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Goal for lectures is to explain some work
in progress on log intersection theory .

Based on projects w/ various people

(R, W , It ,P , S)

• Looking for framework that incorporates
phenomena such as invariance of

bog invariants with respect to log blowups
• Tie in with DR

,
DDR

. . .

and in general
LogPic ,

stable maps .

Apologies : some overlap with my previous

talk
,
and also w/ talks green in

Johannes
'

seminar

Technical background is necessary :

• weak semistable reduction

• Fiber products of log schemes
• hog Blowups and strict transforms

• CHCX) and piecewise polynomials on TropCx)



Today : Toric geometry .

very good toy model where the germs of
all the ideas appear -

-

Notation

X toric variety w/ tones T
- Gm
"

/ Q

N s Hom (Gm
,
T) = I p-subgroups

Ms DomCT
,
Gm) = Hom (N ,Z)

= characters

Main tins of toric geometry : 3 equivalence
of categories

µ
Tonic bars

§ ←
Lattices N

Equivariant
Rational polyhedral

Maps fans F CN,,z



F = U o

b
XCF) = bin

,

Sree asso]

oc- F

so = onM -
- I u.cm/su;o> 303

4¥ - in

X-s F = U o

w/ o
° =/ v : Gm→T I v co) exists}

and is a

¥¥¥
omen point

Try to reduce all geometry on X to geometry
onF .



Well known instances :

Singularities
X is non-singular itf all our F

ane Ci) simplicial o -hi
,
-- -Nk>
-

lur . urdep .

Cii) unimodalar

det Cui
,
. . .vis s l or

Vi . - - - Vk are basis for Nnhence) .

For example , resolution of singularities is

equivalent to funding subdivisions

⇐
"

÷
, EEE:*

Remarks subdivisions produce proper birational

maps , but geometrically can be complicated
Star Subdivision gives a weighted blowup .



Not so well know

Thru C Abramovich -Karu)

• Surjective map X-y ai

Ci) Egmdimensional if maps

comes onto cones

( ii) has reduced fibers it maps

integral structures onto integral
structures

⇒
f nsteq .

I eqmdwensiond
← -

c x ft) ¥1 air
a-
#

t
* *



Definition : A map satisfying Cid and Cii)

is called weakly semistable .

Remark : Should probably have been
called "

saturated
"

.

The surjective weakly s .s . morphisms
are flat .

The . Every map X→y can be turned

weakly seemstable after blowup *

* and root stack or finite cover

meaning : a-men X-Y
, F

×
,
teddy sis.

I s

× → y



This is an analogue of Raynaud -Greeson .

i
①

Idea

#

÷

The Can achieve X'
,
y
'

smooth
.

This is hard
,proven by CALI)

when dunysb
,
classical

.

Fiber Products
+

Category of toric varieties has fiber
products

,

but different than

schematic ones .



2 main pathologies schematically
r -
*

.

#""""
-

I
"

I

✓
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c. .
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. .
.

" I - AB

""
'

%
,

2- Ts
{g.⇒15*4

.

- - -
Z {

The X-'y is weakly s -
s if and only

if Cxxyz)t% xxyz for all 2-
→Y

.



Where does the discrepancy come from ?

X - No
,
N)

,

Y -Aco
, N
'

)
,
2- s XCK

,
N
" )

So -Tam

Xx
,
2- = Spec QE so] afsay

$1507

- Spee Q f so Sk]

But a morbid P of the form Score
is special :

(. PSP is torsion free)

• P → PSP is wyectine Cities )

• Peps" is saturated (
" f. s

" )

So-0,5k does not satisfy there properties



For
any P , g

p → ptor

Completely formally ,

(xxyzJtnssrecCfs@q.s,gtw]
Pbr is composition of 3 functors

• P → pints Image of p in PSP

• punt → psat , { ←← PSP In,←pint of

( . psat → path, cF "Ytor )

Geometrically
. See Pint→ spec PT

inclusion of wed comp .

°

free p'Tt → Snee put] normalisation

( - killing torsion picks one component out
of disjoint union)



So ⇐ZINC xx.it is a normalization

of main

component
"

.

To see other .comparents, we

" extended tspecahration
"

5- = big storm( so , Rao)
E s big stone (so , Ezo - Raou o)

{* : 'AZ : f, 1€

I =

*

:*
.



I¥
I

I - EF
~ Thin . Components of XxyZ are indexed

by components of ECX) x
#⇒
FTZ)

• The normalization of such a component
is toric

,
with extended fan = that

component .

• If x-y is a subdivision
, no normalization

is
necessary .

Furthermore
, CXxy⇒tN= Strict transform

of 2-
.



Chow groups .

well known : Orbit - Cone correspondence

tone Nandy is stratified , strata
are orbits of T .

{ Cones off I ← { Strata}

o - ITNCox
V C- go

o sit Nco) c-do)- OG)
for ve 00

demo =L demos n -k

Nco) = Tco) s Oct)

This is a tonic variety .
Its fan in

the Star of o .



A co) s Hyun, ng
Mco) s ohM

5-Cuco)) =/U 't to >of

Renae Echo)) can be seen directly
in FCX)

,
as the Face perpendicular

to o .

¥ - I.
es

¥⇐¥



Thru C ? ) A.Cx) is generated by Acog

Relations come from characters

deux
"
s Ecu,ri> vcgi) : -- 0

More generally , for all o , memo)

deux" = Esu
, no,>

NG) - O
T>o

←
primitive elf

.

in Csd t
.

on %

↳ i f
p

" " " "

u =L-l ,
-'

s

-t)
q

es

Az = EV Ce.) ,v Ced , vCes) , Vcu) ,Vcw)Y
M

Nce
,) +vlw) -Vcu)

get -
Wes) tvcw) sub)

Utes) TV (w) SVG)

= arced
,
Van))



A
,
i Wiz , 43

,
Vin

,
Viv

, N23
,
VZW

,
Vzv TV3W , V3v

*
Nizt New = Viv th

.

Vis t Viw s Viv

Utz t Vzw = Vzv

N
23 t Vzw = Vzv

✓
13 t N3W s VSV

V23 t V 3W s Vsv

NIW - Vzw = O

NIw - ✓3W = O

Nsu -Vu =D

Vw - Vsv = O

V12
,
V,w

ban's



Chow Ring trickier .

if X is complete
,

Ahcx) = HornCAIN
,
Z)

c Hom(Ksdk-cones} ,Z)

C : Gd k - ones →Z s .t to of csd but

I eco) (re
, no,

= O

T>0

( =3

⇐ Cct) no
,o
e Lirico)

7

/

Murkowski weights

(Balanced polyhedral subcamphexes)

tropical cycles)



is 0

A
'

CBlops) = ZZ

if x not complete
,
more mysterious .

However
,
Pic can be described

defherenthy

Pic CX) = PL ( FCN)/m
= {Piecewise Linear#Linear}

Thin (Brion)
if X is smooth

ATX) = PPCFGM



The isomorphism sends function

that takes t on
ray r , o on other

rays to acscvcr)) .

Can compute PPTx) via Stanley -Reisner

ring :

SR = ht 1×4%4; . . . . x%= o et Cri
,
. . . ,rk7

do not form

a cone

Quotient also by (Ecu, ri>xri>were
to get

pp.CN/



L w
htt

, .kz
, try , xw.tw)¥1.

-

es XIXzXz SO

Xvlxw s O

tu t Xw =a

Xztxw s Av

Ast Kw = Xv

= kfx
, ,xw]/xf=o

XIXW t Xw%O

dead:X. ,xw

deg 2 : Xi, xixw

deg 3 ; thxw

deg4 and up so



In full generality

the (Payne) App
*

Cx) = AT 1×11-3)

for
any

tonic variety .



Lecture 2
.

Foundations
etale sheaf

hog scheme : pair ¢, next
of monoid

x
Mx → 2x

x
- 'LSE) =g×*

Maps CX
,Ma) → CY

,
Ny)

x → y

*

f-'My
→ Mx

t t

f
-'

Sy → 9.µ

Example

X s XCF) tonic variety

Mx = Ife 9×1 f in a unit on tones}

Meck) -- monomials k.M



- A bit more generally ,
it P is a monad

,

Speckf.PJ has big structure

Mmp, generated by 1AMpep
- Cx

,
s;) ← crucial

- CX
,
Tx) c- rarely used

Embedding
forget

Sch→ LogSch → Sch

x - Cx
,
Q: ) → X

As a category . LogSch is nice

• Cloud under finite
inverse limits

E.g has fiber products

( finer product of stones , pushsut of

log str .)



Ex : Ck
,
Mx)(Y

, t.my)
astrict map

"

I I

CY.si) → CX
, s:)

But LogSch too large for geometry .

Put finiteness condition on by structure

DI
. CX.mx) is coherent if tax

, F

etale neighborhood Lum) of CX ,x)
,

a monoid P
,

and

✓
strict

map u→ SpeckEp]

G.e Mu = f.*Mp) T "

Chart
"

Usually demand more :
Charts can be chosen for the

most

• Integral (pepsp) part you
can
live

• Integral + funtely gun . (
"

five
"

) your log
life

. Fine and saturated C
' f. s' )
#

here



f. s log schemes are essentially category
generated by tonic varieties (w/ interesting log str.)
schemes (w/ trivial) , and e'tale localization

.

3 main examples :

Ci)

⑦
all toroidal embeddings
(x

,
D)

Mx - (feat F unit away fromD}

bi)
hog Point

P monoid with no units

•

i
, Specht. PT =#

I.Mp a non- trivial log str .

Explicitly : (Speich , P a- bit)

with Pak
't → k

p
- O



liii) Log curves .

X s nodal cure ¢
!
S = @peek ,Ms) bog point

Lsg structure looks as follows

• MI - Tls at generic point of med

component

• MI
,q its %

NZ at node of

N → Fls
+ → gg }

this is part of the data

• Potentially there are marked pants w/
big structure , and then

A-
×
,p

s Ms a- IN



What's more interesting are the morphisms

Many ways to put hog structure on
a scheme

,
but once you choose , morphisms

are restricted
.

Ex : (Speck
,

Potti) → (Sneek
,
h.) oh

( Speck
,
bi ) → (Sneek

,
Poti) not ok .

p-uCp)
P a- hit → htt

(t - i !
.

o - o ¥



C-in E. g .

I cX - toric variety
a

closed St-al

2 log structures :

(5
,
i
*

red → Cx
, rex) oh

(5
, res ) X CX

,
Mx) no map

a

standard tone log structure
'⇒

q Eh ④*-

oh

Common to break study of log scheme
on 2 pieces

o → s×*- MIM → MI"- o
/ Tcombinatorial

algebraic



Combinatorial aspects

MT" gives stratification

> IN
✓

IN

m
'

w f
-m

'N

Tend to organize into
"

core complexY four

Wun x-y generation , Thi, y Thx:

t.im MI! :-. ccx,

④ - ÷¥
.



• If X is toric w/ toric bog structure :

c.Cx) = F
,
but ascharacter lattice N

is lost

✓
strata

However
,
orbit - one correspondence

holds verbatim

• Map X→ Y inducer

(Cx) → ccy)

Not induced by global map of lattices ,

but still piecewise linear .
-

Still have that it stratum S of X

maps to stratum T of y
,

int@
s) - intLoy)



Can see previous examples in this language
in) (speak,Poti) - freak

,
hi)

←
3

pv - o

f-
←

(interior cannot
go to intenser

!)

⇒

I =.

nosingf
.

-
e.
I



c bgame $1
.

S - (speak
,

Ths) &

Proxy :
gaerts

894€45
Sq,



(Cx) captures a very simple operation , which
is avrucial

.

=

A Iiis e
'

→ ccx) determines

a proper map X
'
→ X with C

'

= ccx
'

)

Locally , it o --M x.I , you have chart
- subdivision

X
'
-XCE )

/,
D b

x- SpechtTtx
,
x]
←toric

,

X
'

is called a log modification .

One way to create log modifications is
to

start with sheaf of ideals I cMI9P .

Corresponding modification u then called a
lsg#p



Lots of possible subdivisions

-

# ⑤ bog blowups

log modification,
rest log blowup .

Most important ones - star subdivisions

④ log blowup

H X is smooth and toroidal
,
star subdivision

at barycenter -

- blowup at smooth

stratum



Star subdivisions are cofuual

Intuitively , there are far fewer log blowups
than blowups

④ -0¥
True for the toroidal case .

Other extreme :

c .
. my - if

"

- Tek
.



Ex : For CX
,
D) smooth toroidal , D is

snc iff ccx) can be linearly embedded

in a vector space .

④ - ¥0 no

can always achieve :

* - :*:
Algorithmically : Second barycentric

""m



Parallel approach to combinatorics :

To a log scheme X , we can assign

a stack Logx

Log,→ Sclyx
t

G.My) → x - y-II

w/ strict maps

X C Logx

Y → I -s CY
,
f*M×) → X



Lsgx is very large , but essentially
combinatorial

.

For monoid P , let

£p : = rechfihyspechspgpy)
Gm

£
,y2

=

& Os o

B •

Gni Gem

For example

Trtomfggsehcx . Zp) = Hammon CP , MTCx))

if u→X n etale , re
- Specht.PT

is global chart ,
get

ale cover

p a
UE

,

Zoe → Logie



In fact
,

Logue = kid
. Unfpa

MonLp

and Logue cover Logx .

Special care

bin ZpLog = Logged
,
b.)
=

→

P

For
any log scheme X ,

X→ Log factors through
ie-e'tale

¥If£uI
. .

: -Ax- Artin fan of
×

Same information as CCX)

ccx) - ling JUI, versus the,£ie
,.

= d- x

XoX xc-X



In Fact

Thmcccuw)

{ Artin fans I ← ( cone complexes}

In this context

subdivisionetc - 1-x -
c
'

-iced

⇐i
1 is I

X - et.

So combineatonally equivalent .

Advantage :
Deformation theory of log maps is governed

by hog or Artin fan
.

Ci) X→y is hog smoothyflatletale

if hog× - Logy is smoothflatletale



More astutely ( locally onX)
smlflatletale
X → yx 1-x → A-x

d-* d

te - Ay

E.ge
• Toroidal embedding - hog smooth over @peek,b)
• Log point (Speck ,P) - never hog smooth

over Greek
,
ti)

unless P s O
.

• Nodal cures are big smooth for appropriate
bog structures

µ-Cx , y l xy stil)

f TL

c.
,
N)



Cii) F bog cotangent complex Light for maps
x -y

it is simply Lxllnogy
Has fmsstly) expected formal properties .

/

key to defining obstruction theory for log
stable maps .

Connection with previous lecture .

Main points :

• For a toric variety , schematic and

tone falser product are different

• Toric fiber product is a normalization

of a main component , basically
strict transform in care of interest



• There is a class of maps where the two

motions
agree ..

These are the sewerstable

maps ( cones onto corner , lattices onto

lattices)
. Every map can

be turned semistable .

• For non- scenestable maps , the excess

component are governed by fiber

product of extended troprealization .

The same holds essentially verbatim
for f. s . log schemes
-

- f.s
.

fiber product does not have the

same underlying scheme as
fleur product .



The issue is exactly the same :

if X -' Specht.PT
,
y-Speeheal ,

2-→ Srechfr)

are local charts ,

ther product in all by schemer wants

to have chart Spee Lfp;RT
-

not f. s .

f. s
.
Thur product wants to have chart

Sneek.Kp%
,

satg

The process of going from
M → resat

keeps precisely the normalization of

the main component .



• For semistable maps , the two notions

coincide
.

Semistable maps between lsg smooth

objects look like

Ci) flat
,

reduced fleur families

(ii) Inclusions transversal to the boundary

④*
• The excess components are parametrized

by fear product CTX)
⇒
Eez)

when X →y is a log blowup , and Z has

generically trivial log structure



- (XxyZ)t
" '

c xx
,
Z

\ strict transform
.

- Other stamporients are projective

bundles over strata of Z .

-

Intersection theory .

Look again at o →sit
→defeated"- o

Easy : Ho (M-×8P) = Piecewise linear

functions CCX) →z .

Long exact sequence

jeou → PLCCCN) →PicCx)

x - 9C -x)

9L-x) = torsos of lifts of a



When X is smooth
, log smooth

PL CCCx)) = z*rays
of ccx)

eg
→ 9CD)

more generally

x - d-
×

induces a map

tht
x) - CH

*

Cx)

(L

(pp cccx))
Payne's theorem

Essentially extension of Acth
") →TheCx)

by beauty .



Lecture 3

Want to study gdsmetry of M-g.rs .

In bog geometry , there are two approaches

Ci) Log stable maps Cii) Log line bundles

K
+CV) into on

some toroidal V Eg,n → big , n

• Honest
, hard-working . Mysterious

,

space underdeveloped

well studied by now
but gries intuition

next }
,

↳day
L

lecture
DR



warm up .

Speck IP] with its canonical log Str .

Stan

hogSch
(X

, Geck !PJ)

= Homie.nCP, Mix))

= Cole Homcps"
, rexcx)
") s.to/CP3cMxcxB

Proof s →Mix)- I

t j

hip] → 9×6)
-

Gre complex CCSpeck T) s Pu

Hom ( C ,
PV) is determined

by Stanco
,
TV ) and equals

Hom CP
,
ou)



Can formally
"

lift
"

ccspechf.PT) to togSch

by
Hom (X

,
CCSpechtPT) : s Hom(P , MIX))

-
This functor is representable by

Ap sfsrechf-PHspechf.PH) )
(Different way to phrase equivalence

between core complexes and Artin

fans)

A bit more generally :

X = XCF
,
N) a toric rarefy , Ms J

Ttm
bogged

CY
,
X) = Lol e Hom Cre ,Mey79

"
:

Locally on Y , of takes

•
✓
nm into MCY) for some o e-F }



Suppose I → X is a subdivision of X
.

Last time we saw I -X is log e'tale

( In fact : Log e'tale maps are generated

by subdivisions
,
orbifold structure

,
classical
- etale
didn't discuss

maps)

Can also see from functor of points that

they are monomorphicMs of log schemer .

Evgeny asked : what about category

of log schemes
"

up to together
"

subdivision

I'll interpret the question a certain way
and give an answer .



e new category

Obe = Ob hogSch

Morea , x) = him Hom CI
,
X)

.

→

I - y
subdivision

Features :

(i ) In e
,
I = Y for a log blowup

(same co - functor C? ) of pants)

( ii) Lt X =T= Specht re] torus .

Then Hom CY
,
T) = Homem ,94J )

so MoreCY ,T) = thin Hom CI
,
T)

= Hom CY
,
T)

nothing changes .



Ciii) Lt X - toric variety compacttying T .

Then Marcy
,
X) = big Hom CF , x)

= login f $ : M-Mc-yj9P_ secy)9"

sit locally on 5 ,

olCobre) e MCI)
I

MET a o
The MCF ) get smaller and smaller

= Storm Cre
,
secy)9P)

So X becomes a group object !

Instead of working with E , l'll take

a sleightby different approach



Dd ( Kato) Functor on LogSch .

Tbg (y) s Hom (M
,
Mey) )

Ttm' Cy) = Homem, Mets
"

)y

I
space

Ci) F exact sequence

o - T - Tbs?Tts
P
- o

Cii) In E
,
T
,
T'T

,
Ttm are representable

by T
,
Alf)

,

fxc f)It] respectively .

Ciii) Tbg and Ttm are met representable

in Log Sch .



PI suffices to do GET? Suppose X represents .

ht Sk -- c . . !? s

him
,
she = So s C .

,
→ )
Cbo)

z s HomChin Su , Emts") * big Homesa.IT?M=zZ

This is a very good toy model

for what follows
.

-

LsgPic

×

- log cure : log smooth, weakly
b

seemstable
, proper .

S
"

C.
,
Ms)

to log structure on

markings .

✓
for

expository purposes



write
,

§
me

-

.

8
,
c-Tls

1 /
( or

,
Ms) -

Ms

Consider

o -Qi -W"
→ Tea
"
- o

Illus're : study M×9
"
- torsos on X

.

Intuition

Xu- X Pico CX) not separated
smooth j f nodal

u c s Pic"CX) not universally
lease smooth closed

.

open



Ln live bundle on Xu has

transition functions gas c- Jcxu)
't

but over S -- UT gas may
not

go
to a

unit .

However
,

(Easy) Cia), Siu = rq9P

So expect an M×9P torso as limit .

Def
-

Logic .

- Lg Sells

{ Mx
,

- torsos
t
-

T- s

on xxst
f

t → ignore in this talk .

bogpic s Sheaf of iso classes



Properties : LogPic CHS) is

• log smooth

• proper

• group .

But what does it look like ? I'll give 3

descriptions .

Description t . Look at o
→ Sit→MY"-Ty" → o

LES Holt
,

") → PicCX) → H'Creek) → H' aid")

// s-points of bogPic

For any log scheme

Hooters" ) s PLCccx))

(Pf : Hola") = HomCX ,Aw) = HomCtx.tw)
= Hancox)

,

N) )



Explicitly here ,

i.
I a4.) &

i
PL Cx) = ( teCrts)

"")
: ht e with

slope endce) -- W , in(e) =V ,
3
F see) ez s.

t

few) - fu) = SCe)Se f
*

e

n n.

-
e,

NTS sBz , its = NZ

Rso XZ SPLCA)
PLC*) , Tess's



Remark : In tone case
,

'H'City") →Pic CX)

is the homomorphisms PPT f)→ A'Cx)

of lecture b

Miracle : for any log blowup I → X

It
'

CE
,My
") = H' Cx ,M×9")

Them (Mw) Piece) → LogPicCI) sbgpiccx)

cover bogPicCx) as I - X ranges over

all by blowups of X.

" Formula
"

: LogPicCx)
"

stud
,

Pick)/pgc*,
I-ex

Log line bundles - equivalence classes

of line bundles on sis.

models up to action of

PLCE ) .



Description 2 : Try to find cchsgprccxls))
i = TropicCH)

But how? bogPic is only given as a

functor .

So I can try to give

Tropic as a functor on one#hexes

Caffrey comes
L

monsids

( think : CFG over Sch a CcsF.G- over Rings)

Idea : write corresponding moduli problem
on It .

Pathway MIS" c- PLC*)

we c- LCH)

✓
I'll define in

a minute



Geometry on A C
"

Tropical Geometry
")

Ci) * has a topology generated by stars

¥
of strata

•
z

€÷¥
( ii) PLC*) is a sheaf on *

If PL -- Tess" ×ze

( Ph sing"Iz

(iii) There is a sheaf of divisors Div

Div cu) s InZ

and a map

order : PL →Z

ordvcf ) = Esce)
Vee



Civ) F din :B - Div

duct ) = E (ordu f). V

Def : L = Ker dw

= If c-PLEA) : Esce) so tu f
Vee

( "balanced functions ' )

Lsgpic : Gwen T- S , form Xxst
,
take H'CU P)

-

T → s w. MY → Msu
(

SMS→MT
Gwen 4 :Ms→P , X-p
*

(g) Siems ~, poles
-D
,

Lol =P-valued

linear

functions on X-p

Def Tropic Col :Ms→P) = H'City
, Lp)t



Fun calculation Col - pants)
"

-
ciiarmomedifferentials

)

o → PSP→ L,
→ It- O

"
s

deg
- o-tic sHick) → H'CA

,

PSP) Tropic- H'Cst)
- y

HomCHCH
,
PSP) Hock)

U

a

stick) → Hom CH ,Cx) , PSP) intersection

parring

induced by ZE xz
""
→ its"

Le
,
e's = of

ene
'

Degree O piece

IsTac (*) = Hom CH ,CH)
,
PSPYHut)

= Ttm) µ , CA)

T = Speck f- Hick))



The crew)

There is a tropicalisaltar map Logpiccxls)→ToPicot)

giving an exact sequence
of sheaves

• → Pics"(Ms) - LogPicCHS) → TropicCNS)
-O

caution : LogPic is not representable

e. g its one complex in deg o
in Ishee

,

looks like an unsIsdivided real tares

C.J - Issaccan.)

- 112%22
fussRao

a

④
Honorer :



ThinCKkN) subdivisions of Tioga

→ It
,Clt) - invariant subdivisions of

1-trop

<→ Subdivisions of LogThe CHS)

correspond precisely to toroidal compactification
of Pict" CHS)

.

very much hehe toy model :

• LsgPic a group
• not representable

•
In e

, representable by any tasidal

compactification of pref?

Symbolically

hogPic - him (Toroidal

compactification)



Perpendicular statement for xygf.bg
smooth

( Huop) The subgroups of TvsTacClt) CNTs)

correspond to group models of

Pieta CHS) .

The Finite subgroups correspond to

the separated group models .

In particular , (separated) Neisen model

exists ⇐ TisJaeCHI Crts) is finite .



Relation w/DR .
Fix ← Ca

, .
. -sand ,Zaro

On Mgm , F ay : Mgm
→PeckCgm)

CC
, x, . . . .
xD → KCEaexi)

DRI
Mgm

= 9g
-'

co)
.

On Tegan
, ay does not

extend .

Can define DR by Cw theory (next talk)

Blowing up Jug ,y to resolve ay
CHolmes

,

Marcus
-Wise)

ag
extends to a map Jug,n →hogpiiccg.ir/u-g.n)

DR - Itg
,n

b D
O

ing, → dogpiecc-g.nlug.rs)
as



But this only gives scheme structure .

Cycle structure - I don't know

There in a problem : what A
*

can we are , since bogPic is not representable?

There are candidates .

For a log scheme X , can define

a
'

:cx) = find A.CI)
I→x

Ehsw homology theory , natural form point

of view of log Gromov -Witten theory .

( Not a rug)

Chow cohomology

(Barratt) AgogCx) = lug A'CE)
I -' X



(this is what Rahul called togch in
his talk)

e.g
for bogPicUys) ,

this makes sense

as bin
,

A
* ( Toroidal models of Pret

"Cx))

and is the Chow theory of
a group object .

Hope that identities proved by

formal methods for D lung ,n would

(extend in appropriate LogCh .

this is a bit subtle .

l 'll discuss next time .



Lecture 4 (Based on ongoing work
with

bog stable maps .

D.Ranganathan)

Fix V bog smooth scheme ,
i-e

.

toroidal

pair CV,D) .
⇐
contact

Fix discrete data TsCg , n , b ,

J )
orders

D

Hzcv,2)

Problem : Gmpactify space of maps
into V with discrete data T .

④
In the limit , you may lose contact order

completely if a component of C falls into D,

or the contact order may want
to jump

"

to a different component of D .



Idea : A log map can regain the contact

order information even in the degenerate
situations ,essentially via the cone complexes

Example
-

E.N .

×

,y
2

I

( •
,
IN)

-
slope

keeps
contact orders

1 .

E -1¥I



Det (Aces)

ok
,
-wuss . fn§

"s

/ I :} Tape wi data t )
The K,-Cv) is representable by a

proper algebraic stack with a toy
structure

• K ,-Cv) is singular, but has a virtual

fundamental class .

In Gw theory of a smooth target w

universal family
I, f

'

Ui-Cw) → W

" I
Mean)



it

E. s(Rt
*
f- * Tw) is a perfect obstruction
→

v.bundle theory relative to m-g.in
\ smooth

he
, once one fixes C , deformations

and obstructions to deformations of

maps C.→ w are governed by Tw

In the log setting ,

• want to deform fog map

• The log structure can also
deform

in families .

Analogous statement
t

Up CV) → V

n b

KTCV)



Is
*
f. Tubs) is p.at relative

-
nestable→

v. bundle to Loafing,n
because vlog smoothi.e . T

log

fixing source tlsg structure , smooth

deformationslobs fructuous of log maps are

governed by Tv'T remember
×→ Log

Log agg,n
is a huge stack t i÷a÷¥:[Kras → Login

, ,u

factors through
green

P know
e' tale

,
street

film"

-

bog maps from prestable comes to

Artin fan 1-v

Then stack in quasi compact



Conclusion: E is p.at for K,as relative

to K
,
- htv)

log
"
smooth

,
so equidimensional

1K,- Cv)]
""

:-.

p! fkrhtv)]

Remark : When V = Cv , D)
9- smooth

there is familiar compactification
due to Jun Li

Mft (v) = maps to expansions

⑤ -
If c tends into D , expand v and remember

contact order there



In fact
,
this is essentially the same solution .

Idea : Look at map of cone complexes

f
CCU

,
htv)) - ccvlxcckthtv))

- I /
CCK ,-Cctv))

✓
green

expansion

..
-
-

-
-

-• of v

sis

'

¥Sub .
of K

• *

×

4-Cctv )

\
, ✓

,
gier

sub - off
,
keep

CCK
,
- Cctv)) Kt (V

)

Up(v)
1-K,-
(V)

Almost connect statement
sum
stake

midCv) in obtained from Kiev)

by performing weak semistable reduction

to the runnersal map .



rt
so Mirela) → K

,
-W) is a subdivision

(in fact only exists after saturation)
normalisation)

so its log e'tale .

Even for arbitrary V , you can look at

the same picture

tf v

O - EEE
^ [

perform s .s
.
reduction

Gives (non- canonically)
moduli space to expansions of v

This is the approach of Ranganathan



we still have a log e'tale map
to

MeTv) -l K
,
Cv)
) subdivision

+vast gtack

These
maps respect virtual classes :

$. Smiler55 - fkrasj
"

In fact
,
the same is true for any

subdivision w-v

ol
k
,
-Cw) → Krw)

t.fki.cm/n--fkrcv3jw
The reason in that all there maps are

tog e'tale , so they do not change

E. =fRr↳ f.
*Tj's)

"

@



More technically : For any subdivision

$
X - Kow)

j b d

* - K,Cctv)

can give X- * the pullback P.

o
.T
,

and 10*1×7
""

= ! K,cu>Tir

Wun * → Kiev) has a modular interpretation

as in the previous cares , the pullback

obstruction theory csuncidess with the

modular one
.

Most compact way
to phrase this :

1k
,-WIT

"

e A!" ok,as) chin A.Cx)
xxk,-Cv)

bog blowups



Double Ramification cycle .

N →(R
'

,

o
,as

1- = (g.n ,b , I) n determined by g ,

I = (a, , - - - , an) , Zai so .

Consider minbar) -- {tenths up to

Gm - action on P
' )

Same as before
,
Mint has a virtual class

DI = DIG ,
a
:= f.MT'T

''ire A.cm!
'
)

and DR i = ↳DMR c- A
*
(Thg ,n) ,

where E : Npr
"
→ Tug ,

n the obvious map .

DR is a cycle of codimension g ,

supported on bear

(cc, x. . . . . , xn) / DCEaixi) -- o in Lsgpic (Esmtug ,
D)



By previous remark , for every log blowup

TL : Itg ,n
→ Ilga ,

can get class

Turks- rumbas
S d

f.s .

d E M = st

dig ,n
- Thg in M s priest .The

wir

IR = 8*1 Turubcv)] i so there is

finer class

DR t A *

b'
Cig ,n) .

Reasonable question : Is it
*
DR = DT2 ?

Answer is no .

Reason is that the diagram is not

Cartesian ; Cartesian only in f. s .



Nevertheless
,
we can take a sufficiently

fine log blowup it, → it, s- t

MTB- wit÷: #r
weakly s . s .

Then everything further along stabiliser ,
by

and we get a class DR e A gcrtg in)

= lyin A' Ckgm)

which is not pulled back from ATM-g.in) .

Language for the situation .

f : X →y map
of log smooth and smooth

bog schemes (more

generally :

bog lci map)



Define new operation frog by
v
'

x' 9- y
' '
I p,a

aimer
P t

f
d V

f
*

,
f
!

x-y ol

with
g weakly seemstable ; g beams

togV =p.g
!
V
'

e AEx)
ki

Care of interest : X t Y hog blowup .
In this

care
,

X = ×
a
V

11 f.s.
d

f
t
✓
V- generically 0 log structure× → y

fo!g V = strict transform
.

Caution Ci) fig depends on choice of f :V TY
and does not respect rational equivalence
-



Cii) Nevertheless
,
f
, jig respects rational

equivalence as long as the combinatorial

type of Ccv) → CCY) does not change .

Ciii) we have

Tl
,.!g DR = DT2 in previous

notation .

Civ) once f in semistable with respect

to § , fig "stabilizes
' and = f

!

gneng a class in Afgex) .



" Double
" double ramification locus .

Now fix 2 vectors of contact orders

I
'

s Con
,
. . - in)

,

lis Cbi
,
. . .

,
bur)

Exi so Ebi so

1- all discrete data .

Have

it ,Twb(P'xp') =/nel. maps C→P'xp
'

f e
up to Gni action

}

htt

DDI is DIR , = fill iubcip' × ,pay
"

)

DDR = E.← DDR e
AH (M-F)

.

Supported on locus

{( C, x, . - -Xu ,y. . . . . you) I Jcseaixi) - 9C2biyi) so
m LogPicciotto)}



As before :

• DDR e Ab? Crt,)

• For a log blowup still, →MI ,

dumb 'xp
'

) →Mind '
xp

')

51 I
~ Te -

MT - Mt

Tl
*

DDR =/ DIR : = of fieprubcipixpi))

Tio!gDDR = DIR

• Tho!g eventually stabilizes to Ti ,
gmurg class

,
bin
,
Akito)

DDR
'T

e Awf att) ,not

pulled back by Akito) .
-



Reasonable question :

a

iii. → wig,
-,
b rig ,m

Is a'DRI . b
-

DRj = DDR, ?

For example , over -Up ,

( cc , a, - . . ,xn,y, , - myna 1 ICEaixi) = SCEbiyi)
-S}

= ( CCC, a, . - xn ,ye, . . .yw) (Skai x'if 8

and 9C2biyi)=D
}

is almost tautology .

Answer : to

Naive product formula fails ur

bog aw theory .



h

Kicvxw)→ Q → Kow) x Kohn)

I f.s d f. s d
l

-
-

Dy - Q -7 Me xMt

I f.s
- D -

d
-

Mt-Up xMt

their D
! skrcviirxk.cn I # h..lk,-crank

Need
l

biog
-

Put otherwise ,
what is true n that 7

some time→ Iti s -
t

Mog
!
DDR = Thsj DR TyojDR

L. l
.

DDR
""

= D12109 .DRbg



if we are interested in difference

DDR - DR .DR in ATU-g.in)

need some calculus for the!g and Afg .

Fulton tells us how to do it
.

Setup .

n ✓
blowup along X

exceptional I 1- y
f't It
,
variety xcy

⑦ Y in regularlya

center of blowup embedded

For V CY
,

class
supported
xnv

on

f-
*

V = strict transform t /

g.*Cece) . of"feasted dim .

E = g*Nxiy/N×¢ = excess bundle

scxnv ,V) = Segre class



smooth
in our language,

F - {←log blowup

← V

X - X T generic hog str - o .

⇐,
,
µ
-CDR)

( smooth
XCY corresponds to monomial ideal

Id cttx

Form Vx
,

I vxy'T

g , ;
Lt

Vxyx → v

f
'

IVI = f.jV + +@CE) . g- scxxyv ,
v) )
-

/
in principle Segre
class is hard

to compute .

But Xxyv is monomial m v



Atuffi Amazing formula .

For a monomial subsume S wort

normal crossings divisors Di, . . . ,Dn

in smooth v
,
tom Newton region for S

4543 of

"

x - EK.EE
Cx

, y) Y

Z 3

$*Cx ,y) =( D,Dz ,D,Dz )

De V Z
'

Tais

# .
.

N - danton region

SCS
,
V) = f n! D , - - -Dn
-

da . - - din
-

nol

N CltMD , t . - - t XnDn)



= { (coefficient) - Monomial inD; .

D
,

'
'
. .
-Dijk

How to interpret formula : each monomial

picks out a stratum of V supported

on S
,
and an excess class supported

on stratum .

For scxxyv ,V) , strata correspond to

components of CTX)
gey,

CTV)
,

and each

stratum is a project've bundle

over a stratum of V . Each term

in scxxyv ,v) gives an excess class

on such a stratum .



Question

MT→ Mr

¥mi,→ui€Th
✓
* blowup along smooth center

fustian to the audience

I → I ←
Sm .

I t

x- Yassin
.

-

VCI) Does X -ly hare to

be ki ?



more careful analysis (still not optimal) , using
the map Ccv) → ccy) gins that the image of

f-
*
V - fig v in A .CI ) has form

tPPCYJ.cg.ppcyg.gg#veA9tY
)

Cortland :DDR is in tautological ring .

Post Lrt MT →⑤ be a

log blowup where DIR = DT2 DTR-

Tun PIR=cHc*÷
"

with a
,
b of form PPCNTtkgppcu-A.BR)

Then DDR = DIZ-Tl*Cx
To@

*

DR* f)
c-Rcttgm)

- O



Open Questions
.

(1) Streamline the analysis of computing
f

"
- fi!g

In principle , every piece is explicitly

computable ,

but too difficult to do

by hand .

Ez) write a program to compute .

Need to combine combinatorics of

fans
, adrncycles , Aluffa's formula

(3) Write Aluffis formula in a form

that's ur line with decomposition of

xxyz in terms of ccxtxccy,CTD
instead of Newton region .



From
An:3

. cypp
Log A'CX) = big A

' CE)/ppeI )
I-'x

is more natural - e.g , for log une XIs

LsgA'CX) = LogPicCX)

and

AggCX) corresponds to
"

cover

"

hisPicCY)
"

s
"

hog Thi
x-x /PLcy)

( 4) Can define
( =)

LogRCM-g.in)
= big (Roig ,n), PPCNTG ,n))
-

q Ilg ,n→M-gin pp.crtg.in)
what is this ?
-

(no idea)



• flag
!
= ft m hogA'CX)

so DDR =DR
-

is easy on LogATX)

(also related statements such that

PR a-DRI
'

sDRay, DRI for HPS )

• Expect ÷ =DR to hold ur LogAt CT -

win)

(5)
But if you are interested in ATM-g.in),

cast clear how to lift equalities

there -

e.g ,
the result dgedwLogChf

is more precise than corresponding
statement dog so we LogA

'

.

(G) What is the structure of LogA
'
CX) ?

Is it finite dimensional ? Does it satisfy
Poincare duality for X log smooth?



(7) what is the corresponding homology
theory LogA*CX) of

flog cycles /esg
rational equivalence?

Hard

THANKS


