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Abstract. This paper establishes a general semigroup framework for solving quadratic control problems
with infinite dimensional state space and unbounded input and output operators.
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1. Introduction. The object of this paper is to present a general semigroup theoretic
framework for solving the linear quadratic control problem (LQCP) for systems with
an infinite dimensional state space and unbounded input and output operators.

The LQCP has been one of the central research problems in the area of mathemati-
cal systems theory for more than twenty years. This is partly due to its beautiful
mathematical structure. Furthermore, the LQCP provides a link between the area of
optimal control and structure theory for linear control systems, and last, but not least,
the infinite time quadratic cost problem leads to a numerically stable procedure for
stabilizing a linear system by feedback.

For finite dimensional systems the LQCP is now well understood (see e.g. Willems
[28], Wonham [29]) and a more or less complete generalization of the finite dimensional
theory has been developed for infinite dimensional systems with bounded input and
output operators (see e.g. Datko [6], Curtain and Pritchard [4], Lions [19], Gibson
[10], Bensoussan, Delfour and Mitter [2], Zabczyk [30]).

In many dynamical systems, the control and observation processes are severely
limited. For example there may be delays in the control actuators and measurement
devices. Also for systems described by partial differential equations (PDE) it may not
be possible to influence or sense the state at each point of the spatial domain. Instead
controls and sensors are restricted to a few points or parts of the boundary. Modelling
such limitations results in unbounded input and output operators. For infinite
dimensional systems with unbounded input and output operators the LQCP has recently
been studied by various authors. One of the first papers in this direction was by Lukes
and Russell [20] and involved spectral operators. The classical reference for parabolic
systems is of course the book of Lions [19]. His results have only recently been
generalized to parabolic systems with a larger degree of unboundedness in the input
and output operators (Pollock and Pritchard [22], Balakrishnan [1], Flandoli [9],
Lasiecka and Triggiani [16], Sorine [26], [27]). The LQCP for first order hyperbolic
PDE’s has been studied by Russell [23]. Lasiecka and Triggiani [18] consider the
higher dimensional wave equation with Dirichlet boundary control. In their paper the
resulting optimal feedback operator is unbounded. For retarded systems with input
delays we refer to Ichikawa [12] and Delfour [8] and for neutral systems with output
delays to Datko [7] and Ito and Tarn [14].
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All of these papers deal with very specific classes of infinite dimensional systems—
so far, no attempt has apparently been made to develop a general semigroup theoretic
approach for the infinite dimensional LQCP with unbounded input and output
operators which applies both to parabolic and hyperbolic PDE’s as well as to retarded
and neutral functional differential equations (FDE). In the present paper we fill this
gap. An essential feature in our approach is that the semigroup S(¢) which describes
the dynamics of the homogeneous equation is not assumed to have any smoothing
properties. This is possible by means of the theory developed in Salamon [25, Chap. 1.3]
and provides the basis for our approach to the LQCP.

In §2 we solve the finite quadratic control problem in the general semigroup
theoretic framework. In particular, we derive the existence of a unique-nonnegative
solution P(t) of the operator differential Riccati equation and we show that the unique
optimal control is given by a time-varying feedback law involving this operator P(t).
We point out that the solution operator P(t) of the Riccati equation has smoothing
properties and that the associated feedback operator is bounded.

Section 3 is devoted to the infinite time problem and the solution is described in
terms of the operator algebraic Riccati equation. The solution of the algebraic Riccati
equation is derived as the limit operator of the solutions of the differential equation
on the interval [0, T] as T tends to infinity. Generalizing the results of Zabczyk [30],
we establish relationships between the stabilizability and detectability properties of
the system and existence and uniqueness results for the algebraic Riccati equation.

In § 4 we show how our general theory applies to parabolic and hyperbolic PDE’s
with boundary control as well as for neutral FDE’s with output delays. For these
special classes of infinite dimensional systems we do not derive substantial new results.
We do, however, obtain a number of known results, which have not even been published,
as simple straightforward consequences of our general theory. Another application of
this theory to retarded FDE’s with delays in control and observation will be the subject
of a follow up paper.

2. Finite time control. In a formal sense our basic model is
X(t)=Ax(t)+ Bu(t),  x(to)=xo,
y(t)=Cx(1), Lh=t=t,

where u(-)e LY t,, t;; U], y(-)e L*[ty, t,; Y], U and Y are Hilbert spaces and A is
the infinitesimal generator of a strongly continuous semigroup S(¢) on a Hilbert space
H. In order to allow for possible unboundedness of the operators B and C, we assume
that Be (U, V), and C e (W, Y) where W, V are Hilbert spaces such that

(2.1)

(2.2) WcHcV

with continuous dense injections. Of course, we interpret (2.1) in the mild form which
means that its solution x(¢) is given by the variation-of-constants formula

(2.3a) x(t)=S(t—to)x0+J't S(t—o)Bu(o) do, th=t=t,.

In order to make this formula precise and to allow for trajectories in all three spaces
W, H, V, we have to assume that S(¢) is also a strongly continuous semigroup on W
and V and that the following hypotheses are satisfied.
(H1) There exists some constant b>0 such that j S(t;—o)Bu(c) doe W and
"I‘o S(tl O')Bu(O') do'"W<b"u( )"Lz(ro t;U) fOI' every u( )EL (tO’ 'Y U)
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(H2) There exists some constant ¢>0 such that ||CS(- — 1o)X ¢ = ¢l x|l v
for every xe W.

Remarks 2.1. (i) Hypothesis (H1) implies that for every x,€ W and every u(-)e
L*(t,, t;; U) formula (2.3a) defines a continuous function x(-) on the interval [, ]
with values in W. Hence the output can in this case be defined by

t
(2.3b) y(t)=CS(t—ty)x,+ C j S(t—o)Bu(o) do, L=t=t,

o
and is a continuous function on the interval [#,, t,] with values in Y. If x,€ V, then
x(+) is only a continuous function with values in V and (2.3b) does not make sense
directly. But if (H2) is satisfied, then for any x,€ V we will use the expression
CS(t—ty)x,, to=t=t,, to denote the function in L*(t,, t,; Y) which is obtained by
continuous extension to x,€ V of the operator which maps x,€ W into CS(- —t,)x,€
L*(t,, t;; Y). In this sense the right-hand side of (2.3b) is a well defined L’-function
of t with values in Y.

(ii) In the above sense the expression CS(¢)Bu has a well defined meaning as a
function of t for every u e U. But the expression CS(t—o)Bu(o) will in general not
be a well defined function of o. Therefore the operator C cannot be taken under the
integral sign in (2.3b).

(iii) In the following we identify the Hilbert spaces H, U, Y with their duals.
Then it follows from (2.2) by duality that

V¥c Hc W*

with continuous, dense injections. Furthermore, the adjoint semigroup S*(¢) is a
strongly continuous semigroup on all three spaces V*, H, W*.
(iv) Hypothesis (H1) is satisfied if and only if the following dual statement holds.

(H1%) I1B*S*(t = - )x|| 210,009 = BIIX | w, xe V.

This is a simple consequence of the identity

<x, J S(t, - o) Bu(c) do'> - I (B*S*(1, — o)x, u(o))y, dor

for xe V* and u(-)e L*(t, t,; U) and the fact that W** = W. Similarly, the dual
statement of (H2) is the following.
(H2*) For every y(-)e L*(t,, t;; Y) we have

= C"y( : )”Lz('o,tl;y)’
v*

Ill S*(1—t,) C*y(7) dr

(v) In view of hypothesis (H1*) the expression B*S*(#)x has a well defined
meaning as an L* function of ¢ for every x € W*, in particular when x = C*y with y € Y.
Associated with the control system (2.3) is the performance index

(24 J(u) ={x(tr), Gx(tl))wv*+J "LICx (D13 +(u(0), Ru(1)u] d,

where G e £(V, V¥*) is a nonnegative definite operator and R € £(U) satisfies
(u, Ruyy = ellu| ¥

for some £ >0 and every uc U.
Now let us consider system (2.3) with the feedback control

2.5) up(t)=F(t)x(t), Lh=t=t,
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where F(t)e £(V, U) is strongly continuous on the interval [t,, t,]. Then we may
define a mild evolution operator ®(t, s) e L(V), tp,=s=t=1,, via

t

(2.6) Dr(t, s)x= S(t—s)x+j S(t—o)BF(o)®r(0o, s)xdo

s

(see Curtain and Pritchard [4]).
Remarks 2.2. (i) It follows from (2.6) that ® (¢, s) satisfies the equation

t
2.7) Or(t, s)x—x=J' dr(t,0)[A+ BF(0)]x do, Lh=s=t=t

for every x € @y (A) (the domain of A regarded as an unbounded, closed operator on
V). Equivalently the function s> ® (¢, s)x € V is continuously differentiable on the
interval [, t] for every x € @y (A) and satisfies

0Pr(t, 5)x

(2.8) 35

—®(t, s)[A+ BF(s)]x, h=s=st=t
(see Curtain and Pritchard [4].)
(ii) It is well known that the evolution operator satisfies the equation

t

(2.9) De(t,s)x=S(t— s)x+I ®x(t, 0)BF(0)S(o—s)xdo

s

for ty,=s=t=t, and x€ V. (See Curtain and Pritchard [4].)
(iii) Often we will consider the feedback system with an additional forcing input
v(+) so that

(2.10) u(t)y=F(t)x(t)+v(t)

in (2.3). It follows easily from (2.9) that—for this control function—the corresponding
solution of (2.3) is given by

t
(2.11) x(t)=Dr(t, tO)x0+,[ (1, 0)Bv(o) do, L=t=t,.
o
(iv) Using (2.6), it is easy to see that ® (¢, s5) is also a strongly continuous
evolution operator on W and V and has the following properties.
(H1’) There exists a constant b’> 0 such that

t
4[ ®r(t, 0)Bu(o) do §b'"“(')"L2(to,t;U)
)

w

for every u(-)e L*(ty, t,; U) and every te[t, t,].
(H2') There exists a constant ¢’> 0 such that

CPE(-, $)x|| 25,0517 = €l x| v

for every x€ W and every se[t,, t,]
The dual properties are the following:
(H1)* The inequality

| B*®E(L, )X || 21,000 = b ||

holds for every x € V* and every te[t, t,].
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(H2)* The inequality

4
.[ QE(r, s)C*y(7) dr|ve= ||y ()l 25,5 1)

holds for every y(-) e L*(t,, t;; Y) and every s€[ty, t;].
Using the condition (H2') and its dual, we can define a strongly continuous
operator P(t)e £(V, V*), by

t

Pe(t)x =®%(t,, ) GPp(t,, t)x+I l OE(7, t)C*CPp(r, t)xdr
t

(2.12) ,
+I l ®%(r, t)F*(7)RF(7)® (T, t)x dr

for t,=t=t, and x € V. Then the cost of the feedback control (2.5) corresponding to
an initial state x,€ V is given by

(2.13) J(ug) =(xo, Pe(to)Xo)v,v=-

If the initial state is in H, then this expression can be interpreted via the inner product
in H.

Remark 2.3. The adjoint operator of Pr(t) e £(V, V*) is still an operator from V
to V* and coincides with Pg(t). In this sense one can say that Pg(t) is self adjoint.
Equivalently, the operator i "' Pr(t) on the Hilbert space V is self adjoint with respect
to the inner product on V where i: V> V* is the canonical isometric isomorphism.
Finally, Pr(t) is self adjoint in the above sense if and only if its restriction to H is a
self adjoint operator on H.

A formula comparing the cost of an arbitrary control u(-) e L*(t,, t,; U) with the
cost of the feedback control (2.5) will play an important role in our analysis. In the
proof of this result we will need to interchange some integrals. At some points this
becomes a delicate problem since we will have to operate with terms like C® (¢, s)B.
In order to make the results precise, we need a third hypothesis.

(H3) Suppose that

Z=9,(A) =W

with a continuous, dense embedding where the Hilbert space Z is endowed

with the graph norm of A, regarded as an unbounded, closed operator on V.
This assumption is not very restrictive. It is satisfied by all known examples of systems
which satisfy (H1) and (H2) if the spaces W and V are chosen appropriately. In the
following we summarize some important consequences of (H3).

Remarks 2.4. (i) If (H3)is satisfied, then A can be regarded as a bounded operator
from Z into V. Correspondingly A* becomes a bounded operator from V* into Z*.
On the other hand A can be restricted to a closed, densely defined operator on Z. Its
adjoint in this sense coincides with the above operator A*: V*-> Z* (Salamon [25,
Lemma 1.3.2]) and moreover

@Wlﬁ(A*) < 92*(14*) = V*.

(ii) It is a well-known fact from semigroup theory that

Tx= J't S(s)xdse Dy(A)=2Z

0
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for every x€ V and every t=0. If (H3) is satisfied, then T, is a strongly continuous
family of bounded, linear operators from V into W. It is easy to see that the adjoint
operator TF e L(W*, V*) is given by

t
T¥x= J S*(s)x ds € Dy+(A*)c V*
0
for xe W* and t=0.
(iii) If (H1), (H2) and (H3) are satisfied, then the following equation holds for
every uc U and every t=0

t t
C J S(s)Buds=CT,Bu= I CS(s)Bu ds.

0 0
This seems like a trivial fact; however, we were not able to establish this identity
without assuming (H3). Note that the LHS of the above equation has to be interpreted
in terms of (H1) and the RHS in terms of (H2). For establishing the equation one
must approximate Bu € V by a sequence of elements in W. Then the term on the LHS
will not converge in general unless range T, = W.

LEMMA 2.5. Suppose that (H1), (H2), (H3) are satisfied; let F(t)e £(V, U),

ty=t=t,, be strongly continuous and let ®(t, s)e L(V)N ZL(W) be defined by (2.6).
Moreover, let u(-)e L*(t,, t,; U) and y(+) e L*(ty, t,; U) be given. Then

'<I>F(t, s)Bu(s) ds, y(t)> dt

Y

(2.14) J J" (COR(1, 5)Bu(s), y(1))y dt ds = J <c J'

0

where the first expression must be interpreted in terms of (H2) and the second in terms
of (H1).

Proof. First note that, by (2.6) and (H1), ®(t, s)—S(t—s)€ Z(V, W). Hence it
is enough to establish the desired equation with ® (¢, 5) replaced by S(¢ —s). Secondly
it is easy to see that with T,€ £(V, W) defined as in Remark 2.4(ii) the equations

x(1)= J' S(t—s)Bu(s) ds = J't T,_ Bu(s) dse W,

t

2(s) = J " S*(1—s5)CHy(t) di = —J CTE.CH*(t) die V*

hold for u(-)e €'[t,, t;; U] with u(t,)=0 and y(-)e €'[to, t,; Y] with y(t,)=0.
Interchanging integrals, we obtain from these identities that

t

j" (Cx (1), y(1)yy di = j (Bu(s), 2(5))vye ds

to

= J't. J':‘ (CS(t—s)Bu(s), y(t))ydtds.

Now the statement of the lemma follows from the fact that both sides of this equation
depend continuously on u(-)e L*[ty, t;; U] and y(-) e LY t,, t;; Y.

Now we are in the position to prove the desired comparison formula for the
feedback control (2.5).

LEMMA 2.6. Suppose that (H1), (H2), (H3) are satisfied; let F(t)e £(V, U) be
strongly continuous on the interval [ty, t;] and let Pe(t) € £(V, V*) be defined by (2.12)
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and (2.6). Then the following equation holds for every xo€ V and every u(-) € L*(t,, t;; U)

J(u) —(xo, Pp(to)Xo)v,v+= I‘l (R7T'B*Px(t)x(t)

to

(2.15) +u(t), RLR™'B*Pr(t)x(t) +u(1))) dt

B J ’ (R7'B*Pr(t)x(t)

+ F(t)x(t), RLIR'B*Px(t)x(t)+ F(t)x(t)]) dt

where x(t), t,=t=t,, is given by (2.3).
Proof. We sketch only the main steps of the proof for the case xo€ W. Let x(¢)
be the mild solution of (2.1) given by (2.3) and define

o(t) =u(t) - F(t)x(1),
t
z(t)= J D (1, 5)Bo(s) ds=x(t) —Pp(t, to)Xo
for ty,=t=t, (see Remark 2.2(iii)). Then applying Lemma 2.5, we can obtain

2Re .[tl J‘l (CPk(1, 5)z(s), CPr(t, s)Bu(s)) dt ds

s

=Re Jtl J‘l (Cz(t), CPx(t, s)Bv(s)) dtds = Jtl I Cz(t)||% at

s 0

and therefore, again using Lemma 2.5,

2Re It, J‘tl (CDE(L, 5)x(s), CPr(t, s)Bv(s)) dt ds

4 4
=2Re J (COL(t, ty)x,, Cz(1)) dt+J | Cz(t)||3 dt
ty to

t

L
=j lextol ai- |
to t

Analogous identities can be derived in a more straightforward way when C*C is
replaced by G € £(V, V¥*) or F*(t)RF(t) € £(V, V*). Using first (2.12) and then these
identities, we get

|C® (L, to)xo| 3 dt.

2Re I (Pe(s)x(s), Bo(s)) ds
=(x(ty), Gx(t;)) = (P r(t;, to)Xo, GP (1, to)X0)

1, t

+[ "Hexor a- [ e v a
Ji1 to

Dtl

+ | (F(t)x(t), RF(t)x(t)) dt

Jig

o

—| (F()®r(t, to)xo, RF(t)P£(t, to)xo) dt

Ji

=J(u) —(xo, Pr(to)xo)— Jnl (u(1), Ru(t)) dt

to




128 A. J. PRITCHARD AND D. SALAMON

+JHU%ﬂxULRFUMU»dL

0

It is easy to see that this equation implies (2.15).

We are now able to prove the main result of this section.

THEOREM 2.7. Let (H1), (H2) and (H3) be satisfied. Then there exists a unique
strongly continuous self adjoint, nonnegative operator P(t) e £(V, V¥) t,=t=t,, solving
the integral Riccati equation.

2.16) P(t)x =®*(t,, t)GD(¢,, t)x

+ J"1 ®*(s, t)[C*C + P(s)BR 'B*P(s5)]®(s, t)x ds

forxe Wand ty= t = t, where ®(s, t)=®r(s, t) is the evolution operator defined by (2.6)
with F(t) = —R'B*P(t) € £(V, U). Furthermore there is a unique optimal control which
minimizes the performance index (2.4) subject to (2.3). This optimal control is given by
the feedback control law

(2.17) up(t)=—R'B*P(t)x(t)
and the optimal cost is
(2.18) J(ugp) =(xo, P(to)xo).

Proof. We regard (2.16) as a fixed point problem which is to be solved by iteration.
Let us define the sequence P (t) € £(V, V*) recursively through

Py(t)=0, P(t)=Pp(t), F(t)=—R'B*P,_,(1)
for keN and t,=t=t,, where Pr(Z) is given by (2.12). Let us also define
D, (s, t)=Dr(s, 1), F(t)=—R7'B*P(t),
so that
(2, Pear()x)y,ve = (D1, 1)z, GDi(t;, 1)X) v, v+

(2.19) +j%C®d&0;C¢A&0ﬂyﬁ

'l
+I (B*Pi(s)®(s, t)z, RB* P (s)® (s, t)x)y ds
t
holds for ty=t=t, and xe W. Applying Lemma 2.6 to F(t)=—-R'B*P,_,(t) and
u(t)=—R'B*P(t)x(t), we obtain
(X0, Pics1(to)Xo) = J () =(xo, Pi(t0)xo)

_J ([Pu(7) ~ P,_y(7)]x(r), BR'B*
(2.20) fo
[Py (7) = Py (7)]x(7)) d7
=(xo, Pi(to)xo)

for keN and x,e V. Thus the sequence (x,, Pi(to)Xo)v,v+, k€N, is monotonically
decreasing and positive. Applying Kato’s result [15, p. 454, Thm. 3.3] to the monotoni-
cally decreasing sequence of nonnegative operators i ' P.(f,) on V where i: V> V*is
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the canonical isomorphism (Remark 2.3), we obtain the strong convergence of this
sequence to a nonnegative limit operator on V. Hence the operators P.(t,) € Z(V, V*)
converge strongly to a nonnegative self adjoint operator P(t,) € £(V, V*). The same
conclusion is valid for every t€[t,, t,] since ¢, =t, can be chosen arbitrarily.

Moreover, (2.20) shows that the operators Pi(t)e L(V, V*), tp,=t=t,, keN are
uniformly bounded. Hence the limit operator P(t) e £(V, V*) is strongly measurable
and uniformly bounded on the interval [¢,, t,]. Therefore we can introduce a strongly
continuous evolution operator ®(s, t) = D (s, t) € L(V)NZL(W) which is defined by
(2.6) with F(t)=—-R™'B*P(¢).

Our next step is to show that the function @, (-, t)x —®(-, t)x € €[¢, t;; W] conver-
ges to zero in the sup-norm for every x € V and every te[1t,, t,]. For this purpose let
us consider the identity

O(s, t)x —Dy(s, t)x= IS S(s—7)BR'B*[ P (1) — P(7)]®(7, t)x dr

- J‘S S(s—7)BR'B*P(7)[®(, t)x — P (7, t)x] dr

and apply Gronwall’s lemma. Then the desired convergence of ®,(s, t)x follows from
the pointwise strong convergence of P.(7) to P(7) together with the dominated
convergence theorem.

As a consequence of this convergence result we obtain that ®,(s, t) converges to
®(s, t) both in £(V) and in L(W) and that this convergence is uniform for t=s=¢t,
(t fixed). This allows us to apply the dominated convergence theorem to formula (2.19)
and hence P(t) satisfies the integral Riccati equation (2.16). Finally it follows easily
from (2.16) together with the strong continuity of ®(s, t) and ®*(s, t) in both variables
and in both spaces V and W that the operator P(t) € £(V, V*) is strongly continuous
on the interval [t,, t;]. Thus we have proved the existence of a solution to (2.16).

In order to prove the uniqueness for the solution of (2.16) together with the
statements on the optimal control, let us assume that P(t) € £(V, V*) is any strongly
continuous, nonnegative solution of (2.16). Moreover, let xoe V, u(-)e L*(t,, t,; U)
be given, let x(t) € V be the corresponding solution of (2.1) which is given by (2.3)
and define v(t)=u(t)+R'B*P(t)x(t) for ty=t=t,. Then it follows from Lemma
2.6 that

(2.21) T(w) = (xo, P(t)xe) + j (u(t), Ro(1)) dt.

o

Hence the optimal control is unique and given by the feedback law (2.17) and the
optin}al cost is given by (2.18). Moreover, we conclude from (2.21) that (x,, P(#,)Xo) =
(x0, P(t5)x,) for any two nonnegative solutions P(t), B(t)e £(V, V*) of (2.16) and
any xo€ V. Since f,=1t, can be chosen arbitrarily, this proves the uniqueness of the
solution to (2.16). 0O

The following result shows that the integral Riccati equation (2.16) can be conver-
ted into a differential Riccati equation.

ProposITION 2.8. Suppose that (H1), (H2) and (H3) are satisfied and let P(t) €
Z(V, V¥*) be a nonnegative, self adjoint, strongly continuous operator on the interval
[to, t,]. Moreover, let the evolution operator ®(s, t) = D (s, t) € L(V) be defined by (2.6)
with F(t)=—R™'B*P(t). Then the following statements are equivalent.

(i) Equation (2.16) holds for every x € W and every te[t,, t,].
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(ii) For every xe W and every t€[t,, t,] the following equation holds

t

(2.22) P(t)x =®*(t,, t)GS(t;— t)x+ j 1 O*(s, t)C*CS(s— t)x ds.

t

(iii) For every x€ W and every te[t,, t,] the following equation holds:

2.23) P(t)x=S*(t,—t)GS(t,— t)x

+ jﬂl S*(s—t)[C*C — P(s)BR 'B*P(5)]S(s — t)x ds.

(iv) For every x € Z the function P(t)x, ty=t=t, is continuously differentiable with
values in Z* and satisfies the differential Riccati equation

(2.24a) % P(t)x+ A*P(t)x+ P(t)Ax— P(t)BR'B*P(t)x+ C*Cx =0,

(2.24b)  P(t,)x=Gx.

In this equation A is regarded as a bounded operator from Z into V.

Proof. The equivalence of the statements (i), (ii) and (iii) can be established in a
straightforward way using the formulae (2.6) and (2.9) together with Lemma 2.5.

In order to prove that (iii) implies (iv), note that the equation

t

(2.25) (CS(t)z, CS(t)x)—(Cz, Cx)= J [(CS(s)Az, CS(5)x)+{CS(s)z, CS(s)Ax)] ds
0

holds for all x, ze Dy (A) and every t=0. It follows from (H3) and (H2) that both
sides of this equation depend continuously on x, ze Z=P,(A)c W and that
D7(A) =Dy (A)c Z. Consequently Dy (A) is dense in Z and hence (2.25) holds for
all x, ze Z.

From (2.25) we see that the function (z, P(t)x)—defined by (2.23)—is continuously
differentiable on the interval [t,, t,] for all x, z€ Z and satisfies the equation

dit(z, P(t)x)=—(S(t; —t)Az, GS(t,— 1)x)—(S(t; — )z, GS(t, — t) Ax)

—(Cz, Cx)+(z, P(t)BR"'B*P(t)x)

(" [(CS(s—1t)Az, CS(s—t)x)

+{(CS(s—1t)z, CS(s —t)Ax)] ds

[t

+| (S(s=1)Az P(s)BR™'B*P(5)S(s— 1)x) ds

Jt

+ K (S(s—1t)z, P(s)BR'B*P(5)S(s—t)Ax) ds

=—(Az, P(t)x)—(z, P(t)Ax)
—(Cz, Cx)+(z, P(t)BR™'B*P(1)x).
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This implies

(z, P(t)X)zz+= <z, Gx+ J"l [A*P(s)x+ P(s)Ax

— P(s)BR'B*P(s)x+ C*Cx] ds>
z,z*
and hence (2.24a). Thus we have proved that (iii) implies (iv).
Conversely, let us assume that P(t) satisfies (2.24). Then the following equation
holds for every x€ Z and every te[t, t,]
M 'l
S*(t,—t)GS(t,— t)x— P(t)x = dis S*(s—t)P(s)S(s—t)xds
Ji
o, '
=| S*(s—t)[P(s)+A*P(s)+ P(s)A]S(s—t)xds
Jit
D‘l
=| S*(s—1)[C*C—P(s)BR'B*P(5)]S(s—t)xds

Jit

where the integral has to be understood in the Hilbert space Z* and P(t) is the strong
derivative of P(t), to=t=t, regarded as an operator in ¥#(Z, Z*). 0O

3. Infinite time control. In this section we consider the control problem of minimiz-
ing the performance index

(3.1) J(u)= L LIy (ON3 +(u(t), Ru(t))y] dt

where y(t) is again the output of (2.1) with £,=0, i.e.

t
(3.2) y(t)= CS(t)x0+Cj S(t—s)Bu(s) ds, t=0.

0
For this infinite time problem it is not clear that the cost will be finite for any control
input u(-)e L*(0,00; U). So we add this as another hypothesis.

(H4) For every xo€ V there exists a u,(-)€ L0, c0; U] such that J(u,) <co.

We will derive the optimal control via the solution of an algebraic Riccati equation
which is actually the stationary version of (2.24). For this sake we consider the finite
time control problems of minimizing the cost functionals.

(3.3) JT(u)=J0 [y (O3 +(u(t), Ru(t)),] dt

subject to the constraint (3.2). The corresponding Riccati operator will be denoted by
Pr(t) e £L(V, V¥*) and satisfies the equation

T

(3.49) Pr(t)x= j S*(s—t)[C*C — Pr(s)BR'B*P(5)]S(s — t)x ds

t

for every x€ W and every t€[0, T].
LEmmMmaA 3.1.

Pr_, (t)=Pr(t+a), 0=t=T—-a.
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Proof. The operator Pr(t+ a) satisfies the equation
T

Pr(t+a)x= I S*(s—t—a)[C*C — Pr(s)BR'B*P;(5s)]S(s—t—a)xds

t+a
T—a

= J S*(s—t)[C*C - Pr(s+a)BR'B*P;(s+a)]S(s —t)x ds
t

for xe W and 0=t=T-a. Thus the statement of the lemma follows from the
equivalence of (2.16) and (2.23) (Proposition 2.8) together with the uniqueness result
(Theorem 2.7). O

We will derive the solution of the algebraic Riccati equation as the limit of the
solutions to integral Riccati equations as T goes to infinity. For this we need the
following preliminary result which is a special case of Proposition 2.8.

COROLLARY 3.2. Suppose that the hypotheses (H1), (H2) and (H3) are satisfied
and let Pe ¥(V, V*) be a nonnegative, self adjoint operator. Moreover, let S,(t)e
L(VYNZL(W) be the strongly continuous semigroup which is generated by A—
BR7'B*P:9,(A)-V, ie. S,(t) satisfies the equation

(3.5) S,(t)x=S(t)x-—jt S(t—s)BR™'B*PS,(s)x ds

for xe V and t = 0. Then the following statements are equivalent.
(i) For every xe W and every t=0

t

(3.6) Px= S;(t)PSp(t)x+I S¥(s)[C*C + PBR™'B*P]S,(s)x ds.

0

(i) For every xe W and every t=0
t
3.7) Px=S§',‘(t)PS(t)x+J SH(s)C*CS(s)x ds.
V]

(iii) For every x€ W and every t=0

t

(3.8) Px = S*(t)PS(t)x+ J S*(s)[C*C — PBR™'B*P]S(s)x ds.

0

(iv) For every x € Z the following equation holds in Z*
(3.9) A*Px+ PAx— PBR™'B*Px+ C*Cx=0.

Now we are in the position to prove the main result of this section.
THEOREM 3.3. Let (H1), (H2) and (H3) be satisfied. Then the following statements
hold.
(i) The hypothesis (H4) is satisfied if and only if there exists a nonnegative self
adjoint solution Pe £(V, V*) of (3.9).
(ii) If (HA4) is satisfied, then there exists a unique optimal control u,( - ) € L*(0, c; U)
which is given by the feedback law.

(3.10) u,(t)=—R7'B*Px(1),  t=0,

where Pe £(V, V*) is the (unique) minimal solution of (3.9). Moreover, the optimal
cost is given by

(3.11) J(“p)=<xo, Pxg).

(iii) If (H4) is satisfied, then the minimal solution P € £(V, V*) of (3.9) is strong
limit of Pr(0)e L(V, V*) as T goes to infinity where P (t) is defined by (3.4).
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Proof. First recall that the optimal control of the finite time problem on the interval
[0, T]is given by ur(t) = —R™'B*Pr(t)x(t), 0=t = T, and the optimal cost by J-(ur) =
(xo, Pr(0)x,) (Theorem 2.7). So (H4) implies that

(xo, Pr(0)xo) = Jr(ur) = Jr(uy) = J (1) <

and thus there exists a limit of the increasing function (x,, Pr(0)x,), T =0, for every
xo€ V. Hence there exists a nonnegative, self adjoint operator P € £(V, V*) which is
the strong limit of Pr(0) (Kato [15, p. 454, Thm. 3.3], compare the proof of Theorem
2.7).

By Lemma 3.1,

(3.12) Px=s—]lrim Pr(t)xe V*

exists uniformly in ¢ on every compact time interval. Making use of formula (3.4), we
obtain for xe W and t=0

Px = lim Pr(0)x
T->o

= ¥_r)gj S*(s)[C*C — Pr(s)BR™'B*P(5)]S(s)x ds

0

= ;1_130 J’T S*(1)S*(s— t)[C*C — Pr(s) BR™'B*Pr(s)1S(s — 1)S(1)x ds

t

+ 11_1_)11010 J S*(s)[C*C — Pr(s)BR'B*P(s)]S(s)x ds

0

= ;1_9010 S*(t)Pr(t)S(t)x + Jt S*(s)[C*C — PBR™'B*P]S(s)x ds

t

= S*(t)PS(t)x+ j S*(s)[C*C — PBR'B*P]S(s)x ds

0

and hence Pe Z(V, V*) is a solution of (3.6), (3.7), (3.8) and (3.9).

Conversely, let Q € £(V, V*) be any nonnegative solution of (3.9) and let uy(t) =
—R'B*Qx(t) be the corresponding feedback control law with the associated closed
loop semigroup So(t) € L(V)N ZL(W). Then the following inequality holds for every
XV

(xo, Qxo) = lgg {(So(t)xo, QSo(t)xo)

+ J’t(SQ(s)xo, [C*C+ QBR™'B*Q1So(s)x0) ds}
(3.13) L
EJ (So(t)xe, [C*C + QBR™'B*Q]So(s)xo) ds

=J(ug)

and hence (H4) is satisfied. Moreover, the operator P e £(V, V*) defined by (3.12)
satisfies the inequality

(xo, Pxo) = %mclo (%0, Pr(0)xo) = %im Jr(u)=J(u)



134 A. J. PRITCHARD AND D. SALAMON

for every admissible control u(-)e L*(0,00; U). This shows that P is the minimal
positive semidefinite solution of (3.6). Finally, taking Q =P, we conclude that the
unique optimal control is given by (3.10) with cost (3.11). O

Although the above theorem yields a solution to the infinite time problem, in a
sense it is unsatisfactory. This is because we are not sure of a unique solution to the
algebraic Riccati equation and also we cannot be sure that the semigroup S,(¢) is
exponentially stable. In order to resolve those difficulties, we need another hypothesis.

(HS) If xoe V and u(-)e L*(0,00; U) are such that J(u)<oo, then x(-)e

L*(0, 00; V) where x(t), t=0, is given by (2.3) with t,=0.

THEOREM 3.4. Let (H1), (H2), (H3) and (HS) be satisfied. Then the algebraic
Riccati equation (3.9) has at most one nonnegative, self adjoint solution Pe £(V, V*).
Moreover, if P is such a solution, then the closed loop semigroup S,(t) € £(V) is exponen-
tially stable.

Proof. If Pe ¥%(V, V¥*) is a positive semidefinite solution of (3.9), then the
inequality (3.13) with Q = P shows that the closed loop control u,(t) = —R™'B*Px(t)
has a finite cost for every initial state x,€ V. By hypothesis (H5) this means that

[ is,omis ai<eo
0

for every xo€ V. Hence it follows from a result of Datko [5] that the semigroup
S,(t)e £(V) is exponentially stable (see Curtain and Pritchard [4]). The stability of
S,(t) shows that we have equality in (3.13) and hence

J(“p) = (x9, Pxo).

Now let Q € £(V, V*) be another nonnegative solution of (3.9) and let us apply Lemma
2.6 to the performance index

Jro(u) =(x(T), Qx(T))+JO LIy (O3 +(u(t), Ru(1))] dt

as well as the feedback F(f)=—R™'B*Q and the control input u,(t). Then Pr(t)=Q
and hence the inequality

(X0, Pxo) = J(“y) = }1_1)1;10 J‘r,o(“p)

T

= %iﬂ,‘o [(xo, on)+j (R7'B*Qx(t)+u,(t), RLR'B*Qx(t)+ u,(1)]) dt]

Z (X0, Qxo)

holds for every x,€ V. Interchanging the roles of P and Q, we conclude that P=Q. [
Finally, let us briefly discuss the hypotheses (H4) and (H5) which are chosen in
a general sense but are difficult to check in concrete examples. In most cases it might
be desirable to replace them by stronger assumptions which are easier to check.
Remarks 3.5. Let (H1) and (H2) be satisfied.
(i) Suppose that system (2.1) is stabilizable in the sense that there exists a
feedback operator Fe Z(V, U) such that the closed loop semigroup Sg(t)e Z(V)
defined by

t

Se(t)x=S(t)x+ J S(t—s)BFSg(s)xds

0

for t=0 and x € V is exponentially stable. Then hypothesis (H4) is satisfied.
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In fact, there is an instant T>0 and a constant cr> 0 such that the inequalities

ISe(D)en<1,  ICSe(*)xllz0rvy=crllxllv
hold for every x € W. This implies that

|CSE(-)x| L2000, = €1 k‘éo ISE(D) v lxllv

for x € W and hence (H4) is satisfied.
(ii) Suppose that system (2.1) is detectable in the sense that there exists an operator
K € 2(Y, V) such that the output injection semigroup Sk (?) € £(V) defined by

t
Sk()x=8(t)x+ J' Sk (t—s)KCS(s)x ds
0
for t=0 and xe W (see Salamon [25, Thm. 1.3.9]) is exponentially stable. Then
hypothesis (H5) is satisfied.
In fact, if x(t)e V and y(t)e Y are defined by (2.3) for xoe V and u(-)e
L% (0, 00; U), then it is easy to see

t
x(t)=SK(t)xo+J Sk (t—s)[Bu(s)— Ky(s)] ds, t=0.
0

Hence J(u) <o implies that x(-)e L*(0, o; V).

(iii) If (H4) and (HS5) are satisfied, then system (2.1) is stabilizable in the sense
of (i). (Theorems 3.3 and 3.4.)

(iv) For finite dimensional systems (HS5) is equivalent to detectability in the sense
of (ii). It seems to be an open problem whether this equivalence extends to the infinite
dimensional situation.

4. Examples.
4.1. Neutral systems with output delays. We consider the linear neutral functional
differential equation (NFDE)

(1) 2L (x(1)~ Mx) = Ly + B(), ()= Cx,

where x(t) eR", u(t)eR™, y(t) eRP and x, is defined by x,(7) =x(t+7), —h=7=0,
h>0. B, is an nxm matrix and L, M, C are bounded linear functionals from
% =%€[—h,0;R"] into R" and R” respectively. These can be represented by matrix-
functions n(7), u(7), y(7) of bounded variation in the following way

Lp= .[_;. dn(r)¢(r), Mo= .L. du(r)é(7),

Co = J:h dy(n)é(r), be®

In order to guarantee the existence and uniqueness of solutions of (4.1), we will always
assume

(4.2) w(0) =lim pu(7).
Moreover, we will assume at some places that M : € > R" is of the special form

(43) Mo=3 A_,.¢>(-h,.)+J’0 A (Do) dr, ¢

—h

where 0<h;=h, A_;eR™" for jeN, A_o(-)e L'[-h,0;R™"] and ¥ 7, |A_;|| <co.
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A function x(-)e L3 .(—h, 00; R") is said to be a solution of (4.1) if the function
w(t)=x(t)— Mx, is absolutely continuous with an L*-derivative on every compact
interval [0, T], T >0, and if w(t) = Lx, + Byu(t) for almost every ¢ = 0. It is well known
(Burns, Herdman and Stech [3], Salamon [25]) that (4.1) admits a unique solution
x(t), t=—h, for every input u(-)e L% (0, 0; R™) and every initial condition

(4.4) 133)1 x(t)—Mx,=¢°, x(r)=¢'(r), —h=7<0,

where ¢ =(¢°, ¢') e M*>=R" x L*(—h, 0; R"). Moreover it has been shown in [3], [25]
that the evolution of the state

(4.5) £(t) = (x(t) — Mx,, x,) € M*?
of system (4.1), (4.4) can be described by the formula

(4.6) f(t)=S(t)¢+J’ S(t—s)Bu(s) ds

where Be #(R™, M?) maps u € R™ into the pair Bu = (Bou, 0) and S(t) € £(M?) is the
strongly continuous semigroup generated by A, where

D(A)={¢eM* ¢'c W'?, ¢°=9¢'(0)-Ms"}, Ad=(Ls", ")

Here W'? denotes the Sobolev space W'*(—h, 0; R").
Obviously, the dense subspace

W={(¢(0)-M¢, ¢): ¢ € W'} =D(A)

of M*>—endowed with the W2 norm—is invariant under S(t) and S(t) can be restricted
to a strongly continuous semigroup on W.
The output of the system (4.1) may be described through the operator

0
C:W-RP, C¢=J_hd7(7)¢l(7), e W

Remarks 4.1. (i) The infinitesimal generator A of S(¢) can be interpreted as a
bounded operator from W into M?. By duality, M can be regarded as a dense subspace
of W* and A* extends to a bounded operator from M? into W*,

(ii) It has been proved in Burns, Herdman and Stech [3] and Salamon [25] that
system (4.1) satisfies the hypotheses (H1) and (H2) with H = V = M? and the subspace
W< M? as defined above. Hypothesis (H1) says that the state £(T)e M? of (4.1)
defined by (4.5) is in W for every input u(-)e L*(0, T; R™) and zero initial condition
and that X(T) € W depends continuously on u(-) e L’[0, T; R™]. Hypothesis (H2) says
that the output y( - ) of the free system (4.1) (i.e. u(t)=0) isin L*(0, T; R”) and depends
in this space continuously on the initial state ¢ € M>.

(iii) If M:€~->R" is given by (4.3), then it is known that the semigroup S(¢) €
£(M?) is exponentially stable if and only if

wo=sup {Re A: det A(A)=0}<0

where A(A)=A[T—M(e")]—L(e"), A €C, is the characteristic matrix of the NFDE
(4.1). A necessary condition for the exponential stability of S(¢) is the stability of the
difference operator which means that

4.7) sup {Re A:det [I— T A e'”‘f] = 0} <0.
=1

J



LQ CONTROL OF INFINITE DIMENSIONAL SYSTEMS 137

These facts have been established by Henry [11] for S(t) € £(W). They extend to
S(t) e £(M?) because of the similarity of these two semigroups through the transforma-
tion ul —A: W- M? with u & o(A).

(iv) If M : € ->R"is given by (4.3) and if (4.7) holds, then system (4.1) is stabilizable
in the sense that there exists a feedback operator F e £¢M> R™) such that the closed
loop semigroup Sg(t) € £(M?) generated by A+ BF is exponentially stable if and only
if
(4.8) rank [A(A), Bop]J=n VAeC, ReA=0

(Pandolfi [21], Salamon [25]).

(v) If M: 6->R" is given by (4.3) and if (4.7) holds, then system (4.1) is detectable
in the sense that there exists an output injection operator K € £(R?, M?) such that the
closed loop semigroup Sk (t) € £(M?) generated by A+ KC is exponentially stable if
and only if

a0 ] _
(4.9) rank[c(eA,)]—n VreC, ReAz=0

(Salamon [25)).
Associated with the system (4.1) we consider the performance index

(410) J(u>=L Iy (02 + (o) 3] d.

Then we have the following theorem (compare Ito and Tarn [14] and Datko [7]).
THEOREM 4.2. Assume M : € ->R" is given by (4.3) and (4.7) is satisfied; then the
following statements hold.
(i) If (4.8) is satisfied, there exists, for every initial state ¢ € M>, a unique optimal
control which minimizes the cost functional (4.10). This optimal control is given by the
feedback law

(4.11) u, (1) = —B*m4(1)

where e $(M?) is the minimal selfadjoint, nonnegative operator which satisfies the
algebraic Riccati equation

(4.12) A*r+7A+C*C - 7BB*r=0

(this equation must be understood in the space £(W, W*)). Moreover the optimal cost
is given by

(4'13) ‘,(uﬂ)=(¢’ W¢>M2'

(ii) If (4.9) is satisfied, then there exists at most one nonnegative self adjoint solution
me L(M?) of (4.12). Moreover if m is such a solution, the closed loop semigroup
S..(t)e £(M?) generated by A— BB* 1 is exponentially stable.

4.2. Parabolic systems. Consider the system
(4.14) x = Ax+ Bu, y=Cx

where A is a self adjoint operator on a real Hilbert space H. We assume that A has
a compact resolvent operator and that the spectrum of A consists of a strictly decreasing
sequence A,, neN, of real eigenvalues with associated eigenvector ¢, € H, ||é,] =1.
Then A generates the strongly continuous semigroup S(¢) on H given by

S()x= T e™(x, ).
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We assume that W and V are given by

W={x€ H § YnlX, ¢..>"<00},

o
V*= {xe H| Y B.Yx, ¢n>2<°0}

n=1
with the obvious inner products, where B, and vy, are positive sequences satisfying
0<B,=1=1v,< for neN. Then the space V can be represented as a space of
sequences in the following way

V={xeRN § ﬁ,,xf,<oo}

n=1

and the injection H < V is given by identifying x € H with the sequence {(x, ¢,)}nen€ V.
Finally, we assume that the sequences b, € U, c,€ Y satisfy

(4.15) L Blbly<w, % vlaly<eo
and that the operators Be £(U, V) and C e £(W, Y) are given by
Cx= 3 culx,bn),  Bu={(bn, )u}nen-
n=1

LeMMA 4.3. (i) Let ny=max {neN|A, =0} and suppose that

5 b 2
n=ng+1 lAnl

then hypothesis (H1) is satisfied.

(i) If

2 |el?
4.17 Al o,
(@.17) BN

then hypothesis (H2) is satisfied.
Proof. Statement (ii) is the dual of (i) and statement (i) follows from the inequality

) T 2
=Yy y,,(J e T9p u(s) ds)
w  n=1 0

jr S(t—s)Bu(s) ds

0
) T

<5 y..j &2 ds||by P ()l 300
0

n=1
n, T o) 2
= 2o [ ewatnre 52 g,
n=1 0 n=ng+1 2|An|
In concrete examples the sequences b,, ¢, are given and the spaces W and V
have to be chosen in such a way that (H1), (H2) and (H3) are satisfied. The next
lemma shows under which conditions this is possible.
LEMMA 4.4. Let the sequences b, € U, c,€ Y, A, €R be given such that A, is strictly
decreasing and tends to —co. Then there exist positive sequences B,,, 7y, satisfying (4.15)-
(4.17) if and only if

(4.18) 2 "bn" i "cn"<(x).

n=mpt1  |An]?
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Furthermore, if (4.18) holds, then the sequences B,, vy, can be chosen such that B, = vy, =
B.|A,| for almost every neN.

Proof. The necessity of (4.18) is obvious. Conversely if (4.18) holds, then it is
easy to see that the sequences

Cleall/ N1 Ball |Aa]2, b,#0, c¢,#0, A,#0,

g, < "lenl/INl, ba=0, %0, A,#0,

" 1/n%| b, b,#0, ¢,=0, A,#0,
(1 otherwise,

CIAa 2l call/ 11 Ball, b,#0, ¢,#0, A,#0,

_ n*||c.|?, b,=0, c,#0, A,#0,

7 /bl ba#0, €,=0, A,#0,
L max {1, |A,|} otherwise,

satisfy the requirements of the lemma.
Remarks 4.5. (i) The condition vy, = B8,|A,| for almost every neN (with at most
a finite number of exceptions) means that

Dy(A) < Dy((-A)"?) = {xe VI T Baltalxn <°0} =WecV
n=1
so that (H3) is satisfied.

(ii) We can assume without loss of generality that W< H < V, i.e. the sequences
B. and vy, are bounded. This can always be achieved by redefining b, c,, 8, and v,.

(iii) It is well known that system (4.14) is stabilizable in the space V if and only
if b,#0 for n=1, -, ny (Curtain and Pritchard [4]).

The system is detectable through the unbounded output operator C: W- Y if
and only if ¢,#0 for n=1,- -, ny. This follows from an obvious generalization of
the standard result for bounded output operators using a perturbation result in Salamon
[25].

We are now in the position to apply the Theorems 3.3 and 3.4 to the Cauchy
problem (4.14) with the performance index (4.10). Hence there exists a unique nonnega-
tive operator P e £(V, V*) satisfying the algebraic Riccati equation.

(4.19) AP+ PA—-PBB*P+C*C=0
if b,#0and ¢, #0 for n=1, - - -, ny. Furthermore the optimal control is given by the
feedback law
(4.20) u(t)=—B*Px(1).
Example 4.6. As a specific example consider
(4.21a) 2, = Z, 0<é<l,
(4.21b) ze(t,0)=u(t), z/(t,1)=0, >0,
(4.21¢) y(t)= Ll c(&)z(t, &) d¢, t>0.

It can be shown (see Curtain and Pritchard [4]) that this system is equivalent to a
Cauchy problem of the form (4.14) with H = L*[0, 1], Ao=0, ¢o(&)=1, A, =—n’z,
. (€) =2 cos nm¢, and Bu=—6u (8 being the Dirac delta impulse at ¢ =0). Hence
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we get bo=—1, b,=—v2 for neN and ¢, ={c, ¢,) for n=0, 1, 2, - - -. So condition
(4.18) is satisfied if and only if

n=1 RN

This allows for arbitrary bounded linear output operators C : L’[0, 1]-> R and even for
a class of unbounded output operators. If C is bounded, then ¢, is square summable
and we may choose vy, =1, B, =n">2 which means that

w=10,1], V*=H'o0,1].

Remark 4.7. Existence and uniqueness results for the differential Riccati equation
associated with parabolic systems have been established by Pritchard and Pollock [22],
Flandoli [9] and Sorine [26], [27] under weaker hypothesis. The assumptions in these
papers are, roughly speaking, that A is a self adjoint nonpositive operator on H and
that

W= V*=9((-A)"?).
In [9] and [22] it is assumed that the function || CS(t) B|| «(u,v) is integrable on [0, T1,
whereas our results are only applicable if this function is square integrable. However,
in [9] and [22] the Riccati operator P(t) will only be in £(V, H) N ¥(H, V*) and
correspondingly the optimal feedback operator F(t)=—B*P(t) will only be in
Z(H, U) as opposed to Z(V, U).

4.3. Hyperbolic systems. Consider the system
(4.22) Z=Az+ Bu, y=0Cz,

where A is a self adjoint operator on a real Hilbert space H. We assume that A has
a compact resolvent operator and that its (simple) negative eigenvalues A, = —w? satisfy

(4.23) 0, =68, Wp—w, =8, neN,

for some 6>0. The corresponding eigenvectors are denoted by ¢,€ H, |¢,| =1.
Furthermore, we assume that the spaces W,, V; are given by

wo={er 5yl ¢n>2<oo},
n=1

Vi= {xe H %lo B (x, ¢n)2<°0},

where B, and v, are positive sequences satisfying 0= 8,=1= v, = B,|A,| for neN.
Finally, we assume that the sequences b, € U, c,€ Y satisfy

© © 2
(424) S Balbalr<eo, % A2l oo
n=1 n=1 'YnlAnI
and that the operators Be £(U, V,), C € £(W,, Y) are given by
B*x= Y (X, ¢u)by, Cx= Y (X, n)Cn.
n=1 n=1

Defining V< H by

V=9 ={xeH| T Wits g <o}
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and identifying H with its dual, we obtain that V< H < V* and A extends to a bounded
operator from V to V*. In order to transform (2.22) into a first order system, we
introduce the product space

H=VxH

with inner product
(x, X)= 21 [IAnl(X0, PnXZ, dn)+ (X1, BuXX1, Pn)].
Then the operator o : () > ¥ defined by

0 I
d=[A 0], D(sf)=D(A)X V

is the infinitesimal generator of the strongly continuous semigroup £(t) € £() which
is given by

[(COS wnt)<x0, ¢n>+ w;l(Sin wnt)(xl ) ¢n>]¢n

1

§. [@(sin w,t)(xo, Pn)+(COS W)Xy, u)]bn

8 it8

L(t)x =

Finally, we introduce the spaces

W={x€ % 21 'yn[lAnKxO, ¢n>2+<x19 ¢n>2]<w}7

ol/.* = {Xe % 21 B;l[|)‘n|<x0a ¢n>2+<x1, ¢n>2] <m}

and the operators Be £(U, V), € L(W, Y) by

0
%=|:B], €=[C 0]

Then (4.22) is equivalent to the Cauchy problem
(4.25) x = dx+ Bu, y = 6x,

by means of the identification x = (z, 7). Note that we identify # = V x H with its dual.
LemMma 4.8. (i) If

(4.26) sup ¥u | ba|| T <0,
neN
then the operator B satisfies (H1).
(i) If
lealls
(4.27) sup —— <00,
nett Bl

then the operator € satisfies (H2).
Proof. Statement (ii) is the dual of (i). In order to prove statement (i), note first that

ZL(T—s)Bu(s) ds = "oo T
° Y j (c0s @, (T = 5))(b,, u(s)) ds b,

n=1J0

JT ch w,' IT (sin w,(T —5))b,, u(s)) ds ¢,
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for every u(-)e L*[0, T; U] and hence

IT L(T - s)Bu(s) ds

0

-3 yn{HT(sin (T = )b, u(s)) ds]z

0

+ [IT (cos w,(T —5)){b,, u(s)) ds]z}
0
2

J ’ (sin ,(T —s))u(s) ds

0

= (sup a[IBal) 3 {
neN n=1

+

IT cos w,(T —s)u(s) ds

2
0 |
The final inequality is a consequence of (4.23) together with some properties of Fourier
series (see Ingham [13] and Russell [24]).
The next lemma shows under which conditions the spaces %" and ¥ can be chosen
in such a way that (H1), (H2), (H3) are satisfied if the sequences b,, ¢, are given.
LEMMA 4.9. Let the sequences b,c U, ¢, €Y, A\,€R be given such that (4.23) is

satisfied. Then there exist positive sequences B,, v, satisfying (4.24), (4.26) and (4.27)
if and only if

éconst.(sug YullBall®) * N 2200, 707
ne

2 1607 el
4.28 —_—<
( ) "z=:l |An|
Furthermore, if (4.28) holds, then the sequences B, v, can be chosen such that 9y () <
W<¥.

Proof. The necessity of (4.28) is obvious. Conversely, if (4.28) holds, then it is
easy to see that the sequences
Bn=11/16.1"Aul, lIballllcal=1 and b,#0,
Ll/IAnl’ bn=09 c,,=0,
(1/]1b.]?, b #0,
Ya=1 leal?’, =0, c,#0,
(1, b,=0, ¢, =0,
satisfy the requirements of the lemma. In particular B8,/ 7y, is bounded and vy, = B,|A,|
for every neN.

We are now in the position to apply Theorem 2.7 to the Cauchy problem (4.25)
with the performance index

(429) ()= j Iy O+ (o) de

0,

Hence there exists a unique nonnegative strongly continuous operator 2(t) € (¥, V*)
satisfying the differential Riccati equation

dit P()x+A*P(t)x+ P(t)dx— P()RB*P(t)x+ €*€x =0,

(4.30)
P(T)x=0, xeDy(sL).
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Furthermore, the optimal control is given by the feedback law

(4.31) u(t)=—B*P(t)x(t).
Example 4.10. As a specific example we consider the system
(4.323) Zy = fo, 0< f < 1, t> 0,
(4.32b) z(t,0)=u(t), z(t,1)=0, t>0,
1
(4.32¢) y(1)= I c(§z(r,€) dg, >0,
V]

in the Hilbert space
%= H}0,1]x L0, 1]

which we identify with its dual. Then the operator A= A: H*[0,1]N H[0, 1]~ L*[0, 1]
has the eigenvalues A, = n’#* with corresponding eigenfunctions ¢,(£) =+2 sin nwé.
Furthermore, the input operator for (2.32) takes the form Bu = —§'u, where &’ is the
distributional derivative of the Dirac delta impulse at £ =0 (see Curtain and Pritchard
[4]). Hence

1
b,=v2 nm, Cn’—‘\/fj c(¢) sin nwé d¢
0

for neN. So condition (4.28) is satisfied if c, is square integrable. The proof of Lemma
4.9 shows that we may choose

le*> 1 } 1
a=max{—-r, , Ya=7—, nelN.
P "{m 9 AW

In particular this means that the boundary control system (4.32) has continuous
solutions in the space

LH0,1]x H'[0,1]

for every input u(-)e L*[0, T]. This result has also been established by Lasiecka and
Triggiani [17]. For the output operator we can allow an arbitrary bounded linear map
from L*[0, 1] into R. The space ¥ depends on this map. In any case % < ¥ and hence
P(t): V> V* has a smoothing effect with respect to W.

Remark 4.11. An analogous result has been developed by Lasiecka and Triggiani
[18] for the higher dimensional wave equation. In their paper the output operator is
the identity on the displacement component of the state in % = L?>x H™'. This case
cannot be treated within our framework. However, the results in [18] are weaker than
ours. The uniqueness for the solution of the Riccati equation has not been established
in [18]. Furthermore, the Riccati operator in [18] is in #(%’) and does not have
smoothing properties with respect to %. Consequently the feedback operator becomes
unbounded with respect to this space. It seems that for hyperbolic PDE’s our assump-
tions are close to the weakest possible in order to derive a bounded feedback operator.

REFERENCES

[1] A. V. BALAKRISHNAN, Boundary control of parabolic equations: L-Q-R theory, in Theory of Nonlinear
Operators, Proc. 5th International Summer School, Akademie-Verlag, Berlin, 1978.

[2] A. BENsOUSsAN, M. C. DELFOUR AND S. K. MITTER, The linear quadratic optimal control problem
for infinite di ional sy over an infinite horizon: survey and examples, 1976 IEEE Conference
on Decision and Control, IEEE Publications, New York, 1976, pp. 745-751.




144 A. J. PRITCHARD AND D. SALAMON

[3] J. A. BURNS, T. L. HERDMAN AND H. W. STECH, Linear functional differential equations as semigroups
in product spaces, SIAM J. Math. Anal., 14 (1983), pp. 98-116.
[4] R. F. CURTAIN AND A. J. PRITCHARD, Infinite Dimensional Linear Systems Theory, Lecture Notes in
Computer and Information Science 8, Springer-Verlag, Berlin, 1978.
[5] R. DATKO, Uniform asymptotic stability of evolutionary processes in Banach space, SIAM J. Math. Anal.,
3 (1972), pp. 428-454.
[6] , Unconstrained control problems with quadratic cost, this Journal, 11 (1973), pp. 32-52.
[7] , Neutral autonomous functional equations with quadratic cost, this Journal, 12 (1974), pp. 70-82.
[8] M. C. DELFOUR, The linear quadratic optimal control problem with delays in the state and control
variables: A state space approach, Centre de Recherche de Mathématiques Appliquées, Université
de Montréal, CRMA-1012, 1981.
[9] F. FLANDOLI, Riccati equation arising in a boundary control problem with distributed parameters, this
Journal, 22 (1984), pp. 76-86.
[10] J. S. GiBsSON, The Riccati integral equations for optimal control problems on Hilbert space, this Journal,
17 (1979), pp. 537-565.
[11] D. HENRY, Linear autonomous neutral functional differential equations, J. Differential Equations, 15
(1974), pp. 106-128.
[12] A. IcHIKAWA, Quadratic control of evolution equations with delays in control, this Journal, 20 (1982),
pp. 645-668.
[13] A. E.INGHAM, Some trig trical inequalities on the theory of series, Math. Z., 41 (1936), pp. 367-379.
[14] K.ITO AND T.J. TARN, A linear quadratic control problem for neutral systems, J. Nonlinear Anal—TMA,
to appear.
[15] T. KATO, Perturbation Theory of Linear Operators, Springer-Verlag, New York, 1966.
[16] I. LAsiIECKA AND R. TRIGGIANI, Dirichlet boundary control problem for parabolic equations with
quadratic cost: analyticity and Riccati feedback synthesis, this Journal, 21 (1983), pp. 41-67.

[17] , Riccati equations for hyperbolic partial differential equations with L,(0, T; L,(T'))— Dirichlet
boundary terms, this Journal, 24 (1986), pp. 884-925.
[18] , An L? theory for the quadratic optimal cost problem of hyperbolic equations with control in the

Dirichlet boundary conditions, in Control Theory for Distributed Parameter Systems and Applica-
tions, F. Kappel, K. Kunisch and W. Schappacher, eds., Lecture Notes in Computer and Information
Science 54, Springer-Verlag, Berlin, 1983, pp. 138-152.

[19] J. L. LioNs, Optimal Control of Systems Governed by Partial Differential Equations, Springer-Verlag,
New York, 1971.

[20] D. L. LUKES AND D. L. RUSSELL, The quadratic criterion for distributed systems, this Journal, 7 (1969),
pp. 101-121.

[21] L. PANDOLFI, Stabilization of neutral functional differential equations, J. Opt. Theory Appl., 20 (1976),
pp. 191-204.

[22] J. POLLACK AND A. J. PRITCHARD, The infinite time quadratic cost control problem for distributed
systems with unbounded control action, J. Inst. Math. Appl., 25 (1980), pp. 287-309.

[23] D. L. RUSSELL, Quadratic performance criteria in boundary control of linear symmetric hyperbolic systems,
this Journal, 11 (1973), pp. 475-509.

, Closed loop eigenvalue specification for infinite dimensional systems: augmented and deficient
hyperbolic cases, MRC, University of Wisconsin-Madison, TSR #2021, 1979.

[25] D. SALAMON, Control and Observation of Neutral Systems, RNM 91, Pitman, London, 1984.

[26] M. SORINE, Une resultat d’existence et unicité pour I’équation de Riccati stationnaire, Rapport INRIA,
no. 55, 1981.

, Sur le semegroupe non linéaire associé a I'équation de Riccati, Centre de Recherche de
Mathématiques Appliquées, Université de Montréal, CRMA-1055, 1981.

[28] J. C. WILLEMS, Least squares stationary optimal control and the algebraic Riccati equation, IEEE Trans.
Automat. Control, AC-16 (1972), pp. 621-634.

[29] W. M. WONHAM, Linear Multivariable Control: A Geometric Approach, Lecture Notes in Economics
and Mathematical Systems 101, Springer-Verlag, New York, 1974.

[30] J. ZABCZzYK, Remarks on the algebraic Riccati equation in Hilbert space, Appl. Math. Opt., 2 (1976),
pp. 251-258.

[24]

[27]



