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Motivation

-

Cg 'Eg= Tl* wit
t Tt

rank g
vector bundle

£8
"

Hodge bundle
"

Ig =

Cg (Eg)

Over the locus Mgct of curves of

compact type , Ig satisfies
a remarkable formula .



t
Picccgt)- kg of Zg] class of O - section
of d I
µget → Ag

t

Torelli
map

Ig = C-1)od t
*

fzg]

But
,
Theta divisor

Zg = ⑦ Yg ! (Denninger -Mame)

consequently ,

Thru( Crushersky - Zakharov)

Tg = Dogg! for some DecH'Cugat)

Question : Does the formula extend to rig ?



For example
, diagram does extend

*gxajus → figb

Tig → Ig
But answer is no

,
in a strong sense. .

Thin : For g>3 , 2g ¢ dir CHCtg) , i -e

Tg is not a product of divisors .

Argument is an explicit calculation

using
" admcycler

"

t a recursive

argument .}
(Delacroix - Schmitt -van

2-elm
,
Pixton)



Intuition from point of view of logarithmic
geometry is that such a formula should hold

Logpicoccj)
o f
t T

proper , smooth , groupTtc
J has A divisor

All ingredients necessary for DM argument
seem to be there

.

Except : Question does not make sense

hsgpic 5cg) is not algebraic , and has

no Chow groups .

Ttonever
, tune in a@g) blowup
P → Logpicccg)
/
'

scheme



So the natural place to ask the question

is in

hog citing,
"

:-.

"

hey CH
-

Cig)

Jug-ing
iterated blowups along boundary
strata

Tim Ige dwhsgCHCity)

Or
, more concretely ,

F Teg → Fly a clog) blowup s - t

Age dirCHIrig) .



we will need to approach bag from different
direction -i G-W - theory

A = Cai
,
. . .

,
aw) c-B

"

s. t Eai so

Jug . A CR
'5 - { e-P' w/ ramification#

profile A over
action

0 and a

Fg,ACP'T has a virtual fundamental

class

- P -

Jug,ACP') - Mgm

÷:÷÷:÷:÷""



(X
,
D) - smooth variety w/ normal crossings

divisor

(more generally : toroidal embedding)

(x
,
D) has a

"

logarithmic structure " .

System of local charts

Txc-X
smooth (or Kos)

arbitrary
affine

f " tonic variety
)

Ux- IA
"

i t e'tale
sit f-"can , e.ni)

X = Ux- i- ' CD)

pm
Stratifies ×

mxcut-ltez.ie?!tuI,
go

IN-
Tex:- Mxpx'
d
'

constructible
.

Strata where Tex is locally constant



Subtlety : Strata can self - intersect and

have monodromy

For experts : Mx is a sheaf on e'tale site
of X

,
and can't be pulled back

from Zariski site .

When CX
,
D) has no self intersection

(
" toroidal embedding w/o self - intersection

')

CX
,
D) were extensively studied m

"

KKMSD
.

"

But for dtgm dealing w/ monodromy is
essential .



Construction I
.

Assume CX
,
D) has no self - intersection

Ux → VCof)
↳ "

Jux
,
I

×

For the generic point Xs of each stratum,

have a cone of

specialises
Whn Xs→ Xt

,

Ox
,
C Ox
,
is a face .

Cap) = him Ox
,

a cone complex→

S strata

EI 's CX,D) = (toric variety
, complement of torus)

ccx
,
D) - fan of tonic variety (w/o embedding

in lattice)



When CX
,
D) does have self - intersection

monodromy

presentation
as nice as possible

C

(v
,DD ICU,Du) → Cx

,Dad

and CCX
,
D) = f Ccv,Du) Ccu

,DD]

r
'

This is now a stack over category of

cone complexes CCCUW)

In practical terms
,
think of ccx

,D)

as a cslimit

• One cone Ox
,
for each stratum

• For strata S
,
T
, isomorphisms

Chs→ Ox
,

onto a face



Ex
.

Ccx
,
D)

- -

,
NZ

-
.
.

-

-

-

a. IEJ
. → .-

12 CX
,
Y) -Cy, x)

TIE

For Tugm
,
ccrtg.npitg.in)

= moduli space of tropical

aimer
.

Strata c- stable graphs t

Come corresponding to 1- = NEW)

Specializations← Edge contractions

Monodromy a Automorphisms of

1-



Construction 2
.

A subdivision CTX
,D) of CCX,D)

is a compatible subdivision of each

era .

Thx- VCOI )

f D f c-
Proper , birational ,

Ux→ Vca)
equivariant map

¥

Compatibility =, Tex ghe to

proper birational I → X

(a
"

log modification
")



Example (triple pt . w/ THz monodromy)

µ
)¥32

-

no

⇐ ⇐
Important case : Star Subdivision

⇐
- Can only do it 5 is normal

.
Then

, corresponds
to Blowup of X at 5 (when X smooth)



Defy Gwen Cx ,D) ,

hog CHEX ,D) = big CH
'CI)

I - x

by modification

star subdivisions are asfinal

CCX
,D)
,
→ CCX

,
D)

\ /- composition of
CCX

,
D)
L star subdivisions

.

So you can think iterated blowups

along strata

T .
"

ji - ←
. . .



Construction 3 .

Assume X smooth here
.

• S a stratum
.

• § Is ×
↳§
,

normalisation of

closure is

an immersion

so has normal bundle de
.

{tale locally , 5 =D
,
n . - indie

and Ne s [← ( SCD .) -0 - - - ⑤ SCDn))

But globally ,monodromy obstructs this

Lrt G- = monodromy group acting on D. . . . -Da
.

F G -torso

p n

T → S

it -
×



de - f-Ny ,
y monodromy orbit

Idg = 181 .

P
*
Ng z N

, -0 - - - ⑦Nk

Lt P be a G -invariant polynomial

Def : A normally decorated strata

class is a class of form

↳ PC act .)
,
. . .

, aCND)

Def .
The log tautological ring

is L normally decorated strata classes>

Caution
C CHEX)

Rio; ( ttgm ,Zigm) E R*Cig in)



Example and connection w/ 2g .

Fix A = Cai
, - . . ,
au)

,
Zai - o

1- =@ t)
,
Ytct) -- { legs , edges})

a stable graph
e
-
- Chin't

-A-
→

Each 1- ⇐sstratum on wig ,n

1- -

Mp : = TT Mga) , nev)- Mg ,n
ne NE) /

valence

Mi- is the monodromy torso

associated to T



Pixton's formula

A weighing mod r in w: Hct) →B12

• ulli) = ai ble ICT)

• w ch) = - ouch
') for th

,
h
' ) e ECT)

← E wch) - O tveVct) .

Neh

Pg.! :-. § § Antti
) #-)

#↳ ftp.Texplaiyei) TT t - expc-wcbwaik4hi.ch))
c-Htt eslh.ws

/

Degree d piece Pgdm! is a polynomial
un r for r>20

DRG ,a = constant term of

prig
g.A



A --f Cno Tei)

→ Ig e Rio; Cig, n ,2U-g.rs)
In general

DR
g.A

⇐ l Rig (rig .is ,25kg ,n) , 4. classes>

Thin : ht (x
,
D)
,

Ring Cx ,D) e din Lsg CHA Cx,D)
"

runnersal
"

geometry

To each CX
,D) , we assigned one

complex CCX
,
D)

.

Instead
,
can assign a stack .



or = M-x.I.es/?GxYi-o+J=Ao+
/
'

toroidal stack

Home
.
nescox , ox) - Hong

..
.ae#soxit9)

so cone complexes C Alg .

Stacks
.

Def CAbramovich-wise , Olsson)

~,
ccx

,D) =L big ox
,
}

X

\
Aca .is,

= this 4- on
,
I

ate
,

is the runnersal space

w/ combinatorics given by cex ,D) .



=p
• -

.-

I ⇐
12

⇐

}
a : : Hail

• → . @ I2

ayam : : Sayama ]
Cartoon version

Bdsm
%
-s • • Opt

Beimxth



° Every operation on ecx,D) translates

to an operation on Acx
,
DJ .

e.g . subdivision CCI
,D) - ccx,D)

~

goes A-
ex
,
D)
→ ACAD)

• There is a smooth map

x: (x
,
D) → d-

cap)

Example:

- tap, Sf am]
= moduli space

of divisors



Thin I Riogcx ,D) = ICH
.
Ctx)

Point is that everything in the construction

of a mdse is pulled back from Ax
,
D

p n f
T → -

57 .
.

"

-
,

a n

- - → F-Sibelr
si Is

X - Ack
,
D)

x

P
*

I
,
= p

* f ' Ng =z*qtts

So needs =

↳ y
*

x = d
-

J* X



Thmzc
H :p Chap,) = Pplccx))

/
algebra of piecewise polynomials

Idea
-

°

For DAYAni] , easy calculation .

• for more general toric variety , result of
Payne

② Show that CHO; chaps) satisfies

a sheaf - type property for

topology generated by stars of strata .

Amounts to controlling
Clt
,
CBainx G-

,
I)



But from here the result is easy :

if ccx
,
D) is a simplicial complex ,

PPCCEX,D)) is generated by divisors

( Stanley -Reisner ring :

hfraysksde.ae of non- faces
= h ftp.T/Lxa

,
. . . xp if cu

,
. . ..ua are

not a cone in

ccx
,
D) )

Every cone complex has a subdivision

that's a simplicial complex



Double barycentric subdivision will do .

"

So Riojcx,D) c din CH
-CBI

,
D))

⇒ Ig c- dwhsgclttcrg ,wig)
and

DRg.ac-dwhsyCHCM-g.nid-tg.rs)


