].) Since ¥\ S is connected the arc can be completed to a loop
in 3 which still has intersection number one with . This proves Step 1.

Step 2. S is diffeomorphic to the open unit disc in C.

Assume, by contradiction, that this is false and choose v and +’ as in Step 1. By
transversality theory we may assume that u is transverse to . Since C' := v(R/Z)
is disjoint from u(dD) = AU B it follows that I' := u~*(C) is a disjoint union of
embedded circles in A := v~ !(S) C D. Orient I' such that the degree of u|p : T' — C
agrees with the degree of u|a : A — S. More precisely, let z € T and t € R/Z
such that u(z) = v(¢). Call a nonzero tangent vector 2 € T.T" positive if the vectors
J(t), du(z)iz form a positively oriented basis of T;,(.yX. Then, if z € I is a regular
point of both u[a : A = S and ulp : I' = C, the linear map du(z) : C = T;,,H)2
has the same sign as its restriction du(z) : T.T' — Ty, (;yC. Thus up : I' — C has
nonzero degree. Choose a connected component I'g of I" such that u|p, : Tog — C
has degree d # 0. Since I'y is a loop in D it follows that the d-fold iterate of vy is
contractible. Hence v is contractible by [A3] in Appendix [Al This proves Step 2
and Proposition O
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CHAPTER 7

Arcs

In this chapter we prove Theorem The first step is to prove the arc con-
dition under the hypothesis that o and 8 are not contractible (Proposition [7.1]).
The second step is to characterize embedded lunes in terms of their traces (Propo-
sition [[4]). The third step is to prove the arc condition for lunes in the two-sphere

(Proposition [T7).

PROPOSITION 7.1. Assume suppose 3 is not simply connected, and choose
a universal covering : C — X. Let A = (x,y,w) be an (a, §)-trace and denote

Vo 1= OW|a\ 8, vg = —0W|g\q-

Choose lifts a, 5, and A = (z,y,w) of a, B, and A such that A is an (o, E)-tmce.

Thus T,y € aN S and the path from T to y in & (respecively ) determined by Ow

is the lift of the path from x toy in « (respectively () determined by Ow. Assume
w >0, w Z 0.

Then the following holds

(1) If « is a noncontractible embedded circle then there exists an oriented arc A C o
from x to y (equal to {z} in the case x =y) such that

[ %1, forze A\ B,
(41) VO‘(Z){ 0, forzea\(AUDP).

Here the plus sign is chosen if and only if the orientations of A and o agree. If B
is a noncontractible embedded circle the same holds for vg.
(ii) If o and B are both noncontractible embedded circles then A satisfies the arc
condition.
PROOF. We prove (i). The universal covering 7 : C — ¥ and the lifts &, B,
and A = (Z,y, W) can be chosen such that
a =R, T =0, y=a>0, m(z+1) = x(2),
and 7 maps the interval [0, 1) bijectively onto «. Denote by
BcCp
the closure of the support of
= —3W|E\~.
If B is noncontractible then Bis the unique arc in B from 0 to a. If 3 is contractible
then 6 C C is an embedded circle and B is either an arc in ﬁ from 0 to a or is equal
to 3. We must prove that A :=7([0,a]) is an arc or, equivalently, that a < 1.
Let T' be the set of connected components v of BN (R x [0,00)) such that the
function w is zero on one side of + and positive on the other. If v € I', neither

43
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FIGURE 11. The lift of an (a, §)-trace with w > 0.

end point of 7 can lie in the open interval (0,a) since the function W is at least
one above this interval. We claim that there exists a connected component v € I'
whose endpoints b and ¢ satisfy

(42) b<0<a<ec, 0y = {b,c}.

(See Figure[IIl) To see this walk slightly above the real axis towards zero, startlng
at —oo. Just before the first crossing b; with B turn left and follow the arc in B
until it intersects the real axis again at ¢;. The two intersections b; and ¢; are the
endpoints of an element v; of I'. Obviously b; < 0 and, as noted above, ¢; cannot
lie in the interval (0,a). For the same reason ¢; cannot be equal to zero. Hence
either ¢; < 0 or ¢; > a. In the latter case 71 is the required arc . In the former
case we continue walking towards zero along the real axis until the next intersection
with B and repeat the above procedure. Because the set of intersection points of
B with & = R is finite the process must terminate after finitely many steps. Thus
we have proved the existence of an arc v € T satisfying ([@2]).
Assume that

c>b+1.

If ¢ = b+1 then ¢ € BN (B+1) and hence 8 = 3+ 1. It follows that the intersection
numbers of R and 5 at b and c agree. But this contradicts the fact that b and c are
the endpoints of an arc in S contained in the closed upper halfplane. Thus we have
¢ > b+ 1. When this holds the arc v and its translate v+ 1 must intersect and their
intersection does not contain the endpoints b and ¢. We denote by ¢ € v\ {b,c}
the first point in v + 1 we encounter when walking along ~ from b to c. Let

UpCB, Uhich+1

be sufficiently small connected open neighborhoods of ¢, so that 7 : Uy — S and
m: Uy — B are embeddings and their images agree. Thus

m(Uy) =7(U1) C B

is an open neighborhood of z := 7(¢) in 5. Hence it follows from a lifting argument
that Uy = Uy C v+ 1 and this contradicts our choice of . This contradiction shows
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that our hypothesis ¢ > b + 1 must have been wrong. Thus we have proved that
b<0<a<e<b+1<1.

Hence 0 < a < 1 and so A = ([0, a]) is an arc, as claimed. In the case a = 0 we
obtain the trivial arc from x = y to itself. This proves (i).

We prove (ii). Assume that « and S are noncontractible embedded circles.
Then it follows from (i) that there exist oriented arcs A C o and B C 8 from z
to y such that v, and vg are given by @0). If z = y it follows also from (i) that
A = B = {x}, hence

Vg = 0, VE = O7
and hence w = 0, in contradiction to our hypothesis. Thus = # y and so A satisfies
the arc condition. This proves (ii) and Proposition [.1] O

ExXAMPLE 7.2. Let oo C X be a noncontractible embedded circle and f C X be
a contractible embedded circle intersecting « transversally. Suppose § is oriented
as the boundary of an embedded disc A C . Let
r=yE€anp, ve =0, vg =1,
and define
w(z) = 1, forze A\ (aUp),
10, forzeX\(AUaUP).
Then A = (z,y, Va, Vg, W) is an (o, §)-trace that satisfies the hypotheses of Propo-
sition [T1] (i) with x =y and A = {z}.

DEFINITION 7.3. An («, 8)-trace A = (z,y, w) is called primitive if it satisfies
the arc condition with boundary OA =: (z,y, A, B) and
ANB=anB={zy}.

A smooth (o, 8)-lune u is called primitive if its («, 8)-trace A, is primitive. It is
called embedded if u : D — X is injective.

The next proposition is the special case of Theorems and for embedded
lunes. It shows that isotopy classes of primitive smooth (v, 8)-lunes are in one-to-
one correspondence with the simply connected components of ¥\ («U ) with two
corners. We will also call such a component a primitive («, 5)-lune.

PROPOSITION 7.4 (Embedded lunes). Assume[(H) and let A = (z,y,w) be
an (a, B)-trace. The following are equivalent.

(1) A is a combinatorial lune and its boundary ON = (x,y, A, B) satisfies
AN B ={z,y}.
(ii) There exists an embedded (o, §)-lune u such that A, = A.

If A satisfies (i) then any two smooth (o, B)-lunes w and v with A, = A, = A are
equivalent.

PROOF. We prove that (ii) implies (i). Let u : D — ¥ be an embedded (o, 3)-
lune with A, = A. Then u|prg : DNR — a and u|png: : DNST — B are embeddings.
Hence A satisfies the arc condition and 0A = (z,y, A, B) with A = u(D N R) and
B =u(DnNS'). Since w is the counting function of u it takes only the values zero
and one. If z € AN B then u~!(z) contains a single point which must lie in D N R
and D N S, hence is either —1 or +1, and so z = = or z = 3. The assertion about
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the intersection indices follows from the fact that v is an immersion. Thus we have
proved that (ii) implies (i).
We prove that (i) implies (ii). This relies on the following.

Claim. Let A = (z,y,w) be an («, B)-trace that satisfies the arc condition and
OA =: (z,y, A, B) with AN B = {x,y}. Then ¥\ (AU B) has two components and
one of these is homeomorphic to the disc.

To prove the claim, let T' C ¥ be an embedded circle obtained from A U B by
smoothing the corners. Then I' is contractible and hence, by a theorem of Ep-
stein [8], bounds a disc. This proves the claim.

Now suppose that A = (z,y,w) is an («, 3)-trace that satisfies (i) and let
OA =: (z,y, A, B). By the claim, the complement ¥\ (AU B) has two components,
one of which is homeomorphic to the disc. Denote the components by ¥y and ¥;.
Since A is a combinatorial lune, it follows that w only takes the values zero and
one. Hence we may choose the indexing such that

0, forzeXp\ (aUpP),
w(z) = 1, forze ¥\ (aUpP).

We prove that ¥; is homeomorphic to the disc. Suppose, by contradiction, that
Y1 is not homeomorphic to the disc. Then ¥ is not diffeomorphic to the 2-sphere
and, by the claim, Xy is homeomorphic to the disc. By Definition [6.4] there is
a smooth map « : D — X that satisfies the boundary condition (B3]) such that
A, = A. Since ¥ is not diffeomorphic to the 2-sphere, the homotopy class of u is
uniquely determined by the quadruple (z,y, A, B) (see Theorem 24 above). Since
Yo is homeomorphic to the disc we may choose u such that u(D) = %y and hence
w(z) = deg(u, z) = 0 for z € X1\ (aUp), in contradiction to our choice of indexing.
This shows that »; must be homeomorphic to the disc. Let N denote the closure
of 212
Nizil :Zl UAU B.

Then the orientation of 9N = AU B agrees with the orientation of A and is opposite
to the orientation of B, i.e. N lies to the left of A and to the right of B. Since
the intersection index of A and B at z is +1 and at y is —1, it follows that the
angles of N at x and y are between zero and 7 and hence N is a 2-manifold with
two corners. Since N is simply connected there exists a diffeomorphism v : D — N
such that

u(—1) =z, u(l) =y, u(DNR) = A, u(DnSt) = B.

This diffeomorphism is the required embedded (a, §)-lune.

We prove that the embedded (a,)-lune in (ii) is unique up to equivalence.
Let v : D — X be another smooth («, §)-lune such that A, = A. Then v maps the
boundary of D bijectively onto AU B, because AN B = {z,y}. Moreover, w is the
counting function of v and #v~1(2) is constant on each component of ¥\ (AU B).
Hence #v~1(2) = 0 for 2 € X and #v~1(2) = 1 for 2 € ;. This shows that v
is injective and v(D) = N = u(D). Since u and v are embeddings the composition
@ :=utowv:D — D is an orientation preserving diffeomorphism such that
o(£1) = £1. Hence v = u o ¢ is equivalent to w. This proves Proposition [[.4 O

LEMMA 7.5. Assume[(H) and let u: D — X be a smooth (a, B)-lune.
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(1) Let S be a connected component of £\ (aUB). If SNu(D) # O then S C u(D)
and S is diffeomorphic to the open unit disc in C.

(ii) Let A be a connected component of D\ u=t(aUpB). Then A is diffeomorphic to
the open unit disc and the restriction of u to A is a diffeomorphism onto the open
set S :=u(A) C X.

Proor. That S Nu(D) # () implies S C u(D) follows from the fact that u is
an immersion. That this implies that S is diffeomorphic to the open unit disc in
C follows as in Proposition This proves (i). By (i) the open set S := u(A)
in (ii) is diffeomorphic to the disc and hence is simply connected. Since v : A — S
is a proper covering it follows that v : A — S is a diffeomorphism. This proves
Lemma [7.5 O

Let u : D — ¥ be a smooth (a, 8)-lune. The image under u of the connected

component of D\ u~!(aU B) whose closure contains —1 is called the left end of u.

The image under u of the connected component of D\ u~!(a U 3) whose closure
contains +1 is called the right end of .

LEMMA 7.6. Assume and let u be a smooth («a,f)-lune. If there is a

primitive (a, B)-lune with the same left or right end as w it is equivalent to w.

PROOF. If u is not a primitive lune its ends have at least three corners. To see
this, walk along D N R (respectively DN S!) from —1 to 1 and let 2o (respectively
21) be the first intersection point with u=1(3) (respectively u~1(«)). Then u(—1),
u(zp), u(z1) are corners of the left end of u. Hence the hypotheses of Lemma
imply that w is a primitive lune. Two primitive lunes with the same ends are
equivalent by Proposition [[4l This proves Lemma |

PROPOSITION 7.7. Assume and suppose that ¥ is diffeomorphic to the
2-sphere. If u is a smooth («, 8)-lune then A, satisfies the arc condition.

PROOF. The proof is by induction on the number of intersection points of «
and (. It has three steps.

Step 1. Let u be a smooth (a, B)-lune whose («, B)-trace
A= Au = (ﬂ?,y,W)

does not satisfy the arc condition. Suppose there is a primitive («, 3)-lune with
endpoints in X\ {x,y}. Then there is an embedded loop [, isotopic to B and
transverse to «, and a smooth (a, 8')-lune u' with endpoints x,y such that A, does
not satisfy the arc condition and #(anN ') < #(an p).

By Proposition [[4], there exists a primitive smooth («a, 8)-lune ug : D — ¥ whose
endpoints xg := ug(—1) and yo := ug(+1) are contained in ¥\ {z, y}. Use this lune
to remove the intersection points xg and yo by an isotopy of 3, supported in a small
neighborhood of the image of uy. More precisely, extend ug to an embedding (still
denoted by ug) of the open set

D.:={z€C|Imz > —¢,|2| <1+¢}
for € > 0 sufficiently small such that
up(De) N B = up(D. NS, uo(De) N = ug (D NR).
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Choose a smooth cutoff function p : D, — [0, 1] which vanishes near the boundary
and is equal to one on . Consider the vector field £ on ¥ that vanishes outside
uo(D.) and satisfies
upé(z) = —p(2)i.
Let ¢ : X — 3 be the isotopy generated by & and, for T" > 0 sufficiently large,
define
B = r(B), A = (2,y, Vo, vp, W),
Here vg : 8’ \ @ — Z is the unique one-chain equal to vg on 8\ ug(D.) and
w ¥\ (aUpf') — Z is the unique two-chain equal to w on ¥ \ ug(D.). Since A
does not satisfy the arc condition, neither does A’. Let U C D be the union of
the components of u~!(ug(D.)) that contain an arc in DN S and define the map
v :D— X by
, Yr(u(z)), if z €U,
w(z) = { | 5&; if zeD\U.
We prove that U "R = (). To see this, note that the restriction of u to each
connected component of U is a diffeomorphism onto its image which is either equal
to up({z € D | |2] > 1}) or equal to up({z € D, | |z| < 1}) (see Figure [I@ below).
Thus
w(U) N (e \ {zo,y0}) C int(u(U))
and hence U NR = @ as claimed. This implies that ' is a smooth (c, 8')-lune such
that A, = A’. Hence A,  does not satisfy the arc condition. This proves Step 1.

dENaED.
d D)

FIGURE 12. « encircles at least two primitive lunes.

Step 2. Let u be a smooth («, B)-lune with endpoints x,y and suppose that every
primitive (o, B)-lune has x or y as one of its endpoints. Then A, satisfies the arc
condition.

Both connected components of ¥\ « are discs, and each of these discs contains
at least two primitive («, 8)-lunes. If it contains more than two there is one with
endpoints in ¥\ {z,y}. Hence, under the assumptions of Step 2, each connected
component of ¥\ « contains precisely two primitive (a, §)-lunes. (See Figure [[2])
Thus each connected component of ¥\ (aU 3) is either a quadrangle or a primitive
(c, B)-lune and there are precisely four primitive («, 8)-lunes, two in each connected
component of ¥\ a. At least two primitive («, 8)-lunes contain z and at least two
contain y. (See Figure [I31)

As ¥ is diffeomorphic to S2, the number of intersection points of o and 3 is even.
Write aNS = {xo, ..., Zan_1}, where the ordering is chosen along «, starting at zoy =
x. Then zg is contained in two primitive («, 3)-lunes, one with endpoints zq, 2,1
and one with endpoints xg, z;. Each connected component of ¥\ a determines an
equivalence relation on a N §: distinct points are equivalent iff they are connected
by a (-arc in this component. Let A be the connected component containing the
B-arc from zg to o, and B be the connected component containing the §-arc
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&
C D)

FiGURE 13. Four primitive lunes in the 2-sphere.

from X9 to xq. Then Tj—1 ~YA Tan—j and Tj+1 ~B T2n—j for ] = 1, sy Thus
the only other intersection point contained in two primitive (¢, 8)-lunes is y = x,,.
Moreover, o and 8 have opposite intersection indices at x; and z;41 for each 1,
because the arcs in « from z;_1 to z; and from x; to ;41 are contained in different
connected components of ¥\ 5. Since o and /3 have opposite intersection indices at
x and y it follows that n is odd. Now the image of a neighborhood of R N'D under
u is contained in either A or B. Hence, when n = 2k + 1 > 3, Figure [[4] shows that
one of the ends of u is a quadrangle and the other end is a primitive («, 8)-lune,
in contradiction to Lemma Hence the number of intersection points is 2n = 2,
each component of ¥\ (U ) is a primitive (a, §)-lune, and all four primitive
(a, B)-lunes contain  and y. By Lemma [0l one of them is equivalent to w. This
proves Step 2.

4k+2
-1
+1
+1
+1
4k

FIGURE 14. « intersects § in 4k or 4k + 2 points.

Step 3. We prove the proposition.

Assume, by contradiction, that there is a smooth («, 8)-lune u such that A, does not
satisfy the arc condition. By Step 1 we can reduce the number of intersection points
of a and S until there are no primitive («, 8)-lunes with endpoints in ¥\ {z,y}.
Once this algorithm terminates the resulting lune still does not satisfy the arc
condition, in contradiction to Step 2. This proves Step 3 and Proposition [[77l O

PRrROOF OF THEOREM [G.Al Let u : D — ¥ be a smooth («, 8)-lune with («, 3)-
trace A, =: (z,y,w) and denote A := u(DNR) and B := u(D N S'). Since u is an
immersion, o and 8 have opposite intersection indices at x and y, and hence x # y.
We must prove that A and B are arcs. It is obvious that A is an arc whenever « is
not compact, and B is an arc whenever (3 is not compact. It remains to show that
A and B are arcs in the remaining cases. We prove this in four steps.
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Step 1. If a is not a contractible embedded circle then A is an arc.
This follows immediately from Proposition [7.1]
Step 2. If a and B are contractible embedded circles then A and B are arcs.

If ¥ is diffeomorphic to 52 this follows from Proposition [[.7l Hence assume that ¥
is not diffeomorphic to S2. Then the universal cover of ¥ is diffeomorphic to the
complex plane. Choose a universal covering 7 : C — ¥ and a point 7 € 7 *(z).
Choose lifts a, B C C of a, B such that = € amﬁ. Then o and B are embedded loops
in C and w lifts to a smooth (&, )-lune & : D — C such that %(—1) = Z. Compactify
C to get the 2-sphere. Then, by Proposition [[.7] the subsets A= uDNR) C a
and B := u(DNSt) c 3 are arcs. Since the restriction of 7 to @ is a diffeomorphism
from a to « it follows that A C « is an arc. Similarly for B. This proves Step 2.

Step 3. If a is not a contractible embedded circle and 3 is a contractible embedded
circle then A and B are arcs.

That A is an arc follows from Step 1. To prove that B is an arc choose a universal
covering 7 : C — X with 7(0) = = and lifts &, 3, & with 0 € &N 3 and @(—1) = 0
as in the proof of Step 2. Then 5 C C is an embedded loop and we may assume
without loss of generality that @ = R and A = [0,a] with 0 < a < 1. (If o is a
noncontractible embedded circle we choose the lift such that Z +— Z+1 is a covering
transformation and 7 maps the interval [0, 1) bijectively onto «; if « is not compact
we choose the universal covering such that = maps the interval [0, a] bijectively
onto A and E is transverse to R, and then replace & by R.) In the Riemann sphere
S§2 =2 C = CU {oo} the real axis @ = R compactifies to a great circle. Hence it
follows from Proposition [Z.7] that B is an arc. Since 7 : 5 — (B is a diffeomorphism
it follows that B is an arc. This proves Step 3.

Step 4. If 5 is not a contractible embedded circle then A and B are arcs.

That B is an arc follows from Step 1 by interchanging « and 8 and replacing u
with the smooth (3, a)-lune
i—z
v(z) :=u <1 —iz) .

If « is not a contractible embedded circle then A is an arc by Step 1. If « is a
contractible embedded circle then A is an arc by Step 3 with a and § interchanged.
This proves Step 4. The assertion of Theorem [6.5] follows from Steps 2, 3, and 4. [
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CHAPTER 8

Combinatorial Lunes

In this chapter we prove Theorems [6.7] and Proposition [(4] establishes the
equivalence of (i) and (iii) in Theorem under the additional hypothesis that
A = (z,y, A, B,w) satisfies the arc condition and AN B = {z,y}. In this case the
hypothesis that ¥ is simply connected can be dropped. The induction argument
for the proof of Theorems and [6.8] is the content of the next three lemmas.

LEMMA 8.1. Assume and suppose that 3 is simply connected. Let A =
(z,y,w) be a combinatorial (o, B)-lune with boundary OA = (x,y, A, B) such that

ANB # {z,y}.

Then there exists a combinatorial (o, B)-lune Ag = (xo, Yo, Wo) with boundary OAy =
(0, Y0, Ao, Bo) such that w > wq and

(43) AOCA\{:E7y}7 BOCB\{xuy}u AOHB:AQBOZ{J;anO}'

PROOF. Let < denote the order relation on A determined by the orientation
from x to y. Denote the intersection points of A and B by

T=20 <21 < <Tp_1 < Ty =1.

Define a function o : {0,...,n—1} = {1,...,n} as follows. Walk along B towards
y, starting at x; and denote the next intersection point encountered by x,(;). This
function o is bijective. Let ¢; € {1} be the intersection index of A and B at x;.
Thus

e =1, €n = —1, Zsi:().
Consider the set
I::{i€N|OSi§n—1,Ei:1,€U(i):—1}.

We prove that this set has the following properties.

(a): T#0.

(b): Ifiel,i<j<o(i),ande; =1, then j € [ and i < o(j) < o (7).
(c): Ifiel,o0(i) <j<i,and ¢; =1, then j € I and o(i) < o(j) < .
(d): 0 €I if and only if n € o(1) if and only if n =1 = ¢(0).

To see this, denote by m; the value of w in the right upper quadrant near x;. Thus

J
m; =mg + E &;
i=1

forj=1,...,n and
(44) Mo (i) = My + Eq(s)

51
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| &
\

FIGURE 15. Simple arcs.

for i =0,...,n— 1. (See Figure [[Hl)
We prove that I satisfies (a). Consider the sequence

io = 0, il = 0'(7:0), ig = U(il),....
Thus the points x; are encountered in the order
LT =T0 = Ligy Liyy- ooy Lip_15LTi, = Tn =Y

when walking along B from z to y. By (44]), we have

€ip = 1, &i, = —1, My, = My, + €4y,
Let k € {0,...,n — 1} be the largest integer such that ¢;, = 1. Then we have
€5(i) = Eixy, = —1 and hence iy € I. Thus I is nonempty.

We prove that I satisfies (b) and (c). Let ¢ € I such that (i) > 4. Theneg; =1
and £,(;) = —1. Hence

Moy = Mi + g5y = My — 1,

and hence, in the interval ¢ < j < (i), the numbers of intersection points with
positive and with negative intersection indices agree. Consider the arcs A; C A
and B; C B that connect 2; to ,¢;). Then AN B; = {x;,z,(;}. Since ¥ is simply
connected the piecewise smooth embedded loop A; — B; is contractible. This implies
that the complement X\ (A; U B;) has two connected components. Let X; be the
connected component of ¥\ (A4; U B;) that contains the points slightly to the left
of A;. Then any arc on B that starts at x; € A; with €; = 1 is trapped in ¥; and
hence must exit it through A;. Hence

Tj € A, £ = 1 - To(5) € A, Eo(j) = —1.

Thus we have proved that I satisfies (b). That it satisfies (c¢) follows by a similar
argument.

We prove that I satisfies (d). Here we use the fact that A satisfies (III) or,
equivalently, mo = 1 and m,, = 0. If 0 € I then my) = mo + €5y = 0. Since
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m; > 0 for i < n this implies 0(0) = n = 1. Conversely, suppose that n € o(I) and
let i := o~ '(n) € I. Then m; = m, — £,; = 1. Since m; > 1 for i € I'\ {0} this
implies 4 = 0. Thus I satisfies (d).

It follows from (a), (b), and (c) by induction that there exists a point ¢ € I such
that o(i) € {i — 1,7+ 1}. Assume first that o(¢) = i+ 1, denote by A; the arc in A
from z; to x;41, and denote by B; the arc in B from z; to z;y1. If ¢ = 0 it follows
from (d) that x; = 29 = = and x;41 = z, = y, in contradiction to AN B # {z,y}.
Hence ¢ # 0 and it follows from (d) that 0 < ¢ < i+ 1 < n. The arcs A; and B;
satisfy

Ai NB=AN Bl = {.’[i,.’[i+1}.

Let D; be the connected component of ¥\ (AU B) that contains the points slightly
to the left of A;. This component is bounded by A; and B;. Moreover, the function
w is positive on D;. Hence it follows from Propostion that D; is diffeomorphic
to the open unit disc in C. Let w;(z) := 1 for z € D; and w;(z) := 0 for z € X\ D;.
Then the combinatorial lune

Ai = (.’[1‘, Lit1, Ai, Bi, Wz)

satisfies (@3] and w; < w.

Now assume o(i) = ¢ — 1, denote by A; the arc in A from x;_; to z;, and
denote by B; the arc in B from x;_; to x;. Thus the orientation of A; (from z;_1
to x;) agrees with the orientation of A while the orientation of B; is opposite to the
orientation of B. Moreover, we have 0 < i — 1 < i < n. The arcs A; and B; satisfy

A,NB=ANB; = {xi,l,xi}.

Let D; be the connected component of ¥\ (AU B) that contains the points slightly
to the left of A;. This component is again bounded by A; and B;, the function
w is positive on D;, and so D; is diffeomorphic to the open unit disc in C by
Propostion Let w;(z) := 1 for z € D; and w;(z) := 0 for z € ¥\ D;. Then
the combinatorial lune

Ai = (zi—1, %5, A, Bi, w;)
satisfies (43]) and w; < w. This proves Lemma Bl O
LEMMA 8.2. Assume [(H)} Let u be a smooth («, 3)-lune whose (., )-trace

Ay = (z,y,w) is a combinatorial (o, B)-lune. Let v : [0,1] — D be a smooth path
such that

7(0) € @NAR)\ {1}, (1) € @NSH\{£1}, u(y(t) ¢ A
for 0 <t <1. Then w(u(y(t))) =1 fort near 1.

PRrROOF. Denote A := u(DNR). Since A is a combinatorial (a, §)-lune we have
z,y ¢ u(int(D)). Hence u~!(A) is a union of embedded arcs, each connecting two
points in D N St If w(u(y(t)) > 2 for ¢ close to 1, then v(1) € DN St is separated
from DN R by one these arcs in D\ R. This proves Lemma a

For each combinatorial («, 8)-lune A the integer v(A) denotes the number of
equivalence classes of smooth («, 5)-lunes u with A, = A.
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FIGURE 16. Deformation of a lune.

LEMMA 8.3. Assume and suppose that % is simply connected. Let A =
(xz,y,w) be a combinatorial («, 8)-lune with boundary OA = (z,y, A, B) such that
AN B # {x,y}. Then there exists an embedded loop B', isotopic to B and trans-
verse to a, and a combinatorial («, 8')-lune A’ = (x,y,w’) with boundary ON' =
(z,y, A, B') such that

#(A' NB') < #(ANB), v(A) = v(N).
PrOOF. By Lemma [R] there exists a combinatorial («, )-lune

AO = (any()?WO)v 8AO = (x()vyOaAO?BO)a

that satisfies w > wqo and [@3]). In particular, we have
Ao N By = {xo,y0}
and so, by Proposition [(.4], there is an embedded smooth lune ug : D — ¥ with
bottom boundary Ay and top boundary By. As in the proof of Step 1 in Proposi-
tion [7.7 we use this lune to remove the intersection points xg and yg by an isotopy
of B, supported in a small neighborhood of the image of uy. This isotopy leaves the
number v(A) unchanged. More precisely, extend ug to an embedding (still denoted
by wg) of the open set
D.:={z€C|Imz > —¢,|z| <1+¢}
for € > 0 sufficiently small such that
UQ(DE)QB:UO(Dgﬂsl), UQ(DE)QAZUQ(DEQR),

u{zeD:||z| >1})NB =0, u{ze€D.|Rez<0})Na=0.

Choose a smooth cutoff function p : D, — [0, 1] that vanishes near the boundary of
D, and is equal to one on . Consider the vector field £ on ¥ that vanishes outside
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uo(D.) and satisfies
upé(z) = —p(2)i.

Let ¢y : X — 3 be the isotopy generated by & and, for T" > 0 sufficiently large,
define

ﬂ/ = wT(ﬂ)’ B = wT(B)a A= (SC,y,A,B/,W/),
where w' : ¥\ (aUB’) — Z is the unique two-chain that agrees with w on X\ ug(D;).
Thus w’ corresponds to the homotopy from A to B determined by w followed by the
homotopy v, from B to B’. Then A’ is a combinatorial (o, 8)-lune. Iff u: D — X
is a smooth (, 8)-lune let U C D be the unique component of u ™1 (ug(D.)) that
contains an arc in DN S!. Then U does not intersect DNR. (See Figure[I6l) Hence
the map v’ : D — %, defined by

oy vr(u(z)), ifzel,
w(z) '_{ u(z), if zeD\U,
is a smooth («, 8’)-lune such that A, = A’

We claim that the map v — u’ defines a one-to-one correspondence between
smooth («, 8)-lunes w such that A, = A and smooth (a,’)-lunes v’ such that
Ay = A’. The map u — v’ is obviously injective. To prove that it is surjective we
choose a smooth (a, §')-lune u’ such that A,, = A’. Denote by

U'ch

the unique connected component of u'~ " (ug(ID.)) that contains an arc in D N S*.
There are four cases as depicted in Figure In two of these cases (second and
third row) we have v/(U’) N = 0 and hence U’ NR = (. In the casees where
W(U)YNa # it follows from an orientation argument (fourth row) and from
Lemma (first row) that U’ cannot intersect D N R. Thus we have shown that
U’ does not intersect DN R in all four cases. This implies that v’ is in the image of
the map u — u/. Hence the map u — u’ is bijective as claimed, and hence

v(A) =v(N).
This proves Lemma [8.3] |

PROOF OF THEOREMS AND Assume first that X is simply connected.
We prove that (iii) implies (i) in Theorem [6.7] Let A be a combinatorial (v, §)-
lune. By Lemma B3] reduce the number of intersection points of A, while leaving
the number v(A) unchanged. Continue by induction until reaching an embedded
combinatorial lune in X. By Proposition [Z.4] such a lune satisfies v = 1. Hence
v(A) = 1. In other words, there is a smooth («, §)-lune v : D — 3, unique up to
equivalence, such that A, = A. Thus we have proved that (iii) implies (i). We have
also proved, in the simply connected case, that u is uniquely determined by A, up
to equivalence. From now on we drop the hypothesis that ¥ is simply connected.

We prove Theorem Let u: D — ¥ and v’ : D — X be smooth («, §)-lunes
such that

Ay = Ay
Let :D — ¥ and @ : D — ¥ be lifts to the universal cover such that
u(—1) =a'(-1).

Then Az = Ay,. Hence, by what we have already proved, @ is equivalent to @' and
hence u is equivalent to «’. This proves Theorem
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We prove that (i) implies (ii) in Theorem[6.7 Let u : D — 3 be a smooth («, 5)-
lune and denote by A, =: (x,y, A, B,w) be its («a, 3)-trace. Then w(z) = #u"1(2)
is the counting function of uw and hence is nonnegative. For 0 < ¢t < 1 define the
curve ); : [0,1] — RP* by

du(— cos(ms), tsin(ms))Ae(s) := R%u(—cos(ﬂ's),tsm(ﬂ's)), 0<s<1

For ¢t = 0 use the same definition for 0 < s < 1 and extend the curve continuously
to the closed interval 0 < s < 1. Then

No(8) = du(—cos(ms),0) ™ Ty _ cos(rs).0) 0

0( ) ( ( ) ) u(— cos(ws),0) 0<s<l.

A (S) = d’U,(— COS(?TS), Sin(ﬂ-s))ilTu(f cos(ﬂ's),sin(ws))ﬁv
The Viterbo-Maslov index p(A,,) is, by definition, the relative Maslov index of the
pair of Lagrangian paths (Ao, A1), denoted by (Mg, A1) (see Definition Bl above
or [301B9]). Hence it follows from the homotopy axiom for the relative Maslov
index that

p(Aw) = (Ao, A1) = p(Xos Ar)
for every ¢t > 0. Choosing t sufficiently close to zero we find that p(A,) = 1.

We prove that (iii) implies (ii) in Theorem 67 If A = (z,y,w) is a combi-
natorial («, 5)-lune, then w > 0 by (I) in Definition Moreover, by the trace
formula ([B7), we have
It follows from (II) and (III) in Definition [6.6] that my(A) = m,(A) = 1 and hence
#(A) = 1. Thus we have proved that (iii) implies (ii).

We prove that (ii) implies (iii) in Theorem Let A = (x,y,w) be an (o, 8)-
trace such that w > 0 and u(A) = 1. Denote v, := Ow|y\g and vg = —0wW|g\q4-
Reversing the orientation of a or f3, if necessary, we may assume that v, > 0 and
vg > 0. Let €,,e, € {£1} be the intersection indices of o and 5 at x,y with these
orientations, and let

Ng ‘= minv, > 0, ng = minvg > 0.

As before, denote by m, (respectively m,) the sum of the four values of w encoun-
tered when walking along a small circle surrounding = (respectvely y). Since the
Viterbo-Maslov index of A is odd, we have ¢, # ¢, and thus  # y. This shows
that A satisfies the arc condition if and only if no = ng = 0.

We prove that A satisfies (II). Suppose, by contradiction, that A does not
satisfy (II). Then e, = —1 and ¢, = 1. This implies that the values of w near x
are given by k, k+no + 1, Kk +no +ng + 1, kK 4+ ng + 1 for some integer k.
Since w > 0 these numbers are all nonnegative. Hence k£ > 0 and hence m, > 3.
The same argument shows that m, > 3 and, by the trace formula ([3T), we have
u(A) = (mgy(A) +my(A))/2 > 3, in contradiction to our hypothesis. This shows
that A satisfies (II).

We prove that A satisfies the arc condition and (III). By (II) we have ¢, = 1.
Hence the values of w near x in counterclockwise order are given by k., ki +nq +1,
kg + no —ng, ky — ng for some integer k; > ng > 0. This implies

my(A) =4k, — 2ng + 2ng + 1
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and, similarly, m,(A) = 4k, — 2ng + 2n, + 1 for some integer k, > ng > 0. Hence,
by the trace formula ([B7), we have

my(A) + my (A)

1=u(A) = 5 =ky + (kg —ng) + ky + (ky —ng) +2n, + 1.
Hence k; = ky = no, = ng = 0 and so A satisfies the arc condition and (III). Thus
we have shown that (ii) implies (i). This proves Theorem 6.7 O

ExXAMPLE 8.4. The arguments in the proof of Theorem [6.7] can be used to show
that, if A is an (a, 8)-trace with p(A) = 1, then (I) = (III) = (II). Figure [I1
shows three (o, 8)-traces that satisfy the arc condition and have Viterbo—Maslov
index one but do not satisfy (I); one that still satisfies (IT) and (III), one that satis-
fies (IT) but not (III), and one that satisfies neither (IT) nor (III). Figure [I8 shows
an (o, B)-trace of Viterbo-Maslov index two that satisfies (I) and (III) but not (II).
Figure [[9 shows an (a, f)-trace of Viterbo-Maslov index three that satisfies (I)
and (II) but not (III).

1

-1

FIGURE 17. Three («, 5)-traces with Viterbo-Maslov index one.

FIGURE 18. An («, 8)-trace with Viterbo—Maslov index two.

[2)

FIGURE 19. An (o, B)-trace with Viterbo-Maslov index three.

We close this chapter with two results about lunes that will be useful below.
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PROPOSITION 8.5. Assume and suppose that o and B are noncontractible
nonisotopic transverse embedded circles and let x,y € aN . Then there is at most
one (o, B)-trace from x to y that satisfies the arc condition. Hence, by Theorems
and 6.8, there is at most one equivalence class of smooth (a, 8)-lunes from x to y.

PROOF. Let
a = a1 Uas, B = B1U pe,

where oy and s are the two arcs of o with endpoints x and y, and similarly for 5.
Assume that the quadruple (z,y, a1, 01) is an («a, §)-trace. Then «; is homotopic
to 1 with fixed endpoints. Since « is not contractible, as is not homotopic to 51
with fixed endpoints. Since S is not contractible, S is not homotopic to a; with
fixed endpoints. Since « is not isotopic to 3, ag is not homotopic to By with fixed
endpoints. Hence the quadruple (z,y, o, 8;) is not an (¢, §)-trace unless ¢ = j = 1.
This proves Proposition |

The hypotheses that the loops a and [ are not contractible and not isotopic
to each other cannot be removed in Proposition A pair of isotopic circles with
precisely two intersection points is an example. Another example is a pair consisting
of a contractible and a non-contractible loop, again with precisely two intersection
points.

PROPOSITION 8.6. Assume |(H)} If there is a smooth («, B)-lune then there is
a primitive (a, B)-lune.

PROOF. The proof has three steps.

Step 1. If « or 8 is a contractible embedded circle and o 3 # O then there exists
a primitive (a, B)-lune.

Assume « is a contractible embedded circle. Then, by a theorem of Epstein [9],
there exists an embedded closed disc D C ¥ with boundary 9D = «. Since o and
[ intersect transversally, the set D N 3 is a finite union of arcs. Let A be the set
of all arcs A C « which connect the endpoints of an arc B C D N 3. Then A is
a nonempty finite set, partially ordered by inclusion. Let Ay C « be a minimal
element of A and By C D N B be the arc with the same endpoints as Ag. Then Ag
and By bound a primitive («, 5)-lune. This proves Step 1 when « is a contractible
embedded circle. When f is a contractible embedded circle the proof is analogous.

Step 2. Assume a and 8 are not contractible embedded circles. If there exists a
smooth (a, B)-lune then there exists an embedded (cv, B)-lune u such that u='(a) =
DNR.

Let v : D — ¥ be a smooth («, 5)-lune. Then the set
X:=v1a)cD

is a smooth 1-manifold with boundary X = v=!(a) N S'. The interval DN R is
one component of X and no component of X is a circle. (If Xy C X is a circle,
then v|x, : Xo — X is a contractible loop covering « finitely many times. Hence,
by Lemma [A3]in the appendix, it would follow that « is a contractible embedded
circle, in contradiction to the hypothesis of Step 2.) Write

OX ={e ... %}, 1=0,>0,>-->0,1>6,=0.
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Then there is a permutation o € S,, such that the arc of v™!(«) that starts at ei%
ends at e~(). This permutation satisfies 0 0 o = id, ¢(1) = n, and
j<k<o(y) = j<o(k) <a(y).
Hence, by induction, there exists a j € {1,...,n — 1} such that o(j) = j + 1. Let
Xo C X be the submanifold with boundary points €% and e'%+! and denote
YE) = {eia |9j+1 S 0 S 9]}
Then the closure of the domain A C ) bounded by X, and Y; is diffeomorphic to
the half disc and A Nv~!(a) = Xy. Hence there exists an orientation preserving
embedding ¢ : D — D that maps DN R onto Xy and maps D N S! onto Yy. It
follows that
u:=voyp:D—=X%
is a smooth («, 8)-lune such that
u Ha) =9 H(ANv ) = ¢ 1 (Xo) =DNR.
Moreover, A, = (z,y, A, B,w) with
x = (%), y = v(el%+1), A = v(Xp), B :=v(Yy).

Since ANB = aNB = {x, y}, it follows from Proposition [l 4lthat v is an embedding.
This proves Step 2.

Step 3. Assume « and [ are not contractible embedded circles. If there exists
an embedded (v, B)-lune u such that u=1(a) = DNR then there exists a primitive
(a, B)-lune.

Repeat the argument in the proof of Step 2 with v replaced by u and the set v=!(a)
replaced by the 1-manifold

Y:=u(B)cCD
with boundary

oY =u Y (B)NR.
The argument produces an arc Yy C Y with boundary points a < b such that
the closed interval Xy := [a, b] intersects Y only in the endpoints. Hence the arcs
Ao = u(Xp) and By := u(Yp) bound a primitive (a, 5)-lune. This proves Step 3
and Proposition O
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CHAPTER 9

Combinatorial Floer Homology

We assume throughout this chapter that ¥ is an oriented 2-manifold without
boundary and that a, 5 C X are noncontractible nonisotopic transverse embedded
circles. We orient o and 3. There are three ways we can count the number of points
in their intersection:

e The numerical intersection number num («, 3) is the actual number
of intersection points.

e The geometric intersection number geo («, 3) is defined as the min-
imum of the numbers num («, 3’) over all embedded loops 3’ that are
transverse to a and isotopic to 3.

e The algebraic intersection number alg (o, 8) is the sum

a-f= Y +l
zEanf

where the plus sign is chosen iff the orientations match in the direct sum
T.X=T,a®dT,S.
Note that |alg (a, 8)] < geo (o, 8) < num (e, 3).

THEOREM 9.1. Define a chain complez 0 : CF(«, 8) — CF(«q, 3) by
(45) CF(o, ) = @ Zsx, or = Zn(m,y)y,
rzeanf Yy

where n(x,y) denotes the number modulo two of equivalence classes of smooth
(a, B)-lunes from x to y. Then
000 =0.

The homology group of this chain complex is denoted by
HF(a, ) := ker 9/imd
and is called the Combinatorial Floer Homology of the pair (a, 8).
PRrOOF. See Chapter [I0] page [(4l |

THEOREM 9.2. Combinatorial Floer homology is invariant under isotopy: If
o', B C X are noncontractible transverse embedded circles such that o is isotopic
to o and B is isotopic to 3’ then

HF(a, 3) 2 HF(d/, B').
ProOOF. See Chapter [T1] page [(7l |

THEOREM 9.3. Combinatorial Floer homology is isomorphic to the original
analytic Floer homology. In fact, the two chain complexes agree.

63
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ProOF. See Chapter [[2] page a
COROLLARY 9.4. If geo (e, 8) = num (v, 8) there is no smooth (a, 8)-lune.

PROOF. If there exists a smooth (a,3)-lune then, by Proposition [R6 there
exists a primitive (a, §)-lune and hence there exists an embedded curve ' that is
isotopic to § and satisfies num (o, ') < num (o, 8). This contradicts our hypothe-
sis. O

COROLLARY 9.5. dim HF(«, 8) = geo (o, 8).

ProOF. By Theorem we may assume that num («, 8) = geo (a, 8). In this
case there is no (a, §)-lune by Corollary Hence the Floer boundary operator
is zero, and hence the dimension of

HF (o, 8) = CF(a, )
is the geometric intersection number geo (¢, ). (]
COROLLARY 9.6. If geo (o, ) < num (v, B) there is a primitive (a, §)-lune.
PRroOOF. By Corollary [@.5] the Floer homology group has dimension
dim HF (e, 8) = geo («, ).
Since the Floer chain complex has dimension
dim CF(«, f) = num («, 3)

it follows that the Floer boundary operator is nonzero. Hence there exists a smooth
(a, B)-lune and hence, by Proposition B.6l there exists a primitive (a, 8)-lune. O

REMARK 9.7 (Action Filtration). Consider the space
Qo p:={x e C>®([0,1],2)|2(0) € a, (1) € B}

of paths connecting « to 5. Every intersection point x € N determines a constant
path in Q, g and hence a component of 0, g. In general, {2, g is not connected
and different intersection points may determine different components (see [29] for
the case ¥ = T?). By Proposition [A]in Appendix [A] each component of 2, 5 is
simply connected. Now fix a positive area form w on 3 and define a 1-form © on
Qa5 by

1
Ofwi¢) = [ wli(t). ) di
0
for x € Q4,5 and & € T2, g. This form is closed and hence exact. Let
A Qa’g — R

be a function whose differential is ©. Then the critical points of A are the zeros of
©O. These are the constant paths and hence the intersection points of a and 3. If
z,y € aN B belong to the same connected component of €1, 3 then

Alz) — Aly) = /u*w
where u : [0,1] x [0,1] — X is any smooth function that satisfies
u(0,t) = z(t), u(0,1) = y(t), u(s,0) € a, u(s,1) € g

for all s and ¢ (i.e. the map s — u(s,-) is a path in Q4 g connecting x to y). In
particular, if 2 and y are the endpoints of a smooth lune then A(x) — A(y) is the
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9. COMBINATORIAL FLOER HOMOLOGY 65

area of that lune. Figure 20 shows that there is no upper bound (independent of «
and S in fixed isotopy classes) on the area of a lune.

FI1GURE 20. A lune of large area.

PRrROPOSITION 9.8. Define a relation < on anNf by x <y if and only if there
i a sequence T = Tg,T1,.-.,Tn =Yy in aN P such that, for each i, there is a lune
from x; to x;—1 (see Figure 21). Then < is a strict partial order.

PROOF. Since there is an («, 8)-lune from z; to x;—1 we have A(z;—1) < A(z;)
for every i and hence, by induction, A(zg) < A(xg). O

X5 X

FIGURE 21. Lunes from z; to x;_1.

REMARK 9.9 (Mod Two Grading). The endpoints of a lune have opposite
intersection indices. Thus we may choose a Z/2Z-grading of CF(«, ) by first
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choosing orientations of o and § and then defining CFy(c, ) to be generated by
the intersection points with intersection index +1 and CFi(«, 8) to be generated
by the intersection points with intersection index —1. Then the boundary operator
interchanges these two subspaces and we have

alg (o, 8) = dimHFy(av, 8) — dim HF (e, 3).

REMARK 9.10 (Integer Grading). Since each component of the path space
Qg is simply connected the Z/2Z-grading in Remark can be refined to an
integer grading. The grading is only well defined up to a global shift and the relative
grading is given by the Viterbo-Maslov index. Then we obtain

alg (@, B) = x(HF(a, 8)) = > _(=1)" dim HF; (e, §).
i€Z
Figure 21l shows that there is no upper or lower bound on the relative index in the
combinatorial Floer chain complex. Figure 22 shows that there is no upper bound
on the dimension of CF;(«, 3).

In the case of the 2-torus ¥ = T? = R2/Z? the shift in the integer grading can
be fixed using Seidel’s notion of a graded Lagrangian submanifold [33]. Namely,
the tangent bundle of T? is trivial so that each tangent space is equipped with a
canonical isomorphism to R?. Hence every embedded circle o« C T? determines a
map o — RP' : z — T.a. A grading of « is a lift of this map to the universal cover
of RP'. A choice of gradings for o and 3 can be used to fix an integer grading of
the combinatorial Floer homology.

AWANWANA
x AUEAAVEAVEAY,

FIGURE 22. Lunes from x to y;.

REMARK 9.11 (Integer Coefficients). One can define combinatorial Floer
homology with integer coefficients as follows. Fix an orientation of a. Then each
(a, B)-lune u : D — ¥ comes with a sign

v(w) = +1, if the arc ulpng : DNR — « is orientation preserving,
T —1, if the arc ulpnr : DNR — « is orientation reversing.

Now define the chain complex by
CF(a, 3;2) = P Za,
zE€anf

and

Or = Z n(z,y;2)y, n(z,y;Z) = Zy(u),

yeanp [u]
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where the sum runs over all equivalence classes [u] of smooth («a,)-lunes from
2 to y. The results of Chapter [I0] show that Theorem remains valid with this
refinement, and the results of Chapter [[Ilshow that Theorem [3.2]also remains valid.
We will not discuss here any orientation issue for the analytic Floer theory and leave
it to others to investigate the validity of Theorem with integer coefficients.
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CHAPTER 10

Hearts

DEFINITION 10.1. Let 2,2 € aN 8. A broken («,)-heart from z to z is a
triple
h = (u,y,v)
such that y € N B, u is a smooth («, 8)-lune from z to y, and v is a smooth
(a, B)-lune from y to z. The point y is called the midpoint of the heart. By
Theorem the broken (a, 8)-heart h is uniquely determined by the septuple

Ay = (2, y, z,u(DNR),v(DNR),u(dN S, v(DNSH).
Two broken (a, 8)-hearts h = (u,y,z) and b’ = (v/,y’,2’) from x to z are called
equivalent if ¥ = y, v’ is equivalent to u, and v’ is equivalent to v. The equivalence

class of h is denoted by [h] = ([u], y, [v]). The set of equivalence classes of broken
(a, B)-hearts from z to z will be denoted by H(z, z).

PROPOSITION 10.2. Let h = (u,y,v) be a broken (a, B)-heart from x to z and
write A, =: (2,Y, 2, Agy, Ayz, Bay, By:). Then ezactly one of the following four
alternatives (see Figure 23]) holds:

(a) Awy N Ayz = {y}7 Byz - Bwy (b) Aa:y N Ayz = {y}a Ba:y - Byz~
(C) Bwy N Byz = {y}a Ayz g Awy (d) Ba:y n Byz = {y}, Amy g Ayz~

X X
@ Y (b)
y

7 z

X X
© Y (d)

y
Z z

FIGURE 23. Four broken hearts.

PROOF. The combinatorial (e, 5)-lunes A, := A, and A, := A, have bound-
aries

aAzy = (x7yaAmy7Bzy)7 aAyz = (yuzaAyZ7Byz)

69

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



70 VIN DE SILVA, JOEL W. ROBBIN AND DIETMAR A. SALAMON

and their catenation Ay, := Agy#Ay. = (2, 2, Wgy+Wwy; ) has Viterbo-Maslov index
two, by ([B8). Hence mg(Agzy) + ma(Ayz) + mo(Agy) + m2(Ay.) = 4, by the trace
formula B7). Since my(Azy) =m.(A,.) =1 this implies

(46) my(Ayz) +my(Agy) = 2.

By Proposition we have z # 2. Hence x cannot be an endpoint of A,,. Thus
mg(Ayz) > 2 whenever z € A, U B,. and my(A,.) > 4 whenever z € A,. N B,..
The same holds for m,(Ag,). Hence it follows from ([@6]) that A,, and A, satisfy
precisely one of the following conditions.

(a)z ¢ Ay, UB,,, 2€ By \ Ayy. (b) 2 € By, \ Ay., 2 ¢ Ay U Byy,.

(c)z ¢ Ay, UB,,, 2€ Ayy \ Byy. (d) z € Ay, \ Byz, 2 ¢ Agy U By,
This proves Proposition O

Let N C C be an embedded convex half disc such that
[0,1] Ui[0,e) U (1 +1i[0,e)) C ON, N C [0,1] +1i[0,1]
for some € > 0 and define
H:=([0,1] +1i[0, 1) U(i+ N)U (1 +i—1iN).
(See Figure 241) The boundary of H decomposes as
OH = 0yH U H

where JgH denotes the boundary arc from 0 to 1 4 i that contains the horizontal
interval [0,1] and 01 H denotes the arc from 0 to 1 + i that contains the vertical
interval [0, 1].

8,H

0 8,H
FIGURE 24. The domains N and H.

DEFINITION 10.3. Let 2,z € an 8. A smooth («,f)-heart of type (ac)
from x to z is an orientation preserving immersion w : H — X that satisfies

w(0) = z, w(l+1i) =z, w(0oH) C a w(OH) C B. (ac)

Two smooth (¢, 8)-hearts w,w’ : H — ¥ are called equivalent iff there exists an
orientation preserving diffeomorphism y : H — H such that

X(O):Oa X(1+i):1+i, ’w':wox,

A smooth (a, 8)-heart of type (bd) from z to z is a smooth (8, @)-heart of
type (ac) from z to z. Let w be a smooth («, §)-heart of type (ac) from x to y and
h = (u,y,v) be a broken (a, §)-heart from z to y of type (a) or (c). The broken
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heart h is called compatible with the smooth heart w if there exist orientation
preserving embeddings ¢ : D — H and ¢ : D — H such that

(48) H=9D)UypD),  ¢D)Ny(D)=p(0D)N (D),
(49) u=wop, v =wo1.

LEMMA 10.4. Let h = (u,y,v) be a broken (a, B)-heart of type (a), write
Ay = (2,y, 2, Azy, Ayz, Bay, Byz),
and define A, and B,, by
Ay, i =Ay UA,,, By =: By, U By, B,.N By, = {z}.

Let w be a smooth (a, B)-heart of type (ac) from x to z that is compatible with h
and let @,v : D — H be embeddings that satisfy (A7), (E8), and (A9). Then

(50) o(e”) =1+i,

where 6, € [0,7] is defined by u(el®) = 2z, and

(51) p(D) NY(D) = (DN S,
(52) W(OH) = Ayer w(01H) = By,

PRrOOF. By definition of a smooth heart of type (ac), w(9pH) is arc in «
connecting x to z and w(9; H) is an arc in 8 connecting x to z. Moreover, by (49]),

e(DNR)UYPDNR) C w (), eMDNSHUpDNSH cw (B).

Now w~!(a) is a union of disjoint embedded arcs, and so is w~=*(3). One of the
arcs in w1 (a) contains 9yH and one of the arcs in w™!(3) contains 9; H. Since
©(—1) =0 € 0pH and the arc

wop(DNR) =uDNR) = A4,,
does not contain z we have
(p(D N R) C OpH, Aacy C w(@oH)

This implies the first equation in (E2)). Since wo (DN S') = (DN S') = By, is
an arc containing z we have

O H C p(DNSY, w(O1H) C Bay.

This implies the second equation in (52)).
We prove (BI)). Choose 6; € [0, 7] so that u(e'?') = z and denote

Sor={e?10<0<6:}, Si={6, <0<},
So that

]D)ﬂSl :SOUSl, U(So):Byz, U(Sl):Bzz.
Hence w o ¢(S1) = u(S1) = By, = w(01H) and 0 € ¢(S1) N9 H. Since w is an
immersion it follows that

p(S$1) = 0H, (™) =1+i=v(1).
This proves (B0). Moreover, by (@3],
wo ¢(Sy) = u(Sp) = By, =v(DN S =wop(DNSh)

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



72 VIN DE SILVA, JOEL W. ROBBIN AND DIETMAR A. SALAMON

and 1+1 is an endpoint of both arcs ¢(Sp) and ¥ (DN St). Since w is an immersion
it follows that

(DN ST = p(So) C (D) NY(D).
To prove the converse inclusion, let ¢ € p(D)NY(D). Then, by definition of a smooth
heart, ¢ € (D) NY(ID). If ¢ € p(DNR)NY(DNR) then w(() € AzyNAy. = {y}
and hence ¢ = 1(—1) € (DN S*). Now suppose ¢ = ¢(e'?) € (DN R) for some
6 € [0,7]. Then we claim that § < ;. To see this, consider the curve (D N R).
By ([#9), this curve is mapped to A,, under w and it contains the point (1) = 1+i.
Hence (D NR) C 9oH \ {0}. But if > 6; then ¢(ei?) € 9, H \ {1 + i} and this
set does not intersect doH \ {0}. Thus we have proved that # < #; and hence
0(e?) € p(Sp) = (DN ST), as claimed. This proves Lemma [[0.4l O

ProprosITION 10.5. (i) Let h = (u,y,v) be a broken («, 5)-heart of type (a)
or (¢) from x to z. Then there exists a smooth (a, 8)-heart w of type (ac) from x
to z, unique up to equivalence, that is compatible with h.

(ii) Let w be a smooth («, B)-heart of type (ac) from x to z. Then there exists
precisely one equivalence class of broken («, 8)-hearts of type (a) from x to z that
are compatible with w, and precisely one equivalence class of broken («, 3)-hearts
of type (c) from x to z that are compatible with w.

PROOF. We prove (i). Write
A =: (2,y,2, Azy, Ays, Boy, Byz)

and assume first that Aj satisfies (a). We prove the existence of [w]. Choose a
Riemannian metric on ¥ such that the direct sum decompositions

T,Y =T,aaT,, T.X=T.adT.p

are orthogonal and « intersects small neighborhoods of y and z in geodesic arcs.
Choose a diffeomorphism + : [0, 1] — B, such that v(0) = y and v(1) = z and let
¢(t) € T2 be a unit normal vector field pointing to the right. Then there are
orientation preserving embeddings ¢, : D — H such that

w(D):([Ovl]"’_i[Q 1])U(i+N)7 @(DQR): [07 1]7

YD) =14+i-iN,  »(DNSY) =1+i[0,1],
and
wo ™M1+ 5+ it) = exp ) (sC(1))
for 0 <t <1 and small s <0, and
vo (14 5+ it) = exp, ) (5C(1))
for 0 <t <1 and small s > 0. The function w : H — X, defined by

—1 .
_JuopT(2), ifze€pD),
w(z) = { voy~l(z), if z € (D),
is a smooth («, §)-heart of type (ac) from x to z that is compatible with h.

We prove the uniqueness of [w]. Suppose that w’ : H — ¥ is another smooth
(c, B)-heart of type (ac) that is compatible with h. Let ¢’ : D — H and ¢’ : D — H
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be embeddings that satisfy ([@7) and ([@&) and suppose that w’ is given by ([@9]) with
¢ and 9 replaced by ¢ and ¢’. Then

w o o (14 it) wo @ (14 it)
vor M1 +it)

= w ot oy (1 +it)

for 0 <t <1 and, by {@7) and (&0),

Yo tl+i)=1+i=1 oy (1+1i).
Since w’ is an immersion it follows that
(53) W o A 4it) =4 op (1 +it)
for 0 <t < 1. Consider the map x : H — H given by

_ [ #ovTHQ), for ¢ €p(D),
X(C) T { ,(/}/ ow—l(c), fOl" C c w(D)

By (&3), this map is well defined. Since H = /(D) Uy’ (D), the map x is surjective.
We prove that x is injective. Let ¢, ¢’ € H such that x(¢) = x(¢'). If {, ¢’ € (D) or
¢, ¢’ € (D) then it is obvious that ¢ = ¢’. Hence assume ¢ € p(D) and ' € ¥(D).

Then ¢’ 0 =1(C) = ¥/ 0 %~ 1(¢’) and hence, by (5I),
Yoy () ey (DN S,
Hence ¢’ € (DN ST) C p(D), so ¢ and ¢’ are both contained in ¢ (D), and it follows
that ¢ = ¢/. Thus we have proved that y : H — H is a homeomorphism. Since
w’' = w o x it follows that y is a diffeomorphism. This proves (i) in the case (a).
The case (c) follows by reversing the orientation of ¥ and replacing u, v, w by
Weuwop o =vop  WO=ui. 0O

Thus p : D — D is an orientation reversing diffeomorphism with fixed points +1
that interchanges D NR and DN S*. The map H — H : ( + i is an orientation
reversing diffeomorphism with fixed points 0 and 1 + i that interchanges dp H and
O1H. This proves (i).

We prove (ii). Let w: H — X be a smooth (a, 8)-heart of type (ac) and denote

Amz = w(@OH), Bzz = w(&‘lH)

Let v C w™!(B) be the arc that starts at 1 + i and points into the interior of H.
Let n € OH denote the second endpoint of 4. Since 8 has no self-intersections we
have y := w(n) € A,. The arc v divides H into two components, each of which is
diffeomorphic to D. (See Figure[25l) The component which contains 0 gives rise to
a smooth («a, §)-lune u from z to y and the other component gives rise to a smooth
(a, B)-lune v from y to z. Let

8Au = ('TayvAmvawy)v aAv = (yaszyZaByz)-

Then

Byy = Byz U By, By, = w(7).
By Theorem [65] By, is an arc. Hence B,, C B,,, and hence, by Proposition [[0.2]
the broken (o, ()-heart h = (u,y,v) from x to z satisfies (a). It is obviously
compatible with w. A similar argument, using the arc v/ C w~!(a) that starts
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-1 -1
w (%) w (y)
FI1GURE 25. Breaking a heart.

at 14 i and points into the interior of H, proves the existence of a broken («, 5)-
heart b’ € H(x, z) that satisfies (c) and is compatible with w. If h = (u,y,) is any
other broken («, §)-heart of type (a) that is compatible with w, then it follows from
uniqueness in part (i) that w1 () = 7 is the endpoint of 7, hence § = y, and hence,

by Proposition B 4 is equivalent to h. This proves (ii) and Proposition 0.5 O

PROOF OF THEOREM The square of the boundary operator is given by
00 = Z ny(z, )z,
zeanp
where
ng(z, z) = Z n(z,y)n(y, z) = #H(z, 2).
yEans
By Proposition[I0.5] and the analogous result for smooth («, 8)-hearts of type (bd),
there is an involution 7 : H(z, z) — H(x, z) without fixed points. Hence ny(z,2)
is even for all z and z and hence 0 o @ = 0. This proves Theorem [0.1] O
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CHAPTER 11

Invariance under Isotopy

PROPOSITION 11.1. Let z,y,x’,y’ € aN B be distinct intersection points such
that

n(z,y) = n(a’,y) =n(z,y’) = 1.
Let w : D — X be a smooth (a, B)-lune from x to y and assume that the boundary
OA, =: (z,y, A, B) of its («, B)-trace satisfies

Anpg=anB={z,y}
Then there is no smooth (o, B)-lune from x’ to y', i.e.
n(z',y') = 0.
Moreover, extending the arc from x to y (in either o or ) beyond y, we encounter

a’ before y' (see Figures 28] and [21]) and the two arcs A C o and B’ C B from «’
toy' that pass through x and y form an («, 8)-trace that satisfies the arc condition.

y X y X/

FIGURE 26. No lune from z’ to 3/’

AWARA
U \ F'U U

FIGURE 27. Lunes from x or z’ to y or ¢/'.

X

PROOF. The proof has three steps.

Step 1. There exist (o, )-traces Nyry = ('Y, Wary), Aye = (Y, 2, Wyz), and
Aoy = (z,y, Wy ) with Viterbo-Maslov indices

N(Am’y) =1, N(Ayr) =-1, N(Amy’) =1
such that
Wy > 0, Wyr <0, Wy 2> 0.
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By hypothesis, there exist smooth («, 8)-lunes from z’ to y, from z to y, and from
z to y'. By Theorem this implies the existence of combinatorial (a, §)-lunes
Aoy = (2,4, Wary), Aay = (2,y, Way), and Ayy = (,y’, Way ). To prove Step 1,
reverse the direction of A, to obtain the required (o, 8)-trace Ay, = (y, T, Wyq)
With Wyg 1= —Wyy.

Step 2. Let Apry, Aya, Mgy be as in Step 1. Then
Mg (Aye) = my (Ayz) =0,
(54) mw(Aw’y) = my(Awy’) =0,
My (Agry) = Mg (Agy ) = 0.

By hypothesis, the combinatorial («, 8)-lune A,y = A, has the boundary 0A,, =
(z,y,A,B) with AN =an B = {z,y}. Hence wy, = —w,, vanishes near every
intersection point of o and 8 other than x and y. This proves the first equation
in (54). By @B8), the («, 8)-trace Ayry = Ayy#Ay, has Viterbo-Maslov index
index zero. Hence, by the trace formula (37,

0 = ma(Awa) +ma(Apr)
= Ma(Aary) + Mo (Aya) + ma(Aary) + ma(Ayz)
= ma(Aary).
Here the last equation follows from the fact that mg (Ayg) = 0, my (Ayy) =1, and
my(Ayz) = —1. The equation m,(Az,) = 0 is proved by an analogous argument,

using the fact that Ay, := Ay,# Ay, has Viterbo-Maslov index zero. This proves
the second equation in (B4)). To prove the last equation in (B4]) we observe that the
catenation

(55) Am/y/ = Am/y#Aym#Axy/ = (.’El, y’, Waly + Wy + Wzy/)
has Viterbo-Maslov index one. Hence, by the trace formula (&),
2 = my (Ax/y/) + my/(Aac/y/)

= My (Aw’y) + Mg (Ayw) + mw/(Awy’)
+my (Mary) +my (Ayz) +my (Agy)
= 24 ma (Aay) + my (Aary).

Here the last equation follows from the first equation in (54) and the fact that
My (Agry) = my(Agy) = 1. Since the numbers my (Ag,) and my (Ay,) are
nonnegative, this proves the last equation in (54)). This proves Step 2.

Step 3. We prove the Proposition.
Let Ayry, Ay, Agy be as in Step 1 and denote
ONyry =1 (2, y, Ayry, Bary),
ONyy =1 (y, 7, Ays, Bys),
Oy =: (Y, Ay, Bay).
By Step 2 we have
(56) z,y & Apy U Byry, 'y ¢ Ay U Byg, z' y ¢ Agzy U Byy.

In particular, the arc in « or 3 from y to x’ contains neither x nor y’. Hence it is
the extension of the arc from z to y and we encounter =’ before 3" as claimed. It
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follows also from (B6]) that the catenation A, in (B5) satisfies the arc condition
and has boundary arcs

Aw/y/ = Ax/y U AygC U Awy/, By = By UBy, UB,,.
Thus x € A,y and it follows from Step 2 that
My (Aary) = Mg (Agry) + ma(Ayz) + me(Agy ) = 0.

This shows that the function w,,s is not everywhere nonnegative, and hence A,/
is not a combinatorial («, 8)-lune. By Proposition B there is no other (a, §)-trace
with endpoints 2’,y’ that satisfies the arc condition. Hence n(z’,y") = 0. This
proves Proposition [1.1] a

PrROOF OF THEOREM [021 By composing with a suitable ambient isotopy as-
sume without loss of generality that o = o’. Furthermore assume the isotopy
{Bi}o<i<1 with Sy = B and 81 = B’ is generic in the following sense. There exists
a finite sequence of pairs (¢;,2;) € [0,1] x ¥ such that

O0<ti<tyg < - <t,<l1,

a M, B unless (t, z) = (t;,2;) for some 4, and for each ¢ there exists a coordinate
chart U; — R? : z — (&, n) at z; such that

(57) anU; ={n=0}, BinUi={n=-+(t—t;)}

for ¢ near t;. It is enough to consider two cases.

Case 1 is m = 0. In this case there exists an ambient isotopy ¢; such that
vt(a) = a and ¢(B) = B:. Tt follows that the map CF(«, 8) — CF(«, ') induced
by ¢1 : anN B — anNp’ is a chain isomorphism that identifies the boundary maps.

In Case 2 we have m = 1, the isotopy is supported near Uy, and (B7) holds
with the minus sign. Thus there are two intersection points in U; for ¢ < ¢1, no
intersection points in Uy for ¢ > ¢1, and all other intersection points of o and [,
are independent of ¢. Denote by x,y € a N B the intersection points that cancel at
time ¢ = ¢t; and choose the ordering such that

(58) n(z,y) = 1.
Then aN B’ = (anB)\ {z,y}. We prove in seven steps that
(59) (@) = (@', y) + (@', y)n(z,y')

for ',y € an B, where n(2’,y’) denotes the number of («, 8)-lunes from z’ to ¢’
and n/(2’,y’) denotes the number of (a, 5)-lunes from z’ to y'.

Step 1. If there is no («, 8)-trace from x' to y' that satisfies the arc condition
then (B59) holds.

In this case there is no («, 8;)-trace from 2’ to y’ that satisfies the arc condition
for any t. Hence it follows from Theorem that n(a’,y") =n/(2',y') =0 and it
follows from Proposition [[T1] that n(z’,y)n(z,y’) = 0. Hence (B9) holds in this
case.

Standing Assumptions, Part 1. From now on we assume that there is an (a, 3)-
trace from x' to y' that satisfies the arc condition. Then there is an («, B;)-trace
from ' to y' that satisfies the arc condition for every t. By Proposition BB, this
(o, Be)-trace is uniquely determined by o’ and y'. We denote it by Ay (t) and its
boundary by

Oy (t) = (2", Awryr, Bury (1))
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Choose a universal covering m : C — X so that &« = R is a lift of a, the map
Z = Z+ 1 is a covering transformation, and © maps the interval [0,1) bijectively
onto . Let

Aﬁ/y/ (t) = (‘%/7 §/7 wa/y/(t))
be a continuous family of lifts of the («, B;)-traces to the universal cover m: C — X

with boundaries (’97\1/7/ t) =@, v, gz/y/, By (t)).

Step 2. The lift Ay, (t) satisfies condition (II) (that the intersection index of
Agry and By (t) at T’ is +1 and at ' is —1) and condition (III) (that the winding

numbers of Zw,y, — By (t) are zero or one near T’ and y') either for all values of
t or for no value of t.

The intersection indices of Zw/y/ and Ex/y/ (t) at 2’ and 7/, and the winding numbers
of Agryr — Byry (t) near ' and 3/, are obviously independent of ¢.

Step 3. If one of the arcs Ay (t) and By, (t) does not pass through Uy then (B9)
holds.

In this case the winding numbers do not change sign as t varies and hence, by
Step 2, v(Agy(t)) is independent of ¢. Hence
n(@’,y’) =n'(@',y).
To prove equation (B9) in this case, we must show that one of the numbers n(z’,y)
or n(x,y’) vanishes. Suppose otherwise that
n(@',y) = n(z,y’) = 1.

Since n(z,y) = 1, by equation (Eg)), it follows from Proposition [Tl that the two
arcs from 2’ to y’ that pass through U; form an (a,f8)-trace that satisfies the
arc condition. Hence there are two («, 8)-traces from z’ to y’ that satisfy the arc
condition, which is impossible by Proposition 83l This contradiction proves Step 3.

k k+2
k+1 _ k+1 _
k-1 k k-1 k+1 k k+1
Case 1 Case 2
k-2 k
B k-1 B k-1
k-1 k k-1 k+1 k k+1
Case 3 Case 4

FIGURE 28. The winding numbers of /Kz/y/ in CNfl for t = 0.
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Standing Assumptions, Part 2. From now on we assume that Ay and By (t)
both pass through Uy. Denote by T and y the unique lifts of x and vy, respectively,
in Agry N Byry (0).

Under this assumption the winding number of /N\m/y/ (t) only changes in the area

enclosed by the two arcs in the lift U, of Uy which contains 7 and y. There are four
cases, depending on the orientations of the two arcs from z’ to y’. (See Figure [28])
The next step deals with three of these cases.

Step 4. Assume that the orientation of a from x’ to 3y’ does not agree with one of
the orientations from ' to y or from x to y', or else that this holds for 8 (i.e. that
one of the Cases 1,2,3 holds in Figure 28]). Then (B9) holds.

In Cases 1,2,3 the pattern of winding numbers shows (for any value of k) that
WA () is either nonnegative for all values of ¢ or is somewhere negative for
z'y

all values of t. Hence, by Step 2, v(Ayy(t)) is independent of ¢, and hence
n(a’,y") = n/(2',y'). Moreover, by Proposition [T.T] we have that in these cases
n(x,y )n(z’,y) = 0. Hence (BY) holds in the Cases 1,2,3.

Standing Assumptions, Part 3. From now on we assume that Case 4 holds
m Figure 28|, i.e. that the orientations of a and B from x' to y' agree with the
orientations from x’ to y and with the orientations from x to 3.

Step 5. Assume Case 4 and n(2’,y) = n(x,y’) = 1. Then (B9) holds.

By Proposition [Tl we have n(2’,y’) = 0. We must prove that n'(z',y") = 1.
Let A,/ and Ay, be the («, B)-traces from z’ to y, respectively from x to y/, that
satisfy the arc condition and denote their lifts by Ay, and A;,/. By (&3,

(60) wi, 0@ =wi, @ +wi () for ZeC\ Uy.

Thus wg J0) = 0in C\ U;. Moreover, by Theorem [67], the lifts Kx/y, Kwy/ have

winding numbers zero in the regions labelled by k and k — 1 in Figure 28] Case 4.
Hence, by (60), we have k = 0 and hence

wa/yl(t) >0 for t>t.

Thus we have proved that A, (t) satisfies (I) for ¢ > ¢;. Moreover, the Viterbo-
Maslov index is given by

1(Aary () = p(Agry) + .U(K:cy/) - .U(K:cy) =1
Hence, by Theorem [6.7] Kw/y/ (t) is a combinatorial lune for ¢ > t; and we have
W@ y) = 1.

Step 6. Assume Case 4 and n'(z',y’) = 1. Then (E9) holds.

The winding numbers of /N\m/y/(l) are nonnegative and hence we must have k > 0
in Figure B8 Case 4. If k > 0 then the winding numbers of /~\$/y/ (0) are also non-
negative and hence, by Step 2, n(2’,y’) = 1. Hence, by (E8)) and Proposition [T}
one of the numbers n(2’,y) and n(z,y’) must vanish, and hence (B9) holds when
k> 0.

Now assume k = 0. Then n(2’,y’) = 0 and we must prove that

n(z',y) = n(z,y) = 1.
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t=0 t=1

FIGURE 29. A lune splits.

To see this, we choose a smooth (a, B’)—lune
:D—C
from 7’ to ¥’. Since k = 0 this lune has precisely one preimage in the region in (71
where there winding number is kK +1 =1 # 0 for ¢t = 1. Choose an embedded arc
~v:10,1] = C

in (71~ for t = 1 connecting the two branches of a and 5’ such that ¥ intersects
and S’ only at the endpoints (see Figure 29)). Then

~ —1 ,~

y=1u""(9)
divides D into two components. Deform the curve 3’ along 7 to a curve B" that
intersects & in two points 2”7, %" € U;. The preimage of 53” under @’ contains two

arcs v~ and T, parallel to v, in the two components of D. This results in two
half-discs contained in D, and the restriction of u to these two half discs gives rise

to two (&, 3")-lunes, one from #’ to §” and one from " to ' (see Figure [29).
Moreover 3" descends to an embedded loop in X that is isotopic to 3 through loops

that are transverse to a. Hence n(a’,y) = n(x,y’) = 1, as claimed.

Step 7. Assume Case 4 and n/(z',y") = n(2’,y)n(z,y’) = 0. Then (E9) holds.
We must prove that n(z’,y') = 0. By Step 2, conditions (IT) and (ITI) on Ay, (t)
are independent of ¢ and so we have that n(a’,y’) = 0 whenever these conditions
are not satisfied. Hence assume that Ay, (t) satisfies (II) and (III) for every ¢. If
k > 0 in Figure 28 then condition (I) also holds for every ¢ and hence n(2’,y") =
n'(2',y’) = 1, a contradiction. If & < 0 in Figure 28 then A,/,(0) does not satisfy (I)
and hence n(z’,y’) = 0, as claimed.

Thus we have established (59). Hence, by Lemma [CIl HF(«, 3) is isomorphic to
HF(«, 8’). This proves Theorem a
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CHAPTER 12

Lunes and Holomorphic Strips

We assume throughout that ¥ and «, 8 C X satisfy hypothesis|(H)l We also fix
a complex structure J on ¥. A holomorphic («, 5)-strip is a holomorphic map
v : S — ¥ of finite energy such that

(61) v(R) C «, v(R+1) CB.
It follows [32] Theorem A] that the limits
(62) r= lim o(s+it), y= lim wv(s+it)

55— —00 s——+oo

exist; the convergence is exponential and uniform in ¢; moreover dsv and all its
derivatives converge exponentially to zero as s tends to +oo. Call two holomorphic
strips equivalent if they differ by a time shift. Every holomorphic strip v has
a Viterbo—Maslov index pu(v), defined as follows. Trivialize the complex line
bundle v*T'¥ — S such that the trivialization converges to a frame of T, ¥ as s
tends to —oo and to a frame of T,,¥ as s tends to +oo (with convergence uniform
in ¢). Then s +— T,(s 0y and s — T, 1) are Lagrangian paths and their relative
Maslov index is p(v) (see [39] and [30]).

At this point it is convenient to introduce the notation

{v gy visa holomorphic («, 8)-strip }

from z to y with pu(v) =1

time shift
for the moduli space of index one holomorphic strips from x to y up to time shift.
This moduli space depends on the choice of a complex structure J on ¥. We also
introduce the notation

MFloer(I,y; J) =

{u:ID)—>E

u is a smooth («, 8)-lune
from z to y

Mcomb , —
(@,y) isotopy

for the moduli space of (equivalence classes of) smooth («, )-lunes. This space is
independent of the choice of J. We show that there is a bijection between these
moduli spaces for every pair x,y € a N S.

Given a smooth (o, §)-lune u : D — ¥, the Riemann mapping theorem gives a
unique homeomorphism ¢,, : D — D such that the restriction of ¢, to D\ {£1} is
a diffeomorphism and
(63) eu(-1)=-1,  9u(0)=0, w.(1)=1,  @u'J=1i
Let g : S — D\ {£1} be the holomorphic diffeomorphism given by

64 " e(s+it)7r/2 -1
(64) g(s +it) := G2 11

81
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Then, for every (a,)-lune u, the composition v := w o ¢, o g is a holomorphic
(a, B)-strip.

THEOREM 12.1. Assume let x,y € aN B, and choose a complex structure
J on X. Then the map u — u o @, o g induces a bijection

(65) M (g ay — MEOCT (g ) [u] = [w o @y 0 g]
between the corresponding moduli spaces.

PROOF. See page B7 below. O

The proof of Theorem [I2.7] relies on the asymptotic analysis of holomorphic
strips in [32] (see Appendx [Dl for a summary) and on an explicit formula for the
Viterbo—Maslov index. For each intersection point € aNg we denote by 6, € (0, )
the angle from T« to T, with respect to our complex structure J. Thus

(66) T8 = (cos(0y) + sin(0y)J) Tya, 0<0, <m.

Fix a nonconstant holomorphic (e, 3)-strip v : S — ¥ from z to y. Choose a
holomorphic coordinate chart v, : U, — C on an open neighborhood U, C ¥ of
y such that ¢, (y) = 0. By [32 Theorem C] (see also Corollary [D.2)) there is a
complex number ¢, and a integer v, (v) > 1 such that

. — —(vy (v)T—0,)(s+it) —(vy(v)T—0y+0)s
(67) hy(v(s +1it)) = cye +O0(e )

for some § > 0 and all s > 0 sufficiently close to +0c0. The complex number ¢,
belongs to the tangent space Ty(¢y (N Uy)) and the integer v, (v) is independent
of the choice of the coordinate chart.

Now let us interchange o and (3 as well as  and y, and replace v by the
(8, a)-holomorphic strip

s+it— v(—s+i(l—1))
from y to x. Choose a holomorphic coordinate chart 1, : U, — C on an open

neighborhood U, C ¥ of z such that ¢, (z) = 0. Using [32, Theorem C] again we
find that there is a complex number ¢, and an integer v,(v) > 0 such that

(68) wz(U(S + lt)) _ Cze(Vw(U)TF+9w)(S+it) + O(e(Vw(U)TF+9w+5)S)

for some 6 > 0 and all s < 0 sufficiently close to —oo. As before, the complex
number ¢, belongs to the tangent space Tp(¢,(a N U,)) and the integer v, (v) is
independent of the choice of the coordinate chart.

Denote the set of critical points of v by

Cy:={z € S|dv(z) =0}.

It follows from Corollary (i) that this is a finite set. For z € C, denote by
v,(v) € N the order to which dv vanishes at z. Thus the first nonzero term in the
Taylor expansion of v at z (in a local holomorphic coordinate chart on ¥ centered
at v(z)) has order v, (v) + 1.

THEOREM 12.2. Assume and choose a complex structure J on . Let
z,y €anNf andv:S — X be a nonconstant holomorphic (a, B)-strip from x to y.
Then the linearized operator D, associated to this strip in Floer theory is surjective.
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Moreover, the Viterbo—Maslov index of v is equal to the Fredholm index of D, and
s given by the index formula

(69) po) =ve(0) + )+ Y w@+2 Y w(v).

z€C,NIS z€CyNint(S)

The right hand side in equation (€9) is positive because all summands are nonneg-
ative and v, (v) > 1.

PROOF. See page [B6l below. O

The surjectivity statement in Theorem [2Z.2lhas been observed by many authors.
A proof for holomorphic polygons is contained in Seidel’s book [34].

We will need a more general index formula (equation (76]) below) which we ex-
plain next. Choose a Riemannian metric on ¥ that is compatible with the complex
structure J. This metric induces a Hermitian structure on the pullback tangent
bundle v*T% — S and the Hilbert spaces W12(S,v*T'Y) and L2(S,v*TY) are
understood with respect to this induced structure. These Hilbert spaces are inde-
pendent of the choice of the metric on X, only their inner products depend on this
choice. The linearized operator

D, : WEE(S,v*TE) — L*(S,v*TY)
with

WLA(S, 0" TS) = {1} e w2, vrry)| U0 €T Vs €R }

’ﬁ(S, 1) € Tv(&l)ﬁ Vs e R
is given by

D, = V0 + JVi0
for v € Wég (S,v*TY), where V denotes the Levi-Civita connection. Here we use
the fact that VJ = 0 because J is integrable. We remark that, first, this is a
Fredholm operator for every smooth map v : S — ¥ satisfying (G1l) and ([62)) (where
the convergence is exponential and uniformly in ¢, and 0sv, V;0sv, Vs0pv converge
exponentially to zero as s tends to +00). Second, the definition of the Viterbo—
Maslov index p(v) extends to this setting and it is equal to the Fredholm index of
D, (see [31]) Third, the operator D, is independent of the choice of the Riemannian
metric whenever v is an (¢, 3)-holomorphic strip.

Next we choose a unitary trivialization
O(s,t) : C— Tyepn2
of the pullback tangent bundle such that
(s, 0)R = T(5,0), ®(s, R = Tyy(5,1) 3,

and @(s,t) = Uy (v(s,t)) for |s| sufficiently large. Here ¥;, 0 < ¢ < 1, is a smooth
family of unitary trivializations of the tangent bundle over a neighborhood U, C X
of x, respectively U, C ¥ of y, such that ¥y(2)R = T.« for z € (U, UU,) N« and
Uy (2)R =1T1,5 for z € (U, UU,) N 3. Then

W= & WEA(S, v TE) = {€ € WH3(S,C) | £(s,0),£(s,1) € RVs € R},
H =& LS, v*TE) = LA(S,C).

The operator Dg := ® 1o D, 0o® : W — H has the form

(70) D€ = 95€ +10,& + S¢
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where the function S : S — Endg(C) is given by
S(s,t) = ®(s,1)"" (Vﬂ)(s,t) + J(v(s,t))th)(s,t)).

The matrix &1V, ® is skew-symmetric and the matrix ®~1J(v)V;® is symmetric.
Moreover, it follows from our hypotheses on v and the trivialization that S converges
exponentially and ® 'V, ® as well as 9,5 converge exponentially to zero as as s
tends to +oo. The limits of S are the symmetric matrix functions

S, (t) == lim S(s,t) = Uy ()~ (2)0 0 (),
T 5,(0) = _tim_S(s,1) = B4(3) " IO o).
Thus there exist positive constants ¢ and ¢ such that
) (5, 1) — Sa(8)] + 10:5(5, 8)] < e,
1S(s,2) = Sy(t)] +10s5(s, )| < ce™*

for every s € R. This shows that the operator (Z0) satisfies the hypotheses of [32]
Lemma 3.6]. This lemma asserts the following. Let £ € W be a nonzero function
in the kernel of Dg:

£ew, Dgé = 0:6+10,6 + SE =0, £#0.

Then there exist nonzero functions &;,&, : [0,1] — C and positive real numbers
Azy Ay, C, 0 such that

i (1) + Se(Ea(t) = —Naa(t),  €(0),&(1) €R

(73) .
ig, (1) + Sy (0)&y (1) = Ay&y(t),  §,(0),5(1) € R
and
s _ 6)\$S e(/\x &)s s
) |&(s,1) & (t)] < Celratos, <0

|€(s,t) — e3¢, (1)] < Cem v, s> 0.
We prove that there exist integers ¢(z,£) > 0 and ¢(y,£) > 1 such that
(75) Ao =@, )T+ 0z, Ay =y, &)m — 0y
Here 6, is chosen as above such that

T.0 = exp(0,J(z))T,a, 0<0,<m,
and the same for §,. To prove ([f), we observe that the function

0 (1) i= Wy (0)6 (1)

satisfies
J(2)05(t) = —Apvs (1), v,(0) € Tya, v (1) € T 5.

Hence v, (t) = exp(tA,J(z))v,(0) and this proves the first equation in (75]). Like-
wise, the function v, (t) := W, (y)§, (¢) satisfies J(y)0, (t) = Ayvy(t) and v, (0) € Ty
and vy (1) € T,8. Hence v, (t) = exp(—tA,J(y))vy(0), and this proves the second
equation in (75).
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LEMMA 12.3. Suppose S satisfies the asymptotic condition ([2) and let & € W
be a smooth function with isolated zeros that satisfies ([[3), ([4), and ((B). Then
the Fredholm index of Dg is given by the linear index formula

(76) index(Ds) = u(w, &) +1(y, &) + > uzE+2 Y uz6).

2€0S z€int(S)

£(2)=0 &()=0
In the second sum 1(z,£) denotes the index of z as a zero of §&. In the first sum
1(z,€) denotes the degree of the loop [0,7] — RP' : 0 > &(z + cel?)R when z € R
and of the loop [0, 7] — RP' : 6 — £(z — e'?)R when z € R +1i; in both cases € > 0
is chosen so small that the closed e-neighborhood of z contains no other zeros of €.

PROOF. Since &, and &, have no zeros, by (73)), it follows from equation (74)
that the zeros of £ are confined to a compact subset of S. Moreover the zeros of £
are isolated and so the right hand side of (@) is a finite sum. Now let §, : S — C
be the unique solution of the equation

(77) i0:60(s,t) + S(s,t)&(s,t) =0, £o(s,0) = 1.
Then

€ox(t) == lim &o(s,t) = y(x) " To(x)1,
(78) o .

oy(t) := SB{POO o(s,t) = Wi (y) Wo(y)l.

Thus the Lagrangian path
R — RP' : s — Ag(s) :== RE(s, 1)

is asymptotic to the subspace ¥y (z) T« as s tends to —oo and to the subspace
Uy (y) T, as s tends to +0o0. These subspaces are both transverse to R. By
the spectral-flow-equals-Maslov-index theorem in [31] the Fredholm index of Dg is
equal to the relative Maslov index of the pair (Ag,R):

(79) index(Dg) = p(As, R).
It follows from (73] and (8] that
(80) 5071(15) B efi)\zt Eo,y(t) B ei)\yt

fm(t) B fz(o)7 fy(t) B fy(o)

Now let U = Ug(z):o U, C S be a union of open discs or half discs U, of radius less
than one half, centered at the zeros z of £, whose closures are disjoint. Consider
the smooth map A : S\ U — RP! defined by

A(s,t) :==E&o(s,t)E(s, t)R.
By (B0O) this map converges, uniformly in ¢, as s tends to oo with limits

— % _—idgt — T _ iyt
(81) A (t) = SBI_nOO A(s,t)=e R, Ay(t) = SEI_POOA(S,t) =e"'R.

Moreover, we have
A(s,1) = &(s, )R = Ag(s), (s,1) ¢ U,
A(s,0) =&y(s,0)0R =R, (s,0) ¢ U.
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If z € int(S) with £(z) = 0 then the map A, := Alsy. is homotopic to the map
U, — RP' : s + it > &(s,t)R. Hence it follows from the definition of the index
t(z,€) that its degree is

(82) deg(A, : U, — RPY) = —2u(2,6),  zeint(S),  &(z) =0.

If z € 0S with £(2) = 0, define the map A, : U, — RP! by

Au(s, ) = { So(s:DE(s, DR, if (s,1) € OU \ 85,
U (s HR, f (s,t) € OU. N BS.

i
This map is homotopic to the map (s,t) — &(s,¢)R for (s,t) € OU, \ IS and
(s,t) = R for (s,t) € OU, N IS. Hence it follows from the definition of the index
1(z,€) that its degree is

(83) deg(A, : U, — RPY) = —4(2,¢€), z €08, &(z) =0.

Abbreviate Sy := [-T,T] +1i[0,1] for T > 0 sufficiently large. Since the map
A : O(St \ U) — RP' extends to Sg \ U its degree is zero and it is equal to the
relative Maslov index of the pair of Lagrangian loops (A|ps,nuy, R). Hence

0 = TII—I;[;OM(A‘B(ST\U)’R)
= N(AwR)_M(AmR)_M(ASvR)_ Z n(Az,R)
z€s
£(z)=0
O+ —phs R+ Y w56 +2 Y (=),
z€08 z€int(s)
£(2)=0 £(2)=0

Here the second equality follows from the additivity of the relative Maslov index
for paths [30]. It also uses the fact that, for 2 € R 41 with £(z) = 0, the relative
Maslov index of the pair (A.|ov.nr+i)s R) = (As|ov.n(r+i), R) appears with a plus
sign when using the orientation of R + i and thus compensates for the intervals
in the relative Maslov index —p(Ag, R) that are not contained in the boundary of
S\ U. Moreover, for z € R with £(z) = 0, the relative Maslov index of the pair
(Azlou.nr, R) is zero. The last equation follows from the formulas ([75) and (RI))
for the first two terms and from (B3] and (82)) for the last two terms. With this
understood, the linear index formula ([76]) follows from equation ([{9). This proves
Lemma 123 O

LEMMA 12.4. The operator Dg is injective whenever index(Dg) < 0 and is
surjective whenever index(Dg) > 0.

ProOF. If £ € W is a nonzero element in the kernel of Dg then £ satisfies the
hypotheses of Lemma Moreover, every zero of £ has positive index by the
argument in the proof of Theorem C.1.10 in [20, pages 561/562]. Hence the index
of Dg is positive by the linear index formula in Lemma [I[2.3] This shows that Dg
is injective whenever index(Dg) < 0. If Dg has nonnegative index then the formal
adjoint operator n +— —0sn + i9yn + STn has nonpositive index and is therefore
injective by what we just proved. Since its kernel is the L?-orthogonal complement
of the image of Dg it follows that Dg is surjective. This proves Lemma[I24 O

Proor oF THEOREM [[22] The index formula (69) follows from the linear in-
dex formula ([76) in Lemma [[2Z.3] with £ := ®~19,v. The index formula shows that
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D, has positive index for every nonconstant (c, )-holomorphic strip v : S — X.
Hence D, is onto by Lemma [I2.4l This proves Theorem [12.2] O

Proor oF THEOREM [I2.Il The proof has four steps.
Step 1. The map (68) is well defined.

Let u,v’ : D — X be equivalent smooth (a, )-lunes from = to y. Then there is
an orientation preserving diffeomorphism ¢ : D — D such that ¢(£1) = £1 and
u' :=wu o . Consider the holomorphic strips v :=uo ¢, 0g:S — 3 and

v o= u/ocpu/og

= u o SD [¢] QO,U‘OW [¢] g

= vog710¢;10¢0@u0¢og.
By the definition of ¢, we have (uo ¢,)*J =1 and (u o ¢ 0 Quop)*J =i (See
equation (G3).) Hence the composition ¢, 0 ¢ 0 @uop : D\ {£1} = D\ {£1} is
holomorphic and so is the composition g~ o p; 1o po Puop ©9 S — S. Hence this
composition is given by a time shift and this proves Step 1.
Step 2. The map (68) is injective.
Let u,u’ : D — X be smooth (a, §)-lunes from z to y and define v := uo ¢, og
and v' := v o ¢, 0 g. (See equations (G3) and ([64).) Assume that ' = vor
for a translation 7 : S — S. Then v/ = wo ¢, where ¢ : D — D is given by
@lp\fx1} = puogoTog o ¢t and (+1) = £1. Since u and «’ are immersions,
it follows that ¢ is a diffeomorphism of D. This proves Step 2.

Step 3. Fuvery holomorphic («, 8)-strip v : S = X from x to y with Viterbo—Maslov
index one is an immersion and satisfies vz(v) = 0 and v, (v) = 1.

This follows immediately from the index formula (69) in Theorem

Step 4. The map (68) is surjective.

Let v : S — ¥ be a holomorphic (a, 8)-strip from x to y with Viterbo-Maslov index
one. By Step 3, v is an immersion and satisfies v, (v) = 0 and v, (v) = 1. Hence it
follows from (7)) and (G8) that

Py (v(s +it)) = cye”(TTIIH L Qe (TOyHd)sy s>T,
Uz (v(s + it)) = cpef= 5T L (0= F9)3), s< T,
for T sufficiently large. This implies that the composition

ui=vog D\ {£1} - %

(g as in equation ([64])) is an immersion and extends continuously to D by u/(—1) :=
x and u/(1) := y. Moreover, locally near z = —1, the image of v’ covers only one
of the four quadrants into which ¥ is divided by a and § and the same holds near
z=1.

We must prove that there exists a homeomorphism ¢ : D — I such that
(a) p(£1) = 1 and (0) =0,

(b) ¢ restricts to an orientation preserving diffeomorphism of I\ {£1},
1

(84)

(c) the map u:=u o~ !:D — X is a smooth lune.

Once ¢ has been found it follows from (c) that uop =vog™': D\ {*1} - U is
holomorphic and hence p*u*.J = i. Hence it follows from (a) and (b) that ¢ = @,
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(see equation (63)) and this implies that the equivalence class [v] € MY1eT (2, y; J)
belongs to the image of our map (G0) as claimed.
To construct ¢, choose a smooth function A : R — (1/2,00) such that

w/20,, for s < —2,
(85) A(s) = { 1/ for s > —1 A(s) + N (s)s > 0.

(For example define A(s) :=7/0, — 1+ (7/0, —2) /s for —2 < s < —1 to obtain a
piecewise smooth function and approximate by a smooth function.) Then the map
s+ A(s)s is a diffeomorphism of R. Consider the sets

= ettt o<t < - =detitlg<t< I
Ky {e O_t_Z)\(s)}’ K {e O_t_2

Denote their closures by Ky := K, U {0} and K := KU {0} and define the homeo-
morphism py : Ky — K by px(0) := 0 and

p)\(eerit) — e(s%»it))\(s)7 es+it € K.

It restricts to a diffeomorphism from K to K and it satisfies py(¢) = ¢(™/?% for
I¢] < e™2 and py(¢) = ¢ for [¢| > e~L. Consider the map

B4 Y p)\(C) -1
(86) wy : Ky = 3, wx(¢) i==u (m> .
We claim that wy : Ky — ¥ is a C! immersion. If ¢ := e*Ti € K, with [(| =e® <
e~2 then by (64)
pa(estit) — 1 elsHinm/20.
p/\(eS-&-it) +1 e(s+it)m/20, 1 1

g (6, (s+it)).

Insert this as an argument in «’ and use the formula 1’ o g = v to obtain

palesti) —1

Thus

)—U(le(s-l-it)), s < —2.

Yo (wr(€)) = ¥u (v (651 (s +1it)))
— ¢ ettt 4 O(el+6/01)s)

= caC+ O([g /%)

for ¢ = e*Tit € K, sufficiently small. (Here the second equation follows from (84)).)
Hence the map wy : Ky — ¥ in (86) is complex differentiable at the origin and
d(¢5 o wy)(0) = ¢,. Next we prove that the derivative of wy is continuous. To see
this, recall that v, o wy and ¥, o v are holomorphic wherever defined and denote
their complex derivatives by d(1, owy) and d(v, ov). Differentiating equation (87
gives

e d(1hy 0wy ) (€)= 0, (v, 0 v) (6, (s +it)) .

By Corollary (i), e~ 0=+ (4, o v)(s + it) converges uniformly to f,c, as s
tends to —oo. Hence d(1), o wy)(¢) = 0; e~ Hd (2, o v) (0, (s + it)) converges
to ¢, = d(¢, o wy)(0) as ¢ = e*T € K, tends to zero. Hence w) is continuously
differentiable near the origin and is a C! immersion as claimed.
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Now let oy : Ky — D\ {1} be any diffeomorphism that satisfies

_¢1
7m0 =g

Define ¢’ : D — D and u” : D — X by ¢”(1) :=1, v”(1) := y, and

Aoy () — 1
Ay (2)) + 1

for z € D\{1}. Then ¢” =idon {z € D|Rez > 0}, the map ¢ : D — D satisfies (a)
and (b), and u”[p\ {1} is an orientation preserving C !immersion. A similar construc-
tion near y yields an orientation preserving C' immersion v/’ = v’ o ¢ : D — X
where ¢ : D — D satisfies (a) and (b). Now approximate v in the C*-topology
by a smooth lune u =« o ¢ : D — X to obtain the required map . This proves
Step 4 and Theorem [I2.11 |

for |¢| > 1.

o"(z) = u'(z) == 0 (2) = wy 00y (2)

Proor oF THEOREM [0.3l By Theorem [I2.2] the linearized operator D, in
Floer theory is surjective for every (a, /3)-holomorphic strip v. Hence there is a
boundary operator on the Zs vector space CF(«, 3) as defined by Floer [10,[11]
in terms of the mod two count of (a,)-holomorphic strips. By Theorem 2]
this boundary operator agrees with the combinatorial one defined in terms of the
mod two count of («,3)-lunes. Hence the combinatorial Floer homology of the
pair («, B) agrees with the analytic Floer homology defined by Floer. This proves
Theorem [9.3] O

REMARK 12.5 (Hearts and Diamonds). We have seen that the combinato-
rial boundary operator d on CF(«, 8) agrees with Floer’s boundary operator by
Theorem [ZIl Thus we have two proofs that 9> = 0: the combinatorial proof
using broken hearts and Floer’s proof using his gluing construction. He showed (in
much greater generality) that two («, 8)-holomorphic strips of index one (one from
x to y and one from y to z) can be glued together to give rise to a l-parameter
family of («, 8)-holomorphic strips (modulo time shift) of index two from z to z.
This one parameter family can be continued until it ends at another pair of («, 5)-
holomorphic strips of index one (one from x to some intersection point y’ and one
from y’ to z). These one parameter families are in one-to-one correspondence to
(a, B)-hearts from x to z. This can be seen geometrically as follows. Each glued
(a, B)-holomorphic strip from z to z has a critical point on the S-boundary near y
for a broken heart of type (a). The 1-manifold is parametrized by the position of the
critical value. There is precisely one («, )-holomorphic strip in this moduli space
without critical point and an angle between 7 and 27 at z. The critical value then
moves onto the a-boundary and tends towards 3’ at the other end of the moduli
space giving a broken heart of type (c) (See Figure 23)).

Here is an explicit formula for the gluing construction in the two dimensional
setting. Let h = (u,y,v) be a broken (o, 8)-heart of type (a) or (b) from z to .
(Types (c) and (d) are analogous with « and § interchanged.) Denote the left and
right upper quadrants by Qr := (—00,0) + i(0,00) and Qg := (0, 00) + (0, 00).
Define diffeomorphisms ¢, : Qr, — D\ ID and ¢ : Qg — D\ D by

= 1% Yr(() : ¢ -2

(A e =
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The extensions of these maps to Mobius transformations of the Riemann sphere
are inverses of each other. Define the map w: Qp UQgr — X by

[ u((Q), for ¢ €Qu,
w(¢) = { o), for ¢ € O

The maps u o1y, and v o1 send suitable intervals on the imaginary axis starting
at the origin to the same arc on 5. Modify v and v so that w extends to a smooth
map on the slit upper half plane H \ i[1, 00), still denoted by w. Here H C C is the
closed upper half plane. Define . : D — H by
2ez

1— 22’
This map sends the open set int(D) N @y, diffeomorphically onto @ and it sends
int(D) N Qg diffeomorphically onto Qg. It also sends the interval i[0, 1] diffeomor-
phically onto i[0,£]. The composition wo g, : int(D) — % extends to a smooth map
on D denoted by w. : D — 3. An explicit formula for w, is

2
U M), if 2 €D and Rez <0,

1—22—2¢ez

71+z2+25z .
v 71+Z2+2€Z>7 if ze D and Rez > 0.

ve(z) = zeD, 0<e<l

we(z) =

The derivative of this map at every point z # i is an orientation preserving isomor-
phism. Its only critical value is the point

o —u 1+ie . ie—1 cp
T \1—-ie) T \ie+1 '

Note that ¢, tends to y = u(1) = v(—1) as ¢ tends to zero. The composition of
we with a suitable e-dependent diffecomorphism S — D\ {1} gives the required
one-parameter family of glued holomorphic strips.
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CHAPTER 13

Further Developments

There are many directions in which the theory developed in the present memoir
can be extended. Some of these directions and related work in the literature are
discussed below.

Floer Homology

If one drops the hypothesis that the loops a and 8 are not contractible and
not isotopic to each other there are three possibilities. In some cases the Floer
homology groups are still well defined and invariant under (Hamiltonian) isotopy,
in other cases invariance under isotopy breaks down, and there are examples with
000 # 0, so Floer homology is not even defined. All these phenomena have their
counterparts in combinatorial Floer homology.

A case in point is that of two transverse embedded circles o, 3 C C in the
complex plane. In this case the boundary operator

d: CF(a, B) — CF(a, B)

of Chapter [ still satisfies 0 o 9 = 0. However, ker = im 0 and so the (combina-
torial) Floer homology groups vanish. This must be true because (combinatorial)
Floer homology is still invariant under isotopy and the loops can be disjoined by a
translation.

A second case is that of two transverse embedded loops in the sphere ¥ =
S2. Here the Floer homology groups are nonzero when the loops intersect and
vanish otherwise. An interesting special case is that of two equators. (Following
Khanevsky we call an embedded circle & C S? an equator when the two halves
of §?\ a have the same area.) In this case the combinatorial Floer homology
groups do not vanish, but are only invariant under Hamiltonian isotopy. This is an
example of the monotone case for Lagrangian Floer theory (see Oh [21]), and the
theory developed by Biran—Cornea applies [5]. For an interesting study of diameters
(analogues of equators for discs) see Khanevsky [17].

A similar case is that of two noncontractible transverse embedded loops
a,BCX

that are isotopic to each other. Fix an area form on X. If 8 is Hamiltonian isotopic
to a then the combinatorial Floer homology groups do not vanish and are invariant
under Hamiltonian isotopy, as in the case of two equators on S2. If § is non-
Hamiltonian isotopic to a (for example a distinct parallel copy), then the Floer
homology groups are no longer invariant under Hamiltonian isotopy, as in the case
of two embedded circles in S? that are not equators. However, if we take account of
the areas of the lunes by introducing combinatorial Floer homology with coefficients
in an appropriate Novikov ring, the Floer homology groups will be invariant under
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Hamiltonian isotopy. When the Floer homology groups vanish it is interesting to
give a combinatorial description of the relevant torsion invariants (see Hutchings—
Lee [15l[16]). This involves an interaction between lunes and annuli.

A different situation occurs when « is not contractible and 3 is contractible.
In this case

0od=1id

and one can prove this directly in the combinatorial setting. For example, if o and
[ intersect in precisely two points x and y then there is precisely one lune from
x to y and precisely one lune from y to x. They are embedded and their union
is the disc encircled by g rather than a heart as in Chapter In the analytical
setting this disc bubbles off in the moduli space of index two holomorphic strips
from z to itself. This is a simple example of the obstruction theory developed in
great generality by Fukaya—Oh—Ohta—Ono [13].

Moduli Spaces

Another direction is to give a combinatorial description of all holomorphic
strips, not just those of index one. The expected result is that they are uniquely
determined, up to translation, by their («, 8)-trace

A= (2,y,w)

with w > 0, the positions of the critical values, suitable monodromy data, and
the angles at infinity. (See Remark for a discussion of the Viterbo—Maslov
index two case.) This can be viewed as a natural generalization of Riemann—
Hurwitz theory. For inspiration see the work of Okounkov and Pandharipande on
the Gromov—Witten theory of surfaces [22H25].

The Donaldson Triangle Product

Another step in the program, already discussed in [6], is the combinatorial
description of the product structures

HF(a, ) © HF(8,7) = HF(a,7)

for triples of noncontractible, pairwise nonisotopic, and pairwise transverse em-
bedded loops in a closed oriented 2-manifold ¥. The combinatorial setup involves
the study of immersed triangles in . When the triangle count is infinite, for ex-
ample on the 2-torus, the definition of the product requires Floer homology with
coefficients in Novikov rings. The proof that the resulting map

CF(a, B) ® CF(8,v) — CF(a,7)

on the chain level is a chain homomorphism is based on similar arguments as in
Chapter The proof that the product on homology is invariant under isotopy is
based on similar arguments as in Chapter [[Il A new ingredient is the phenomenon
that v can pass over an intersection point of o and 8 in an isotopy. In this case
the number of intersection points does not change but it is necessary to understand
how the product map changes on the chain level. The proof of associativity requires
the study of immersed rectangles and uses similar arguments as in Chapter

In the case of the 2-torus the study of triangles gives rise to Theta-functions as
noted by Kontsevich [18]. This is an interesting, and comparatively easy, special
case of homological mirror symmetry.
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The Fukaya Category

A natural extension of the previous discussion is to give a combinatorial descrip-
tion of the Fukaya category [13]. A directed version of this category was described
by Seidel [34]. In dimension two the directed Fukaya category is associated to a
finite ordered collection

a1,02,...,0, CX
of noncontractible, pairwise nonisotopic, and pairwise transverse embedded loops
in ¥. Interesting examples of such tuples arise from vanishing cycles of Lefschetz
fibrations over the disc with regular fiber ¥ (see [34]).

The Fukaya category, on the combinatorial level, involves the study of immersed
polygons. Some of the results in the present memoir (such as the combinatorial
techniques in Chapters [I0 and [I1] the surjectivity of the Fredholm operator, and
the formula for the Viterbo-Maslov index in Chapter [[2)) extend naturally to this
setting. On the other hand the algebraic structures are considerably more intricate
for A categories. The combinatorial approach has been used to compute the
derived Fukaya category of a surface by Abouzaid [1], and to establish homological
mirror symmetry for punctured spheres by Abouzaid—Auroux—Efimov-Katzarkov—
Orlov [2] and for a genus two surface by Seidel [35].
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APPENDIX A

The Space of Paths

We assume throughout that ¥ is a connected oriented smooth 2-manifold with-
out boundary and «, 8 C ¥ are two embedded loops. Let

Qup 1= {2 € C([0,1),) | 2(0) € a, (1) € B}
denote the space of paths connecting « to 3.

PROPOSITION A.1. Assume that « and 8 are not contractible and that o is

not isotopic to B. Then each component of Qg is simply connected and hence
HY(Q4.5;R) = 0.

The proof was explained to us by David Epstein [9]. It is based on the following
three lemmas. We identify S' =~ R/Z.

LEMMA A.2. Let~:8S' = ¥ be a noncontractible loop and denote by
X%
the covering generated by ~v. Then ¥ is diffeomorphic to the cylinder.

PROOF. By hypothesis, ¥ is oriented and has a nontrivial fundamental group.
By the uniformization theorem, choose a metric of constant curvature. Then the
universal cover of ¥ is isometric to either R? with the flat metric or to the upper
half space H? with the hyperbolic metric. The 2-manifold Y is a quotient of the
universal cover of ¥ by the subgroup of the group of covering transformations
generated by a single element (a translation in the case of R? and a hyperbolic
element of PSL(2,R) in the case of H?). Since « is not contractible, this element is
not the identity. Hence S is diffeomorphic to the cylinder. ]

LEMMA A.3. Let v : S' — X be a noncontractible loop and, for k € Z, define
ARS8t 5 % by

2 (s) 1= (k).

Then ~* is contractible if and only if k = 0.

PROOF. Let 7 : ¥ — ¥ be as in Lemma [A2l Then, for & # 0, the loop
yF . 81 — ¥ lifts to a noncontractible loop in . O

LEMMA A.4. Let g, 71 : S — X be noncontractible embedded loops and suppose
that ko, k1 are nonzero integers such that 'ygo is homotopic to 'yfl. Then either 1
is homotopic to o and k1 = ko or y1 is homotopic to v~ ' and k1 = —ko.

PROOF. Let 7 : & — ¥ be the covering generated by ~o. Then ~o*o lifts to a
closed curve in ¥ and is homotopic to 7;¥1. Hence ;%! lifts to a closed immersed
curve in . Hence there exists a nonzero integer j; such that ~;/* lifts to an
embedding S' — 3. Any embedded curve in the cylinder is either contractible or
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is homotopic to a generator. If the lift of 7171 were contractible it would follow
that yo* is contractible, hence, by Lemma [A3 ko = 0 in contradiction to our
hypothesis. Hence the lift of v;71 to Y is not contractible. With an appropriate
sign of j; it follows that the lift of ;7' is homotopic to the lift of 7. Interchanging
the roles of vy and 71, we find that there exist nonzero integers jo, j1 such that

Yo ~ ', T~ %0’
in . Hence ~o is homotopic to 770! in the free loop space of Y. Since the

homotopy lifts to the cylinder ¥ and the fundamental group of ¥ is abelian, it
follows that

Joj1=1.
If jo = 71 = 1 then ~; is homotopic to 7y, hence 7(’)“ is homotopic to vo*°, hence
yoFo~F1 is contractible, and hence ky — k1 = 0, by Lemma [A3l If jo = j; = —1
then 7, is homotopic to v ', hence vakl is homotopic to 700, hence ~pFotF is
contractible, and hence kg + k1 = 0, by Lemma [A.3] This proves Lemma [A 4 O

Proor or ProrosiTION [ATl Orient o and 3 and and choose orientation pre-
serving diffeomorphisms
7 : St — a, 78t — 6.
A closed loop in s gives rise to a map u : S* x [0,1] — ¥ such that
u(S* x {0}) C a, uw(S* x {1}) C .

Let ko denote the degree of u(-,0) : S' — a and ki denote the degree of u(-,1) :
S1 — B. Since the homotopy class of a map S' — « or a map S' — 3 is determined
by the degree we may assume, without loss of generality, that

u(s,0) = yo(kos), u(s, 1) = y1(k1s).
If one of the integers kg, k1 vanishes, so does the other, by Lemma If they are
both nonzero then 7, is homotopic to either vy or 7y ! by Lemma [AZl Hence v,
is isotopic to either 7y or 7(;1, by [8, Theorem 4.1]. Hence « is isotopic to 3, in
contradiction to our hypothesis. This shows that
ko =k =0.

With this established it follows that the map u : S* x [0,1] — ¥ factors through
a map v : S2 — ¥ that maps the south pole to a and the north pole to 3. Since
mo(X) = 0 it follows that v is homotopic, via maps with fixed north and south pole,
to one of its meridians. This proves Proposition [A1] O
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Diffeomorphisms of the Half Disc

PrOPOSITION B.1. The group of orientation preserving diffeomorphisms ¢ :
D — D that satisfy (1) =1 and p(—1) = —1 is connected.

PRrROOF. Choose ¢ as in the proposition. We prove in five steps that ¢ is
isotopic to the identity.

Step 1. We may assume that dp(—1) = dp(1) = 1.
The differential of ¢ at —1 has the form

dcp(—l)z(g 2)

Let X : D — R? be a vector field on I that is tangent to the boundary, is supported
in an e-neighborhood of —1, and satisfies

[ loga O
aX(~1) = ( RN ) |
Denote by 9, : D — D the flow of X. Then dyn(—1) = dp(—1). Replace ¢ by
pouy .
Step 2. We may assume that ¢ is equal to the identity map near +1.

Choose local coordinates near —1 that identify a neighborhood of —1 with a neigh-
borhood of zero in the right upper quadrant (). This gives rise to a local dif-
feomorphism ¢ : @ — @ such that ¢¥(0) = 0. Choose a smooth cutoff function
p:]0,00) = [0,1] such that

[ 1, forr<1/2,
p(r)—{ 0, forr>1,

For 0 <t <1 define ¢y : Q@ — Q by
be(2) 1= (2) + tp(|2[* /%)) (= — ¥ (2)).

Since d(0) = 1 this map is a diffeomorphism for every ¢ € [0, 1] provided that e > 0
is sufficiently small. Moreover, ¢;(z) = 9(2) for |z| > €, 19 = ¢, and 11 (z) = z for
|z] < e/2.

Step 3. We may assume that ¢ is equal to the identity map near £1 and on OD.
Define 7 : [0, 7] — [0, 7] by
o(e?) = @),
Let X, : D — R? be a vector field that is equal to zero near 1 and satisfies
Xolz+ () = 2)) = o(2) — 2
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for e DNR and
Xt(Z) = 2(7(9) — 6)2,’7 z = ei(9+t(7(9)_9))_

Let ¢, : D — D be the isotopy generated by X; via 0;¢; = X; o ¢y and 1y = id.
Then 1)y agrees with ¢ on 0D and is equal to the identity near +1. Replace ¢ by

ot .
Step 4. We may assume that ¢ is equal to the identity map near OD.
Write
o(x +iy) = u(z, y) + iv(z,y).
Then
u(z,0) =z, Oyv(z,0) = a(x).
Choose a cutoff function p equal to one near zero and equal to zero near one. Define
Qot(xu y) = ’U,t(ﬂ?, y) + ’Ut(xv y)
where
w(,y) = u(z,y) + tp(y/e)(z — u(z,y))
and
vz, y) = v(z,y) + tp(y/e)(a(z)y — v(z,y)).
If £ > 0 is sufficiently small then ¢; is a diffeomorphism for every t € [0, 1]. More-
over, g = ¢ and i satisfies
v1(x + 1y) = = +ia(z)y
for y > 0 sufficiently small. Now choose a smooth family of vector fields X; : D — D
that vanish on the boundary and near +1 and satisfy
Xi(z + iy +t(a(z)y —y))) = ila(z)y —y)
near the real axis. Then the isotopy v, generated by X, satisfies ¢ (z + iy) =
x + iy + it(a(z)y — y) for y sufficiently small. Hence 1)1 agrees with ¢; near the

real axis. Hence po 11! has the required form near DNR. A similar isotopy near
DN St proves Step 4.

Step 5. We prove the proposition.

Choose a continuous map f : D — S? = CU {oo} such that f(0D) = {0} and f
restricts to a diffeomorphism from D\ 9D to S? \ {0}. Define v : S? — S? by

fov=pof.
Then ) is a diffeomorphism, equal to the identity near the origin. By a well known
Theorem of Smale [37] (see also [7] and [14]) + is isotopic to the identity. Compose

with a path in SO(3) which starts and ends at the identity to obtain an isotopy
1 5% — S? such that 1,(0) = 0. Let

W, = dipy(0), Up =0, (0, 7w,)"1/2,

Then U, € SO(2) and Uy = U; = 1. Replacing 1y by U, ‘1), we may assume that
U; = 1 and hence ¥, is positive definite for every ¢. Hence there exists a smooth
path [0,1] — R?*2 : ¢+ A; such that

EAt :\I/t, A():Al:O.
Choose a smooth family of compactly supported vector fields X; : C — C such that
dXt(O):At, X0:X1 :0
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For every fixed t let x; : S? — S? be the time-1 map of the flow of X;. Then
xt(0) =0, dxt(0) = Uy, Xo = x1 =id.
Hence the diffeomorphisms
Pp=1prox
form an isotopy from ) = id to ¢} = v such that ¢;(0) = 0 and d¢;(0) = 1 for
every t. Now let p : R — [0, 1] be a smooth cutoff function that is equal to one near
zero and equal to zero near one. Define

¢ (2) = 1i(2) + p(|2l /2) (= — ¥ (2))-
For ¢ > 0 sufficiently small this is an isotopy from ¢{ = id to ¢} = ¢ such that
1y = id near zero for every t. The required isotopy ¢; : D — D is now given by
f oy = ;o f. This proves Proposition [B.1l O

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



APPENDIX C

Homological Algebra

Let P be a finite set and v : P x P — Z be a function that satisfies
(88) Z v(r,q)v(q,p) =0
qeP

for all p,r € P. Any such function determines a chain complex 0 : C — C, where
C = C(P) and 9 = 0¥ are defined by

C=Pzp, 9¢:= vig.pp
pEP peEP

for ¢ € P. Throughout we fix two elements p, § € P such that v(g,p) = 1. Consider
the set

(89) P =P\ {p,q}
and the function v’ : P’ x P’ — Z defined by
(90) V'(¢,p) = v(q.p) — v(a,p)v(q,p)

for p,q € P and denote C’ := C(P’) and 0’ := 9”". The following lemma is due to
Floer [11].

LeMMA C.1 (Floer). The endomorphism 0’ : C' — C' is a chain complex and
its homology H(C',d") is isomorphic to H(C,d).

PROOF. The proof consists of four steps.
Step 1. 0’0 &' = 0.

Let r € P'. Then & 0 0'r =5 w'(r,p)p where 1/ (r,p) € Z is given by

peEP’

p(rp) = Y V(rgv(ep)

qeP’

= Z (V(T7 Q) - l/(’l"7p)1/((j, q)) (V(q7p) - l/(q,ﬁ)l/((j,p))
qeEP
-0

for p € P’. Here the first equation follows from the fact that v(g,p) = 1 and the
last equation follows from the fact that 0 o 9 = 0.

Step 2. The operator ® : C' — C' defined by
(91) ®q:=q-v(g,p)q
for q € P is a chain map, i.e.

Pod =000.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



104 VIN DE SILVA, JOEL W. ROBBIN AND DIETMAR A. SALAMON

For ¢ € P’ we have
g = > V(g,p)®Pp

pEP’
= > (wlg,p) - v(¢.p)¥(ap) (p — v(p, P)2)
peP’
= > (wlgp) - v(e.p)v(@p) (p—v(p.p))
peEP
= Z (V(Qap) - V(qaﬁ)y(q7p))p
peEP
9q — v(q;p)9q
= 0%q.
Step 3. The operator ¥ : C — C" defined by ¥q = q for ¢ € P' and
(92) Vg:=0, Wp:=—> v(gp)p
peEP’
is a chain map, i.e.
0ol ="Vo0.
For q € P’ we have
Vdg = > v(g,p)¥p
peEP
= > vlg.p)p+v(e,p)¥p
pEP’
= Z (V(Q7p) - V(Qap)l/(@p))p
peEP’
= dq.
Moreover,
Vog=Y v(@p)¥p= Y v(@pp+¥p=0=01g
peEP pEP’!
and
9Vp = - v(Fqdq
qeP’
= =2 > v@9) W(ap) ~ve.pv(.p)p
qEP’ peP’
= > wp.p) —v(p.p)v(a@.p)p
peEP’
= > vBpp+v(H.p)Tp
pEP’
= Y v(pp)¥p
peP
= Uop.
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Step 4. The operator ¥ o ® : C' — C' is equal to the identity and
id=—®o¥=00T+To0,
where T : C — C' is defined by Tp = q and Tq =0 for g € P\ {p}.

For ¢ € P’ we have
PVq =g =q—v(q,p)q

and hence
q—®Vq=v(q,p)q =v(q,p)TPp =T0q=T0dq+ ITq.
Moreover,
q—®Vq=q=v(q,p)Tp=T03="T0q+ 9Tq
and
p—o¥p = p+ > v(GpPp
peP’
= p+ > vagpp— Y, v(@p)v(p.p)d
peEP’ peEP’
= p+ Y v(@p)p+ V(DT + V(P P)T
peEP’
= 0q+v(p,p)q
= OTp+Top.
This proves Lemma [C.1l O

Now let (P, =) be a finite poset. An ordered pair (p,q) € P x P is called
adjacent if p < ¢, p # ¢, and

p=1r=¢q = r € {p,q}.
Fix an adjacent pair (p,q) € P x P and consider the relation <’ on
P =P\ {p,q}
defined by
ither p<gq
! €1 g,
(93) b= — {or p=qand p=q.

LEMMA C.2. (P',=<') is a poset.
PROOF. We prove that the relation =’ is transitive. Let p,q,7 € P’ such that
p="q,  q='m
There are four cases.
Case 1: p <q and ¢ < r. Then p < r and hence p <X’ r.
Case 2: p £ q and ¢ < r. Then
pq=m, P24,

and hence p <’ r.
Case 3: p <X ¢ and ¢ A r. The argument is as in the Case 2.
Case 4: p £ q and ¢ A r. Then

p = q, p=r
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and hence p <’ r.

Next we prove that the relation =<’ is anti-symmetric. Hence assume that
p,q € P’ such that p <’ ¢ and ¢ <’ p. We claim that p < g and ¢ < p. Assume
otherwise that p Z q. Then p < ¢ and p < g. Since g X’ p, it follows that p <p < ¢
and p < ¢ < ¢, and hence {p,q} C {p, 7}, a contradiction. Thus we have shown
that p < ¢. Similarly, ¢ < p and hence p = g. This proves Lemma [C.2] O

A function p: P — Z is called an index function for (P, <) if
(94) p=q = pp) <)

Let p be an index function for P. A function
v:PxP—7Z

is called a connection matrix for (P, <, p1) if it satisfies (88)) and

(95) v(g,p) #0 = pwlg) —pp) =1, p=gq
for p,q € P.

LEMMA C.3. If p: P — Z is an index function for (P, =) then u' := u|p/ is
an index function for (P',="). Moreover, if v is a connection matriz for (P, =, 1)
and v(q,p) = 1 then V' is a connection matrixz for (P, =<', u').

PROOF. We prove that p is an index function for (P’, <’). Let p/, ¢’ € P’ such
that p <’ ¢. If p < ¢ then u(p) < wu(q), since p is an index function for (P, <). If
p A q then p = g and p < ¢, and hence

u(p) < (@) = p(p) +1 < plq).
Hence ' satisfies ([@4]), as claimed. Next we prove that v/ is a connection matrix for
(P, =", 1/). By Lemma [CIl v/ satisfies (B8). We prove that it satisfies ([@5]). Let
p,q € P’ such that v/(q,p) # 0. If v(q,p) # 0 then, since v is a connection matrix
for (P, <, u), we have u(q) — u(p) = 1 and p =’ ¢. If v(g,p) = 0 then in follows
from the definition of ¢’ that v(q,p) # 0 and v(g,p) # 0. Hence

e —p@) =1, p@—pp)=1,  p@—pp) =1
and hence
p=q, PpP=q
It follows again that u(q) — u(p) =1 and p =’ gq. Hence v/’ satisfies ([@5), as claimed.
This proves Lemma [C.3] O
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APPENDIX D

Asymptotic behavior of holomorphic strips

This appendix deals with the asymptotic behaviour of pseudoholomorphic strips
in symplectic manifolds that satisfy Lagrangian boundary conditions. More pre-
cisely, let (M,w) be a symplectic manifold and

Lo, L1 CM

be closed (not necessarily compact) Lagrangian submanifolds that intersect transver-
sally. Fix a t-dependent family of w-tame almost complex structures J; on M. We
consider smooth maps v : S — M that satisfy the boundary value problem

(96) Osv + Jt(v)&gv =0, ’U(R) C Ly, ’U(R + i) C L.

THEOREM D.1. Let v : S — M be a solution of ([@f). Assume v has finite
enerqy

E(v) := /Sv*w < oo

and that the image of v has compact closure. Then the following hold.
(1) There exist intersection points x,y € Lo N Ly such that

(97) x = Sl}r_noov(s, t), y = sl}l-&ow(s’t)’

where the convergence is uniform in t. Moreover, Osv decays exponentially in

the C° topology, i.e. there are positive constants 0 and cy,co,c3,... such that
-6

0sull i (51,5411 x[0,1)) < CkE sl for all s and k.

(ii) Assume v is nonconstant. Then there exist positive real numbers Ay, A, and
smooth paths ny : [0,1] — Ty M and n, : [0,1] — T, M satisfying

Jt(x)atnw(t) + )\xnx(t) =0, 7730(0) € T, Lo, 7790(1) € TyLq,

98

(%8) Je(y)0eny (t) = Aymy (t) = 0, 1y(0) € Ty Lo, ny(1) € Ty L,
and

(99) n:(t) = lim e *%0,v(s,t), ny(t) = lim e**d5v(s,t),

S——00 s——+oo
where the convergence is uniform in t.

(iii) Assume v is nonconstant and let Ay, A\, > 0 and n,(t) € T, M and n,(t) € T, M
be as in (ii). Then there exists a constant § > 0 such that

X

1
v(s,t) = exp, (}\—6)‘@577;8(15) + Rx(s,t)> ,
(100)
lim e~ (e sup|R,(s,t)] =0,
¢

S§——00
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and
(s,t) = LIS W (t) + Ry (s, t
v(s,t) = exp, 3¢ 1y y(s,t) |,
y

. (Ay+5)s _
SBIJPOOe v stip|Ry(s,t)| 0.

(101)

As a warmup the reader is encouraged to verify the signs in (ii) and (iii)
in the linear setting where M is a symplectic vector space, Lo, L; are trans-
verse Lagrangian subspaces, J; = J is a constant w-tame complex structure, and
(s, t) = A ter n, (t), respectively v(s, t) = =X te™ von, ().

Proor oF THEOREM [D.Il Assertion (i) is standard (see e.g. [32], Theorem Al).
Assertions (ii) and (iii) are proved in [32] Theorem B] for w-compatible almost com-
plex structures J;. The w-tame case is treated in [36]. O

The next corollary summarizes the consequences of Theorem [D.1]in the special
case of dimension two. Assume ¥ and «,f C ¥ satisfy [(H)| and fix a complex
structure J on X. For x € a N S denote by 6, € (0,7) the angle from T,« to T,
with respect to our complex structure J so that

T, = (cos(0y) + sin(0,,)J) T, 0<0, <m.

(See equation (©0).) Fix two intersection points z,y € N S and two holomorphic
coordinate charts ¢, : U, — C and v, : Uy, — C defined on neighborhoods U, C ¥
of  and U, C X of y such that ¢,(z) = 0 and ¢, (y) = 0.

COROLLARY D.2. Let v : S — X be a nonconstant holomorphic («, 3)-strip
from x to y. Thus v is has finite energy and satisfies the boundary conditions
v(R) C a and v(R+1) C 8 and the endpoint conditions

Sgl_noov(s +it) =z, Sgriloov(s +it)=y.
(See equation ([62).) Then there exist nonzero complex numbers

¢z € To(Uz Na), ¢y € Tovy (Uy Na)
and integers v, > 0 and vy > 1 such that the following holds.

(i) Define
(102) Az 1= VT + 0y, Ay 1= vym — 0.
Then

AeCe = lim e A =CF Gy 0 v)(s + it),
(103) e

—M\yey, = lim MEH (g, 0 0)(s + it),

s——+o00o
where the convergence is uniform in t.
(ii) Let Ay, Ay > 0 be given by [I02). There exists a constant 6 > 0 such that

(104) rl,[}g;(U(S =+ it)) = cxe)‘I(SJrit) + 0(6()\14'6)5)
for s <0 close to —oco and
(105) ’(/Jy(’U(S + llf)) e Cye_)‘y(s+it) + O(e—()\y-i-é)S)

for s >0 close to +o0.
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PRrROOF. Define 7, : [0,1] = T,X and n, : [0,1] = T,,X by

Aty ()0 (8) = Apcae™t, diby () (1) = —Ayeye 0
These functions satisfy the conditions in (Qf]) if and only if ¢, € To. (U, N @),
¢y € Toyy(Uy N ), and Ag, Ay are given by (I02) with integers v, > 0 and v, > 1.
Moreover, the limit condition (I03) is equivalent to ([@d). Hence assertion (i) in
Corollary [D.2] follows from (ii) in Theorem [D.J] With this understood, assertion (ii)
in Corollary follows immediately from (iii) in Theorem [DJl This proves the
corollary. (For assertion (ii) see also [32] Theorem CJ.) O
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combinatorial

Floer homology,

lune,
compatible hearts, [T1]
connection matrix,
counting function of a lune, 3]

di ds, B9
iamonds, B1 left end of a lune, @7T]

embedded lune, 37] linear index formula,
end of a lune, @7 lune
endpoints of a lune, 37 combinatorial,
equator, counting function of, 37
equivalent embedded, 37
broken hearts, endpoints of, 37
holomorphic strips, existence,
lunes, [37] left end of, 47
smooth hearts, [0 right end of, [47]
existence of a lune, smooth, BT
uniqueness,
Floer chain complex, lunes
Floer homology, 63} equivalent, 371
analytic,
combinatorial, Maslov index,
dimension, midpoint of a heart,
triangle product, mod two grading,
geometric intersection number, numerical intersection number,
grading
integer, planar 2-manifold,
mod two, primitive trace,
heart reduced (a, 8)-trace, 211
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right end of a lune, @1

smooth
heart,
lune, BT

top boundary, [37]
trace, [37]
(a7 B)’ E
formula, 2 [4]
of u, denoted A, B
reduced, 2]
(z,9),
traintracks,

uniqueness of lunes,

Viterbo—Maslov index, [[3}
cancellation formula, [[4]
index formula,
linear index formula,
of a holomorphic strip,
of a pair of Lagrangian paths,
of an (a, B)-trace, [I3]
trace formula, 2] [4]

winding number comparison,
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