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Abstract. We prove that the pullbacks of the virtual fundamental classes of the Brill-Noether loci
under any Abel-Jacobi section lie in the tautological ring of Mg,n. This resolves a conjecture of

[PRvZ20], and is part of a broader program to understand the logarithmic intersection theory of

Mg,n.

1. Introduction

Let Mg,n be the moduli space of smooth genus g, n-pointed curves, and Mg,n its compactification

by stable curves. Many of the deepest results on the geometry of Mg,n are tied to its enumerative

geometry: the study of its Chow ring CH⋆(Mg,n). While it is currently difficult to get a handle on the
full Chow ring, Mumford introduced in [Mum83] a distinguished subring

R⋆(Mg,n) ⊂ CH⋆(Mg,n)

called the tautological ring of Mg,n. The name is due to the definition of R⋆(Mg,n) as generated by

certain classes on Mg,n that arise from its structure as a moduli space: classes that come from the
cotangent bundle on the markings and the canonical bundle, and are thus present on every family of
curves, without special reference to their geometry.

Since its introduction in [Mum83], efforts to understand the structure of the tautological ring have
led some of the most striking advances of our understanding of Mg,n. The results of these efforts have

been substantial: we now know that R⋆(Mg,n) is, surprisingly, intimately connected with Gromov-

Witten theory [Wit91, Kon92]. We understand [GP03] an additive set of generators of R(Mg,n); and,
following work of Faber-Zagier and Pixton, we have a conjectural full set of relations [PP21, PPZ15].
Furthermore, computer software has been developed [DSvZ21] that allows us to perform calculations
which were far out of reach even in recent years.

The question then that one is immediately confronted with when encountering a geometrically
interesting cycle on Mg,n is “Is it in the tautological ring?”. If the answer is affirmative, the immediate

follow up is “What is a formula for the class, in terms of the generators of R⋆(Mg,n)?”. And in the
rare cases where a class naturally has more than one such formula, one can ask “How does it fit with
the Faber-Zagier and Pixton relations?”. Our goal in this paper is to answer the first question for
certain loci on Mg,n that come from Brill-Noether theory. Forthcoming work with Abreu and Pagani
aims to answer the remaining two.

To explain the source of these cycles, recall that the Jacobian

Jacd(Cg,n/Mg,n) → Mg,n

parametrizing degree d line bundles on the universal curve Cg,n is an abelian scheme. Extending Jacd

to Mg,n is a subtle problem, as the space of all degree d line bundles is neither universally closed nor

separated over the boundary of Mg,n. Compactifications of the generalized Jacobian have been the
subject of a vast literature, with [OS79, Pan96, Cap94, Est01, Mel19, KP19] being just a few represen-
tatives. The best behaved of these compactifications are probably the compactifications constructed in
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[KP19]. The [KP19] compactifications depend on the notion of a universal numerical stability condi-
tion θ. This is a collection of real numbers assigned to every component of every fiber of Cg,n → Mg,n,
adding up to a fixed degree d ∈ Z, and which behave appropriately with respect to specializations of
curves. The precise notion itself is not relevant to the present paper, but its consequence is that for
every choice of θ of degree d that is sufficiently generic, there is a compactification

Jacd(Cg,n/Mg,n) ⊂ Picθg,n → Mg,n

which is smooth, and which is representable over Mg,n. While it is not always true that a generic θ can

be found, in the presence of a marking, i.e. when n ≥ 1, generic θ always exist. For generic θ, Picθg,n is
in fact a fine moduli space, parametrizing θ-stable line bundles on quasi-stable curves, i.e. curves that
can have chains of semistable rational components of length at most 1. In particular, Picθg,n carries a
universal (quasi-stable) curve

π : Cθ
g,n → Picθg,n

and a line bundle L. The Brill-Noether loci in Picθg,n are the loci

Wr
d(θ) := {(C,L) : L has at least r + 1 sections} ⊂ Picθg,n

which extend the usual Brill-Noether loci in Jacd. The loci Wr
d(θ) can have components of various

dimensions, but they support a virtual fundamental class, an algebraic cycle

wr
d(θ) := ∆

(r+1)
g−d+r(−Rπ∗L)

of the expected codimension g − ρ, for ρ the Brill-Noether number g − (r+ 1)(g − d+ r), defined as a
degeneracy locus of Rπ∗L in [PRvZ20].

Fix now an integer k, a vector of integers (a1, · · · , an), and D a boundary divisor of the universal
curve Cg,n of Mg,n. We package this data in a single symbol “A”, and define a rational section

ajA : Mg,n → Picθg,n

(C, x1, · · · , xn) 7→ ωk(
∑

aixi)⊗O(D|C).

We can then pull back the classes wr
d(θ) to Mg,n to get classes

wr
g,A,d(θ) := aj∗A(w

r
g,d(θ)) ∈ CHg−ρ(Mg,n)

1.

Pagani, Ricolfi and van Zelm conjecture

Conjecture 1.1. [PRvZ20] The classes wr
g,A,d(θ) lie in the tautological ring R∗(Mg,n) for any choice

of g, d,A and generic θ.

The main result in this paper is

Theorem 1.2. Conjecture 1.1 is true.

1.3. Logarithmic Chow Rings. In fact, we prove conjecture 1.1 by proving a stronger statement,
using ideas from logarithmic geometry. The stack Mg,n, together with its divisor ∂Mg,n = Mg,n −
Mg,n has the structure of a toroidal embedding, or, equivalently, of a logarithmic scheme.

Starting with any pair (X,D) of a smooth DM stack with a normal crossings divisor, the divisor
D stratifies X. A simple blowup is the blowup of X along a smooth stratum closure. Such a blowup
p : X ′ → X produces a new pair (X ′, D′ = p−1(D)). A blowup obtained by iterating this procedure a
finite number of times is called an iterated blowup. A logarithmic modification of (X,D) is any proper
birational map p : X ′ → X which can be dominated by an iterated blowup of (X,D).

1We work throughout with Chow groups with rational coefficients.
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Non-singular logarithmic modifications form an inverse system by refinement: a map X ′′ → X ′

belongs to the system if X ′′ → X factors through X ′ → X. This way, we get a system of rings CH(X ′)
indexed by Gysin pullback. The logarithmic Chow ring of X is defined ([Bar18],[MPS21]) as

logCH(X,D) := lim−→CH(X ′)

where X ′ → X ranges through the non-singular log modifications of (X,D). The ordinary Chow ring
CH(X) is contained in logCH(X,D) as a subring, and there is a retraction (which is a group but not
a ring homomorphism) logCH(X,D) → CH(X) by pushforward.

The ring logCH(X,D) is almost never finitely generated, but any given element γ ∈ logCH(X,D)
is determined by a finite amount of data: a (typically non-canonical) choice of a log modification
X ′ → X, and a representative γ(X ′) ∈ CH(X ′): a class in CH(X ′) that maps to γ under the natural
inclusion CH(X ′) → logCH(X,D).

Moreover, the infinite generation of logCH(X,D) is, relative to CH(X) a purely combinatorial prob-
lem. To every pair (X,D) there is an associated complex of rational polyhedral cones ΣX , and log
modifications X ′ → X correspond bijectively to subdivisions Σ′

X → ΣX . The Chow ring CH(X ′)
is then generated by CH(X) and the algebra PP(Σ′

X) of piecewise polynomial functions on Σ′
X : the

continuous functions which are polynomial on each cone of Σ′
X . The theory is reviewed in 2. Thus,

logCH(X,D) =
〈
CH(X), lim−→PP(Σ′

X)
〉

is generated by CH(X) and the algebras of piecewise polynomial functions on all subdivisions Σ′
X →

ΣX .

When applying the construction to (Mg,n, ∂Mg,n), we get a ring

logCH(Mg,n, ∂Mg,n)

which combines the difficulties of the ordinary Chow ring CH(Mg,n) with the combinatorial complexity

of piecewise polynomials on subdivisions of its cone complex ΣMg,n
. As the complexity of CH(Mg,n) is

ameliorated when restricting to the tautological ring R⋆(Mg,n), we can also restrict to the logarithmic
tautological ring

logR⋆(Mg,n, ∂Mg,n) :=
〈
R⋆(Mg,n), lim−→PP(Σ′

Mg,n
)
〉
⊂ logCH(Mg,n, ∂Mg,n).

Our proof of conjecture 1.1 proceeds by first lifting the classes wr
g,A,d(θ) to logCH(Mg,n). We do

so by finding, for each generic stability condition θ, a log modification p : Mθ

g,A → Mg,n and a lift

logwr
g,A,d(θ) of w

r
g,A,d(θ) to CH(Mθ

g,A). The lift is non-trivial, in the sense that

p∗(logw
r
g,A,d(θ)) = wr

g,A,d(θ)

p∗(wr
g,A,d(θ)) ̸= logwr

g,A,d(θ).

We then show

Theorem 1.4. The class logwr
g,A,d(θ) is in logR∗(Mg,n, ∂Mg,n).

Paradoxically, the stronger theorem 1.4 is easier to prove than 1.2. The reason is that the refined
classes logwr

g,A,d(θ) have more structure than the classes wr
g,A,d(θ). Our proof here goes by observ-

ing that, contrary to wr
g,A,d(θ), the class logwr

g,A,d(θ) is a degeneracy locus on Mθ

g,A, and so can
be calculated by Grothendieck-Riemann-Roch. We then show that every term that appears in the
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Grothendieck-Riemann-Roch calculation is either a piecewise polynomial term or a pullback of a tau-
tological class. A complete calculation of this class via the methods of this paper is possible, but is far
subtler, and is the subject of the afforementioned forthcoming work with Abreu and Pagani.

A special case of this construction, when d = r = 0 and θ is generic and small (i.e. appropriately close
to the 0 stability condition) yields the double ramification cycle DRg,A. In fact the representative of the

lift logw0
g,A,0(θ) onMθ

g,A is precisely the lift DRg,A(θ) of [HMP+22] representing the logarithmic double
ramification cycle logDRg,A – which is also a refinement of the double ramification cycle with better
functorial properties. As an application, we obtain a fourth proof (after [MR21, HS22, HMP+22]) of

Conjecture 1.5. [MPS21, Conjecture C, slightly reinterpreted] [MR21, HS22, HMP+22, Theorem]
The logarithmic double ramification cycle is in logR∗(Mg,n, ∂Mg,n).

While the fact that DRg,A ∈ R(Mg,n) has been known for a while (see [JPPZ17, FP05]), the

refined version DRg,A(θ) ∈ logR∗(Mg,n, ∂Mg,n) is rather recent and has several new implications.
The reason is that the intersections of the cycles DRg,A(θ) relate to the logarithmic Gromov-Witten
theory of any toric variety, while DRg,A only relates to the Gromov-Witten theory of P1. We do not
wish to discuss these implications in detail here, and instead refer the reader to the discussion in
[HMP+22, MR21, HS22]. We simply mention that the essence of these implications has the following
form: the pushforward of the virtual class of the space of (rubber) relative stable maps to a toric
variety with respect to its toric boundary to Mg,n can be calculated ([HPS19],[Ran19],[MR21]) as

p∗(
∏
i

logDRg,Ai
)

for appropriate choices of Ai, where p : logCH(Mg,n, ∂Mg,n) → CH(Mg,n) is the retraction. No
description as a product of ordinary double ramifiction cycles DRg,Ai

exists. Thus, knowledge that

logDRg,A is in logR⋆(Mg,n, ∂Mg,n) is enough to conclude that the classes are tautological – and for-

mulas for the logDRg,A provide formulas for the virtual classes– but knowledge that DRg,A ∈ R⋆(Mg,n)
alone does not.

Acknowledgments. I’m grateful to Rahul Pandharipande, Alex Abreu, and Dhruv Ranganathan for
several discussions related to the double ramification cycle and the Thom-Porteous formula, and for
helpful comments on this paper. Special thanks are due to Nicola Pagani, for introducing me to the
problem, countless inexplicably patient explanations on the tautological ring, and a very thorough
reading of various preliminary drafts. The paper is all the better for their inputs. I was supported by
the grant ERC-2017-AdG-786580-MACI.

2. Preliminaries

The proof of Theorem 1.2 makes use of the toroidal structure of the Jacobians Picθg,n and Mg,n. We
collect here the notions and results we need from the theory, but warn the reader that we assume them
known and do not attempt to review them. Thorough discussion can be found in [KKMSD73, Kat89]
for foundations on log/toroidal geometry, [AW18, CCUW20] for foundations on cone complexes, and
[MPS21, HMP+22, MR21] for the intersection theoretic aspects. The latter sources include a practical
review of the foundations along the lines that we use in this paper, so the interested and practically-
minded reader can simply start there.

In this paper we work with toroidal embeddings (X,D): a pair of a variety (or, more generally,
algebraic stack) X and a divisor D which, smooth locally looks like a toric variety with its torus
invariant divisor. The key example will be a smooth variety X with a normal crossings divisor D,
but we will need to consider singular toroidal embeddings at some point. Toroidal embeddings have
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a natural log structure given by the divisor D, and via this log structure they can be identified with
the log smooth log schemes over the base field. We will thus use the term “toroidal” and “log smooth”
interchangeably, prefering the latter when we do not want to carry the divisor D in the notation.
Morphisms of toroidal embeddings for us are the maps that respect this log structure, and we refer to
them as log maps.

We write ΣX for the cone stack with integral structure associated to (X,D), and AX for its Artin
fan. Recall that AX is an Artin stack and X comes with a canonical smooth map

αX : X → AX

A map f : (X,D) → (Y,E) is called log smooth if the associated map of log schemes is log smooth.
In practice, this means that the map, which is a priori locally modelled on maps of toric varieties, is
modelled on dominant maps of toric varieties. A compact translation of this condition is as follows:
after replacing X with a smooth cover, the natural map αX × f in the diagram

X AX ×AY
Y AX

Y AY

αX×f

f

αY

is smooth.

We recall the three elements of the theory that we will need:

1. Piecewise Polynomials: Let (X,D) be a pair of a smooth variety (or DM stack) X with a normal
crossings divisor D. The algebra of piecewise polynomial function PP(ΣX) is identified with CH(AX),
and thus comes with a graded ring homomorphism [MPS21, MR21, HS22]

PP(ΣX) → CH(X).

In this paper, we will adopt the following convention:

Definition 2.1. We write PP(X) for the image of PP(ΣX) in CH(X).

We refer to elements of PP(X) as piecewise polynomials on X. The algebra PP(X) is essentially2 the
subalgebra of CH(X) generated by the strata of (X,D) and the Chern roots of their normal bundles.

2. Semistable Reduction The second piece of information we need from ΣX is its relation with
logarithmic alterations. We have

• Subdivisions of ΣX correspond to logarithmic modifications X ′ → X. These are proper and
birational, and are isomorphisms over X −D.

• Integral substructures of the integral structure correspond to roots X ′ → X. These are proper,
bijective, and of DM-type, and are isomorphisms over X −D.

For foundations on roots, the reader may consult [BV12, Mol21, GM15]. We mention however that
roots do not change the rational Chow groups of X, and are only necessary in this paper as a technical
crutch, in order to apply the semistable reduction theorem, which should realistically be used as a
black box for our purposes. We recall how the correspondence goes: the category of cone stacks is
equivalent to the category of Artin fans. Thus, either type of map Σ′

X → ΣX corresponds to a map
of Artin fans A′

X → AX . The log modification or root corresponding to the subdivision or integral
substructre Σ′

X → ΣX is then

X ′ := X ×AX
A′

X → X.

2As the closed strata of (X,D) need not be normal, normalization may be required to talk about their normal bundles.
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Definition 2.2. A logarithmic alteration X ′ → X is a composition of logarithmic modifications and
roots.

Logarithmic alterations are in particular proper and birational. It is shown in [MPS21] that for a
logarithmic modification p : X ′ → X, we have

p∗PP(X
′) = PP(X).

Since roots do not change rational Chow groups, the same result is also true for roots. Thus, we have

Corollary 2.3. Let p : X ′ → X be a logarithmic alteration. Then p∗PP(X
′) = PP(X).

We now review the semistable reduction theorem. A log smooth log map X → S is called weakly
semistable if it is flat with reduced fibers. The strongest version3 of semistable reduction is then:

Theorem 2.4. [ALT18][Semistable Reduction] Let X → S be a log smooth and surjective map between
toroidal embeddings. Then, there exist a log alteration S′ → S, and a log alteration X ′ → X ×S S

′

such that X ′ → S′ is weakly semistable, and so that X ′, S′ are smooth.

Twistors: The third and final tool we need from logarithmic geometry is that of a piecewise linear
function. This is in fact an instance of the map between piecewise polynomials and the Chow ring,
but it is special enough that we mention it separately. The degree one piecewise polynomials on ΣX

are called the piecewise linear functions, and come with a homomorphism

PL(ΣX) → Pic(X).

Given a piecewise linear function α, we write OX(−α) for the associated line bundle on X. Their
importance in our context is that, given a generically smooth family of curves C → S, with S a trait,
given their canonical log structures, then the line bundles of the form OC(α) are precisely the limits
of the trivial bundle on Cη. Over an arbitrary base (S,D), the line bundles OC(α) are the equivalence
classes of the Cartier divisors supported on the boundary of C.

3. Strata Homology

When the pair (X,D) is toroidal but potentially singular, it is shown in [MR21] that the algebra
PP(ΣX) captures the operational Chow ring of the Artin fan AX ,

PP(ΣX) ∼= CHop(AX).

For our present purposes, we mostly need to study PP(X) from a homological perspective. Thus, we
would like to also capture the properties of the ordinary Chow groups of AX . To that end, we simply
define:

Definition 3.1. Let (X,D) be a toroidal embedding, and α : X → AX the map to its Artin fan. The
strata homology groups of X are

SH(X) = α∗CH(AX).

We currently do not know of a truly pleasant geometric description of SH(X), along the lines of the
normally decorated strata classes of [MPS21], although we find it probable that such a description can
be obtained. At the moment all we know are two essentially obvious descriptions, one “intrinsic”, and
one “extrinsic”.

The intrinsic description is obtained by excision. Recall that the Chow groups of a variety that is
stratified by affine spaces are generated by the closures of the strata. Of course, since AX is a stack,

3In fact, minor modifications of the significantly simpler results of [AK00, Mol21] are also sufficient for our purposes.



PULLBACKS OF BRILL-NOETHER CLASSES UNDER ABEL-JACOBI SECTIONS 7

this does not hold anymore, but an intermediate statement can be obtained. Recall that the strata of
X are in bijection with the strata of AX are in bijection with the strata of ΣX . For a cone σ ∈ ΣX ,
we write Xσ for the corresponding stratum. We have

Xσ = B(Gk
m ⋊G)

for some k and some finite subgroup G ⊂ Sk of the symmetric group on k elements. We write X σ for
the closure of Xσ, and Zσ = X σ −Xσ. Then, excision says that the sequence

CH(Zσ) CH(X σ) CH(Xσ) 0

is exact – in fact, the argument in [MPS21, Section 5] shows that the sequence is also injective on the
left. Since Xσ is smooth, we have that

CH(Xσ) = P(σ)

is isomorphic to the polynomial functions on σ. We choose a section sσ : CH(Xσ) → CH(X σ) arbitrarily,
and find

CH(X σ) = ⟨sσ(P(σ)), (iZσ
)∗(CH(Zσ)⟩ .

Inductively, a similar description holds for Zσ. The minimal strata are closed, and since they are
smooth, their operational Chow groups agree with their Chow groups. Thus, we find

Lemma 3.2. The Chow group CH(AX) is generated by

(iXσ
)∗(sσ(P(σ)).

The description shows in particular that

SHX ⊂ ⊕σ∈ΣX
P(σ)

For an element F ∈ P(σ), the element sσ(F ) may be thought of as the closure of a cycle representing
F . Choosing these cycles makes this description impractical. A more practical extrinsic description
can be obtained, this time by choice of a desingularization:

Lemma 3.3. Let (X,D) be a toroidal embedding, and p : (X ′, D′) → (X,D) a desingularization by a
log alteration. Then

SHX = p∗PP(X
′).

Proof. We have a Cartesian diagram

X ′ A′
X

X AX

α′

p q

α

with smooth horizontal maps. Thus the equality follows from the compatibility

p∗(α
′)∗ = α∗q∗

and the equality

(α′)∗CH(A′
X) = PP(X ′).

□

The same proof in fact suffices shows also:

Lemma 3.4. Let p : X ′ → X be a log alteration. Then

p∗SH(X ′) = SH(X).
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For any piecewise polynomial PP(ΣX), we can get a graded group homomorphism

PP(ΣX) → CH∗(X)

by
F 7→ [X] ∩ F

even for singular X. We continue to write PP(X) for the image of PP(X) in CH(X) in the general
case as well. Since the map PP(ΣX) → CH(X) factors through CH(AX), we have

PP(X) ⊂ SH(X).

Equality holds whenever X is smooth, or, more generally, quasi-smooth – meaning ΣX is simplicial.
In particular, we have

Corollary 3.5. Let p : X ′ → X be a log alteration and assume that X is smooth. Then

p∗SHX ⊂ SHX ′.

Proof. This follows from the isomorphism SHX = PP(X) and the fact that PP(X) is functorial with
respect to Gysin pullback. □

Remark 3.6. We note that in corollary 3.5, we have that

p∗PP(X) ⊂ PP(X ′)

for arbitrary X. However, the pullback on SHX does not make sense for arbitrary X, as SHX is a
subgroup of Chow homology.

3.7. Normalizations of Strata. We will need a slight generalization of the notion of strata homology
that applies to individual strata of X as well. Recall ([MPS21, Section 5]) that the closures of the
strata of a toroidal embedding (X,D) need not be normal, and have an associated monodromy group

G. Given a strata closure Xσ ⊂ X, we will write X̃σ for its normalization, and Yσ for the associated

G-torsor over X̃σ. We will call the various monodromy torsors Yσ the normalized strata of X. This
is a misnomer for many reasons; for one, even when no normalization and monodromy issues are
present, the Yσ are strata closures, not strata – in particular, a normal stratum is not a normalized
stratum unless its closed – but we keep the convention to avoid writing “monodromy torsor over the
normalization of stratum closure” everywhere.

As is the case for the strata themselves, the normalized strata Yσ are also base changed from the
Artin fan: we have a Cartesian diagram

Yσ Yσ

Xσ X σ

X AX

α

where Yσ is the monodromy torsor over the normalization of the closure X σ of the stratum Xσ.

Definition 3.8. Let Yσ be a normalized stratum. Its strata homology is

SH(Yσ) := α∗CH(Yσ)

and its ring of piecewise polynomials is

PP(Yσ) := α∗CHop(Yσ).
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The argument showing that SH(X) is generated inductively by piecewise polynomials on strata and
strata homology groups of deeper strata is easily adapted to strata homology for normalized strata as
well. We note that log alterations of X pull-back to log alterations of Yσ, but are no longer birational,
although they will still be proper and surjective. Nevertheless, the results 3.4, 3.5 still hold, with the
same proof. We note

Lemma 3.9. The group SHX is generated by the push-forwards of the groups SHYσ, as a Yσ ranges
through the normalized strata of X.

Proof. This is immediate from the excision sequence and the observation that since Yσ → X σ is proper
and birational,

CH(Yσ) → CH(X σ)

is surjective. □

We remark however that the resulting presentation is highly redundant.

Example 3.10 (Piecewise polynomials on Mg,n). Let S = Mg,n, and X = Mg,n+1 be its universal
curve. Write f for the map X → S. Strata of S correspond to stable graphs of type (g, n). We write v
for the vertices of Γ, which correspond to components Xv of X → S, e for its edges, which correspond
to nodes Xe, h for its half edges, and l for its n legs, which correspond to the n markings. Then the
normalized strata of Mg,n are precisely the moduli spaces

MΓ =
∏
v

Mg(v),val(v)

where g(v) is the genus of the vertex v and val(v) is its valence. The codimension of the stratum equals
the number of edges E. If iΓ : MΓ → Mg,n denotes the natural map, the piecewise polynomials of

Mg,n are precisely the ring generated by

(iΓ)∗F (c1(N1), · · · , c1(NE))

where Ni are the direct summands the normal bundle of iΓ, which splits on MΓ, and F is any
G := Aut(Γ)-invariant polynomial. In fact, the summands correspond to the edges e of Γ, with

Ne = Th ⊗ Th′

– the tensor product of the normal bundles of the node corresponding to the edge e in the two
components that contain it, which is precisely the data encoded by the two half-edges h, h′ whose
union is e. The standard notation for this term is

(iΓ)∗F (c1(N1), · · · , c1(NE)) = [Γ, F (ψh1
+ ψh′

1
, · · · , ψhE

+ ψh′
E
)]

The strata of Mg,n+1 are in bijection with pairs (Γ, c), where c is either a vertex or an edge of Γ.
Geometrically, pairs (Γ, v) correspond to components of the relative curve X → S, and (Γ, e) with
nodes. The normal bundles of the components Xv in X are simply the pullbakcs of the the normal
bundles of MΓ in Mg,n. The normal bundles of the nodes Ne have rank 1-higher: the summand Ne

corresponding to the node Xe is replaced by

Th ⊕ Th′

The pushforward of c1(TXh
) (resp. c1(TXh′ ) all the way to Mg,n is the term denoted by

[Γ, ψh]( (resp. [Γ, ψh′ ])

reflecting the equality

c1(Ne) = c1(Th) + c1(TXh′ )
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Thus, the two classes [Γ, ψh], [Γ, ψh′ ] are not piecewise polynomials on Mg,n, but their sum is. Addi-

tional classes on MΓ are also of central interest: first, the restriction of the class of the log canonical
ωX/Mg,n

to Xv; the pushforward of its a+ 1st power to Mg,n is denote by

[Γ, κva]
4

The push-forward of the square of the divisor Di corresponding to the i-th marking is on the other
hand denoted by

[Γ, ψi]

The classes [Γ, κva], [Γ, ψi], [Γ, ψh], [Γ, ψh′ ] together generate the tautological ring of Mg,n. We note
that the classes split into two types: pushforwads of piecewise polynomials from normalized strata of
Mg,n+1, and classes that are obtained by restricting classes from the total space of the universal family

Mg,n+1 (rather than from individual normalized strata) to normalized strata, and pushing forward.

4. The Logarithmic Tautological Ring

Our starting point in this section is a genus g, n-marked stable logarithmic curve f : X → S:
this means a log smooth morphism which is flat with geometrically reduced one dimensional fibers,
which is Deligne-Mumford stable. We will also assume that X and S are smooth. The main and
most interesting example is of course X = Mg,n+1, S = Mg,n, but if anything, the added generality
simplifies the notation. We define the tautological rings R⋆(S), R⋆(X) of S and X to be the pull-back
of the tautological ring from Mg,n,Mg,n+1. Furthermore, every normalized stratum T of S, or Y of

X, map to corresponding normalized strata of Mg,n,Mg,n+1, and so we can define R⋆(T ), R⋆(Y ) by
pullback once more. We note that if Y is a normalized stratum of X dominating a normalized stratum
T of S, the restriction of f to Y → T is either an isomorphism or a family of curves with smooth total
space. We will keep writing f for the restriction when the context is clear.

Just as for Mg,n, we can write a generating set for R⋆(S) in terms of the dualizing sheaf of X → S,
or the markings on X. We will however not do so; our point of view in this paper is that to prove
theorem 1.2, detailed knowledge of R⋆ is not required, but rather its formal properties, namely:

Data: For every normalized stratum Y of X dominating a normalized stratum T of S, graded
subrings

• R⋆(T ) ⊂ CH(T )

• R⋆(Y ) ⊂ CH(Y )

satisfying properties:

(1) PP(T ) ⊂ R⋆(T ), PP(Y ) ⊂ R⋆(Y ).

(2) f∗R
⋆(Y ) = R⋆(T ).

(3) f∗R⋆(T ) ⊂ R⋆(Y ).

(4) The Chern class c1(Tf ) of the relative tangent bundle are in R⋆(Y ).

(5) The rings R⋆(T ) can be generated by PP(Y ) and classes in R⋆(X) as iY : Y → X ranges
through all normalized strata of X dominating T , by restricting and pushing forward, i.e.

R⋆(T ) = ⟨f∗(PP(Y )), f∗(iY )
∗R⋆(X)⟩ .

Remark 4.1. The last property is the most exotic, but powerful. A consequence is the much more
intuitive compatibility of the system with respect to inclusions of normalized strata, in the following
sense: for every morphism i : P → T of normalized strata, we have i∗R

⋆(P ) ⊂ R⋆(T ) and i∗R⋆(T ) ⊂

4Often reference to v is left implicit, but is important for us to make explicit.
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R⋆(P ). To see this, choose normalized strata Z,Y dominating P, T and fitting into a commutative
diagram

Z Y

P T.

f |Z

j

f |Y
i

Since R⋆(P ) is generated by classes of the form β = (f |Z)∗F ·(iZ)∗γ for F ∈ PP(Z), γ ∈ R⋆(X), we see
that i∗β = (f |Y )∗((j∗F ) · (iY )∗γ · [Z]). Since j∗ maps piecewise polynomials to piecewise polynomials,
and the fundamental class of Z is a piecewise polynomial on Y , we have that (j∗F ) · (iY )∗γ · [Z] is in
R⋆(Y ), and so i∗β ∈ R⋆(B).

The analogous compatibility for maps of strata of X follows by applying the same argument to the
universal family over X!

Intuitively, the last property says that the rings R⋆(T ) do not contain truly new classes relative to
R⋆(S): only those that are forced by the log geometry when restricting the map X → S to T . In effect,
the data of the rings R⋆(T ), R⋆(Y ) for normalized strata are redundant: we can recover everything
from R⋆(X) and R⋆(S), and the map X → S, together with the usual operations of intersection theory.

Let now p : X ′ → X be a log alteration. For every stratum Y ′ of X ′, surjecting onto a stratum Y
of X. We define

Definition 4.2.

R⋆(Y ′) = ⟨p∗R⋆(Y ),PP(Y ′)⟩
R⋆(Y

′) = ⟨p∗R⋆(Y ),SH(Y ′)⟩
to be the system generated by the pullbacks of the tautological ring on X and piecewise polynomials
or strata homology classes.

We define rings R⋆, R⋆ for log alterations S′ → S similarly. We note that R⋆ is a ring, analogous
to the operational theory, and R⋆ is a module over R⋆. When X ′, S′ are smooth, evaluation with the
fundamental class yields an isomorphism between R⋆ and R⋆. In general, the quotient is isomorphic
to SHX/PP(X) and thus, of combinatorial nature.

Lemma 4.3. Let p : X ′ → X be a log alteration. For every normalized stratum Y ′ mapping to Y , we
have

p∗R⋆(Y
′) = R⋆(Y )

p∗R⋆(Y ) ⊂ R⋆(Y ′).

Proof. This follows from the projection formula and 3.4,3.5. □

The analogous statement for S′ → S also holds of course, with the same proof.

Lemma 4.4. Let p : S′ → S and r : X ′ → X ×S S
′ be log alterations such that the composed map

g : X ′ → S′ is a family of curves, with X ′ and S′ smooth. Then the Chern classes of Tg are in R∗(X ′).

Proof. Write q for the composition X ′ → X ×S S
′ → X. We have a Cartesian diagram

X ′ A′
X

X AX
αX
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and αX is smooth. So the relative tangent bundle TX′/X is pulled back from A′
X . Similarly, the relative

tangent bundle TS′/S is pulled back from AS′ . Thus, their Chern classes are piecewise polynomials.
As we have exact sequences

0 TX′/X TX′/S q∗TX/S 0

and

0 TX′/S′ TX′/S g∗TS′/S 0,

we find that the Chern classes of TX′/X differ from the Chern classes of q∗TX/S by piecewise polyno-
mials. Since q∗c(TX/S) ∈ R⋆(X ′), the claim follows. □

The same argument shows the analogous statement for any map Y → T between normalized strata.

Lemma 4.5. Let p : S′ → S be a log alteration, and write r : X ′ := X ×S S
′ → X for the pullback of

X. Then, for every normalized stratum T ′ → S′,

R⋆(T
′) ⊂ ⟨f∗SH(Y ′), f∗i

∗
Y ′R⋆(X ′)⟩

where iY ′ : Y ′ → X ′ ranges through normalized strata of X ′ dominating T ′.

Proof. Suppose β is in R⋆(T
′). By definition, it has the form p∗γ ·F , for γ ∈ R⋆(T ), and F in SH(T ′).

But γ is of the form f∗(i
∗
Y δ · ϵ) for a normalized stratum iY : Y → X dominating T , δ a class on X,

and ϵ ∈ PP(Y ). We pull-back Y to T ′, and get a diagram

X ′ X

Y ′ Y

T ′ T.

r

q

iY ′

g

iY

f

p

Since we have g∗q
∗ = p∗f∗, it follows that

β = p∗(f∗(i
∗
Y δ · ϵ)) · F = g∗(q

∗i∗Y δ · q∗ϵ) · F
= g∗(i

∗
Y ′r∗δ · q∗ϵ) · F = g∗(i

∗
Y ′r∗δ · q∗ϵ · g∗F ).

and r∗δ ∈ R(X ′), q∗ϵ · g∗F ∈ SHY ′.

□

In particular, as in Remark 4.1 we obtain that the rings R⋆(T
′) are still compatible with respect to

inclusions of normalized strata, in the sense that for every inclusion i : P ′ → T ′,

i∗R⋆(P
′) ⊂ R⋆(T

′)

i∗R⋆(P ) ⊂ R⋆(P ′).

The analogous compatibility for the strata of log alterations of X ′ comes from considering X as the
base of its own universal family, as above. We have written

R⋆(T
′) ⊂ ⟨f∗SH(Y ′), f∗(iY ′)∗R(X ′)⟩

because currently we do not know that the right hand side maps into the left hand side. The statement
does however hold:
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Lemma 4.6. Let p : S′ → S be a log alteration, and r : X ′ → X ×S S
′ a log alteration, such that

g : X ′ → S′ is a curve. Then g∗R⋆(X
′) ⊂ R⋆(S

′) and g∗R⋆(S′) ⊂ R⋆(X ′).

Proof. The g∗ part is straightforward. Note that if

X ′′ X ′

S′′ S′

τ

h g

σ

is a diagram with σ and τ log alterations, and the result holds for h, it also does for g, as τ∗R⋆(X
′′) ⊂

R⋆(X
′). Thus, by the semistable reduction theorem, we can assume X ′ and S′ are smooth.

Write q for the composition X ′ → X. We need to show that

g∗(β · q∗γ) ∈ R⋆(S
′)

where β ∈ PP(X ′) and γ ∈ R(X). We can write β as a sum of terms∑
(iY ′)∗βY ′

where Y ′ is a normalized stratum of X ′, and βY ′ is a piecewise polynomial on Y ′. The map Y ′ to
X will factor through some normalized strata Y, T ′, T of X,S′, S respectively. Furthermore, since
restrictions of tautological classes to Y are tautological, we are reduced to proving the statement for
the diagram of normalized strata

Y ′ Y

T ′ T.

g

q

f

p

The diagram falls into one of the three cases:

• Y ′ is a relative curve over T ′, mapping to a relative curve Y over T .

• Y ′ is a relative node over T ′, mapping to a relative node Y over T .

• Y ′ is a relative curve over T ′, mapping to a relative node Y over T .

In the first two cases, the diagram is Cartesian, p and q are local complete intersection morphisms
of the same dimension, and f and g are flat. Therefore, we have

PP(Y ′) = PP(Y )⊗PP(T ) PP(T
′)

and so β = g∗δ · q∗ϵ, for δ ∈ PP(T ′) ⊂ R⋆(T ′) and ϵ ∈ PP(Y ) ⊂ R⋆(Y ). Thus

g∗(β · q∗γ) = g∗(g
∗δ · q∗(ϵ · γ) = δ · p∗f∗(ϵ · γ)

and f∗(ϵ · γ) ∈ R(T ) by the tautological ring properties. Therefore, the claim follows. In the third
case, the diagram is no longer Cartesian, and Y ′ is a P1 bundle over T ′. As X ′ → X×S S

′, S′ → S are
logarithmic modifications, the P1-bundle is in fact pulled back from a P1-bundle of the corresponding
Artin fans. Thus, its Chern classes are piecewise polynomials, and we have that its Chow group is
generated by the hyperplane class H, with the relation

CH(Y ′) = CH(T ′)[H]/H = ℓ

for a piecewise linear function ℓ ∈ PP(T ′)5. Thus

β = F (H) · g∗δ

5In tropical terms, the stratum Y ′ is obtained by subdividing an edge e of length ℓe into two pieces, ℓ1, ℓ2. The
piecewise linear function ℓ is ℓ2 − ℓ1 .
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for a polynomial F in H and δ ∈ PP(T ′). Furthermore, f is an isomorphism, and we find

q∗(γ) = g∗p∗(f∗(γ)).

Thus

g∗(β · q∗γ) = p∗f∗(γ) · δ · F (ℓ) ∈ R(T ′).

By the compatibility property, the image of g∗(β · q∗γ) in CH(S′) is in R⋆(S′). □

The argument in fact shows a little more: for any normalized stratum Y ′ ⊂ X ′ dominating a
normalized stratum T ′ ⊂ T , we have g∗R

⋆(Y ′) ⊂ R⋆(T ′).

Therefore, combining with lemmas 4.4, 4.5, we have shown

Corollary 4.7. Let p : S′ → S, r : X ′ → X ×S S
′ be log alterations keeping X ′ → S′ a curve, with

X ′, S′ smooth. Then the rings {(R⋆(T ′), R⋆(Y ′)} defined in 4.2 also satisfy the properties 4 that the
tautological ring does.

In particular, the whole system is determined by R⋆(X ′) and the various piecewise polynomials on
strata.

Definition 4.8. Let f : X → S be a log curve with X,S smooth. The logarithmic tautological ring
of f is6

logR∗(S) = lim−→R∗(S′)

logR∗(X) = lim−→R∗(X ′).

5. Grothendieck-Riemann-Roch and Twisting

Lemma 5.1. Let q : X ′ → X be a log alteration, and α a piecewise linear function on X ′. Then the
Chern classes of

Rq∗O(−α)

are piecewise polynomials on X.

Proof. From

X ′ A′
X

X AX
αX

we deduce that Rq∗O(−α) is pulled back from the Artin fan, and thus so are its Chern classes. □

Lemma 5.2. Let f : X → S be a log curve with X and S smooth. Let p : S′ → S and r : X ′ → X×SS
′

be log alterations, with X ′, S′ smooth, so that the composition g : X ′ → S′ remains a curve. Then the
Todd class Td(g) is in R∗(X ′).

6Our terminology here clashes with the terminology we adopted in [MPS21]. The logarithmic tautological ring of
loc. cit consists only of the piecewise polynomials, and is contained in the logarithmic tautological ring defined here.
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Proof. The situation fits into the diagram

X ′

X ×S S
′ X

S′ S.

r
q

f ′

p′

f

p

Td(p ◦ g) = Td(f ◦ q)
and so

Td(g) = r∗Td(f)Td(q)g∗Td(p)−1.

Since the Chern classes of Tf are axiomatically in R∗(X), the Todd class Td(f) is in R∗(X). Similarly,
since Td(p),Td(q) are polynomial in the Chern classes of the relative tangent bundles Tp, Tq, the result
follows from lemma 4.4. □

Remark 5.3. If X ′, S′ are not smooth, it is still possible to talk about a homological Todd class in
CH(X ′) [Ful98, Section 18]. This can be obtained as pushforward of the usual Todd class from any
desingularization. Thus, by performing semistable reduction to X ′ → S′, and pushing forward the
resulting Todd class of the semistable family X ′′ → S′′, we find that it is still true that Td(g) ∈ R⋆(X

′).
Since the map g is lci, Td(g) is in fact the Todd class of Tg, and so in R⋆(X ′).

Theorem 5.4. Let X → S be as above, L a line bundle with c1 in R∗(X). Let

X ′

X ×S S
′ X

S′ S

r
q

f ′

p′

f

p

be a diagram with p, r log alterations, with g = f ′ ◦ r a relative curve. Consider the line bundle
L(−α) := q∗L ⊗O(−α), for α a piecewise linear function on X ′. Then all Chern classes of

Rg∗L(−α)

are in R∗(S′).

Proof. By the projection formula, we have

Rg∗L(−α) = Rf ′∗(p
′∗L ⊗Rr∗O(−α))

and so by Grothendieck Riemann Roch we find

ch(Rg∗L(−α)) = f ′∗(p
′∗ch(L)ch(Rr∗O(−α))p′∗Td(f)).

Thus, the Chern character of Rg∗L(−α) has the form f ′∗(p
′∗(α)β), where α ∈ R∗(X) and β ∈ R∗(X×S

S′). Thus, it is in R∗(X ×S S
′), and thus its pushforward is in R∗(S

′). We thus find that

ci(Rg∗L(−α)) ∩ [S′] ∈ R∗(S
′)

and therefore ci(Rg∗L(−α)) ∈ R∗(S′). □
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6. Pullbacks of Universal Brill-Noether Classes

We now fix a number of markings n ≥ 1, a generic stability condition θ, and data A consisting of
an integer k, a vector of integers (a1, · · · , an), and a boundary divisor D on the universal curve Cg,n.
We look at the rational map

ajA : Mg,n → Picθg,n

(C, x1, · · · , xn) 7→ ωk(
∑

aixi)⊗O(D|C)

and the classes
wr
g,A,d(θ) := aj∗A(w

r
g,d(θ)) ∈ CHg−ρ(Mg,n)

of the introduction.

We apply the discussion of the previous section to Cg,n → Mg,n with R the tautological rings. For
any stability condition θ, we can find a log modification

pθ : Mθ

g,A → Mg,n

for which ajA extends to a morphism

ajθA : Mθ

g,A → Picθg,n.

The construction is given in [HMP+22][Theorem 23] with D = 0, but can be easily modified to any D.
A similar construction is given in [AP21], also for D = 0 and a special choice of stability condition.
We define:

Definition 6.1.

logwr
g,d,A(θ) = (ajθA)

∗(wr
g,d(θ)) ∈ CH(Mθ

g,A) ⊂ logCH(Mg,n, ∂Mg,n).

Since we have
aj∗A = pθ∗ ◦ (ajθA)∗

to show that wr
g,d,A(θ) are tautological, it suffices to show that

(ajθA)
∗(wr

g,d(θ))

lie in R(Mθ

g,A). Now, the functor of points of Mθ

g,A, while hard to describe on the category of schemes,

is straightforward on the category of log schemes: a log map S → Mθ

g,A is the data of a quasi-stable
curve C → S, and a piecewise linear function α on C such that

ωk
C/S(

∑
aixi)⊗OD ⊗O(−α)

is θ-stable. In particular, Mθ

g,A carries a universal (quasi-stable) curve, which we denote by Cθ, and a

piecewise linear function α on Cθ. Put together, we have a Cartesian diagram

Cθ Cθ
g,n

Mθ

g,A Picθg,n

ρ

s

π

ajθA

and we have
Lθ := s∗L = ωk(

∑
aixi)⊗O(D)⊗O(−α).

We now note
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Lemma 6.2. [Ill05] Let

X ′ X

S′ S

q

g f

p

be a Cartesian diagram with f proper and flat. Suppose L is a line bundle on X (or, more generally,
any perfect complex). Then

Rg∗q
∗L = p∗(Rf)∗L.

Proof. This follows by cohomology and base change because L is flat over S. Namely, we have

Rg∗Lq
∗L = Lp∗Rf∗L

in general when X ′ is replaced by the derived fiber product; in our case, the derived fiber product is
X ′ itself. Furthermore, since L is a line bundle,

Lq∗L = q∗L

and Lp∗Rf∗L = p∗Rf∗L since properness of f implies that Rf∗L is a perfect complex. □

It follows in particular that the degeneracy loci of the universal bundle on Cθ
g,n pull back to the

degeneracy loci of ωk(
∑
aixi)⊗O(D)⊗O(−α),

(ajθA)
∗∆

(r+1)
g−d+r(−Rπ∗L) = ∆

(r+1)
g−d+r(−Rρ∗ω

k(
∑

aixi)⊗O(D)⊗O(−α)).

Since the Chern classes of ωk(
∑
aixi)⊗O(D) are tautological in Cg,n, by theorem 5.4, it follows that

all Chern classes of Rρ∗ω
k(
∑
aixi) ⊗ O(D) ⊗ O(−α) are in R⋆(Mθ

g,A). Therefore, in particular, we
obtain

Theorem 6.3. The classes logwr
g,A,d(θ) lie in logR∗(Mg,n, ∂Mg,n).

We thus obtain as a corollary

Theorem 6.4. The classes wr
g,A,d(θ) lie in the tautological ring.

Remark 6.5. Let Picg,n denote the universal Picard stack over genus g, n-marked prestable curves:
its objects over S are genus g, n-marked prestable curves C → S with a line bundle L on C. Write
π : Cg,n → Picg,n for the universal curve, and L for the universal line bundle. Then lemma 6.2 can be
interpreted as saying that the degeneracy locus

∆
(r+1)
g−d+r(−Rπ∗L)

defines an operational class on Picg,n, i.e. an element of

CHop(Picg,n).

For more on this perspective, see [BHP+21].
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6.6. Relation with the Double Ramification Cycle. We now specialize to the case d = 0, r = 0
with A given by D = 0, and a k and integers ai such that

∑
ai = k(2g − 2). We furthermore assume

that θ is a small, generic perturbation of the (degenerate) 0 stability condition.

Lemma 6.7. The class w0
0(θ) ∈ CH(Picθg,n) is the class of the [0] section.

Proof. This is [HKP18, Corollary 10]. □

Now, recall the construction of the logarithmic double ramification cycle from [Hol21]. We look at
the rational Abel-Jacobi section

ajA : Mg,n 99K Jacg,n.

Holmes constructs a space M⋄
g,A over Mg,n with an extension

aj⋄A : M⋄
g,A → Jacg,n.

The space M⋄
g,A is universal with this property, in a sense that we do not make precise here, but it is

not proper. Holmes proves that, on the other hand, the fiber product

DRL := M⋄
g,A ×Jac Mg,n Mg,n

M⋄
g,A Jacg,n

0

ajA

is proper. By Gysin pullback, one obtains a class

aj!A[0]

supported on DRL, which, since the latter is proper, can be pushed forward to Mg,n. The resulting
pushforward is the double ramification cycle DRg,A. Holmes proves more: the non-proper space M⋄

g,A

is an open in a (non-canonical), sufficiently fine log modificationM ′ → Mg,n. Thus, the class aj
!
A[0] can

be pushed forward toM ′. Let us provisionally call the resulting class DRg,A(M
′) ∈ CH(M ′). Certainly

DRg,A(M
′) pushes forward to DRg,A, and so determines it. Conversely, it is not true in general that

the pullback of DRg,A is DRg,A(M
′), and so DRg,A(M

′) contains strictly more information.

Holmes proves that the classes DRg,A(M
′), as M ′ varies through log modifications of Mg,n com-

pactifying M⋄
g,A lift to the logarithmic Chow ring of Mg,n: If p :M

′′ →M ′ is a further modification,
then

p∗DRg,A(M
′) = DRg,A(M

′′).

Thus, the classes DRg,A(M
′) can be considered all together as an element in

logCH(Mg,n, ∂Mg,n) = lim−→
M ′→Mg,n

CH(M ′)

whereM ′ → Mg,n ranges through all log modifications of Mg,n. The element is called the logarithmic
double ramification cycle

logDRg,A

and the class DRg,A(M
′) is called a representative of logDRg,A on M ′.

What is important for us from the above discussion is that the space Mθ

g,A does compactify M⋄
g,A,

and so carries a representative DRg,A(M
θ

g,A) for logDRg,A (see [HMP+22, Theorem A]). We write

DRθ
g,A for the class to lighten the notation. By construction, the space Mθ

g,A comes with a resolved
Abel-Jacobi section

ajθA : Mθ

g,A → Picθg,n.
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Lemma 6.8. Let θ be a small generic stability condition, and A the discrete data consisting of an
integer k and a vector of integers (a1, · · · , an) with k(2g − 2) =

∑
ai. We have

DRθ
g,A = (ajθA)

∗([0]) ∈ CH(Mθ

g,A)

.

Proof. The lemma has an elementary proof which is essentially a tautology, if one unwinds the defini-

tions of Mθ

g,A and M⋄
g,A. Since we do not wish to do so here 7, we give a roundabout, high-technology

proof. It is shown in [HMP+22] that

DRθ
g,A = DRop

g,∅,Lθ .

That is, DRθ
g,A coincides with the “universal double ramification cycle” of [BHP+21], calculated for

the line bundle Lθ = ωk(
∑
aixi)⊗O(−α) on Cθ. The latter is defined as the pullback to Mθ

g,A of the
closure of the 0 section via the Abel-Jacobi section

ajA : Mg,A → Picg,n

where Picg,n is the universal Picard stack: it parametrizes genus g, n-marked prestable curves with
line bundles. Symbolically

DRop
g,∅,Lθ := aj∗A[0].

The compactified Jacobian Picθg,n is an open substack of Picg,n, and we have a commutative diagram

Picθg,n

Mθ

g,A

Picg,n.

ajθA

ajA

For a small generic stability condition θ, the 0 section is closed in Picθg,n. Hence

aj∗A([0]) = (ajθA)
∗([0])

and thus
DRθ

g,A = (ajθA)
∗([0]).

□

We have thus shown

Corollary 6.9. We have
DRθ

g,A = w0
g,A,0(θ).

Combining this with theorem 6.4, we obtain

Corollary 6.10. The class DRθ
g,A ∈ R∗(Mθ

g,A).

In particular, all intersections of classes DRθ
g,A for various choices of A, θ push forward to tautological

classes in Mg,n.

7A thorough discussion of the functors of points will be given in forthcoming work with Melo,Ulirsch,Viviani and
Wise.
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