
Logarithmic Intersection Theory of Jacobians
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kg,n(x) =[fix,x - --,x) +x)7*Di =aijxij]

Modulispace notcompact

Sumplest Example:D smooth, A=(a, ..., an)

2.2....
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Compactifications by various incarnations of

Log Maps

·D smooth:Jun Li (2000) Pile Chen (2010)

· D general:Ranganathan (2018) Ac,GS (2010)

All iterations have GKg,AXS JY
The (Abr-Mar-wise, 2012)

All theories define the same (log Gw) ivariants.



Variant (Rubber):V a toric variety, D =V -T

yes =[7:C,x,--, xn) ->v) as before, butup
to F-action

3
+Analogous compactifications.



p: Kg(V) ->Mg,n

Theproblem:Let(V, V-T) be a proper tonic variety

Compute

DRACU) =
=4x(SKjr)-cdins.g(Mg,n)

9,A
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Why? (i) Ordinary GW theory
X

WVi GW theory of X
reconstructed by
bog GU theory of Vi
-

CACGS,Ranganathan]

This (Ran-Urundolil Kumaran (22)

DR,(v) determines log GU theory of V
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(ii) Tantological ring R"(Mg,n)cCHYMg,n)

·six ix)?(wess)*)
=ka

↓ x,
*((wess)) =4:

S
ci(π=Wys) =J:

RY(g,n) =(ka,4:,bi>
- closed under all gluing/forgetful maps

Myin'
-Mg,n
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Study of nations inRegin) one of

the biggest problems in the area.

Study started by Mumford (1982)

2x: I: are generated by the Ka

"Mumford's formula"

GW theory gives most complete set of

relations inR*(*gin) known to date.

Pixton-Pandharpande-Zvonkine(2013)

Pixton Relations/Conjectures.
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What's known (2020)

· V =pm Pixton's formula (1PPZ, 2015)

↑
localization on

↑
8 ·

Ban
log

· In higher dimension, all attempts to generalize

IPPZhave been unsuccesful. Cannot even

show D12g,A(v) =R*(Mg.n)



Some new ideas are needed



2. Log Intersection Theory



Whatis it?
~

whatis log

(x,D) toroidal embedding

-
etale
- torie

~i-etale



· (X,D) is safred.

I (Y,5)

bi ⑯

Def: Asimple log blowup is an iterated blowup

along boundary strata.



What is intersection theory?
Study of CH*(X)



What is intersection theory?
Study of CH*(X)

What islog intersection theory?

study of log (H*(X,D):=lim (HTCY)
->

(Y,z)- (X,D)

Perspective: X-BiU is the object of interest.
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Truly interesting classes arise from processes that

produce a class byeCA(Y) for all y

set by eventually stabilizes:

b= =by1z frz +y

Examples:
⑦

so cycle on e
-

- by = 50mCH_CY)
e

O has stabilized here
-



(ii) KenMgn
~Is

--
.

9
Mgin

9afkg(v)]Y=CHe(Mg,n)
The process stabilizes to produce
a class

dogDRg,1 (V) - log (H*(g,n)
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Conceptual advantages

i) logen (Ng,n) -CHMg,n)
byDR(v) ->DR (N)

9.A 9.A

(ii) bgDR satisfiesburational unranance

->product formula (Ran, Herr '18)

~lgDRg, IA,...,Am) (V)
=logDRg,A:(P



Recall:

Theproblem:Let(V, V-T) be a proper tonic variety

Compute

DRaCU) =
=4x(SK]")-cdins.g(gin)

Thus:

Suffices to determine bgDRg,(PY) clogCH (Mg,n)



As itstands, byCH*(X,D) is "poor"

~ It has allowed me to use res of sing. Methods

ur Char

~

But I have traded away explicitness.

Recover Explatness by combinatories.



(a) Cone complexes

->

↓ us - S
> ⑪
↳

1(x,D) #48
b

lime [2x,x) =lim on

S
-Ax,) =bin (Viaul/tris)

kKMSD, ACP, CUW] Y
73 '12'17 FAW]



5 an equivalence ofcategories

[Log Blowups] <-> E subdisione
of (X,D)

↳. -> ⑲
⑧

-

- 1 I

-y



Torie V Toroidal (X,D)

Fan Ev cone complex [(x,D)

[V/T] Artin Jan Ax

Toric blowup Log Blowup11

Ev'*Su Eix,x-[cx,b



(b)
P

PP([x) ->(HY(X)
13

·((H*(Ax)--
[MPS,MR]

Roughly: PL function with slope I along

ray g corresponding to dwiser by geen
to

G(S(Dg)). extend by excess intersection

formula +linearity



Example

(X,D) [Cx,D)
-

↓ us *I

!-] +60]+ p *

x
+z

-

(x64)j:g +x)] X

xy =(x+y)2
Y
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Torie V Toroidal (X,D)

Fan Ev cone complex [(x,D)

[V/T] Artin Jan Ax

Toric blowup Log Blow up11

Ev'*Su Eix,x-[cx,b

PP(2v) =(H,(v) PP([x,x) =cH*(Ax)

*
↓

p
X
cx(w)

bx
CH*(x)

(Payne (6) analogue ofnon-equariant
limit



Paradigm:How to write a formula in logit*

b =log(H* (X,D)

· Find [,y,)-[ix,D) sit

(i) be(H*(y)

(ii) Understand [cy,5) verywell.

· Write b in terms ofCH*(X), PP([cy,c))



Some new ideas are needed



Some new ideas are needed

but also:

Some old ideas are needed



3.Jacobians



↓
smooth

SixA =Ca, --,an), [ai =0, (C,X, . . . ,xn)

- s
2pc.t

1.= S.(aix) =Ge

f"(0) - f(x) =[aix, A
f

Line Bundle Condition

Map
Condition

So let's use the Jacobian





O-dwiser, Mumford's formulaAreabehan variety,
Fourier -Mukai...

-
↳

⑤)⑦π@.



Pic(Cg,n)

usin F agA (C, x,, -..,xn) =Sc([aixi)

DRg, n/My.n *a((03)



Pic(Cg,n)

usin F agA (C, x,, -..,xn) =Sc([aixi)

DRg, n/My.n *a((03)

Diagram can be extended to compact type

Defrey,as
Mg,n



Thm (Car·Mar-win):as*)10]) = DRg,Aon M
13

In fact, firstcalculations were performed

using
Jacobians

Main (2003) Heug 88/g! =70]
Grushevsky-Zakharor(281)



Extending to Main is subtle.

Reason:Abelian varieties don'tdegenerate
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jAg not compact)



Extending to Main is subtle.

Reason:Abelian varieties don'tdegenerate
well

jAg not compact)

Mumford's philosophy: Good (idal) compactifications

mid exist. But

(A,F-c,0]
. not canonical

. depend on combinatoral choices



-- -

-

mi



Pic -> Pie(Al

d ↓ -toroidal comp.

Mg,n < Myin w/comb. data

A.

But itdoesn'tquite help.

52 Pic(D) with aga: Mg,n-Vic(D)



??? ???

⑧

⑤)#⑤@I⑦@.)>$Ó



Marcus-Wise, Holmes: Succeeded inextending-17

as(50]))-. along those lives
Mg,n

Iproved extension:DRg,A

But:extension also insufficient for calculation



Roughly
DRL *, Agin

↓o

b)Air/monseparatedIdon sep.
space

↓ Px

My,n

Extension Px Caja"/07). Must push from DRL.

But no real understanding ofspace DRL



The problem of compactified Jacobians can be

perfectly organized



The problem of compactified Jacobians can be

perfectly organized

Thm (MN, 2022-0-2022)

Pilegin)Logic(g,n)
↓

Mg,n a My,n

(i) o proper, group, smooth

1. Personal Recollection



(ii) Every PieCA) is a log blowup of LogPic

Means:Togpic has a fan [foglice
Mumford's comb. data (D) is exactly

a subduisionA -> RogPic
-

-family of real
cone complex tori over [Agin

not come complex

(iii) fot representable by toroidal alg. stack

algebraic log space,at log algebraic space



(iv)

5 app: tigin
-> Logic



⑱Log

2

log

2. Personal Aspiration



(iv)

5 app: tigin
-> Logic

Great:hits take as(33), for

30] =CAY(LogPic)



(iv)

5 app: tigin
-> Logic

Great:hits take as(33), for

So] clogCH*(LogPic)

-him (H*(Die (AS)
A

.e aj: logCH(RogDin)
->lag CH (Mg,n).



In practice:V Pic(A)

a)(b)
My,A(D)-Pic(D)

explicit ->d d
-

subdwiscon Mgin -> Logic
a)A

Class ax(b)(703) =(H)Mg,A(A))

Thm (AMPPS):For any Pic(A),

as(A)((w3) =bgDRg,AclogCH (gin)



4. Synthesis



Recall paradigm.

· Find [,y,)-[ix,D) sit

(i) be(H*(y)

(ii) Understand [cy,5) verywell.

· Write b in terms ofCH*(X), PP([cy,c))



Recall paradigm.

~. Find [,x,5)-[ix,D) Sit[Mg,AD)

~(i) be (H*(y) as(t))0]

(ii) Understand [cy,5) verywell.

↑· Write b in terms ofCH*(X), PP([cy,c))

Doing much better, but not done.



the take the toroidal compactifications of

Odav Seshadri, Caporaso, Esteves, Melo, Kass.Pagani
'79 -94 -

97
S

15 17

Sumerical data of a
m

rally good models

"stability condition"G Pic(A)

Pinco) = [ c', 2 / muldegh is close to 63
↑

quasi-stable Es



a)a(G)
Mg,A(6) -Pic(8)

↓1) Egin ->Logpin
(x,ye4)([i)))ajax)(P(a)) =0-stable]

[Ag,n(0) =[5',d/muldega A +dwa =G-st]



--

[Mg,(G)
⑤

&

↓

*=y

·

Erg



Thm (AMPPS) /
implemented on computer

I am explicit formula for logDRG,A
in terms of

R*(g,n) +PP([Mg,A(b))
M

CH*(g,n)



D

PP S

--

eR PL



-

b: PP -CH

--

PL PP



sample
JPPZ

↓

Y -
I A



Corollary :All DRg,A)V) are determined-

Example g
=2, A =(3,-3,0), B =(0,3, -3)



5. Anovel approach



5. Anovel approach

Anovel take on an old approach



The geometry of Mg,ACO) is in fact extremely
favorable

Cg,n(8), 2 =aj *f(P(a))
!

Mg,A(0)

Ihm (AMP)

lgDRg,A =cg) -Ri +2)



So lgDRg,Ican be calculated by GRR

I

I (AMP):Let c+5 be a family ofcurves.
The GRR formula lefts to logCH. The result

is an explicitformula interms of

cits), himPP([s)
Is -Is



The approach leads to new formulas

Mumford Pixton

I,=k 1, =dirr/12 (g=b)

AMP HMPPS

logDR1,3,-3)
* lgDRs,c, -3) =

-13/72x
- 13/424

=+, +242 +24 -22 &(4,+4z) + -ix -y
-3

- -2
- 3s --3

-

Relations:4,=42,Sidir/s
on Mz



In fact, the method calculates the Curtual) classes

ofany universal urged pulled back to Main

0

= f0] ne bgDRug,

egico =0m> Relations on My,n



1 2 3 dim (V)

-W, DDR.. DDDR GW

- - ajWg-
- 2- "

I B
d


