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Exercise 4.1. Let (M,w) be a symplectic manifold and let U C C be an open
set. Identify C with R? and let s + it, respectively (s,t), be the coordinate
on U. Let {J57t}(57t)eg be a smooth family of w-compatible almost complex
structures on M, let F,G : U x M — R be smooth functions, and define
Fe1,Gsy: M — R by

F,:=F(s,t,-), Gst = G(s,t,-)
for (s,t) € U. Consider the partial differential equation
asu + XFS,t (U/) + Js,t(u) (asu + XGs,t (U)) =0 (1>

for a smooth function v : U — M.
(i) Define
M :=U x M,

choose a function ¢ : U — R, and let @ € Q?(M) be the 2-form
5 =w—d"(Fds+ Gdt)+ cds Adt. 2)

Here we identify the 2-forms w € Q*(M) and cds A dt € Q*(U) with their
pullbacks to M. Prove that w is a symplectic form on M whenever

C(S, t) > asGs,t(p) - ath,t(p) + {Fs,ta Gsi}(p)

for all (s,t) € U and all p € M. Hint: Compute @™,
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(ii) Prove that the almost complex structure JeJg (M ), defined by
B 0 -1 0

J = 1 0 0

JXr—Xg JXg+Xp J

: (3)

is compatible with w. Here we abbreviate
Ji=Jup),  Xp:=Xp,p), Xe¢:=Xeq,()

for p= (s, t,p) € U x M = M. Note that TyM = R? x T,M and that, with
these abbreviations, the right hand side of (3) defines an automorphism of
Tg]\A/[/ in block form.

(iii) Prove that u : U — M is a solution of (1) if and only if the function
W:U — M, defined by u(s, t) := (s, t,u(s,t)) is a J-holomorphic curve.

(iv) Examine the energy identity for .

Exercise 4.2. Let U C R? be an open set and o € U. Prove that the
following are equivalent for every smooth function w : U — R and every
integer k > d.

(i)

(ii) 0%w(xg) = 0 for every a = (ay, ..., aq) with |o| = a1+ +ay < k—d.
A smooth function w : U — R is said to vanish to infinite order at x if it
satisfies these equivalent conditions for every integer & > d. An L!'-function
w : U — R is said to vanish to infinite order at z, if it satisfies (i) for
every integer k > d.

Exercise 4.3. Denote B, :={z € C||z| <e}. Let J: B. - GLg(C") be a
continuous map such that J(z)? = —1 for every z € B.. Prove that there
exists a constant 0 < § < ¢ and a continuous function ¥ : B; — GLg(C")
such that

U(2) 1 (2)¥(2) =il

for every z € Bs. If J is continuously differentiable, show that ¥ can be
chosen continuously differentiable. If J is smooth prove that ¥ can be chosen
smooth. If J is of class WP, p > 2, show that ¥ can be chosen of class WP,



